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1 Introduction

In this paper, we present error estimates for the semi-discrete local discontinuous Galerkin
(LDG) methods [33, 31, 15] for smooth solutions of nonlinear equations formulated by the

one dimensional KdV equation
e+ f()e + tgee =0, (1.1)
the two dimensional KdV-type equation
ue+ f(u)e + g(u)y + tops + tyyy =0, (1.2)
the two dimensional Zakharov-Kuznetsov (ZK) equation
wy + (3u?) g + Uggy + Ugyy =0, (1.3)

and the nonlinear convection-diffusion equations

d d

u; + Zfi(u)mi 0D (a(wug,)s, =0,  d=1,2 (1.4)

i=1 j=1
where f(u), g(u), fi(u) and a;;(u) are arbitrary (smooth) nonlinear functions and a;;(u) are
entries of a symmetric and semi-positive definite matrix. For P* element space of piecewise

polynomials of degree up to k, a priori error estimates in the usual L? norm of the form
lu — up|| < CHFHY (1.5)

are obtained, where u; is the numerical LDG solution, h is the maximum mesh size of
a regular triangulation, v = # for the one dimensional cases (1.1) and (1.4) with d = 1
and for the two dimensional cases (1.2), (1.3) and (1.4) with d = 2 for the Q* elements
(piecewise tensor product polynomials of degree k) on Cartesian meshes, and v = 0 for the
two dimensional case (1.4) with d = 2 for the P* elements (piecewise polynomials of degree
k) on arbitrary regular meshes. Here and below an unmarked norm || - || refers to the usual

L? norm.



The discontinuous Galerkin (DG) method we discuss in this paper is a class of finite ele-
ment methods using completely discontinuous piecewise polynomial space for the numerical
solution and the test functions in the spatial variables, usually coupled with explicit and
nonlinearly stable high order Runge-Kutta time discretization [28]. It was first developed
for nonlinear hyperbolic conservation laws containing first derivatives by Cockburn et al. in
a series of papers [13, 12, 9, 14]. For a detailed description of the method as well as its
implementation and applications, we refer the readers to the lecture notes [7], the review
paper [16], and the recent special issue of Journal of Scientific Computing on discontinuous
Galerkin methods [17].

These DG methods were later generalized to the LDG method for solving convection dif-
fusion equations (containing second derivatives) by Cockburn and Shu [15]. Their work was
motivated by the successful numerical experiments of Bassi and Rebay [1] for the compress-
ible Navier-Stokes equations. Later, Yan and Shu developed a LDG method for a general
KdV type equation containing third derivatives in [33], and they generalized the LDG method
to PDEs with fourth and fifth spatial derivatives in [34]. Levy, Shu and Yan [23] developed
LDG methods for solving nonlinear dispersive equations that have compactly supported trav-
eling wave solutions, the so-called “compactons”. Recently, Xu and Shu further developed
the LDG method to solve a series of nonlinear wave equations [29, 30, 31, 32|, which include
the general KdV-Burgers type equations, the general fifth-order KdV type equations, the
fully nonlinear K(n,n,n) equations, the nonlinear Schrédinger equations, the Kuramoto-
Sivashinsky equations, the Ito-type coupled KdV equations and the two dimensional KdV
equations.

These DG and LDG methods have several attractive properties. It can be easily designed
for any order of accuracy. In fact, the order of accuracy can be locally determined in each
cell, thus allowing for efficient p adaptivity. It can be used on arbitrary triangulations,
even those with hanging nodes, thus allowing for efficient A adaptivity. The methods have

excellent parallel efficiency. It is extremely local in data communications. The evolution of



the solution in each cell needs to communicate only with immediate neighbors, regardless of
the order of accuracy. Finally, it has excellent provable nonlinear stability. One can typically
prove a cell entropy inequality for the square entropy which leads to a strong L? stability,
for quite general nonlinear cases, for any orders of accuracy on arbitrary triangulations in
any spatial dimension, without the need for nonlinear limiters.

For smooth solutions of linear conservation laws, optimal a priori error estimates O(h**1)
for the one dimensional and multi-dimensional tensor product or some other structured mesh
cases, and O(h’”%) for other cases have been given for the steady state solution or a space-
time DG discretization in [22, 26, 21|, with the optimality in the general situation proven
in [25]. In effect, for most triangulations one could observe numerically (and prove in many
cases) convergence of the order O(h*T1) in both the L? and the L> norms for both linear and
nonlinear problems. Recently, Zhang and Shu presented a priori error estimates for the fully
discrete Runge-Kutta DG methods with smooth solutions of scalar nonlinear conservation
laws [35].

The first a prior: error estimate for the LDG method of linear convection-diffusion equa-
tions was obtained in 1998 by Cockburn and Shu [15]. Later this analysis was extended by
Cockburn and Dawson [8]. In these papers the rate of convergence obtained was in general
of the order O(h¥), except for some special cases when the order O(h**!) was obtained.
Castillo [3] and Castillo et al. [4] prove the optimal rate of convergence order O(h**!) for
the LDG method with a particular numerical flux, see also Castillo et al. [5]. Work on
other discontinuous Galerkin finite element methods for convection-diffusion and for pure
diffusion problems has been reviewed by Cockburn, Karniadakis and Shu [11]. In partic-
ular, we mention the numerical method of Baumann and Oden [2] and the optimal error
estimates for the method as applied to nonlinear convection-diffusion equations for at least
quadratic polynomials by Riviere and Wheeler [27]. Recently, Dolejsé et al. [18, 19, 20]
obtained a priori error estimates for the discontinuous Galerkin finite element method of the

convection-diffusion equations with linear diffusion terms.



There are only a few numerical works in the literature for error estimates of the LDG
method for the KdV equations. In [33], a priori error estimates for the LDG method for
linearized KAV equations in one spatial dimension were obtained. Even for such linear PDEs,
there are technical difficulties to derive the L? a priori error estimates from the cell entropy
inequality and approximation results, because of the possible lack of control on some of the
jump terms at cell boundaries, which appear because of the discontinuous nature of the finite
element space for the DG method. The remedy in [33] to handle such jump terms was via
a special projection, which eliminates such troublesome jump terms in the error equation.
It is more challenging to perform L? a priori error estimates for nonlinear PDEs with high
order derivatives than for first order hyperbolic PDEs in [35].

In this paper, the main procedure to obtain a priori error estimates is the following.
First, we obtain the error equation of the LDG method. Second, we estimate each term in
an important energy equality. The main techniques we use in this paper are Taylor expansion
and energy estimates employed by Zhang and Shu [35]. The paper is organized as follows. In
Section 2, we introduce notations, definitions and auxiliary results used later in the paper.
In Section 3, we present the LDG method for the KdV equations and present the procedure
to obtain a priori error estimates for one and two dimensional KdV equations and the ZK
equation. In Section 4, we follow the same lines as for the KdV equations to discuss the a
priori error estimates of the LDG method for the nonlinear convection-diffusion equations
in one and two dimensions. Concluding remarks are given in Section 5. Some of the more

technical proofs of several lemmas are collected in the Appendix.

2 Notations, definitions and auxiliary results

In this section we introduce notations and definitions to be used later in the paper and
also present some auxiliary results. We first review an important quantity measuring the
relationship between the numerical flux and physical flux introduced in [35]. We then de-

fine some projections and present certain interpolation and inverse properties for the finite



element spaces that will be used in the error analysis.

2.1 Basic notations

2.1.1 One-dimensional case

We denote the mesh by I; = [:ijé,l‘]gr%], for j = 1,...,N. The center of the cell is

T = %(xj_% —i—xﬁ%) and the mesh size is denoted by h; = 2,1 —z;_1, with h = maxi<j<n h;
being the maximum mesh size. We assume the mesh is regular, namely the ratio between
the maximum and the minimum mesh sizes stays bounded during mesh refinements. We
define the piecewise-polynomial space V}, as the space of polynomials of the degree up to &

in each cell [, i.e.
Vi={v: wveP¥l;) forzel;, j=1,...,N}.

Note that functions in V}, are allowed to have discontinuities across element interfaces.

The solution of the numerical scheme is denoted by u;, which belongs to the finite element
space V. We denote by (uh);% and (“h);r% the values of uy, at x;,1, from the right cell
I;41, and from the left cell I;, respectively. We use the usual notations [uy] = u; — u,,
and uy, = %(uz + u; ) to denote the jump and the mean of the function wu, at each element

boundary point, respectively.
2.1.2 Two-dimensional case

For a rectangular partition of I x J = [0, L,]| x [0, L, |, we denote the mesh by I; x .J;, where
I; = [xi_%,xiJr%] and J; = [yj_%,yﬂ%], fori =1,---,Nyand j = 1,---,N,. The center
of the element in the z-direction is z; = %(xz;% + xi%); the center of the element in the
y-direction is y; = %(yj_% + yH%). The cell lengths are denoted by hf = Tipl = i1 and

hi = Yjpr —y;_1 with h" = maxi<i<n, bi, h¥ = maxi<j<n, bj, and h = max(h”, hY) being

R
the maximum mesh size. We again assume the mesh is regular.

We define the space Z), as the space of tensor product piecewise polynomials of degree



at most k£ in each variable on every element, i.e.
Zy = {U S Qk(lz X Jj), v (fL',y) e l; x Jj, 1= ]_,...,Nx, ]: ]_,...,Ny}, (21)

where Q" is the space of tensor products of one-dimensional polynomials of degree up to k.

We denote by (u)?

Z+%7y and (Uh)_

iy the values of u, at (xH%,y), from the right cell

Iiy1 x J; and from the left cell I; x J; respectively when y € J;, on all vertical edges. The

notations [us;, 1, = (uh);;%’y — (uh);r%,y and (@n);y 1, = : <(Uh);;%,y + (uh);r%,y) denote

the jump and the mean of the function wu; at (xH%, y) when y € J;. Similarly, we can define

(uh);j+%7 (uh);j+%7 [uh]m,j+% and (ah)m,j+%'
For an arbitrary triangulation, let T, denote a tessellation of €2 with shape-regular
elements K. Let [' denote the union of the boundary faces of elements K € T, i.e.

I = Uger, 0K, and Ty = T\0Q. Let P¥(K) be the space of polynomials of degree at

most £ > 0 on K € T,. We denote the finite element space by
Wy={v: vePYK) for (z,y)€ K VK €Ty} (2.2)

Let e be an edge shared by elements K and KF. Define the normal vectors n” and n®
on e pointing exterior to K and K, respectively. If (u;) is a function on K* and K%, but
possibly discontinuous across e, let (uy,)? denote ((up)|xz)|e and (uy)® denote ((up)|xr)|e.

Here left and right can be individually defined on each edge e shared by two elements.

2.2 Notations for different constants

We will adopt the following convention for different constants. These constants may have a
different value in each occurrence.

We will denote by C a positive constant independent of A, which may depend on the
solution of the problem considered in this paper. Especially, to emphasize the nonlinearity
of the flux f(u) (or other nonlinear fluxes), we will denote by C, a positive constant depending
on the maximum of |f”| or/and |f"'|. we remark that C, = 0 for a linear flux f = cu with

a constant c¢. For problems considered in this paper, the exact solution is assumed to be

7



smooth with periodic or compactly supported boundary condition. Also, 0 < ¢ < T for a
fixed T. Therefore, the exact solution is always bounded. We follow the convention [35] to
redefine the nonlinear functions f(u), g(u), etc. outside their ranges such that the derivatives

of these nonlinear functions f'(u), f"(u), etc. become globally bounded functions.

2.3 A quantity related to the numerical flux

For notational convenience we would like to introduce the following numerical flux related to
the discontinuous Galerkin spatial discretization. f(w*, w™) is a given monotone numerical

flux that depends on the two values of the function w at the discontinuity point x namely

t3

wi | =w(

o £ ). The numerical flux f(w™,w") satisfies the following conditions:

i+

+

(a) it is locally Lipschitz continuous, so it is bounded when w* are in a bounded interval;

(b) it is consistent with the flux f(w), i.e., f(w,w) = f(w);

(c) it is a nondecreasing function of its first argument, and a nonincreasing function of its

second argument.

In [35], Zhang and Shu introduced an important quantity to measure the difference
between the numerical flux and the physical flux. For completeness, we give their definition

in the following lemma.

[39]

Lemma 2.1. For any piecewise smooth function w € L?*(0,1), on each cell boundary

point we define

a(fiw) = a(fiw,w?) £ { [%de 1(J;|(w) fw)), im i 8 (2.3)

where f(w) = f(w’, wt) is a monotone numerical flux consistent with the given flux f. Then

a(fiw) is non-negative and bounded for any (w™,w*) € R2. Moreover we have

%|f’(@)| < a(fiw)+ Cw (2.4)
—éf'%w)[w] < afiw)+ O] (2:5)



Remark 2.1. Examples of monotone fluxes which are suitable for the discontinuous Galerkin
methods can be found in, e.g., [13]. For our error estimates, we rewrite the numerical flux

in a viscosity form

~

~ 1 ~ ~ ~
flom,wh) = S(fw) + f7) = Aw 0w —w)), (2.6)
and assume the viscosity coefficient A(w™,w™) satisfies
Mw ,w®) > X >0, XAy is constant. (2.7)

We call such flux as a “uniform dissipative flux”. The well known Lax-Friedrichs flux is a
uniform dissipative flux with a proper choice of A. This property is necessary in our proof
because of a lack of control for certain jump terms at cell boundaries due to the nonlinear

terms and the high order derivative terms.

We would also like to use the following simplified notation. For any functions w and ¢,

we denote

a(fiw)ol = 3 alfiw) ol

1<j<N

2.4 Projection and interpolation properties

2.4.1 One-dimensional case

In what follows, we will consider the standard L2-projection of a function w with &k + 1
continuous derivatives into space V},, denoted by P, i.e., for each j,
/ (Pw(z) — w(z))v(z)de =0 Yo € PH(I;), (2.8)
Ij
and the special projection P* into V},, which satisfy, for each 7,
/I (Prw(r) — w(@))v(x)de =0 VYo e P*1(I;), and Pﬂu(xji
i

/ (P w(z) —w(@))v(r)de =0 Yo e P 1(I;), and ’P*w(x];%) = w(T;1).

I;

)=o) (29)

N =



For the projections mentioned above, it is easy to show (c.f. [6])
ool + Rl loo + 2| [Ir, < CREHY, (2.10)

where w® = Pw — w or w® = P*w — w. The positive constant C, solely depending on w, is

independent of h. I', denotes the set of boundary points of all elements ;.

2.4.2 Two-dimensional case

To prove the error estimates for two-dimensional problems in Cartesian meshes, we need

a suitable projection P* similar to the one-dimensional case. We use the projections in
[22, 10]. On a rectangle I x J = [0, L,] x [0, L,], define

Po="P, @ Pyw, P*w=Pr@Puw, (2.11)

where the subscripts indicate the application of the one-dimensional operators P or P* with

respect to the corresponding variable. We list some properties for the projections P*:

// (PEw(x, y) — w(z,y))v(z,y)dydr = 0 (2.12)

for any v € (P*1(I;) @ P*(.J;)) U (P*(I;) ® P*1(J;)). Also,
/J‘(]P’J“w(x;“;,y) — w(xifé, y))v(x;%,y))dy =0 YveQILe®J)), (2.13)

| ®atar ) — sl el iy =0 Ve Qi 7

J

and

Ndr =0 Yo e QI ® J)), (2.14)

l\)l»—t

/I (P+W(l’, y;__%) - (,U(ib', yj—%))v(x7 y;—

i

/I(]P’w(a:,yﬂé) - w(x,yﬂ%))v(x,y];%))dx =0 YveQNL®J)).

i

Similar to the one-dimensional case, there are some approximation results for the projec-

tions (2.11) in [10]
|| + Allw® oo + 2 [Jw®[lr, < CREF, (2.15)

where w® = Pw — w or w® = P*w — w. The positive constant C, solely depending on w, is

independent of h. I';, denotes the set of boundary points of all elements I; x J;.

10



2.5 Inverse Properties

Finally we list some inverse properties of the finite element space V}, that will be used in our
error analysis. For any w;, € V},, there exists a positive constant C' independent of w, and h,

such that
(@) [19swn]l < Ch Hlwnll, (i) llwnllr, < Ch 2 lwnll, (i) [Jwnlloo < Ch 2 [lwnll.  (2.16)

For more details of these inverse properties, we refer to [6].
3 Error estimates of the LDG method for the KAV
equations

3.1 Error analysis for the one-dimensional KdV equation

In this subsection, we formulate the LDG method for the one-dimensional KdV equation,

then state the error estimate result and display the main ideas of its proof.
3.1.1 The LDG method

We present the LDG method for the following KdV equation:
up + f(u)y + Ugge = 0, (3.1)

with an initial condition

u(z,0) = ug(x) (3.2)

and periodic boundary conditions. Here f(u) is an arbitrary (smooth) nonlinear function.
Notice that the assumption of periodic boundary conditions is for simplicity only and is not
essential: the method can be easily designed for non-periodic boundary conditions (see e.g.
[24]).

To define the LDG method, we rewrite the equation (3.1) as a first order system:

u+ f(w)e+p: =0, p—v,=0, v—u,=0. (3.3)

11



Now we can use the LDG method to approximate the equations (3.3). Find uy, py, vp € Vi,
such that, ¥V p, ¥, p € V},,

[ o= [ () + s + (F+50)00)

J J

/. prpdr + / vp W dr — (@\hw_)jJr% + (@\hq/ﬁ)j_% =0, (3.4)

I I

/ vppdx +/ Up P dr — (ﬂhgof)j% + (@), 1 = 0.

Ij Ij

The “hat” terms in (3.4) are the boundary terms that emerge from integration by parts.
These are the so-called “numerical fluxes” which should be designed based on different
guiding principles for different PDEs to ensure stability. For example, upwinding should be
used as a guideline for odd derivatives which correspond to waves, and eventual symmetric
treatment, such as an alternating choice of the fluxes for a quantity and its derivative, should

be used for even derivatives. It turns out that we can take the simple choices such that

~

f= (Uﬁau;f)a ﬁh:p;, %\h:U}J{; ah:U};, (35)

where we have omitted the half-integer indices j + % as all quantities in (3.5) are computed
at the same points (i.e. the interfaces between the cells). Here f(ug, u;) is a monotone flux
which has the uniform dissipation property (2.6)-(2.7). We remark that the choice for the

fluxes (3.5) is not unique. In fact the crucial part is taking py, and 4, from opposite sides.

3.1.2 The main result

We state the main error estimates of the semi-discrete LDG scheme (3.4). Detailed proof

will be given in subsequent subsections.

Theorem 3.1. Let u be the exact solution of the problem (3.1), which is sufficiently smooth
with bounded derivatives, and assume f € C3. Let uy, be the numerical solution of the semi-
discrete LDG scheme (3.4) and denote the corresponding numerical error by e,, = u—uy,. For

reqular triangulations of I = (0, 1), if the finite element space V}, is the piecewise polynomials

12



of degree k > 1, then for small enough h there holds the following error estimates
| — up|| < CHEF2. (3.6)

Remark 3.1. We could not obtain the sharp error estimates O(h¥*1) due to some extra
boundary terms arising from high order derivatives. The error estimates for the linear KdV
equation in [33] also has the suboptimal rate O(h*+2). Numerical examples in [33] verify the

optimal order O(h**1).
3.1.3 The error equation

In order to obtain the error estimate to smooth solutions for the considered semi-discrete
LDG scheme (3.4), we need to first obtain the error equation.
Notice that the scheme (3.4) is also satisfied when the numerical solutions uy, vy, py, are

replaced by the exact solutions u, v = u,, p = ug,. We then obtain the cell error equation
/ (u — up)pdz + / ((p—pr)+ (v —w)p)de
I I

~ [ (@) = e+ ((£) = o)1y — () = o)

I;

—L@—mwwwu@—mm>ﬂyw@—mmm; (3.7)

+Lw—wwm%ww—mwwﬁyww—mWﬂﬁ;

-yAw—um%m—«u—mwvﬁgww—amw»%=o

for all p, 1, ¢ € V.
Define

Bj(u = un,p — pn, v — vn; p, 9, )
=[}u—m»Mx+[}@—pww+w—vmmm
—L@—mwm%u@—mmwﬁyw@—mmmﬁ (33)

+ [ (o= s = (0 =T+ (0 =B,

J

13



and
Hy(f s uns ) = / (f(w) = Fun))pedz = ((F() = P )jay + ((F(w) = )y (39)
Summing over j, the error equation becomes
N N
> Bj(u—up,p = puv—vpip b 0) = Hi(fru,up; p) (3.10)
j=1 j=1

for all p, ¥, p € V.

Denoting

w=P u—upw' =P u—u, r=Pp—pnr°=Pp—p, 2 =Pv—uv,2°=Pv—u,

(3.11)
and taking the test functions
p=w, ,QZ) = %, Y= -,
we obtain the important energy equality
N N
ZBj(w —whr—rz—2%w,z,—r)= Z’Hj(f;u,uh; w). (3.12)
7=1 7=1

3.1.4 Proof of the main result

In this subsection, we will follow the idea of [33, 35] to present the main steps in the proof
of Theorem 3.1. We shall prove the theorem by analyzing each term of the energy equation
(3.12).

To deal with the nonlinearity of the flux f(u) we would like to make an a priori assumption

that, for small enough h, there holds
lu —up|| < h. (3.13)

For the linear flux f(u) = cu, this a priori assumption is unnecessary.

14



Corollary 3.2. Suppose that the interpolation property (2.10) is satisfied, then the a priori

assumption (3.13) implies that
leullso < Ch2 - and [|Qu — unl|oe < Ch? (3.14)
where Q = P or Q = P* is the projection operator.
First, we consider the left hand side of the energy equation (3.12).

Lemma 3.3. The following equation holds

N
ZBj(w—we,r—re,z—ze;w,z, —r) (3.15)
j=1

= [ wede = [ e+ 53T + (0 Tl = S D,

Proof.
Bij(w—wr—rz—2%w,z —r)=Bij(w,rzwz—r)— Bj(w,r 2% w,z —r), (3.16)

By the same argument as that used for the cell entropy inequality [33], the first term of the

right hand side in (3.16) becomes

1
Bj(w,r,z;w, z,—1r) = / wywdr + \Ijj+% - \Ijjfé + 5[2’]?_1 (3.17)

IJ
where U =rtw™ 4+ 2(27)* — 2Tz,

As to the second term of the right hand side in (3.16), we have

B;(w, ¢, 2% w, z,—r)
:/ wiwdzr + / (r°z — 2°r)dz + / (—rfw, — w'ry + 2°2;)dx (3.18)
I I I
() )y — (0S) I s+ () D),ms + @y — @y,
where @ = (r¢)Tw™ + (w®) " r~ — (2¢)"z~. Because P is a local L? projection, and P, even
though not a local L? projection, does have the property that w — P~w is locally orthogonal

to all polynomials of degree up to k£ — 1, then

/ (rez — 2°r)dx + / (—rwy — wry + 2°2,)dr = 0.

I; I;

15



Noticing the special interpolating property of the projection P~, we have

() ),y = 0.

The equation (3.18) becomes

B;(w, ¢, 2% w, z,—r) =

| s = () )+ ()T + Oy 0

Combining the above equation with (3.17), summing over j and taking into account the

periodic boundary condition, we can get the desired equality (3.15) O

Next, we consider the right hand side of the energy equation (3.12). We can rewrite it
into the following form

ZHj(f;u,uh, Z/ f(up))w,dx
+ ) ((f(u) = f(u +)((f

j=1

(3.19)

NAI>—~

AlewD;ss

J

where we take into account the periodic boundary condition and we recall that the average
uy, is defined by ), = $(uf + uy).

First, we give the estimate of the last term in the equation (3.19)

Lemma 3.4. Suppose that the interpolation property (2.10) is satisfied, then we have

3 -

n) = Hlw))jr < _Za(f;uh)[w]Z + Ch*+, (3.20)
7=1
Proof. Since the exact solution u of the one-dimensional KdV equation (3.1) is continuous
on each boundary point, we have that

[un] = —[eu] = [w® = w].

Noticing the definition and boundedness of a(J/‘\; up,) (see Lemma 2.1), by Young’s inequality

and the interpolation property (2.10), we can easily show that
N N
> () = Hlwl) e = (aFrun)uallw]);sr =Y (o un)[w" — wlw]),,
Jj=1 1

j=1

N



= = > (alfsun)[w]’) s + D Fiun)[wfw])

M

O

For the first two terms of the right hand side of the equation (3.19), the estimates are

given in the lemma below. The proof of this lemma will be given in the Appendix 6.1.

Lemma 3.5. Suppose that interpolation property (2.10) is satisfied, then we have

> [ () = Flan)wsde + 327 (0) = F@)lud (3.21)
< salFunlwl? + (€ + Cullwlloo + b~ leul )l + (C + Cob e Z)p?

Combining equations (3.20) and (3.21), we can obtain the estimate of the equation (3.19).

Corollary 3.6. Suppose that interpolation property (2.10) is satisfied, then we have the

following estimate

N
Z?—[j(f;u,uh;w) (3.22)
ji

1~
< — gl fru)w] + (C+ Culllwlleo + b lewlE)w]” + (€ + Cuh ™ lew ) A
Now we are ready to get the final error estimates (3.6). Combining equations (3.12),

(3.15) and (3.22), we obtain

N N N

| wiwda + GoFrun ol + 5 30 + S0 Dy = YD,

Jj=1 Jj=1 Jj=1

1
S/ wiwdz + (C'+ Cul[[wlloo + h™ " leull2) lwll* + (€ + Cuh™Hlew[3)A* .
0

Again by Young’s inequality and the interpolation property (2.10), the equation becomes

1 1 N
/ wpawdx + 8a(f up)[w]? +
0

[2]7,
7=1

17



< (C+ Culllwlloo + h leul 2D lw[* + (€ + Cuh™H|ew[3)A*

where we use the uniform dissipation property of the numerical flux f Using the results
(3.14) implied by the a priori assumption (3.13) and the positive property of a(]/"\; up), we

can get the following error estimate

1d [!

la 200 < 2 op2ktt
2di ), wdx < Cllw||*+C

Thus Theorem 3.1 follows by the triangle inequality and the interpolating property (2.10).
To complete the proof, let us verify the a priori assumption (3.13). In fact, the inequality

(3.6) for k > 1 implies that the a priori assumption (3.13) is true for small enough h.

3.2 Error analysis for the two-dimensional KdV type equations

In this subsection, we follow the same line as in Subsection 3.1 to analyze error estimates
of the LDG method for the two-dimensional type KdV equations in Cartesian meshes. The
essential point is that we use the special projection in [10] for these two-dimensional problems

in Cartesian meshes to control certain jump terms at cell boundaries.
3.2.1 The LDG method

We present the LDG method for the following problem:
w4+ f(u)y + g(u)y + tppy + tyyy =0, (3.23)

with an initial condition
and periodic boundary conditions. Here f(u) and g(u) are arbitrary (smooth) nonlinear

functions. To define the LDG method, we rewrite the equation (3.23) as a first order system:

Ut+f(u)w+g(u)y +Pprt+qy = 0,

p—v,=0, v—uy;=0, ¢g—w,=0, w—u,=0. (3.25)

18



Now we can use the LDG method to approximate the equations (3.25). Find uy, py, vn, qn,
wp, € Zh; such thata v P 7/), 2 ¢7 6 € Zha

/ / up)ipdrdy — / / (un) + pn) poddy — / / (un) + qn) pydxdy

[ (i sty = [ (F+mdoi

J Jj

" / G+ TP )y — / (F+ @) )y ydz =0, (3.26)

| sty [ [ ety [ @y o s [ @ty a=o

J

// vhwdxdy+// uhgomdxdy—/(ﬂhgo)i+1,ydy+/(ﬂhgp+)i1,ydy:0,
;) Jj ;) Jj Jj ? Jj ?

J

// qh¢dxdy+// whqﬁydxdy—/({u\hqﬁ )$J+1dx+/(@h¢+)$7j;dxzo,
I; JJ; I; JJ; I; I;

12

// whfdxdy+// uhfydmdy—/(ﬂhf )“Jr;da:—i—/(ﬂhfr)x’j_%dx:().
5 J; 1 J; I I

7

The “hat” terms in (3.26) are again the numerical fluxes. It turns out that we can once more

take the simple choices such that

-~ -~

fi—l—%y f(uhauh)z-i- ! (ph)z—i— 39y (ph )z—l— ,y?(vh)z—l— Rl (Uh )z-l—%,y’ (uh)z-i- Y (uh)z+2,y7

/g\x,j—l—% = g(ugvu?:)x,j-l—%? (z]\h)a:,j-l—% = (q;ib—)x,j—l—%v (@h):p,j-i-% = (wl—f)x,j+%? (ah)x,j-i-% = (U;)x,ﬂ-%-
(3.27)

Here f(u,:, u)) and g(u;, ,u; ) are monotone fluxes which have the uniform dissipation prop-
erty. The algorithm is now well defined.

3.2.2 The main result

We state the main error estimates of the semi-discrete LDG scheme (3.26) for the two-

dimensional problem in Cartesian meshes.

Theorem 3.7. Let u be the exact solution of the problem (3.23), which is sufficiently smooth
with bounded derivatives, and assume f € C3. Let uy be the numerical solution of the
semi-discrete LDG scheme (3.26) - (3.27) and denote the corresponding numerical error by

ey = u — uy. For rectangular triangulations of I x J, if the finite element space Z), is the

19



piecewise polynomials degree at most k > 1 in each variable, then for small enough h there

holds the following error estimates
|l — up|| < CHE2. (3.28)

Remark 3.2. Notice that our proof works only for the finite element space 7, not for the
usual k-th order polynomial space W;. This is because the main technique is the special
tensor product projection P~ which can eliminate certain jump terms arising from the high
order derivative terms. However, numerical examples in [33, 31] do verify the optimal order

of accuracy for the LDG method defined on W,.
3.2.3 The error equation

In this subsection we give the error equation for the scheme (3.26)-(3.27). Notice that the
scheme (3.26) is also satisfied when the numerical solutions uy, vy, pn, wy, ¢ are replaced
by the exact solutions u, v = ug, p = Uy, w = uy, ¢ = uy,. We then obtain the cell error

equation

// u — up)pdrdy — // fun) +p — pr) pedady
// ) — g(un +q—qh)Pydfvdy+// p — pp)hdxdy

s [ [ o—wetsty+ [ [ @—aoteay+ [ [ w-wedsy
I; Jj I; Jj I; Jj

[ (@ = Frp =5 i = [ (1) = Frp =) 3y

J J

b [0 =G+ 0= @ sde = [0 =G+ a= Ty ate (529
//J v — vp)hpdrdy — /((U_ah)w)i+5’ydy+/,j((v_6h)¢+)ié,ydy

+ / / (u - uh)goxdxdy - / ((’LL - ah)sf)i%,ydy + / ((U — ﬂh)gf)i_%’ydy
I; J]‘ J]‘ J

J

+/L- /Jj(w—wh)%dxdy—/li((w—@h)(/) )e ’J+ldx+/1i((w_@h)¢+) oade
+/Ii /Jj(u—uh)ﬁydxdy—/Ii((u—ﬂh)ﬁ )$J+1dx+/l((U—ah)§+)m,j%da::O

12
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for all p, ¥, p, ¢, £ € Zj. Define

A — Up, P — Ph,V — Up,q — qp, W — wh’padj @, ¢ g)

//J U — Uy pd:vdy+//J p — pu)bdady
+/Ii /Jj(v—vh)god:cder/Ii /Jj(q—qh)¢dl“dy+/li /Jj(W—wh)fdl"dy

_//(p—ph)pxdxdw/ ((p—ﬁh)p‘)i+;,ydy—/J((p_ﬁh)p )ies

J

-/ / 0= ey + [ (=)0 )gese = (=) )ypde (330

I;

+ /Il /Jj(v — vp) Y dady — /Jj((v — @\h)wf)pr%,ydy + /J ((v— @h)T/)Jr)i,%,ydy

J

[ [ ety = [ (=)o gyt [ (=00
I; JJ; Jj

Jj

+/Ii /Jj(w—wh)%dxdy—/li((w—@h)gb )x]+ldx+/li((w_@h)¢+) oyde
+/Ii/]j(u—uh)§yda;dy—/Ii((u—ﬁh)g )ﬁv9+—dx+/li((u—ah)er)“_;dx

and

Gij (f, g5 u, un; p) // flun) pxdxdy+// g(un)) pydzdy

—ﬁ«ﬂ@—fm%ﬂ¢w+/«ﬂW—thJw (3.31)

2
fi Jj

_/I.((g(u)—ﬁ)p )led:ch/I((g( ) = 9ot s da.

i

Summing over i, j, the error equation becomes

N N N N
SN A= upp = pryv = On g — G w — wp 0,0, 6,€) =Y Gig(f g3 uun; p)

i—1 j—1 =1 j=1

(3.32)
for all Ps 1/)7 2 d)a g € Zh-
Denoting
n=Pu—up =P u—u, r=Pp—py, *=Pp—p,z=Pv—u, 2°=Pv —v,
s=Pqg—qp, sS“=Pqg—q, s =Pw—wy, <“=Pw—w (3.33)
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and taking the test functions

p=m, 1/)22, Y =T, ¢:§, gZ—S,

we obtain the important energy equality

N N N N
DD Al —ntr =1z — 25— 0 =< 2= 6, =) = > Y Gy f 93w, uns ).

i—1 j—1 =1 j=1

(3.34)

3.2.4 Proof of the main result

In this subsection, we will follow the idea of Subsection 3.1 to present the main steps in the
proof of Theorem 3.7.

To deal with the nonlinearity of the fluxes f(u) and g(u), we would like to make the
same a priori assumption as in (3.13). The Corollary 3.2 is still satisfied. For linear fluxes
f(u) = cyu and g(u) = cou with constants ¢; and ¢, this a priori assumption is unnecessary.

In fact, the proof of the main results in Theorem 3.7 follows the same line as for the one-
dimensional case. We just state some lemmas to give the main idea for the linear part A;;
which corresponds to the linear part B; for the one-dimensional case. We will mention the
difference between the proof of the one-dimensional case and the two-dimensional case, but
will not repeat the details. For the nonlinear part G;; which corresponds to the nonlinear part
‘H; for the one-dimensional case, the proof is along the same line as in the one-dimensional
case and will not be repeated here.

First, we consider the left hand side of the energy equation (3.34).

Lemma 3.8. There exist numerical entropy fluxes V., . 1 and (I>i+%’y such that the following

l',]+§

equation holds

1 1
Aij(nvra %y 8,G31, 2, =T, S, _8) = / / 77t77d$d?J+ _/ [Z]?fl ydy+ _/ [g]ij,ldx
I; J] 2 J] 27 2 T ’ 2

i

+/ (\Ijx,j+% - \Ijx,j—%)dx +/J ((I)i-i-%,y - (I)i—%,y)dy' (3.35)

i J

The proof is by the same argument as that used for the cell entropy inequality [33].
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Lemma 3.9. There exist fluzes A, ;. 1 and T, 1y such that the following equation holds

:vg-i—

Aij(n®, ¢, 2%, 8%, <5 m, 2, =1, 6, =) (3.36)

//ntnd:vdy—i—// (rz — 2°r + s°%¢ — ¢“s)dxdy
T Ji

// —7ny — N1 + 2%2, — 51y — %Sy + <% )dxdy

[ = 0+ G Bty + [ (i = Ay

J J

;)dx.

2

[ = ) b+ 6 Dy ot [ (T =T

I; I;

From this lemma, we can use the property of the special projection P~ in (2.12)—(2.14).

We have the following results similar to the one-dimensional problem

/Ii /Jj(—nem —n°sy)drdy = 0, /Jj(_(ne)[r])ié’ydy =0, /Ii(_("e)[s])w,j;dx _o

Notice that we can only define this kind of special projections for the Q¥ elements. For other
terms in (3.36), the proof is almost the same as in the one-dimensional case. Now we can

get similar result to Lemma 3.3.

Lemma 3.10. The following equation holds

ﬁ:ﬁ:f%(ﬁ —nr—rz—2%s—s%¢—¢%n 2, -1 —S) (3.37)
/ / mndzdy — / / 77t77dxdy+;zz</ z]f_lydy—i—/l[] 2 da:)
+ 22 (/ ) Il + () =),y Ay + /1 (=) I+ (YD) 4 dx) .

We can use the same argument and technique as in Subsection 3.1.4 to proceed the
remaining of the proof. The algebraic manipulations are a straightforward extension from

the one-dimensional case. We therefore do not give further details.

3.2.5 The ZK equation

There is another two-dimensional generalization of the KdV equation in the following form
Uy + (3u%) g + Uggy + Uy = 0, (3.38)
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which is called the Zakharov-Kuznetsov (ZK) equation. In [31], the LDG method is de-
signed and the numerical examples are shown to illustrate the accuracy and capability of the
methods. We can also use the same idea of the special projection to prove the same error
estimates for the two-dimensional ZK equation (3.38) in Cartesian meshes.

To define the local discontinuous Galerkin method, we rewrite the equation (3.38) as a

first order system (with f(u) = 3u?):

q—u, =0, r—s,=0, s—u,=0.

Now we can define the local discontinuous Galerkin method to approximate the equations

(339) Find Uks Phy Ghs Thy Sh € Zh,a such thata v P, ¥, 'l/), ¢7 5 € Zha

/Jj /1 (un)epdzdy — /Jj /1 f(un)pedudy + /}j((fp)i+;,y _ (J/B\er)i—%,y)dy

3 12

_/ /phpmdxdy+/ ((Php )izt y — Prp™)io1y)dy
Jj

I; Jj

- / [ rupudry [ @iy~ Gy =0,
//phwdxdy+/ /qh%da:dy /((QhSO )z+%,y_(ahgp+)i_%’y)dy:0, (3.40)

/JJ / gpdxdy + /JJ / uppdrdy — /J] (({th/f)i%,y _ (ahT/)Jr)i,%,y)dy —0,

l l

/ | ey + / | swoeiy - / (G Nossy — (Gr6™ )iy )y =0,
/ / snéddy + / / undudy — / (00 ) gy3 = (003 = 0.

The “hat” or “bar” terms in (3.40) are again the numerical fluxes. It turns out that we can

take the simple choices such that

(ph)z—i— N (ph)l-l- ' (uh)z-i— 3y (uh)H_ ' (qh)z—i— N (qh)z-i—l ' (Sh)z+2,y (Sh);:_%’yv

where g > 0 is a constant. f(u,,u;) is taken again as a monotone flux with the uniform

dissipation property. The algorithm is now well defined. Here we modify the scheme of the
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ZK equation in [31] by adding a dissipation term in the flux of (7}) which will give a

zj+30
control on the boundary terms. For the scheme (3.40)—(3.41), we can obtain the same results

as in Theorem 3.7, along the same lines in the proof. The details are omitted to save space.

4 FError estimates of the LDG method for the nonlinear
convection-diffusion equations

4.1 Error analysis for the one-dimensional nonlinear convection-
diffusion equation

4.1.1 The LDG method

In this section, we present and analyze the LDG method for the following problem:
u+ f(u), — (a(u)uy), =0, (4.1)

with an initial condition

u(z,0) = ug(x) (4.2)

and periodic boundary conditions. Here f(u) and a(u) > 0 are arbitrary (smooth) nonlinear
functions.

To define the LDG method, we rewrite the equation (4.1) as a first order system:
ur + f(u)y — (b(u)v), =0, v— B(u), =0, (4.3)
where b(u) = y/a(u) and B(u) = [“b(7)dr. Now we can use the LDG method to approxi-
mate the equations (4.3). Find uy, v, € Vi, V p, ¢ € V},, such that,

[ iods = [ (Fn) = bunon)onds + ((F = a5 ), = ((F=Bnidot), s =0,

J J

/. vpdr + / B(up)pdx — (B\(uh)w_)ﬂ% + (E(uh)df’)jfl =0. (4.4)

IJ IJ ?
The “hat” terms in (4.4) are numerical fluxes. It turns out that we can take the simple

choices such that

-~

f=Flug ), blun) = ="5——"22 Blup) = B(ug), B =vf, n=1u, (45)
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where we have omitted the half-integer indices j + % as all quantities in (4.5) are computed
at the same points (i.e. the interfaces between the cells). Here f(u;, u;") is monotone flux
which has the uniform dissipation property. We remark that the choice for the fluxes (4.5)

is not unique. In fact the crucial part is taking 7;, and B (up) from opposite sides.

4.1.2 The main result

We state the main error estimates of the semi-discrete LDG scheme (4.4). Detailed proof

will be given in subsequent subsections.

Theorem 4.1. Let u be the exact solution of the problem (4.1), which is sufficiently smooth
with bounded derivatives, and assume f, a € C3. Let uy, be the numerical solution of the semi-
discrete LDG scheme (4.4) and denote the corresponding numerical error by e,, = u—uy,. For
reqular triangulations of I = (0, 1), if the finite element space V}, is the piecewise polynomials

of degree k > 1, then for small enough h there holds the following error estimates
lu = unl] < ChEH3, (4.6)
where the constant C depends on the time t.

Remark 4.1. For the purely diffusion case, if a(u) = cu (i.e. the linear heat equation) we

can get the optimal O(h**!) order accuracy result for the numerical flux (4.5).

Remark 4.2. If we take the upwind numerical flux for the nonlinear convection term f(u)
which is mentioned in [35] and the linear diffusion term a(u) = cu, we can get the optimal

error estimates O(h*1).
4.1.3 The error equation

In order to obtain the error estimate to smooth solutions for the considered LDG scheme
(4.4), we need to first get the error equation.
Notice that the scheme (4.4) is also satisfied when the numerical solutions wy, vy, are

replaced by the exact solutions u, v = B(u),. We then obtain the cell error equation

/I (u — up)pdz + /I (v — vp)tpdx

J J
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- /I_(f(u) — fun))padz + ((F(w) = o)1 = (F(w) = Pp™),o

] : 1) (4.7)
+ / (blu)o = bm)m)pedz — (blu)o = bun)n)p) s+ (bu)v = Dlun)0u)p*);
+ / (Blu) = Blw)yudr — (Blu) - Blun))e™ )y + (Blu) = Blun))*); =0
for all p, ¢ € Vj,.
We define
R;(b, B; u, v, up, vy; p, 1) (4.8)

J

= [ ) = bun)onpade = (o) = Bun) 5+ ()0 =

J

+ / (B(u) = Blun)adz — (Bu) = Bwn)v) ;3 + (Bu) = Bu))v),

1
2

and use the notation introduced in Section 3. Summing over j, the error equation becomes

EN;/I (u — up)epdz + EN;/I (v — vp)bdz

(4.9)
J § — J
N N
SR, Biu v, ons p,0) + > Hy (f5 1w, up; p)
Jj=1 j=1

for all p, ¥ € V.

Denoting

w=P u—up w'=P u-—u,

z=Ptov—uv,, 2=Pv-uv (4.10)
and taking the test functions
p=w,  p=2,
we obtain the important energy equality
N N
Z/ (w — w®)wdz + Z/ (z — 2%)zdx
j=1 71 j=1 71
N N
=— ZRj(b, B;u, v, up, vp; w, 2) + ZHj(f; U, Up; W). (4.11)
7=1 7=1
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4.1.4 Proof of the main result

In this subsection, we will follow the idea in Section 3 to present the main steps in the proof
of Theorem 4.1. We shall prove the theorem by analyzing each term of the energy equation
(4.11).

To deal with the nonlinearity of the flux f(u), B(u) and b(u)v, we would like to make
the same a priori assumptions as in (3.13). The Corollary 3.2 is still satisfied. For linear
fluxes f(u) = cu, B(u) = u and b(u)v = v, this a priori assumption is unnecessary.

In fact, to present the proof of the main results in Theorem 4.1, we only need to get
the estimate for the first term of the right-hand side of the equation (4.11) because the
estimate for the second term of the right-hand side of the equation (4.11) has been obtained
in Corollary 3.6.

We rewrite the first term of the right-hand side of the equation (4.11) into the following

form

N
ZR' (b, B w, v, up, vp; w, z)

= Z/ w)v — bup)vp)wedz + Z u)v —/I;(uh)v,f)[w])j+% (4.12)

+Z/ B(up) zmda:+z (un )21

where we take into account the periodic boundary condition. The estimates for the equation
(4.12) are given in the lemma below. The proof of this lemma will be given in the Appendix

6.2.

Lemma 4.2. Suppose that the interpolation property (2.10) is satisfied, then we have the

following estimate

1
|ZR b, B; u, v, up, vp; w, z|<Zb’ v|w||[w ]|)j+%+§||z||2 (4.13)

(C+C*(||w||oo+h 1||~‘3u||§o))||w||2 + (O + Coh™ leu|l2)h*5.
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Now we are ready to get the final error estimate (4.6). Combining equations (4.11), (3.22)

and (4.13), we obtain

1 R 1/
/ wowdz + ~ o f;up)[w]? + = / 2dx
0 4 2 Jo

2

< / (wiw + 2£2)dz + (0 (wyolwe || [w]) 42

j=1
+(C+ Culllwlloo + 27 lewlZNNwl* + (C + Cuh ™ lewl|2) .

Again by Young’s inequality and the interpolation property (2.10), the equation becomes

1 1 1 /1
/ wowdz + =a(f;up)[w]? + —/ 2dr
0 8 4 Jo

< (C+ Culllwlloo + ™ lewl 2D lw[l* + (€ + Cuh™H|ew [3) A* .

Using the result (3.14) implied by the a priori assumption (3.13) and the positive property

of a(f\; up,), we can get the following error estimate

1d [!

- 2d <O 2 Ch2k+l.
2t ), wdr < Cllwl||* +

Thus Theorem 4.1 follows by the triangle inequality and the interpolating property (2.10).
To complete the proof, let us verify the a priori assumption (3.13). In fact, the inequality

(4.6) with k£ > 1 implies that the a priori assumption (3.13) is true for small enough h.

4.2 Error analysis for the two-dimensional nonlinear convection-
diffusion equation

In this subsection, we follow the same line as in Subsection 4.1 to analyze error estimates of
the LDG method for the two-dimensional nonlinear convection-diffusion equation (1.4) with

d=2.
4.2.1 The LDG method

We present the LDG method for the following problem [15]:

=1 j

(ai(u)ug,;)e, =0, d=2, (4.14)

d
=1

29



with an initial condition

u(z,y,0) = up(x,y) (4.15)
and periodic boundary conditions, where f;(u) and a;;(u) are arbitrary (smooth) nonlinear
functions and a;j(u) are entries of a symmetric and semi-positive definite matrix. We will
interchangeably use z, y to denote x;, x5 in two dimension. To define the LDG method, we
rewrite the equation (4.14) as a first order system:

ut—l—Zfz-(u)mi =" bulw)a)s, =0, (4.16)

=1 [=1
d

qQ— Z(gz]'(u))wj —0, [=1,---.,d.

j=1

Since the matrix a;;(u) is assumed to be symmetric and semi-positive definite, there exists

a symmetric matrix b;;(u) such that

a(w) = 3 bu(w)by(w) (4.17)

1<i<d

and

gy (1) = / by (7)dr (4.18)
Now we can use the LDG method to approximate the equations (4.16). Find uy, (g1)n,
(qa)n, € Wh, such that, V p, 1y, -+, g € Wy,

/ up)pdz — Z/ fi(un)pa d + Z/ bit(un) (@)n) pu,d

d

+ Fluk uf n)pds — Z/ Z bir(up) ql)hnz)pds =0, (4.19)
oK oK 1
/ a hwzde/ 15 (un) () dx—Z/ golumngthids =0, 1=1,- d
where n = (ny,--- ,ny) denotes the outward unit normal to the element K at x € 0K. The

“hat” terms in (4.19) are the numerical fluxes. It turns out that we can take the simple

choices such that

) = 2 =) T b G =@ (420)
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and f(uf,ul, n) is any monotone flux with uniform dissipative property which is conservative
d

and consistent with the nonlinearity Y f;(u)n;. Now the algorithm is well defined.
i=1

Remark 4.3. We can also define the LDG method for the nonlinear convection-diffusion
equation (4.14) in the finite element space Z,. The scheme is still defined by (4.19) except
that the solutions and test functions are both from the space Z;,. We will also give the error

estimate results for the finite element space 7.
4.2.2 The main result

We state the main error estimates of the semi-discrete LDG scheme (4.19) for the two-

dimensional problem.

Theorem 4.3. Let u be the exact solution of the problem (4.14), which is sufficiently smooth
with bounded derivatives, and assume fi(u), a;j(u) € C®. Let uy, be the numerical solution of
the semi-discrete LDG scheme (4.19) - (4.20) and denote the corresponding numerical error
by e, = u — uy. For arbitrary triangulations, if the finite element space Wy, in each element
18 the piecewise polynomials degree k > 1 , then for small enough h there holds the following

error estimates
lu — unl| < CRE, (4.21)

where the constant C' depends on the time t and v = 0. For rectangular triangulations of
I x J, if the finite element space Z, is the piecewise polynomials degree at most k > 1 in

each variable, we have the result with v =1 in (4.21).

Remark 4.4. In two-dimensional case, we could not get the error estimates result (4.21)

with v = % for P* elements because of the lack of a suitable projection P* similar to the one-

N

dimensional case to eliminate the jump terms, e.g. > ((B(u) —B(u,,)) [z])j% in the equation
7=1

(4.12). Otherwise, the proof for the two-dimensional P* elements case is a straightforward

extension from the one-dimensional case. We will not repeat the details here.
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Remark 4.5. For the finite element space Z;, we can get the error estimates result (4.21)
with v = % The main technique is the special tensor product projection P* defined in (2.11)
which can eliminate certain jump terms arising from nonlinear high order derivative terms.

The proof follows the same lines as in Subsection 3.2 and Subsection 4.1.

5 Concluding remarks

In this paper, we have obtained a priori L? error estimates for the semi-discrete LDG method
of two classes of nonlinear equations formulated by the KdV equations and the nonlinear
convection-diffusion equations. We obtain the results for both one and two dimensional
cases. It is more challenging to perform error estimates for the fully discrete LDG methods

for nonlinear equations and this will be carried out in the future.

6 Appendix: Proof of several lemmas

6.1 Proof of Lemma 3.5

To complete the proof to Lemma 3.5, we would like to use the following Taylor expansions

F(u) — £m) (61)
= — 5 "y’ = [+ ot — ) ) + ¢ — ),
fu) = f(un) (6.2)
/ — 1 " -2 ! —e " — € 1 ! —e\2 1 cn (o —e\3
= () = 5 ") — () + [ ot — 2 f ) (@) + 2w — )’

where f” and f;” are the mean values. These imply the following representation

Z/ £ (un))waddz + Z (@)

=T+ T+ T+ T+ T+ Ts, (6.3)

where

T = Z/f wwxdx+z Jwlw]); 1,
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T2 = —% (; /1 f () wwyda + ;(f”(u)WQ[w])j+%> ’

To=- (Z [ s + Z(f’(U)we[w])j+;> 7
7= [ Fwetwuds + Yo watalul)
1 l " e\2 a " —e\2
Te = é (; /Ij 7w — w®) wedz + ;( ' (o — we)g[w])ﬂ;)

will be estimated separately later.

e 7; term.

After a simple integration by parts, it is easy to get
1 N
Ti=-1 Z/ (f'(u))aw?de < Cw]?. (6.4)
j=1"1

Ty term.

After a simple integration by parts, it is easy to get

o= % (Z / ()t + i ;(f"(u>[w]‘°’>j+;) -

By a simple Taylor expansion, there is

f(w)w] = (f"(@n) + £ (u = un))[w],

where f"”" denote a mean value of the third derivative of flux f. Combining the above
equation with (2.5) of Lemma 2.1 and the interpolation property (2.10), on each bound-

4l there holds

ary point x
£"(w)[w] < 8a(f,un) + Cilh + [lew]|2)-

Thus by virtue of the inverse property (ii), we have

1~
T2 < golf; up)[w]? + Co(C + [Jwloo + b7 Hlew[2)[[w]*. (6.5)
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e 73 term.

We can rewrite 73 into the following form

(Z/ £ (uj) wwwdx+2/fu]wwmdx+z )

The second term in the above equation is zero by the definition of the projection.
Because of | f'(u) — f'(u;)| = O(h) on each element I;, then by the inverse property (i)

n (2.16), together with the interpolation property (2.10), the first term in the above

equation is estimated by

|Z/ f'(uy)wwydz| < Cllw|[lw]] < Cllw]]* + Ch*+2,
Again from the conclusion (2.4) in Lemma 2.1 and the smoothness of v and f, we have

£ (uy42)] < 20(F; un) + Culleul|oo-

Hence by Young’s inequality and the boundedness of a(f; up), we obtain

@ ]| <

Now we can get the estimate of 73

a(Frun) Wl + O el 2wl + R,

CTJl'—‘

1 -
Ts < golf; up)[w]? + (C + Cih Hew||2) [Jwl|* + Ch**1. (6.6)

e 74, T5 and Tg terms.

Because Ty, 75 and 7Tg are high order terms in Taylor expansion, it is easy to show by

Young’s inequality and the inverse properties (i) and (ii) in (2.16) that

Ti < Cuh Hlw|oflw]l* < Cullw]?, (6.7)
Ts < Ouh Mo oo ([l + B2 e llr)llw]| < Cullw]|* + CLh™ 2, (6.8)
Ts < Coh ™ leull2(|lw]]* + CR*+2). (6.9)

Therefore, summing up the above estimates from equation (6.4) to (6.9), we complete the

proof of Lemma 3.5.
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6.2 Proof of Lemma 4.2

The proof of Lemma 4.2 is similar to the proof of Lemma 3.5. The main difference is that
we take the values @, = 3(u/ + u; ), v and uj, as the reference values of the functions uy,
and vy on each boundary point.

For the nonlinear terms b(u)v and B(u), we use the following Taylor expansions

Blu) — Blun) =b(u)uw — 20w — bluu + ¥ (st — S (u) () + bl — w)?
B(u) — B(uy,) =b(u)w™ — ' (u)(w™)? — b(u)(w*)~
() = S ) () + B — (),
where b and b are the mean values and here we use the property B'(u) = b(u).
b(u)v — bun)on
b (u)ow + b(u)z — %b”(u)va V() zw — b (u)owt
—b(u)2* + b (w)vww’ — %b"(u)v(wef 8 ()2 + B (u)wz?
(= o — )+ b )z~ ),
b(uyw — D)o
b () + b(u) 2+ — %b"(u)va ¥ (w)wet — 21—4b"(u)v[w]2 T
“b(u) (=) + B (w)oaa® — %b”(u)v(we)z ¥ ()2t + B (u)w ()

0 L G R O 1 ) (G R A P P

L s e ey— — —e
+ 50 B((wh = (W) ") + (w7 = () 7)) (w — )
1 e e ey— e e
+b((w = () ") + (" = (@) ) (w™ = (w)7) + (@ = (w)))E" =)0,
where b, b, b0 and "¢ are the mean values. These imply the following representation
N
ZRj(b, By u,v,up, vp;w, 2) = S + Sz + S3 + Sy + S5 + S, (6.10)
7=1

where
N N

S, = Z/ V' (u)vww,dx + Z(b'(u)vw[w])ﬂ%
j=1"1j j=1
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+ XN: / b(u)(zw)dz + i(b(u)(z+ [w] +w™[z])) 41,

_ 1 (Z/ b (w)vw wxdx+z (V" (u 112[ ]2)[w])j+;>
-5 (; /I j W () (zw?) pda + ;(b'(u)(Qeru?[w] - (w_)2[z]))j+%> )
_ XN: / b (w)ouwtw,ds — ﬁ:(b’(u)vwe[w])ﬂ%

N

- Z [ b+ e - ;w(w((zeﬁ[w] + ) D)y

84=Z -, b"(u)vw@wwxdﬂz(b"(u (@ + — w][u]) ),
+Z/ b (u)w(zw dx+z (b (u) (e fw] + () "w™[2]) 41
+Z/ b (u)z wwxdx—l—z (v (w w])jy 1,

Ss=—5 (Z/ b (u) (w®)*wyda + Z (" (u 112 [we]2)[w])j+%>

+ 4621(( — (W) + (wh = W) ) (w — (W) )+ (w = (w))) (" - (Ze)+)[w]>
will be estimated separately later.

e S term.
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After a simple integration by parts, it is easy to get

N N
=5 - < — . A1
S 2;/[j(b (w)v),wda ;/Ij(b(u))mzwdx < Ol + P (611)

S, term.

After a simple integration by parts, it is easy to get

— %Z/I (V" (u)v) widr + % Z/jl(b'(u))wszdx
< (Cullwlloo + O) lw]* + i||Z||2 (6.12)

Ss3 term.

We can rewrite Sz into the following form

Ss = —EN;/Ij (V' (w)o =0 (uy)vj)ww,de — Z/ (uj)vjwwods
EN:/ —buy))(wzﬁzwxdx—Z/ () (w2 + 2°w,)d
- ZN:(b’( wvwfwl]);, s -

Mz

Yl + () D)0,

The second term, the fourth term and the last term in the above equation are zero by
the definition of the special projection. Because of |0'(u)v — V' (u;)v;| = O(h) on each
element I;, then by the inverse property (i) in (2.16), together with the interpolation

property (2.10), the first term in the above equation is estimated by
N

1> [ W = Vws)o)utusds] < Clluul < Cloll + C12

By the same argument we can also get the estimate for the third term
1
) — b( ‘2o + 2°w,)dr| < Cllw|® + = ||z + Ch**2.

|Z/ () (w2 + 2w, )da] < Ol + 2 +

Now we can get the estimate of S3

N
/ —e 1
83 < | D (¥ (wpontTw)) 1| + Cllw|* + 12l + Ch*+2. (6.13)

i=1
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e S, , S5 and S¢ terms.

Because S, S5 and Sg are high order terms in Taylor expansion, it is easy to show by

Young’s inequality and the inverse properties (i) and (ii) in (2.16) that

Si < Cuch Hlw® |loo[w]* + Ch ([l + 112 o) w11 2]

< Cullw? + 5=l (6.14)
85 < Cu™ ol ol] + O o ol 21 + 12 el

< (ot Ol + ol + (€ + O, (6.15)
8o < Ch™ el + CH*2) 4 2] (6.16)

Therefore, summing up the above estimates from equation (6.11) to (6.16), we complete the

proof of Lemma 4.2.
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