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Abstract. We analyze a local discontinuous Galerkin (LDG) method for
fourth-order time-dependent problems. Optimal error estimates are obtained
in one dimension and in multi-dimensions for Cartesian and triangular meshes.
We extend the analysis to higher even-order equations and the linearized Cahn-
Hilliard type equations. Numerical experiments are displayed to verify the
theoretical results.

1. Introduction

In recent years, many finite element methods have been applied and analyzed for
solving fourth-order problems, which have broad applications, such as the modeling
of thin beams and plates, strain gradient elasticity, and phase separation in binary
mixtures.

For fourth-order elliptic problems, mixed finite element methods introduced by
Ciarlet and Raviart [6, 21, 22, 15], Hellan-Herrmann-Johnson (HHJ) mixed finite
element method [1, 10, 23], and interior penalty methods [2, 19, 24, 20, 14, 4] have
been studied, and optimal error estimates have been obtained.

Finite element methods have also been analyzed for fourth-order time-dependent
problems. In [13], Elliott and Zheng applied a conforming finite element method
to the Cahn-Hilliard equation, and optimal error estimates were obtained in L2

and L∞ norms under the assumptions that the approximate solution is bounded
in L∞ and the polynomial degree k ≥ 3. In [11], Elliott and French applied a
nonconforming finite element method based on the Morley nonconforming finite
element to the Cahn-Hilliard equation, and they showed optimal error estimates
in H1 and L∞ norms when piecewise quadratic polynomials are used. In [17], the
lowest order Ciarlet-Raviart mixed finite element method was applied to the Cahn-
Hilliard equation on quasi-uniform triangular meshes, and optimal error estimate
was obtained. In [18], Li analyzed a mixed finite element methods for a fourth-
order time-dependent equation on quasi-uniform rectangular meshes, and showed
optimal estimates for the primary variable and its Laplacian. In [12], a semi-discrete
splitting finite element method using piecewise linear polynomials was proposed,
and second order accuracy was proved for triangular and rectangular meshes under
the assumption that the approximate solution is bounded in L∞. In [29], interior
penalty methods was applied to the Cahn-Hilliard equation, and error estimate of
order k − 1 for piecewise polynomial of degree k was shown in the energy norm. In
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[16], a variant of Baker’s discontinuous Galerkin (DG) method was applied to the
Cahn-Hilliard equation and optimal error estimates were proved for k ≥ 3.

The LDG method was introduced by Cockburn and Shu in [9] for time-dependent
convection-diffusion systems. One of its features is to first rewrite a higher order
differential equation into a system with first order equations, and then to apply the
DG method to the first order system. Through the design of suitable numerical
fluxes (traces) for the first order system, the LDG method has been successful in
handling equations with high-order derivatives. In [28], Yan and Shu developed an
LDG method for fourth-order time-dependent problems, and the L2-stability was
proved. The LDG method was also applied to the nonlinear Cahn-Hilliard type
equations and systems, and energy stability was shown; see [26]. In [28] and [26],
although no error estimates were obtained, numerical experiments show that the
approximations converge with the optimal rate.

In this paper, we carry out the error analysis of the LDG method for fourth-order
time-dependent problems in one-dimensional and multidimensional spaces. For the
sake of simplicity and easy presentation, we restrict ourselves mainly to the model
problem

ut + #2u = f in Ω× (0, T ),(1.1a)

with a periodic boundary condition and the initial condition

u|t=0 = u0,(1.1b)

where Ω ⊂ Rd (d ≥ 1) is a bounded domain. We discuss more general cases in
Section 4.

We analyze the LDG method and obtain optimal error estimates in two different
ways. In one dimension, what we do is not simply applying the energy argument
used in [27] for KdV type equations, because this can only give us a sub-optimal
error estimate. The novelty of our analysis is that we make the energy norm
contain both u and its three derivatives. Then we eliminate many inter-element
boundary terms by carefully choosing projections, which allows us to get an optimal
error estimate for u. Similar arguments are applied to multidimensional Cartesian
meshes and to higher even-order equations.

For multidimensional triangular meshes, the above argument gives us only a sub-
optimal error estimate because we cannot eliminate the inter-element boundary
terms that affect the convergence rate by using known projections. To get an
optimal error estimate, we use a technique that is standard for parabolic problems,
which makes use of the so-called elliptic projection; see [25, 13, 11, 17, 16]. We
first prove an optimal convergence result of the LDG method for the corresponding
elliptic problem, and then apply it to show the optimal error estimate of the time-
dependent problem. Since the linearized Cahn-Hilliard equations are very similar to
the model problem (1.1) except that there is a lower order term and the boundary
condition is not periodic, we easily extend the analysis to the linearized Cahn-
Hilliard equations and get optimal error estimates.

The paper is organized as follows. In Section 2, we define the LDG method for
the fourth-order time-dependent problems, show the cell entropy inequality and the
L2-stability, and state the a priori error estimates. The error estimates are proved
in Section 3. Then we extend the error estimates to higher even-order equations
and the linearized Cahn-Hilliard type equations in Section 4. In Section 5, we
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display numerical experiments validating the theoretical results. We end with some
concluding remarks in Section 6. In the Appendix, we prove the error estimates for
the biharmonic problem, which we need to use in Section 3.

2. The method and the main results

2.1. The LDG method for fourth-order time-dependent problems. Before
we introduce the LDG method, we rewrite the fourth-order equation (1.1) into a
system of first-order equations

q = ∇u in Ω,(2.2a)
z = ∇ · q in Ω,(2.2b)
σ = ∇z in Ω,(2.2c)
f = ut + ∇ · σ in Ω.(2.2d)

where u, q, z, σ are periodic functions on Ω.
In order to define the LDG methods for the problem (2.2), let us introduce

some notation. We denote by Ωh = {K} a partition of the domain Ω and set
∂Ωh := {∂K : K ∈ Ωh}. For example, in the one-dimensional case, K is a sub-
interval; in the two-dimensional case, K is a shape-regular triangle for triangular
meshes, or a shape-regular rectangle for Cartesian meshes. The finite element spaces
associated with the mesh Ωh are of the form

V h :={v ∈ L2(Ω) : v|K ∈ V (K) ∀K ∈ Ωh},
Wh :={ω ∈ L2(Ω) : ω|K ∈ W (K) ∀K ∈ Ωh},

where V (K) and W (K) are local spaces on the element K. For one-dimensional
meshes and multidimensional triangular meshes, we let V (K) = Pk(K) and W (K) =
Pk(K), where Pk(K) is the space of polynomials of degree at most k ≥ 0 defined
on K, and Pk(K) := [Pk(K)]d. For multidimensional Cartesian meshes, we let
V (K) = Qk(K) and W (K) = Qk(K), where Qk(K) is the space of tensor product
of polynomials of degrees at most k in each variable and Qk(K) := [Qk(K)]d.

The LDG methods seek an approximation (σh, zh, qh, uh) to the exact solution
(σ, z, q, u), in a finite dimensional space V h ×Wh ×V h ×Wh and determines it by
requiring that on each K ∈ Ωh,

(qh, v)K + (uh,∇ · v)K − 〈ûh, v · n〉∂K =0,(2.3a)
(zh, ω)K + (qh,∇ω)K − 〈q̂h · n, ω〉∂K =0,(2.3b)

(σh, ρ)K + (zh,∇ · ρ)K − 〈ẑh, ρ · n〉∂K =0,(2.3c)
(uht, η)K − (σh,∇η)K + 〈σ̂h · n, η〉∂K =(f, η)K ,(2.3d)

for all (ρ, η, v, ω) ∈ V h ×Wh ×V h ×Wh. Here, the outward normal unit vector to
∂K is denoted by n, and we have used the notation

(ρ, v)K :=
∫

K
ρ(x) · v(x) dx,

(η, ω)K :=
∫

K
η(x) ω(x) dx,

〈η, v · n〉∂K :=
∫

∂K
η(γ)v(γ) · n dγ,(2.4)
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for any functions ρ, v in H1(Ωh) := [H1(Ωh)]d and η, ω in H1(Ωh), where the
broken Sobolev space H1(Ωh) is the space of functions that are are elementwise in
the H1 Sobolev space. Note that in the integral in (2.4), if η or v is not single-valued
on inter-element faces, we take its value on K and restrict on ∂K.

To complete the definition of the LDG methods, we need to define the numerical
traces (also called numerical fluxes) ûh, q̂h, ẑh and σ̂h. To do that, we need to
introduce some notation. We associate to this partition Ωh the set of all faces Eh.
In the one-dimensional case, we define

ω±(x) = lim
ε↓0

ω(x ± ε) ∀x ∈ Eh.

In multidimensional case, let e be a face shared by elements K1 and K2, and define
the unit normal vectors n1 and n2 on e pointing exterior to K1 and K2, respectively.
The average and the jump of a scalar-valued function ζ on e ∈ Eh are given by

{{ζ}} :=
1
2
(ζ1 + ζ2), [[ζ n]] := ζ1n1 + ζ2n2,

where ζi := ζ|∂Ki . For a vector-valued function σ, we define σ1 and σ2 analogously
and set

{{σ}} :=
1
2
(σ1 + σ2), [[σ · n]] := σ1 · n1 + σ2 · n2 on e ∈ Eh.

Let v0 be an arbitrarily chosen but fixed nonzero vector, and we define

ω± = {{ω}} ± β · [[ωn]]

where β is any function on Eh such that, for x ∈ ∂K ∩ Eh,

β · nK(x) =
1
2
sign

(
v0(x) · nK(x)

)
.

The numerical traces (σ̂h, ẑh, q̂h, ûh) are defined on inter-element faces as the
alternating fluxes

ûh =u−
h , q̂h = q+

h , ẑh = z−h , σ̂h = σ+
h .(2.5)

Note that we can also choose

ûh =u+
h , q̂h = q−

h , ẑh = z+
h , σ̂h = σ−

h .

On the boundary of Ω, the numerical traces are chosen to satisfy the periodic
boundary condition. For example, in one dimension, we set Ω = (a, b). Then

ûh(a) = ûh(b) = u−
h (b), q̂h(a) = q̂h(b) = q+

h (a),

ẑh(a) = ẑh(b) = z−h (b), σ̂h(a) = σ̂h(b) = σ+
h (a).

In multidimensional space, numerical traces are defined similarly.

2.2. Cell entropy inequality and L2-stability. In [28], the cell entropy inequal-
ity and the L2-stability of the LDG method for the fourth-order time-dependent
problem was proved for the one-dimensional case. Here we show the cell entropy
inequality and the L2-stability for multidimensional case in a similar way.

Theorem 2.1. (Cell entropy inequality) Suppose f = 0. On each K ∈ Ωh, there
exist numerical entropy fluxes H∂K such that the solution given by the LDG method
defined by (2.3) and (2.5) satisfies

1
2

d

dt

∫

K
u2

h dx + H∂K(uh, σh) − H∂K(zh, qh) ≤ 0,
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where

H∂K(ω, v) = 〈ω̂, v · n〉∂K + 〈v̂ · n, ω〉∂K − 〈v · n, ω〉∂K ∀ω ∈ Wh, v ∈ V h.

Proof. Suppose f = 0. Adding equations (2.3b)-(2.3d) and then subtracting the
equation (2.3a), we get the identity

(uht, η)K + BK(uh, qh, zh, σh; η, v, ω, ρ) =0,(2.6)

for any (η, v, ω, ρ) ∈ Wh × V h × Wh × V h, where

BK(uh, qh, zh, σh; η, v, ω, ρ)
=(σh, ρ)K + (zh, ω)K − (qh, v)K

− (σh,∇η)K + (zh,∇ · ρ)K + (qh,∇ω)K − (uh,∇ · v)K

+ 〈σ̂h · n, η〉∂K − 〈ẑh, ρ · n〉∂K − 〈q̂h · n, ω〉∂K + 〈ûh, v · n〉∂K .

Taking (η, v, ω, ρ) = (uh, σh, zh, qh) and using integration by parts, we get

BK(uh, qh, zh, σh; uh, σh, zh, qh) = (zh, zh)K + H∂K(uh, σh) − H∂K(zh, qh).

Hence, from (2.6) we get

(2.7)
1
2

d

dt

∫

K
u2

hdx + (zh, zh)K + H∂K(uh, σh) − H∂K(zh, qh) = 0,

which implies the cell entropy inequality. !
Using the definition of the numerical traces (2.5), we get the following property

of the numerical entropy flux H∂K(ω, v).

Lemma 2.2. Suppose e is an inter-element face shared by the elements K1 and
K2, then

H∂K1∩ e(ω, v) + H∂K2∩ e(ω, v) = 0,

for any ω ∈ Wh and v ∈ V h. Moreover, we have
∑

K∈Ωh

H∂K(ω, v) = 0.

Using Theorem 2.1 and Lemma 2.2, we immediately get the L2-stability result.

Theorem 2.3. (L2-stability) Suppose that f = 0. The solution given by the LDG
methods defined by (2.3) and (2.5) satisfies

d

dt

∫

Ωh

u2
h(x, t) dx ≤ 0,

2.3. A priori error estimates. In this subsection, we obtain a priori error esti-
mates for the approximation (σh, zh, qh, uh) ∈ V h × Wh × V h × Wh given by the
LDG methods. To state them, we need to introduce some norms.

For any real-valued function η in H l(Ωh), we set

‖ η ‖Hl(Ωh) :=
( ∑

K∈Ωh

‖ η ‖2
Hl(K)

) 1
2 .

For a vector-valued function ρ = (σ1, . . . , σd) ∈ H l(Ωh) we set

‖ρ ‖Hl(Ωh) :=
( d∑

i=1

‖ σi ‖2
Hl(Ωh)

) 1
2 .
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For each K ∈ Ωh, we denote hK the diameter of K, and we set h = maxK∈Ωh hK .
The errors in the approximation of u, q, z and σ are given in the following the-

orem.

Theorem 2.4. For one-dimensional meshes or multidimensional Cartesian meshes,
if (u, q, z, σ) and (uh, qh, zh, σh) are solutions to (2.2) and (2.3), respectively, then
for T > 0, we have

‖u(T )− uh(T )‖L2(Ωh) + ‖q(T ) − qh(T )‖L2(Ωh) ≤C hk+1,
∫ T

0
(‖z − zh‖L2(Ωh) + ‖σ − σh‖L2(Ωh)) dt ≤C hk+1,

where C is a constant independent of h and dependent on ‖u‖Hk+4(Ωh), ‖u(T )‖Hk+3(Ωh),
‖u(0)‖Hk+3(Ωh), ‖ut‖Hk+3(Ωh) and T .

If we use similar analysis for multi-dimensional triangular meshes instead of
Cartesian meshes, we get the following sub-optimal convergence result.

Theorem 2.5. For multi-dimensional triangular meshes, if (u, q, z, σ) and (uh, qh, zh, σh)
are solutions to (2.2) and (2.3), respectively, then for T > 0, we have

‖u(T )− uh(T )‖L2(Ωh) + ‖q(T ) − qh(T )‖L2(Ωh) ≤C hk,
∫ T

0
(‖z − zh‖L2(Ωh) + ‖σ − σh‖L2(Ωh)) dt ≤C hk.

where C is a constant independent of h and dependent on ‖u‖Hk+4(Ωh), ‖u(T )‖Hk+2(Ωh),
‖ut‖Hk+2(Ωh) and T .

The error estimates in Theorem 2.5 are not optimal, because in the proof there
are some boundary terms that we can not eliminate by choosing projections on
triangular meshes. However, we can improve the estimates for k ≥ 1 by imposing
some regularity assumption.

To get optimal convergence result for fourth-order time-dependent problems on
multi-dimensional triangular meshes, we consider the following biharmonic prob-
lem:

ψ = ∇ϕ in Ω,(2.8a)
ξ = ∇ · ψ in Ω,(2.8b)
ζ = ∇ξ in Ω,(2.8c)
η = ∇ · ζ in Ω,(2.8d)

with periodic boundary conditions. To make the problem well-defined, we assume
that the average of ϕ on Ω is a given constant and that of η is zero.

If we assume the following elliptic regularity result (see e.g. [3])

(2.9) ‖ ζ ‖H1(Ωh) + ‖ξ ‖H2(Ωh) + ‖ψ ‖H3(Ωh) + ‖ϕ ‖H4(Ωh) ≤ Cer ‖ η ‖L2(Ω),

we can improve the error estimates in Theorem 2.5 to get an optimal convergence
result.

Theorem 2.6. Under the same assumption as in Theorem 2.5, if we further assume
the regularity (2.9) for the elliptic problem (2.8), then we have

‖u(T )− uh(T )‖L2(Ωh) ≤ Chk+1.
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for k ≥ 1, where C is a constant independent of h and dependent on ‖u0‖Hk+4(Ωh),
‖u(T )‖Hk+4(Ωh), ‖ut‖Hk+4(Ωh), Cer and T .

Remark: The proof of Theorem 2.6 does not work for the case k = 0. In the
numerical experiments, we see that the method is not convergent for the piecewise
constant case.

3. Proof of the error estimates

In this section, we prove the error estimates stated in the previous section. In
subsection 3.1, we introduce some projections and inequalities that we are going
to use in our analysis. In subsection 3.2, we prove Theorem 2.4 and Theorem
2.5, the optimal estimates for one-dimensional meshes and multidimensional Carte-
sian meshes, and the sub-optimal error estimates for multi-dimensional triangular
meshes. To get the optimal convergence result for multi-dimensional triangular
meshes in Theorem 2.6, we introduce a corresponding biharmonic problem in sub-
section 3.3. Then in subsection 3.4, we use the error estimate of the elliptic problem
to get an optimal error estimate for the time-dependent problem.

3.1. Projections and inequalities. Before we introduce the projections that are
defined on different types of meshes, first let us define the commonly used L2-
projection P#: Given a function η ∈ L2(Ωh) and an arbitrary simplex K ∈ Ωh, the
restriction of P#η to K is defined as the element of P#(K) that satisfies

(P#η − η, ω)K =0 ∀ω ∈ P#(K).(3.10)

To simplify the notation, we are going to denote Pk as P.

3.1.1. Projections in one-dimensional space. In one dimension, we use the special
projections

P± : H1(Ωh) → Wh,

which are defined as the following. Given a function η ∈ H1(Ωh) and an arbitrary
subinterval Kj = (xj−1, xj), the restriction of P±η to Kj are defined as the elements
of Pk(Kj) that satisfy

(P+η − η, ω)Kj = 0 ∀ω ∈ Pk−1(Kj), and P+η(xj−1) = η(xj−1),

(P−η − η, ω)Kj = 0 ∀ω ∈ Pk−1(Kj), and P−η(xj) = η(xj).
(3.11)

For k = 0, we use P−1(Kj) = {0}. For more details, see [5].

3.1.2. Projection for Cartesian meshes. For Cartesian meshes in multidimensional
space, we use projections that are tensor products of the projections in one di-
mension; see [8]. For example, on a two-dimensional rectangle element I ⊗ J =
[xi−1, xi] × [yj−1, yj ], we take v0 = (1, 1). The projections P− for scalar functions
are defined as

(3.12) P− = P−
x ⊗ P−

y ,

where the subscripts x and y indicate that the one-dimensional projections defined
by (3.11) are applied with respect to the corresponding variable.

The projections Π+ for vector-valued functions ρ = (ρ1(x, y), ρ2(x, y)) are de-
fined as

(3.13) Π+ρ = (P+
x ⊗ Py ρ1, Px ⊗ P+

y ρ2),
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where P+
x and P+

y are the one-dimensional projections defined by (3.11). It is easy
to see that, for any ρ ∈ [H1(Ωh)]2, the restriction of Π+ρ to I ⊗J are the elements
of [Qk(I ⊗ J)]2 that satisfy

∫

I

∫

J
(Π+ρ − ρ)∇ωdydx = 0,

for any ω ∈ Qk(I ⊗ J), and
∫

J

(
Π+ρ(xi−1, y) − ρ(xi−1, y)

)
· nω(x+

i−1, y)dy = 0 ∀ω ∈ Qk(I ⊗ J),
∫

I

(
Π+ρ(x, yj−1) − ρ(x, yj−1)

)
· nω(x, y+

j−1)dx = 0 ∀ω ∈ Qk(I ⊗ J).

3.1.3. Projection for triangular meshes. For triangular meshes in multidimensional
space, we use the L2-projection P# for scalar-valued functions and a projection Π+

[7] for vector-valued functions.
The projection Π+ is defined as: Given a function ρ ∈ H1(Ωh), an arbitrary

simplex K ∈ Ωh, and an arbitrary edge ẽ ∈ ∂K that satisfies v0 · nẽ < 0, the
restriction of Π+ρ to K is defined as the element of Pk(K) that satisfies

(Π+ρ − ρ, v)K = 0 ∀v ∈ Pk−1(K), if k ≥ 1,(3.14a)

〈(Π+ρ − ρ) · n, ω〉e = 0 ∀ω ∈ Pk(e) and ∀e ∈ ∂K, e 0= ẽ.(3.14b)

3.1.4. Approximation property of projections and some inequalities. The projec-
tions defined in above subsections have the following approximation property; see
[5, 8, 7].

Lemma 3.1. Let P be the projection defined by (3.10), (3.11) or (3.12). Then for
any η ∈ Hk+1(Ω),

‖Pη − η‖L2(Ωh) + h1/2‖Pη − η‖L2(Eh) ≤ Chk+1‖η‖Hk+1(Ωh),

where C is independent of h.
LetΠ be the projections defined by (3.13) or (3.14). Then for any ρ ∈ [Hk+1(Ω)]d,

‖Πρ − ρ‖L2(Ωh) + h1/2‖Πρ − ρ‖L2(Eh) ≤ Chk+1‖ρ‖Hk+1(Ωh),

where C is independent of h.

In the proofs of the error estimates, we are going to use the following inverse and
trace inequalities.

Lemma 3.2. For any v ∈ Pk(K) and ω ∈ Pk(K) there exist positive constants C
such that

‖v · n‖2
L2(e) ≤ Ch−1

K ‖v‖2
L2(K),

‖ω‖2
L2(e) ≤ Ch−1

K ‖ω‖2
L2(K),

‖∇ω‖2
L2(K) ≤ Ch−2

K ‖ω‖2
L2(K);

where e is an face of K, and C is independent of the mesh size h.
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Lemma 3.3. For any ρ ∈ H1(K) and η ∈ H1(K) there exist positive constants C
such that

‖ρ · n‖2
L2(e) ≤ C‖ρ‖L2(K)‖ρ‖H1(K),

‖η‖2
L2(e) ≤ C‖η‖L2(K)‖η‖H1(K),

where e is an face of K, and C is independent of the mesh size h.

3.2. Proofs of Theorem 2.4 and Theorem 2.5. First, let us introduce some
notation. We set

(ρ, v)Ωh =
∑

K∈Ωh

(ρ, v)K ,

(η, ω)Ωh =
∑

K∈Ωh

(η, ω)K ,

〈η, v · n〉∂Ωh =
∑

K∈Ωh

〈η, v · n〉∂K ,

B(φ, ψ, ξ, χ; η, v, ω, ρ) =
∑

K∈Ωh

BK(φ, ψ, ξ, χ; η, v, ω, ρ).

Note that the exact solution (u, q, z, σ) of the problem (2.2) also satisfies the equa-
tion (2.6), so we have the Galerkin orthogonality

(eut, η)Ωh + B(eu, eq, ez , eσ; η, v, ω, ρ) = 0,(3.15)

for any (η, v, ω, ρ) ∈ Wh ×V h ×Wh ×V h, where we use the notation ep = p− ph,
for p = u, q, z and σ.

Next, we use the Galerkin orthogonality (3.15) to obtain an intermediate result
on the errors of u and z, and that on the errors of q and σ. Then we combine the
two intermediate results to get a priori error estimates, from which Theorem 2.4
and Theorem 2.5 follow.

In the following Lemmas, we let P and Π be some projections onto the finite
element spaces Wh and V h, respectively, and we will specify the projections later.

Lemma 3.4.
(Peut, Peu)Ωh + (Pez , Pez)Ωh = T1 + T2 + T3,

where

T1 = − ((u−Pu)t, Peu)Ωh +(q−Πq,Πeσ)Ωh−(z−Pz, Pez)Ωh−(σ−Πσ,Πeq)Ωh ,

T2 =(u−Pu,∇·Πeσ)Ωh−(q−Πq,∇Pez)Ωh−(z−Pz,∇·Πeq)Ωh+(σ−Πσ,∇Peu)Ωh ,

T3 =〈1,−(u−P̂u)Πeσ · n +(q−Π̂q)Pez · n +(z−P̂z)Πeq · n −(σ−Π̂σ)Peu · n〉∂Ωh .

Proof. From the Galerkin orthogonality (3.15), we get

LHS = RHS,

where

LHS =(Peut, η)Ωh + B(Peu,Πeq, Pez,Πeσ; η, v, ω, ρ),
RHS = − ((u − Pu)t, η)Ωh − B(u − Pu, q −Πq, z − Pz, σ −Πσ; η, v, ω, ρ).

Then we only need to take (η, v, ω, ρ) = (Peu,Πeσ, Pez,Πeq) and simplify LHS
by integration by parts and Lemma 2.2. !
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Lemma 3.5.

(Πeqt,Πeq)Ωh + (Πeσ ,Πeσ)Ωh = S1 + S2 + S3,

where

S1 =((u−Pu)t, Pez)Ωh−((q−Πq)t,Πeq)Ωh−(z−Pz, (Peu)t)Ωh−(σ−Πσ,Πeσ)Ωh ,

S2 = − ((u − Pu)t,∇ ·Πeq)Ωh − (q −Πq,∇(Peu)t)Ωh

− (z − Pz,∇ ·Πeσ)Ωh − (σ −Πσ,∇Πeq)Ωh ,

S3 =〈1, (u−P̂u)tΠeq ·n+(q−Π̂q)(Peu)t ·n+(z−P̂z)Πeσ ·n+(σ−Π̂σ)Pez ·n〉∂Ωh .

Proof. Differentiating the equation (2.3a) with respect to t, we have

((qh)t, v)K + ((uh)t,∇ · v)K − 〈(ûh)t, v · n〉∂K =0.(3.16)

We add equations (3.16), (2.3b) and (2.3c), subtract the equation (2.3d), and sum
over all the element K. We get

(qht, v)Ωh + B̃(uh, qh, zh, σh; η, ρ, ω, v) = − (f, η)Ωh ,(3.17)

where

B̃(uh, qh, zh, σh; η, ρ, ω, v)
=((qh)t, v)Ωh + (zh, ω)Ωh + (σh, ρ)Ωh − (uht, η)Ωh

+ ((uh)t,∇ · v)Ωh + (qh,∇ω)Ωh + (zh,∇ · ρ)Ωh + (σh,∇η)Ωh

− 〈(ûh)t, v · n〉∂Ωh − 〈q̂h · n, ω〉∂Ωh − 〈ẑh, ρ · n〉∂Ωh − 〈σ̂h · n, η〉∂Ωh

Since the exact solution (u, q, z, σ) of (2.2) also satisfies (3.17), we have the follow-
ing new Galerkin orthogonality

(eqt, v)Ωh + B̃(eu, eq, ez, eσ; η, ρ, ω, v) = 0,

for any (η, v, ω, ρ) ∈ Wh × V h × Wh × V h. This implies that

LHS = RHS,

where

LHS =(Πeqt, v)Ωh + B̃(Peu,Πeq, Pez,Πeσ; η, ρ, ω, v),

RHS = − ((q −Πq)t, v)Ωh − B̃(u − Pu, q −Πq, z − Pz, σ −Πσ; η, ρ, ω, v).

Then we only need to take (η, ρ, ω, v) = (Pez ,Πeσ, (Peu)t,Πeq) in LHS and
RHS, and simplify by using integration by parts and Lemma 2.2. This completes
the proof. !

Lemma 3.6. If we take the projections (P,Π) = (P−, P+) defined by (3.11) for
one-dimensional space, and take (P,Π) = (P−, Π+) defined by (3.12) and (3.13)
for multidimensional Cartesian meshes, then we have
(3.18)

‖Peu(T )‖L2(Ωh) + ‖Πeq(T )‖L2(Ωh) +
∫ T

0
(‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh))dt ≤ Chk+1,

for any T > 0, where C is a constant independent of h and dependent on ‖u‖Hk+4(Ωh),
‖u(T )‖Hk+3(Ωh), ‖u(0)‖Hk+3(Ωh), ‖ut‖Hk+3(Ωh) and T .
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Proof. From Lemma 3.4 and Lemma 3.5, we have

1
2

d

dt
‖Peu‖2

L2(Ωh) +
1
2

d

dt
‖Πeq‖2

L2(Ωh) + ‖Pez‖2
L2(Ωh) + ‖Πeσ‖2

L2(Ωh) =
3∑

i=1

(Ti + Si).

Integrating both sides of above identity with respect to t over (0, T ), we get

1
2
‖Peu(T )‖2

L2(Ωh)+
1
2
‖Πeq(T )‖2

L2(Ωh) +
∫ T

0
(‖Pez‖2

L2(Ωh) + ‖Πeσ‖2
L2(Ωh))dt

=
1
2
‖Peu(0)‖2

L2(Ωh) +
1
2
‖Πeq(0)‖2

L2(Ωh) +
3∑

i=1

∫ T

0
(Ti + Si)dt.

It is easy to see that

‖Peu(0)‖2
L2(Ωh) + ‖Πeq(0)‖2

L2(Ωh) ≤ Ch2(k+1),

where C is a constant depending on ‖u0‖2
Hk+2(Ωh). Next we estimate the terms

∫ T
0 Ti dt and

∫ T
0 Si dt for i = 1, 2, 3.

a. Estimate of
∫ T
0 T1dt. Using the approximation property of the projections,

Lemma 3.1, we have
T1 ≤‖(u − Pu)t‖L2(Ωh)‖Peu‖L2(Ωh) + ‖q −Πq‖L2(Ωh)‖Πeσ‖L2(Ωh)

+ ‖z − Pz‖L2(Ωh)‖Pez‖L2(Ωh) + ‖σ −Πσ‖L2(Ωh)‖Πeq‖L2(Ωh)

≤Chk+1(‖Peu‖L2(Ωh) + ‖Πeq‖L2(Ωh) + ‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh)),

where C depends on ‖u‖Hk+4(Ωh). This implies that
∫ T

0
T1dt ≤Chk+1

∫ T

0
(‖Peu‖L2(Ωh) + ‖Πeq‖L2(Ωh) + ‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh))dt.

b. Estimate of
∫ T
0 S1dt. Using the approximation property of the projections,

Lemma 3.1, we have

S1 ≤‖(u − Pu)t‖L2(Ωh)‖Pez‖L2(Ωh) + ‖(q −Πq)t‖L2(Ωh)‖Πeq‖L2(Ωh)

+ ‖σ −Πσ‖L2(Ωh)‖Πeσ‖L2(Ωh) − (z − Pz, (Peu)t)Ωh

≤Chk+1(‖Πeq‖L2(Ωh) + ‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh)) − (z−Pz, (Peu)t)Ωh ,

where C depends on ‖u‖Hk+4(Ωh) and ‖ut‖Hk+2(Ωh). Using integration by parts
with respect to t, we get

∫ T

0
S1dt ≤C hk+1

∫ T

0
(‖Πeq‖L2(Ωh) + ‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh))dt

+ ‖(z − Pz)(T )‖L2(Ωh)‖Peu(T )‖L2(Ωh)

+ ‖(z − Pz)(0)‖L2(Ωh)‖Peu(0)‖L2(Ωh)

+
∫ T

0
‖(z − Pz)t‖L2(Ωh)‖Peu‖L2(Ωh)dt

≤C hk+1

∫ T

0
(‖Πeq‖L2(Ωh) + ‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh))dt

+ C h2(k+1) +
1
4
‖Peu(T )‖2

L2(Ωh) + Chk+1

∫ T

0
‖Peu‖L2(Ωh)dt,
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where C depends on ‖u‖Hk+4(Ωh), ‖u(T )‖Hk+3(Ωh), ‖u(0)‖Hk+3(Ωh), ‖ut‖Hk+3(Ωh)

and T .
c. Estimate of

∫ T
0 (T2 + T3 + S2 + S3) dt in one dimension. Using the

definition of the numerical traces, (2.5), and the definitions of the projections P±,
(3.11), we get

T2 = S2 = T3 = S3 = 0.

So
∫ T

0
(T2 + T3 + S2 + S3) dt = 0.

d. Estimate of
∫ T
0 (T2 + T3 + S2 + S3) dt on multidimensional Cartesian

meshes. Using the definition of the numerical traces, (2.5), and the definition of
the projection Π, (3.13), we have

T2 = (u − Pu,∇ ·Πeσ)Ωh − (z − Pz,∇ ·Πeq)Ωh ,

T3 = −〈u − P̂u,Πeσ · n〉∂Ωh + 〈z − P̂z,Πeq · n〉∂Ωh ,

S2 = − ((u − Pu)t,∇ ·Πeq)Ωh − (z − Pz,∇ ·Πeσ)Ωh ,

S3 =〈(u − P̂u)t,Πeq · n〉∂Ωh + 〈z − P̂z,Πeσ · n〉∂Ωh .

The projection P = P− defined by (3.12) on Cartesian meshes has the following
superconvergence property (see [8] Lemma 3.6)

Lemma 3.7. Suppose (η, ρ) ∈ Hk+2(Ωh)×V h and the projection P− is defined by
(3.12), then we have

|(η − P−η,∇ · ρ)Ωh − 〈η − P̂−η, ρ · nK〉∂Ωh | ≤ Chk+1‖η‖Hk+2(Ωh)‖ρ‖L2(Ωh),

where C only depends on k and the shape regular constant.

Using Lemma 3.7, we have

T2 + T3 + S2 + S3 ≤Chk+1(‖Πeσ‖L2(Ωh) + ‖Πeq‖L2(Ωh)),

where C depends on ‖u‖Hk+4(Ωh) and ‖ut‖Hk+2(Ωh). Hence
∫ T

0
(T2 + T3 + S2 + S3) dt ≤ Chk+1

∫ T

0
(‖Πeσ‖L2(Ωh) + ‖Πeσ‖L2(Ωh)) dt,

where C depends on ‖u‖Hk+4(Ωh), and ‖ut‖Hk+2(Ωh).
e. Conclusion. Gathering the estimates for

∫ T
0 Ti dt and

∫ T
0 Si dt, i = 1, 2, 3,

we get

1
4
‖Peu(T )‖2

L2(Ωh)+
1
2
‖Πeq(T )‖2

L2(Ωh) +
∫ T

0
(‖Pez‖2

L2(Ωh) + ‖Πeσ‖2
L2(Ωh))dt

≤Chk+1

∫ T

0
(‖Peu‖L2(Ωh)+‖Πeq‖L2(Ωh)+‖Pez‖L2(Ωh)+‖Πeσ‖L2(Ωh))dt+Ch2(k+1),

where C depends on ‖u‖Hk+4(Ωh), ‖u(T )‖Hk+3(Ωh), ‖u(0)‖Hk+3(Ωh), ‖ut‖Hk+3(Ωh)

and T . Finally, (3.18) follows by using Gronwall’s inequality. !
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Lemma 3.8. For multidimensional triangular meshes, if we take the projection P
to be the L2 projection Pk defined by (3.10), and Π to be the projection Π+ defined
by (3.14), then we have

‖Peu(T )‖L2(Ωh) + ‖Πeq(T )‖L2(Ωh) +
∫ T

0
(‖Pez‖L2(Ωh) + ‖Πeσ‖L2(Ωh))dt ≤ Chk,

where C depends on ‖ut‖Hk+1(Ωh), ‖u‖Hk+4(Ωh) and T .

Proof. From Lemma 3.4 and Lemma 3.5, we have

1
2

d

dt
‖Peu‖2

L2(Ωh) +
1
2

d

dt
‖Πeq‖2

L2(Ωh) + ‖Pez‖2
L2(Ωh) + ‖Πeσ‖2

L2(Ωh) =
3∑

i=1

(Ti + Si).

Using the definition of the projections P and Π, we get that

T2 = S2 = 0.

By the definition of the projection P, (3.10), we have

T1 =(q −Πq,Πeσ)Ωh − (σ −Πσ,Πeq)Ωh

≤‖q −Πq‖L2(Ωh)‖Πeσ‖L2(Ωh) + ‖σ −Πσ‖L2(Ωh)‖Πeq‖L2(Ωh)

and

S1 = − ((q −Πq)t,Πeq)Ωh − (σ −Πσ,Πeσ)Ωh

≤‖(q −Πq)t‖L2(Ωh)‖Πeq‖L2(Ωh) + ‖σ −Πσ‖L2(Ωh)‖Πeσ‖L2(Ωh).

Hence

T1+S1 ≤ Chk+1(‖Πeq‖L2(Ωh) + ‖Πeσ‖L2(Ωh)),

Where the constant C depends only on ‖u‖Hk+4(Ωh) and ‖ut‖Hk+2(Ωh). By the
definition of the numerical traces, (2.5), and the definition of the projection Π,
(3.14b), we have

T3 =〈1,−(u − P̂u)Πeσ · n + (z − P̂z)Πeq · n〉∂Ωh

≤‖u − P̂u‖L2(∂Ωh)‖Πeσ · n‖L2(∂Ωh) + ‖z − P̂z‖L2(∂Ωh)‖Πeq · n‖L2(∂Ωh),

and

S3 =〈1,−(u − P̂u)tΠeq · n + (z − P̂z)Πeσ · n〉∂Ωh

≤‖(u − P̂u)t‖L2(∂Ωh)‖Πeq · n‖L2(∂Ωh) + ‖z − P̂z‖L2(∂Ωh)‖Πeσ · n‖L2(∂Ωh).

Using inverse and trace inequalities, Lemma 3.2 and Lemma 3.3, we get

T3+S3 ≤ Chk(‖Πeq‖L2(Ωh) + ‖Πeσ‖L2(Ωh)),

where the constant C depends on ‖ut‖Hk+1(Ωh) and ‖u‖Hk+3(Ωh). Hence
3∑

i=0

(Ti + Si) ≤ Ch2k +
1
2
(‖Πeq‖2

L2(Ωh) + ‖Πeσ‖2
L2(Ωh)),

where C depends on ‖ut‖Hk+2(Ωh) and ‖u‖Hk+4(Ωh). We complete the proof of the
lemma by using Gronwall’s inequality. !
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Proofs of Theorem 2.4 and Theorem 2.5: We only need to use triangle
inequality, and apply Lemma 3.6 and Lemma 3.8.

Notice that in Lemma 3.8, we are not able to estimate the terms T3 and S3 in
an optimal order, and we lose an order h due to the use of inverse inequality and
trace inequality. This makes the error estimate in Theorem 2.5 sub-optimal.

3.3. Fourth-order elliptic problems. Suppose (u, q, z, σ) is the exact solution
to the fourth-order time-dependent problem (2.2). At any time t, we can consider
it as a solution to the following fourth-order elliptic problem

q = ∇u in Ω,(3.19a)
z = ∇ · q in Ω,(3.19b)
σ = ∇z in Ω,(3.19c)

f̃ = ∇ · σ in Ω.(3.19d)

where u, q, z, σ are periodic functions, and f̃ = f − ut.
The LDG methods give an approximation (σh, zh, qh, uh) ∈ V h×Wh×V h×Wh

to the exact solution (σ, z, q, u), by requiring that

(qh, v)Ωh + (uh,∇ · v)Ωh − 〈ûh, v · n〉∂Ωh =0,(3.20a)
(zh, ω)Ωh + (qh,∇ω)Ωh − 〈q̂h · n, ω〉∂Ωh =0,(3.20b)

(σh, ρ)Ωh + (zh,∇ · ρ)Ωh − 〈ẑh, ρ · n〉∂Ωh =0,(3.20c)

−(σh,∇η)Ωh + 〈σ̂h · n, η〉∂Ωh =(f̃ , η)Ωh ,(3.20d)

for all (ρ, η, v, ω) ∈ V h × Wh × V h × Wh, and
∫

Ωh

(u − uh) = 0.(3.20e)

Remark: We make the assumption
∫
Ωh

(u − uh) = 0 so that the approximation
given by (3.20) is well-defined. In the elliptic problems with periodic boundary
conditions, uh is determined up to additive constants, so we can make such as-
sumptions. The proof of the existence and uniqueness of the approximate solution
is standard, and we skip it for simplicity.

Theorem 3.9. Suppose u and uh are the solutions of (3.19) and (3.20), respec-
tively. For k ≥ 1, we have

‖u − uh‖L2(Ωh) ≤ Chk+1.

where C depends on ‖u‖Hk+4(Ωh) and the elliptic regularity constant Cer.

We prove Theorem 3.9 by duality argument in the Appendix.

3.4. Proof of Theorem 2.6. Here, we apply the elliptic projection to prove the
optimal convergence result of the fourth-order time-dependent problem, using the
error estimate of the fourth-order elliptic problem shown in the previous subsection.

Suppose (u, q, z, σ) is the exact solution of the fourth-order time-dependent prob-
lem (2.2), (uh, qh, zh, σh) is the approximate solution of the time-dependent prob-
lem defined by the LDG method in (2.3) and (Rhu, Rhq, Rhz, Rhσ) is the approx-
imate solution of the corresponding fourth-order elliptic problem given by (3.20).
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It is easy to see that

B(Rhu, Rhq, Rhz, Rhσ; η, v, ω, ρ) = B(u, q, z, σ; η, v, ω, ρ),

for any (η, v, ω, ρ) ∈ Wh × V h × Wh × V h. Note that

(uht, η)Ωh + B(uh, qh, zh, σh; η, v, ω, ρ) = (ut, η)Ωh + B(u, q, z, σ; η, v, ω, ρ),

so we have

((uh − Rhu)t, η)Ωh + B(uh − Rhu, qh − Rhq, zh − Rhz, σh − Rhσ; η, v, ω, ρ)
=(uht, η)Ωh + B(uh, qh, zh, σh; η, v, ω, ρ)
− (Rhut, η)Ωh − B(Rhu, Rhq, Rhz, Rhσ; η, v, ω, ρ)

=(ut, η)Ωh + B(u, q, z, σ; η, v, ω, ρ)
− (Rhut, η)Ωh − B(Rhu, Rhq, Rhz, Rhσ; η, v, ω, ρ)

=(ut − Rhut, η)Ωh .

Taking (η, v, ω, ρ) = (uh − Rhu, σh − Rhσ, zh − Rhz, qh − Rhq), we have
1
2
∂

∂t
‖uh − Rhu‖2

L2(Ωh) + ‖zh − Rhz‖2
L2(Ωh) = (ut − Rhut, uh − Rhu)Ωh ,(3.21)

which implies that
∂

∂t
‖uh − Rhu‖L2(Ωh) ≤‖ut − Rhut‖L2(Ωh).

Integrating with respect to t over (0, T ),

‖uh(T ) − Rhu(T )‖L2(Ωh) ≤ ‖uh(0) − Rhu(0)‖L2(Ωh) +
∫ T

0
‖ut − Rhut‖L2(Ωh).

Note that uh(0) = Pu0 and Rhu(0) = Rhu0, so by triangle inequality and Theorem
3.9, we have

‖uh(0) − Rhu(0)‖L2(Ωh) ≤ Chk+1,

where C depends on ‖u0‖Hk+4(Ωh) and Cer. From Theorem 3.9, we get

‖ut − Rhut‖L2(Ωh) ≤ Chk+1,

where C depends on ‖ut‖Hk+4(Ωh) and Cer. Hence

‖uh(T ) − Rhu(T )‖L2(Ωh) ≤ Chk+1,

where C depends on ‖u0‖Hk+4(Ωh), ‖ut‖Hk+4(Ωh), Cer and T . By triangle inequality
and Theorem 3.9,

‖uh(T ) − u(T )‖L2(Ωh) ≤ ‖uh(T ) − Rhu(T )‖L2(Ωh) + ‖Rhu(T )− u(T )‖L2(Ωh) ≤ Chk+1,

where C depends on ‖u0‖Hk+4(Ωh), ‖u(T )‖Hk+4(Ωh), ‖ut‖Hk+4(Ωh), Cer and T . This
completes the proof of Theorem 2.6.

4. Extensions

The techniques that we use for the fourth-order time-dependent problem (1.1)
can also be applied to prove stability and error estimates for other types of problems.
In this section, we extend Theorem 2.3–2.6 to partial differential equations whose
orders are even, and to the linearized Cahn-Hilliard equations.
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4.1. Even-order equations. We extend the L2-stability and the error estimates
to even-order equations, for example, sixth-order equations, eighth-order equations,
etc.

To illustrate how we extend the analysis to higher even-order equations, we
briefly sketch the corresponding results for the following sixth-order problem:

ut −#3u = f in Ω× (0, T ),(4.22)

with periodic boundary condition and the initial condition

u|t=0 = u0.

First we rewrite the sixth-order problem (4.22) into a system of first order equa-
tions

q = ∇u, z = ∇ · q, σ = ∇z, ξ = ∇ · σ, ζ = ∇ξ, f = ut −∇ · ζ(4.23)

Then we can define the approximations (uh, qh, zh, σh, ξh, ζh) ∈ V h × Wh × V h ×
Wh × vh × Wh to the exact solution (u, q, z, σ, ξ, ζ) by requiring that on each
K ∈ Ωh,

(qh, v)K + (uh,∇ · v)K − 〈ûh, v · n〉∂K =0,

(zh, ω)K + (qh,∇ω)K − 〈q̂h · n, ω〉∂K =0,

(σh, ρ)K + (zh,∇ · ρ)K − 〈ẑh, ρ · n〉∂K =0,

(ξh, φ)K + (σh,∇φ)K − 〈σ̂h · n, φ〉∂K =0,

(ζh, ψ)K + (ξh,∇ · ψ)K − 〈ξ̂h, ψ · n〉∂K =0,

(uht, η)K − (ζh,∇η)K + 〈ζ̂h · n, η〉∂K =(f, η)K ,

for any (v, ω, ρ, φ, ψ, η) ∈ V h × Wh × V h × Wh × vh × Wh, where the alternative
numerical fluxes are defined as

ûh = u−
h , q̂h = q+

h , ẑh = z−h , σ̂h = σ+
h , ξ̂h = ξ−h , ζ̂h = ζ+

h ,

or

ûh = u+
h , q̂h = q−

h , ẑh = z+
h , σ̂h = σ−

h , ξ̂h = ξ+
h , ζ̂h = ζ−

h .

Similar to getting the identity (2.7), we have

1
2

d

dt

∫

Ωh

u2
h(x, t)dx + (σh, σh)Ωh + H = (f, uh)Ωh ,

where
H =

∑

K∈Ωh

(−H∂K(uh, ζh) + H∂K(ξh, qh) − H∂K(zh, σh)).

Then using the property of the numerical flux, Lemma 2.2, we get the following
stability result.

Theorem 4.1. (L2-stability) Suppose that f = 0. The approximate solution of the
sixth-order equation given by the LDG method (2.3) satisfies

1
2

d

dt

∫

Ωh

u2
h(x, t) dx ≤ 0,
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Similar to the a priori error estimates for fourth-order equations, Theorem 2.4
and Theorem 2.5, we have the following a priori error estimates for sixth-order
equations.

Theorem 4.2. Suppose (u, q, z, σ, ξ, ζ) is the solution to (4.23) and (uh, qh, zh, σh, ξh, ζh)
is the approximation given by the LDG method. For one-dimensional meshes or
multidimensional Cartesian meshes, we have

‖u(T )− uh(T )‖L2(Ωh) + ‖q(T ) − qh(T )‖L2(Ωh) + ‖z(T )− zh(T )‖L2(Ωh) ≤ C hk+1,

and
∫ T

0
(‖σ − σh‖L2(Ωh) + ‖ξ − ξh‖L2(Ωh) + ‖ζ − ζh‖L2(Ωh))dt ≤ C hk+1.

For multidimensional triangular meshes, we have

‖u(T )− uh(T )‖L2(Ωh) + ‖q(T ) − qh(T )‖L2(Ωh) + ‖z(T )− zh(T )‖L2(Ωh) ≤C hk,

and
∫ T

0
(‖σ − σh‖L2(Ωh) + ‖ξ − ξh‖L2(Ωh) + ‖ζ − ζh‖L2(Ωh)) dt ≤C hk,

where C is a constant independent of h.

4.2. Linearized Cahn-Hilliard equations. We extend the L2-stability and the
error estimates, Theorem 2.3–2.6, to the linearized Cahn-Hilliard equations.

The following problem can be considered as a simple version of the Cahn-Hilliard
problem linearized in the neighborhood of some point:

ut −#u + #2u = 0 in Ω× (0, T ),(4.24a)

with the boundary condition

∂

∂n
u =

∂

∂n
#u = 0 on ∂Ω,(4.24b)

and the initial condition

u = u0 at t = 0.(4.24c)

The fourth-order equation (4.24a) can be written as a system of first order equa-
tions

q = ∇u, z = ∇ · q, σ = ∇(z + u), f = ut + ∇ · σ.(4.25)

The approximation (uh, qh, zh, σh) ∈ V h × Wh × V h × Wh given by the LDG
method is defined by

(qh, v)K + (uh,∇ · v)K − 〈ûh, v · n〉∂K =0,(4.26)
(zh, ω)K + (qh,∇ω)K − 〈q̂h · n, ω〉∂K =0,(4.27)

(σh, ρ)K + (zh + uh,∇ · ρ)K − 〈ẑh + ûh, ρ · n〉∂K =0,(4.28)
(uht, η)K − (σh,∇η)K + 〈σ̂h · n, η〉∂K =(f, η)K ,(4.29)

for any (v, ω, ρ, η) ∈ V h × Wh × V h × Wh. The alternative numerical fluxes are
defined as on inter-element faces

ûh = u−
h , q̂h = q+

h , ẑh = z−h , σ̂h = σ+
h ,
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or

ûh = u+
h , q̂h = q−

h , ẑh = z+
h , σ̂h = σ−

h ,

and on the boundary of Ω

q̂h · n = σ̂h · n = 0, ûh = uh, ẑh = zh.

Suppose f = 0. Similar to the identities (2.6), from above weak formulation we get

(uht, η)K + ˜̃BK(uh, qh, zh, σh; η, v, ω, ρ) = 0,

where
˜̃BK(uh, qh, zh, σh; η, v, ω, ρ) = BK(uh, qh, zh, σh; η, v, ω, ρ)+(uh, ρ)K−〈ûh, ρ·n〉∂K ,

where BK is defined in (2.6). Taking (v, ω, ρ, η) = (uh, σh, zh, qh), we have
1
2

d

dt

∫

Ωh

u2
h(x, t)dx + (zh, zh)Ωh + H = −(uh, zh)Ωh ,

where
H =

∑

K∈Ωh

(H∂K(uh, σh) − H∂K(zh + uh, qh)).

Note that H = 0 by the property of the entropy flux, and that

−(uh, zh) ≤ 1
2
(uh, uh)Ωh +

1
2
(zh, zh)Ωh .

Using Gronwall’s inequality, we get the following stability result.

Theorem 4.3. Suppose that f = 0. The approximate solution of the linearized
Cahn-Hilliard equation given by the LDG method (4.26) satisfies

∫

Ωh

u2
h(x, t) dx ≤ et

∫

Ωh

u2
0(x) dx.

Similar to Lemma 3.4 and Lemma 3.5, we get the following lemma.

Lemma 4.4.

(Peut, Peu)Ωh + (Pez , Pez)Ωh = T1 + T2 + T3 + T4,

(Πeqt,Πeq)Ωh + (Πeσ,Πeσ)Ωh = S1 + S2 + S3 + S4,

where Ti and Si, i = 1, 2, 3, are the same as in Lemma 3.4 and Lemma 3.5, and

T4 = −(eu,∇ ·Πq) + 〈êu,Πq · n〉∂Ωh ,

S4 = −(eu,∇ ·Πσ) + 〈êu,Πσ · n〉∂Ωh .

It is easy to check that

T4 ≤− (z − Pz, Peu)Ωh +
1
2
(Peu, Peu)Ωh +

1
2
(Pez, Pez)Ωh

− (u − Pu,∇ ·Πeq)Ωh + 〈u − P̂u,Πeq · n〉∂Ωh ,

S4 ≤(q −Πq,Πeσ)Ωh +
1
2
(Πeq,Πeq)Ωh +

1
2
(Peσ, Peσ)Ωh .

The estimates of T4 and S4 are similar to those of Ti and Si, i = 1, 2, 3, in the
proofs of Lemma 3.6 and Lemma 3.8. So, we get that Lemma 3.6 and Lemma 3.8
also hold for the linearized Cahn-Hilliard equations. Therefore, similar to Theorem
2.4 and Theorem 2.5, we have the following a priori error estimates.



LDG METHOD FOR FOURTH-ORDER PROBLEMS 19

Theorem 4.5. Suppose (u, q, z, σ) is the solution to (4.25) and (uh, qh, zh, σh) is
the approximation given by the LDG method (4.26). For one-dimensional meshes
or multidimensional Cartesian meshes, we have

‖u(T )− uh(T )‖L2(Ωh) + ‖q(T ) − qh(T )‖L2(Ωh) ≤ C hk+1,

and
∫ T

0
(‖z − zh‖L2(Ωh) + ‖σ − σh‖L2(Ωh))dt ≤ C hk+1.

For multidimensional triangular meshes, we have

‖u(T )− uh(T )‖L2(Ωh) + ‖q(T ) − qh(T )‖L2(Ωh) ≤C hk,

and
∫ T

0
(‖z − zh‖L2(Ωh) + ‖σ − σh‖L2(Ωh)) dt ≤C hk,

where C is a constant independent of h.

To get an optimal error estimate for triangular meshes, we consider the corre-
sponding elliptic problem of (4.25):

q = ∇u, z = ∇ · q, σ = ∇(z + u), f = ut + ∇ · σ.(4.30)

Similar to Theorem 3.9, we assume the elliptic regularity (2.9) and get the optimal
convergence of the elliptic problem (4.30) by duality argument. Then we set ˜̃B :=
∑

K∈Ωh

˜̃B and define the elliptic projection by

˜̃B(uh, qh, zh, σh; η, v, ω, ρ) = ˜̃B(u, q, z, σ; η, v, ω, ρ),

where (u, q, z, σ) is the exact solution to the linearized Cahn-Hilliard equation
(4.25). Similar to (3.21), we get

1
2
∂

∂t
‖uh − Rhu‖2

L2(Ωh) + ‖zh − Rhz‖2
L2(Ωh)

=(ut − Rhut, uh − Rhu)Ωh − (uh − Rhu, zh − Rhz),

which implies that

∂

∂t
‖uh − Rhu‖2

L2(Ωh) ≤
∫ T

0
‖ut − Rhut‖2

L2(Ωh) + 2
∫ T

0
‖uh − Rhu‖2

L2(Ωh).

Using the optimal convergence of the elliptic projection and Gronwall’s inequality,
we get the following optimal error estimate.

Theorem 4.6. Suppose u is the exact solution to (4.24), uh is the approximate
solution given by the LDG method, and the elliptic regularity (2.9) holds for the
adjoint problem of (4.30). Then for k ≥ 1, we have

‖u(T )− uh(T )‖L2(Ωh) ≤ Chk+1.

where C is a constant independent of h.
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5. Numerical results

In this section, we use numerical experiments to validate the theoretical conver-
gence properties of the LDG method for the fourth-order time-dependent problem.

in [28], numerical results were displayed for the LDG method on the one-dimensional
equation ut + uxxxx = 0 with periodic boundary condition. The L∞ error on uni-
form meshes at T = 1 is of order k + 1 for k = 0, 1, 2, 3.

Here we implement the LDG method for the fourth-order time-dependent prob-
lem on two-dimensional triangular meshes. The uniform meshes that we use is
obtained by discretizing Ω = (− 1

2 , 1
2 ) × (− 1

2 , 1
2 ) with squares of side 2−l which are

then divided into two triangles as indicated in Fig. 1; the resulting mesh is denoted
by “mesh=l”.

−0.5 0.5
−0.5

0.5

Figure 1. Example of a mesh with h = 1/23.

The test problem is obtained by choosing f so that the exact solution of (1.1)
is u(x, y, t) = sin(2πx) sin(2πy) exp(t) on the domain Ω × (0, 1). The history of
convergence of the LDG method with a fourth-order implicit Runge-Kutta time
discretization is displayed in Table 1 for polynomials of degree k = 1, 2.

In Table 1, we observe that for k=1,2, the quantity ‖u − uh‖L2(Ω) has optimal
convergence rates, which is consistent with Theorem 2.6. For the case of k = 0,
numerical results show that the approximation to u does not converge.

6. Conclusions

In this paper we apply the LDG method to fourth-order time-dependent prob-
lems, and we obtain optimal approximations for one-dimensional and multidimen-
sional meshes by using different techniques. Then we extend our optimal con-
vergence results to higher even-order equations and the linearized Cahn-Hilliard
equation.
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Table 1. History of convergence of the LDG method for ut +
#2u = f .

mesh ‖u − uh‖L2(Ω) mesh ‖u − uh‖L2(Ω)

k - error order k - error order

1 .86e-0 - 1 .23e-0 -
2 .40e-0 1.12 2 .22e-1 3.40

1 3 .80e-1 2.30 2 3 .72e-2 1.59
4 .22e-1 1.86 4 .91e-3 2.99
5 .62e-2 1.82 5 .11e-3 3.00
6 .16e-2 1.95 6 .14e-4 2.98

7. Appendix: Proof of Theorem 3.9

Here we prove Theorem 3.9, the optimal error estimate of the elliptic problem, in
three steps. First, we introduce error equations and get intermediate error estimates
for q, z and σ that depend on the error of u. Second, we use duality argument to
get an intermediate result about error of u that depends on errors of q, z and σ.
Finally, we combine all the intermediate results to obtain the a priori error estimate
of u.

7.1. First, let us introduce the error equations. Because the exact solution of the
elliptic problem (3.19) satisfies the weak formulation (3.20), we have the following
error equations.

(eq, v)K + (eu,∇ · v)K − 〈êu, v · n〉∂K =0,(7.31a)
(ez, ω)K + (eq,∇ω)K − 〈êq · n, ω〉∂K =0,(7.31b)

(eσ, ρ)K + (ez,∇ · ρ)K − 〈êz, ρ · n〉∂K =0,(7.31c)
−(eσ,∇η)K + 〈êσ · n, η〉∂K =0,(7.31d)

Now we use above error equations to prove the following intermediate results.

Lemma 7.1. Suppose Π and P are projections defined by (3.14) and (3.10). We
have

(i) ‖Πeσ‖L2(Ωh) ≤ Chk,(7.32a)

(ii) ‖Pez‖L2(Ωh) ≤ Chk + Chk/2‖Peq‖1/2
L2(Ωh),(7.32b)

(iii) ‖Πeq‖L2(Ωh) ≤ Chk + C‖Peu‖L2(Ωh),(7.32c)

where C depends on ‖u‖Hk+4(Ωh).

Proof. (i) Taking ρ =Πeσ in the error equation (7.31c), we get

(eσ,Πeσ)Ωh = − (ez,∇ ·Πeσ)Ωh + 〈êz,Πeσ · n〉∂Ωh

= − (z − Pz,∇ ·Πeσ)Ωh − (Pez ,∇ ·Πeσ)Ωh + 〈êz ,Πeσ · n〉∂Ωh .
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By the property of the projection P, we get that the first term on the right hand
side is zero. Hence, by integration by parts, we have

(eσ,Πeσ)Ωh =(∇Pez,Πeσ)Ωh − 〈Pez,Πeσ · n〉∂Ωh + 〈êz,Πeσ · n〉∂Ωh ,

=(∇Pez, eσ)Ωh − 〈Pez,Πeσ · n〉∂Ωh + 〈êz ,Πeσ · n〉∂Ωh ,

by the property of Π. Then taking η = Pez in the error equation (7.31d),

(eσ,Πeσ)Ωh =〈êσ · n, Pez〉∂Ωh − 〈Pez,Πeσ · n〉∂Ωh + 〈êz ,Πeσ · n〉∂Ωh ,

=〈(σ−Π̂σ)·n, Pez〉∂Ωh + 〈z−P̂z,Πeσ ·n〉∂Ωh +
∑

K∈Ωh

H∂K(Pez,Πeσ).

Using the property ofΠ and Lemma 2.2, we have that the first and the third terms
on the right hand are zeros. Hence

(eσ,Πeσ)Ωh =〈z − P̂z,Πeσ · n〉∂Ωh ,

which implies that

‖Πeσ‖2
L2(Ωh) = − (σ −Πσ,Πeσ)Ωh + 〈z − P̂z,Πeσ · n〉∂Ωh

≤‖σ −Πσ‖L2(Ωh)‖Πeσ‖L2(Ωh) + Ch−1/2‖z − Pz‖L2(∂Ωh)‖Πeσ‖L2(Ωh),

So by the properties of Π and P, and trace inequality, we have

‖Πeσ‖L2(Ωh) ≤‖σ −Πσ‖L2(Ωh) + Ch−1/2‖z − Pz‖L2(∂Ωh) ≤ Chk,

where C depends on ‖u‖Hk+4(Ωh).

(ii) Adding error equations (7.31b)-(7.31d), subtracting (7.31a), and summing
over all element K ∈ Ωh, we get

B(eu, eq, ez, eσ; η, v, ω, ρ) = 0.

Taking (η, v, ω, ρ) = (Peu,Πeσ, Pez,Πeq), we get

(Pez , Pez)Ωh =
5∑

i=1

Ti,

where

T1 := − (z − Pz, Pez)Ωh + (σ −Πσ,∇Peu)Ωh − (z − Pz,∇ ·Πeq)Ωh

− (q −Πq,∇Pez)Ωh + (u − Pu,∇ ·Πeσ)Ωh ,

T2 := − (σ −Πσ,Πeq)Ωh + (q −Πq,Πeσ)Ωh ,

T3 := − 〈(σ − Π̂σ) · n, Peu〉∂Ωh + 〈(q − Π̂q) · n, Pez〉∂Ωh ,

T4 :=〈z − P̂z,Πeq · n〉∂Ωh − 〈u − P̂u,Πeσ · n〉∂Ωh ,

T5 := −
∑

K∈Ωh

(H∂K(Peu,Πeσ) − H∂K(Pez,Πeq)).

By the properties of P and Π, we have

T1 = T3 = 0.
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By Lemma 2.2,
T5 = 0.

Using inverse inequality and trace inequality, we have

T2 ≤Chk+1(‖Πeq‖L2(Ωh) + ‖Πeσ‖L2(Ωh)),

and

T4 ≤Chk(‖Πeq‖L2(Ωh) + ‖Πeσ‖L2(Ωh)),

where C depends on ‖u‖Hk+4(Ωh). So

‖Pez‖2
L2(Ωh) ≤Chk(‖Peq‖L2(Ωh) + ‖Πeσ‖L2(Ωh))

≤Chk‖Peq‖L2(Ωh) + Ch2k,

by the estimate of error of σ, (7.32a).

(iii): Taking v = Πeq in the error equation (7.31a), we get

(eq,Πeq)Ωh = − (eu,∇ ·Πeq)Ωh + 〈êu,Πeq · n〉∂Ωh

= − (u − Pu,∇ ·Πeq)Ωh − (Peu,∇ ·Πeq)Ωh + 〈êu,Πeq · n〉∂Ωh .

By the property of the L2-projection P, (3.10), we get that the first term on the
right hand side is zero. Hence, using integration by parts, we get

(eq,Πeq)Ωh =(∇Peu,Πeq)Ωh − 〈Peu,Πeq · n〉∂Ωh + 〈êu,Πeq · n〉∂Ωh ,

=(∇Peu, eq)Ωh − 〈Peu,Πeq · n〉∂Ωh + 〈êu,Πeq · n〉∂Ωh ,

by the property of Π. Then using the error equation (7.31b) by taking ω = Peu,
we have

(eq,Πeq)Ωh = − (ez, Peu)Ωh + 〈êq · n, Peu〉∂Ωh

− 〈Peu,Πeq · n〉∂Ωh + 〈êu,Πeq · n〉∂Ωh ,

which implies that

‖Πeq‖2
L2(Ωh) = − (q −Πq,Πeq)Ωh − (ez, Peu)Ωh

+ 〈êq · n, Peu〉∂Ωh − 〈Peu,Πeq · n〉∂Ωh + 〈êu,Πeq · n〉∂Ωh .

We can rewrite above identity as

‖Πeq‖2
L2(Ωh) = − (q −Πq,Πeq)Ωh − (ez, Peu)Ωh + 〈(q − Π̂q) · n, Peu〉∂Ωh

+ 〈u − P̂u,Πeq · n〉∂Ωh +
∑

K∈Ωh

H∂K(Peu,Πeq).

By Lemma 2.2 and the definition of the projection Π, we get

‖Πeq‖2
L2(Ωh) = − (q −Πq,Πeq)Ωh − (ez, Peu)Ωh + 〈u − P̂u,Πeq · n〉∂Ωh

≤‖q −Πq‖L2(Ωh)‖Πeq‖L2(Ωh) + ‖z − Pz‖L2(Ωh)‖Peu‖L2(Ωh)

+ ‖Pez‖L2(Ωh)‖Peu‖L2(Ωh) + Ch−1/2‖u − Pu‖L2(∂Ωh)‖Πeq‖L2(Ωh).
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This implies that

‖Πeq‖L2(Ωh) ≤Chk + C‖Pez‖L2(Ωh) + C‖Peu‖L2(Ωh),

where C depends on ‖u‖Hk+4(Ωh). Using the error estimate of z, (7.32b), we get

‖Πeq‖L2(Ωh) ≤Chk + C‖Peu‖L2(Ωh).

!
7.2. In this subsection, we consider the adjoint problem (2.8) and use the duality
argument to prove an intermediate result about error of u.

Before state and prove the intermediate result, let us introduce an L2-projection
P∂ defined as follows. Given any function η ∈ L2(Eh) and an arbitrary face e ∈ Eh,
the restriction of P∂η to e is defined as the element of Pk(e) that satisfies

〈P∂η − η, ω〉e = 0, ∀ω ∈ Pk(e).

Next, we state the intermediate result of error of u and prove it in four steps.

Lemma 7.2. We have

(Peu, η)Ωh =
4∑

i=1

Ei,

where

E1 =(eq, ζ −Πζ)Ωh + (z − Pz, Pξ − ξ)Ωh − (eσ,Πψ − ψ)Ωh ,

E2 = − (∇ · (q −Πq), Pξ − ξ)Ωh − (∇(z − Pz), ψ −Πψ)Ωh − (∇(σ −Πσ), Pϕ− ϕ)Ωh ,

E3 =〈(q̂h − qh, (Pξ − ξ)n〉∂Ωh + 〈(σ̂h − σh) · n, Pϕ− ϕ〉∂Ωh .

Proof. Step 1: By the adjoint equation (2.8d), we have

(Peu, η)Ωh =(Peu,∇ · ζ)Ωh

=(Peu,∇ · (ζ −Πζ))Ωh + (Peu,∇ ·Πζ)Ωh

Using integration by parts,

(Peu, η)Ωh =〈Peu, (ζ −Πζ) · n〉∂Ωh − (∇Peu, ζ −Πζ)Ωh + (Peu,∇ ·Πζ)Ωh

=〈Peu, (ζ −Πζ) · n〉∂Ωh − (∇Peu, ζ −Πζ)Ωh

+ (eu,∇ ·Πζ)Ωh − (u − Pu,∇ ·Πζ)Ωh .

Using the property of the projection Π and P, we have that the second and the
fourth terms on the right hand side of the last equality are zeros. So

(Peu, η)Ωh =〈Peu, (ζ −Πζ) · n〉∂Ωh + (eu,∇ ·Πζ)Ωh

=〈Peu, (ζ −Πζ) · n〉∂Ωh − (eq,Πζ) + 〈êu,Πζ · n〉∂Ωh

by the error equation (7.31a). Because u, ûh and ζ are single-valued on interior
faces and periodic on ∂Ω, we have

〈êu, ζ · n〉∂Ωh = 0.

Then

(Peu, η)Ωh =〈Peu, (ζ −Πζ) · n〉∂Ωh − (eq,Πζ) − 〈êu, (ζ −Πζ) · n〉∂Ωh

=〈ûh − uh, (ζ −Πζ) · n〉∂Ωh + 〈Pu − u, (ζ −Πζ) · n〉∂Ωh − (eq,Πζ).
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By the properties of the projection Π and the definition of the numerical trace ûh,
we get that the first term on the right hand side is zero. Hence, by the adjoint
equation (2.8c), we get

(Peu, η)Ωh =〈Pu − u, (ζ −Πζ) · n〉∂Ωh + (eq, ζ −Πζ)Ωh + A1,(7.33)

where A1 := −(eq,∇ξ)Ωh .

Step 2: Now we estimate the term A1. Using integration by parts, we have

A1 =(eq,∇(Pξ − ξ))Ωh − (eq,∇Pξ)Ωh

=〈eq, (Pξ − ξ)n〉∂Ωh − (∇ · eq, Pξ − ξ)Ωh − (eq,∇Pξ)Ωh .

By the property of the projection P, we have

A1 =〈eq, (Pξ − ξ)n〉∂Ωh − (∇ ·Πeq, Pξ − ξ)Ωh − (∇ · (q −Πq), Pξ − ξ)Ωh

− (eq,∇Pξ)Ωh

=〈eq, (Pξ − ξ)n〉∂Ωh − (∇ · (q −Πq), Pξ − ξ)Ωh − (eq,∇Pξ)Ωh .

Taking ω = Pξ in the error equation (7.31b), we get

A1 =〈eq, (Pξ − ξ)n〉∂Ωh − (∇ · (q −Πq), Pξ − ξ)Ωh + (ez, Pξ)Ωh − 〈êq, Pξn〉∂Ωh .

Note that q, q̂h and ξ are single-valued on interior faces and periodic on ∂Ω, we
have

〈êq, ξn〉∂Ωh = 0,

which implies that

A1 =〈(eq, (Pξ − ξ)n〉∂Ωh − (∇ · (q−Πq), Pξ − ξ)Ωh + (ez , Pξ)Ωh − 〈êq, (Pξ − ξ)n〉∂Ωh

=〈(q̂h − qh, (Pξ − ξ)n〉∂Ωh − (∇ · (q −Πq), Pξ − ξ)Ωh + (ez, Pξ)Ωh .

Using the adjoint equation (2.8b), we have

A1 =〈q̂h−qh, (Pξ−ξ)n〉∂Ωh − (∇ · (q−Πq), Pξ−ξ)Ωh + (ez, Pξ−ξ)Ωh + (ez,∇ · ψ)Ωh .

Since P is the L2-projection, we have
(7.34)
A1 = 〈q̂h − qh, (Pξ− ξ)n〉∂Ωh − (∇· (q−Πq), Pξ− ξ)Ωh + (z −Pz, Pξ− ξ)Ωh + A2,

where A2 := (ez,∇ · ψ)Ωh .

Step 3: Next we estimate the term A2 in a way similar to that of terms A1.
Using integration by parts, we have

A2 =(ez,∇ · (ψ −Πψ))Ωh + (ez,∇ ·Πψ)Ωh

=〈ez, (ψ −Πψ) · n〉∂Ωh − (∇ez , ψ −Πψ)Ωh + (ez,∇ ·Πψ)Ωh .

By the property of the projection Π, we have that

A2 =〈ez, (ψ −Πψ) · n〉∂Ωh − (∇(z − Pz), ψ −Πψ)Ωh − (∇Pez, ψ −Πψ)Ωh

+ (ez ,∇ ·Πψ)Ωh

=〈ez, (ψ −Πψ) · n〉∂Ωh − (∇(z − Pz), ψ −Πψ)Ωh + (ez,∇ ·Πψ)Ωh .
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Using the error equation (7.31c), we get

A2 =〈ez, (ψ −Πψ) · n〉∂Ωh − (∇(z − Pz), ψ −Πψ)Ωh − (eσ,Πψ)Ωh + 〈êz,Πψ · n〉∂Ωh .

Note that z, ẑh and ψ and single-valued on interior faces and periodic on ∂Ω, so

〈êz, ψ · n〉∂Ωh = 0.

Hence we have

A2 =〈ez, (ψ −Πψ) · n〉∂Ωh − (∇(z − Pz), ψ −Πψ)Ωh − (eσ,Πψ)Ωh

− 〈êz , (ψ −Πψ) · n〉∂Ωh

=〈ẑh − zh, (ψ −Πψ) · n〉∂Ωh − (∇(z − Pz), ψ −Πψ)Ωh − (eσ ,Πψ)Ωh .

Since on any edge e, either ẑh = zh or 〈ψ−Πψ, v〉e = 0 for any v ∈ Pk(e), we get
that the first term on the right hand side of A2 is zero. So

A2 = − (∇(z − Pz), ψ −Πψ)Ωh − (eσ,Πψ)Ωh .

By the adjoint equation (2.8a), we have

(7.35) A2 = −(∇(z − Pz), ψ −Πψ)Ωh − (eσ,Πψ − ψ)Ωh + A3,

where A3 := −(eσ,∇ϕ)Ωh .

Step 4: We estimate the term A3. Using integration by parts,

A3 =(eσ,∇(Pϕ− ϕ))Ωh − (eσ,∇Pϕ)Ωh

=〈eσ, (Pϕ− ϕ)n〉∂Ωh − (∇eσ, Pϕ− ϕ)Ωh − (eσ ,∇Pϕ)Ωh .

Using the error equation (7.31d), we get that

A3 =〈eσ, (Pϕ− ϕ)n〉∂Ωh − (∇eσ, Pϕ− ϕ)Ωh − 〈êσ · n, Pϕ〉∂Ωh

By the property of the L2-projection P, we have that

A3 =〈eσ, (Pϕ− ϕ)n〉∂Ωh − (∇(σ −Πσ), Pϕ− ϕ)Ωh

− (∇Πeσ, Pϕ− ϕ)Ωh − 〈êσ · n, Pϕ〉∂Ωh

=〈eσ, (Pϕ− ϕ)n〉∂Ωh − (∇(σ −Πσ), Pϕ− ϕ)Ωh − 〈êσ · n, Pϕ〉∂Ωh .

Note that σ, σ̂h and ϕ are single-valued on interior faces and periodic on ∂Ω, we
have that

〈êσ · n, ϕ〉∂Ωh = 0.

Hence

A3 =〈eσ, (Pϕ− ϕ)n〉∂Ωh − (∇(σ −Πσ), Pϕ− ϕ)Ωh − 〈êσ, (Pϕ− ϕ)n〉∂Ωh

=〈σ̂h − σh, (Pϕ− ϕ)n〉∂Ωh − (∇(σ −Πσ), Pϕ− ϕ)Ωh(7.36)

To complete the proof of Lemma 7.2, we only need to combine (7.33) and the
estimates of the terms A1, A2, and A3, (7.34)-(7.36). !
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7.3. Proof of Theorem 3.9: Taking η = Peu in Lemma 7.2, we get

‖Peu‖2
L2(Ωh) =

3∑

i=1

Ei.

Then we estimate Ei for i = 1, · · · , 3. By the property of the projections P and Π,
we have

E1 ≤ C(h‖eq‖L2(Ωh)‖ζ‖H1(Ωh) + hmin{2,k+1}‖z − Pz‖L2(Ωh)‖ξ‖H2(Ωh)

+ hmin{3,k+1}‖eσ‖L2(Ωh)‖ψ‖H3(Ωh)).

Using the regularity (2.9), we have

E1 ≤C(hk+2 + hmin{2,k+1}‖Πeq‖L2(Ωh) + hmin{3,k+1}‖Πeσ‖L2(Ωh))‖Peu‖L2(Ωh),

where C depends on ‖u‖Hk+4(Ωh) and the elliptic regularity constant Cer. Using
the properties of the projection P and Π, we get

E2 ≤ C(hk+min{2,k+1}‖q‖Hk+1(Ωh)‖ξ‖H2(Ωh)

+ hk+min{3,k+1}‖z‖Hk+1(Ωh)‖ψ‖H3(Ωh)

+ hk+min{4,k+1}‖σ‖Hk+1(Ωh)‖ϕ‖H4(Ωh)).

Using the regularity (2.9), we have

E2 ≤Chk+1‖Peu‖L2(Ωh),

where C depends on ‖u‖Hk+4(Ωh) and Cer . By inverse inequality in Lemma 3.2, we
have

E3 ≤ C(hmin{k,1}‖eq‖L2(Ωh)‖ξ‖H2(Ωh) + hmin{k,3}‖eσ‖L2(Ωh)‖ϕ‖H4(Ωh)).

Using the regularity (2.9),

E3 ≤C(hk+1 + hmin{k,1}‖Πeq‖L2(Ωh) + hmin{k,3}‖Πeσ‖L2(Ωh))‖Peu‖L2(Ωh),

where C depends on ‖u‖Hk+4(Ωh) and Cer. Hence, we have
3∑

i=1

Ei ≤ C(hk+1 + hmin{k,1}‖Πeq‖L2(Ωh) + hmin{k,3}‖Πeσ‖L2(Ωh))‖Peu‖L2(Ωh).

which implies that

‖Peu‖L2(Ωh) ≤ C(hk+1 + hmin{k,1}‖Πeq‖L2(Ωh) + hmin{k,3}‖Πeσ‖L2(Ωh)),

where C depends on ‖u‖Hk+4(Ωh) and Cer. To complete the proof, we only need to
apply the error estimates of Πeq and Πeσ in Lemma (7.1) for k ≥ 1.
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continuous Galerkin method for elliptic problems on Cartesian grids, SIAM J. Numer. Anal.
39 (2001), 264–285.

[9] B. Cockburn and C.-W. Shu, The local discontinuous Galerkin method for time-dependent
convection-diffusion systems, SIAM J. Numer. Anal. 35 (1998), 2240-2463.

[10] M. I. Comodi, The Hellan-Herrmann-Johnson method: some new error estimates and post-
processing, Math. Comp. 52 (1989), 17–29.

[11] C. M. Elliott and D. A. French, A nonconforming finite-element method for the two-
dimensional Cahn-Hilliard equation, SIAM J. Numer. Anal. 26 (1989), 884–903.

[12] C. M. Elliott, D. A. French and F. A. Miller, A second order splitting method for the Cahn-
Hillard equation, Numer. Math. 54 (1989), 575–590.

[13] C. M. Elliott and S. Zheng, On the Cahn-Hillard equation, Arch. Rational Mech. Anal., 96
1986, 339–357.

[14] G. Engel, K. Garikipati, J. T. R. Hughes, M. G. Larson, L. Mazzei and R. L. Taylor, Contin-
uous/discontinuous finite element approximations of fourth-order elliptic problems in struc-
tural and continuum mechanics with applications to thin beams and plates, and strain gra-
dient elasticity, Comput. Methods Appl. Mech. Engrg. 191 (2002), 3669–3750.

[15] R. S. Falk, Approximation of the biharmonic equation by a mixed finite element method,
SIAM J. Numer. Anal. 15 (1978), 556–567.

[16] X. Feng and O. Karakashian, Fully discrete dynamic mesh discontinuous Galerkin methods
for the Cahn-Hilliard equation of phase transition, Math. Comp. 76 (2007), 1093–1117.

[17] X. Feng and A. Prohl, Error analysis of a mixed finite element method for the Cahn-Hilliard
equation, Numer. Math. 99 (2004), 47–84.

[18] J. Li, Optimal convergence analysis of mixed finite element methods for fourth-order elliptic
and parabolic problems, Numer. Methods Partial Differential Equations 22 (2006), 884–896.
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