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Abstract

This paper is an extension to 3D FENE model of previous work [14] on the sim-
ulation of viscoelastic flows using a Fokker-Planck equation, where the 2D FENE
model was considered. The Fokker-Planck equation here is discretized using spheri-
cal harmonics and Lagrange interpolating polynomial as basis functions. The scheme
presented here exhibits the same attractive features as in [14], i.e. noise-free solu-
tions and efficiency. The method is tested for the benchmark problem of a flow past
a confined cylinder. Comparisons between the 2D FENE model and the 3D FENE
model are made and it is found that the differences between those two models are
small for moderate Deborah numbers. It is also found that stochastic simulations of
3D FENE model allow us to reach significantly higher Deborah numbers than that
achievable by a similar Fokker-Planck simulations.

1 Introduction

In this work, we are concerned with the incompressible, isothermal and in-
ertialess flow of a FENE viscoelastic fluid in the absence of body forces. For
such a fluid, the mass and momentum conservation equations take the form

0 = −∇p + 2ηs∇ · ε(v) + ∇ · τ , (1)
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∇ · v = 0, (2)

where v denotes the fluid velocity, p is the pressure, ε(v) = 1
2
(∇v+∇vT ) is the

strain tensor and ηs is the solvent viscosity. The polymeric contribution to the
Cauchy stress tensor τ requires an extra-equation to close the system. This can
be done by using the kinetic theory models, in which case the macromolecules
are modeled, for example, by dumbbells that consist of two beads connected
by a spring (see Fig. 1). At each point in the physical space, the polymeric
extra-stress τ is then computed from the expectation of some functions of
q, where q is the configuration vector which describes the direction and the
elongation of a dumbbell. One of the most popular ways of computing the
statistics of the configuration vector is to use the so-called CONNFFESSIT
approach [17], or its brother the Brownian configuration field method [13], for
which a stochastic partial differential equation has to be solved for q. Note
that for those methods, the polymeric extra-stress will suffer from statistical
noise, which can be reduced by using variance reduction techniques [3,4].

In the present paper, we follow another route, which consists of computing
the probability density function (pdf) ψ(t,x,q) of q that is the solution of the
Fokker-Planck (FP) equation for the FENE (Finitely Extensible Non-linear
Elastic, see Eq. (4) below) dumbbells. For all the numerical experiments car-
ried out in this paper, we suppose that the flow is two dimensional and there-
fore the centers of mass x(t) of the dumbbells will stay in a plane. However,
there is no physical reason to suppose that the dumbbells lie in the plane of the
flow, hence the configuration vector q should be 3D. For simplicity, one can
also consider a reduced model, in which q is restricted to lie in the plane of the
flow. In the latter case, we denote the model as 2D FENE, and in the former
case as 3D FENE. The feasibility of using the FP equation for the complex
flow of a 2D FENE model was first demonstrated by the authors in [5] and

q1

q2

q3

q(t)

Fig. 1. Description of a single dumbbell placed in the fluid.
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the algorithm was significantly improved in a following up paper [14]. In the
present paper, we extend the approach used in [14] to 3D FENE model and
compare both models for the benchmark problem of the flow around a cylinder
in a channel. An exhaustive review of what has been done over the past 15
years or so for the simulations of non-Newtonian flows using the FP equation
[1,9–12,15,16] can be found in the introduction of [14] and is not repeated
here. We also note that the 3D FENE model was previously investigated in
the simple case of the homogeneous shear flow in [9].

The paper is organized as follows: in the next section, we give a detailed
expression of the FP equation for the 3D FENE model. Section 3 is devoted
to the discretization of the FP equation in configuration space and Section
4 explains how to discretize it efficiently in physical space and time. Having
computed the pdf ψ(t,x,q), we are in position to determine the polymeric
extra-stress τ and this is the topic of Section 5. Section 6 is devoted to the
numerical experiments. The direct approach is compared to the stochastic
approach in terms of efficiency and accuracy and the comparisons between 2D
FENE and 3D FENE models are carried out. Finally, some conclusions are
drawn in Section 7.

2 The Fokker-Planck equation for the FENE-3D model

The FP equation for the pdf ψ(t,x,q) of the random process q(t,x), that
describes the direction and elongation of the 3D FENE dumbbells, reads

Dψ

Dt
+ divq

(
(κq− 1

2λ
F(q))ψ

)
=

1

2λ
∆qψ (3)

where D/Dt is the material derivative, κ is the velocity gradient and the
subscript q in the operators indicates that they act in the configuration space.
After some scaling, the spring force of the dumbbells for the FENE model can
be written

F(q) =
q

1− |q|2
b

, (4)

where b is related to the maximum extensibility of the dumbbell.

For the 3D FENE model, the configuration space is a ball of radius
√

b and
therefore it is natural to represent the vector q in spherical coordinates

q1 = ρ sin θ cos ϕ, q2 = ρ sin θ sin ϕ, q3 = ρ cos θ, (5)

where ρ ∈ [0,
√

b], ϕ ∈ [0, 2π] and θ ∈ [0, π]. We now introduce the unit vector
u defined by

q = ρu (6)
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and the following two operators

Λ =
∂

∂u
· (I− uu)

∂

∂u
, (7)

L(κ)ψ =
∂

∂u
· [(I− uu) · κ · uψ] . (8)

With those notations, the FP equation (3) takes the form:

Dψ

Dt
+L(κ)ψ+divq

(
(ρκ : uuu− 1

2λ

ρu

1− ρ2/b
)ψ

)
=

1

2λ

(
∂2

∂ρ2
+

2

ρ

∂

∂ρ
+

1

ρ2
Λ

)
ψ.

(9)
Expanding the divergence operator, we get

Dψ

Dt
+ L(κ)ψ +

(
3κ : uu− 3− ρ2/b

2λ(1− ρ2/b)2

)
ψ +

(
κ : uu− 1

2λ(1− ρ2/b)

)
ρ
∂ψ

∂ρ

=
1

2λ

(
∂2

∂ρ2
+

2

ρ

∂

∂ρ
+

1

ρ2
Λ

)
ψ. (10)

The expression above exhibits two singularities for ρ = 0 and ρ =
√

b. Those
are treated by introducing the transformation of variables

ρ2 = b
1 + η

2
(11)

so that η ∈ (−1, 1) if ρ ∈ (0,
√

b) and

ψ = ψ0α with ψ0 =
(

1− η

2

)s

, (12)

s being a strictly positive real number. With this change of variable, we note
that when ρ =

√
b (η = 1), ψ0 = 0 and therefore ψ = 0 which is the expected

value for the pdf. Similarly, we have ∂ψ/∂r = 0 for ρ = 0 (or η = −1). From
now on, we will work with the function α(t,x,η, θ, ϕ) instead of ψ(t,x,ρ, θ, ϕ),
so we need to express the operators appearing in (10) in terms of α:

ρ
∂ψ

∂ρ
= ψ0

(
−2s(1 + η)

1− η
α + 2(1 + η)

∂α

∂η

)
, (13)

and

∂2ψ

∂ρ2
= ψ0

[(
− 8s

b(1− η)
+

8s(s− 1)(1 + η)

b(1− η)2

)
α +

4

(
−4s(1 + η)

b(1− η)
+

1

b

)
∂α

∂η
+

8(1 + η)

b

∂2α

∂η2

]
. (14)
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The FP equation (10) can now be rewritten as

Dα

Dt
= −L(κ)α− κ : uu

(
3− 2s

1 + η

1− η

)
α− 2κ : uu(1 + η)

∂α

∂η
+ L0α (15)

where

L0α =
1

λb(1 + η)
Λα +

(5− η − 2s(1 + η))(b− 2s)

bλ(1− η)2
α

+
2

bλ

(
3 + (b− 4s)

1 + η

1− η

)
∂α

∂η
+

4(1 + η)

bλ

∂2α

∂η2
(16)

is the part of the FP operator that does not depend on the velocity gradient.

From now on, we restrict ourselves to the case of a planar divergence-free
velocity field, for which the velocity gradient takes the form

κ =




κ11 κ12 0

κ21 −κ11 0

0 0 0




. (17)

We want to transform Eq. (15) in a way analogous to that described in [14],
which will enable us to apply the fast solver proposed there. To achieve this,
we decompose the velocity gradient into symmetric and antisymmetric parts
and rotate the coordinates to the principal axes of the symmetric part. We
have thus

κ = kπφIsπ−φ + kaIa (18)

where Is and Ia are the constant matrices

Is =




1 0 0

0 −1 0

0 0 0




, Ia =




0 1 0

−1 0 0

0 0 0




, (19)

and πφ is the matrix of the rotation by angle φ in 12-plane

πφ =




cos φ − sin φ 0

sin φ cos φ 0

0 0 1




.

The scalars k, φ and ka appearing in (18) are calculated from κ via

k =
√

κ2
11 + (κ12 + κ21)2/4, (20)
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φ =
1

2
arctan

(
κ12 + κ21

2κ11

)
, (21)

and

ka =
κ12 − κ21

2
. (22)

Let Πφ be the operator defined for an arbitrary function on the unit sphere
Φ(ϕ, θ) by

ΠφΦ(ϕ, θ) = Φ(ϕ + φ, θ), (23)

i.e. the result of the rotation of coordinates π−φ. Substituting (18) into (15)
and using the notation (23) and the fact that L(Ia) = −∂/∂ϕ (see Appendix
A.1) and Ia : uu = 0, we arrive at the desired form of the FP equation

Dα

Dt
= kΠ−φL1Πφα + ka

∂α

∂ϕ
+ L0α (24)

where

L1 = −L(Is)− Is : uu

(
3− 2s

1 + η

1− η

)
− 2Is : uu(1 + η)

∂

∂η
. (25)

3 Discretization in configuration space

A discrete approximation of the unknown function α(t,x,η, θ, ϕ) may be writ-
ten as

αN(t,x,η, θ, ϕ) =
1∑

i=0

Nη∑

l=0

Nu∑

n=0

n∑

m=i

αi,l,n,m(t,x)Φi
2n,2m(θ, ϕ)hl(η), (26)

where Φi
n,m(θ, ϕ) = Pm

n (cos θ) cos
(
mϕ− iπ

2

)
are spherical harmonics and Pm

n

are the associated Legendre polynomials. hl(η) are Lagrange interpolating
polynomials of order Nη based on the Gauss-Jacobi points ηk, that is hl(ηk) =
δlk. In (26), only the spherical harmonics of even order appear because α is
an even function of u.

To discretize the operators L0 and L1 we insert (26) into (16) and (25), form
the products with test functions Φi

2n,2m(θ, ϕ)hl(η) multiplied by a weight func-
tion and integrate over the configuration space. In doing so, the integrals with
respect to θ and ϕ can be evaluated exactly since the spherical harmonics form
the orthogonal basis in L2 space on the unit sphere. For the integrals with re-
spect to η, we resort to Gaussian quadrature rule over the interval [−1, 1],
i.e.

(u, v)Jα,Jβ
'

Nη∑

k=0

ωku(ηk)v(ηk), (27)
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where ωk are the quadrature weights associated with the Gauss-Jacobi points
{ηk}k=0,..,Nη and the scalar product (·, ·)Jα,Jβ

is defined by

(u, v)Jα,Jβ
=

∫ 1

−1
(1− η)Jα(1 + η)Jβu(η)v(η)dη, (28)

where Jα and Jβ are real numbers.

We note also that the spherical harmonics are the eigenfunctions of the Laplace
operator on the unit sphere, so we have

ΛΦi
n,m = −n(n + 1)Φi

n,m.

In the way, outlined in the preceding paragraph, we can now write the dis-
cretization L0 of the operator L0:

L0αN(t,x,η, θ, ϕ) =
1∑

i=0

Nη∑

l=0

Nu∑

n=0

n∑

m=i

(L0α)i,l,n,m (t,x)Φi
2n,2m(θ, ϕ)hl(η) (29)

where

(L0α)i,l,n,m =

(
−2n(2n + 1)

λb(1 + ηl)
+

(5− ηl − 2s(1 + ηl))(b− 2s)

bλ(1− ηl)
2

)
αi,l,n,m

+
2

bλ

(
3 + (b− 4s)

1 + ηl

1− ηl

) Nη∑

p=0

h′p(ηl)αi,p,n,m

+
4(1 + ηl)

bλ

Nη∑

p=0

h′′p(ηl)αi,p,n,m. (30)

In the case of the operator L1 we need also the discretizations of operators
L(Is) and Is : uu. Such an expression on a the spherical harmonics basis can
be obtained by noticing that

L(Is)Φ
i
n,m =

m+2∑

k=m−2

n+2∑

j=n−2

amk
nj Φi

j,k (31)

and

Is : uuΦi
n,m =

m+2∑

k=m−2

n+2∑

j=n−2

bmk
nj Φi

j,k. (32)

All the non-zero coefficients amk
nj and bmk

nj are given in Tables 1 and 2, respec-
tively. The derivation of these formulas is non-trivial and the details are given
in Appendix A. Note that (31) is the special case of the discretization of L(κ),
which is explicitly given in [11] for rather general form of κ.
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Table 1
Table of coefficients appearing in the discretization of the operator L(Is)

am,m−2
n,n−2

(n− 2)(n + m)(n + m− 1)(n + m− 2)(n + m− 3)(1− δm0)
2(2n + 1)(2n− 1)

am,m−2
n,n

3(n + m)(n + m− 1)(n−m + 1)(n−m + 2)(1− δm0)
2(2n + 1)(2n + 3)

am,m−2
n,n+2 −(n + 3)(n−m + 1)(n−m + 2)(n−m + 3)(n−m + 4)(1− δm0)

2(2n + 1)(2n + 3)

am,m+2
n,n−2

(n− 2)(1 + δm0)
2(2n + 1)(2n− 1)

am,m+2
n,n

3(1 + δm0)
2(2n + 1)(2n + 3)

am,m+2
n,n+2 − (n + 3)(1 + δm0)

2(2n + 1)(2n + 3)

Table 2
Table of coefficients appearing in the discretization of the operator Is : uu

bm,m−2
n,n−2

(n + m)(n + m− 1)(n + m− 2)(n + m− 3)(1− δm0)
2(2n + 1)(2n− 1)

bm,m−2
n,n

(n−m + 2)(n + m− 1)(m(m− 1)− n(n + 1))
(2n + 1)(2n + 3)

bm,m−2
n,n+2

(n−m + 1)(n−m + 2)(n−m + 3)(n−m + 4)(1− δm0)
2(2n + 1)(2n + 3)

bm,m+2
n,n−2

1 + δm0

2(2n + 1)(2n− 1)

bm,m+2
n,n − 1 + δm0

(2n + 1)(2n + 3)

bm,m+2
n,n+2

1 + δm0

2(2n + 1)(2n + 3)

We can now write the discretization L1 of the operator L1 using the notation
analogous to that used for the operator L0 in (29)-(30):

(L1α)i,l,n,m =−
m+1∑

k=m−1

n+1∑

j=n−1

[
a2k,2m

2j,2n αi,l,j,k+

(
3− 2s

1 + ηl

1− ηl

)
b2k,2m
2j,2n αi,l,j,k

+2(1 + ηl)
Nη∑

p=0

h′p(ηl)b
2k,2m
2j,2n αi,p,j,k


 . (33)

To conclude this section, we note that the rotation operator Πφ is discretized
easily since trigonometric functions are used in (26) to represent the depen-
dence of α on ϕ.
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4 Discretization in physical space and time

Due to the stiffness of the discrete operators resulting from (15), an explicit
time discretization would require very small time steps in order to be sta-
ble. For efficiency reasons, an implicit time integration scheme is therefore
required. Fortunately, such an implicit scheme is made tractable due to a sep-
aration of the operators acting in the physical space from the one acting in the
configuration space and leading to a time splitting. Furthermore, the configu-
ration step can be optimized by using the form of FP equation with rotations
in ϕ (see Eq. (24)). The motivation and implementation of these ideas are
explained in detail in [14] for the 2D FENE model and will not be repeated
here. We only provide the resulting time-splitted scheme:

Suppose we have the solution αn at time tn = n∆t. We perform the following
two steps:

• Configuration step for the intermediate unknown αn+1/2:

αn+1/2 = Π 1
2
ka∆t−φP (I− kD)−1 P−1(R + kM)Πφ+ 1

2
ka∆tα

n (34)

where

M =
∆t

2

(
I− ∆t

2
L0

)−1

L1,

and

R =
(
I− ∆t

2
L0

)−1 (
I +

∆t

2
L0

)
.

In (34), P is the matrix formed by the eigenvectors of M and D is the
diagonal matrix formed with the eigenvalues of M so that M = PDP−1.
The operation (34) should be performed at each grid point in the physi-
cal space with the parameters k, φ and ka based on the velocity gradient
at that point and calculated via the formulas (20)–(22). We note that all
the matrices appearing in (34) are constant and hence can be computed
once for all. Inverting the matrix (I− kD) is very cheap since D is diago-
nal. Therefore, our configuration step involves essentially only matrix-vector
multiplications and is relatively inexpensive.

• Physical step for the computation of αn+1 :

αn+1 − αn+1/2

∆t
+ v · ∇αn+1 = 0. (35)

This equation should be solved by a numerical method appropriate for hy-
perbolic PDEs, and here we use the spectral element method described in
[6].
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5 Computation of the polymeric extra-stress

Having computed the pdf ψ(t,x,q) in x at time t, the extra-stress which
will serve as a source term for the Stokes equations can be computed using
Kramer’s expression (see page 69 of [2])

τ (x,t) =
ηp

λ

(
b + 5

b

)
(−I+ 〈q⊗ F(q)〉)

=
ηp

λ

(
b + 5

b

) (
−I+

∫

|q|2<b
q⊗ F(q)ψ(t,x,q)dq

)
. (36)

Using (4), (6) and (11), an expression for q⊗ F(q) is

q⊗ F(q) =
ρ2

1− ρ2

b

u⊗ u = b

(
1 + η

1− η

)
u⊗ u. (37)

The pdf ψ(t,x,q) appearing in the integrand of (36) can be replaced by a
function of α(t,x,q) to get

∫

|q|2<b
q⊗ F(q)ψ(t,x,q)dq

=
∫ 1

−1

∫ 2π

0

∫ π

0

b5/2

25/2+s
(1 + η)3/2(1− η)s−1α(t,x,q)u⊗ udθdϕdη. (38)

We then replace α(t,x,q) in the above integral by its discrete representation
(26), evaluate the integrals with respect to θ and ϕ analytically and the in-
tegral with respect to η numerically. Most of the terms vanish and we get
the following expressions for the three components of the extra-stress at each
point (t,x) :

τxx =
ηp

λ

b + 5

b


−1 +

πb5/2

2s+1/2

Nη∑

l=0

ωl(1 + ηl)
3/2−Jβ(1− ηl)

s−1−Jα

(
1

3
α0,l,0,0 − 1

15
α0,l,1,0 +

2

5
α0,l,1,1

))
,

τxy =
ηp

λ

b + 5

b

πb5/2

2s+1/2

2

5

Nη∑

l=0

ωl(1 + ηl)
3/2−Jβ(1− ηl)

s−1−Jαα1,l,1,1,
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τ yy =
ηp

λ

b + 5

b


−1 +

πb5/2

2s+1/2

Nη∑

l=0

ωl(1 + ηl)
3/2−Jβ(1− ηl)

s−1−Jα

(
1

3
α0,l,0,0 − 1

15
α0,l,1,0 − 2

5
α0,l,1,1

))
,

τ zz =
ηp

λ

b + 5

b


−1 +

πb5/2

2s+1/2

Nη∑

l=0

ωl(1 + ηl)
3/2−Jβ(1− ηl)

s−1−Jα

(
1

3
α0,l,0,0 +

2

15
α0,l,1,0

))

where ωl are the the quadrature weights from (27).

6 Numerical experiments

6.1 The benchmark problem

The performance of our solver is tested by solving the benchmark problem of
planar viscoelastic flow around a cylinder confined in a channel (see Fig. 2).
This problem was chosen for its ability to present different types of flows over
the domain: shear flow near solid walls and extensional flow in the wake of the
cylinder. Furthermore, the flow domain does not have geometrical singularities,
which makes it suitable for high order type of discretization. As is usually done
in the literature for this problem (see [7,8,19,20] for example), we take the ratio
of the half width of the channel H to the radius of the cylinder R to be equal
to two. For similar reasons, the ratio of solvent to total viscosities is taken to
be ηs/(ηs + ηp) = 0.59. For this problem, a global Deborah number may be

R
H

Fig. 2. Cylinder radius R placed symmetrically in a 2D channel of half width H.
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defined by

De =
λU

R
, (39)

where U is the average velocity of the fluid in the channel at entry or exit.
For all our numerical experiments, the parameter b in (36) is taken equal
to 10. The Stokes problem (1)-(2) is decoupled from the computation of the
polymeric extra-stress in a standard way and it is solved using the spectral
element method (see [18] for details). The physical domain is divided into 26
elements and polynomials of degree N = 6 are used in each element and each
spatial direction. To save in computational time, we assume that the solution
is symmetric with respect to the axis y = 0 and therefore, only half of the
domain needs to be meshed. The length of the channel is 40 times the cylinder
radius, so that we can use periodic boundaries conditions for the velocity and
extra-stress at inflow and outflow by assuming that the periodic cylinders do
not influence each other. For the FP simulation, the iterations are stopped
when the following convergence criterion is fulfilled for all collocation points
x ∈ Ω :

|vi+1(x)− vi(x)|
∆t

≤ 10−4. (40)

The approach presented here is compared with a standard stochastic simula-
tion using the Brownian configuration field method. The stochastic approach
is presented in detail in [14] for the 2D FENE model and the extension from
2D to 3D is trivial. For all our simulations (deterministic or stochastic), the
time step ∆t is chosen equal to 0.01. Note that for the stochastic simulation, a
stopping criterion like (40) cannot be used because of the presence of noise in
the computed solutions and the simulations are arbitrarily stopped instead at
t = 6. We take Nu = 6 and Nη = 12 for the discretization in the configuration
space (see formula (26)). The value of s in (12) is taken equal to 2.5 and we
take Jα = Jβ = 0.5 in (28). There is no theoretical justification for choosing
those values, they have been found after some numerical experiments to give
a good compromise between accuracy and stability.

6.2 Comparison between the stochastic approach and the deterministic ap-
proach

We define the drag factor F ∗ on the cylinder by:

F ∗ =
F

4π(ηs + ηp)U
, (41)

where F is the drag on the cylinder. Figure 3 shows the value of the drag factor
as a function of time for the stochastic simulation using 16000 realizations for
the 2D and the 3D FENE models at a Deborah number 0.6. For the stochastic
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Fig. 3. Drag factor as a function of time for the 2D and 3D FENE models with a
stochastic simulation using 16000 realizations at De = 0.6.
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Fig. 4. Drag factor as a function of time for the 2D and 3D FENE models using the
Fokker-Planck equation at De = 0.6.
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Fig. 5. Drag factor as a function of time for the 2D and 3D FENE models with a
stochastic simulation using 16000 realizations at De = 0.9.

simulation, the magnitude of the noise in computed solutions is proportional
to 1/

√
M , where M is the number of realizations. Therefore, in Fig. 3, the

magnitude of the noise is such that it is difficult to conclude which model (2D
or 3D) gives the highest drag factor. On the other hand, the FP simulation
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Fig. 6. Drag factor as a function of time for the 2D and 3D FENE models using the
Fokker-Planck equation at De = 0.9.

Table 3
Comparison of the CPU cost per time step for the direct approach and for the
stochastic approach (3D FENE model).

Fokker-Planck Stochastic-1000 Stochastic-16000

7.1 12.6 202.0

is deterministic and for the same problem and same parameters, the results
shown in Fig. 4 clearly indicate that the drag factor of the 3D FENE model is
higher than the drag factor of the 2D FENE model. The same kind of results
are reproduced in Fig. 5 and 6, but for a higher Deborah number (De = 0.9)
and the conclusions remain the same. Not only is the FP approach more
accurate than its stochastic counterpart, but it is also more efficient in terms
of CPU cost. This can be seen from table 3 which gives the average CPU
time per time step for a computation performed on a Pentium IV 1.5GHz
processor. Solving the FP equation is about 1.8 times faster than solving the
stochastic equation with 1000 realizations. Note that, as can be expected, the
stochastic approach with 16000 realizations is about 16 times slower than the
same computation with only 1000 samples.

6.3 Comparison between 2D FENE and 3D FENE models

Based on the drag factor (see Fig. 4 or Fig. 6), it seems that the difference
between the 2D FENE model and the 3D FENE model are small. Such a
finding is confirmed on Figs. 7-9 which show respectively the differences in
the xx, xy and yy components of the extra-stress between the 2D and 3D
FENE models at De = 0.6. The small black square indicates the location of
maximal absolute difference. As can be seen from the values of the contour
level, the differences between the two models is small for all components all
over the domain. In all cases, the maximum difference is located on the cylinder
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Fig. 7. Difference of the xx component of the extra-stress between the 2D and the
3D FENE model at De = 0.6.
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Fig. 8. Difference of the xy component of the extra-stress between the 2D and the
3D FENE model at De = 0.6.
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Fig. 9. Difference of the yy component of the extra-stress between the 2D and the
3D FENE model at De = 0.6.

surface, where we have strong shear flow. Results at a Deborah number 0.9 are
very similar and they are not reproduced here. Such an investigation would not
have been possible using a stochastic approach since the difference between
the two models would have been of the order of magnitude of the noise. The
fact that we can use the 2D FENE model instead of the 3D model without
major changes in the solution is important from a computational point of view,
since solving the FP in a 2D configuration space is one order of magnitude
cheaper than solving it in a 3D configuration space. On the other hand, for
the stochastic approach, going from 2D to 3D is not so critical since it only
requires one extra equation to be solved for qz.
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6.4 Maximum Deborah number achievable

The maximum Deborah number that could be achieved for the 3D FENE
model using the FP equation is De = 1.1. However, convergence with mesh
refinement (both in the physical space and in the configuration space) was only
possible up to De = 0.9 and this is why in the previous section we only present
results up to this Deborah number. The difficulty, as we increase the Deborah
number, comes from the fact that the flow may be strong in some area of the
domain, leading to a pdf with extremely localized features, which are very
difficult to capture numerically. In contrast, the limiting Deborah numbers of
the stochastic approach were found to be around De = 4.0. This situation is
quite different from what we have observed in our 2D FENE simulations [14].
The maximum Deborah number achievable in the latter case was about 1.2
both for stochastic and deterministic approaches.

7 Conclusions

In this paper, we have presented an efficient numerical method for the dis-
cretization of the FP equation for the 3D FENE model. The details of the
method were given in the context of high order methods using spherical har-
monics and high order polynomials for the discretization in the configuration
space. For the flow past a confined cylinder, the resulting solver was shown to
be more efficient than doing a stochastic simulation using the Brownian config-
uration field technique. Furthermore, contrary to stochastic simulations, this
direct approach gives solutions that are noise-free. It was also found that for
the complex flow around a cylinder, the differences of results between the 2D
FENE model and the 3D FENE model are small. In terms of stability, the ad-
vantage is still for the stochastic approach and future work will be dedicated
to making the FP simulations more stable in order to reach higher Deborah
numbers.
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A Appendix

The purpose of this appendix is to give the expressions in spherical coordinates
of the operators L(κ) and Is : uu and to compute the effect of the operators
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L(Is) and Is : uu on spherical harmonics Φi
n,m.

A.1 Operators L(Is) and L(Ia)

The operator L(κ) defined by (8) can be written in spherical coordinates as

L(κ)ψ =

(
eϕ

1

sin θ

∂

∂ϕ
+ eθ

∂

∂θ

)
· (Aϕψeϕ + Aθψeθ)

=
1

sin θ

[
∂

∂ϕ
(Aϕψ) +

∂

∂θ
(sin θAθψ)

]
(A.1)

where Aϕ = κu · eϕ and Aθ = κu · eθ.

In the special case κ = Ia, we have Aϕ = − sin θ and Aθ = 0, so that L(Ia) =
−∂/∂ϕ. Setting κ = Is, we obtain

Aϕ = − sin 2ϕ sin θ and Aθ = cos 2ϕ sin θ cos θ.

Plugging the above expression for Aθ and Aϕ into (A.1), we get after simpli-
fications

L(Is)ψ = − sin 2ϕ
∂ψ

∂ϕ
+ cos 2ϕ

(
−3 sin2 θψ + sin θ cos θ

∂ψ

∂θ

)
(A.2)

Let’s put ψ = Φi
n,m = Pm

n (cos θ) cos
(
mϕ− iπ

2

)
in (A.2), then we get

L(Is)Φ
i
n,m = m sin 2ϕ sin

(
mϕ− i

π

2

)
· Pm

n (cos θ)

+ cos 2ϕ cos
(
mϕ− i

π

2

)
· Sm

n (cos θ)

where

Sm
n (x) = (x2 − 1)

(
3Pm

n (x) + x
d

dx
Pm

n (x)

)
.

or, with x = cos θ,

L(Is)Φ
i
n,m =

1

2

[
cos

(
(m + 2)ϕ− i

π

2

)
(−mPm

n (x) + Sm
n (x))

+ cos
(
(m− 2)ϕ− i

π

2

)
(mPm

n (x) + Sm
n (x))

]
(A.3)
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In the formula above, we will need to express ±mPm
n (x) + Sm

n (x) through
Pm−2

n (x) and Pm+2
n (x) respectively, in order to be able to express L(Is)Φ

i
n,m

through basis functions Φi
n,m. The following identities permit such operations

(the first one is valid for all m ≥ 0 and the second one for all m ≥ 2):

−mPm
n (x) + Sm

n (x) =
(n− 2)

(2n + 1)(2n− 1)
Pm+2

n−2 (x)

+
3

(2n + 3)(2n− 1)
Pm+2

n (x)

− (n + 3)

(2n + 1)(2n + 3)
Pm+2

n+2 (x) (A.4)

and

mPm
n (x) + Sm

n (x) =
(n− 2)(n + m)(n + m− 1)(n + m− 2)(n + m− 3)

(2n + 1)(2n− 1)
Pm−2

n−2 (x)

+
3(n + m)(n + m− 1)(n−m + 1)(n−m + 2)

(2n + 3)(2n− 1)
Pm−2

n (x) (A.5)

− (n + 3)(n−m + 1)(n−m + 2)(n−m + 3)(n−m + 4)

(2n + 1)(2n + 3)
Pm−2

n+2 (x).

Replacing ±mPm
n (x)+Sm

n (x) by their expression given by (A.4)-(A.5) in (A.3)
we obtain the formulas (31).

A.2 Discretization of the operator Is : uu

We now turn our attention to the operator Is : uu. We note that

Is : uu = sin2 θ cos 2ϕ

Denoting x = cos θ, we have thus

Is : uuΦi
n,m =

1

2

[
cos

(
(m + 2)ϕ− i

π

2

)
(1− x2)Pm

n (x)

+ cos
(
(m− 2)ϕ− i

π

2

)
(1− x2)Pm

n (x)
]
. (A.6)

As for the operator L(Is), we note the identities (the first one is valid for all
m ≥ 0 and the second one for all m ≥ 2)
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(1− x2)Pm
n (x) =

1

(2n− 1)(2n + 1)
Pm+2

n−2 (x)

− 2

(2n− 1)(2n + 3)
Pm+2

n (x)

+
1

(2n + 1)(2n + 3)
Pm+2

n+2 (x)

and

(1− x2)Pm
n (x) =

(n + m− 3)(n + m− 2)(n + m− 1)(n + m)

(2n− 1)(2n + 1)
Pm−2

n−2 (x)

+ 2
(n−m + 2)(n + m− 1)[m(m− 1)− n(n + 1)]

(2n− 1)(2n + 3)
Pm−2

n (x)

+
(n−m + 1)(n−m + 2)(n−m + 3)(n−m + 4)

(2n + 1)(2n + 3)
Pm−2

n+2 (x),

plug them into (A.6) and obtain (32).
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