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tIn this paper, we reformulate the pie
ewise linear dis
ontinuous Galerkin (DG) methodfor solving two dimensional steady state s
alar 
onservation laws in the framework of theresidual distribution (RD) s
hemes. This allows us to propose a new 
lass of nonlinearstabilization that does not destroy the formal a

ura
y of the s
hemes. Numeri
al resultsare shown to demonstrate the behavior of this approa
h.1 Introdu
tionWe 
onsider the s
alar Cau
hy problem
∂u

∂t
+ div f(u) = 0 x ∈ Ω

u(x, t = 0) = u0 t = 0, x ∈ Ω
u(x, t) = g(x, t) x ∈ ∂Ω−, t > 0

(1)and its steady version, div f(u) = 0 x ∈ Ω
u(x) = g(x) x ∈ ∂Ω−.

(2)Here Ω is the 
omputational domain and Ω− is the in�ow part of the domain boundary.A very popular 
lass of methods to integrate (1) is the dis
ontinuous Galerkin (DG)method [1℄. It uses a �nite element representation of the solution within ea
h element of a
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triangulation of Ω, and the approximation fun
tion is dis
ontinuous a
ross the edges (or fa
esin 3D) of the mesh elements. The se
ond ingredient is a weak formulation of (1) 
ombinedwith a �ux formulation for the element boundary integral. The method 
an be shown to beintrinsi
ally stable for a very large 
lass of time dis
retization. When handling dis
ontinuoussolutions, an additional stabilization is needed. Often, a nonlinear limiter is introdu
ed, inorder to mimi
 the nonos
illatory behavior of the exa
t solution, in the spirit of the totalvariation diminishing (TVD) s
hemes by Harten [2℄. The net e�e
t of this is that in most
ases the formal a

ura
y of the s
heme is destroyed not only around the dis
ontinuities ofthe solution, whi
h is not a surprise, but also around the extrema of the solution, whi
h ismore annoying. Moreover, the width of the dis
ontinuities is also a�e
ted by the limiter. Of
ourse, this pi
ture 
an be improved [3, 4℄, but the optimal 
hoi
e of limiters is by far notknown.On the other hand, another 
lass of s
hemes exists, the so�
alled residual distribution(RD) s
hemes, see [5℄ for a state of the art. These s
hemes bear many similarities with thestabilized �nite element s
hemes su
h as the SUPG s
heme [6, 7℄, but the sho
k 
apturingmethod is 
ompletely di�erent. It is inspired from the MUSCL [8℄ and TVD type of s
hemes.In this paper, we reformulate the DG s
hemes so that they 
an be seen as RD s
hemes,and this enables us to propose a new 
lass of nonlinear stabilization that does not destroythe formal a

ura
y of the s
hemes. This opens an avenue toward nonlinear s
hemes with
h-p re�nement 
apabilities having a parameter-free nonos
illatory behavior.The paper is organized as follows. First we re
all the standard DG s
hemes, then showhow the RD te
hnique 
an be introdu
ed. In order to improve the stability, a blendingbetween this RD-DG s
heme and the standard DG s
heme is introdu
ed. This is possiblethanks to the RD formulation of the standard DG s
heme. Then numeri
al results arepresented and a 
on
lusion follows. In this paper, we illustrate the te
hnique by a se
ondorder a

urate s
heme for two dimensional s
alar equations, the more general 
ase will be
onsidered elsewhere.Throughout the paper, we 
onsider a triangulation T with triangular elements. A trian-gulation is denoted by {Tl}l=1,nt. We denote the verti
es by {Mi}i=1,ns. The approximationspa
e is the spa
e of dis
ontinuous pie
ewise linear polynomials

V h =
nt⊕

i=1

P
1(Ti)where h is the typi
al mesh length and P

1(Ti) is the set of polynomials of degree at mostone de�ned on Ti.2 Choi
e of the basis fun
tionsConsider for now a single triangle T . There are several natural bases that generate P
1(T ).If {Mj}j=1,3 denotes the set of verti
es of T , the most natural one is the set of bary
entri

oordinates denoted by {ΛMj

}j=1,3. They verify ΛMj
(Mk) = δk

j . The main problem of this2



basis is that (i) sin
e the elements of V h are not 
ontinuous, it is not that natural to usethe verti
es of T as degrees of freedom; (ii) these basis fun
tions are not L2�orthogonal. A
lassi
al 
hoi
e in the DG literature is the orthogonal Dubiner basis [9℄, but polynomials inthe Dubiner basis are not asso
iated to any parti
ular degree of freedom.It is possible to 
onstru
t a set of three polynomials of degree one, with the propertythat there exist 3 verti
es a1, a2, a3 in T , su
h that the Lagrange interpolants asso
iated tothem, denoted by ϕ1, ϕ2 and ϕ3, are orthogonal, i.e.
∫

T

ϕi(x)ϕj(x)dx = δ
j
i

∫

T

ϕ2
i (x)dx.Denoting by

ωi =

∫

T

ϕ2

i (x)dx

|T |we have the quadrature formula
∫

T

f(x)dx = |T |

( 3∑

j=1

ωjf(aj)

) (3)This quadrature formula is se
ond order a

urate.An easy 
al
ulation indi
ates that the points aj are the midpoints of [G, Mj ] where G isthe 
entroid of T . By symmetry, ωj = 1

3
.3 Constru
tion of the s
hemeThe main idea of the paper is to write two s
hemes for problem (1). One is the 
lassi
alunstabilized DG formulation with the 
hoi
e of basis fun
tions des
ribed in the previousparagraph. Then we show how to rewrite this DG s
heme in a Residual Distribution frame-work, i.e. we de�ne sub-residuals and a total �u
tuation. For this, we also introdu
e anothertessalation of the 
omputational domain to whi
h the residuals are naturaly asso
iated. Thenext step is, starting form the tessalation and the total residual that are asso
iated to, tode�ne a �rst order monotone s
heme, and using a standard tri
k in RD s
heme, we showhow to 
onstru
t a RD s
heme with dis
ontinuous elements. This s
heme is non os
illatoryand L∞ stable but not dissipative enough. Hen
e the last step is to blend the DG and theRD s
hemes to get a s
heme that is essentialy non os
illatory, dissipative and formaly se
ondorder a

urate even at extremas.3.1 DG formulation.Using the weak form of (1), we get, for any ϕ ∈ P

1(T ),
∫

T

ϕ(x)
∂u

∂t
dx −

∫

T

∇ϕ · f(u)dx +

∫

∂T

ϕ(x)f(u) · ~ndσ = 0 (4)3



Using the DG method, and 
onsidering F(u+, u−, ~n) a numeri
al �ux whi
h is 
onsistentwith f(u) · ~n, we get
∫

T

ϕ(x)
∂u

∂t
dx −

∫

T

∇ϕ · f(u)dx +

∫

∂T

ϕ(x)F(u+, u−, ~n)dσ = 0 (5)where u+ and u− are the left/right limits of u when the argument in u rea
h ∂T . Here, theintegral over ∂T is a sum over three edges. For any edge, see Figure 1, T+ = T and T− isthe element on the other side of Γ. A

ordingly, u+ = u|T and u− = u|T−. We 
hoose ϕ = ϕi

~n

Γ

u−

u+

T+ T−

Figure 1: Geometri
al parametersand get
|T |ωi

du(ai)

dt
−

∫

T

∇ϕi · f(u)dx +

∫

∂T

ϕi(x)F(u+, u−, ~n)dσ = 0. (6)The equation (6) 
an be rewritten in a RD fashion as
|T |ωi

duh

dt
(ai) + Ψ1,T

i + Ψ2,T
i + Ψ3,T

i = 0 (7)where, following the notations of Figure 2, in whi
h the triangle T is de
omposed into3 smaller triangles Tℓ asso
iated with the edge Γℓ, we have, using the 
onsisten
y of thenumeri
al �ux F ,
Ψℓ,T

i = −

∫

Tℓ

∇ϕi · f(u)dx +

∫

∂Tℓ

ϕi(x)F(u+, u−, ~n)dσ.In (7) the solution u is repla
ed by uh ∈ P
1(T ), so that we look for a solution of (7) in V h.For the sake of simpli
ity, we drop the supers
ript h in uh but now u belongs to V h.4



MT

1

MT

3 = MT
′

3

MT
′

1

MT

2 = MT
′

2

aT

1

aT

1

aT

2

aT

3

aT

2

aT

3

Figure 2: Lo
alization of the Lagrange pointsThe new tessalation we introdu
e here 
onsists in 
onsidering fo ea
h edge of the originaltriangulation the diamond 
ells asso
iated to it, see �gure 2.The �DG� residuals Ψℓ,T
i are asso
iated to the edges Γℓ. We have

∑

aT
i

Ψℓ,T
i =

∫

∂Tℓ

F(u+, u−, ~n)dσbe
ause ∑
aT

i

ϕi = 1. Then, if one 
onsiders the opposite small triangle T ′
ℓ sharing the edge

Γℓ with Tℓ (see Figure 2), we have, again using the 
onsisten
y of the numeri
al �ux F ,
∑

aT
i

Ψℓ,T
i +

∑

aT ′

i

Ψℓ,T ′

i =

∫

∂

(
Tℓ∪T ′

ℓ

) f(u) · ~ndσwhi
h has the right s
aling O(h3) for a steady smooth solution [10℄. We have one su
hsub�residual asso
iated with ea
h edge in the triangulation T .3.2 Residual distribution formulation.Now we look at the same problem seen from a di�erent angle. We de�ne, for any edge Γℓ, aset of monotone residuals that sum up to
ΦΓℓ

:=

∫

∂

(
Tℓ∪T ′

ℓ

) f(u) · ~ndσ.An example is the following adaptation of the Lax-Friedri
hs residual: take bi ∈ {aT
i , aT ′

i }i=1,·3and de�ne
ΦΓℓ

bi
=

1

6

(

ΦΓℓ
+ α

∑

bj 6=bi

(u(bi) − u(bj))

)5



for α large enough this is the residual from a monotone RD s
heme.Clearly, we have
∑

bi∈{aT
i ,aT ′

i }i=1,·3

ΦΓℓ

bi
= ΦΓℓ

. (8)This relation is the key remark of this paper be
ause it enables us to use the same te
hniqueas for RD s
hemes with 
ontinuous elements. In [5℄ it is explained how, from a �rst ordermonotone s
heme that satis�es (8), to stabilize a higher order RD s
heme without destroyingits formal a

ura
y, provided that ΦΓℓ
= O(h3) when u (the interpolant of the exa
t solutionof (2)) is smooth.The next step is to 
onstru
t a high order monotoni
ity preserving s
heme. De�ne, for

a ∈ R, a+ = max(a, 0) and a− = min(a, 0). We 
onsider
xΓℓ

bi
=

ΦΓℓ

bi

ΦΓℓ

.Be
ause of (8), we have
∑

bi

xΓℓ

bi
= 1.Noti
e that ∑

bi

(xΓℓ

bi
)+ = 1 −

∑

bi

(xΓℓ

bi
)− ≥ 1,hen
e we 
an de�ne

βΓℓ

bi
=

(xΓℓ

bi
)+

∑

bj

(xΓℓ

bj
)+

. (9)We now denote
(
ΦΓℓ

bi

)⋆
= βΓℓ

bi
ΦΓℓ

, (10)and write the limited RD s
heme as
|T |ωi

du

dt
(ai) +

∑

Γℓ edge of T

(
ΦΓℓ

ai

)⋆
= 0. (11)For the steady problem (2), the resulting s
heme, for the degree of freedom ai ∈ T is

∑

Γℓ edge of T

(
ΦΓℓ

ai

)⋆
= 0 (12)and this is formally se
ond order a

urate.The s
hemes (10)�(11) for the problem (1), and (10)�(12) are very di�erent from the DGformulation (7). 6



3.3 Blended s
heme.Now we spe
ialise to the steady problem (2) sin
e the time dis
retisation is more involvedfor RD s
hemes than for DG one : a simple Runge Kutta pro
edure, whatever its formala

ura
y, will not improve the time a

ura
y for RD s
heme. Indeed, in RD s
heme, spa
eand time have to be 
oupled be
ause these are genuinely multidimensional methods, seefor example [11, 5℄ for some solutions. We will 
onsider the unsteady 
ase in a 
ompanionpaper.As for standard residual distribution s
hemes on 
onforming meshes, the s
hemes (10)�(12) may su�er from iterative 
onvergen
e problems. Hen
e, we modify (ΦΓℓ
ai

)⋆ in (2) as
(
ΦΓℓ

ai

)⋆⋆
= ℓ
(
ΦΓℓ

ai

)⋆
+ (1 − ℓ)

(
ΦΓℓ

ai

)DG (13)where ℓ ≃ 0 near dis
ontinuities and ℓ ≃ 1 in smooth regions. In the simulations, we havemade three 
hoi
es for 
hoosing ℓ:
• ℓ = 1 no blending,
• ℓ = 0 pure DG,
• blended s
heme

ℓ =

∣
∣
(
uk

+

)n
−
(
uk
−

)n∣
∣

∣
∣
(
uk

+

)n∣
∣+
∣
∣
(
uk
−

)n∣
∣with n = 10. The results are quite insensitive to the 
hoi
e of n, provided it is largeenough (n ≥ 5).The s
heme is then (12) with (10) repla
ed by (13). This is solved by an expli
it forwardEuler s
heme.3.4 A form of Lax Wendrof theorem.The natural question is to se wether or not the s
hemes of the form (11), or more pre
isely

|T |ωi

(u(ai)
n+1 − u(ai)

n)

∆t
+

∑

Γℓ edge of T

(
ΦΓℓ

ai
(un)

)⋆
= 0 (14)with the initial 
onditions u(ai)

0 = u0(ai) 
an 
onverge to weak solution of (1). From theknowledge of the family u(ai)ai∈Th
, one 
an de�ne an interpolant in V h.We have the following resultTheorem 3.1. Let us 
onsider problem (1) and a family of uniform triangulation Th where

h → 0. Let us 
onsider the s
heme (14) where the residual satisfy, for any edge Γℓ, the
onservation relation (8). We denote by Tℓ and T ′
ℓ the two triangles that share the edge Γℓ.7



We also assume that that the residuals ΦΓℓ
ai

satisfy the following inequality
ΦΓℓ

ai
≤ C h

∑

bj∈Tℓ∪T ′

ℓ

∣
∣u(bi) − u(bj)

∣
∣.If the sequen
e uh

h is uniformly bounded by a 
onstant C(u0) independant of h and if asubsequen
e 
onverges in L2(R2) to a L2 ∩ L∞ fun
tion u, then u is a weak solution of (1).Proof. Let T > 0 and ϕ a 
ompa
tly supported test fun
tion of R
2 × [0, T ]. If one multiplies(14) by ϕ(ai, tn), we have, denoting by |Tℓ ∪ T ′

ℓ| the area of Tℓ ∪ T ′
ℓ ,

N∑

n=0

∆t
∑

ai

ϕ(ai, tn)

(

|T |ωi

(u(ai)
n+1 − u(ai)

n)

∆t
+

∑

Γℓ edge of T

(
ΦΓℓ

ai
(un)

)⋆

)

= 0.Then we re�arrange the �rst term and we get
N∑

n=0

∆t
∑

ai

ϕ(ai, tn)|T |ωi

(u(ai)
n+1 − u(ai)

n)

∆t
=

N∑

n=0

∑

ai

|T |ωi∆t
ϕ(ai, tn+1 − ϕ(ai, tn)

∆t
u(ai)

n −
∑

ai

|T |ωi∆tϕ(ai, tn)u0(ai),and a 
lassi
al argument shows that this terms 
onvergesm under the assumptions we havemade, to ∫

R2×R+

∂ϕ

∂t
u(x, t)dxdt −

∫

R2

ϕ(x, t)u0(x)dx.We now 
onsider the se
ond term. We introdu
e the DG residuals
Ψℓ,T

i = −

∫

Tℓ

∇ϕi · f(u)dx +

∫

∂Tℓ

ϕi(x)F(u+, u−, ~n)dσ.and write
N∑

n=0

∆t
∑

ai

ϕ(ai, tn)
∑

Γℓ edge of T

ΦΓℓ
ai

(un) =
N∑

n=0

∆t
∑

edges

∑

T=Tℓ,T
′

ℓ

∑

ai∈T

ϕ(ai, tn)Ψℓ,T
i

+

N∑

n=0

∆t
∑

edges

∑

ai∈Tℓ∪T ′

ℓ

ϕ(ai, tn)
(
ΦΓℓ

ai
(un) − Ψℓ,T

i )First, sin
e ϕ is 
ompa
tly supported and the 
onsistan
y of the numeri
al �ux F , we have
∑

edges

∑

T=Tℓ,T
′

ℓ

∑

ai∈T

ϕ(ai, tn)Ψℓ,T
i =

∫

R2

∇ϕ(x, tn)f(u(x, tn))dx,8



so that using again the boundeness of uh, and 
lassi
al arguments, we have
∑

edges

∑

T=Tℓ,T
′

ℓ

∑

ai∈T

ϕ(ai, tn)Ψ
ℓ,T
i →

∫

R2×R+

ϕ(x, t)f(u(x, t))dxdt.Using the 
onservation relation, we have
∑

ai∈Tℓ∪T ′

ℓ

ϕ(ai, tn)
(
ΦΓℓ

ai
(un) − Ψℓ,T

i ) =
∑

ai∈Tℓ∪T ′

ℓ

(ϕ(ai, tn) − ϕ(ai0 , tn)
(
ΦΓℓ

ai
(un) − Ψℓ,T

i )where
ai0is any of the element of Tℓ ∪ T ′

ℓ . The se
ond remark is thatUsing the 
onsisten
y of the numeri
al �ux, the se
ond term is bounded by
Ψℓ,T

i = −

∫

Tℓ

∇ϕi · f(u)dx +

∫

∂Tℓ

ϕi(x)F(u+, u−, ~n)dσ

= −

∫

Tℓ

∇ϕi ·
(
f(u) − f(u(ai0))

)
dx +

∫

∂Tℓ

ϕi(x)
(
F(u+, u−, ~n) − F(u(ai0), u(ai0), ~n)

)
dσand we get

∣
∣Ψℓ,T

i

∣
∣ ≤ C h

∑

bj∈Tℓ∪T ′

ℓ

∣
∣u(bi) − u(bj)

∣
∣.This show that ΦΓℓ

ai
(un) − Ψℓ,T

i satis�es a similar inequality and we get
∣
∣
∑

ai∈Tℓ∪T ′

ℓ

ϕ(ai, tn)
(
ΦΓℓ

ai
(un) − Ψℓ,T

i )
∣
∣ ≤ C

∣
∣
∣
∣∇ϕ

∣
∣
∣
∣
∞

h2
∑

ai∈Tℓ∪T ′

ℓ

∣
∣u(bi) − u(bj)

∣
∣.We 
on
lude by using the lemma 3.1 whi
h proof 
an be found in [12℄ or [13℄.Lemma 3.1. Let Q be a 
ompa
t set of R

2. Under the assumptions of theorem 3.1, we have
lim

h

( N∑

n=0

∆t
∑edges⊂Q

|T ′
ℓ ∪ Tℓ|

∑

ai,aj∈T ′

T

∣
∣
∣
∣
u(ai) − u(aj)

∣
∣
∣
∣

)

= 0.3.5 A

ura
y 
onsiderations.In this paragraph, we show why if we have a s
heme su
h that we 
an solve
∑

Γℓ edge of T

ΦΓℓ
ai

= 0 (15)when the residuals satify the 
onservation relation (8) and are of the form (10)
ΦΓℓ

ai
= βΓℓ

ai
ΦΓℓ9



then the s
heme is (formaly) se
ond order a

urate for the steady problem (2).To show this, we start from the same algebrai
 
onsiderations as in the previous para-graph, bu spe
ialised to steady problems. We have (using the same notations)
∫

R2

∇ϕ(x)f(uh(x))dx +
∑

T

∑

ai∈Tℓ∪T ′

ℓ

(ϕ(ai) − ϕ(ai0)
(
ΦΓℓ

ai
(uh) − Ψℓ,T

i ) = 0 (16)Assuming that the solution of (2) is smooth, we have
∫

R2

∇ϕ(x)f(u(x))dx = 0and for any triangle T ∫

T

∇f(u(x))dx = 0, and Ψℓ,T
i (u) = 0.The last relation 
omes from the very de��tion of the DG s
heme (6), so that using the formof the residual,

∫

R2

∇ϕ(x)
(
f(uh(x)) − f(u(x)

)
dx

︸ ︷︷ ︸I +
∑

T

∑

ai∈Tℓ∪T ′

ℓ

(ϕ(ai) − ϕ(ai0)×

(

βΓℓ
ai

(
ΦΓℓ

(uh) − ΦΓℓ
(u)

︸ ︷︷ ︸II )
−
(
Ψℓ,T

i (uh) − Ψℓ,T
i (u)

︸ ︷︷ ︸III )
)Using standard interpolation te
hniques and the smoothness of the �ux f , I is O(h2). Simi-larly, using the same arguments as in [12℄, we see that

Ψℓ,T
i (uh) − Ψℓ,T

i (u) = O(h3),and
ΦΓℓ

(uh) − ΦΓℓ
(u) = O(h3)so that, assuming that the mesh is regular, we have the tru
ation error

∑

Γℓ edge of T

ΦΓℓ
ai

(u) = O(h2). (17)Proposition 3.2. Assume the mesh is regular. If the solution of (2) is smooth and if the
onservation relation (8) holds, the s
heme (15) whereΦΓℓ
ai

is de�ned by (10), then we havethe tru
ation error (17).Remark 3.3. The proof of proposition 3.2 indi
ates why it is important that the PDE bea steady one. In 
ase of an unsteady problem, standard Runge Kutta methods 
annot workbe
ause there is an un
onsisten
y between the spa
e and time integration In the presentte
hnique, they must be 
oupled. This 
an be a
hieved nevertheless, either by spa
e�timemethods or by �pre-des
retizing� the ∂

∂t
term as in �nite element methods. See [11℄ for someexamples. 10



4 Numeri
al resultsWe have tested the s
heme on two examples, a 
onve
tion problem and the Burgers equation.4.1 Conve
tion problemThe problem is to solve
−x

∂u

∂y
+ y

∂u

∂x
= 0 (x, y) ∈ [0, 1] × [0, 1],

u(x, 0) =







− sin

(

π
2x − 0.2

0.6

) if 0.1 ≤ x ≤ 0.4

0 else. (18)The solutions obtained by the di�erent s
hemes are displayed in Figure 3. A 
ross�se
tion(at x = 0) is displayed in Figure 4. We see that the results obtained for the DG and blendeds
hemes are mu
h more a

urate than those of the RD s
heme, and the blended one isnonos
illatory.4.2 Burgers problem.Here, we are solving
1

2

∂u2

∂x
+

∂u

∂y
= 0 (x, y) ∈]0, 1[2

u(x, y) =







1 − 2x x ∈ [0, 1], y = 0
1.5 x = 0, y ∈ [0, 1]
0.5 x = 1, y ∈ [0, 1]

(19)The solutions are displayed in Figure 5 and zoom-in pi
tures to show the width of thesho
k stru
ture are shown in Figure 6.We also show 
uts in the fan, see Figure 7 where the os
illation-free nature of the RDand blended s
hemes 
an be seen. A 
lose inspe
tion of the same �gure shows that the DGand blended solutions are indistinguishable in the fan (y = 0.1).5 Con
lusionsIn this paper, we have presented results on a new s
heme that is able to 
ombine the advan-tages of both the DG s
hemes (
ompa
t sten
il, h-p re�nement 
apabilities, a

ura
y) andthose of the RD ones (
ompa
t sten
il, a

ura
y, parameter-free os
illation 
ontrol arounddis
ontinuities). The results are presented for a formally se
ond order s
heme, however thereis no problem in prin
iple to extend the approa
h to more than se
ond order a

ura
y, as wellas to unsteady problems following [14, 11, 15℄. We have also given examples for 
onformal11



meshes, but the method 
an easily be extended to non 
onformal ones just by introdu
inghanging nodes.In the future we wish to elaborate on this method by showing how genuinely very highorder parameter-free s
hemes 
an be 
onstru
ted having this residual property on possiblynon 
onforming meshes. Another resear
h topi
 is to simplify our method, i.e. to avoid
omputing two s
hemes to rea
h a

ura
y and stability.A
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DG Blend (n = 10)

s
heme (12)Figure 3: Solutions for (18).
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DG Blend (n = 10)

s
heme (12)Figure 4: Solutions for (19).
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DG Blend

s
heme (12)Figure 5: Zoom-in pi
tures for (19).
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Figure 6: Cross�se
tion of the solutions at x = 0.
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Figure 7: Cuts a
ross the sho
k and the fan
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