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Abstract. In this paper, we present the rational approximations based on Fourier series rep-
resentation. Considering periodic piecewise analytic functions, the well known Gibbs phenomenon
deteriorates the convergence of the standard Fourier method. Here, for a given set of the Fourier
coefficients from a periodic piecewise analytic function, we define Fourier-Padé-Galerkin and Fourier-
Padé collocation methods by expressing the coefficients for the rational approximations using the
Fourier data. It is shown that those methods converge exponentially in the smooth region and suc-
cessfully reduce the Gibbs oscillations as the degrees of the denominators and the numerators of
Padé approximants increase.

Numerical results are demonstrated for several examples and the collocation method is applied
as a post-processing to the standard pseudospectral simulations for the one dimensional inviscid
Burgers’ equation and the two dimensional incompressible inviscid Boussinesq convection flow.
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1. Introduction. In this paper, we discuss a rapidly converging approximation
to finite Fourier series, by defining a rational function which denominator and nu-
merator are represented in finite Fourier sum. The underlying principle of rational
approximation was proposed by H. Padé in 1892 [4, 13]. Since then, with the advent
of computer in 1950’s, Padé rational approximations have been studied as one of the
popular computational methods of representing functions, especially rapidly converg-
ing functions. They are generally more efficient than polynomial approximations with
a reduced number of operations for the same accuracy [5, 6, 7, 8, 16].

The main objective in this paper is to present simple computing algorithms for
Fourier-Padé rational approximation for discontinuous functions and its application
as a filter to accelerate the convergence of the oscillatory pseudospectral solutions of
nonlinear partial differential equations, in particular inviscid Burgers’ equation and
incompressible Boussinesq convection flow in the absence of viscosity.

Fourier methods are powerful numerical tools for approximating periodic analytic
functions with spectral convergence. However considering periodic piecewise analytic
functions, the well known difficulty of the Fourier methods is the slow rate of conver-
gence O(4) globally and the oscillations of O(1) near singularity, which is called the
Gibbs phenomenon [9, 10, 11].

In order to overcome the oscillatory behaviors of the Fourier methods for discon-
tinuous problems, many numerical techniques have been developed. For a given finite
set of Fourier data, the Gegenbauer reconstruction techniques [12] remove the oscil-
lations completely with spectral convergence up to the discontinuity as the degrees of
Gegenbauer polynomial expansion increase, when a reasonably accurate information
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for the location of discontinuities is provided.

However with no knowledge of the singularity, Padé reconstruction recovers back
a non-oscillatory solution successfully with a reduced overshoot at the singularity. It
is due to the fact that the possible existence of poles of some order for the denominator
of Padé approximant allows to give a better approximation to the functions exhibiting
singular behaviors such as large gradient and discontinuity.

In [8], it is shown a way of implementing the rational trigonometric approxima-
tions for even or odd 2w-periodic piecewise smooth functions and the application to
the solution of an initial boundary value problem for a simple heat equation. In his
work, Fourier-Padé approximants are defined in a nonlinear way such that the relation
between the coefficients of the rational approximations and the Fourier coefficients in-
volves a necessary procedure of calculating the integration of rational functions, which
makes the numerical scheme relatively complicated. And the study for the general
case rather than even or odd function is not presented. In [7], Fourier expansion is
treated as a Laurent expansion, and using Fourier-Padé rational approach the spectral
convergence is obtained up to the discontinuity by subtracting off the jump from the
Fourier data, which requires the advance knowledge of the singularity.

Here we present two Fourier-Padé methods considering the general case of piece-
wise analytic functions with no advance knowledge of the singularity. Simple ways
of implementing Fourier-Padé Galerkin and Fourier-Padé collocation methods are
demonstrated and applied to simulate the solutions of nonlinear partial differential
equations. For the hyperbolic partial differential equations such as Burgers’ equation,
an initially smooth function can evolve into shock in time for inviscid case and large
gradient for viscous case. Therefore the standard spectral simulations will exhibit the
Gibbs phenomenon and deteriorate the accuracy of the numerical solutions in time.
From accurate Fourier data computed by Fourier method, we apply the Fourier-Padé
reconstruction as a post-processing. After the post-processing, the computational re-
sults show successful reduction of the non-physical oscillations in the standard spectral
solutions of the one dimensional inviscid Burgers’ equation and the two dimensional
inviscid Boussinesq equations. Further study has to be established to find the opti-
mal relation between the degrees of the polynomial of the Padé approximants and the
number of the Fourier coefficients.

This paper is organized as follows. In section 2, Fourier-Padé-Galerkin method
is discussed. The Fourier-Padé-Galerkin coefficients of the denominator are explicitly
represented as a linear combination of the given Fourier coefficients. The numerical
computations by this method are carried out by the sawtooth function.

Section 3 introduces a new method using collocation points which will be favor-
ably used in applications. The explicit formulations for the Fourier-Padé collocation
coefficients are presented in a similar manner as the case for Fourier-Padé Galerkin
method. The sawtooth function is again considered for numerical simulations.

Section 4 demonstrates the successful improvement of Fourier-Padé collocation
methods in mitigating the oscillations near the sharp gradient for the spectral solutions
of the one dimensional invicid Burgers’ equation and two dimensional incompressible
inviscid Boussinesq convection flow. Section 5 concludes.

2. Fourier-Padé Galerkin Approximation. Let Sy be the space of trigono-
metric polynomials of degree N defined as

(2.1) Sy = span{e’™*| - N <n < N}.
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Consider a piecewise analytic 27-periodic function w(z) in [—m,7]. We define the
Fourier-Padé Galerkin approximation of u by

P

(2.2) RK,M = Q—Z,
where Prx € Sk and QQar € Sy, such that
(2.3) (Qnmu — Pr,v) =0 for all v € Skt+m,
with the inner product defined by

1 (" —
(2.4) (u,v) = —/ u(z)v(z)dz.

2 J_,
Let us denote

K ' M '
(2.5) Pr = Z bpe*® and Qu = Z cme™”.
k=—K m=—M

The Fourier series representation of u is expressed by

(2.6) ux) = Y dne™,

where
. I i
(2.7) 0 u(z)e ""dx.

n = 5_
2 J_ .

Then, substitute Pk, Q@ and v = e™™® for —(K + M) < n < K + M to (2.3), one
obtains the following equations:

M
(2.8) bp= Y Cmlk_m  for [k <K,
m=—M
and
M
(2.9) > emiin-m =0  for K<|n|<K-+M.
m=—M

The system of the equations (2.9) can be written in a matrix form, Ac = 0, where
c = [eary e nr)t and 2M x (2M + 1) matrix A defined by

’LAI,,K,QM ﬁfoM U_g
U-g—-2M+1 --- U_K-_M+1 --- U_K+1
(2.10) A= U_g—M-1 ... U_g_1 ... U_KiM—1
UK —M+1 UK +1 UK+ M+1
U1 coe UR4M—1 ... Ur4oM—1
UK UK+ M UK +2M 1
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We solve this linear system numerically using MATLAB subroutine Null(A) which
gives the basis of the kernel of the 2M x (2M + 1) matrix A. Once one obtains a set
of the coefficients {c,,, }}4__,,, the coefficients {b;}X_ ;- can be computed from the
equation (2.8).

Note that the continuous Fourier coefficients involved in computing by’s and ¢;,’s
are

(2.11) (@0l oy

and the notation N will denote N = K + 2M.

Example 1. We demonstrate the numerical results of the Fourier-Padé Galerkin
approximation for a sawtooth function

_ T+ for z € [-m,0),
(2.12) u(w) = { T—T for x € [0,7],
for which the continuous Fourier coefficients are 4y = 0 and 4, = —i/n for n =
+1,42,---.

The left figure in FIG. 2.1 illustrates the Gibbs phenomenon when the standard
Fourier Galerkin approximation is applied to the sawtooth function for the number of
Fourier modes N = 8,16, 32. The right figure in FIG. 2.1 shows the reconstructed saw-
tooth function using the Fourier-Padé-Galerkin approximant(solid line). The Gibbs
oscillation is clearly being reduced near the discontinuity.

The pointwise errors are shown in FIG. 2.2. In the left figure, for a given fixed
N = 32, the degree M of the denominator of the Padé approximant is increased. For
M =0, it is exactly the standard Fourier-Galerkin method and the pointwise errors
only decay like O(%) away from the discontinuity and the O(1) accuracy is observed
clearly at the location of the jump. By increasing the degree M of the denominator,
the errors decay exponentially away from the discontinuity as M increases. For a fixed
M = 2, the rate of convergence of the pointwise error away from the discontinuity is
only linear as N increases.

4 T 4 T T
N=16 —-FG
! — FPG

3r N=8 N=32 1 3
rs

i L L L L L L L ” L L L L L L L
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

Fic. 2.1. The Gibbs oscillations by Fourier-Galerkin(FG) approzimation(left) and Fourier-
Padé-Galerkin(FPG) reconstruction(right) for the sawtooth function.
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M=0

M=1

M=2

M=3

107 L L L L L L L 107 L L L L L L L
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

Fic. 2.2. The convergence of the pointwise errors after the Fourier-Padé-Galerkin reconstruc-
tion for the sawtooth function with a fized N (left) and a fized M (right), respectively.

3. Fourier-Padé Collocation Approximation. Let Zy be the space of the
trigonometric polynomial of degree N, defined as

(3.1) In = span{e”*| - N <n <N -1}
Consider a set of even number of grid points
mj

3.2 = — — ) =0,....,2N — 1.
( ) '7’.] 7T+N J ’ )

We define the Fourier-Padé collocation approximation of u by R% ,; = g—ﬁc‘, where
’ M
Pf € Ik and QY € I (K 4+ 2M = N), such that

(3.3) (QSu— Pi,v)ny =0 for all v € Tk,

where the discrete inner product is defined by

] 2N
(3.4) (wo)y = 3 O ula)ol;).
7=0
Denote
E-1 M '
(3.5) Py = Z bre™ and Q5 = Z éme™".
k=—K m=—M

Then, substituting Pg-, Q5; and v = € for —K —2M <n < K — 1+ 2M to (3.3),
one obtains the following equations: for —K <k < K — 1,

~ M
(3.6) b= Cmikm,
m=—M

and, for —- K — M <n<-Kand K —-1<n<K-1+ M,

M
(3.7) > emiinom =0,
m=—M
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where
(3.8) Up = =—— Z u(zj)e” ",

Following the similar procedure as in section 2, we have a linear system Ae =0 to
solve €, where € = [éyy, ...,é_p7]T and

ﬂ_K_QM a—K—M ﬂ_K
U-K-2M+1 -+ U_K-_M+1 --- U_K+1
(39) A= a—K—M—l . a—K—l . 17,_1(+M_1
UK - M+1 UK +1 UK+ M+1
| UKk-1 ceo UK4M—-1 --- UK42M—1 |

We solve this linear system numerically using MATLAB subroutine Null(4) which
gives the basis of the kernel of the 2M/ x (2M + 1) matrix A. Once one obtains a set
of the coefficients {én, }M_ _,,, the coefficients {b;} ;' can be computed from the
equation (3.6). }

Note that the discrete Fourier coefficients involved in computing by’s and é&,,’s are

(3.10) {in R0 -

Remark 3.1 : The Fourier-Padé collocation approach does not interpolate the func-

tion u(z) at the collocation points x; = —7 + % Since from (3.6) we have
. M L 2Nt .
by = Z tm | 5 . u(zy)e e
m=—M j=0
| 2N

|
=
8
<
<
=
<
~—
®

then
2IN-1 =
Pg(x) = Z u(z;) Q9 (x;) (W Z elk(zzj)> )
Jj=0 b=—K
Thus we can simplify the Fourier-Padé collocation expansion as follows:

2N—1

(3.11) R p(x) = Y ulzj)w;(z),

7j=0
where
) _ QC (:L’) 1 = ik(z—xj)
(3.12) w;(z) = % (W k:Z i :
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It is clear that since K = N — 2M,

(N—2M) o
w;(zi) = ~ for z; = x;,
not always zero  for z; # x;.

Thus w;(x) is not a Lagrange interpolation polynomial with the grids z; (0 < j <
2N — 1) defined here.

Example 2.

We present the numerical results of the Fourier-Padé collocation method applied
to the same example as defined in (2.12). As expected, the behavior of the Fourier-
Padé collocation approach is very similar to the one of Fourier-Padé Galerkin approach
as shown in the FIG. 3.1 and 3.2.

4

4 T T

0 —FC
M — FPC

F1G. 3.1. The Gibbs oscillations by Fourier collocation(FC) approzimation(left) and Fourier-
Padé collocation(FPC) reconstruction(right) for the sawtooth function.

10° Mz 107 F

107 4 107k

107 T

M=3

Fic. 3.2. The convergence of the pointwise errors after the Fourier-Padé collocation recon-
struction for the sawtooth function with a fized N (left) and a fized M (right), respectively.

4. Applications. In this section, we apply the Fourier-Padé-collocation post-
processing procedure to the nonlinear hyperbolic and elliptic partial differential equa-
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tions for which an initially smooth solution will develop a shock and sharp gradient
in time, respectively. The numerical study for the inviscid Burgers’ equation and two
dimensional incompressible inviscid Boussinesq convection flow is discussed. The al-
gorithm for solving these two problems with periodical boundary condition is straight-
forward and presented in the literature. The detailed description on the basic building
blocks of the algorithm is provided in each subsections.

4.1. Burgers’ equation. Burgers’ equation is a suitable model for testing com-
putational algorithms for flows where steep gradients or shocks are anticipated since
it allows exact solutions for many combinations of initial and boundary conditions.
Here we consider inviscid Burgers’ equation in one dimension

ou 10u?
4.1 z _
(4.1) ot + 2 Ox 0,
with the initial condition:

u(z,0) = sin(z).

FIG. 4.1 shows the evolution of the exact solution for the Burgers’ equation.
With the sine wave as an initial condition, the solution forms a stationary shock
due to the nonlinearity in (4.1). The numerical solutions performed by the standard
Fourier collocation methods are shown in FIG. 4.1(right). The third order Runge-
Kutta method is used for time integration and the high frequency components are
smoothed out at each time step by using the exponential filter of order 16 in order
to stabilize the scheme[18]. As predicted, one can observe the Gibbs oscillations near
the shock at ¢t = 1.5, which is a natural consequence when one considers the Fourier
method to approximate a discontinuous solution.

It is important to note that one should not attempt to reconstruct the function
using all the modes in the Fourier spectrum. Depending on the order of the filtering
used for the stability of the numerical scheme, only the Fourier coefficients from the
lower 1/2 to 2/3 Fourier spectrum are used in the post-processing reconstruction
step since the upper portion of the Fourier spectrum doesn’t contain high accurate
information. Thus the additional parameter for the cut-off frequency N. should be
specified to determine the upper bound of the Fourier mode which information will
not contribute in the reconstruction step.

The numerical results in FIG. 4.2 shows the oscillations have been mitigated after
the Fourier-Padé reconstruction for the filtered Fourier numerical solutions at ¢t = 1.5.
The pointwise errors shown in FIG.4.3 demonstrate the successful reduction of the
spurious oscillations away from the discontinuity after the Fourier-Padé postprocess-
ing. The exponential decays in errors are observed as N and M increase. Here we
use the cut-off frequency N, = &.

4.2. Boussinesq equations. In this section, we present some preliminary re-
sults on the use of the Fourier-Padé reconstruction to recover the essentially non-
oscillatory solution applied to the standard Fourier spectral simulations for the two
dimensional incompressible Boussinesq convection flow.

The mass-conservation and the motion for an incompressible inviscid fluid with
the gravity as the only body force acting on the fluid in the upward vertical direction
has the form

dp
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15 L L L L L L = L L I I I I
0 1 2 3 4 5 6 0 1 2 3 4 5 6

F1G. 4.1. Ewolutions of the ezact solution(left) and the filtered(order=16) Fourier numerical
solutions for inviscid Burgers’ equation at different times on grids 256.

15 15

15 L L L L L L = L L I I I I
0 1 2 3 4 5 6 0 1 2 3 4 5 6

F1G. 4.2. The ezact solution(left) and after the Fourier-Padé reconstruction(right) for the
filtered Fourier numerical solutions at t=1.5. N. = 64 on grids 256.

du
ot
(4.4) V.ou=0,

(4.3) +U-Vu+Vp:< 0 )

Py

where p is the density(or temperature), u = (u,v) is the velocity vector, p is the
pressure and g is the gravitational constant(normalized to 1).

Now for two-dimensional flow of incompressible fluid in the z-y plane, it satisfies
the mass-conservation by writing

oy oy
= =, v=—-——7=,
oy Oox
where the scalar function ¢(z,y,t) is the stream function. Let w be the vorticity

defined by w = V x u. Then the above system can be rewritten as in the following,
called stream function-vorticity formulation,

(4.5) w

dp .
(4.6) E-{—u-Vp—O,
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N=128 M=10

N=256 M=19

N=512 M=26

F1G. 4.3. Convergence of the pointwise errors for filtered(order=16) Fourier collocation methods
(left) and after the reconstruction by the Fourier-Padé collocation method for the inviscid Burgers’
equation at t = 1.5

F1Gg. 4.4. Comparison of the pointwise errors for filtered(order=16) Fourier methods and
Fourier-Padé reconstruction for inviscid Burgers’ equation at t = 1.5 on different size of the grids
128,256,512 and m = 10, 19, 26, respectively.

Ow _ Op
(4.7) E-{-U'VW——%,
(4.8) A =w.

The initial condition is taken same as the one in [15], consisting of a smooth
bubble density in a zero flow field. The density function as an initial data is given as

(4.9) p(x,y,0) = 50p1p2(1 — p1),

where

2
exp (1) Ri=a®+(y—n)?<r,
0 otherwise,

P1 =
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and

2
Py = { exp (1 - ﬁ) Ry = |z — 27| < R3 = 1.95m,
0 otherwise.

The density contour at ¢ = 0 is shown in FIG. 4.5, computed using on 5122 grids.
For this smooth initial data, the solution remains smooth for a short time as shown
in FIG. 4.7. As the bubble rises to the right, the front of the bubble steepens up
into a sharp gradient. Large amount of vorticity are generated from the source term
in the vorticity equation and deposited around the sharp density edge. Following [3]
and [15], one can claim that if a solution develops a singularity in a finite time, then
the density gradient should grow exponentially. To resolve the singularity, one would
have to refine the grid continuously around the gradient front which is not realistic
and practical. Hence, it remains to be a controversial subject of whether there exists
a finite time singularity in such flows.

Various computational techniques such as ENO, AMR methods shown in [14],
[15], [17], have been developed for simulating the evolution of the bubble with the
same initial setup we present here. Their numerical results are consistent with the
experimental results in [1] demonstrating the severe deformation of the bubble in the
lower part whereas remaining the shape of the bubble on the top.

In this work, the standard Fourier collocation method is used in space considering
a periodic boundary condition. The third order TVD Runge-Kutta scheme is used for
the evolution in time for the equations of mass-conservation and vorticity production.
The exponential filters are applied at each time step in order to maintain the stability
of the scheme following a robust way of adding the filters as shown in [18]. The order
of filter varies from 12 to 16 as the resolution of the simulation increases. Fourier
collocation method used to give disastrous oscillations when the solution develops
a large gradient and the number of Fourier modes are not sufficient enough to fully
resolve the gradient. Here we investigate a way of suppressing the spurious oscillations
near almost singularity and an accurate recovery of the underlying non-oscillatory
solution by using Fourier-Padé reconstruction as a post-processing at the final time
step. Same as the case for Burgers’ equation, it is possible since the Fourier spectral
simulation contains accurate information of the solution with high order accuracy.

The Poisson equation (4.8) in the spectral discretization is expressed by Aw +
B = w in a matrix equation. To solve this linear system to compute a vector
on the discretization for a given vorticity w, the matrices A and B are casted in the
lower and upper Schur form and the transformed system is solved by the backward
substitution as in [2].

FIG. 4.5-4.6 show the density profiles at different times computed by the stan-
dard filtered Fourier spectral simulation. ~As shown in ([15], [17]), the sharp front
density is developed from a smooth initial profile in the later time. Due to nature
of the computational method, the non-physical oscillations start to appear when the
numerical solution reaches to the situation having almost singularity in time if the nu-
merical solution is under-resolved. The one dimensional cuts of the density at y = 7
at different times are shown in FIG. 4.7. Due to the overshoot and undershoot of
the Gibbs, the minimum(=0.0) and the maximum(=>5.3084) value of the density are
poorly represented in FIG. 4.7.

One can effectively recover non-oscillatory solution by mitigating the Gibbs oscil-
lations in use of the Fourier-Padé reconstruction as a postprocessing to the numerical
solutions by the filtered Fourier collocation method.
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F1G. 4.5. The density contour of the Boussinesq equations at t = 0.0 (Left) and t = 1.1 (Right)
by the Fourier collocation methods on grids 5122.

F1G. 4.6. The density contour of the Boussinesq equations at t = 2.2 (Left) and t = 3.0 (Right)
by the Fourier collocation methods on grids 5122.

For the Fourier-Padé reconstruction procedure, the Fourier modes from the top
spectrum are discarded same as done for the Burgers’ equation due to the fact that
the lower spectrum of the Fourier modes are accurately resolved and the numerical
errors are usually associated with the high modes. Thus in order to get the best
reconstruction one has to take the cut-off frequency N, reasonably.

In FIG. 4.7-4.12, the numerical results show the time history of the minimum
and maximum values of the density before and after the Fourier-Padé reconstruction
procedure. One can observe that, for all practical purposes, the Gibbs overshoot
and undershoot are effectively removed even for the cases of the small scale structure
shown in FIG. 4.11 and FIG. 4.12.

5. Conclusion. Using the idea of rational approximation based on Fourier series,
we have defined the explicit representations of the Fourier-Padé-Galerkin approxima-
tion and the Fourier-Padé collocation approximation in terms of the given continuous
and discrete Fourier coefficients, respectively.

The numerical results for the Fourier-Padé-Galerkin and Fourier-Padé collocation
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N=512

F1G. 4.7. Evolution of density along the symmetry azis © = 7 by the filtered(order=16) Fourier
method on grids 5122.

—1 i i i i i i
o a1 2 3 a 5 6

Fic. 4.8. Density along the symmetry azxis x = w after the reconstruction by Fourier-Padé
collocation method on grids 5122, N, = 137, M = 46.

methods are provided, which show the successful mitigation of the Gibbs oscillations
away from the singularity with spectral convergence as the grids are refined and the
degree of the denominator is increased.

The numerical simulations for the inviscid Burgers’ equation and two dimensional
incompressible Boussinesq convection flow show the successful reduction of the Gibbs
oscillations in the standard Fourier spectral simulations after a post-processing by the
Fourier-Padé reconstruction.
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