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In this paper, we propose a new discontinuous Galerkin finite element method to solve
the Hamilton-Jacobi equations. Unlike the discontinuous Galerkin method of Hu and Shu
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dimensional numerical results are provided to demonstrate the good qualities of the scheme.

Keywords: Hamilton-Jacobi equations; discontinuous Galerkin; high order accuracy;

convex Hamiltonian.

'Research supported by ARO grant W911NF-04-1-0291, NSF grant DMS-0510345 and AFOSR grant
FA9550-05-1-0123.

2E-mail: ycheng@dam.brown.edu

3E-mail: shu@dam.brown.edu



1 Introduction

In this paper, we consider the numerical solution of the Hamilton-Jacobi equation

90t+H(()OIU"'a(pwdaxla"'axd):07 (p(ZU,O):(pO(lU) (11)

Here d is the space dimension. In this paper we will only consider the linear or convex
Hamilton-Jacobi equations, namely the Hamiltonian H is a linear or convex function of ¢,,.
The solutions to the above equations are Lipschitz continuous but may admit discontinuous
derivatives. For linear case with discontinuous coefficients or the the nonlinear case, this is
true even if the initial condition is smooth, and the solutions are also non-unique. We are
only interested in the viscosity solution [6], which is the unique practically relevant solution
and satisfies the entropy condition. Fortunately, this entropy condition can be expressed in
a simple form when the Hamiltonian is linear or convex.

Essentially non-oscillatory (ENO) or weighted ENO (WENO) finite difference schemes
have been developed to solve the Hamilton-Jacobi equation (1.1), see, e.g. [15, 10, 19]. These
finite difference methods work quite efficiently for Cartesian meshes, however on unstructured
meshes the scheme is quite complicated [19]. Alternatively, the Runge-Kutta discontinuous
Galerkin (DG) finite element method, originally devised to solve the conservation laws [3, 4,
2, 1, 5], has the advantage of flexibility for arbitrarily unstructured meshes, with a compact
stencil, and with the ability to easily achieve arbitrary order of accuracy. In [9], Hu and
Shu proposed a discontinuous Galerkin method to solve the Hamilton-Jacobi equation (1.1).
They use the fact that the derivatives of the solution ¢ satisfy a conservation law system, and
apply the usual discontinuous Galerkin method on this system to advance the derivatives of .
The solution ¢ itself is then recovered from these derivatives by a least square procedure for
multi-dimensional cases and with an independent evolution of the cell averages of . Later,
Li and Shu [14] reinterpreted the method of Hu and Shu by using a curl-free subspace for the
discontinuous Galerkin method. The algorithm in [14] is mathematically equivalent to that

in [9], but the least square procedure is avoided and the computational cost is reduced for



multi-dimensional calculations. The method in [9, 14] works well numerically, with provable
stability results for certain special cases [9, 12]. However, since this method is based on the
conservation law system satisfied by the derivatives of ¢, a scalar problem (1.1) is converted to
a system for the multi-dimensional case, which is moreover only weakly hyperbolic at some
points. This seems to have made the algorithm indirect and complicated. It is therefore
desirable to design a discontinuous Galerkin method which solves directly the solution ¢ to
the Hamilton-Jacobi equation (1.1). In this paper we develop such a discontinuous Galerkin
method.

This paper is organized as follows: in Section 2, we describe the formulation of our scheme
for the one-dimensional case. Theoretical analysis for the linear case is provided. In Section
3, we generalize the scheme to two space dimensions. Numerical results of both one and two

dimensions are presented in Section 4. Finally, in Section 5, concluding remarks are given.

2 One-dimensional case

For the simple one-dimensional case, (1.1) becomes

oo+ H(pe,2) =0 ¢(z,0) = ¢"(z) (2.1)

and we consider only the case where H(p,,x) is a linear or convex function of ¢,. If we

want to solve this equation on the interval [a, b], first we divide it into NV cells as follows

a=ry <3 <..<azy1=b (2.2)
We denote
L=( o) o=y 4n,).  Lop=lpoa] @3
2 2 >
and
Azj=xj1 —x; 1, h = max Ax; (2.4)
Now, we define the approximation space as
VE={v:vl, e P"I), j=1,--- N} (2.5)
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where P¥(I;) denotes all polynomials of degree at most k& on I;. We now formulate our

scheme for (2.1) and give theoretical analysis for the linear case.

2.1 Formulation of the scheme

Let us denote H, = gTH If H, is always non-negative, then we can define the upwind version

x

of our scheme as: find ¢y, (z,t) € V¥, such that

/{(&(ph(x,t) + H(0ypn(x,t), z))vp(z)dz

I;
+ eHIlaX Hl(aw(phaxj—l/?)[(ph]jf%(vh);i% = 07 ] = 17 R N (26)
rClj_1/2

holds for any vy, € Vjf. Here [pp];_1 = goh(x;’_l,t) — ¢n(x;_y,t) denotes the jump of ), at
2 2

Our definition of the scheme is motivated by the usual discontinuous

the cell interface Tj 1.

Galerkin method for the linear case, see the next subsection 2.2.

For general H, our scheme is formulated as follows: find ¢y (x,t) € V), such that

/l(atgoh(x,t) + H(0ppn(x,t),z))vy(z)de

I

1

~( min H( 1/2) — | min Hy( - . -
+ 3 (éﬂf}m 1(0x0n, Tjt1/2) o 1(0xh, Tjg1/2) ) [@h]ﬁ_%(vh)ﬁ_%

1
g (Lo, i) + | s Ao ) oo
-0, j=1,...,N (2.7)

holds for any v, € V;¥. This is a Roe type generalization of the upwind scheme (2.6).

In the schemes (2.6) and (2.7), we need the reconstructed information of 9, on the
cells I;_1/; and I;/o. Notice that these cells include the points Tj 1 and Tl respectively,
where the numerical solution oy, (z, t) is discontinuous. We use a L? reconstruction technique
as follows. We define a polynomial w;_ 1 (z) € P** on I; U I; 14, such that

/Igphvdx:/l wj 1 vdz (2.8)

J J

for any v € P* on I;, and

/ opvdx = / w;, 1 vd (2.9)
I'+1 I'+1 ?

J J
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for any v € P¥ on I;;;. Then we use 0,p;, = 8ij+% on I 1/ when taking the maximum
or minimum in (2.6) and (2.7).

In the case of a uniform mesh and piecewise constant polynomials (k = 0), the recon-
structed derivative becomes

P — Py

Outon = = (2.10)

on I /5. This agrees with our intuitive definition of d,¢y. For a practical implementation,
once a local basis is chosen, the coefficients of w, 1 (x) are linear combinations of the coeffi-
cients of ¢y, 1; and of ©n| 1,.,- These linear combination coefficients can be pre-computed to
save computational cost.

We would like to remark that in (2.7), the last two terms involving the jumps of ¢, are
added for stability, whereas the first integral term guarantees the accuracy of our scheme.
The purpose of taking the maximum and minimum is to obtain better stability by adding
more viscosity, while still maintaining accuracy since these maximum and minimum values
are a O(h) perturbation from H(0y¢n(2j41/2,1), Zj41/2), which guarantees accuracy accord-
ing to truncation error analysis and numerical tests.

For linear Hamiltonians with discontinuous coefficients or nonlinear Hamiltonians, since
our scheme is of Roe type, it may generate entropy violating solutions. We have therefore

adopted the following entropy correction procedure:

1. For each cell I;, determine if it is a potentially entropy violating cell. We will provide

the criteria for this determination in the numerical section 4.

If the cell I; is marked as a potentially entropy violating cell, then use Step 2 below to

update @, in this cell; otherwise, update ¢, by (2.6) or (2.7).

2. Update ¢; by the DG method of Hu and Shu [9], namely, recover 0, by taking the
derivative of ¢, then compute 0;(0,¢p) by the usual DG method for the conservation

law satisfied by 0,¢,. This will determine ¢, up to a constant. The missing constant



is obtained by requiring

/_ (Orpn(z,t) + H(Oppn(, 1), x))dz = 0. (2.11)

IJ
The entropy correction in Step 2 bears comparable computational cost as our scheme (2.6)
or (2.7) for this one dimensional case. It is our experience that such entropy corrections are

needed only in very few isolated cells, see Section 4.

2.2 Theoretical analysis

We first consider a linear Hamilton-Jacobi equation
¢t + a(z)p, =0 (2.12)

and assume, for the time being, that a(x) is a smooth function. If a(x) > 0, our scheme (2.6),
after replacing the maximum by the point value at Ti1 becomes finding ¢, (z,t) € V¥, such

that
/I‘(atq)h(x,t)+a(x)(8$<ph(x,t)))vh(x)dx—l—a(xj_%)[(ph]j_%(vh);r_% =0, j=1,...,N (2.13)

holds for any v, € V¥, After integration by parts, this is equivalent to

[ oenta @it~ [ al@)ente. 00 m(ade + (@), ),

J

_(agph)j__%(vh);'_% :/ az(z)pn(z, t)vy(z)dz (2.14)

I;

We observe that the scheme (2.14) is the standard DG scheme for conservation laws with

source terms [4] using upwind fluxes for the equation

o1+ (a(r)p)e = az()p (2.15)

which is equivalent to (2.12). Similarly, for general a(x), our scheme (2.7), after replacing the

maximum and minimum by the point value at z; 1 and z; 1 respectively, becomes finding

1
2

on(z,t) € ViF, such that

| @un(a.0) + alo) @un(a, )n(a)de + 5 (alyy) = lalo o)) onl o).
3 (ofao) + late, ) oy (o), =0 (2.16)
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holds for any v, € V;¥. After integration by parts, this is equivalent to
/ Oron(x, t)vp(x)dx —/ a(x)q)h(x,t)awvh(x)dx+@j+%(vh)j_+%
1 1

_@jfé(vh);“ i :/ a,(z)pn(z, t)vy(z)dz (2.17)

1
2 Ij
where

_ 1

7 1
@iy = 5 (a@) + lo(@)l) (n), + 5 (aleyey) = lal@g)l) (o),

denotes the Roe flux. This is the the standard DG scheme for conservation laws with source
terms [4] using Roe fluxes for the equation (2.15) which is equivalent to (2.12). We can
therefore use the standard techniques in the analysis for the DG schemes to obtain the

following theoretical results.

Proposition 2.1. Suppose there is a constant [ such that the derivative of a(zx) satisfies

az(x) < B for x € [a,b], then we have the following L? stability for our scheme (2.16):
len(®)]z2 < 2ln (0|22

Proof: This follows from the standard proof of the cell entropy inequality for DG schemes

applied to scalar conservation laws [11]. On each cell I;, we can prove as in [11]

—F- 1—|—@j:0

i3

2
/(%)twhdfc —/ amﬂdaﬁLFj+
I; I 2

J J

(NI

for some entropy flux Fﬂ% and ©; > 0. Summing over j, we have

b 2 b 2
i ﬁdm < amﬁdx
dat J, 2 ~Ja 2

Since a, < (3, we have
b

d b
7 ) widmﬁﬁ/ﬂ widm

Integrating over ¢ finishes the proof. W



Proposition 2.2. If a(z) and the solution ¢ of (2.12) are smooth and the scheme (2.16) with

the finite element space (2.5) is used, then we have the following optimal L? error estimate

[lon(t) = o(®)llz2 < CRF

Proof: The proof is similar to that for standard DG schemes. The optimal (£ + 1)-th order

of convergence is obtained through a special projection in the proof, see for example [18] for

the details. H

For nonlinear problems, we notice that our scheme is consistent only when £ > 1. For

example, for the Burgers’ equation

2
o+ =0, (2.18)

with ¢, > 0, our upwind scheme (2.6) with piecewise constant space (the space (2.5) with
k = 0) gives ,

wm+(ﬁiﬁtﬂ =0 (2.19)
where p = ¢; on cell I;. This is clearly consistent with a different equation ¢; + 2 = 0 and
is inconsistent with the Burgers’ equation (2.18). If £ > 1, we can prove that our scheme
is consistent, which is also verified by numerical experiments in Section 4. For example, the

P! upwind scheme (2.6) to solve the equation ¢; + H(¢;) = 0 is

1
©; [Sph]jfl
N +H| L | +a; 2 = 2.2
(Spj)t (ij> Y Ax; 0 (2.20)

where ¢ = ¢} + gp}Z—éj on cell I;. Since [pp]; 1 = O(h?) for smooth functions, the scheme

1
2

is consistent.

2.3 Time discretization

Up to now, we have taken the method of line approach and have left ¢ continuous. We can
use total variation diminishing (TVD) high-order Runge-Kutta methods [17] to solve the

method of lines ODE

et = L(p). (2.21)



The third-order TVD Runge-Kutta method that we use in this paper is given by

e = "+ AtL(p")

3 .1 1
P® = Z" oW+ SALL(pW)

4 4 4
n+1 L 2 99, 2 (2)
© = ggo +§g0 +§AtL(<,0 ) (2.22)

Detailed description of the TVD Runge-Kutta method can be found in [17], see also [7, §].

3 Two-dimensional case

In this section, we consider the case of two spatial dimensions. The equation is given by

¢+ H(pe, 0y, 1,y) =0, o(x,y,0) = ¢°(2,y) (3.1)

and we again only consider the case where H(yp,, ¢y, z,y) is a linear or convex function of ¢,
and ¢,. For simplicity of presentation, we consider in this paper only rectangular domains
and cells, although our method can be easily defined on general triangulations as other DG
methods. Suppose equation (3.1) is solved on the domain [a,b] X [¢,d]. We use rectangular

meshes defined as

a=r1 <3 <..<zy1=Db c=y1 <ys <...<yy,1=d (3.2)
and
Ii; = [xif%7xi+%] X [yjf%7yj+%]7 Ji = w12, Tivye)s K= (Y5172, Yivr)e]
Ji+1/2 = [xi,fvz'ﬂ]; Kj+1/2 = [yjaijrl]; i=1,...N,y j=1,.. -Ny (3-3)

We define the approximation space as

VE={v:v

L, € P(Liy), i=1,...N;, j=1,...N,} (3.4)

where P¥(I; ;) denotes all polynomials of degree at most k on I; ;.



Let us denote H, = 3—fi and Hy = 2L We define our scheme as: find oy (7,t) € V¥,

¢ Opy
such that
/ (Orpn(w,y,t) + H(Owpn(w,y,1), Oyon(z, y, t), 7, y))vn(z, y)dzdy
174,‘]

1 ' L
+§ K xe‘%ﬂmH1(3$<ph,6y<ph,xi+l/2,y)
— |, min H1(Qopn, Dyon, Tivry2,y)| ) [onl (@i ss y)onle 1o y)dy

Te i 2 +5

1 —_
3, (s, 100000 T
+ | max H1(3:1:<Pha%, xz‘l/2ay)‘> [wh](xi—lay)vh(wztl,y)dy

z€Ji_1/2 ! .
1 . —_—
+§ /] <yer[r(ljlfll/2 HZ(amSOh, aySOh, Z, y]+1/2)
_ ye%iﬂ/z Hy(0pn, 0yons T, Yj1/2) ) [Sph](x7yj+;)vh($,y;+%)dx
1 —_—
A R A
i
e HaOuion, yons 2, yi-12) ) [on](, y;—1)vn(@,y” 1 )daw =0 (3.5)
yeK 1/ s ’

holds for any v, € V}*. In the above formula, we define

aw(ph =

((Buon) ™ + (Buion) ) Ayen = = ((Byen)* + (Oyen) )

1 1
2 2
The main idea is that, on the interfaces of cells, along the normal direction we would use
the reconstructed information of the partial derivatives as in the one dimensional case. Tan-
gential to the interface, the average of the partial derivatives from the two neighboring cells
is used. The reconstruction process is the same as that in the one-dimensional case, except
that we need to fix x or y, then perform the reconstruction on the other spatial variable. If
H, > 0 or Hy, > 0, we can apply the corresponding upwind scheme in that direction.

A similar entropy correction procedure as in the one dimensional case is adopted here

as well for the cases with linear Hamiltonians with discontinuous coefficients or nonlinear

Hamiltonians:
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1. For each cell I; ;, determine if it is a potentially entropy violating cell. We will again

provide the criteria for this determination in the numerical section 4.

If the cell I; ; is marked as a potentially entropy violating cell, then use Step 2 below

to update @, in this cell; otherwise, update ¢; by (3.5).

2. Update ¢;, by the DG method of Hu and Shu [9] as reinterpreted by Li and Shu [14],
namely, recover 0, and 0y, by taking the derivatives of ¢y, then compute 0;(0,¢p)
and 0,(0ypp) by the usual DG method for the conservation laws satisfied by 0,¢s and
Oy¢n in a locally curl-free discontinuous Galerkin space. This will determine ¢, up to

a constant. The missing constant is obtained by requiring

/ (Dron + H(Dsipn, Dyom, v, y))derdy = 0. (3.6)

IZ,]
4 Numerical results

In this section we provide numerical experimental results to demonstrate the behavior of our

scheme.

4.1 Linear smooth problems

In this subsection, linear smooth problems are computed using our scheme. In this case, our

scheme is equivalent to the standard DG scheme for conservation laws with source terms.

Example 4.1.1. We solve the one dimensional problem

o +sin(x)p, =0
©(x,0) = sin(x) (4.1)
90(07 t) = 90(27r7 t)

The exact solution is

o(z,t) = sin (2 tan ' (e’t tan (g))) (4.2)

We use the general scheme (2.16) and list the results in Tables 4.1-4.4 for P°, P!, P? and

P3| respectively. We clearly observe (k + 1)-th order of accuracy for P*¥ polynomials.
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Table 4.1: Errors and numerical orders of accuracy for Example 4.1.1 when using P° polyno-
mials and Runge-Kutta third order time discretization on a uniform mesh of N cells. Final
time ¢t =1. CFL =0.9.

N | L' error order | L? error order | L® error order
40 | 0.49E-01 0.62E-01 0.29E400

80 | 0.25E-01 0.95 | 0.32E-01 0.93 | 0.16E+00 0.86
160 | 0.13E-01 0.97 | 0.17E-01 0.96 | 0.83E-01 0.96
320 | 0.65E-02 0.98 | 0.84E-02 0.98 | 0.42E-01 0.99
640 | 0.33E-02 0.99 | 0.42E-02 0.99 | 0.21E-01 1.00

Table 4.2: Errors and numerical orders of accuracy for Example 4.1.1 when using P* polyno-
mials and Runge-Kutta third order time discretization on a uniform mesh of N cells. Final
timet=1. CFL =10.3.

N | L' error order | L? error order | L® error order
40 | 0.12E-02 0.25E-02 0.15E-01

80 | 0.31E-03 1.96 | 0.68E-03 1.90 | 0.43E-02 1.81
160 | 0.78E-04 1.97 | 0.18E-03 1.94 | 0.11E-02 1.92
320 | 0.20E-04 1.98 | 0.46E-04 1.97 | 0.29E-03 1.96
640 | 0.50E-05 1.99 | 0.12E-04 1.98 | 0.74E-04 1.98

Example 4.1.2. We solve the two dimensional linear Hamilton-Jacobi equation with vari-
able coefficients

©r — Yoz + a0y = 0. (4.3)

The computational domain is [—1, 1]2. The initial condition is given by

0 03<r
wolz,y)=1¢ 03—7r 0.1<r<0.3 (4.4)
0.2 r<0.1

where r = /(z — 0.4)2 + (y — 0.4)2. We also impose periodic boundary condition on the

domain. This is a solid body rotation around the origin. The exact solution can be expressed
as

o(x,y,t) = @o(x cos(t) + ysin(t), —x sin(t) + y cos(t)) (4.5)

For this problem, the derivatives of ¢ are not continuous. Therefore, we do not expect

to obtain (k + 1)-th order of accuracy for P*¥ polynomials, see Table 4.5.
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Table 4.3: Errors and numerical orders of accuracy for Example 4.1.1 when using P? polyno-

mials and Runge-Kutta third order time discretization on a uniform mesh of N cells. Final
timet=1. CFL =0.1.

N | L' error order | L? error order | L™ error order
40 | 0.48E-04 0.10E-03 0.52E-03

80 | 0.60E-05 2.99 | 0.14E-04 2.88 | 0.88E-04 2.58
160 | 0.75E-06 3.00 | 0.18E-05 2.90 | 0.14E-04 2.70
320 | 0.94E-07 2.99 | 0.24E-06 2.93 | 0.20E-05 2.78
640 | 0.12E-07 2.99 | 0.31E-07 2.95 | 0.27E-06 2.85

Table 4.4: Errors and numerical orders of accuracy for Example 4.1.1 when using P? polyno-
mials and Runge-Kutta third order time discretization on a uniform mesh of NV cells. Final
time t = 1. CFL = 0.05.

N | L' error order | L? error order | L™ error order
40 | 0.21E-05 0.51E-05 0.29E-04

80 | 0.14E-06 3.96 | 0.35E-06 3.88 | 0.22E-05 3.75
160 | 0.87E-08 3.97 | 0.23E-07 3.93 | 0.16E-06 3.78
320 | 0.55E-09 3.97 | 0.15E-08 3.96 | 0.10E-07 3.91
640 | 0.35E-10 3.98 | 0.94E-10 3.98 | 0.68E-09 3.95

At t = 2m, i.e. the period of rotation, we take a snapshot at the line x = y in Figure 4.1.
We can see that a higher order scheme can yield better results for this nonsmooth initial

condition.

Example 4.1.3. We solve the same equation (4.3) as that in Example 4.1.2, but with a

different initial condition as

(z — 0.4)2 + (y — 0.4)2> (16)

¢o(,y) = exp (— 57

We take 0 = 0.05 such that at the domain boundary, ¢ is very small, hence imposing a
periodic boundary condition will lead to small non-smoothness errors. We then observe the

desired order of accuracy in Table 4.6.

Example 4.1.4. We solve the two dimensional linear Hamilton-Jacobi equation with vari-

13



Table 4.5: Errors and numerical orders of accuracy for Example 4.1.2 when using P? poly-

nomials and Runge-Kutta third order time discretization on a uniform mesh of N x N cells.
Final time t = 1. CFL =0.1.

N x N | L' error order | L? error order | L> error order
20 x 20 0.41E-03 0.13E-02 0.11E-01

40 x 40 | 0.14E-03 1.58 | 0.55E-03 1.26 | 0.65E-02 0.82
80 x 80 0.47E-04 1.54 | 0.24E-03 1.22 | 0.36E-02 0.84
160 x 160 | 0.15E-04 1.62 | 0.10E-03 1.23 | 0.21E-02 0.81

015 0.15 ?

01l 0.1

005 0.05 |

T IR R T IR TR R T IR
-0.5 0.5 -0.5 0.5

x o
x o

Figure 4.1: Example 4.1.2. 80 x 80 uniform mesh. ¢ = 27. Solid line: the exact solution;
Rectangles: the numerical solution. One dimensional cut of 45° with the z axis. Left: P!
polynomial; Right: P? polynomial.

able coefficients
i+ f(,y, ) pa + g(2,y,t)p, =0 (4.7)
The computational domain is still [—1, 1], and the advection coefficients are

f(z,y,t) = sin?(rx) sin(27y) cos (%ﬂ') . g(x,y,t) = —sin®(7y) sin(27z) cos <%7r>

where T is the period of deformation. The initial condition is given by

0 03<r
wo(z,y) =4 03—7r 0.1<r<0.3 (4.8)
0.2 r <0.1

where r = /(2 — 0.4)2 + (y — 0.4)2. This is a numerical test for incompressible flow first

introduced by LeVeque in [13]. During the evolution, the initial data is severely deformed,

14



Table 4.6: Errors and numerical orders of accuracy for Example 4.1.3 when using P? poly-
nomials and Runge-Kutta third order time discretization on a uniform mesh of N x N cells.
Final time t = 1. CFL =0.1.

N x N | L' error order | L? error order | L™ error order
20 x 20 | 0.14E-02 0.10E-01 0.28E400

40 x 40 | 0.15E-03 3.21 | 0.15E-02 2.81 0.53E-01 2.41
80 x 80 | 0.11E-04 3.82 | 0.11E-03 3.73 | 0.58E-02 3.19
160 x 160 | 0.11E-05 3.30 | 0.12E-04 3.26 | 0.90E-03 2.69

then it returns to the original shape after one period. At ¢t = 1.5, i.e. the period of rotation,
we take a snapshot at the line x = y in Figure 4.2. We can clearly observe that a higher

order scheme yields better results for this nonsmooth initial condition.

02f Sere, 02

01lf 01f

0.05 [~ 0.05 |-

TR ARSI R RN ST ERERTR! IR IR R T IR
-0.5 0 0.5 -0.5 0.5

X o

Figure 4.2: Example 4.1.4. 80 x 80 uniform mesh. ¢t = 1.5. Solid line: the exact solution;
Rectangles: the numerical solution. One dimensional cut of 45° with the z axis. Left: P!
polynomial; Right: P? polynomial.

4.2 Linear nonsmooth problems

In this subsection, the Hamiltonian H is a linear function of V¢ with nonsmooth coefficients.

Example 4.2.1. We solve the model problem
@y + sign(cos(z)) p, =0
©(x,0) = sin(x) (4.9)
©(0,t) = p(2m,t)
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The exact solution is given by

o if0<t<m/2
sin(z —t) f0<2<7
sin(z+1) if 2 <z <32 —t

plt) =y if o <o <3y (4.10)
sin(fz —t) fZ+t<z<2m
oifr/2<t<n
1 ifo<z<t—1
_ ) osin(w—t) ift-F<z<F
ol) = sin(z +1) fZ<z<3—t (4.11)
-1 if?’?”—t<x§27r
o ift >
o(x,t) = —1. (4.12)

For the viscosity solution, at z = 7, there will be a shock forming in ¢,, and at x = 37“,
there is a rarefaction wave.

We first test the scheme without any entropy correction. If we take N to be a multiple
of 4, then the discontinuity of a(z) is exactly located at a cell interface. In this case, the
entropy condition is violated by our scheme at the two cells neighboring 37”, and the numerical
solution obtained is not close to the viscosity solution, see Figure 4.3, left. If instead, we
take other values of N such that the discontinuity of a(z) is not at the cell interface, then
the entropy condition is not violated and the numerical solution obtained approximates the
the viscosity solution very well, see Figure 4.3, right.

The test above indicates the necessity of an entropy correction in this case. The criteria

for the entropy correction is as follows. For the cell I; = (z;_1/2, Zj11/2), if
a_(xj,l/Q) <0< a+(xj,1/2) (413)

or

a”(Tj1172) <0< a’(xj11/2) (4.14)
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Figure 4.3: Example 4.2.1. t = 1, CFL = 0.1, using P? polynomials. Solid line: the exact
solution; Rectangles: the numerical solution. Left: N = 80; Right: N = 81.

is satisfied, we will compute (¢;); on the cell I; by solving the conservation law for ¢, = u
as

uy + (sign(cos(z)) u), =0 (4.15)

using the standard DG method with polynomials in P*~!, and then recover ¢ by requiring

/‘ (¢ + sign(cos(z)) @z )dx = 0. (4.16)

I
For this one dimensional example it does not increase the computational cost. We can see
in Figure 4.4 that, after this entropy correction, the numerical solution approximates the
viscosity solution very well.
The numerical errors and order of accuracy are shown in Table 4.7. Since the exact

solution is not smooth, we do not expect the full (k 4 1)-th order accuracy.

4.3 Nonlinear smooth problems

In this subsection, the Hamiltonian H is a nonlinear smooth function of V.

Example 4.3.1. One dimensional Burgers’ equation

2
(pt_|_&:()

o(x, 0)2: sin(x)
@(Ov t) = 90(271-7 t)

(4.17)
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Figure 4.4: Example 4.2.1. t = 1, CFL = 0.1, N = 80, using P? polynomials. Solid line:
the exact solution; Rectangles: the numerical solution. Left: without entropy correction;
Right: with entropy correction.

Table 4.7: Errors and numerical orders of accuracy for Example 4.2.1 when using P? polyno-
mials and Runge-Kutta third order time discretization on a uniform mesh of N cells. Final
timet=1. CFL =0.1.

N | L' error order | L? error order | L® error order
40 | 0.64E-03 0.15E-02 0.41E-02

80 | 0.16E-03 1.97 | 0.40E-03 1.94 | 0.10E-02 2.00
160 | 0.41E-04 1.99 | 0.10E-03 1.97 | 0.26E-03  2.00
320 | 0.10E-04 2.00 | 0.25E-04 1.99 | 0.64E-04 2.00
640 | 0.26E-05 2.00 | 0.64E-05 2.00 | 0.16E-04 2.00

The exact solution when ¢ is still smooth is obtained by the characteristics methods. First
solve xq from

x = xo + cos(zg)t (4.18)
then get ¢ as

cos(zp)?
2

(x,t) = sin(xy) + (4.19)

When ¢ = 0.5, the solution is still smooth, and the expected third order accuracy is obtained
for P? polynomials, see Table 4.8. After ¢ = 1, a shock will form in ¢,, our scheme can

resolve the derivative singularity sharply, see Figure 4.5.
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Table 4.8: Errors and numerical orders of accuracy for Example 4.3.1 when using P? polyno-
mials and Runge-Kutta third order time discretization on a uniform mesh of N cells. Final
time t = 0.5. CFL =0.1.

N | L' error order | L? error order | L™ error order
40 | 0.13E-04 0.22E-04 0.84E-04

80 | 0.17E-05 2.97 | 0.29E-05 2.93 | 0.12E-04 2.86
160 | 0.22E-06 2.98 | 0.37E-06 2.96 | 0.15E-05 2.92
320 | 0.27E-07 2.98 | 0.47E-07 2.97 | 0.20E-06 2.95
640 | 0.34E-08 2.99 | 0.59E-08 2.99 | 0.25E-07 2.97

Figure 4.5: Example 4.3.1. Numerical solution. Solid line: N = 500; Rectangles: N = 40.
Final time ¢ = 1.5, CFL = 0.05, P? polynomials.

Example 4.3.2. One dimensional Burgers’ equation with a nonsmooth initial condition

2
oy + o = 0

B Tz f0<z<7 (4.20)
QO(J?, 0) — { x — 1 elsewhere in[oa 271'],
©(0,t) = p(2m,t)

For the viscosity solution, the sharp corner at 7 will be smoothed out, and a rarefaction wave
will form in the derivative. Since the entropy condition is violated by our Roe type scheme,
we need to apply the entropy correction procedure. Figure 4.6 shows the comparison of the
numerical solution with and without the entropy correction. Clearly the entropy correction is

needed to obtain a good approximation to the entropy solution. The criteria for the entropy
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correction is as follows. For the cell [; = (x;_1/2, %41/2), if either

Oy (Tj-1/2) <0 < @f (Tj-1/2) (4.21)

or
Oy (Tj41/2) <0 < @F (Tj41/2) (4.22)

is satisfied, then entropy correction is applied.

Figure 4.6: Example 4.3.2. t =1, CFL = 0.05, N = 80, using P? polynomials. Solid line:
the exact solution; Rectangles: the numerical solution. Left: without entropy correction;
Right: with entropy correction.

Example 4.3.3. Two dimensional Burgers’ equation.

(4.23)
o(x,y,0) = —cos(z +y)

with periodic boundary condition on the domain [0, 27]%.

We use a uniform rectangular mesh. At ¢ = 0.1, the solution is still smooth. Numerical
errors and order of accuracy are listed in Table 4.9, demonstrating the expected order of
accuracy. At ¢t = 1, the solution is no longer smooth. We plot the numerical solution in

Figure 4.7. We observe good resolution of the kinks in the solution.
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Table 4.9: Errors and numerical orders of accuracy for Example 4.3.3 when using P? poly-
nomials and Runge-Kutta third order time discretization on a uniform mesh of N x N cells.
Final time t = 0.1. CFL =0.1.

N x N | L' error order | L? error order | L™ error order
10 x 10 | 0.30E-02 0.43E-02 0.35E-01

20 x 20 | 0.38E-03 2.98 | 0.58E-03 2.90 | 0.56E-02 2.64
40 x 40 | 0.48E-04 2.97 | 0.77E-04 2.91 | 0.80E-03 2.81
80 x 80 | 0.66E-05 2.87 | 0.11E-04 2.83 | 0.14E-03 2.55

4.4 Nonlinear nonsmooth problems

In this subsection, the Hamiltonian H is a nonlinear nonsmooth function of V.

Example 4.4.1. We solve the Eikonal equation given by

@i+ || =0
o(x,0) = sin(x) (4.24)
90(07t) = (:0(27T7 t)

The exact solution is the same as the exact solution of Example 4.2.1, given by (4.10)-(4.12).
Because the entropy condition is violated by our scheme in some cells, we need to apply the
entropy correction technique. The criteria are as follows. If we denote u = ¢,., then for the

cell [j = ($j,1/2,l'j+1/2), lf
u”(zj_172) < —¢ and € < ut(zj_1)2) (4.25)

or
u (zj412) < —€ and € < uF(zj41)2) (4.26)
are satisfied, we use the entropy correction on I;. We take the parameter £ = 107 in
the calculation, which is introduced to avoid unnecessary entropy corrections due to small
numerical errors in the computation.
Figure 4.8 shows the space-time location where the entropy correction is applied. We
observe that the correction is mostly applied at a few cells neighboring the boundary of the
rarefaction wave. The number of cells in which the correction is performed is relatively small

compared to the total number of cells.
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Figure 4.7: Example 4.3.3. Numerical solution when ¢t = 1, CFL = 0.1, 40 x 40 uniform
mesh, using P? polynomials.

The numerical errors and the order of accuracy are listed in Table 4.10. Since the solution

is not smooth, we do not expect the full (k + 1)-th order accuracy.

Table 4.10: Errors and numerical orders of accuracy for Example 4.4.1 when using P? poly-

nomials and Runge-Kutta third order time discretization on a uniform mesh of NV cells. Final
timet=1. CFL =0.1.

N | L' error order | L? error order | L™ error order

40 | 0.87E-03 0.15E-02 0.28E-02

80 | 0.23E-03 1.89 | 0.41E-03 1.88 | 0.76E-03 1.89
160 | 0.64E-04 1.86 | 0.11E-03 1.86 | 0.21E-03 1.85
320 | 0.18E-04 1.85 | 0.31E-04 1.84 | 0.59E-04 1.85

Example 4.4.2. We solve the two dimensional Eikonal equation

1+ /P2 + 0l = (4.27)

The computational domain is [0,1]? \ [0.4,0.6]>. For the inner boundary along [0.4,0.6]%,

we impose the boundary condition ¢ = 0. On the other hand, we impose free outflow
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Figure 4.8: Example 4.4.1. t = 10, CFL = 0.1, N = 160 uniform mesh, using P? polyno-
mials. £ = 107, Rectangular symbols mark the cells in which the entropy correction is
performed. Those cells are plotted every five time steps.

boundary conditions on the outer boundary. The initial condition is taken as ¢o(z,y) =
min{|x — 0.5], |y — 0.5|} — 0.1. The steady state solution should give us a function that is
equal to the distance of the point to the inner boundary. For the outer boundary cells, we
use the upwind version of our scheme according to the direction of the local wind. For all
other cells, the general scheme (3.5) is used. We plot the numerical steady state solution in

Figure 4.9. We can see that we obtain very good resolution to the viscosity solution.

5 Concluding remarks

We have developed a discontinuous Galerkin finite element method for solving Hamilton-
Jacobi equations approximating directly the solution variable rather than its derivatives as
in the earlier work in [9, 14]. Both linear and convex nonlinear Hamiltonians are considered
in this paper, while the case for non-convex Hamiltonians is left for future study. One and

two dimensional numerical results demonstrate that the method approximates the viscosity
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Figure 4.9: Example 4.4.1. Steady state solution with 40 x 40 uniform mesh, using P?
polynomials. Left: three dimensional plot; Right: contour plot.

solutions very well. We remark that Osher and Yan [16] has recently developed another
class of discontinuous Galerkin type scheme for solving Hamilton-Jacobi equations, which
also approximates directly the solution variable rather than its derivatives. A comparison of

these two different approaches would be interesting.
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