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1 Introduction

When the discontinuous Galerkin (DG) method [11] is used to solve partial differential
equations (PDEs), piecewise polynomial space is the commonly chosen finite element ap-
proximation space. However, for some PDEs and initial / boundary conditions, piecewise
polynomials may not provide the best approximation to the solution. A major advantage
of the DG method is its flexibility with the finite element approximation space. Essentially
any linear space can be used as the local approximation space, and the approximation space
can vary from element to element and also for different time ¢. This flexibility comes from
the fact that we do not need to enforce any continuity at the element interfaces. Traditional
continuous finite element methods certainly do not have this flexibility. In this paper, we
explore this flexibility and propose the use of spaces based on non-polynomial elementary
functions such as exponential functions, trigonometric functions etc., with the objective of
obtaining better approximations to specific types of PDEs and initial / boundary conditions.
It can be shown that as long as the approximation space is suitably selected, we can obtain
similar L? stability and error estimates as for the piecewise polynomial space.

We now mention some related work in the literature. In [5], Cockburn, Li and Shu
propose the use of locally divergence-free polynomial space in the DG method to solve the
Maxwell equations and they achieve better results compared to the DG method based on
the classical piecewise polynomial space P*, see also related work in [17, 18, 19]. However,
locally divergence-free polynomial space is still based on polynomials. In this paper we
intend to focus on non-polynomial spaces in the DG method. Another line of related work is
the solution of singular perturbation problems by using exponentially fitted schemes, see for
example the work of Kadalbajoo and Patidar [16], and of Reddy and Chakravarthy [22]. We
also refer to [2] in which non-polynomial spaces are used in local essentially non-oscillatory
(ENO) reconstructions for solving hyperbolic conservation laws.

As an example, the boundary layer and highly oscillatory problems are problems that

polynomial space does not make a good approximation if the mesh is coarse. For the bound-



ary layer problems, the slope of the solution near the boundary is very large (Figure 1.1,
left), which is better approximated by exponential functions rather than by polynomials.
For the highly oscillatory problems (Figure 1.1, right), the solution is better approximated
by trigonometric functions. It is intuitive that an exponential-function space should be used
for good approximation to solutions of the boundary layer problems, and a trigonometric-
function space should be used to the highly oscillatory problems. In both cases, we find
suitable approximation spaces based on the previous intuition. L? stability for the DG
method based on these spaces is analyzed. It can also be proven that, if the exact solution
is smooth enough, the rate of convergence is the same as the dimension of the local approx-
imation space. Similar results can be obtained when the DG method based on these two

spaces is applied to other problems.
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Figure 1.1: Examples of solutions to the boundary layer problem (left) and the highly
oscillatory problem (right).

In the proposed modified DG method, rather than keeping the approximation spaces fixed,
we allow time-varying approximation spaces. These spaces are indexed by parameters and
the parameters are adjusted at each time-step according to the numerical solution of the
last time-step. We propose methods to automatically adjust the parameters so that the

approximation spaces can better fit the underlying solution. Numerical tests indicate that



these methods do find the best-fitting parameters and can yield better results compared to
the polynomial approximation space.

This paper is organized as follows. In Section 2, we give a brief review about the DG
method. In Section 3, approximation spaces different from the polynomial space are intro-
duced. Criteria for selecting suitable approximation spaces are given and for spaces satisfying
these criteria, approximation results are presented. In Section 4, the method of using time-
varying approximation spaces in the DG method, which is called the modified DG method,
is proposed, and two methods for adjusting the parameters in the basis functions of the
approximation spaces are presented. In the same section, theoretical results of L2-stability
as well as error estimates of the proposed DG method based on non-polynomial approxima-
tion spaces are presented. Section 5 consists of numerical results showing the accuracy of
the modified DG method. Concluding remarks are given in Section 6. In the Appendix, we
give the verification that some of the approximation spaces used in this paper do satisfy the

criteria required in the proof of the approximation results in Section 3.

2 The DG method

We will only briefly review the DG method here for solving hyperbolic problems. First,

consider the one dimensional conservation law
u + f(u), =0. (2.1)

We denote the mesh by I; = [xj_%,ijr%] for j = 1,..., N, with the center of the cell

We will

_ 1 : _
denoted by z; = 5(33]-7% + :Uj%) and the size of each cell by Ax; = Tjp1 =T 1.
denote Az = max; Az; and will assume a regular mesh which has a bounded ratio between
the largest and the smallest Axz;. If we multiply (2.1) by an arbitrary test function v(z),
integrate over the interval /;, and integrate by parts, we obtain the weak formulation

/ wvdx —/ f(u)vdx + f(uj+%)vj+% - f(uj_%)vj_; = 0; (2.2)

I; I;



here u;, 1 = u(ijr%). We replace both the solution u and the test function v by U and V,

1
3
which are in the approximation space V},. For standard DG method, V}, is taken as the space

of piecewise polynomials
Vi={v:vl;, € P"(1;),j=1,...,N}, (2.3)

where P¥(I) denotes the space of polynomials in an interval I of degree at most k.
The DG method is then given by the following: Find U(-,t) € V} such that

o~ —

/I‘ Utde—/I‘f(U)death(U)j#V. - F(U),_

+
] Wi Vi, =0 (2.4)
for all test functions V' € Vj,. The “numerical flux” f/(U\)jJr% = f(U];%,U;%) is chosen
to be a monotone flux for the scalar case, and to be a numerical flux based on exact or
approximate Riemann solvers for the system case. Notice that we use V= and V' to denote
the left and right limits of V', respectively, at the interface where V is discontinuous. The
resulting method of lines ODE is then discretized by the nonlinearly stable high order TVD
Runge-Kutta methods in [23, 12].

For more details of the DG method, we refer the reader to the series of papers of Cockburn
and Shu [8, 7, 9], Cockburn, Lin and Shu [6], Cockburn, Hou and Shu [4], the lecture notes
[3], and the review paper [11].

For the convection-diffusion problems
Uy + f(u)I = (a(ua x)uw)ma (25)

we use the local discontinuous Galerkin (LDG) method [10]. We will not review the details
of the LDG method here to save space and refer the reader to the papers of Cockburn and
Shu [10, 11].

3 Non-polynomial approximation spaces

In the standard DG method, piecewise polynomial space (2.3) is used as the finite element

space (both the trial space and the test space). However, the DG method does provide
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the flexibility of using other non-polynomial finite element spaces. The motivation to use
non-polynomial finite element spaces is to obtain better approximations for specific solutions
of PDEs, such as the boundary layer solutions and oscillatory solutions in Figure 1.1, for
which exponential / trigonometric functions instead of polynomials as basis functions for
the new approximation spaces are expected to yield better numerical results because these
functions themselves can approximate the exact solutions better than polynomials. However,
some criteria are needed for the choice of basis functions of the non-polynomial finite element
spaces, in order for those spaces to have the same approximation rates as those of polynomial

finite element spaces of the same dimension.

3.1 One dimensional case

We first consider the one dimensional case. The following are examples of possible non-

polynomial finite element spaces in one dimension.

e The exponential space I:

Ef(a) ={v: vy, € span {e“f(x_’”j),eaj(‘”_’”j)(x — ), e, e (g z)F} e I}

(3.1)
e The exponential space II:

E¥(a) = {v: 0|y, € span {e“f(x_’”j), (x =), (x—z;)*} ,x € I;} (3.2)

e The trigonometric polynomial space:

T ) = {v:v|, €span{l, sina;(z —z;)},z € I}, (3.3)

T*(e) = {v:v|, €span{l, sinaj(z — z;), cosay(z — x;)},z € I;}

We would like to choose non-polynomial finite element spaces which have the same ap-
proximation rates as those of polynomial finite element spaces of the same dimension. The

criteria to achieve this purpose are summarized in the following proposition.



Proposition 3.1: Assume {vg, vy, ..., v} is a local basis of the space V}, in cell I;. If there

are constants a; and b; independent of Az; and satisfying a;; # 0 such that
—Zail(aj—xj)l S bi(ALUj)kJrl, Vx € [ja ZZO, ,k (34)

then for any function u(x) € H*™(I;), there exist v;, € V}, and a constant C' independent of

Azx; such that:
lop(z) — u(z)| < C||U||Hk+1 (A:v )k+1/2, Vo € I, (3.5)

Proof: Let T" be the Taylor expansion operator at the point x; into the standard piecewise

polynomial space P¥. We have

r) = ch(aj

where ¢; = u"(z;). Let

Qoo Qo1 - Qo bo Co 1
0 an -+ o by c T — T
A - k ) b - ) C — ) p - J
k
0 0 - ap by, Ch (x — ;)

Let f(z) = 32, (u?(x))?, we have

x)dx — Az f(x)) "(t)dtdx

I; Jz;
Aoy [ 170l
I;

IN

and also

/Ij|f’(fr)|dx < 22 / u® (@) ()] da
Z/ )Vdr + Z/ (i+1))

2||U||Hk+1(1j)-

IN

IN



Therefore

k k

Ancte = 83 (5000)) < A0 Y W) = Anf)

—0

Lﬂ@m—mww>

IN

< (1 +2Az5) [Jul[fpess ).

i=0
/1- f(z)dz +

Now let d = (AT)"'c and v, = dTv. We have,
lop, — Tu| = |d'v—c"p|
= | A7 (v — Ap)|
< Velel[AT] v — Apl]
1 _
< \/A—x] (1 + 2825) |[ul[Fpass ) AT B (Azy) ™

< Oflull iy (Aay)* /2

where in the second last inequality above we have used the assumption (3.4). The unidentified
norms are all L? norms. C here and below is a generic constant independent of v and Awx,
which may not have the same value at different locations.

We also notice that

[l — Tul|geoqr;) = sup
.’L'EIj

/w u(kﬂ)(t)(mgi't)kdt

Zj

sup (/ |u(k+1)(t)|2dt> (/
:DEIj z; T

J
C|U|ch+1([j)(A.Tj)k+l/2.

(z —t)*
k!

IN

9 1/2
)

IN

Finally we have, for all z € I,

IN

|u() — vn(w)| |u(z) = Tu(z)| + |va(x) — Tu(z)|

IN

C|U|ch+1([j)(Al‘j)k+1/2 + C| |u| |Hk+1([j)(Al'j)k+1/2

< Oflull iy (Aay) /2

and the proof is now complete. Wl



Next, we estimate the approximation rate in the L? norm.

Proposition 3.2: Assume V}, is a space satisfying the condition (3.4) in Proposition 3.1 in
each cell I; € Q. Let P, be the L? projection operator into the space V. For any function

u(z) € HF(Q), there exists a constant C such that:
1P = ey < Cllullme ooy (Ae)+. (36)

Proof: We choose the same vy, as that in Proposition 3.1. Squaring both sides of (3.5) and

then integrating in the cell I;, we obtain
|| —vn|[72(r,) < O||U||?{k+1(1j)(A$j)2k+27 vj.
Therefore,

[1Pou = ull720y < [lu— vall72()

= Z |Ju — Uh||i2(1j)
J
< O Mullfny) (Azy)*+2
J
< Cllullfgee g (Az)* 2.
Taking square roots on both sides finishes the proof. W

We verify in the Appendix that the three spaces (3.1)-(3.3) satisfy the condition (3.4) in
Proposition 3.1.

We now show numerical results in Tables 3.1 and 3.2 for the approximations to u(x) = e®
and to u(z) = sin(z) respectively. From the results in these two tables, we can see that
we obtain the optimal order of the approximation rate (equal to the dimension of the local
approximation space) when using the approximation spaces E¥(1) and T*(1) (k = 1,2),
where E¥(1) refers to a; = 1 for all j, to approximate general functions. It can be seen
that the approximation results are comparable to those obtained by the usual piecewise

polynomial approximation for general functions. Not surprisingly, we obtain exact solutions

when approximating specific functions tailored to the specific approximation spaces.



Table 3.1: L? and L*®-errors of approximation to e*, (0 < x < 7). Uniform mesh with N
cells.

N exponential space E'(1) trigonometric space T"(1)

L?-error L>®-error L?-error | order | L*®-error | order

10 1.42E-14 2.25E-14 5.98E-02 1.38E-01
20 9.26E-14 2.15E-13 1.50E-02 | 2.00 | 3.63E-02 | 1.93
40 7.64E-14 1.85E-13 3.76E-03 | 2.00 | 9.31E-03 | 1.96
80 6.69E-13 1.53E-12 9.39E-04 | 2.00 | 2.36E-03 | 1.98
160 8.37E-13 1.93E-12 2.35E-04 | 2.00 | 5.94E-04 | 1.99

exponential space E?(1) trigonometric space T2(1)

L?-error L>®-error L?-error | order | L*®-error | order

10 8.06E-14 1.76E-13 3.18E-03 6.35E-03
20 5.90E-13 1.56E-12 3.96E-04 | 3.01 | 8.62E-04 | 2.88
40 1.10E-11 2.70E-11 4.99E-05 | 2.99 | 1.12E-04 | 2.94
80 1.39E-10 3.48E-10 6.24E-06 | 3.00 | 1.44E-05 | 2.96
160 8.78E-11 2.23E-10 7.80E-07 | 3.00 | 1.81E-06 | 2.99

polynomial space P! polynomial space P2
L?-error | order | L®-error | order | L?-error | order | L>®-error | order

10 | 5.98E-02 1.34E-01 1.59E-03 3.26E-03
20 | 1.50E-02 | 2.00 | 3.58E-02 | 1.90 | 1.99E-04 | 3.00 | 4.38E-04 | 2.90
40 | 3.76E-03 | 2.00 | 9.26E-03 | 1.95 | 2.49E-05 | 3.00 | 5.67E-05 | 2.95
80 | 9.39E-04 | 2.00 | 2.35E-03 | 1.98 | 3.12E-06 | 3.00 | 7.21E-06 | 2.98
160 | 2.35E-04 | 2.00 | 5.93E-04 | 1.99 | 3.90E-07 | 3.00 | 9.09E-07 | 2.99
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Table 3.2: L? and L®-errors of approximation to sinz, (0 < x < 7). Uniform mesh with N
cells.

N exponential space E'(1) trigonometric space T"(1)
L?-error | order | L®-error | order | L?-error | order | L>®-error | order

10 | 9.19E-03 1.34E-02 4.60E-03 6.52E-03

20 | 2.30E-03 | 2.00 | 3.33E-03 | 2.01 | 1.15E-03 | 2.00 | 1.65E-03 | 1.98

40 | 5.76E-04 | 2.00 | 8.31E-04 | 2.00 | 2.88E-04 | 2.00 | 4.13E-04 | 2.00

80 | 1.44E-04 | 2.00 | 2.07E-04 | 2.01 | 7.20E-05| 2.00 | 1.03E-04 | 2.00

160 | 3.60E-05 | 2.00 | 5.18E-05 | 2.00 | 1.80E-05 | 2.00 | 2.58E-05 | 2.00

320 | 9.00E-06 | 2.00 | 1.30E-05 | 1.99 | 4.50E-06 | 2.00 | 6.46E-06 | 2.00

exponential space E?(1) trigonometric space T2(1)

L?-error | order | L*®-error | order L?-error L>®-error

10 | 3.45E-04 4.76E-04 2.37E-14 1.65E-14

20 | 4.32E-05 | 3.00 | 5.84E-05 | 3.03 3.36E-15 1.67E-15

40 | 5.41E-06 | 3.00 | 7.24E-06 | 3.02 3.00E-13 2.21E-13

80 | 6.76E-07 | 3.00 | 9.01E-07 | 3.01 1.52E-12 2.17E-12

160 | 8.45E-08 | 3.00 | 1.12E-07 | 3.01 1.51E-13 1.11E-13

320 | 1.07E-08 | 2.98 | 1.68E-08 | 2.74 2.64E-11 3.79E-11

polynomial space P! polynomial space P2

L?-error | order | L®-error | order | L?-error | order | L>®-error | order

10 | 4.60E-03 6.54E-03 1.22E-04 1.60E-04

20 | 1.15E-03 | 2.00 | 1.65E-03 | 1.99 | 1.53E-05 | 3.00 | 2.02E-05 | 2.99

40 | 2.88E-04 | 2.00 | 4.13E-04 | 2.00 | 1.91E-06 | 3.00 | 2.53E-06 | 3.00

80 | 7.20E-05 | 2.00 | 1.03E-04 | 2.00 | 2.39E-07 | 3.00 | 3.17E-07 | 3.00

160 | 1.80E-05 | 2.00 | 2.58E-05 | 2.00 | 2.99E-08 | 3.00 | 3.96E-08 | 3.00

320 | 4.50E-06 | 2.00 | 6.46E-06 | 2.00 | 3.74E-09 | 3.00 | 4.95E-09 | 3.00
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3.2 Multidimensional case

In this subsection we generalize the approximation spaces to multi-dimensions. We concen-
trate our attention on the two dimensional case. The following are examples of possible

non-polynomial finite element spaces in two dimension.

e The exponential space:
Ek(oz, B) = {U - v|k € span {eax(x—va)JrﬂK(y—yK), eaK(fv—xx)JrﬂK(y—yK)(x — Tx),
ek (@Tr)IBR(Y—yK) (y 4y ) | ek @R FBRW=YK) (3 — 21)2, (3.7)
ek (TP W—YR) (3 — g0 ) (y — yi ), €@K @TTRIHBRG=YI) (1 gy )2 L

eaK(fI?*IK)JrﬁK(y*yK)(x _ xK)k, .. .eaK(I*fIPKHﬂK(y*yK)(y _ yK)k} , (x, y) c K}

e The trigonometric polynomial space:

T a,B) = {v:v|g €span{l, sinag(r — zx), sin Bx(y —yx)}, (v,y) € K} (3.8)
T*(a, ) = {v:v|g €span{l, sinag(z — xx), sin B (y — Yk ), cos ag(r — ),

sinag(x — 2x) sin Bk (y — yi), cosax(y —yx)}, (z,y) € K}

Here K is a two dimensional cell with the center at the point (zx, yr)-
Similar propositions as those in the one dimensional case can be obtained for multi-

dimensions. We will again concentrate on the two dimensional case.

Proposition 3.3: Assume {v,,,, m > 0,n > 0,m+n < k} is a local basis of the space V}, in
cell K. If there are constants a,,y, and by, independent of Ax = diam(K) and satisfying
mnmn 7 0 such that, for all z,y € K, m,n >0, m+n <k,

Vnn = Y (= 7)Y — Yk)?| < by (A)H (3.9)

p>m,q>n,p+q<k

then for any function u € W*+h *°(K), there exist v, € V), and a constant C' independent

of Az such that:
(2, y) — u(z,y)| < Cllullwrrrcoe (Az) T, V(z,y) € K (3.10)

12



Proof: Let T be the Taylor expansion operator at the point (xx,yx) into the standard
piecewise polynomial space P¥. We have

Tu(x,y) = Z cpg(T — k)P (Y — yx)?,

P,4>0,p+q<k

where ¢, = ﬁagagu(xm YK)-
Let the tensors A:(amnpq)(k:-|—1)><(k:+1)><(k+1)><(k;+1), b= (bmn)(k+1)><(k+1)a c—= (CpLI)(Ic-l-l)X(k-i-l)a
0 = (Vn) 1)< (et1) A0 P = (Dyan) 1) (e41) WiED Py = (2 = 25)™ (y — i)™ for m,m > 0,

m +n < k. We define the operation “:” as a product between tensors:

(D1 in Citeviin miromim @i )s 110>
C: D = (Ciris..in) * (djijo..jm) = { Jreem Tt g JLeeJm L] otherwise.

i1onim Ci1onin il...injnJrl...jm)a

Notice that this is the usual inner product if the two tensors C' and D are of the same order,
and is the usual matrix-vector product (or vector-matrix product) if C' is a matrix and D is
a vector (or if C'is a vector and D is a matrix). It is easy to check, just by the definition,

that this operator satisfies the following associative and distributive properties:

(1) C:(D:E)=(C:D):E, if the order of D equals the sum of the orders of C' and E;

(2) C:(D+FE)=(C:D)+(C:FE), if D and E are of the same order.

With this definition we obtain

1 2
c:c = Z (2)!—(1!8563“(%,%)) < Z (3535“(f”iayj))2

p,4>0,p+q<k p,4>0,p+q<k
2
p,9>0,p+q<k

Now we need a matrix d such that d : A = ¢. In fact, for this specific A, there exists a

unique “inverse” tensor A such that d = c¢: A. We will show how to obtain this tensor A in

13



the Appendix. Also let v, = d : v. Now we obtain

lop = Tu| = |d:v—c:p|
= i (w—Asp)

= Jc:A:(v—A:p)

< Verc|lAllfjo— A pll
< lullwessoom 1A D] (Az)

< Ollullwrsoogry (D)

where ||v — A : p|| and |[b]| refer to the vector L? norm when the matrices v — A : p and b
are regarded as a long vector (that is, the square of the norm is the sum of squares of all the
entries of the matrix), and ||A|| is the associated operator norm.

We also notice that, by the property of the Taylor expansion,

||’LL — TUHL‘X’(K) S O|U|Wk+1,oo(K) (Ax)k“.

Therefore we have, for all (z,y) € K,

u(e, y) — oz, y)| < Jule,y) = Tu(z, y)| + |oa(z,y) = Tu(z, )]
< Clulwrsioe(sy (Az) 4 CfJul[wisioogi) (Az)
< Cllullwrsre gy (Az)

Now the proof is complete. H
Next, we estimate the approximation rate in the L? norm.

Proposition 3.4: Assume V}, is a space satisfying the condition (3.9) in Proposition 3.3 in
each cell K € Q. Let P, be the L? projection operator into the space Vj,. For any function

u € WkHoo(Q)) | there exists a constant C' such that:
||Phu - u||L2(Q) < C||U||Wk+1,oo(g)(Aa?)k+l. (3.11)

14



Proof: We choose the same vy, as that in Proposition 3.3. Squaring both sides of (3.10) and

then integrating in the cell K, we obtain
[l = onl[2a(y < Cllullfprsnceqey (D)™, VE
Therefore,

1Pvu = o) < llu—wnllLzq)

= ZHU_UhH%?(K)
K
< OZ||U||IZ/I/k+1’°°(K)(Ax)2k+4
K

< C| |U| |Wk-+1,oo(Q) (Al‘)2k+2.
Taking square roots on both sides finishes the proof. W

We verify in the Appendix that the two spaces (3.7)-(3.8) satisfy the condition (3.9) in
Proposition 3.3.

We now show numerical results in Tables 3.3 and 3.4 for the approximations to u(z,y) =
e?~?% and to u(x,y) = sin(x) + sin(y) respectively. From the results in these two tables, we
can see that we obtain the optimal order £ + 1 of the approximation rate when using the
approximation spaces E*(a, 3) and T%(a, 8) (k = 1,2), to approximate general functions. It
can again be seen that the approximation results are comparable to those obtained by the
usual piecewise polynomial approximation for general functions. Not surprisingly, we obtain
exact solutions when approximating specific functions tailored to the specific approximation

spaces.

4 Discontinuous Galerkin method with time-varying
approximation spaces

For the one dimensional conservation law (2.1), we will use the space E*(a) (3.1) or T%()
(3.3) in Section 3 as the finite element space. However, we would like to adjust the parameters

«; in these spaces for different time steps. The numerical scheme is set up as follows:

15



Table 3.3: L? and L*-errors of approximation to e*~%, (0 < z,y < 1). Uniform mesh with
N, x N, cells.

N, x N, exponential space E'(1, —2) trigonometric space T"(1,1)

L?-error L>®-error L?-error | order | L*®-error | order

) 4.65E-15 2.49E-14 7.95E-03 6.65E-02
10 x 10 5.57E-15 4.51E-14 2.00E-03 | 1.99 | 1.86E-02 | 1.84
20 x 20 4.66E-14 2.46E-13 5.01E-04 | 2.00 | 4.93E-03 | 1.92
40 x 40 1.43E-13 8.90E-13 1.25E-04 | 2.00 | 1.27E-03 | 1.96
80 x 80 3.80E-13 2.41E-12 3.13E-05 | 2.00 | 3.22E-04 | 1.98
160 x 160 2.27E-12 1.28E-11 7.84E-06 | 2.00 | 8.11E-05 | 1.99

exponential space E?(1, —2) trigonometric space T2(1, 1)

L?-error L>®-error L?-error | order | L*®-error | order

5X5H 8.30E-14 5.28E-13 4.05E-04 4.24E-03
10 x 10 2.97E-13 1.88E-12 5.11E-05 | 2.99 | 6.00E-04 | 2.82
20 x 20 4.39E-12 2.52E-11 6.40E-06 | 3.00 | 7.98E-05 | 2.91
40 x 40 2.57E-11 1.62E-10 8.00E-07 | 3.00 | 1.03E-05 | 2.95
80 x 80 5.55E-11 3.42E-10 1.00E-07 | 3.00 | 1.31E-06 | 2.98
160 x 160 9.71E-11 9.46E-10 1.25E-08 | 3.00 | 1.67E-07 | 2.97

polynomial space P! polynomial space P2
L?-error | order | L®-error | order | L?-error | order | L>®-error | order

5X5 7.94E-03 6.63E-02 3.81E-04 3.95E-03
10 x 10 2.00E-03 | 1.99 | 1.86E-02 | 1.83 | 4.80E-05 | 2.99 | 5.61E-04 | 2.82
20 x 20 5.01E-04 | 2.00 | 4.93E-03 | 1.92 | 6.02E-06 | 3.00 | 7.47E-05 | 2.91
40 x 40 | 1.25E-04 | 2.00 | 1.27E-03 | 1.96 | 7.53E-07 | 3.00 | 9.65E-06 | 2.95
80 x 80 | 3.14E-05 | 1.99 | 3.22E-04 | 1.98 | 9.41E-08 | 3.00 | 1.23E-06 | 2.97
160 x 160 | 7.84E-06 | 2.00 | 8.11E-05 | 1.99 | 1.18E-08 | 3.00 | 1.54E-07 | 3.00
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Table 3.4: L? and L*-errors of approximation to sinx +siny, (0 < z,y < «). Uniform mesh
with NV, x Ny cells.

N, x N, exponential space E'(1,1) trigonometric space T"(1,1)
L?-error | order | L®-error | order | L?-error | order | L>®-error | order
5X5H 1.94E-01 3.42E-01 4.58E-02 5.24E-02
10 x 10 | 4.99E-02 | 1.96 | 8.97E-02 | 1.93 | 1.15E-02 | 1.99 | 1.30E-02 | 2.01
20 x 20 1.26E-02 | 1.99 | 2.25E-02 | 2.00 | 2.89E-03 | 1.99 | 3.30E-03 | 1.98
40 x 40 | 3.15E-03 | 2.00 | 5.61E-03 | 2.00 | 7.22E-04 | 2.00 | 8.26E-04 | 2.00
80 x 80 | 7.88E-04 | 2.00 | 1.40E-03 | 2.00 | 1.81E-04 | 2.00 | 2.07E-04 | 2.00
160 x 160 | 1.97E-04 | 2.00 | 3.49E-04 | 2.00 | 4.51E-05 | 2.00 | 5.17E-05 | 2.00
exponential space E*(1,1) trigonometric space T2(1, 1)
L?-error | order | L*®-error | order L?-error L>®-error
5X5H 2.06E-02 5.00E-02 3.13E-13 3.52E-13
10 x 10 | 2.65E-03 | 2.96 | 6.55E-03 | 2.93 3.97E-14 3.97E-14
20 x 20 | 3.33E-04 | 2.99 | 8.30E-04 | 2.98 5.88E-14 6.44E-14
40 x 40 | 4.17E-05| 3.00 | 1.04E-04 | 3.00 5.18E-13 7.00E-13
80 x 80 | 5.21E-06 | 3.00 | 1.30E-05 | 3.00 2.46E-12 2.73E-12
160 x 160 | 6.52E-07 | 3.00 | 1.63E-06 | 3.00 4.00E-12 4.66E-12
polynomial space P! polynomial space P2
L?-error | order | L®-error | order | L?-error | order | L>®-error | order
5 X 5H 4.60E-02 5.25E-02 2.44E-03 2.48E-03
10 x 10 1.15E-02 | 2.00 | 1.31E-02 | 2.00 | 3.06E-04 | 3.00 | 3.21E-04 | 2.95
20 x 20 | 2.89E-03 | 1.99 | 3.30E-03 | 1.99 | 3.83E-05| 3.00 | 4.05E-05 | 2.99
40 x 40 | 7.22E-04 | 2.00 | 8.26E-04 | 2.00 | 4.79E-06 | 3.00 | 5.07E-06 | 3.00
80 x 80 | 1.81E-04 | 2.00 | 2.07E-04 | 2.00 | 5.99E-07 | 3.00 | 6.34E-07 | 3.00
160 x 160 | 4.51E-05 | 2.00 | 5.17E-05 | 2.00 | 7.49E-08 | 3.00 | 7.93E-08 | 3.00
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1. Decide the initial parameters «

7. We will calculate of from the initial condition,
using the same method for the choice of the initial parameters as for later parameter

adjustment, to be described in detail in Section 4.1.

. When the numerical solution U™ € V}" is known at time step n, where V)" is based on
the choice of parameters o7, use the DG or LDG method to obtain the preliminary
numerical solution U™ € V;* for the next time-step. This step is basically the same
as that for DG or LDG method using piecewise polynomial space. The only difference
is that we use a non-polynomial finite element space V}'. For example, the DG method
for the conservation law (2.1) is: Find U™*! in the non-polynomial finite element space
V,t such that

rm+1 _ 17n . -
/Ij <%> Vidx — /Ij f(U”)%dx#—f(Un)jJr%{/;;% _ f(U”)j, V=0 (4.1)

holds for all test function V' € V;*. The choice of the numerical fluxes f(U), 1 is the

2
same as that for DG method based on piecewise polynomial space. Notice that here we
have used the forward Euler time stepping as an example to demonstrate the algorithm.

In actual calculation we would use higher order TVD Runge-Kutta methods [23, 12]

which are convex combinations of the forward Euler operator.

. Find the new parameters a?“ which can better fit the preliminary numerical solution
U™ at the new time step obtained from Step 2 above, hence the new finite element
approximation space Vh”H. Again, this procedure will be described in detail in Section

4.1.

. Use the L%-projection to transfer the preliminary numerical solution U"*! € V" to the
numerical solution U"*! € Vh"+1. Because the finite element space consists of discon-
tinuous functions, the L?-projection can be easily implemented locally. For example,

when the cells do not change, we simply need to find the function U"*! ¢ th+1 such

18



that

I

where e;(x), 0 < i < k, form a basis of the new approximation space V"'

involves only local, small linear system solvers.

5. Repeat Steps 2, 3, and 4 above until we reach the final time, or the steady state.

4.1 Methods to adjust the parameters

/. (U (z) — U™ (2)) es(x)dz =0, 0<i<k

(4.2)

This

We will concentrate our attention on the exponential approximation space E*(«) defined in

(3.1). We describe two different approaches to find the parameters «; in the basis functions

of E¥(a) to fit the numerical solution.

4.1.1 Fit the solution in a single cell

Our first method is to determine the optimal «; (denote it by /) in each cell by fitting the

numerical solution U(x) to the exponential function ce?@=2i) on the cell I;. In order to

make the calculation easier, we choose to find the parameter 3 to minimize the L? difference

between log |U(z)| and log |ce?@=%)| = log|c| + B(x — ;) when ¢ and 3 can both freely

change, that is, we would like to find 3 such that

o) = [ QoglU(@)] ~log el = 8o — ;)" do

is minimized. Taking g—g(c, f) and setting it to zero, we obtain
[ Gog (@) togle] = Bl - 7)) (& — a;)ds = 0
I

This leads directly to

12

5= (A—W/Ij(x—xmogwmwx-

If U(x) € V;} with the parameter o:

U(z) = e ™) (ug + uy (v — 2;) + -+ - + gz — ;)")
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then (4.4) becomes

an+1:5:an—|—

2
; it By / log |ug + u1(z — ;) + -+ + w(x — x;)*|dw (4.6)

j
where the integral can be computed by numerical quadratures.

Generally, we can also attempt to fit the numerical solution U(z) into an exponential-
like function e®@=%) S (4 — 2;)! for any [ < k, but this will increase the difficulty of the
calculation.

In Section 5.2 we will test the effectiveness of this method in identifying the parameter
«;. In summary, for problems with solutions dominated by an exponential-like function
ce/®) | this method works well. However, for problems with solutions containing components

from several exponential-like functions of comparable magnitudes, this method may produce

improper parameters.
4.1.2 Fit the solution in multiple cells

Our second method is to determine the optimal ; (denote it again by ) in each cell by fitting

the numerical solution U (z) to the exponential function e %) (co + ¢1(z — ;) + - + ¢ (2 — z;)¥)
on the three cells I;_;, I; and I;;,. This time, there is no computational advantage to take

the logarithm, hence we simply try to find the parameter 3 to minimize the L? difference
between U(z) and e’ %) (co + ¢1(x — x;) + - -+ + cx(x — x;)¥), when 8 and cq, c1, -, ¢

can freely change, that is, we would like to find f such that

. 2
glco, 1,0y, B) = / [U(x) = P59 (co + 1 (x — ) + -+ + e — 2)*)]” da
L aULiULim
is minimized. Taking g—é’i(cg, 1, - ¢, f), for i =0,1,---  k and g—g,(c, f) and setting them
to zero, we obtain
/ [U(x) — e?@%) (eg + ey (x — 25) + -+ - + cx(w — xj)k)]ﬁ(mﬂj) (x —x;) dr =0,
iU UTja

i=0,1,--- k+1. (4.7)
An iterative method can be used to solve for § from the small nonlinear system (4.7).
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For the cells near a boundary, we revise the procedure to use the current cell I; and its
only available neighbor I;;; (if I; is the left boundary) or I; 4 (if I; is the right boundary)
in the process.

The advantage of this second method is that it sometimes gives more accurate parameters
than the first method based on our numerical experimental results in Section 5.3. The

disadvantage is that it requires more computational time because of its nonlinearity.

4.2 [L?*-stability and an error estimate in one dimension

We present in this subsection the theoretical results of the L2-stability for the general one

dimensional scalar nonlinear conservation laws (2.1) and an error estimate for the linear case
up 4 cuy, =0 (4.8)
where c is a constant.

Proposition 4.1: (L?-stability) Let uj, be the solution of the DG method (2.4) for the one
dimensional scalar nonlinear conservation law (2.1) based on a non-polynomial approxima-

tion space V3. We have

[lun(T)I[> + Or(un) < |lun(0)|IZ: (4.9)

with ©r(uy) > 0. In particular, if the PDE (2.1) is the linear equation (4.8), then

T N
@T(uh) = |C|/0 Z[uh(t)]§+1/2dta where [uh]j+1/2 = Uh(x;_+1/2) - uh(x]'_+1/2)'
=

The proof is identical to that for the polynomial approximation space case [15]. In fact,
no special property of the approximation space V}, is used in the proof of the stability result
in [15]. We do remark, however, that similar result can be proved for the fully discrete DG
method only for special classes of time discretizations [15]. If the stability holds for fully
discrete DG method based on a fixed approximation space V}, it also holds for our modified

DG method with the approximation space V)" changing with each time step, since we use
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the L? projection to transfer the preliminary numerical solution in the old space V;* to the

new space V"',

In order to prove an error estimate, we need the following approximation property of the

finite element space Vj.

Lemma 4.2: (Approximation result) Assume V}, is a space satisfying the condition (3.4) in
Proposition 3.1 in each cell I; € Q. Let P, be the L? projection operator into the space V.

For any function u(x) € H¥*1(Q), there exists a constant C such that:

P, ) = 0 js172)] < CAD 2l s 1, 10y

Proof: We choose the same v;, as that in Proposition 3.1 and will use the same notations.
We can decompose u as

u = vy + (u—vp).

Since Py,(vp) = vy, we have
|Pou—u| < |Py(u—vp)| + |u— vyl

From Proposition 3.1, we know |u — vy| < Cl[ul|grri(s;)(Az;)1/2, for all # € I;. Now

let
k

Py(u—wy) = Z ;.

1=0

From the definition of the L2-projection, we have

/(Ph(u—vh)—(U—Uh))vzdﬂﬁzo, 0<I<k.
I;
which can be written out as

/1- Z(Tz(A.’L’])Z) (Zixj))l (X;x))ldx = / (u—vp) (X;i))ldx, 0<I<k

i i=0 J I;

or equivalently

R N U 12 7y
/_1/2 Z(m(ij)l) (AZSj))Z (Aiyj))ldy = /_ (u— vh)(&_)dy, 0<Ii<k  (4.10)




where y = %= and 0;(y) = v;(z). (4.10) can be concisely written as
J

Mas R=h
To hyo
. /2 #i(y) y) TIZXJU h
where Ma,, = (my;) with my; = f71/2 el (Am]_)ldy, R = and h =
Tk(Aib'j)k hk
with h; = fj{?z(u—vh) (Xg)),dy. By (3.4), which implies the boundedness of (XS?)H and (3.5),
we easily obtain
[l < Cllull gy (Axy) "2, 0<i <k

hence [|h||oo < Cllul|grsr(r;) (Az;)¥T1/2. Again from (3.4), we observe

ui(y)

7 gyt < CAx;
(Az;)’ ’

therefore the entries of the matrix Ma,; can be written as

1/2 1/2
i l Uz(y) Ul(y) i z>
my; = aiiyaydy+/ ( . —agy'any | dy = fi + qi(Axy).

where fj; is independent of Az; and |g;;(Az;)| < CAz;. That is, we have
Mij =F+ G(Aa:])

where F' is independent of Az; and is invertible (as it is the mass matrix of a local basis
{ago, a1y, azy?, - - ,apey®} with a; # 0), and ||G(Az;)||l < CA;. My, itself is also

always invertible for any Az, being the mass matrix of a local basis of V},. Now, considering
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(=)

vl
Auyy> We have

again (3.4) and the implied boundedness of (

[1Ph(u = wn)lleeqy < CllRo

= C||Mz Al

< CIMEL Lllhll

< C(A) 2l ey [1(F + G(A2)) |

< CA ] ey [|F o I+ F1G(AZ;) 1o
< CAx) P lullmnaplIF o= ||F—1c1:<mj>>||oo

< OB ul| s ) 1 !

1 —||FY|CAz;
< C(A%’)Hl/ﬂ|U||Hk+1(1j)-

when Auz; is suitably small. We now have

k+1/2

1Pru = wl Loy < |[Pr(u = vn)l[ee(ry) + [lu = vallzee(ryy < C(Ax;)* [ [ul[gre ).
Finally, we obtain
|Pru(ay ) = w(@isage)l < |1Paw = ullpoo(ry) + 1| Pow — ul |z 1)
< C(Az) Pl ey + C(Azi )2 ul| iy

S C(A$)k+1/2||U||Hk+l(]jU]j+1).

This finishes the proof. B
We are now ready to prove the following error estimate.

Proposition 4.3: (Error estimate) Let u be the smooth exact solution of (4.8), and uy, be

the numerical solution (2.4) by the DG method using a local space V}, satisfying the condition

——

(3.4) and an upwind numerical flux f(U),

_ ctlelyr— c—lelyr+ Th
= U, + Uur .. en we have
+ 2 Tjts 2 Tjts

M

lu — un|zz < Clfu|gess (Az)r+1/2, (4.11)
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Proof: Most of the proof of this proposition is the same as that for the standard piecewise
polynomial space [10]. We denote € = P,u — u;, and £ = u — P,u, where P,u is the standard
L? projection of u into the approximation space Vj, and take the test function V = € in
(2.4) to obtain, after straightforward algebraic manipulations similar to the proof of the cell

entropy inequalities [15]:

1d ¢+ ] N + 2
2 dt Z €j-1/2 7 €j- 1/2] = 2 Z(gjfl/Z) + 2 Z(gjfl/Q) '
J

From the result of Lemma 4.2, we have:

1d
2 | O +—Z 7o = Tyl < Cllullipen (M),

This clearly implies

(., T[22 < Olfullgess (Az)*+2,
Combing with (3.6) of Proposition 3.2, we obtain

lu—=unllrz < lellee + [le]]r2

IN

Cllul| grrr (Az)FTE + O | o (Az)F 2

IN

O |u|| s (Az)E+Y/2
This finishes the proof. W

The result of this proposition can be easily generalized to any one dimensional linear
systems.
Finally, we prove that the transfer of information from one approximation space to an-

other does not destroy accuracy.

Proposition 4.4: (Error estimate for the projection) If u is the smooth exact solution of
(4.8), uy, is the the numerical solution (2.4) by the DG method with V}, as in the previous
proposition, and P, is the L?-projection into a new approximation space V}, satisfying the
same condition (3.4), then we have

llu — Prun||r2 < Clul| s (Az)+172, (4.12)
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Proof: First
||U—Phuh||L2 S ||U—Phu||L2—|—||PhU—Ph’LLh||L2

< lu = Pouflee + [lu = unl[z2

where the last inequality is because P, is an L?-projection hence it does not increase the

L?-norm. By Proposition 4.3, we have

[lu = upl|zz < Ollul|grsr (Az) 172,
On the other hand, by (3.6), we have

[l — Pyullz> < Cllul|ess (Az)
Combining the two inequalities finishes the proof. W

4.3 Multidimensional case

The DG method with time-varying approximation spaces can be easily generalized from one
dimensional to multidimensional cases. We will comment on the numerical performance of
the algorithm in Section 5. As to the stability and error estimate, applying the results in
Section 3.2 and using similar proofs as in the one dimensional case, the results in the previous
subsection can be generalized to the multidimensional case. We will state the results for the
two dimensional case and will omit most of the proofs when they are similar to that in the
one dimensional case.

For a general scalar two dimensional conservation law:
w + f(u)y + g(u)y, =0, (4.13)

and its linear case:

U + CpUy + cyuy =0, (4.14)

we have the following stability result.
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Proposition 4.5: (L*-stability) Let u; be the solution of the DG method for the two di-
mensional scalar nonlinear conservation law (4.13) based on a non-polynomial approximation
space Vj. We have

lun(T)|I72 + O (un) < [|uoll7: (4.15)

with ©r(uy) > 0. In particular, if the PDE (4.13) is the linear equation (4.14), then
T
Oru) = [ levnend [lun(r0ar)
0 BE]EAI e

with ¢ = (¢, ¢y), Eay is the collection of all edges, n. i is the outward unit normal along

ext(K) int(K)

the edge e for the element K, and [u] = u —u denotes the jump of u along the

edge.

As in the one dimensional case, we would need the following approximation property of

the finite element space V},.

Lemma 4.6: (Approximation result) Assume V}, is a space satisfying the condition (3.9) in
Proposition 3.3 in each cell K € €. Let P, be the L? projection operator into the space V},.

For any function u(x) € W*t1(Q), there exists a constant C' such that:
[Phu(z) — u(@)||roir) < Clfullwrssoo gy (Az)F

Proof: We choose the same v;, as that in Proposition 3.3 and will use the same notations.
We can decompose u as

u=vp+ (u—uvp).

Since Py (vp) = vp, we have
|Pru— u| < |Py(u—vp)| + |u— vg).

From Proposition 3.3, we know |u — vy < Cf|ul|w+1.00(x) (Az)*H, for all 2 € K. Now

let

Ph(u - Uh) = Z T'mnVUmn-

m,n>0,m+n<k
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From the definition of the L2-projection, we have

// (Pr(u —vp) — (u— vp))vpedady = 0, p>0,g>0,p+q<k.
K

which can be written out as, for all p,q > 0, p+ q < k,

[ 5 ottt - [ [ oo

(Ax)erq xdy
m,n>0,m+n<k

or equivalently, for all p,g > 0, p+q < k,

[[ X tmtaormet i - [ [ U530 gy

A:U p+q
m,n>0,m+n<k

(4.16)

where 7 = £22£ ¢ = &Y D Ax(T,9) + (vk, yk) €

Azr A:v ) Umn(x y) - Umn(x y) and K' = {(jag)
K}. (4.16) can be concisely written as

MAxiR:h

where Ma, = (Mpgmn) With mygmn =

[ [ UX; i qu) Vdidij, R = (rpn(Az)™") and

h = (hpg) with hyy = [ [5) %ﬁiq’y)dxdy By (3.9), which implies the boundedness of
ﬁP‘l(irg)

(Raypra> and (3.10), we easily obtain

|hpg| < Cllullwirioey(Az)* ™, p>0,¢>0,p+q <k (4.17)

We define a norm of the matrix X = (z;;) as

o __
||X[%° = maxt ||
i
and the associated operator norm of fourth order tensors M as

[|M: X[>
||M]|> = sup
xz0 [ X|]%

From (4.17), we have [|h||* < C||u||wr+1.00050)(Az)* . Again from (3.9), we observe

Upg(T, §)
W — apqpqxp g7 < CAZU
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therefore the entries of the tensor Ma, can be written as

Uy (T, §) Opg(Z, 7 o~ o I
Mpgmn = // Crnmn " Y" Apgpe 'Y dxdy+// ( Ag)min Xi)”z —amnmnxmynapqpqxpr> dxdy

Sramn + Gpgmn (AT).
where fpgmn is independent of Az and |gpgmn(Az)| < CAz. That is, we have

where F is independent of Az and its “inverse” F exists, as it is the mass matrix of a
local basis {ago0, @1010Z, @01017 " * * » AkokoT*, * + * , Aokor¥*} With dpmn # 0 (again, see the
Appendix for the discussion of the inverse of such tensors), and ||G(Ax)||>* < CAz. The
“inverse” of Mu, itself always exists for any Az, because Ma, is the mass matrix of a local
basis of Vj,.

We need to define a new operation between two fourth order tensors F' and G:
(FoG): X =F:(G:X), for any matrix X.

Setting I = (ipgmn) = (OpmOqn), we have Fro I = F = [ o F for any fourth order tensor F,
and FoF = FoF = [ if F has an “inverse” F' (see the Appendix). We can also easily verify

from definition that the “inverse” of F oG is G o F, i.e. FoG = G o F. Now, considering

Upq (T,Y)

(Agyprar We have

again (3.9) and the implied boundedness of

1P (u = vn)l|ey < CIR|]™

= C’||MAm : h||*

IN

C|Maal[*|R][*

IN

C(Az) Hul lwesso o) |F + G(Az) ||

IN

C(AZ)* [ ullwrrrooi [[FI|(| + F o G(Az)||*
1
1 —||FoG(Ax))||®
1
1 — [[F[[*CAz

IN

C (A ful lywrroo ) |||

IN

C (A ful lywrroo ) |||

IN

(A ullyessoe )
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when Az is suitably small. We now have

|| Puue = w[1oogre) < [|Pa(u — vn)||poo iy + |[u = val oo ey < Clfu]fwnssoe(ry (D) 1

This finishes the proof. B
With this approximation result we can prove the following error estimate.

Proposition 4.7: (Error estimate) Let u be the smooth exact solution of (4.14), and uy,
be the numerical solution by the DG method using a local space V), satisfying the condition

(3.9) and an upwind numerical flux. Then we have

= up||z2 < Cllul|yisre (Az)FH2, (4.18)

Finally, we have the same error estimate for the transfer of information between different

approximation spaces.

Proposition 4.8: (Error estimate for projection) If w is the smooth exact solution of (4.14),
uy, is the the numerical solution by the DG method with V}, as in the previous proposition,
and P, is the L?-projection into a new approximation space V}, satisfying the same condition
(3.9), then we have

[ — Poun||r2 < C||u|[yrssroe (Az)E+1/2, (4.19)

5 Numerical examples

In this section, we present numerical experimental results to demonstrate the performance of
our DG method based on non-polynomial approximation spaces, including the performance
of the methods to determine the parameters in the local spaces. We concentrate our atten-
tion mostly on the exponential spaces, and use uniform Cartesian meshes to simplify the
implementation, although the method can be easily applied on general triangulations. Time
discretization is via the TVD Runge-Kutta time discretization [23, 12] of order comparable

to the spatial accuracy.
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Table 5.1: Errors of Burgers equation at time 7" = 0.05 with the TVB limiter (M = 40). N
uniform cells.

polynomial space P2 exponential space E?(1)
N | L?-error | order | L®-error | order | L?-error | order | L®-error | order
10 | 1.48E-03 4.82E-03 1.50E-03 5.46E-03

20 | 2.32E-04 | 2.67 | 9.32E-04 | 2.37 | 2.46E-04 | 2.61 | 1.02E-03 | 2.42
40 | 3.45E-05 | 2.75 | 1.49E-04 | 2.65 | 3.95E-05 | 2.64 | 1.61E-04 | 2.66
80 | 5.11E-06 | 2.76 | 2.16E-05 | 2.79 | 5.82E-06 | 2.76 | 2.58E-05 | 2.64
160 | 7.05E-07 | 2.86 | 3.02E-06 | 2.84 | 8.18E-07 | 2.83 | 3.93E-06 | 2.71
320 | 9.21E-08 | 2.94 | 4.02E-07 | 2.91 | 1.08E-07 | 2.92 | 5.28E-07 | 2.90

5.1 Shock capturing

We compute the one dimensional Burgers equation to demonstrate the accuracy and shock
capturing capability of the DG method based on non-polynomial approximation spaces for

nonlinear conservation laws.

Example 5.1. One dimensional Burgers equation:

Uy + (%)x =0 (5.1)

with the initial condition

1
u(z,0) = 5t sin 27z (5.2)

and a periodic boundary condition.

The exact solution is smooth at 7" = 0.05 and has a well developed shock at T = 0.5.
In Table 5.1, we can see, whereas when the TVB generalized slope limiter is used with a
properly chosen constant M = 40 (see [7] for the definition of this limiter), the DG method
is uniformly high order using both P? and F?(1) spaces. The solution at T = 0.5 is plotted
in Figure 5.1 and it can be seen that the numerical solutions under the two approximation
spaces are almost the same, i.e. the DG method based on the exponential space is able to

capture the shock well.
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Figure 5.1: Solutions of Burgers equation at time 7" = 0.5. Uniform mesh with 80 cells. Top:
no limiters; Bottom: with the TVB limiter, M = 40. Left: P? approximation space; Right:
E?(1) approximation space. Solid line: the exact solution; Symbols: numerical solutions
(one point per cell).
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5.2 One dimensional problems: fit the solution in a single cell

Example 5.2. We solve the PDE
wp + uy = 2u, 0<z<nm (5.3)

with a constant initial condition:

u(z,0) =1 (5.4)

and the boundary condition: u(0,¢) = 1. The exact steady state solution is
u(z) = e*. (5.5)

This example has the steady state solution in the approximation space E*(«), if the method
to determine the local parameter «; is able to catch the correct o value. Notice that the
constant initial condition is far from the final steady state, so the correct identification of «
is possible only at a later stage of time evolution.

The numerical solution and parameter adjustment results are shown in Tables 5.2 and
5.3. From Table 5.2, we can see that by using the exponential space E*(«), we obtain
basically the exact solution modulo round off errors, which are far better than the solutions
obtained by using the standard P* space. From Table 5.3, we find the parameters are
adjusted gradually as time grows and eventually reach the values fitting the steady state

solution almost exactly.
Example 5.3. We solve the PDE
Uy + Uy = 22U, 0<z<1 (5.6)
with a constant initial condition:
u(z,0) =1 (5.7)
and the boundary condition: u(0,¢) = 1. The exact steady state solution is

x

(5.8)

u(z) =e
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Table 5.2: L? and L*®-errors at steady state under two different approximation spaces. N

uniform cells.

polynomial space P! exponential space E*(a)
N | L?-error | order | L®-error | order | L?-error L>®-error
10 | 9.40E-00 3.20E4+01 4.41E-11 1.56E-10
20 | 1.83E-00 | 2.36 | 8.09E-00 | 1.98 | 3.61E-12 7.09E-12
40 | 4.21E-01 | 2.12 1.99E-00 | 2.02 | 1.30E-11 4.57E-11
80 | 1.02E-01 | 2.05 | 4.88E-01 2.03 | 1.19E-10 4.50E-10
160 | 2.53E-02 | 2.01 1.21E-01 2.01 | 8.90E-10 4.97E-09

polynomial space P2 exponential space E*(a)
N | L?-error | order | L®-error | order | L?-error L>®-error
10 | 3.38E-01 1.30E-00 3.33E-11 6.91E-11
20 | 4.16E-02 | 3.02 1.79E-01 2.86 | 8.17E-11 1.75E-10
40 | 5.14E-03 | 3.02 | 2.35E-02 | 2.93 | 6.23E-11 3.53E-10
80 | 6.38E-04 | 3.01 3.01E-03 | 2.96 | 1.26E-11 4.12E-11
160 | 7.94E-05 | 3.01 3.82E-04 | 2.98 | 5.29E-11 4.71E-10

Table 5.3: The parameters a; for each cell at time 7". N = 10 uniform cells.

parameters found at time 7" for each cell I;
time7|[ 1 | 2 [ 3 | 4| 5 |6 | 7] 8 ] 9]10
exponential space E'(a)
0.0 | 0.00|0.00|0.00|0.00| 0.00 | 0.00]0.00| 0.00 | 0.00 | 0.00
1.0 |1.34|6.08|6.37 | 4.18 | 2.31 [ 1.28 | 0.90 | 0.71 | 0.58 | 0.49
2.0 2011202128210 6.61 | 556|394 | 2.48 | 1.46 | 0.95
3.0 ]2.00]200|201]2.09]| 1.81 |0.57 ]399 | 6.28 | 519 | 3.84
4.0 2.00 | 2.00 | 2.00 | 2.00 | 1.99 | 2.06 | 2.13 | 1.47 | 0.30 | 4.87
5.0 2.00 | 2.00 | 2.00 | 2.00 | 2.00 | 2.00 | 1.99 | 2.00 | 2.14 | 2.09
6.0 |2.00|2.00|2.00]2.00] 200 |2.00|2.00/| 2.00 |2.00]1.97
7.0 200 |2.00]2.00]2.00| 2.00 | 2.00|2.00| 2.00 2.00]2.00
exponential space E*(a)
0.0 | 0.00|0.00|0.00|0.00| 0.00 | 0.00]0.00 | 0.00 | 0.00|0.00
1.0 |2.07|0.11|11.0 | 794 | 2.42 | 1.39 | 0.95| 0.73 | 0.60 | 0.50
2.0 2.00 1 2.00 | 1.94 | 2.27 | -0.57 | 10.3 | 8.39 | 3.12 | 1.44 | 1.01
3.0 2.00 | 2.00 | 2.00 | 2.00 | 2.02 | 1.90 | 2.46 | -1.22 | 9.70 | 8.82
4.0 2.00 | 2.00 | 2.00 | 2.00 | 2.00 | 2.00 | 2.00 | 2.03 | 1.85 | 2.56
5.0 | 2.00 |2.00]2.00]2.00| 2.00 | 2.00 |2.00| 2.00 |2.00]|2.00
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Table 5.4: L? and L*®-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P! exponential space E'(a)
N | L?-error | order | L®-error | order | L?-error | order | L™-error | order
10 | 4.16E-03 2.09E-02 1.92E-03 7.67E-03

20 | 1.03E-03 | 2.01 | 5.55E-03 | 1.91 | 4.74E-04 | 2.02 | 1.95E-03 | 1.98
40 | 2.55E-04 | 2.01 | 1.43E-03 | 1.96 | 1.18E-04 | 2.01 | 4.90E-04 | 1.99
80 | 6.34E-05 | 2.01 | 3.63E-04 | 1.98 | 2.93E-05 | 2.01 | 1.23E-04 | 1.99
160 | 1.58E-05 | 2.00 | 9.15E-05 | 1.99 | 7.32E-06 | 2.00 | 3.07E-05 | 2.00

polynomial space P2 exponential space E?(«)
N | L?-error | order | L®-error | order | L?-error | order | L™-error | order
10 | 9.93E-05 5.55E-04 2.45E-06 1.02E-05

20 | 1.23E-05 | 3.01 | 7.50E-05 | 2.89 | 2.60E-07 | 3.23 | 1.19E-06 | 3.10
40 | 1.53E-06 | 3.01 | 9.75E-06 | 2.94 | 1.84E-08 | 3.82 | 1.43E-07 | 3.05
80 | 1.91E-07 | 3.00 | 1.24E-06 | 2.98 | 2.04E-09 | 3.17 | 1.73E-08 | 3.04
160 | 2.39E-08 | 3.00 | 1.57E-07 | 2.98 | 2.41E-10 | 3.08 | 2.14E-09 | 3.02

This example has the steady state solution which is not in the approximation space E*()
for any a, but may be approximated better locally by E*(«) with a suitably chosen «; than
by the standard polynomial space P*. Notice that the constant initial condition is again far
from the final steady state, so as before the correct identification of « is possible only at a
later stage of time evolution.

The numerical solution and parameter adjustment results are shown in Tables 5.4 and 5.5.
From Table 5.4, we can see that the exponential space E¥(a) and the standard polynomial
space P¥ both have the same convergence rate in L? and L> norms. However the errors of
exponential space are much smaller than those of the polynomial space, indicating that we
have obtained good parameters in the exponential space so that better approximations are
obtained to the exact solution. Table 5.5 shows that the parameters are adjusted gradually
as time grows and eventually reach values fitting the steady state solution best (since et =
eI?eQmJ(I*“"f)e(“"*IJ)Z, where ¢% is a constant and e(@%)" ~ 1, the best fitting parameter is

2IL'j in cell I])
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Table 5.5: The parameters a; for each cell at time 7". N = 10 uniform cells.

parameters found at time 7" for each cell I;
time7|[ 1 | 2 [ 3 | 4|5 |6 | 7] 8] 9110
exponential space E'(a)

0.0 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
0.1 0.65]1.63| 153|134 |1.23|1.13|1.05|0.98]0.92| 0.87
1.0 0.13 1033 053]0.73]094|1.14]1.32|1.49|1.86| 2.58
2.0 0131033 [053(0.73]094|1.14| 133|154 |1.74|194
3.0 0131033 [053(0.73]094|1.14| 134|154 |1.74|194
4.0 0.13]10331053]0.73(094|1.14|1.34|1.54|1.74]1.94
exponential space FE?(a)
0.0 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
0.1 6.62 | 3.06 | 1.90 | 1.38 | 1.24 | 1.15 | 1.07 | 1.00 | 0.95 | 0.90
1.0 0.10 | 0.30 { 0.50 | 0.70 | 0.90 | 1.10 | 1.32 | 1.49 | 0.93 | 8.81
2.0 0.10 | 0.30 | 0.50 | 0.70 | 0.90 | 1.10 | 1.30 | 1.50 | 1.70 | 1.90
3.0 0.10 | 0.30 | 0.50 | 0.70 | 0.90 | 1.10 | 1.30 | 1.50 | 1.70 | 1.90

Example 5.4. We solve the boundary layer problem:
Up + Uy = EUgg, 0<x2<05 (5.9)
where ¢ = 0.01, with a linear initial condition:
u(x,0) = 2 (5.10)

and the boundary conditions u(0,t) = 0 and u(0.5,¢) = 1. The exact steady state solution
is
et/e —1

el/2e _1°

u(z) = (5.11)

This example has the steady state solution which has a sharp boundary layer at the right
boundary, which can be approximated by the space E*(«) with suitably chosen o much
better than by the standard polynomial space P*. Again, the initial condition is far from
the final steady state, hence the correct identification of « is possible only at a later stage
of time evolution.

The numerical solution and parameter adjustment results are given in Tables 5.6 and 5.7.

In Table 5.6, we can see that by using the exponential space E*(«), we obtain basically the
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Table 5.6: L? and L>®-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P! exponential space E*(a)
N | L?-error | order | L®-error | order | L?-error L>®-error
10 | 3.14E-02 3.55E-01 2.35E-14 1.68E-13

20 | 1.45E-02 | 1.11 | 2.12E-01 | 0.74 | 6.82E-14 5.22E-13
40 | 5.14E-03 | 1.50 | 1.03E-01 | 1.04 | 1.51E-13 1.45E-12
80 | 1.52E-03 | 1.76 | 3.73E-02 | 1.47 | 3.78E-13 2.92E-12

polynomial space P2 exponential space E*(«)
N | L?-error | order | L®-error | order | L?-error L>®-error
10 | 1.20E-02 1.24E-01 5.97E-14 4.51E-13

20 | 3.13E-03 | 2.27 | 4.56E-02 | 1.70 | 1.09E-14 7.61E-14
40 | 5.51E-04 | 2.71 | 1.10E-02 | 2.17 | 2.76E-14 2.15E-13
80 | 7.87E-05 | 2.91 | 1.98E-03 | 2.53 | 2.80E-15 3.73E-14

exact solution modulo round off errors, which are far better than the solutions obtained by
using the standard P* space. From Table 5.7, we find the parameters are adjusted gradually
as time grows and eventually reach the value 1/¢ = 100 fitting the steady state solution

almost exactly.

Example 5.5. We solve the PDE
ur = (p(x)u)s + q(z)u. (5.12)

1. p(z) = 22, q(z) = —2*¢” — 2z + 1 and 1 < z < 2 with the constant initial condition:
u(z,0) = 2 and the boundary condition: u(2,t) = 2. The exact steady state solution

is u(z) = 2e¢"+1/2=¢*=1/2_ Table 5.8 gives the results.

2. p(x) = —z, q(zr) = vcosz +x*+ 1 and 1 < x < 2 with the constant initial condition:
u(z,0) = 2 and the boundary condition: u(1,¢) = 2. The exact steady state solution

is u(x) = 2¢8n@+#*/2-sin1-1/2 The results are given in Table 5.9.

From Tables 5.8 and 5.9, we can clearly observe that the exponential space E*(a) and

the standard polynomial space P*¥ both have the same convergence rate in L? and L™ norms.
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Table 5.7: The parameters a; for each cell at time 7". N = 10 uniform cells.

parameters found at time 7" for each cell I;

time7|[ 1 | 2 | 3 | 4 | 5 [ 6 | 7 ] 8 ] 9 | 10
exponential space E'(a)

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
1.0 62.7 | 51.8 | 474 | 42,9 | 43.1 | 30.3 | 74.5 | 99.9 | 100.0 | 100.0
1.5 64.6 | 43.6 | 94.0 | 99.9 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0
2.0 100.2 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0
3.0 100.2 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0
exponential space FE?(a)
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
1.0 789 | 58.2 | 51.4 | 47.1 | 44.0 | 43.5 | 57.5 | 97.7 | 100.0 | 100.0
1.5 81.3 | 69.1 | 89.4 | 99.3 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0
2.0 102.6 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0
3.0 102.6 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0 | 100.0

However the errors of exponential space are much smaller than those of the polynomial space,
indicating that we have obtained good parameters in the exponential space so that better

approximations are obtained to the exact solution.

Example 5.6. We consider the following singular perturbation problem [21, 13, 20]:
Up = EUgy + aty + bu + h(x) (5.13)

with ¢ = 0.01, a = =1, b =1 and h(z) = 2? for 0 < x < 0.5. The initial condition is taken
as the linear function

u(z,0) =2z +1 (5.14)
and the boundary conditions are given by u(0,¢) = 1 and u(0.5,¢) = 2. The exact steady

state solution is
u(z) = M + ce™® — 22 /b + 2ax /0> — 2a°/b® + 2 /1

where the parameters ¢, ¢, Ay and Ay can be calculated by solving the following system of

equations:
6()\172)2 + Cl)\172 +b= 0;
c1+c= U(O, t); (515)
c1eM/? 4 cye?2/? = 4 (0.5,1).

38



Table 5.8: L? and L®-errors at steady state under two different approximation spaces. N

uniform cells.

polynomial space P! exponential space F'(a)
N | L*-error | order | L®-error | order | L?-error | order | L>®-error | order
5 | 4.64E-02 2.32E-01 7.00E-03 2.73E-02
10 | 1.43E-02 | 1.70 | 9.45E-02 | 1.30 | 2.07E-03 | 1.76 | 1.20E-02 | 1.19
20 | 3.94E-03 | 1.86 | 3.12E-02 | 1.60 | 5.58E-04 | 1.89 | 4.05E-03 | 1.57
40 | 1.03E-03 | 1.94 | 9.06E-03 | 1.78 | 1.45E-04 | 1.94 | 1.18E-03 | 1.78
80 | 2.62E-04 | 1.98 | 2.45E-03 | 1.89 | 3.68E-05 | 1.98 | 3.19E-04 | 1.89
polynomial space P2 exponential space F*(a)
N | L*-error | order | L®-error | order | L?-error | order | L>®-error | order
5 | 6.57E-03 3.29E-02 1.09E-04 4.59E-04
10 | 1.03E-03 | 2.68 | 7.00E-03 | 2.23 | 1.48E-05 | 2.88 | 9.18E-05 | 2.32
20 | 1.40E-04 | 2.87 | 1.17E-03 | 2.58 | 1.98E-06 | 2.90 | 1.52E-05 | 2.59
40 | 1.81E-05 | 2.95 | 1.70E-04 | 2.78 | 2.58E-07 | 2.94 | 2.22E-06 | 2.78
80 | 2.30E-06 | 2.98 | 2.30E-05 | 2.89 | 3.29E-08 | 2.97 | 3.01E-07 | 2.88

Table 5.9: L? and L*-errors at steady
uniform cells.

state under two different approximation spaces. N

polynomial space P! exponential space E*(a)
N | L*-error | order | L®-error | order | L?-error | order | L>®-error | order
5 | 3.509E-02 1.45E-01 7.94E-04 3.50E-03
10 | 8.47E-03 | 2.08 | 3.63E-02 | 2.00 | 1.75E-04 | 2.18 | 1.06E-03 | 1.72
20 | 2.07E-03 | 2.03 | 9.06E-03 | 2.00 | 4.16E-05 | 2.07 | 2.89E-04 | 1.87
40 | 5.11E-04 | 2.02 | 2.26E-03 | 2.00 | 1.02E-05 | 2.03 | 7.55E-05 | 1.94
80 | 1.27E-04 | 2.01 | 5.65E-04 | 2.00 | 2.52E-06 | 2.02 | 1.93E-05 | 1.97
polynomial space P2 exponential space E*(a)
N | L?-error | order | L®-error | order | L?-error | order | L>®-error | order
5 | 9.18E-04 3.88E-03 5.83E-05 2.88E-04
10 | 1.12E-04 | 3.03 | 5.15E-04 | 2.91 | 7.25E-06 | 3.01 | 4.18E-05 | 2.78
20 | 1.39E-05 | 3.02 | 6.66E-05 | 2.95 | 8.98E-07 | 3.01 | 5.59E-06 | 2.90
40 | 1.72E-06 | 3.01 | 8.47E-06 | 2.98 | 1.11E-07 | 3.01 | 7.21E-07 | 2.95
80 | 2.15E-07 | 3.00 | 1.07E-06 | 2.98 | 1.65E-08 | 2.75 | 1.05E-07 | 2.78
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Table 5.10: L? and L*-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P! exponential space E'(a)
N | L?-error | order | L®-error | order | L?-error | order | L™-error | order
5 1.43E-02 1.18E-01 1.37E-02 1.11E-01

10 | 9.07E-03 | 0.66 | 1.02E-01 | 0.21 | 8.56E-03 | 0.68 | 9.34E-02 | 0.25
20 | 4.15E-03 | 1.13 | 6.36E-02 | 0.68 | 3.71E-03 | 1.21 | 5.55E-02 | 0.75
40 | 1.47E-03 | 1.50 | 2.94E-02 | 1.11 | 1.23E-03 | 1.59 | 2.40E-02 | 1.21
80 | 4.35E-04 | 1.76 | 1.06E-02 | 1.47 | 3.86E-04 | 1.78 | 9.14E-03 | 1.56
160 | 1.16E-04 | 1.91 | 3.23E-03 | 1.71 | 9.70E-05 | 1.89 | 2.39E-03 | 1.77

polynomial space P2 exponential space E?(«)
N | L?-error | order | L*®-error | order | L?-error | order | L*®-error | order
5 | 816E-03 5.83E-02 7.65E-03 5.31E-02

10 | 3.44E-03 | 1.25 | 3.52E-02 | 0.73 | 3.07E-03 | 1.32 | 3.06E-02 | 0.80
20 | 8.88E-04 | 1.95 | 1.29E-02 | 1.45 | 7.25E-04 | 2.08 | 1.03E-02 | 1.57
40 | 1.56E-04 | 2.51 | 3.09E-03 | 2.06 | 1.17E-04 | 2.63 | 2.24E-03 | 2.20
80 | 2.22E-05 | 2.81 | 5.55E-04 | 2.48 | 1.61E-05 | 2.86 | 3.72E-04 | 2.59
160 | 2.91E-06 | 2.93 | 8.38E-05 | 2.73 | 2.08E-06 | 2.95 | 5.35E-05 | 2.80

The numerical results are presented in Table 5.10. We can observe (k + 1)-th order ac-
curacy for both the exponential space E¥(a) and the standard polynomial space P*. The
numerical results obtained by using the exponential spaces are better, though not signifi-

cantly, than that by using the polynomial space.

5.3 One dimensional problems: fit the solution in multiple cells

For some of the singular perturbation problems (5.13), the method of determining the param-
eter o; by fitting the solution in a single cell does not produce good parameter estimates. We
therefore test the second method of parameter determination, namely by fitting the solution

in multiple cells described in Section 4.1.2.

Example 5.7. We continue to study the singular perturbation problem (5.13) with different

choice of parameters.

l.a=-1,b=1,e=0.01 and h(z) = 2% for 0 < x < 0.5, with a linear initial condition
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u(x,0) = 2z + 1 and the boundary conditions u(0,¢) = 1 and «(0.5,¢) = 2. This is the

same case as that studied in Example 5.6.

2. a=-1,b=3,2=0.01 and h(x) = —2?% for 0 < z < 0.5, with a linear initial condition
u(z,0) = Bz + T and the boundary conditions u(0,t) = 12 and u(0.5,¢) = 32T,
The exact steady state solution is u(z) = ¢;eM%+cpe?2*+132 /b—2ax /b? +2a” /b° — 22 /b?,

with the parameters ¢, ¢o, Ay and Ay determined by (5.15).

3.a=—1,b=3 ¢ =001 and h(z) = —e” for 0 < z < 0.5, with a linear initial
condition u(x,0) = (10 + W)x + 351 and the boundary condition u(0,t) = 35
and u(0.5,t) = 5 + % The exact steady state solution is u(x) = c;eM® + cpe??® +

e”/(a + b+ €) with the parameters ¢, ¢z, A\; and Ay determined by (5.15).

The numerical results are given respectively in Tables 5.11, 5.12 and 5.13. We again
observe (k 4 1)-th order accuracy for both the exponential space E*(«) and the standard
polynomial space P¥. The numerical results obtained by using the exponential spaces are
better, though not significantly, than that by using the polynomial space. In particular, the
result in Table 5.11 should be compared with that in Table 5.10, as these are results obtained
for the same problem with the same type of the exponential spaces E*(a) but with different
methods to determine the parameters ;. We can see that the errors are comparable for these
two different methods of parameter determination. For the other two cases in Tables 5.12
and 5.13, the first method in determining the parameter via fitting in a single cell does not
perform well (the errors are actually larger than those obtained by the standard polynomial
space), perhaps because the solutions contain two exponential components ¢;e*® and c,e*??

of similar magnitudes.
5.4 Helmholtz equation

Example 5.8. We consider the one-dimensional Helmholtz equation:

Up = Ugy + AU (5.16)
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Table 5.11: L? and L*®-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P! exponential space E'(a)
N | L?-error | order | L®-error | order | L?-error | order | L®-error | order
5 | 1.43E-02 1.18E-01 1.38E-02 1.14E-01

10 | 9.07E-03 | 0.66 | 1.02E-01 | 0.21 | 8.77E-03 | 0.65 | 9.77E-02 | 0.22
20 | 4.15E-03 | 1.13 | 6.36E-02 | 0.68 | 3.93E-03 | 1.16 | 5.98E-02 | 0.71
40 | 1.47E-03 | 1.50 | 2.94E-02 | 1.11 | 1.31E-03 | 1.59 | 2.58E-02 | 1.21
80 | 4.35E-04 | 1.76 | 1.06E-02 | 1.47 | 3.76E-04 | 1.80 | 8.82E-03 | 1.55
160 | 1.16E-04 | 1.91 | 3.23E-03 | 1.71 | 9.81E-05 | 1.94 | 2.44E-03 | 1.85

polynomial space P2 exponential space F?(a)
N | L?-error | order | L®-error | order | L?-error | order | L>®-error | order
5 | 8&16E-03 5.83E-02 6.47E-03 4.31E-02

10 | 3.44E-03 | 1.25 | 3.52E-02 | 0.73 | 2.32E-03 | 1.50 | 2.26E-02 | 0.93
20 | 8.88E-04 | 1.95 | 1.29E-02 | 1.45 | 4.79E-04 | 2.28 | 6.68E-03 | 1.76
40 | 1.56E-04 | 2.51 | 3.09E-03 | 2.06 | 1.06E-04 | 2.18 | 2.09E-03 | 1.68
80 | 2.22E-05 | 2.81 | 5.55E-04 | 2.48 | 1.60E-05 | 2.73 | 4.00E-04 | 2.39
160 | 2.91E-06 | 2.93 | 8.38E-05 | 2.73 | 2.05E-06 | 2.96 | 5.26E-05 | 2.93

Table 5.12: L? and L*™-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P! exponential space E'(a)
N | L?-error | order | L®-error | order | L?-error | order | L>™-error | order
5 1.98E-02 1.14E-01 1.35E-02 1.06E-01

10 | 9.71E-03 | 1.03 | 9.91E-02 | 0.20 | 8.47E-03 | 0.67 | 9.20E-02 | 0.20
20 | 4.19E-03 | 1.21 | 6.20E-02 | 0.68 | 3.79E-03 | 1.16 | 5.72E-02 | 0.69
40 | 1.46E-03 | 1.52 | 2.85E-02 | 1.12 | 1.32E-03 | 1.52 | 2.60E-02 | 1.14
80 | 4.35E-04 | 1.75 | 1.02E-02 | 1.48 | 3.81E-04 | 1.79 | 9.04E-03 | 1.52
160 | 1.17E-04 | 1.89 | 3.11E-03 | 1.71 | 9.87E-05 | 1.95 | 2.58E-03 | 1.81

polynomial space P2 exponential space E?(«)
N | L?-error | order | L®-error | order | L?-error | order | L™-error | order
5 8.29E-03 5.69E-02 6.24E-03 4.02E-02

10 | 3.39E-03 | 1.29 | 3.41E-02 | 0.74 | 2.38E-03 | 1.39 | 2.30E-02 | 0.81
20 | 8.58E-04 | 1.98 | 1.24E-02 | 1.46 | 6.14E-04 | 1.95 | 8.64E-03 | 1.41
40 | 1.49E-04 | 2.53 | 2.94E-03 | 2.08 | 1.13E-04 | 2.44 | 2.22E-03 | 1.96
80 | 2.13E-05 | 2.81 | 5.23E-04 | 2.49 | 1.52E-05 | 2.89 | 3.75E-04 | 2.57
160 | 2.80E-06 | 2.93 | 7.88E-05 | 2.73 | 2.08E-06 | 2.93 | 5.47E-05 | 2.78
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Table 5.13: L? and L*-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P! exponential space E'(a)
N | L?-error | order | L®-error | order | L?-error | order | L™-error | order
5 1.98E-02 1.14E-01 1.38E-02 1.07E-01

10 | 9.72E-03 | 1.03 | 9.91E-02 | 0.20 | 8.56E-03 | 0.69 | 9.29E-02 | 0.20
20 | 4.20E-03 | 1.21 | 6.20E-02 | 0.68 | 3.82E-03 | 1.16 | 5.76E-02 | 0.69
40 | 1.46E-03 | 1.52 | 2.85E-02 | 1.12 | 1.33E-03 | 1.52 | 2.63E-02 | 1.13
80 | 4.35E-04 | 1.75 | 1.06E-02 | 1.43 | 3.59E-04 | 1.89 | 8.14E-03 | 1.69
160 | 1.17E-04 | 1.89 | 3.11E-03 | 1.77 | 9.63E-05 | 1.90 | 2.34E-03 | 1.80

polynomial space P2 exponential space E?(«)
N | L?-error | order | L*®-error | order | L?-error | order | L*®-error | order
5 | 829E-03 5.69E-02 6.41E-03 4.18E-02

10 | 3.39E-03 | 1.29 | 3.41E-02 | 0.74 | 2.37E-03 | 1.44 | 2.31E-02 | 0.86
20 | 8.58E-04 | 1.98 | 1.24E-02 | 1.46 | 5.14E-04 | 2.21 | 7.24E-03 | 1.67
40 | 1.49E-04 | 2.53 | 2.94E-03 | 2.08 | 7.58E-05 | 2.76 | 1.48E-03 | 2.29
80 | 2.13E-05 | 2.81 | 5.23E-04 | 2.49 | 9.52E-06 | 3.00 | 2.65E-04 | 2.48
160 | 2.80E-06 | 2.93 | 7.88E-05 | 2.73 | 1.25E-06 | 2.93 | 3.85E-05 | 2.78

When A > 0, the exact solution can be written in the form of ¢; sin VA + ¢y cos vV z. The
trigonometric space T%(v/)) given by (3.3) can be used in the LDG method to obtain almost
exact numerical solution. When A < 0, the exact solution can be written as ¢je¥ > +

Az

026*‘/*_)‘“". Usually, the exact solution is dominated by one term, either cleﬂf or cze**/*_ )

The time-varying exponential space T*(a) can be applied in this case.
1. A =4 with a linear initial condition:
4
u(z,0) = -z +1, 0<z<n/4 (5.17)
T

and the boundary conditions u(0,¢) = 1 and u(n/4,t) = 2. The exact steady state
solution is

u(z) = 2sin 2z + cos 2z. (5.18)

The numerical results are shown in Table 5.14. We can see that the exact solution
(modulo round off errors) is obtained by the LDG method using the approximation

space T?%(2).
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Table 5.14: L? and L*-errors at steady state under two different approximation spaces. N
uniform cells.

polynomial space P2

trigonometric space T2(2)

N | L?-error | order | L®-error | order | L?-error L*>®-error
5 | 2.50E-04 1.44E-03 1.66E-15 4.88E-15
10 | 2.51E-05 | 3.30 | 1.28E-04 | 3.02 | 1.38E-15 5.33E-15
20 | 2.72E-06 | 3.19 | 1.57E-05 | 3.03 | 4.14E-15 2.09E-14
40 | 3.15E-07 | 3.11 | 1.95E-06 | 3.01 | 1.66E-14 9.06E-14
80 | 3.78E-08 | 3.06 | 2.43E-07 | 3.00 | 2.94E-15 1.55E-14

Table 5.15: L? and L*®-errors under two different approximation spaces. N uniform cells.

polynomial space P2 exponential space E*(a)
N | L?-error | order | L®-error | order | L%-error | order | L®-error | order
5 | 2.98E-02 1.43E-01 1.98E-03 7.16E-03
10 | 3.51E-03 | 3.09 | 2.21E-02 | 2.69 | 2.44E-04 | 3.02 | 9.31E-04 | 2.94
20 | 3.87E-04 | 3.18 | 3.07E-03 | 2.85 | 3.04E-05 | 3.00 | 1.16E-04 | 3.00
40 | 4.26E-05 | 3.18 | 4.06E-04 | 2.92 | 3.80E-06 | 3.00 | 1.44E-05 | 3.00
80 | 4.83E-06 | 3.14 | 5.22E-05 | 2.96 | 4.75E-07 | 3.00 | 1.79E-06 | 3.00
2. X = —9 with a linear initial condition:
u(z,0) = (72 + 2¢* — 3)x + 3, 0<z<1

(5.19)

and the boundary conditions u(0,¢) = 3 and u(1,t) = e + 2¢>. The exact steady

state solution is

u(z) = e 4 23,

(5.20)

The numerical results are given in Table 5.15. We can see that the exponential space

E¥(a) and the standard polynomial space P* both have the same convergence rate

in L? and L*® norms. However the errors of exponential space are much smaller than

those of the polynomial space, indicating that we have obtained good parameters in

the exponential space so that better approximations are obtained to the exact solution.
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5.5 Two dimensional problems

When using E*(a, 3) space to solve two dimensional problems, we first solve the problems
using DG method with polynomial P* space to reach steady state, then apply the parameter
adjustment method (method to fit the parameters in a single cell, described in Section 4.1.1
for the one dimensional case, with apparent modification for the two dimensional case and
without using the logarithm in the least square procedure) to evolve in the E*(c, ) space

with adjusted « and 8 towards steady states.
Example 5.9. We consider the following two dimensional boundary layer problem:
Up + Uy + Uy = Egllgy + Eyllyy, 0<z,y<l1 (5.21)
1. g, = g, = 0.05 with an initial condition
u(z,y,0) =1 (5.22)

and the boundary conditions u(x,0,t) = €291 y(z,1,¢) = 202720 4(0,y,t) = 210

20y—20

and u(l,y,t) = e . The exact steady state solution is u(z,y) = e?*@+T¥=2) The

numerical results are given in Table 5.16.
2. g, = 0.05, g, = 0.5 with an initial condition
u(z,y,0) =1 (5.23)

and the boundary conditions u(z,0,t) = €720 y(z,1,t) = 202718 4 (0,y,t) = =2
and u(1,y,t) = e?*. The exact steady state solution is u(x,y) = €**t2¥=20 The

numerical results are given in Table 5.17.

We can see clearly that, as in the one dimensional case, by using the exponential space
E*(a, 8), our method can identify automatically the correct values of oo and 3 based on
the numerical solution, which leads to basically the exact solution modulo round off errors,

which are far better than the solutions obtained by using the standard P* space.
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Table 5.16: L? and L*-errors at steady state under two different approximation spaces.

N, x Ny uniform cells.

polynomial space P! exponential space E'(«, 3)
N, X N, | L*-error | order | L*-error | order | L*-error L>®-error
10 x 10 | 7.02E-03 3.60E-01 9.23E-11 4.42E-10
20 x 20 | 2.24E-03 | 1.65 | 1.69E-01 | 1.09 | 1.11E-11 7.39E-10
40 x 40 | 6.01E-04 | 1.90 | 6.00E-02 | 1.65 | 1.15E-12 9.38E-11
80 x 80 | 1.53E-04 | 2.97 | 1.81E-02 | 1.73 | 8.66E-12 3.10E-10
polynomial space P? exponential space E?(«, 3)
N, X N, | L*-error | order | L*-error | order | L*-error L>®-error
10 x 10 | 2.13E-03 1.25E-01 8.81E-13 4.42E-11
20 x 20 | 3.54E-04 | 2.59 | 3.22E-02 | 1.96 | 5.28E-13 3.41E-11
40 x 40 | 4.81E-05| 2.90 | 5.99E-03 | 2.43 | 2.89E-13 2.40E-11
80 x 80 | 6.15E-06 | 2.97 | 9.21E-04 | 2.70 | 8.66E-12 3.10E-10

Table 5.17: L? and L*-errors at steady state under two different approximation spaces.

N, x N, uniform cells.

polynomial space P! exponential space E'(«, 3)
N, x N, L?-error | order | L®-error | order | L?-error L*°-error
10 x 10 | 7.15E-02 1.16E-00 1.44E-12 1.74E-10
20 x 20 | 2.08E-02 | 1.78 | 4.29E-01 | 1.44 | 8.63E-12 1.30E-10
40 x 40 | 5.44E-03 | 1.93 | 1.32E-01 | 1.70 | 3.07E-12 7.03E-10
80 x 80 | 1.38E-03 | 1.98 | 3.70E-02 | 1.83 | 8.87E-12 1.80E-10
polynomial space P? exponential space E?(«, 3)
N, X N, | L*-error | order | L*-error | order | L*-error L>®-error
10 x 10 | 1.22E-02 2.06E-01 1.51E-11 1.74E-10
20 x 20 | 1.81E-03 | 2.75 | 4.00E-02 | 2.34 | 1.82E-11 2.82E-10
40 x 40 | 2.37E-04 | 2.93 | 6.31E-03 | 2.66 | 2.87E-12 6.71E-11
80 x 80 | 3.00E-05 | 2.98 | 8.88E-04 | 2.83 | 1.65E-11 3.73E-10
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6 Concluding remarks

We have designed and tested different approximation spaces for the discontinuous Galerkin
(DG) and the local discontinuous Galerkin (LDG) methods. Our work demonstrates the
flexibility of the DG and LDG methods with finite element spaces. We have formulated
conditions under which the approximation results similar to those of polynomial spaces can
be proven, and verified that several approximation spaces including the exponential spaces
and trigonometric spaces satisfy these conditions. Stability and error estimates for the DG
methods based on non-polynomial spaces, similar to those for the DG methods based on
standard polynomial spaces, have been proven under the these conditions. We have also
investigated two different methods to determine the parameters in the local approximation
spaces dynamically, and have demonstrated through numerical examples the effectiveness of
these methods to identify parameters suitable for the approximated solutions. Numerical
examples indicate that, when the local approximation spaces are well chosen, the DG ap-
proximation can be much more accurate than that using the standard polynomial spaces. In
the future we plan to study more systematically the issue of identifying optimal parameters
in the local spaces dynamically, especially for multi-dimensional problems. We also plan
to study other local approximation spaces, including those with multi-scale basis functions

[1, 14], in order to solve other PDEs including those in the multi-scale context.
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7 Appendix

In this appendix, we verify that the approximation spaces E*(«) given by (3.1), the trigono-
metric spaces T%(a) given by (3.3), and their two dimensional versions (3.7) and (3.8), do
satisfy the conditions (3.4) in one dimension or (3.9) in multi-dimensions. We also establish

4

the existence of the “inverse” tensor A of a fourth order tensor A.

7.1 The E*(a) space

We choose a local basis v; = ¢%(*~%i)(z — ;)" in this case. We then have

ok
eaj(x_xj) 1 Q; ... E—il 1
G I B R e | Ll
itz — )t AN &
okt
(417
+w | (@ 2) + O((Axy)**?)
QO
Therefore, we have
k
. o logj [F11
1 aj .. a}écil (‘k-l-'lk)'
A — O 1 (k}]—l)’ , b et 2 ]Z;l
0 0 1 ||
It is easy to obtain
—a)k
L —ay ( k?)
(—ag)F !
A—l — 0 1 k-1
0 0 1



and we can observe that both A~! and b are independent of Az;. Hence condition (3.4) is

satisfied.

7.2 The T'(a) and T?(a) spaces

We have
1 1 0 0 1 0
sin o (z — ;) =1 0a 0 (=) |+ =% | (a—2;)°+O((Azy)")
1 —cosaj(z — xj) 0 0 of/2 (# — ;)2 0
) 1 0 0 . .
For the T"(«) space, we have A = 0 o and b= ( |42 |- From which we obtain
J 3

A= < (1) 1/0047' )

1 0 0 0
For the T?(«) space, we have A= | 0 «; 0 and b = @ . Then we obtain
00 a2 i
1 0 0
At=10 1/a; 0
0 0 2/

We can see that both A~! and b are independent of Az; for both T («) and T?(«) spaces.
Therefore condition (3.4) is satisfied. The verification for the general T*(«) case with k > 2

is similar.
7.3 The “inverse” tensor A of a fourth order tensor A

We need to create a bijective mapping L from upper-triangular fourth order tensors to

matrices. The mapping L is defined as:
LA = B, bij = amnpq

with m,n >0, m+n <k, pg >0, p+q <k, i=(m?>+n?>+2mn+m+ 3n)/2 and
j =" +q¢+2pg+p+3q)/2.
This mapping can be easily verified to be both injective and surjective.

Then we can obtain B~! if B is invertible and let
A=L"'B !
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For the tensor A in the proof of Proposition 3.3, the matrix B can be easily verified to
be invertible.
We can also easily verify that for any matrix b and ¢, if b: A = ¢ holds, then c: A = b is

valid.

7.4 The E¥(a, ) space

We take

VU = €21 @TIFBW=Y) (1 — )™ (y — )", m+n<k

in this case. We know that

Umn = E

m<p,n<qg,p+q<k

P

p+q= k-l-l

p=m gin

o= mi(g -t )

pmﬁqn

=)y =)'+ O((Ax)**H).

(g—n
Hence we have A = (apnpq) With

ap mﬁqn )
amnm:{ 0(71, e MEpn<qp+tq<k

, otherwise.

and b = (b)) with by, = % Then we obtain A = (Gynp,) With

(p—m)i(g—n)!

g = o ZEAX i <pn<q p+q<k
e 0, otherwise.

We can see that both A and b are independent of Azx.

7.5 The T' (o, ) and T?(a, ) spaces

We set
(
voo = 1;
v1p = sin oy (T — x;);
% vor = sin B;(y — y);
veg = 1 — cos ay(x — x;);
v = siney (v — ;) sin B (y — y;);
[ Vo2 = 1-— COSﬁj(y - yj)
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in this case. For the T"(a, ) space, we have A = (@) With

agooo = 1;
Umnpg = a1010 i &if
Qo101 = Bj )
0, otherwise.

|oi|® -
and b = ( ‘5?|3 (3) ) Then we obtain A = (Gmnp,) With
3
agooo = 1;
a _ aioi0 = 1/%';
b Qo101 = 1/5]‘;
0, otherwise.

For the T?(a, ) space, we have A = (@) With

([ agooo = L;
aio10 = Q%;
Qo101 = Bj?
Qmnpg = 2020 = 057,2/2a

aiiin = %ﬂj;
(0202 = 332/2;

[ 0, otherwise.
0 |a§,‘3 |cvi
and b = @ % 0 |. Then we obtain A = (Gpmnp,) With
18; 0 0
( apooo = 1;
aiolo = 1/041‘;
api01 = 1/Bj5
Qmnpg = 2020 = 2/&?,

1111 = 1/(%‘5]');
o202 = 2/@2;
0, otherwise.

\

We can see both A and b are independent of Az for both T (v, 3) and T?(«, 3) spaces.
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