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Abstract. In this paper we study the error estimates to sufficiently smooth solutions of
symmetrizable systems of conservation laws for the Runge-Kutta discontinuous Galerkin
(RKDG) method. Time discretization is the second order explicit TVD (total variation
diminishing) Runge-Kutta method, and the P* (piecewise polynomial) finite element is
used. When k = 1 (piecewise linear finite element), the error estimate is obtained under
the usual CFL condition 7 < h for nonlinear systems in one dimension and for linear
systems in multiple space dimensions. Here, h is the maximum element length, 7 is the
time step, and S is a positive constant independent of h and 7. Error estimates for P*
finite elements with k£ > 1 are obtained under a more restrictive CFL condition.
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1 Introduction

In this paper, we continue our work in [24] and present the error estimates of the Runge-
Kutta discontinuous Galerkin (RKDG) method for smooth solutions of symmetrizable sys-
tems of conservation laws

u;+ £ (u) =0, (z,t) € 2 x (0,T], (1.1a)

u(z,0) =uy, x € (2, (1.1b)

in the spatial domain Q € R? and the time interval [0,T]. Here, u(z,t): R? x Rt — R™
is the dependent solution variables, £ (u): R — R™*¢ ; = 1,2, ....d, is the vector-
valued flux function, and the implied summation on the index ¢ is used in (1.1a), i.e.,
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f(af? = 2?21 of( /dz;. We do not pay attention to boundary conditions in this paper, hence
the solution is considered to be either periodic or compactly supported. For simplicity of
presentation, we will only give detailed analysis for the one dimensional case where d = 1
and 2 = I = (0,1); herein we drop the index 4 in (1.1). We will however point out
similarities and differences when the analysis is generalized to multiple space dimensions.
We assume in addition that each component of the flux function f(u) is smooth enough in
u, for our purpose C?(R™) will suffice. The analysis in this paper is for smooth solutions
of (1.1). Discontinuous solutions with shocks are not considered.

The RKDG method is introduced and developed by Cockburn et al. [4, 5, 3, 2, 6] for
solving nonlinear hyperbolic conservation laws, which uses discontinuous Galerkin (DG)
discretization in space and combines it with an explicit total variation diminishing (TVD)
Runge-Kutta time-marching algorithm [21]. This method has a good stability property, is
flexible for h-p adaptivity, and has a high parallel efficiency. In recent years there has been a
lot of activity in the design, analysis and application of RKDG methods. For more details,
we refer to the review article [8].

Although error estimates for linear equations and for the method of lines (continuous
in time) version of the RKDG method have been available for a long time, e.g. [15, 14, 7],
error estimates for fully discrete RKDG method for nonlinear conservation laws with smooth
solutions have been available only recently [24], in which we obtained error estimates for
scalar conservations with piecewise k-th degree polynomial DG spatial discretization coupled
with second order TVD Runge-Kutta time discretization. The analysis assumes the usual
CFL condition 7 < h for the piecewise linear k=1 case, where h is the maximum element
length, 7 is the time step, and [ is a positive constant independent of h and 7. For the
higher order k& > 1 case, the proof has to assume a much stronger CFL condition 7 < BhA/3.
In this paper, we extend these error estimates to symmetrizable systems (See Theorem 2.1).

In the symmetrization theory [20] for the first-order conservation laws, one seeks a
mapping u(v): R™ — R™ applied to (1.1a) so that when transformed

u,wv;+f,v,=0 (1.2)

the matrix uy is symmetric positive definite (SPD) and the matrix f, = f ,u y is also sym-
metric. We further assume that each component of u y is Lipschitz continuous with respect
to the variable v. As is well known, a conservation law system (1.1a) is symmetrizable if
and only if it has a convex entropy function [10]. Well-known systems such as the Euler
equations of compressible gas dynamics are symmetrizable. If £, is already symmetric, the
system (1.1a) is symmetric. It is straightforward to generalize the error estimates in [24]
from the scalar case to symmetric systems. However, there are not that many physical
systems which are symmetric. On the other hand, as we will see later in this paper, it is
significantly more difficult to generalize the error estimates in [24] from the scalar case to
symmetrizable systems.

The line of analysis in this paper follows that of [24]. The main techniques are Taylor
expansions and energy analysis. In generalizing the analysis from the scalar case to systems,
we need to pay attention to the suitable norm in the analysis, to a careful classification of
the necessary properties for the numerical fluxes, to the complication related to the fact that
derivatives (Jacobians) and second derivatives of the flux functions are matrices and super-
matrices, and to a suitable generalization of the a priori assumption about the numerical



solution. We will present a series of lemmas which mostly correspond to those in [24]. If
the proofs have only minor differences, we will comment on such differences and will not
repeat the details. We will concentrate our analysis on the piecewise k=1 case for the DG
method, since higher order cases can be analyzed with the stronger CFL condition 7 < BhA/3
following the same lines as that in [24], once the k=1 case is proved.

An outline of this paper is as follows. In section 2 we present, for the equation (1.1), the
RKDG method and the corresponding convergence theorem with the second order TVD
Runge-Kutta time discretization. In section 3 we present a proposition for an important
matrix which measures the amount of numerical viscosity on each element interface, and
perform some elementary analysis to the error equations. We prove the main theorem in
section 4. Section 5 is an appendix in which we collect some of the technical details left out
in previous sections.

2 RKDG method and the convergence theorem

We follow [6] and define the RKDG method for the problem (1.1) in one space dimension.
The multi-dimensional scheme can be similarly defined, and the analysis can be carried in
a similar fashion for linear systems. See Remark 4.2.

For each partition of the interval I = (0,1), {mH%};V:O, we set [; = (mj7%,$j+%) and
jHl Tl for j =1,..., N; we denote the quantity maxi<;<y h; by h. For a given
time step 7 = 7" (which could actually change from step to step, but is taken as a constant
with respect to the time level n for simplicity), the solution of the scheme is denoted by

u}(z) = up(x,t") = up(x,n7), which belongs to the finite element space

hj:(L‘

Vy = {v e [L}0,1)™ v € [IP’k(Ij)]m,j =1,...,N}, (2.1)

where IP’k(Ij) denotes the space of polynomials in I; of degree at most k. Note that each
component of a vector-valued function in V), is allowed to have discontinuities across element
interfaces.

In what follows, we will consider the standard L2-projection of a vector-valued function
p € [L%(0,1)]™ into the finite element space V},, denoted by P, p, which is defined as the
unique vector-valued function in Vj, such that

1
/0 z) (z)(Pnp(z) — p(x))dz =0, Vaz, € Vj. (2.2)

where z”" denotes the transpose of the vector z.

As usual, at each element interface we will denote, for a vector-valued function z, two
limiting values from different directions by zjiJrl o= z(zj41/2 £ 0), and denote the average
and jump by z = (z" +27)/2 and [z] = z* — z™, respectively. We also define, for any
vector-valued functions p and z, the following functional corresponding to the DG spatial
discretization

~

Hi(p.) = [ alfm)de — (a7 Th(P), g + (0] ) RD), (23

, 2 J73
J



where h(p) = h(p~,p™) is a given (locally) Lipschitz continuous numerical flux function
consistent with the flux function f(p), that is h(p,p) = f(p). In this paper, we will also
assume in addition that h(p) is a generalized E-flux function, to be defined in subsection
3.3.

The approximate solution in V, from time n7 to (n 4+ 1)7 given by the RKDG method
with second order TVD time discretization can now be defined as follows: find successively
wi = wl(z) € V, and u}™' = ult!(z) € V,, such that, for any z;, = z,,(z) € [PF(I;)]™
and 1< j < N,

/I zi wi do = /I zi u} do + 7H;(u}, zp), (2.4a)
i i
1 1
/I zu)tdr = 3 /I 7z u} dz + 3 /I z) Wi dr + %’Hj(wz, zZp), (2.4Db)
i i i

with the initial value u) = P,ug(z). This is an explicit time marching method when a local
orthogonal basis is chosen for polynomials on I; or when a small local mass matrix on I; is
inverted. Numerical results and details of this scheme can be found in [9] and [8].

We now present the main convergence theorem of the RKDG scheme (2.4). The proof
will be given in the next two sections.

Theorem 2.1 For the symmetrizable system of conservation laws (1.1), assume that
the solution u and the fluz function f(u) are sufficiently smooth with bounded derivatives.
Let uy, be the numerical approzimate solution of the RKDG scheme (2.4) with second or-
der TVD Runge-Kutta time discretization and piecewise polynomial finite element space of
degree k > 1, then for h small enough, the following estimate

ma [[u(t") — w20,y < OB Y2 +72), (25)

holds under o suitable CFL condition T < Bh for k =1, and under a more restrictive CFL
condition T < Bh*3 for k > 1, where C and 8 are positive constants independent of h and
T.

We remark that the power h*+1/2 is optimal for general triangulations [18] for the scalar
case, but is sub-optimal for the one dimensional case with scalar equations. The proof of
the optimal order R¥*1 for the scalar case requires special upwind fluxes [24], which can be
done for the system case (1.1) as well in some special situations. See Remark 4.3 in section
4.

As in [24], we assume below that each component of the flux function f(-) itself and up to
its third-order derivatives are bounded in the domain R”. This assumption is non-essential
if we consider only smooth solutions of (1.1) to a finite time 7. We could achieve the desired
boundedness by re-defining the flux function f(u) outside the range of the solution u.

We denote the inverse mapping of u(v) by v(u). The symmetrizable theory provides
that the Jacobians u(v) and v ,(u) are symmetric positive definite (SPD) and Lipschitz
continuous. Similarly as above, we assume these properties hold uniformly in the domain
R™ and the spectrum of the Jacobians are bounded.



We would also like to denote, by C', C,, M, or €, a generic positive constant independent
of n, h and 7. Herein, M and ¢ are used to denote constants which are independent of the
solution of (1.1). C is used to emphasize the nonlinearity of f(u), i.e., Cy = 0 for a linear
flux function f(u) = Cu. These constants may have a different value in each occurrence.

3 Error equations, energy equality and properties of the fi-
nite element spaces

We follow the idea in [24] to obtain the error estimate to sufficiently smooth solutions for
the RKDG scheme (2.4). Thus we will present in this section some elementary development
similar to those in [24] and we omit the detailed proof if it is similar to those in [24].

3.1 Error equations and energy equality

We first define a vector-valued function in parallel to an Euler forward time marching,
namely
w(z,t) = u(z,t) + Tuy(z,t). (3.1)

We denote the error at each stage of the RKDG scheme by e, = u(t") — u} and e}, =
w(t") — w}, respectively, where for notational convenience the argument x is omitted. As
is customary in finite element error analysis, we denote {, = P,p — p, and 7, = P,p — p,
where P, is the local L2-projection. Then e, = &5 — Ny, where p = u or w.

The error equations of the RKDG scheme (2.4) can be obtained by following similar
algebraic manipulations as those in [23, 24] (c.f. Lemma 4.1 in [24]). It reads

| dide = [ afesis iy, (3.20)
J J
| |
/I z{fﬁ-l—l dx :/[ zfﬁﬁ dr + §K?(zh) + §£?(zh), (3.2b)
J J

for any z(z) € [PE(I;)]™ and 1 < j < N, where

K () = / 2T (0l — ) da + TH; (u(E"), 2) — TH; (0l 7). (3.2¢)

I;
L (zn) =/ zj, (20— 0y =l + 2¢") da + TH(W(EY),z) — TH(Whozp).  (3.2d)
I.

J

Here (" is the truncation error in time, with the size O(73). We will use the short notations
K" (zp) = Z1§j§N ’C?(Zh) and L"(zp,) = Z1gjgN E?(Zh)-

We will use energy estimates to analyze the error of the RKDG scheme (2.4). To this end,
we define a norm which depends on the time level n, given by ||p||, = ||v,11{2(u?)p| |, for any
vector-valued function p, where u (or w?) is the piecewise constant vector-valued function

which is equal to the vector u(z;,t") (or w(z;,%")) in each element I;. The symmetrizable
theory guarantees that the || - ||,, norm is equivalent to the usual L?-norm || - ||.



By taking the test function z;, = v ,(u?)¢l in (3.2a) and z, = v u(W2)ER in (3.2b),
respectively, and adding the two equalities together, we obtain the following energy equation

HERTH 1 — (1601 = 1éa™ = Eolla + K™ (vu(u2)ER) + L (vu(WhEw) + €7, (3.3a)
where

& = /(é&)T(V,u(u?) — vu(wW)) (265 — € — &) da. (3.3b)
1

In order to get the error estimate, we shall analyze carefully each term on the right-hand
side of this important energy equation (3.3) in the next section.

3.2 Properties of the finite element spaces

In this subsection we present some interpolation approximation and inverse properties of
the finite element space Vp, which consists of piecewise polynomials of degree k. The usual
notations of norm and semi-norms in Sobolev spaces will be used below.

The local L2?-projection is enough to prove Theorem 2.1 for general numerical flux func-
tions with the sub-optimal error bound Ch¥+1/2. By the standard scaling theory, it is easy
to show that (c.f. [1])

1
Ingll + Bllngllco + A2 nglIn, < CR*HY, (p = w,w; Vn:nr < T), (3.4a)

where T}, is the set of boundary interfaces of all elements. Noticing the definition (3.1) of
w and the linearity of the L2-projection P;,, we can conclude that

™ = mall + 1l = mall < Ch* e, ¥nnr < T (3.4D)

u

In the above inequalities the positive constant C' depends solely on u,w and/or uy, and is
independent of n,h and 7.

In the following analysis we will also use some inverse properties of the finite element
space V. For any vector-valued function z; € Vj, there is a positive constant C indepen-
dent of z; and h, such that

. _ .. _1 _1
(@) [/(20) ol < CH7 lzall; (i) llznlln, < Ch7%[lzall; (i) ||zl < Ch72]|2a]l.

For more details of these inverse properties, we refer to [1].

3.3 An important matrix related to the numerical flux

In this subsection we will introduce an important matrix to measure the numerical vis-
cosity on each element interface. The following notations will be used. If there exists an
invertible matrix T such that A = T 'diag(\y, ..., \pn)T where diag(\i, ..., A\y) is the di-
agonal matrix with Ay, ---, A, on its diagonal, then we denote its absolute value by |A| =
T~ tdiag(|A1],- - ., |Am])T. We also denote a super-matrix function G(p) = {v ufuuvu}t(p) €
Rmxmxm which corresponds to the second-order derivatives of the Taylor expansion.
The symmetrizable theory implies that the Jacobian £, is similar to a symmetric matrix,
because
u;,l/quu,l‘{Z = u;,l/nyvu;,l/Q (3.5)

)



and the matrix on the right-hand side is symmetric. Therefore, we would like to assume in
this paper that the numerical flux function f(u) under consideration satisfies

(p* = p7) vu(@’){f(p™) ~h(p)} > 0, (3.6)

where p? is some average of pT and p~, i.e., p’ = OpT+(1—60)p~ for a certain @ : 0 < 6 < 1.
Note that the value of § depends on the numerical fluxes and p=.

The inequality (3.6), for a symmetric system of conservation laws (in which case v , = I),
has been considered in [13] as an E-flux (see [17] for the definition of E-fluxes for scalar
conservation laws). Therefore, we refer to a numerical flux satisfying (3.6) as a generalized
E-flux. It is easy to verify that the property (3.6) holds for many numerical flux functions
constructed from approximate Riemann solvers, for example, Roe linearization flux function
[19] with or without Harten’s entropy fix [11], and the global (local) Lax-Friedrichs flux,
where p? is the so-called Roe average of pt and p~ [19].

In the next Proposition, we would like to define an important matrix A(fl; p) associated
with a numerical flux function h(p) satisfying (3.6), which measures the numerical viscosity
of the flux. It is a generalization of a similar quantity in [24] for the scalar case; see also
[11].

Proposition 3.1 Assume the numerical flux fl(p) = fl(p‘,p"’) is consistent with the
vector-valued fluz function £(p), and there exists an average p? such that the generalized
E-flux property (3.6) holds. Define the matriz on each element interface

hip) = A(hip . p*) - {ﬂdﬁdf%ﬂm—ﬁ@»M? if [p] # 0,

3.7
fv(@); if [p] = 0. 0

where qF = v u(p’)pT. Then the spectral radius of .A(fl; p) is bounded, and for any vector
q € R™ we have [q]" A(h; p)[q] > 0 and

5| £ @’ 1al| <Tal" AChs ] + C4lalloc )" el (3.80)
- 16" lalallao] <lal" Alhsp)lal + C.lal el a], (3.8b)

where the implied summary on the indices 1,k and o is used, and Cy is a positive constant
solely determined by the nonlinearity of the fluz function f(p).

The proof of this proposition is straightforward by a Taylor expansion at the point p?
and the generalized E-flux property (3.6). The property (3.5) for a symmetrizable system
plays an important role to ensure the positive definiteness of the matrix A(fl; p). We refer
to [24] for further details.

Remark 3.1. The above inequalities (3.8) also hold for other numerical flux functions
which may violate the generalized E-flux property (3.6) slightly, e.g. the Harten-Hyman
flux function [12] and the local Lax-Friedrichs flux function with an entropy fix (c.f. [16]).
For these fluxes, the deviation to (3.6) is of the order O(||[p]||%,), which does not affect the
proof of the inequalities (3.8).



For any vector-valued function p, we denote by o(p) the maximum of the spectral radius
of A(h; p) over all element interfaces. Also, if there is no confusion, we will denote

Alp) = ) [alj, 1 Ahsp); i lal;

1<G<N

where q = v (p?)p and p? is the average of p* for (3.6) to hold.

3.4 General estimates for the operators £ and K

In this subsection we derive a few general inequalities to the operators £ and X for any
test function. It will be used in the next section, to estimate the error resulted from the
second order Runge-Kutta time discretization. All estimates given in this subsection holds
for finite element space V;, with any degree k.

By subtracting the error equation (3.2a) from (3.2b), we find out that, forany 1 < j < N,
there holds

/ 2y Vou(up) (€47 — &) do = %(ﬁ? ~K)(vu(u)zr), Vzh € [PF(I)]™, (3.9)

I;

thus [|€0F — €n]|2 = (L7 — K™) (v u(ul) (€21 — €1)). Tt is therefore natural to start the
analysis with an estimate of the difference between £ and K" for any test function. The
key point in the analysis is to obtain a sharp bound for the error at the element interfaces.
We remark that there are only minor modifications from the scalar case [24] to the
system case for this analysis. The Taylor expansions are changed from single variable
to multiple variables, where the derivative f’(u) becomes the Jacobian f,(u), and the
maximum magnitude of |f/'(u)| becomes the maximum spectral radius of f,(u). We will
therefore only present the estimates without proof and refer to [24] for more details.

Lemma 3.1 Assume that the interpolation property (3.4) is satisfied. Given a small
positive constant €, we have for any zp € Vy, that

(£ — K™Y (v (ul)zn) < ellznll2 + Mor®h™" o(ul) A(u}) + M.r2h" o(w}) A(w])
+(Corh2 el + ORI + (c*f2h-2||e&||§o Lor)enl
L OEMMHr 419 — 1 3 / 21V (W) E (W) (€0, — €7) 4 da

1<j<N

where C,Cy and M. are positive constants independent of n,h,T and the approrimate so-
lutions, and Z(n) = 1+ C.ht||e?]|%, + Cht||e%||%,. Here, M. = O(e~') depends on ¢
solely.

Similarly, we can get the following lemma to estimate IC(-) by using Taylor expansions
of f(u) up to second and third order derivatives, respectively.



Lemma 3.2 Under the assumption of Lemma 3.1, we have the following estimates for
any zp, € Vy,

K™(vu(ug)zn) <ellzall; + Mer?h ™ o(un) A(ug) + (C + Ceh 2 [leglZ) T I€G I
+(C + Cyllen] 2 ) — 7 Y / zh v u(ul ) (ul) (€) 5 dz,
1<j<N 1
KM(vu(uf)zn) <ellzall; + CT°R2||EGI 17 + CR* 7,

where C,Cy and M, are positive constants independent of n, h,T and the approrimate solu-
tions, and M, = O(s~ 1) depends solely on ¢.

We take, in the second inequality of Lemma 3.2, the test function z;, = ¢, — ¢}, and the
positive constant e small enough. Noticing that ||£2 —£7||2 = K™ (v u(u?) (&2 — 7)) follows
from the error equation (3.2a), we have the following corollary.

Corollary 3.1 If the interpolating approzimation property (3.4) and the CFL condition
7 = O(h) are satisfied, then we have

€%l < ClIEI| + ChFr, Wn:nT <T. (3.10)

where C' is the positive constant independent of n,h, T and the approzimate solution.

4 Proof of the convergence theorem

In this section we are going to prove the error estimate (2.5) of the RKDG method with
finite element space of piecewise linear polynomials (k=1). The generalization to high order
k > 1 with a more restrictive CFL condition is straightforward, along the lines of [24]. To
this end, we will analyze each term on the right-hand side of the energy equation (3.3a)
separately.

4.1 Estimates to each term on the right-hand side of the energy equation

Since each component of the matrix v ,(u) — v u(w}) is of order O(r) by the smoothness

assumption of the mapping v(u) and the definition (3.1) of w, it is easy to get an estimate
to the last term £” in the form

£ <ellea T + CdlEallnT + lIgw ), (4.1)

where € is a suitably small positive constant. Next, we will focus on estimating the last
three terms on the right-hand side of the energy equation (3.3a).

Lemma 4.1 If the interpolation approzimation property (3.4) is satisfied for the linear
finite element space P', and the CFL condition 7 = O(h) is satisfied, then the following
estimate holds

lEatt = &o |2 <C(E(n)RPT + 7°) 4 61 (n) A(u})T + 62(n) A(W})T
C, 72 c,.m*
+{ 12 Iz

(Iefll3e + llewl%) + IIeﬁII§O+072}II£EIIi (4.2)



where C and Cy are positive constants independent of n,h, T and the numerical solutions,
and =(n) has been defined in Lemma 3.1. Here

Myt Myr3 Mzt
bi(n) = = —e(uf) + —g—e(Wp)X*(u"), and G(n) = —o(wWh),  (43)

where A(u™) is the mazimum spectral radius of the Jacobian f,(u”) on all element inter-
faces, and M;, v+ = 1,2,3, are positive constants independent of the other parameters in

(4-3)-

Proof. We follow the framework in [24] for the scalar case and only sketch the proof
below.

We take successively two test functions in both equation (3.9) and Lemma 3.1: the first
one is z, = &ML — €% and the second one is z, = —7f,(ul) (L — £7) .. By taking a
suitably small € we obtain the following estimate

||£n+1 €3V||2 SC(:( )h2k+27_+7_6) _i_MTthlQ(WZ)A(WZ) +M72h*19(u2)A(uZ)
+(Cer?h 72| |el] % + CT2)[€alln + (Cur?h 72| |eb 1% + CT2)lewlln

oM Y [ - I SV €~ €D de, (4

1<j<N I

under a general CFL condition 7 = O(h), where S(u}) = VII{Q(uC)f,v(v(ug))v,lf(ug) is
symmetric and has the same eigenvalues as f,(u) because of (3.5). Here, C and C, are
positive constants independent of n, h, 7 and the approximate solutions, and M is a positive
constant determined solely by the fixed constant € in the analysis above.

We use the following fact to estimate the last term in (4.4). Since &' € V}, is a piecewise
linear vector-valued function, its derivative (£}}) , is a constant vector on each element ;.

Hence, for any vector-valued function py, there holds

/I (pn — ﬁ)Tv,u(ug)f,u(uQ)(gﬁ)@ dr =0, (1<j<N,¥n:nt<T) (4.5)
J
where pj, is the average of pj, on each element I;, i.e. [ 1, (pn — Pn) dx = 0. This property
plays a key role in the following estimate. Unfortunately it holds only for piecewise linear
polynomials, but not for higher order piecewise polynomials.

It is worthwhile to note, for any py, € Vj, that pp, — pp, € Vj, and (pr) = = (Ph — Ph) &
The former property holds for a discontinuous finite element space, but not for general
continuous finite element spaces. Set pj, = &, — £, then the error equation (3.2a) gives

Ipn = Pl = (&, — &6 v,u(ug) (= Pr)) = K™ (v,u(u?) (P, — Pn))-

We take the test function z, = pj, —py, in Lemma 3.2, then the last integral term disappears
because of the equation (4.5). Let the positive constant ¢ be small enough, we obtain

P = Palln < M7*h~" o(uf) A(uf) + (C + Cuh™?|legl ) I€RI 772 + (C + Cullel|[3) A’

This gives a sharp estimate to [|(§g — &4) || by using [|(&5 — &u).e “pn = Blln,
which follows from (£, —&0) » = (Ph — P) 2, the inverse property (i) and the equivalence of
the norms || - || and || - ||.

10



Finally, we can get the estimate (4.2) by substituting this sharp estimate of ||({ —£0) .«
into the inequality (4.4). It completes the proof of this lemma.

Lemma 4.2 If the interpolation approzimation property (3.4) is satisfied for the linear
finite element space P, then we have the following estimates

1
KM(€3) <@(ep)lI€ullar = SAMUR)T + (C + Cilley|l5 ). (4.6a)
1
L&) <P(eR)llEwllnr — AT + (C + Cul[el]15)h*r + O, (4.6b)

where C and Cy are positive constants independent of n,h, T and the numerical solutions,
and ®(ep) = C + Cu(|lef]|oc + htlep][3,) for p=u or w.

Proof. We will prove only (4.6a) here, since the estimate to (4.6b) is similar. Noticing

the periodic or zero (compactly supported) boundary conditions, after some elementary
calculations we have an equivalent form of X" (£1). It reads

N
K™ (vu(uf)€n) =D K7€) = I + Mz + 1Ty + Iy + 115

j=1

_ (D) vu(u)(nly —ny) da
1<]‘Z<N/IJ' ! !

+7 (€0 2v,u(ud) (F(u”) — £(uf)) do
I;N /1]- ) ( h )

iy [gu]Tvyu(uZ)(f(u”)_f(l_lg))}ﬁ_l
1<j<N ’

e 30 {1 vt ) - b))
1<j<N ’

w3 (@ BT - @) B (Fu) ~hap) )

1<G<N

where EZ’i = v,u(ugﬂ/Z) — V.u(up). Here and below, we use the subscript b to stress that
the evaluation is defined on at the element interfaces, for example, (uj}'); 4 /2= u? 120 We
will analyze each of the terms above separately, following [24].

By the interpolation approximation property (3.4) and Young’s inequality, it is easy to
estimate IT; in the form

I, < Chir + C|1€Y 2. (4.7a)

To estimate Il and II3, we would like to consider them together, and use Taylor ex-
pansions up to third order. Here, the symmetrizable property of the system (1.1) plays an
important role in the analysis. We would like to present only the result here and put aside
the technical analysis, which will be given in the appendix. The final estimate reads

1
My + 115 < ®(e)[|€hIIT + 3AR) T+ (C + Cullegl ) h’r. (4.7b)

11



We can estimate the term II4 by using the matrix A(h; u}) (see Proposition 3.1) and

the following two properties: one is [e)] = —[u}] from the smoothness assumption of u”,
and the other is A(h; uy)[gn] = f(@,) — h(uy) from the definition of the matrix A(h; u});
here, g = v,u(uZ’e)uZ’i. We mention that each component of v,u(uZ’e) — vu(u}) is of
the order O(||e}||) by the smoothness assumption of the mapping v(u). Finally, by using

Young’s inequality and the properties of the finite element space V;, we have that
My < — 2 A@u)r + Coh el [I€a] 2 + On (4.7¢)
g < 6 uy )T ' eullsllénlln T, .7c

since the spectral radius of both v,u(ug)v;ll(ug’a) and A(h; u}) are bounded.
It also follows from the smoothness assumption that each component of ]Eg’jE is of the
order O(h). Then, the Lipschitz property of numerical flux together with the properties of

the finite element space V}, shows that
II5 < Ch't + C||€|*r. (4.7d)

We can then get the estimate (4.6a) by collecting the estimates (4.7), and complete the
proof of this lemma.

4.2 Proof of the convergence theorem

In this subsection we will prove the convergence Theorem 2.1 for the k=1 case by collecting
all the estimates given in subsection 4.1. Moreover, we would like to use the a prior:
technique below.
To deal with the nonlinearity of the flux function f(u), we assume a priori that for h
small enough there holds
[ —uf]| < k. (4.8)

This is obviously satisfied for n = 0 by u) = Pyup(z) and the interpolation approximation
property (3.4a). We shall later verify the correctness of (4.8), and prove that it still holds
true for n 4 1 if it holds true for a given n. For a linear flux function f = Cu where C is a
constant matrix, this a priori assumption is unnecessary.

It follows from the a priori assumption (4.8) and Corollary 3.1 that ||w™ — w}|| < Ch.
Then the inverse property (iii) together with the assumption (4.8) implies that

lepllos < CR'2, Jléplloe < CR'2, p=u,w, (4.9)

where the interpolation approximation property (3.4a) is used.
By combining all the results in subsection 4.1, together with Corollary 3.1 and (4.9), we
can finally get, for h small enough, that

1 1
€3I = €517 + S AQuR)T + SA(WR)T
<ellgi T Inr + CUIERIRT + hPr +7°) + 61 (n) A(ul)7 + 62 (n) A(W})T, (4.10)

under a suitable CFL condition 7 < gh, where 8 will be determined later. Here, € is an
arbitrary positive constant, and C is a positive constant independent of n,h,7 and the
approximate solutions.
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The number 5 can be determined, e.g., by both d;(n) < 1/4 and d2(n) < 1/4. We would
like to mention again that those positive constants emerged in (4.3), namely M;, M, and
Msj, are independent of h and 7. Hence there exists a maximum positive constant rqy also
independent h and 7, such that

1 1 1
Mirg < 3’ Myrg < 3’ and  Msrg < T
Then each time step 7" can be determined by 7™ < 8™h, where
B" = romin{ o(u) ™", o(wft) !, (o(uh) A (u™) TV ). (4.11)

Since the time step considered in this paper is a constant, for convenience we write the CFL

condition as 7 < h instead of 7" < ™h, where S = min S".
Vnnt<T

Under the usual CFL condition 7 < Sh, it follows from the inequality (4.10) when € is
suitably small, that

e Y Awpyr+ Y Awpr <o X P rt ),

0<m<n 0<m<n 0<m<n

where we use the equivalence of the norms ||-||,, and ||-|| and the fact that each component
of v u(ult!) — v ,(u?) is of the order O(7). Thus by Gronwall’s inequality we can get the

following error estimate
x|l < CR¥2, Vn:nT < T, (4.12)

where C' is a positive constant independent of n, h, 7 and the numerical solutions. Then we
can get (2.5) for k=1 easily by the triangle inequality and the interpolation approximation
property (3.4a).

Finally let us verify the a priori assumption (4.8) before we complete the proof of
Theorem 2.1 for k=1. If (4.8) is satisfied for a certain n, then it follows from (4.12) and the
interpolation approximation property (3.4a) that it is also true for n + 1. Thus the given a
priori (4.8) is reasonable, and all of the above estimates hold for all n: nT < T.

Remark 4.1. It is worthwhile to note that the condition (4.11) is the usual CFL con-
dition for systems of conservation laws. By Proposition 3.1 we know that for any numerical
flux function h the spectral radius of .A(fl; u}) is bounded by a constant times the maximum
of the Lipschitz constant of h. Fox example, for the linear flux f = Cu the CFL number
B determined by (4.11) depends solely on the spectral radius of C. This also explains why
the CFL constant  is lower bounded away from zero during a mesh refinement.

Remark 4.2. We have only carried out the error estimate and detailed proofs for the
linear finite element £ = 1 in the one dimensional case with generalized E-flux functions.
The estimate (2.5) also holds for the linear flux function f = Cu in multiple dimension,
when the a priori assumption (4.8) is unnecessary. For higher order finite element space
k > 1, we can prove the estimate (2.5) under a more restrictive time-space condition, e.g.
T = O(h*/3), following the lines of analysis in [24].

Remark 4.3. For certain special numerical flux functions, we can upgrade the error
estimate in Theorem 2.1 to be optimal, i.e., O(R¥*! 4 72).
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These numerical flux functions include those constructed by the flux-vector splitting
method, for example, the upwind numerical flux for a linear flux, and the Steger-Warming
flux [22] for Euler equations. Their common property is that the vector-valued physical flux
function is homogeneous of degree 1, i.e., f(u) = f,(u)u.

To obtain the optimal error estimate in this case, we would need to use a standard trick
in the DG analysis as we have done in [24], which consists of two main ingredients. The first
ingredient is to use the Gauss-Radau projection instead of the local L? projection, and the
other is to use the upwind setting of the reference vector on each element interface, instead
of the simple arithmetic average of two values on different sides. All the analysis is carried
out in projecting to each eigenvector direction. We omit the details of the proof as they are
similar to those in [24] for the scalar case.

5 Appendix

In this section we will give the detailed analysis to the inequality (4.7b). To do that, we
would like to use the following Taylor expansions, with respect to the variable u, up to third
order

1 1
f(u) — f(uy) =fy(u)e — EeTfyu,u(u)e + E{f(u*)},munuaebe,ﬁeg =ry +ry+r;s,

_ 1 1 _
f(u) — f(uy) =fu(up)e — EeTf,u,u(ub)e + g{f(u?,‘)},munuaebe,ieg =81 + S2 + 83,
for  inside each element and for = on each element interface, respectively, where u* and uj
are mean values. Here and below, we suppress the subscripts n and subscripts u for clarity,
and use the implied summation on the indices ¢, x and o.

Thus we have II; = Zizl{ww(n) + mis(e)} for i = 2,3, respectively. For z = 7 and e,
each term in the above formulation is given as

o (2) =T Z /I z?{;v’u(uc)rg dr, w3s(z)=T Z {[Z]Tv,u(ub)sg }j+%.

1<j<N i 1<j<N

We would like to analyze successively these terms in o, and 73,, for o = 1,2, 3, where the
symmetrizable property of the system (1.1) will play an important role.

First, we remark that all the terms involving n are easy to estimate by the interpolation
approximation property and Young’s inequality. Here, we also use the local L2-projection
and the first inequality in Proposition 3.1. The detailed analysis is similar to those in [24],
and is thus omitted. The result reads

3
Y {20 (n) + msq ()} < C[E]RT + BP7). (5.1)

o=1

We then focus our attention on how to estimate the remaining terms which involve e.
We have three pairs of such terms, namely, mo;(e) + 73;(e) for 7 = 1,2,3. In what follows
we will estimate them separately.
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Denote S(u) = v y(u)fy(u) and E° = v y(u.) — vu(u). The symmetrizable theory
shows that S is a symmetric matrix, so a simple integration by parts reveals that

. 1
mo1(e) +m31(e) =7 IS]ZSN { /Ij e?;]E (w)f y(u)edr — 3 /Ij e’9,S(u)e d:z:}.

Here E° provides a factor of order O(h) in the first term. By using Young’s inequality and
the inverse properties (i), and noticing the equivalence of norms || - || and || - ||,,, we obtain

mo1(e) + m31(e) < C||€||?LT + h3r. (5.2)

We have to pay more attention to the second pair of terms, namely, m2(€) + m32(€).
This is the main obstacle in generalizing the analysis from the scalar case to symmetrizable
systems. Denote H(u) = v;'(u)E® and g = v y(u)e. An elementary manipulation shows
that

7r22( )—i—7r32( )::R—i- Q+S

=~3 Z [ / ‘ 8.8 G(u)gdr + ([g]TgTG(ub)g)Hl + /I | g" H(u)g" G(u)g dz|.

2

In what follows we will estimate R, ©Q and S separately. Below we will again use the implied
summation for the indices i1, i2,43 and j (or b, since b = j + 1/2).
After a simple integration by parts, it is easy to get

=-5 /{G Y21, 0n9i, 9in Gis dt
= 5{@(111)) i1io [gllgl2gl3]b +3 /a {G )hlmgllgmgls dz (53)

T
+ 5 /I ({G(u) ;?i29i18x9i2gi3 + {G(u) ;?i29i19i26x9i3> d(II,

where g, means the /-th component of g. It is important to note that {(Gr(u)}zi’z2

for all the rotations of the indices 1, 49 and i3, because it has the following equivalent form

_ 0% f; Of Ouy Ouy Oup 0w
3 _ 7 I u 7 g -
{G(u)}“” vy, Ovg,y - Oy Qv OViy OV, OugOug’

is invariant

(5.4)

KyY,0,0

since fy and u y are symmetric matrices by the symmetrizable theory. Now, it is clear that
n (5.3), the last term on right-hand side is equal to —2R. Therefore,

T . T
R = E{G(ub) ﬁzz [gi19i2gi3]b + E/Iax{G(u zlzzghgwgm dz.

By noticing the symmetric property of G, we see that the jump term on each element
interface has the following equivalent form

{G(wp) 12, 902 90> 915 o ={G(w) } 2, ([%‘1]9;;9;; + 95, (955193, + 95, 93, [9i3]>b

; 1
=G}, (g0t + 5

1 _
5 59294 +gi19i2)b[9§§,]b-

-+
9,9, T 2
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Hence some simple manipulations show that

T i T i
R+ Q= G (g o blolo + . [ 06(G(},091,00 o

We would like to point out, by the smoothness assumption of u and f(u), that [g] =
—[v u(up)up] and each component of G(uy) — G(uf) and vy (up) — v u(uf) are bounded by
C.||€||co- Then the inequality (3.8b) of Proposition 3.1 and Young’s inequality imply that

1 _
R+Q < S ()7 + Culllello + b IelZEIRT + Cllel B (5.5)

Here, the interpolation approximation property (3.4a) and the inverse property (ii) are used.

It is easy to estimate the last term S, since each component of H is of order O(h).
Similarly, we can estimate easily the last pair of terms mo3(e) + m33(e). We would like to
give their estimates together. It reads

S + mo3(e) + m33(e) < C*h_1||e||go(||§||27' + h47'). (5.6)

Finally we can obtain the estimate (4.7b) by summing up the above estimates (5.1),
(5.2), (5.5) and (5.6). It completes the proof of the inequality (4.7b).
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