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Abstract

This paper develops a theoretical framework for lossy sours coding that treats it as
a statistical problem, in analogy to the approach to universal lossless coding suggested
by Rissanen's Minimum Description Length (MDL) principle. Two methods for selecting
e cient compression algorithms are proposed, based on logsvariants of the Maximum
Likelihood and MDL principles. Their theoretical performance is analyzed, and it is
shown under appropriate assumptions that the MDL approach © universal lossy coding
identi es the optimal model class of lossy codes.
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1 Introduction

1.1 The Lossy Compression Problem and Its Formulation

Information theory, classically, has had two primary goals source coding (e cient data com-
pression) and channel coding (communicating reliably over noisy channel). In the approxi-
mately half century since Shannon's fundamental work on bol these subjects, a tremendous
amount of progress has been made in both areas, in terms of tbey (\Shannon theory") as
well as practice (\coding theory"). In particular, the fund amental theory for source coding
with a delity criterion (alternatively, \lossy" data comp ression) is well-developed and pleas-
ing, and there exist sophisticated algorithms to perform Issy compression of various kinds
of data (audio formats such as MP3, image formats such as JPEGand so on). However, the
bond between the theoretical and practical work has not beeras strong as one might expect.
In particular, the algorithms available today are based more on engineering intuition and
experimentation than on fundamental theoretical principles; they are extremely ingenious
and useful, but are still typically far from the optimal perf ormance expected theoretically.

The objective of lossy source coding is to encode the data inush a way as to be maxi-
mally compressed (occupy the least amount of \space") and yieenable recovery of the data
to within an allowable distortion level D. We will follow the traditional Hpractice of modelling
a source by a stochastic procestX ,g, 1 (whose realization is the \data"). The optimal per-
formance that can be achieved was described by Shannon in 19%hrough the rate-distortion
function R(D), which characterizes the optimal coding rate at a given digortion level. The
Blahut-Arimoto algorithm and its generalizations[2T] allow fairly e cient computation of
rate-distortion functions for specic problems, but there is little indication today of any
principles that can be used to construct real codes that aclave it.

Shannon's approach as well as subsequent work on the probleuntil the 1980's, however,
was based on a key premise: that the probability distribution of the stochastic source was
known. In most real-life situations, such a premise would nohold. This suggests the prac-
tically important problem of universal data compression- where the objective is to select a
coding scheme in order to obtain good compression performaewhen the source distribution
is not completely known The answer to this question is still very unclear. In this work,
we propose and develop a new theoretical framework for the blem of universal lossy data
compression.

More precisely, consider a sour&fxng with values in the alphabet A, which is to be
compressed with distortion no more thanD 0 with respect to an arbitrary sequence of
distortion functionsf n i A" AN 1 [0;1), where A is the reproduction alphabet. Let
B (x]; D) denote the distortion-ball of radius D around the source stringx§ 2 A":

B(x];D) = fy] 2 A": n(x1;y]) Dg
Recall from the theory of lossless coding that a pre x-free acoder is a lossless code whose
output can be uniquely decoded because no codeword is a preaf any other codeword.

De nition 1. A D-semifaithful code or lossy code operating at distortion leel D (or simply,
a lossy code) is a sequence of mags, : A" I'f 0;1g satisfying the following conditions:

Lother modelling frameworks have been suggested, e.g., the Kolmogorov complexity approach, the \indi-
vidual sequence" approach pioneered by Ziv, and the grammar-based approach of Yang and Kie er.

2 A source is just any discrete-time A-valued stochastic process; alternatively, a probability measure on the
sequence space of the alphabefA.

3In the information theory literature, a distortion functio n is often called a \distortion measure" or a
\ delity criterion".



Figure 1: A D-semifaithful code quantizes the data to a point in the distation ball around
the data, and then represents this point by a binary string.

(i) C, isthe composition , , of a\quantizer" | that mapsA" to a ( nite or countably
in nite) codebook B, A", followed by a pre x-free encoder , : B, !f 0;1g :

(i) n(x]; n(x})) D forall x§ 2 A",

We make some comments on the choice of the distortion functios . Firstly, our results
share with most previous work in this area the feature that the distortion functions are
assumed to be given, somehow xedh priori by the nature of the speci ¢ application. Since
we do not assume a particular form of the distortion functions, this makes the framework
exible and general.*Secondly, we assume for ease of analysis that we are dealingiwsingle-
letter distortion functions. This means that the | simply measure the average bitwise
distortion accordingto 1 =

1 X
n(XTyD) = o (i)
i=1
Thirdly, when A = A (which is a common situation), any \nice" distortion functi on has the
property that (x;y)=01i x = y. Thus, we should expect to recover results from the theory
of universal lossless compression when we consider the cd3e= 0.

De nition 2.  The codelength function is the length of the code word used tmcode a data
string:
len, (x7) = length ofC,(x7); in bits:

Given the source distribution P on the sequence space &, the rate of the code is
. 1
RO= ess suplim sup =len, (X ):
! ni1 n
The operational rate-distortion function of the stationary, ergodic sourceP is the smallest

rate that can be achieved by @& -semifaithful code in compressing the source:

9 lossy codef C,g operating at levelD;

‘A — 0.
R(PD)=inf  R™ which compresses sourc® at rate R°

4One may hope that the structure in the data itself could someh ow suggest what the natural choice of
distortion function should be, but that is an open problem st ill.



When P is i.i.d. with marginal distribution P, we write R(P;D) = R(P;D).

Remark 1. Lossy codes can be de ned in two ways that are dual to each othein some
ways: as distortion-constrained codes or rate-constrairgt codes. Our framework is based on
distortion-constrained codes. Rate-constrained codes tpiire the sequence of map$C, g to
have arate R, and the goal is to minimize the distortion (typically, the e xpected distortion);
they are not treated in this work.

The de nition of a lossy code here di ers from the de nition u sed by Shannon[27] and in
texts such as [7]. The di erence lies in the delity requirement: whereas the classical approach
istoaskforE »(X7:;Y{") D, wedemand the more stringent requirement that the distortion
between any string and its quantized version is not more than D. It is now well-known,
based on the work of Kie er[14], that this does not change the rst-order asymptotics of
the problem; in particular, Shannon's rate-distortion function characterizes the fundamental
achievable limit for either of these delity constraints as long as the source is stationary and
ergodic. For simplicity, we only state the Rate-Distortion Theorem for i.i.d. sources.

Fact 1. [Rate-Distortion Theorem] The operational rate distortion function for an i.i.d.
source with marginal P is given by the solution of the nonlinear optimization prokém:
R(P;D)= inf I (X;Y); Q)
w2Wopp

whereWpp = fW 2P (A A): rst marginal W1 = P; andE (X;Y) Dg. This function
is known as the rate-distortion function.

Let us make precise the notion of a universal lossy code. Siaave want this to be optimal
irrespective of the source, we have the de nition below.

De nition 3. Let C be a class of stationary, ergodic sources. A lossy codg, is said to be
universal over the classC if

. 1
lim supﬁlenn(xf) R(P;D) w.p.1 8P2C;
n'l

when the true distribution of f X,gis P 2 C.

1.2 A Solution Paradigm: Codes and Measures

The fact that D = 0 corresponds to lossless compression suggests that one yniay to take
inspiration from the well-developed theory of universal Issless data compression. The key
idea underlying this theory is the correspondence betweenarles and measures that was
already implicit in [26], and put on a rm foundation by Kraft [18] for pre x-free codes and
McMillan[22] for uniquely decodable codes. This is the factthat any uniquely decodable
lossless code (when, say, coding with blocks of length) has codelength function bounded
below by logQn(x}) for some probability distribution Qn on An: conversely, given any
Qn, one can nd a pre x-free lossless code whose codelength fation is bounded above by

logQn(x7) +1. See, e.g., [7] for details. Since the integer constrainis irrelevant when
coding with large blocks, the Kraft-McMillan inequality ca n be paraphrased as: \There is a
correspondence between lossless codes of block lengtland probability distributions on A",
given by len,(x]) =  logQn(x7)."

Kontoyiannis and Zhang [17] showed that this idea can be gemalized to lossy compression

by identifying lossy compression algorithms with probabiity distributions on the reproduction
space.



Fact 2. [Codes{Measures Correspondence] Suppose for giverD 0, the Weak Quan-
tization Condition of [17] holds (i.e., there exists a sequece of measurable,D -semifaithful
guantizers with countable range). For any codeC, operating at distortion level D, there is a
probability measureQ,, on A" such that

len, (x1) logQn(B(x1;D)) bits, for all x] 2 A": (2)

Further, if fQng is an admissible sequence of probability measures in the senthat
lim sup %Iog Qn(B(X1;D)) R<1 wpl (3)
nll

then there is a sequence of coddsC,,g operating at distortion level D whose length functions
satisfy

len, (X 1) logQn(B(X1;D))+log n+ O(log logn) bits, eventually w.p.1. 4)
A similar result holds in expectation.

Remark 2. Fact 2 is very general, and holds forany sequence of distortion functions. However,
our study crucially depends on the single-letter assumptio.

Remark 3. Note that when A is nite and A = A, the Weak Quantization Condition of [17]
is trivially satised for any D 0 since the identity quantizer is measurable and has zero
distortion.

Fact 2 outlines precisely the nature of the correspondence diween lossy compression al-
gorithms using a block length ofn and probability distributions Q,, on A". The rst part
is proved using Kraft's inequality. The second direct codirg part was proved by [17] using a
random coding argument{ one estimates the waiting time for amatch of X' within distortion
D, looking through a codebookf Y;"(i)gi2n wWhose code words are generated independently
from the probability distribution Q.. Note that this random coding procedure is not practi-
cally constructive{ since the waiting times in order to identify the code word corresponding
to the data is exponential in the data size.

In the lossless case, the codes{measures correspondencggasted a correspondence of
codelengths with  log Qn(x1). In the lossy case, codelengths correspond to quantitiesf éhe
form

Ln(Qnix1) = logQn(B(x1;D)) bits. ®)

Unlike in the lossless case, the correspondence betweendpscodes of block lengthn and
probability measures on then-th order product of the reproduction space is only valid when
coding with large blocks.

Given a lossy code, how does one evaluate how good it is? Theuge of merit is naturally
the codelength per symbol, and thanks to the codes{measuresorrespondence, this is asymp-
totically equivalent to the rate of exponential growth of th e probabilities Q, (B (X !;D)). For
ease of analysis, we will only consider lossy codes correspling to product distributions on
An: thus Q, = Q". The asymptotic performance of such codes is described by éhGeneral-
ized or Lossy AEP (so called because it is a generalization dhe Asymptotic Equipartition
Property, or AEP, known to information theorists and statis tical physicists).



Fact 3. [Generalized or Lossy AEP] Let f X9 be an i.i.d. source. ForanyD 0,
Iimlinf %IogQ”(B(X{‘;D)) = R(P;Q;D) w.p.1; (6)

where R(P; Q; D) is a function, lower semicontinuous in Q and non-increasing in D, that
is de ned in the next section. Furthermore, the limit exists for all D 6 D nin(P; Q), where
Dmin (P; Q) is de ned in the next section.

Remark 4. The Lossy AEP holds in great generality. In fact, necessary ad su cient con-
ditions for the limit to exist are derived in [12], for single-letter distortion functions on ab-
stract (Borel space) alphabets, provided the source is stabnary and ergodic, and the coding
distributions fQng form a stationary process that is su ciently strongly mixin g. Only for
D = Dpin > Ois there sometimes a problem. These considerations will ndother us because
all the cases we deal with haveD i, = 0.

Note that the lossy AEP proves the admissibility of all reasmable probability distributions
on sequence space (including all i.i.d. distributions, andall stationary, ergodic distributions
satisfying certain mixing conditions), so that the codes{measures correspondence is true in
wide generality.

For convenience of discussion, we henceforthestrict our consideration to i.i.d. source
and reproduction distributions. The principles proposed in Section 2 can be stated in the
much more general setting of stationary and ergodic distrilutions, but the task of verifying
that the principles work in general is formidable and not attempted here.

The lossy AEP identies R(P;Q;D) as the gure of merit when doing lossy coding with
large blocks, suggesting that the best codes may corresportd minimizers of this rate func-
tion. We write

Q = Qpp =argmin R(P;Q;D);
Q

when a minimizer exists and is unique, and call it theoptimal reproduction or coding distri-
bution. As expected from the rate-distortion theorem,

R(P;D) = R(P;Q ;D)=mg1 R(P;Q;D)

is the best achievable lossy compression rate.

The connection of Q with optimal codes for a nite but large block length n was made
precise in [16] and [17]. Recall that forD = 0, the problem of optimal lossless compression
using block length n is, theoretically at least, equivalent to nding a probabil ity distribution
Qn that minimizes the average codelengthE[ logQn(X{)] = H(Pn) + D(PnkQpn). Thus
the optimal choice is simply to take Qn to be the n-th order marginal P, of the true source
distribution P. When the source is i.i.d., this choice of codelength{ logP (x) for each
symbol{ has a special name, theidealized Shannon codelength In [3], Barron proved the
celebrated lemma on its competitive optimality properties. Thus, the problem of nding the
optimal lossless codelength function (and hence the optirmacode®) is identical to the problem
of nding the distribution of a data source, which is where statistics comes in. How does this
development carry over to the lossy case, whe® > 07

[16] shows that the sequence of probability distributions@, which achieve the in ma
in the de nitions of Kn(D) =inf o, E[ logQn(B(X;D))] corresponds to an optimal lossy

SWhen A is nite, there is a simple constructive procedure to build a lossless code whose codelength is
within 1 bit of the idealized Shannon codelength. See, e.g., [7][pg.123].



\ Lossless coding \ Lossy coding \

Any code has codelength close ta Any code has codelength close tg

log Qn(xY]) for some Qy log Qn (B (x7; D)) for some Q,

AEP: Lossy AEP:

T10gQ"(X{)! H(P)+ D(PkQ) 11ogQ"(B(X];D)) ! R(P;Q;D)
Want code based on theQ that mini- | Want code based on \the" Q that min-
mizesH (P) + D(PkQ) imizesR(P;Q;D)

Optimal Q is true source distribution | For D > 0, optimal Q (& P) achieves
P Shannon's r.d.f. R(P; D)

Selecting a good code is like estimating Selecting a good code is an indirect es+
a source distribution from data timation problem

Table 1: How to select good codes?

code. In particular, the codelength logQ, (B (X ;D)) has competitive optimality properties
as for lossless compression. Furthermore, when the sourcgiii.d., it su ces to consider the
lossy code corresponding to powers of the optimal reproduin distribution Q on A, i.e., the
optimal output distribution that achieves the in mum in the de nition of the rate-distortion
function. More precisely, the di erence in performance betveen Q, and (Q )" is O(logn)
and the per-symbol di erence asymptotically vanishes. Thus, when the source is memoryless
with marginal P, our goal is to do statistical inference with the hope that we can somehow
estimate the distribution Q = QP;D, and not the true source distribution P, from the data.
In analogy with the lossless terminology, we call log(Q )"(B(X ;D)) the idealized lossy
Shannon codelengtif

In statistical estimation, the key conceptual simpli cati on of considering parametric mod-
els (families of probability distributions, typically par ametrized by a subset of Euclidean
space) made early advances in the eld possible. The considation of parametric models
is justi ed in two ways: rstly, it is often reasonable to ass ume that our distributions have
some structure (e.g., the observed data is generated by a detministic process perturbed by
Gaussian noise of unknown mean and variance), and secondlihe non-parametric in nite-
dimensional problem can be nearly intractable to solve and prametric families may give
practically useful if not completely ideal results. For the same reasons, we also choose to
focus onparametric models of coding distributions In order to make this more realistic, we
also allow for a nested sequence of parametric models of ireasing \complexity".

Motivated by the codes{measures correspondence and the ab® remarks, we pose the
problem of selecting a good code among a given family as theatistical estimation problem
of selecting one of the available probability distributionsfQ ; 2 g on the reproduction
spac€. Speci cally, we want to choose the one whose limiting codig rate R(P;Q ;D) is as
small as possible.

If Q = Q happens to be in the above class, then of coursR(P;Q ;D) is simply

6As a matter of fact, Shannon's proof of the rate-distortion t heorem used a particular random codebook{ the
best possible random codebook generated by Q )". The implications of using sub-optimal random codebooks
Q" for someQ 6 Q remained unexplored till various authors (see, e.g., [20][30][15]) began exploring the issue
in the 1990's. The primary motivation for these works was the analysis of the universal lossy coding algorithms
(e.g., [28][15]) inspired by the success of the Lempel-Ziv dgorithms in lossless compression.

7 itself may contain a hierarchy of subsets, that we identify as models of decreasing complexity.



the rate-distortion function of the source. But in general we do not always require that
to be the case, and we think of our target distribution Q as that corresponding to =
argmin R(P;Q ;D). Intuitively, we think of Q as the simplest measure in the class of
measures parametrized by that can describe all the regularity in the data with accurag no
worse thanD.

1.3 Outline

The search for a good universal lossy code can, based on theale discussion, be viewed as
the search for a good estimator for the optimal reproductiondistribution, since the latter
will yield the former at least for large data sizes. Recall that a similar connection held in the
lossless case, and in that case, two of the prime methods usede the mixture method and
the MDL (Minimum Description Length) method. Mixture codin g for lossy compression was
investigated in [17]. We investigate an MDL approach in this work.

The principles underlying our approach are described in Sdion 2. In Section 3, second-
order properties of the lossy likelihood are studied for thesetting of universal coding. Sections
4 and 5 explore the dichotomy in the behavior of lossy maximumlikelihood and MDL esti-
mators for i.i.d. sources and coding distributions. While Sction 4 motivates the study using
examples of Gaussian and Bernoulli codes, Section 5 provesgeneral result in the case of
nite alphabets. Section 6 o0 ers some suggestions for futue work.

2 Principles and Main Results

2.1 Conventions and Notation

The data f X gn2n are drawn from an i.i.d. source with marginal distribution P on an
alphabet A. Although the distribution P is not known in general, we will typically assume
that it lies in some well-behaved subset ofP (A), so that the existence and uniqueness of the
optimal reproduction distribution Qp., is assured for some range ob. Most of our main
results and analysis will assume thatA is nite; however since we consider two examples with
A = R in Section 4, we allow for this more general situation in our dscussion of notation
below. We always assume that the reproduction alphabe& is the same as the source alphabet
A, retaining the two di erent symbols for conceptual clarity .

The single-letter distortion function :A Al [0;1 ) is arbitrary. By Pinkston's lemma
(see, e.qg., [7][Chapter 13]), we can assume without loss oégerality that min y2 R (a;y) =0
for eacha 2 A.

We only consider lossy codes corresponding to probability masures onA™ that are i.i.d.
Indeed, the class of marginal distributions onA (\random coding distributions" or \repro-
duction distributions") that we allow is a parametric model with parameter space , where

is a compact subset of Euclidean space. A generic probabily distribution from this model
is denoted Q . The optimal coding distribution is denoted Q or Q , sinceQ lies in our
paremetric model. Call the parametrization sensible if one of the following conditionshold:

1. m! impliesthat Q , ! Q inthe -topology?, or

2. A and A are Polish spaces with the Borel -algebra, (; ) is continuous, and , !
implies weak convergence.

The rst condition is satis ed when A is nite and the canonical parametrization or any
homeomorphic reparametrization of it is used, whereas manyeasonable distortion functions



for continuous alphabets (such as squared error for the redine) would satisfy the second
condition.

We always denote aA-valued random variable by X, and a A-valued random variable
by Y, indicating which distributions they came from by subscripts on expectations when
necessary. The value oD above whichR(P;D) is 0 is given by

Dmax(P)=min Ep[ (X;y)] (7)
y2 A

The argument P may be dropped when obvious from context. Clearly, ifD > D nax(P), the
data can simply be represented by a string consisting only othe minimizing y 2 A while
staying within mean distortion D.

It is well-known (see, e.g., [9],[11]) that the rate functim in (6) is the convex dual of the
averaged cumulant generating function of the distortion:

R(P;Q;D)= (P;Q;D) = sgl%[ D (P;Q )l )

where
(P;Q; )= Ep logEgle )] : 9)
Further, as shown by these authors, the rate function can alernatively be characterized as

R(P;Q;D) = Wzl% IXEY)+ D(QvkQ)] (10)

P;

where the in mum is taken over the same classNp.p = fW 2P (A A): rst marginal W =
P; and E (X;Y ) Dgofjoint distributions that appears in the rate-distortion theorem, and
Qv denotes the second marginal ofV.

The quantity D min, Which represents the in mum of distortion levels D at which the rate
function is nite, is given by

Dmin (P;Q) = Ep[essinf (;Y(1))]: (11)

When P is understood to be xed, we abuse notation and writeD min( ) = Dmin(P;Q ) and
DM ()= Dmin(Pxp:Q ), where Pxn is the empirical distribution of the data.

Let (P;Q;D) denote the unique achieving in the de nition (8) of the rate function
R(P;Q;D). Then, if %and %denote the rst and second derivatives of with respect to

, the following hold:

R(P;Q;D)= D (P:Q; )
AP;Q; )=D (12)
%pP:Q; )>0

Note that this is meaningful only when Dpyin (P; Q) <D . When P is xed, we de ne

= (P;Q;D) (13)

8The -topology is the topology corresponding to convergence of expectations of all bounded, measurable
functions; thus it is stronger than the topology of weak conv ergence.

10



and

g@ (P;Q; ) a@Q; ) (14)

where ,(Q; )=log Eqle &Y)].
The following sequence of constants (when nite) provide castraints on the source and
coding distributions that are used in the literature:

d(P;Q)  E[ XX Y)I; (15)

where we take X P and Y Q to be independent. Note that di(P; Q) has variously
appeared in the literature asD max(P; Q) (eg: [16],[17]) and asD 4 (P; Q) (eg: [9]).
For most of this chapter, A = A is nite. In this case, we make use of the canonical

masses of the rstm 1 symbols. Clearly, this is a sensible parametrization in tlke sense elu-
cidated above. Let R™ 1 denote the parameter space for the canonical parametrizatin
of the simplex P (A). A generic probability distribution from the simplex is de noted P , and
the true source distribution by P = P . The empirical distribution Iﬂxg = Iﬁxln of the data
X1 also belongs to the simplex, and is parametrized by ,* For eachD 0, the collection
of source distributions

S(D)= fP :D <D max(P);Q is unique, suppP) = A; and supp@Q ) = Ag (16)

is important, and we will call it the admissible class of sourcesWe denote by ¢ the
set parametrizing the S(D) P (A). Since the distortion function is bounded whenA = A
is nite, d¢ < 1 forall k2 N and Dnin (P; Q) =0 as long as Q has full support.

2.2 Likelihood-based lossy coding principles

In [17], Kontoyiannis and Zhang proved the universality of i.i.d. mixtures (i.e., of Bayesian
codebooks).

Fact 4. [Lossy Mixture Codes are Universal] Let fX1'g be an i.i.d. source with
distribution P on A. For D 2 (0; Dmax), let Q denote the optimal reproduction distribution of
P at distortion D. If a prior has a density with respect to Lebesgue measure on the simplex
that is strictly positive in a neighborhood ofQ , and if we de ne the mixture distribution

z

Mn(y1) = o Q"(yD)d (Q); (17)

then:
logM, (B (X1;D)) log(Q )"(B(X{;D))+ o(n) w.p.1,asn!1 (18)

In this chapter, it is shown that not only are \lossy MDL codes" universal, but they have
a remarkable model selection property that is not shared by he codes corresponding to either
mixtures or to lossy maximum likelihood estimates. We exparl on this statement below.

A natural way to estimate the optimal empirically is to try and minimize the idealized
codelengths (5), or equivalently to maximize the probabiliies Q" (B (X1; D)).

De nition 4. The lossy likelihood function (or simply, the lossy likelilvod) is Q"(B (X1; D)),
viewed as a function of . The lossy log likelihood isL,(Q";X1) = logQ"(B(XT;D)),
viewed as a function of .

11



\ Lossy Compression \ Statistical Interpretation \

Code (Ln) Probability distribution ( Qn)

Class of codes Statistical model fQ : 2 g

Code selection Estimation : nd optimal 2
(i,e., one which minimizes

R(P;Q ;D))

Minimizing the codelength per | Lossy analog of Maximum Likeli-

symbol hood Estimation

Minimizing codelength of a 2-part | Lossy analog of MDL

code

Table 2: Developing the statistical approach to lossy compession.

We de ne the Lossy Maximum Likelihood Estimate as the parameer corresponding to
the reproduction distribution which maximizes the lossy likelihood.

De nition 5. The Lossy Maximum Likelihood (LML) Estimate is de ned as

i = arg min logQ"(B (X };D))I;

when the minimizer exists and is unique.

In [10], it is shown that under very general conditions this estimate is consistentasn ' 1,
in that it converges to  with probability one.

Fact 5. [Consistency of LML Estimator] Suppose the parametrization of the class of
coding distributions is sensible (in the sense de ned eawdir). If 7}, is a sequence of possibly
non-unique maximizers of the lossy likelihood which is retavely compact in  w.p.1, then

N

n! , the set of minimizers of R(P;Q ;D).

Remark 5. This also holds under the general conditions mentioned in Raark 4.

But as with the classical (lossless) MLE, this’\,';'\’”- also has several undesirable properties.
First, the in mum in the de nition of "LML is not really a codelength; if we choose one of the
's based on the data, we should also describe the chosentself. Indeed, there are examples
[10] where the’\r';'v"- is not consistent, but it becomes consistent when appropriately mdi ed
to correspond to an actual two-part code.

Second, the MLE estimate tends to \over t" the data: For exam ple, if in the classical
(lossless) setting we try to estimate the distribution of a binary Markov chain, then, even if
the data turns out to be i.i.d, the MLE will be a Markov (non-i .i.d) distribution for most n.

To rectify these problems, we consider \penalized" versios of the MLE, similar to those
considered in the lossless case. This is an instance of the miinum Description Length
(MDL) principle proposed and developed initially by Rissanen (see, e.g., [24][25]). For a
comprehensive recent review of the applications of the MDL pnciple (in particular, for
lossless coding), see [4].

De nition 6. Let "( ) be a given \penalty function" such that *n( ) = o(1). The Lossy
Minimum Description Length (LMDL) Estimate is de ned as

/\rI;MDL =arg2min %|oan(B(X£';D))+ ()

12



when the minimizer exists and is unique.

By [10][13], the LMDL estimator is also consistent. Moreove, in Section 5 we present
some simple examples illustrating how the LMDL estimator awids the common problems of
the LML estimator mentioned above.

However, both the LML estimator and the LMDL estimator share a severe disadvantage{
they are very hard to determine in any speci c situation. This is because both involve the
minimization of a functional{ the probability of a ball{ a co mplicated integral that becomes
exponentially harder to compute as the dimension grows. Ths motivates the usage of ap-
proximations of this integral that are easier to compute: we call these pseudo-estimators.
The pseudo-estimators are only valid when the class of codqdistributions being considered
is i.i.d, furthermore they too are not easy to calculate in ggneral, but can be computed when
the form of the rate function is known.

The approximation that suggests pseudo-estimators for thei.i.d. case is one originally
suggested by Yang and Kie er in [30], and subsequently re n&l and generalized in [31], [8],
etc. In fact, Theorem 2 proved in this chapter is a further re nement of this result. However,
for the purposes of motivating our pseudo-estimators, we oy need the following fact: that
for abstract alphabets and arbitrary distortion functions,

logQ"(B(X{;D))= O(1) 3logn nR(Iﬂxf;Q;D) eventually w.p.1: (19)
This suggests that for large n, we can replace the idealized lossy Shannon codelengths
Ln(Q";X7) = 1logQ"(B(X{;D)) by
Cn(Q:X) = nR(Px;;Q;D): (20)
In the case of memoryless sources and coding distributionghis length function is completely

functionally equivalent to the idealized lossy Shannon cetength This fact is the content of
Theorem 1, which is a simple observation based on [31] and []L6

Theorem 1. For any code C,, operating at distortion level D, there is a probability measure
Q on A such that

len, (X1) nR(Iﬁxln;Q; D) glogn + O(loglogn) bits, eventually w.p.1 (22)

Conversely, suppose the Weak Quantization Condition of []7holds at a distortion level D,
and the probability measureQ on A satises R(P;Q;D) < 1 . Then there is a codefCng
operating at distortion level D whose length functions satisfy

len, (X 1) nR(Iﬁxln;Q; D)+ ;Iogn + O(loglogn) bits, eventually w.p.1 (22)

Proof. By [16][Corollary 1], for any code C,, operating at distortion level D, len,(x7)
log(Q )"(B(X{;D)) 2logn eventually w.p.1, whereQ is an optimal reproduction dis-
tribution. Combining with (19) gives the rst part.
For the second part, note that the sequence of product measas f Q"g is admissible
because lim sup;; %IogQ”(B(X”;D)) = R(P;Q;D) < 1. Thus Fact 2 implies the
existence of a lossy codéC,g operating at distortion level D with length functions satisfying

len, (X 1) logQ"(B(X{;D))+log n+ O(log logn)
23
nR(Iﬂxg;Q;D) + glogn + O(loglogn) bhits, eventually w.p.1 @3)

The second inequality follows from (19).
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In other words, for i.i.d. sources, just as we have the asympitic equivalence lem (X 1)
Lh(Q™;XD) where Q" is the distribution on A" corresponding to C,, so also we have
len,(X7) LCn(Q;X71). This asymptotic equivalence suggests the following de fition.

De nition 7.  The pseudo-lossy log likelihood function (or simply, the pudo-lossy log like-
lihood) is Cn(Q ;X7{) = nR(Iﬂxg;Q ;D), viewed as a function of .

We can now de ne \pseudo-estimators" that maximize the pseuwlo-lossy likelihood in
order to estimate

De nition 8.  The pseudo-Lossy Maximum Likelihood (pseudo-LML) Estimag is de ned as

ML = argmin £a(Q :X{) = argmin R(Px;;Q ;D); (24)
2 2

when the minimizer exists and is unique.

Note that the lower semicontinuity of R(P;Q;D) in Q implies that the existence of a
minimizer is assured whenever is be compact.

De nition 9.  Let ",( ) be a given \penalty function" such that ",( ) = o(1). The pseudo-
Lossy Minimum Description Length (pseudo-LMDL) Estimate is de ned as

et :argzmin [R(Px7:Q ;D) + "n( )]; (25)

when the minimizer exists and is unique.

We note that in the literature on lossless data compressioniwo kinds of penalties have
been considered{ general penalties satisfying Kraft's inguality for a lossless code on a count-
able parameter space (so that the MDL estimate then corresponds to a \real" two-part
code), and dimension-based penalties. The latter is often wtivated via the former using ap-
propriate discretizations and limiting procedures. Barron [3] obtained path-breaking results
of the former style, followed by further seminal results motvated by density estimation in
[5]. Unfortunately we could not nd an easy generalization d these elegant results to the
case of lossy compression. One way to interpret the di culty in generalizing the universality
of two-part codes involving a code on the parameter space Igin the fact that the dichotomy
theorem for likelihood ratios involving stationary ergodic distributions does not carry over
to a dichotomy theorem for \lossy likelihood ratios" because the distortion balls do not just
contain \typical strings" for a particular ergodic probabi lity measure.

In this work, for simplicity, we will only consider penaltie s of the form

n( )= k( )e(n) (26)
wherek : ! Z.. Thus the pseudo-LMDL estimator is
h i
TP =argmin R(Px;p;Q D)+ k( )e(n) ; 27
2

with the LMDL estimator given analogously. Both the complexity coe cient k( ) and the
penalty decay rate c(n) can be chosen in a variety of ways; the canonical choice fdc( ) is
the \dimension" of , in a sense that will be clari ed later, and the canonical chdce of ¢c(n)

i« logn
IS -
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2.3 Main Results

The key to analysis of the lossy estimators is the lossy liké#hood function. The rst-order
behavior of the lossy likelihood is captured by the \lossy ABP" (Fact 3), so-called since it
is the lossy analogue of the traditional asymptotic equipatition property. It says that the
probability of a distortion ball around the data is, w.p.1, a pproximately equal to e "R(F:Q:D),
This result is re ned in [9] by computing the nature of the second order term, which is of
course a polynomial factor. However, that analysis is for tle situation when the sourceP is
known. In order to adapt the power of the second-order lossy EP for universal coding, a
generalization is necessary. Our rst two theorems proceedn this direction.
The following assumption is key.

(?) Let the data fX,g come from an i.i.d. source with marginalP on a nite
alphabet A, and let P 2 S(D) (the admissible class of sources de ned earlier).

We call S(D) the admissible class of sources becauge 2 S(D) ensures that there is a
unique Q in the interior of the simplex P(A). The restriction to the admissible class of
sources is also used in [17], which also contains commentsa@li how strong a restriction this
is.

Theorem 2. [Lossy Likelihood and Empirical Rate] Suppose Assumption ?) holds.
Let ( be a compact subset of the interior of , where provides the canonical parametriza-
tion of the set of reproduction distributions on A = A. Setdy(P; o) inf > 0 d1(P; Q).
Then, for 0<D <d 1(P; o),

sup logQ"(B(X1;D)) nR(Iﬂxf ;Q ;D) ilogn = O(1) eventually w.p.1. (28)
0
The next result connects this with the rate function evaluated at the source distribution

by an appropriate expansion ofR(Iﬂxg ;Q ;D).

Theorem 3. [True and Empirical Rates] Suppose Assumption 9) holds. Consider the
class of i.i.d. reproduction distributions on the reprodudion alphabetA = A, with  providing
the canonical parametrization. Then for eachD > 0, there exists °> 0 such that

log logn

X
sup  R(Pxp;Q ;D) R(P;Q ;D) % g(Xj) =0 eventually w.p.1(29)

These uniform approximations of the lossy likelihood and psudo-lossy likelihood are
proved in Section 3. Some consequences are also discusseer¢h

The next three theorems analyze the behavior of the variousdssy and pseudo-lossy estima-
tors in the i.i.d., nite-alphabet context. The assumption s below are labelled for convenience.

(??)LetlLy Lo i Ls be any nested sequence of sets in the parameter
space for the simplex P(A) according to the canonical parametrization. De ne
the complexity coe cient k() by

k()=minfl i s: 2Ljg: (30)
(??7) Suppose the (true) dimension ofLg , wheres  k( ), is strictly less than

iAj 1.
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Assumption (??) is our way of formulating the problem of model selection in the context of
the lossy compression problem. The nested sequence L, ::: Lsg is to be thought
of as a sequence of increasingly complex parametric modelsrfthe optimal reproduction
distribution Q that we are trying to estimate. The preference for simpler malels (arising
from the fact that codes based on distributions from simplermodels are more easily described)
is expressed by making the penalty coe cient k( ) strictly increasing in the order of the
nesting. Thus what k essentially does is to partition the parameter space { each set of the
partition being the pre-image of a value in the discrete ran@ of k. The speci c values ofk
are unimportant but the ordering is crucial. However, for convenience and without loss of
generality, we de ne k( ) as in (30), where the values in the range ok are successive integers.
If a form for the decay rate c(n) is also given, that speci cation completes the de nition of
the penalty function k( )c(n), as well as of the LMDL and pseudo-LMDL estimators (as per
(27)).

Our rst result on lossy estimators is a negative result for the pseudo-LML estimator.

Theorem 4. [Behavior of Pseudo-LML Estimator] Suppose Assumptions 7), (??)
and (??7 hold, and in addition, : ¢! that yields the optimal reproduction distribution
is such that the derivative matrixD ( ) is non-singular. Then M- 2 ¢ i.0. w.p.1.

Recall that consistency of the LML and LMDL estimators is already guaranteed under
these assumptions due to [10]. Theorem 4 is therefore sayirgpmething about the behavior
of tML as it approaches , namely that it never stops overestimating the complexity of

Theorem 5. [Behavior of Pseudo-LMDL Estimator] Suppose Assumptions 7) and
(??) hold, and assume that the decay rate(n) in the penalty function “n( ) = k( )c(n) is
such thatloglogn = o(nc(n)) and ¢(n) = o(1). Then SMPL 2 | eventually w.p.1.

Thus, the pseudo-LMDL estimator approachesQ eventually through codes inLs . In
other words, if there is a \nice" subset of and we express our desire to know if is in
the \nice" subset by choosing it as a model in the model sequese that is used to de ne
the penalty function, then the pseudo-LMDL estimator nds the \nice" subset in nite time
whenever does indeed belong to it. The pseudo-LML estimator, on the dber hand, cannot
display this behavior{ it must make excursions outside ofLs in nitely often.

The most natural choice of the nested sequence of sets wouldeba sequence of hyper-
surfacesL; (for instance, truncated a ne subspaces) of varying dimenson, where L; has
dimensioni. This is the picture we had in mind when formulating the model selection prob-
lem for lossy compression, and it is in this sense that the coplexity coe cient k( ) can
represent the \dimension" of . This picture and the associated behaviors mandated by our
results are illustrated in Figure 2.

To reiterate, there may be a di erence between the true Eucldean dimension of a model
and its complexity coe cient assigned by k. However, the canonical example we have in
mind for a class of models is a class of hypersurfaces as ddpit in Figure 2, and in this
case the two measures of model complexity are the same. Even that case, in itself is
just a vector in an (j&  1j)-dimensional space and the complexity coe cient really invokes
an implicit hierarchy of sets in which we would like  to be as far up as possible (because
we can perform the lossy coding in an increasingly e cient mawner along the hierarchy for
whatever reason). The theorems stated only depend on this igl, and therefore hold forany
nested sequence of models.
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L1

Figure 2: In this schematic gure, 2 L, the blue line represents the pseudo-LML estimator,
the orange line represents the pseudo-LMDL estimator, and lpoints where either trajectory
intersects with L, are marked green.

Next, the above analysis of the simpler pseudo-lossy estintars is used to study the lossy
estimators themselves. It is proved in Section 5. It says thathe LMDL estimator approaches
Q eventually through codes inLg .

Theorem 6. [Behavior of LMDL Estimator] Suppose Assumptions %) and (??) hold,
and assume that the decay ratee(n) in the penalty function “n( ) = k( )c(n) is such that
loglogn = o(nc(n)) and c(n) = o(1). Then "MPL 2 | ¢ eventually w.p.1.

Remark 6. The freedom in the choice of the decay ratec(n) in the penalty function is
remarkable. It tells us, for example, that the exact values & the complexity coe cient k( )
are quite irrelevant, as long as they are strictly increasimy in the order of the nesting of the

fLig. To be precise, we only need that there exists > 0 such that foreach2 i s 1,
sup k()+ < sup Kk(): (32)
2LinLi 1 2Li+1 Ly

Furthermore, while penalties of order'o% work ne, so do{ for instance{ penalties of order

w or pl—ﬁ This may be useful for potential practical applications, snce it allows

for tuning the estimator in a particular situation dependin g on the relative importance of

17



over tting and under tting. See, e.g., [2], for a discussion of such aspects in the context of
statistical inference.

Remark 7. We have not addressed the problem of how to choose an appropite sequence of
models here. That is a question that would naturally follow a study of how the theoretical
framework developed by [17] and this work can be applied to bild constructive (hon-random)
codes.

3 Second-order properties of the lossy likelihood

3.1 Uniform Approximations of the Lossy Likelihood

The second-order lossy AEP emerges as a consequence of [igorem 3] and [9][Theorem 16].
In order to prove the uniform version, we adopt a brute-forceapproach and prove stronger,
uniform versions of these two results in Theorems 2 and 3. The is another possible proof
approach using the method of types, and a sketch of this apprach is outlined in Appendix B.

Proof of Theorem 2. We wish to apply the expansion of the distortion ball probabilities
proved by Yang and Zhang, [31][Theorem 3], to the random stmg X 1. Sincedg(lﬂxln Q)<

1 and Dmin(lﬁxg ;Q)=0forall 2 ¢ (owing to the nite alphabet assumption and the
fact that Q is in the interior of the simplex respectively), the conditions of that theorem are
satis ed and we have forany 2 ¢ andanyc> 0,

Q"(B(XT;D))
exp( NR(Px»;Q ;D) %logn)

Ln(c; ) Un(); (32)

for D 2 (0;d(Pxyp;Q )). Here,

1=2
Lo(c: )=e " phe o 168,?;‘2d(3”) ;
_ 1 a2 (), S
Un()= o 16577+ p 33)
d” = da(Px;: Q)
and S, = @R(ﬁx”:Q ;D)
s @[8 1

are all random variables depending om and

The rst step is to note that a uniform strong law of large numb ers guarantees that as
nt1l ,di(Pxp;Q)! di(P;Q) and dg(Pxp;Q) ! ds(P;Q ) uniformly over . This
tells us that for n large enough and any 2 o,

di(Px0:Q ) inf du(P:Q) (34)

for arbitrarily small > 0, so that (32) holds forall 2 g and all D 2 di(P; o) (which
is the range of D specied in the statement of our theorem). Of the various criteria that
can be used to obtain a uniform law of large numbers (such as # method of Vapnik and
Chervonenkis[29], or the econometric approaches of [1] anj@3]), the criterion of Petscher
and Prucha [23] seems most convenient to verify in this casen particular, the compactness
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of ¢ and the joint continuity of Eq [ (X;Y)]in x and imply that the criterion is satis ed.
Note that the continuity of Eq [ (X;Y)] in is a consequence of the assumption that the
parametrization by is sensible: when ! , Q . converges weakly toQ , and since is
automatically bounded and continuous on a nite alphabet, the expectations converge and
continuity is veri ed.

It remains to show that, eventually w.p.1, sup, ,Un( )< 1 andinf, jLn(c; )> 0
for somec > 0. This would imply that

Q"(B(X{1;D))

%9 oxp( "R(P;Q D) Liogn)

= O(1) eventually w.p.1; (35)

which is the conclusion of the theorem. First note thatU,( ) and L,(c; ) are continuous in

; this follows from the smoothness of and R(P;Q ;D) implied by [17] and from repeating
the continuity argument in the previous paragraph for d3. Now U, ( ) is a continuous function
over the compact set ¢ and hence achieves a maximum that is nite. For the lower bourd,
note that by similar arguments as before, [23] can be used toh®w that L,(c; ) converges
uniformly to L(c; ) over ¢, where

(e ) =e ¥ 1652 (36)
where
_ @ Lo
S = @R(P,Q :D) (37)

and d3 = d3(P;Q ). SincelL(c; ) can be made arbitrarily large by choosingc large enough,
and since it is a continuous function over a compact set, the rimimum of L,(c; ) over g is
bounded away from O for large enoughm and we are done.

Is the lossy likelihood expressible not merely in terms of tie rate function at the empirical
source distribution but also in terms of the rate function at the true source distribution? The
answer to this question is provided by Theorem 3. The proof idengthy and involved, and
requires the use of ideas from the Vapnik-Chervonenkis thag for uniform limit laws. It is
given in Appendix A.

3.2 Implications

Corollary 1. [Uniform 2nd-order lossy AEP] Supposef X,g is an i.i.d. process with
marginal distribution P on a nite alphabet A, and fQ : 2 gis a family of i.i.d. proba-
bility measures on the nite reproduction alphabetA. For an arbitrary measurable distortion
function , let R(P;Q ;D) and g () be de ned as in (10) and (14). Suppose the optimal
lies in the interior of the simplex of probability measures @ A. Then there exists a neighbor-
hood of in  such that for anyD > O:

X
logQ"(B(X{;D))= nR(P;Q ;D)+ g (Xi)+ zlogn+ o(P;;D) (38)
i=1

holds for a.s.4 in the probability space underlyingX{ , andj o(P; ;D)j Cp.p loglogn for
everyn>N (!), where N (!) is nite and independent of

Proof. Combine Theorems 2 and 3.
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A \central limit theorem" for the lossy likelihood L, follows from the pointwise second-
order generalized AEP that was proved in [9]. These pointwis results are extended to the
locally uniform (in ) case in Corollary 2.

Corollary 2.  Under the assumptions of Corollary 1, we have:
1. Locally Uniform \CLT": For > 0 su ciently small,

sup logQ"(B(X{;D)) nR(P;Q ;D)
2B( ) Var[g o(X)]" n

) N(0;1) (39)
for some “in the closure of the ballB( ; ). Infact, “isthe maximizerof ;_; g (X;)
viewed as a function of over the closed ball.

2. Locally Uniform \LIL": For > 0 su ciently small,

n n. . .
lim sup sup |Ogg (B(X{;D)) nR(P;Q ;D)
ni 2B( 1) 2Var[g o(X)]n log logn

=1 w.p.l (40)

P
for some %in the closure of the ballB( ; ). Infact, Oisthe maximizer of [_; g (X;)
viewed as a function of over the closed ball.

P . . .
Proof. We only need to note that since L, g (X;) is a continuous function of over the
closed ball, at least one maximizer 9 exists, at which the supremum of the function over the
open ball is achieved.

4 Three Examples: Lossy MDL vs. Lossy Maximum Likeli-
hood

The examples in this section are contrived and somewhat artcial, since they all involve
choosing between only 2 models, with the simpler model bein@ singleton. However, not
only do they provide a sanity check and some concrete simul@n-based illustrations, but
they also contain the basic proof ingredients that are utilized in the full- edged result for
nite alphabets in the next section.

4.1 Gaussian codes

Let us denote the normal distribution with mean  and variance 2 by N(; 2). Suppose

the source distribution P is N(; 2), whereas the coding distribution isN(; 2). If X is

drawn from P and Y from Q, and for the squared-error distortion function (x;y)=(x )2,
r r___

EQ[e (X;Y)]: - ;2 0, (2) 1(x) = — 5?2 (@2) 1(X);

where is the density function of the normal with the subscripted mean and variance. Thus,

2+ ( ).
22 1

(P;Q; )= Zlogl 2 2

Setting {P;Q; )= D yields a quadratic equation for , solving which gives

(v D).
2D 2

p
where v=1[ 2+ 4+4Df 2+( )29 [: (41)
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Recalling that R(P;Q;D)= (P;Q;D)= D ( P;Q; ), we have
(v D)v V)

- 2 2.
5 2y where V = “+( )< (42)

R(P;Q;D) = }log(2)

Such an explicit calculation of the rate function, though very di cult to obtain for more
general source and coding distributions, will turn out to be extremely useful in speci c cases
as we shall see. In particular, since the parameter space (foxed P) is just two-dimensional
here (for the mean and variance ofQ), we can use simple calculus to minimize the rate
function with respect to Q.

This yields the optimal rate

Y,
R(P;D) = 3log o (43)
with the optimal distribution Q of the encoded data being parametrized by

(;;D )= and (;:D )="V D (a4)

Example 1. Dichotomy for class of coding distributions withvarying means.
Suppose that the sourcef X ,g is a real-valued, stationary and ergodic, with zero mean and

nite variance. Consider a parametric family of i.i.d. coding distributions fQ : 2 = Rg
whereQ is N(; 1), anqblet the single-letter distortion function ,, be mean-squared error
(that is, n(x];y7) = % L (Xi  Vi)?). According to (44), = 0. We show below that

"ML is simply the empirical average of the data pointsX J.

The LML estimator is the maximizer of Q"(B(X];D)), which depends only on the Eu-
clidean distance between the pointX] 2 R" and the mean of the distribution Q", due to
the spherical symmetry of the multivariate normal and the fact that the distortion function
is simply Euclidean distance. The mean ofQ" is the point (; ;:::; ) on the main diagonal

around X1 maximized) by simple calculus:

@ X ; X X

@ Xi ) =09 2 2Xi)=0 ¢ Xi=n

i=1 i=1 i=1

so that the LML estimator as a function of the data is the same @& the (classical, lossless)
maximum likelihood estimator! That is,

1 X

n i=1

ALML _—
n =

Xi: (45)
Thus the consistency and asymptotic normality of this estimator trivially follow from the
corresponding results for the lossless maximum likelihoodestimator. (Note that =0
for all D 0 by (44).) Furthermore, as in the lossless case, this estimar will forever
uctuate around , by an application of the Law of the Iterated Logarithm. In ot her words,
MML g =0 in nitely often, w.p.1.

Now consider a penalty function such that thek( ) is equal to 1 for all 6 0 and zero
otherwise, andc(n) = "’% This means that we are expressing a preference for the sing
O-dimensional setfOg within the real line, and we would like it to be selected when is
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Figure 3: The dashed line denotes the pseudo-LML estimatorad the solid line is the pseudo-
LMDL estimator. Here  =0.

in deed 0. With the xing of a penalty function, the pseudo-LM DL and LMDL estimators
are well-de ned. The fact that “tMPL =0 eventually w.p.1 is implied by the classical model
selection theory in statistics, since this is just the clasgal MDL estimator.

Figure 3 shows an explicit numerical example illustrating the behavior of the two pseudo-
estimators, which suggests that the pseudo-LMDL estimatomot only converges to the correct
value, but also \ nds" in nite time and then stays there.

Example 2. Dichotomy for class of coding distributions withvarying variances, through anal-
ysis of pseudo-estimators.

Similar conclusions hold for the case when we take the codindistributions Q to be i.i.d.
N (0; ) with 2 [0;1).

To see this analytically, we use a very di erent approach fran that used for Example 1.
This is because when the variance is the parameter, it is verdi cult to analytically (or even
through simulation) determine the LML and LMDL estimators. The root of the problem is
the di culty of computing many instances of Q-integrals (distortion ball probabilities), and
then following this di cult computation, to maximize the re sult over the parameter space.
In Example 1, the geometric symmetry of the problem caused tk result to be independent
of the distortion level D, and enabled the direct computation of the LML estimator. This is
obviously an exceptional circumstance.

Thus, the approach we use here is to focus on the pseudo-estitors. Since the pseudo-
LML estimator is just the minimizer of R(Iﬁxln ;Q ; D), (44) implies

| O
ML - L D)=V, D (46)

P
where =1 ", Xjand 2= 1 [ X2 are the mean and the variance of the empirical
distribution, and V, = 2+ 2. Further, using (43) and (42),
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V
R(Pxp:D)= R(Pxp; 3 :D) = }log -

R(ﬁxf; ;D)=%Iog% (v DZ)(Z\:/ Vh)

(47)

Now suppose we choose a penalty function that simply adds a pmalty of log n for every
6 , so that the lower-dimensional subsetL containing  that we are considering here is
just the singleton. Then,

LU0 < argmin R(Byp;Q 10)+1° 9" sagmintRiRg  (48)

where Ry=arg min  R(Px»;Q ;D)+ ogn R(Pxg;D)+ oan (49)
2 f g 2n '

and Rz = R(Pxs; ;D) (50)

Noting that the argument for Ry is exactly M- and the minimizing argument in (48) is
exactly sMPL | we see thatthe behavioral di erences between the pseudo-LML and pseod
LMDL estimators must be completely captured by the relatioship betweenR; and R, (or
equivalently, by the relationship between the two rates in (47) above). This is the key insight
which allows us to unravel the dichotomy in this example.

From (41) and (44), observe that

v=Va+ Db
H#
4D z
where a=1 1+ 1+ — (V, V
2 w+prt V) (51)
) #
4D z
=1
and b=3 1+ W D)Z(V” V) 1
Expanding a and b as series in terms oV, V, we have
b=a 1= D (Va V) b* (Vn V)2+O(V, V)3 (52)
B S (v+D)2 T (V+D)4 ™ "
which yields
vV Vh=V V,+bV+D)
2 53
=(V V) V V)2 =2 4OV V) )

V+D (V+ D)3

the rst line following from (51) and the fact that a =1+ b, while the second following from

(52).
Using the fact that log(1 + x) = x + O(x?) for small x,
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log — =log 1+
n n V (54)
=V W) gy OV W)
so that
R(Pxp: D) R(Pxp;M:D) = Llog - S Dz)(;; Yo
= (V Vn) +VO(V Vﬂ)2 (55)
where = SN T D)V.(v D)(Va+ Db)
and =[(V D)(Va+Db) V,(Va+ Db D)
However,
= (V Vy)[Va+ Dbl+D(V, Db Va)
=(V V,) Va+Db D + OV Vp)? (56)

V+D

OV Vh)

where the second line of the display followed from (51) and (3), and plugging this back into
(55) yields

Rz R(Pxp;D)= O(Vn V)? (57)

In other words, the rst order term in the expansion of the di erence (55) vanishes! Since
V, V is a sum of zero-mean random variables, the Law of th@I Iterate Logarithm tells us

that the di erence of rates above is of order O('%%91) (not O( 291991y )1 |n particular,

the dierence is o('o%). Consequently R, is eventually strictly less than R4, implying that
~LMDL = eventually w.p.1. Further, by using the complementary part of the Law of the
Iterated Logarithm for ( V,, V), which says that the sum makes excursions outside an inteial
of O('Og'%) in nitely often with probability 1, we have that ML uctuates forever around
even as it approaches it.
Figure 4 contains a simulation comparing the behavior of thelossy pseudo-estimators.

4.2 Bernoulli case

Consider an i.i.d. Bernoulli source with parameterp = Pr( X = 1). The class of reproduction
distributions we consider is the class of i.i.d. Bernoulli dstributions (with parameter 2
[0; 1]).

Just as we did in the case of Gaussian codes, we can explicitbtompute the rate function
in this case using its characterization as the Legendre-Farhel transform of the mean of the
log moment generating function. This yields

p_
f (1 2D)2 2(pp D) +(p D)g
exp 2@ D)1 ) (58)
where =[(p D)1 )?+(1 p D) ??+4D(1 D) ?@1 ) (59)
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Figure 4: The dashed line denotes the pseudo-LML estimatorad the solid line is the pseudo-

LMDL estimator. In this example, source variance=1, D =0:1 and = 0:949.
and
R(p; ;D)= Dlog plogl +(1 ) 1 (@ p)logl +1 ] (60)
It is messy but straightforward to verify that = % for D < minp;1 p, and that

R(p;D) = Hg(p) Hg(D), as we expect from the direct computation of the rate-distation
function (see, e.g., [7]). This rate distortion function is plotted in Figure 5 (separately for
xed p and xed D), while Figure 6 plots  versusp. Note that for xed D > 0, there
is a symmetric middle region whereR(D) is positive (and lies below the Bernoulli entropy
function which represents the lossless rate), and this regh shrinks asD increases.

Figure 6 reveals an interesting insight: as intuition would suggest, lossy compression typ-
ically involves producing encoded strings whose distribubn is less random (has less entropy
or smaller lossless compression rate). In the Bernoulli cdext, this means that the optimal
reproduction parameter is closer to the nearer periphery (Oor 1) than the source parameter.
However, the gap between the source parameter and the optinhaeproduction parameter
decreases as we approadh = 0:5 from either side, in such a way that = 0:5 for p=0:5.
Yet this does not mean that data from a Bernoulli(%) source cannot be compressed; indeed,
Figure 5 indicates that for a distortion level of 0.1, such a surce has optimal compression
rate of 0.36 bits/symbol, which is signi cantly less than th e optimal lossless compression rate
of 1 bit/symbol. This fact (of the gap vanishing) is what is responsible for the fact that
remains unigue even fomp = 0:5, since a gap would have implied two minimizers by symmetry.

Let us now investigate the behavior of the various lossy estators for . As in the
second part of Example 1, we penalize outside the singletones containing . Thus (48),
(49) and (50), which determine ;MPL using just two real numbers, hold.

Using the formula (60) for rate obtained above, we have
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Figure 5. On the left is plotted the Bernoulli rate-distorti on function for xed source dis-
tribution p = 0:4 as the distortion level D varies. On the right is plotted the Bernoulli
rate-distortion function for xed distortion level D = 0:1 as the source distributionp varies.

D 1
R(Pxy; D) = Dlog ——=  Pulog - (1 polog T -
= Hg(pn) Hs(D)+ D(pnkp)
which implies
R(Iﬂxln: ;D) R(lﬁxg;D)= D (pnkp) = O Iog:]ogn eventually w.p.1 (62)

As in the second part of Example 1, the law of the iterated logaithm then yields the
dichotomy for the pseudo-estimators.

Figure 7 illustrates the behavior of the pseudo-LML and pseudo-LMDL estimators, when
the \preferred" set L is simply the singleton f g containing the R(D)-achieving output
distribution =(p D)= 2D). ltis clear from repeated simulations that the pseudo-
LMDL estimator \hits and stays at" quite fast (unlike the pseudo-LML estimator which
bounces around forever).

5 The LML/LMDL Dichotomy for i.i.d. nite-alphabet code-
books

5.1 The admissible class of sources

Suppose that the source datd X g taking values in a nite alphabet A of sizem is generated
i.i.d. from a probability distribution on A. Let = parametrize the simplex of all
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Figure 6: The solid line denotes the optimal for xed distortion D = 0:1, while the dashed
line denotes the optimal  for xed distortion D = 0 (which is just the parameter for the
source distribution).

i.i.d. probability measures on A = A via the canonical parametrization that uses the rst
mp 1 coordinates. Suppose the , are single-letter distortion functions, so that ,(x1;y}) =
% i”=1 (xi;yi). For clarity, we use to denote the class of source distributions, and

to denote the class of reproduction distributions, though they are the same class. Without
loss of generality, denote them symbols in A by 1;2;:::;m. A nested sequence of models
Ly Lo i Ls and the associated complexity coe cient k() and penalty k( )c(n)
are set up as described in Section 2.3.

By the discussion in Example 4.3.1 in [10], we know that the LM. estimator is consistent
in this setup, because the simplex of i.i.d. distributions 5 a Polish space. Further, the
discussions of Examples 4.3.5 and 4.3.6 in [10] show that thpseudo-LML estimator, the
pseudo-LMDL estimator and the LMDL estimator are all consistent estimators. We wish
to investigate the behaviour of these four estimators more losely and compare the LML
estimator (pseudo-LML estimator) against the LMDL estimat or (pseudo-LMDL estimator).

The key to comparing the various estimators is to investigae the function that takes a
source distribution to its optimal reproduction distribut ion (assuming the latter is unique).
Let p be a function on the class of source distributions that takeseach source distribution
to the optimal reproduction distribution. For convenience, rst set R(P ;Q ;D)= f(; ),
sothat ( )=argmin f(; ) parametrizes p(P ). Note that we are using p to refer to
a map between spaces of probability distributions, while refers to the corresponding map
between the parameter spaces. Since we are dealing with nitalphabets, is compact, and
the continuity of f implies that a minimizer of f exists. Thus is non-empty, though it can be
many-valued for some values of . The restriction of sources to the classS(D) in this section
is precisely to eliminate undesirable possibilities like amany-valued . To set down what
restrictions on the source distribution are needed, we intoduce the following Proposition.

Proposition 1. Let ¢ be the set that parametrizes the clasS(D) of sources. The func-
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Figure 7. The dashed line represents the pseudo-LML estimatr, and the solid line is the

pseudo-LMDL estimator. Herep= :4,D = :1 and = :375.
tion : o! givenby ( )=argmin f(; )is well-de ned and isC?! in a neighborhood
of

In order to prove Theorem 1, we need the following lemmas, with are an extension of
[17][Lemma 4].

Lemma 1. LetD> 0and 2 . Then, the function “(; ) (P ;Q ;D) is smooth
(or C1) in both of its arguments, in a neighborhood of( ; ).

Proof. First, note that for nite alphabetsandany < 0, ( P ;Q ; ) can be written out in
terms of the components of and using nite sums, and is clearly di erentiable in  and
an arbitrary number of times. Being linear in , it is also smooth in , though second and
higher derivatives are 0.
De ne the function 1: o int() (1 ;0! Rby

(5 )= PiQ;) D (63)
By the de nition of “(; ) andsetting™ = ( ; ), we have
G G o= a5 ;7 )=0 (64)

The smoothness of noted above implies that 1 is smooth in each of its arguments.

Also, Lemma 1 in [16] implies that °¢P;Q; ) > 0 provided D yin (P; Q) <d1(P; Q). We
need to check whether this is true in our case. Since 2 ¢ and g is open, there exists a
neighborhood of in ¢ on which P has full support. Q has full support since it lies in
the interior of the simplex. This means that for in a neighborhood of , Dyin(P ;Q ) =0,
while di(P ;Q ) > 0 since 0 is ruled out. Thus

3G ) = PiQ;)>0 (65)
so that the Implicit Function Theorem can be invoked not only to show that “(; ) is well-
de ned but that it is smooth in a neighborhood of ( ; ) (by the smoothness of ;).
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Lemma 2. LetD> 0Oand 2 . Then, the functionf(; ) R(P ;Q ;D) is smooth
(or C1) in both of its arguments, in a neighborhood of( ; ).

Proof. De ne the function ,: ¢ int() 0;1)! Rby
2;;R)=R (5 )D+(P;Q;(; ) (66)

By the de nition of the rate function R(P;Q;D), we have

2058 (5 )= 20 7 ;R(P;D))=0 (67)
Note that the local smoothness of (; )impliesthat «(Q ; (; ))andconsequently (P ;Q ; (;
are locally smooth in and . Thus » is smooth in a neighborhood of ( ; ;R(P;D)) and
furthermore,
@ o(; ;R ) _
@R =160 (68)

Hence by the Implicit Function Theorem, f (; ) is not just well-de ned but also smooth in
a neighborhood of ( ; ) (by the smoothness of »).

Proof of Proposition 1. The Proposition follows from repeated applications of the mplicit
Function Theorem starting with the basic fact of smoothnessof , and based on the obser-
vationthat = ( )solvesr f(; )=0.

Let W be a neighborhood of ( ; ) on which f(; ) is smooth. Consider the

function F : W ! RIA 1 dened by

FCGo)=r1 () (69)

Clearly F is smooth onW, and by de nition of and the factthat 2 ¢ ensures thatW
is an open subset of (hence does not contain any boundary points), we have

FG; ()=F(C ; )=0 (70)

Furthermore, since ( ) minimizesf (; ),
r F( ; )=Hessf( ; )>0 (71)

so that the Implicit Function Theorem not only assures us that ( ) is well-de ned but also
that is smooth in a neighborhood of  (by the smoothness ofF).

In the rest of this section, we use this theorem to describe th behavior of various lossy
estimators.

5.2 Behavior of the pseudo-LML estimator
5.2.1 Parameters

Let P and Iﬁxln be parametrized by and ‘) respectively. Denoting by px thlg probability
of the symbol k under P, we havep, = | fork=1;:::;m 1,andpn =1 i”;llpi.
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Lemma 3. For any probability distribution P on A, de ne the matrix

1
pi(1  p1) p1p2 pips i P1Pm 1
m D - PPz pZ(l. P2)  Peps i PePm 2 72)
P1Pm 1 PoPm 1 i Pm 1(1  pm 1)

If P is in the interior of the simplex P(A), then is non-singular.

P
Proof. Supposep; 60 foreachj =1;:::;m 1, and also that 1 i b 60. Let us assume
is singular, i.e., v =0 for somev 6 0, and then obtain a contradiction. For every i,

X X )
ijiVvi =0 ( pip Y +(p PVi =0
j i6i X
0 Pivi = Pi . Py Vi (73)
x
0 vi= Py

j
where we used the fact thatp; 6 O to obtain the last statement. Since the right-hand side
is a constant independent of the index, the eigenvector myst be a multiple of the constant
vector (1;:::;1). Using again the last display, this implies i =1 which contradicts our
assumption.

Remark 8. We conjecture that for the (m 1)-dimensional matrix ,

X1 oyl oy
det() = (1 ) PB= P (74)
=1 =t j=1

This is hard to prove by induction, and we have not been able tgprove it by softer arguments.
For n large enough so that % is in a su ciently small neighborhood of

ML ()= () +(M )+ Ok KD (75)

where we have denoted the matrixD () by for convenience.
Now

=>
1

(Xi) (76)

where the components of the function :A! [ 1;1]" ! are de ned by
k(X)=Llix=g Pk (k=1;:::;m 1) (77)

It is easy to check the following: E[ (X)] = 0 and E[ «(X)]?> = pc(1 px) for each k =
L:oym 1, and E[ (X) j(X)] =  pkp; for k & j. Thus, for eachi = 1;:::;n, the
covariance matrix of (Xj)isthe(m 1) (m 1) matrix specied by (72).

To analyze the detailed almost-sure behavior of the rst-oder term % , We use
Berning's multivariate version of the Law of the Iterated Lo garithm. This is restated below,
with slight notational changes for convenience.
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Fact 6. [6]If fZ,g are independent random vectors irRP with EZ, =0 and CoV[Z,] = , if
for some positive constantsfs?g, s2 "1 , s2,,=52! 1, esssugZnj nsn(loglogs?) : for
some sequence, ! 0, and glnf " j! ,thentheas. limitsetD of f(2s]loglogsi) * ' Zjg
is K , where K is the unit ball of the spaceH = fx : x 2 R"g with respect to the norm
k k dened bykx k =(x xYz.

Recall that the source distribution is in the interior of the simplex, and so is non-
singular. Applying Fact 6 with s2 = n, noting that the boundedness and other conditions are

trivially satis ed, we arrive at the conclusion that the a.s . limit setof (2nloglogn) z jn:1 Zi ,

whereZ; = (X;), is the unit ball K . Consequently, the a.s. limit set of
r
n
N
2log Iogn( " ) 9

is the ellipsoidE= fu2 R™ 1:u=v ;v2K g.
The ellipsoid E has dimension less thatm 1 if and only if is singular. In either case,
however, the boundary ofE intersects thej -th coordinate axis in R™ ! in exactly two points

E; (where E; may equal O for the de cient dimensions). Equation (75) now mplies
r
2log|
ognogn Ej+0

i Ol
for each coordinate;j .

If is non-singular, we see below that the ellipsoid E must have full dimension. By the
de nition of K , kvk? = v ' 1sincekvk = kv 1 k =(v 1 ( Htvz =
(v 1v')z using the fact that is non-singular and symmetric. Rewriti ng in terms of u
with v=u lyieldsu * 1 1Htu' 1 as the de ning condition of the required limit
sat. SinceP = P is in the interior of the simplex, the limit set of the sequene of vectors

f W( N ) gis, w.p.1, the solid (m 1)-dimensional ellipsoid E in R™ ! given

log Log n eventually w.p.1 (78)

by fu:u u' 1g, where = LI Yt SinceE is of full (that is, m 1) dimension,
its boundary intersects the j-th coordinate axis in R™ 1 in exactly two points Ej (where
E; 6 0). Equation (75) now implies
r
2loglogn
n

it Ol

for each coordinatej .

(Ej ) io. w.p.l (79)

5.2.2 Fluctuations

Let fLjg be a nested sequence of subsets of . Suppose for some xe&fl the dimension ofL
is strictly less than (m 1) and L4 contains . This means that any ball around in the
simplex will contain directions not in L (more precisely, ifV is the tangent space of at
and V_ is the tangent space ofL at , then V\°\ V 6 ). Then, if we change coordinates
in so that one of the missing directions is along the rst coo rdinate axis, we can use (79)
to get (with an obvious abuse of notation)

r

. . 2loglogn

(G )i —n

Thus the pseudo-LML estimator must forever make excursionsoutside of L. Of course,
this is true for Ls in particular, which proves Theorem 4.

(Ey ) 1Lo.w.p.l (80)
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5.2.3 Rates

It is instructive to compare not just the parameter values of Q and the LML estimator but
also the associated rates.

Proposition 2. If 13( ) = R(Pxs;Q ;D), then

loglogn
n

() (M) C eventually w.p.1 (81)

Remark 9. Infact, I1( ) 1o(5M-) = ( 29191 as can be seen from the rst proof below.
First Proof. We will prove that there exist positive constants C; and C, such that
CiktML k¥ R(Pxp;Q ;D) R(Pxn;D) Cok M k?: (82)

Then, the upper bound in (78) implies Proposition 2.
From Theorem 1, we know thatf isC?in if P 2 S(D). Hence expandingf in a Taylor
series in its second argument about (%) = ML yields

PO ) =fw ™)+ r FOw ) ¢ 7" o3
30 WM T +rok TR o)

where the subscript denotes the variable with respect to whih the derivatives are taken, and
Jao( %) = Hess (f (%; 5ML)).

“LML ies in the interior of for high enough n because consistency of the pseudo-
LML estimator implies that it is close to , and we know Q is in the interior of the
simplex from the de nition of S(D). Since M- also minimizesf (%; ), r f(%; sM-)=0.
Further, since P 2 S(D), we know that J,(%,) is a positive-de nite matrix and hence
invertible. Consequently, the quadratic form ( EML)TJ,( 4 )( ~LMLYy which represents
the J,(“y)-induced Euclidean norm is equivalent to the canonical Eutidean norm (induced
by the identity matrix), and

AC kM- K
(W ™M) =k TG, (84)
Cok M- K2

for some positive constantsC; (the factor 4 is chosen for convenience) andC,.
Using (83) and (84), we now have

1
Clk'\lﬁML k2 _k qﬁML k§2( An)
f(he ) (i) (85)

= R(Px;;Q ;D) R(Pxp;D)
and
R Iﬁ N . Iﬁ N k ~ ML k2 N
( Xl’Q !D) R( Xl!D) n J2( ") (86)
C2k~lﬁML k2

provided n is large enough so that the second-order term in (83) dominags over the higher-
order terms.
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Second Proof. This alternative proof of Proposition 2 uses an important inequality relating
R(P;Q; D) and the rate-distortion function. Recall that the rate fun ction can be written in
the form

R(P:Q:D) =inf [1 (X;Y) + D(QvkQ)]

By choosingW to be the optimal joint distribution, we have 1(X;Y)= R(P;D) and Qy =
Q . Thus, for any Q,

R(P;Q;D) R(P;D)+ D(Q kQ) (87)

This implies the following for the sequence of empirical sorce distributions (with Q in the
above settoQ = p(P)):

R(Px;;Q ;D) R(Pxp:D)+ D( p(Pxs)k p(P)) (88)

where the second term on the right is a measure of how di erentthe optimal reproduction
distributions corresponding to the real and empirical souce distributions are.

Recall that the relative entropy between two nearby distributions belonging to a paramet-
ric family of probability measures on an alphabet can be expaded in a Taylor series in which
the leading term is quadratic with a coe cient that depends on the Fisher information:

D(P kP) = 3( )TIC X )+ O(k k3) (89)
This implies, for n large enough,

D(o(Pxp)ko(P) (M) € NTICC NN )

Csk (%) (K )

by the equivalence of Euclidean norms generated by quadrati forms involving non-singular
matrices, and using the fact that J( ) is invertible since P 2 S(D). By (75) and the fact
that jAXj k AKkjxj, there exists a constantC,4 such that

k () ( )k  Cakh k (91)
for n large enough. Plugging this into (88) and (90) gives
R(Pxp;Q ;D) R(Pxp;D) CsCukt k2 (92)

which provides an alternative demonstration of (81) and herce of the pseudo-LMDL part of
Theorem 2, since the squared norm is the sum of squares of themponents and hence obeys
a scalar LIL.

Remark 10. The second proof emphasizes the role of thenultivariate LIL in proving The-
orem 4. Neither a scalar LIL nor a multivariate LIL which merely gave information about
speci ¢ limit points rather than speci ed the entire limit s et would have su ced to analyze
the pseudo-LML estimator satisfactorily, though as we saw &ove Proposition 2 (and hence
the pseudo-LMDL estimator) can be studied in a simple way notinvolving Berning's LIL.
Indeed, suppose =D ( )is non-singular, thenj 1yj k  kjyj)j Xj Ltrixj, so
that (75) implies

Csk "h ki k (%) ( )k (93)
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for n large enough. This can be combined with the lower bound of (8bto get

R(Px;;Q ;D) R(Pxp;D) CikiMt K2

94
C1C3k %, K2 (94)

which, using a scalar LIL, would yield

R(Px;;Q ;D) R(Pxp;D) C

log logn :

gn an . 0 io.w.p.l (95)
forsomeC > 0. In other words, this only proves the uctuation property o f the pseudo-LML
estimator when the simplest setLs containing is exactly f g. It does indicate that M-

uctuates around  for ever, but does not show that this never-ending uctuation happens
in every possible direction which is necessary to prove Theorem 5.

5.3 Behavior of the pseudo-LMDL estimator

Set
l1( )= R(Px;;Q ;D);
l2() = k( )e(n); (96)
()= 120)+ 120 );

where the complexity coecient k( )isdenedask( )=minfl i s: 2L;ginterms

of the nested sequence of models. Recall that the pseudo-LMDestimator is de ned as
~LMDL = argmin , 1( ). By Proposition 2, we have for any > 0,

() <li(FME)+ c(n) eventually w.p.1. (97)

Since we will use a sample-path argument, let us x 2 (0;1) and then x our attention
on any realization for which (97) holds. For this realization, de ne the sequence of integers

f ngby
n = k(HM) k() (98)

The sequencd g is the union of the subsequences de ned by the index sets = fn: |,
Ogandly =fn: ,>0g. Whenn21 , k(M) k( ), and hence

k(HYPH) k() (99)

because the only way the LMDL estimator can improve on the LML estimator is through the
penalty function.

However, from the previous section,k(5sM-) = m 1 i.0. for almost every realization.
For the xed realization of interest, this indicates that th e index setl . is non-empty, and this
is the case for which something remains to be proved. When 2 | ., we obtain a relationship
betweenl( ) and I("5ML) using (97):

IC )= 1a( )+ c(mk( )
<l (T + en)k( )+ ]

= (T + omk(F) e ] (00

) 1C)<HE™) ol ]
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Since, by de nition, I(5MPL) () forall 2 , we have, in fact, a relationship between
[(*5MPL Y and [(TEML):

ICEMPE) 1) <MY e n ] (101)
Now,

(FPR) (F) = omk(F) k(F)
< L) M) ] (102)
cnl n ]

using the fact that I;(EME)  Iy( ) forall 2 . Thus
K(FPE) <k (F™) [a k: (103)
Since < 1 and k() must be an integer, we have shown that
k(F°H)  k(F™) = k(): (104)

Combining (99) and (104), we have thatk(“5MPL)  k( ) eventually along the xed real-
ization, and hence along almost every realization.
Finally by the de nition of k() and the fact that the sequence of sets is nested, we have

*MDL 2 Lk(",l;MDL) Lk( )Z (105)

Hence, sMPL lies in Ls , which proves Theorem 5.

5.4 The LMDL estimator
Observe that by Theorem 2,

%jLn(Q 1 X71) Ln(QAIn.MLin)j:jR(lﬁxlniQ ;D) R(lﬁxlniQAL_ML;D)+ o) % i

i R(Pxp;Q ;D)  R(Pxp;Qmw :D)j+

(106)
jR(IﬁXf;Qﬁn_ML;D) R(ISX{';Q"IH_ML;D)J-‘FO %

og Logn + D(Q-m kQam )+ O %

O

where we used (81) to estimate the rst term, and (87) to obtain the relative entropy bound.
To estimate the second term, we need the following lemma.

Lemma 4. Let gi( ) and g»( ) be two real-valued functions on = R™. Supposeg; has a
unique minimizer denoted by 1, and that sup jg1 Qj < . If is small enough so that
q( 9 (1) >2 forany local minimizer °6 ; of g1, and if g; is C? with non-singular
Hessian, then

k1 2k* (const.) (107)
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Proof. Sinceg; and g, are at most apart, we have that the minimum value of g, satis es

R(2) ®(1) aul()+ ; (108)

where ; is any minimizer of g,. Note that

22F () @w(o+ 9

foo() a( 1)+ 9 (109)
=f rou() dw()*+2 g
= allowed, Say.

Sincegi( 9 > gi1( 1) + 2 for every local minimizer %6 1, %2 owed and the
continuity of g; implies that g must achieve its minimum in a neighborhood of ; (because
if no local non-global minimum of g; is close enough tog,( »), then neither is any point
between two adjacent local, non-global minima). It remainsonly to determine the size of

this neighborhood. We observe thatfor 2 (1 ; 1+ ), gp when Taylor expanded has a
guadratic leading term since its rst derivative vanishes at the minimum:
G2 ol 1)=3(2 D'Hess( D)2 1)+0(2 )% (110)

Since 22  aiowed, We need to choose small enough so thatjgi( 2) gi( 1)j < 2, which
can be done becausg; is continuous. Then,

2 (2 1)THess@( 1)) 2 1) Cka 1K (111)

since in Euclidean space, a norm generated by a quadratic for involving a symmetric (in-
vertible) matrix is equivalent to the original norm with bou nds given by the smallest and
largest eigenvalues.

Let us apply Lemma 4 to the functions g1( ) = Ca(Q ;XP) = R(Pxp;Q ;D) + 3logn
and g( ) = %Ln(Q ; X1). By Theorem 2, there existsC < 1 such that

supjgi( ) g )j % eventually w.p.1. (112)

SinceP 2 S(D), we also havelﬂxg 2 S(D) for large enoughn, and Lemma 2 tells us that
Hess@1( 1)) is not only well-de ned but is positive-de nite because g; is minimized at 1.
Furthermore the unique minimizer of g; is M-, Thus, the conditions of Lemma 4 are
veri ed, and for any minimizer "M of g, we have

kLML AMLL2 = o % w.p.1. (113)
Combining this with (89) leads to
D( o(Pxp)kQum )= O % w.p.1. (114)
Therefore, going back to (106), we have
%jLn(Q XD La(Quu iXD)j= 0 'og:]ogn eventually w.p.1. (115)

This is the equivalent of Proposition 2 for the LML estimator. Repeating the argument of
the previous section with the pseudo-lossy likelihood( ) replaced by the lossy likelihood
19( )= Ln(Q ;X) completes the proof of Theorem 6.

36



6 Conclusion

We have used three kinds of length functions to characterizéhe performance of lossy codes.
These are:

1. the actual length of the codeword lep (X 1');

2. the idealized lossy codelength of the data given the codan distribution, or the lossy
likelihood of a coding distribution given the data, namely logQ"(B(X];D));

3. the idealized pseudo-lossy codelength of the data giverhé coding distribution, or the
pseudo-lossy likelihood of a coding distribution given thedata, namely nR(Iﬁxln ;Q; D).

In essence, much of the work is devoted to understanding therks between these various
notions of codelength and how we can use these links along Witthe successively greater
tractability of the last two notions to shed light on the prob lem of universal lossy coding.
The main contribution is the result that even for lossy compression, appropriately de ned
MDL codes work better than codes corresponding to maximum kelihood estimators in the
sense that they choose the optimal model eventually. More geerally, this work extends the
emerging statistically-motivated theoretical framework for lossy coding suggested by [17].

There are many problems that this work leaves open. This rangs from problems of
generalization, such as to non- nite alphabets or beyond tte i.i.d. case (all of which involve
dealing with daunting technicalities), to conceptual problems, such as the question of whether
there is an analog of the Cramer-Rao bound for \lossy" estim#ors. The most important
open area, though, is the question of whether and how the priaiples discussed can be used
to construct practical codes.

A Proof of Theorem 3

Unlike for Theorem 2, we cannot just use the non-uniform vergon of Theorem 3 to prove
the uniform version, since we do not have explicit tractablebounds on the error term. How-
ever, the structure of the proof is similar to the non-uniform case, though some additional
ingredients like a uniform law of the iterated logarithm are required. A signi cantly more
intricate use of tools from the Vapnik-Chervonenkis theory should yield the theorem for
compact source alphabets (this would involve performing a eries of increasingly ne nite
discretizations of the alphabet, using the nite alphabet result proved here, and justifying
the approximation via discretization using smoothness argments); however we do not detail
that proof. It is not clear how to extend this to general alphabets like the real numbers.
The structure of the proof is as follows:

1. First we will show that for n large enough,

1x1 n 1X] #
R(P;Q ;D) R(Px;;Q;D)+ - g(Xp=inf = FE(X0) (5 0Xi)g(116)
i=1 < i=1
where
f(;;a) Qs + ) ( + )D (117)

2. We will then perform a Taylor expansion and a sequence of nrapulations to reduce
Theorem 3 to a pair of propositions.

3. We will then prove these propositions, using a uniform lawof the iterated logarithm.
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Al Partl

We need the following lemmas.

Lemma A.1: If Q , lies in the interior of the simplex P(A) of i.i.d. probability measures on
nite alphabet A, then:

(1) Dmin( 0)=0

(2) There exists > 0 such that D(n)( ) ! Dmin( ) uniformly w.p.1 for 2 B( o; ).

min
(3) If D> 0, then there exists > 0 such that () uniformly w.p.1 for 2 B( ¢; ).
Proof: Let
m (a) essinf (a;Y)= min a; 118
(8) essinf (aY)= min = (ay) (118)

so that Dmin( ) = Ep[m (X)]. SinceQ , lies in the interior of P(A), supp(Q ,) = A which
implies m ,(a) = 0 for each a2 A. Thus, irrespective of what P is, we haveD min( o) = 0.

If we choose so that the neighborhoodB ( o; ) lies in the interior of the simplex, then
by the above, we haveD,(;'iZ]( )= Dnmin( ) =0 for every n and every in this neighborhood.
Thus the uniform convergence in (2) is trivial.

It is evident that we can pick > 0sothatD >D pin( ) =0forall inthe neighborhood

B( o; ). Thus the de nitions of (M and  make sense. Now suppose

limsup sup (™ ) (119)
n'l 2B( o;)
Then there exists a subsequencay along which sup ;g ;. ( (n) ) 5 Focussing on
this subsequence, we choose so that ( (n) )z Now,

D =liminf Pyxr:Q:; M)
nl1 1

lim sup PrpiQ: )
— i 1X1 0 .
= lim ~ x, (Q; Z)

i=1
= O(Q ; Z)
< 9Q; )=D
which shows that (119) leads to a contradiction. Similarly, the assumption

i : (n)
I f f 120
im in zé?o; )( ) (120)

also leads to a contradiction. Together, these prove the lemma.

ChooseN = N (X1 ; )such that | () j< foreveryn>N andforevery 2 B( ¢; ).
By Lemma A.1, we know that N < 1 w.p.1. Using the de nitions of R and g , we can rewrite
the LHS of (116) forn >N as
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[ (P;Q;D)  (Pxn;Q DN+[( PiQ; ) ( Pxp;
=@ D (PQ; ) Sup [+ D (PxpiQi + )

+(PiQ; ) (Pxp;iQ: )

(121)
=J_ir}£ [ + )0 (Pxp;Q; + )+ D (Pxp;Q; )
1 X #
=inf = ff(;;X i) f(;0Xi)g
ji< ni=1

which proves (116). Note that in the equality (a), the restriction of the supremum in the

de nition of R(Iﬂxg;Q ;D) to the small inteB/aI is valid for n> N (!) for a.s-! . We are also

using the fact here that ( Iﬂxg;Q ;)= % . x,(Q; ), which is a consequence of the
de nitions.

A.2 Part 2
Now, by Tayllor‘s theorem, for some ,(; )#between and ,
1 X 2
= (X)) f(0X)g = An()+ 7Bn(; n(; ) (122)
i=1

where, if we use®to denote di erentiation with respect to

1 X
An() = (X)) (123)
i=1
(;a) < f(iia)= %Qi ) D (124)
=0
X
ORI A TETS E A SR (125)
i=1 - i=1

By combining (116) and (122), it is clear that to prove Propostion 2, it su ces to show

that
2

, log logn
sup inf A n()+ 5Bn(; (i ) =003

n

) (126)

Note that since the expression in square brackets is 0 for = 0, the in mum must necessarily
be non-positive. In other words, we only need to prove a oneided version of (126).

The following simple estimate using completion-by-squars is useful:

2
An()"'?Bn(; n(Cs )
"B W) A 2 A2
- 2 +szn(; nC)) 2Bn(; n(; ) (127)
Az
2Bn(; n(; )
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This estimate implies

| 2 Az
j|?<f An()+ 78”(’ n(5 ) 2infj i< Bn(; )

(128)

since we know thatj n(; )j<

Combining (126) and (128) and noting the comment after the famer, we see that to prove
Proposition 2, it is enough to show that for n large enough and for some constanC < 1
independent of ,

A2 C log logn
su - 129
ZB(p;o)Zlnfj i< Bn(; ) n (129)
or equivalently
sup (gloin) C (130)
28( ;o 2(inf; j< Bn(; )
To show this, it is su cient to prove the following 2 statemen ts:
Proposition A.1:
;
lim su su — w.p.1 131
nll p ZB( p’ 0) |Og |Ogn p ( )
Proposition A.2:
liminf inf inf By(; )>0 w.p.l 132
myinf _inf _inf Ba(; ) p (132)

A.3 Part 3

We need the following lemmas.

Lemma A.2: (Properties of (;)) If A is nite and the distortion measure is bounded,

1. The collection of functionsF = f (; ): 2 B( :; 9gis a class of measurable functions
from A to R. Also, ( ;X ) is a real-valued random variable with mean O for any .

2. For xed x 2 A, (;x)is a continuous function of .
3. F forms a bounded separable subset df?(A; P).

4. De ne S(X) =sup ,g( . 9] (;x)jandL(z)=log(max(z;e)). If Ais nite, then S(X)
is a bounded random variable, and
S*(X)

E s

<1 (133)

Proof:
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1. Recall

E[(a;Y)e @&Y)]
Ele @Y)]

(;a)= @@j (logE [e &Y))) D=

D (134)

where the interchange of derivative and expectation was penissible because the nite-
ness of the alphabet cause& to be just a weighted sum. Since is bounded, all the
summands in the numerator are nite, while those in the denomnator are positive.
Hence is a nite-valued function.

For (;X ) to be a random variable, we need (; ) to be a measurable function.

To see that ( ;X ) has mean zero, we merely note that as before we can interchge
derivative and expectation, so

@
@

2.h(; )= @@ x(Q ; ) is a continuous function of both and . Noting that (;x) =
h( ;) D, itonly remains to observe:

El (X )= 2Epl x(Q; )] D=§%RQ;) D=0

ih( ;) hC o 9 jhC 5 ) h(C o )i+jh( o) h( o 9
Q.E.D.

3. The bounded distortion function implies that dx(P; Q) is bounded for any P and Q.
Consequently,
d  sup Ep[ (;X)P<1
2B( ;9
and thus F is bounded in L%(A;P). F is also a separable subset since continuity of
(;x)in implies that considering only rational yields a dense subclass.

4. Note that
(;a)= 2Q; ) D2[Dmn(a; ) D;Da(a ) D]

if we dene Dmin(@; ) = Dmin (1a;Q ) and Dav(a; ) = Dav(1a;Q ), and so (;a)
is bounded. Further, by continuity of the bounds in , and the fact that S() is the
supremum of (; ) over a ball of 's that is contained in a compact set in Euclidean
space, it is clear that S(a) is a nite number for each a. Finiteness of A implies that
S() is a bounded function. This, together with the fact that LLS (x) 1 by de nition,

yields (43).

Lemma A.3: If A is nite, F is a countably determined Vapnik-Chervonenkis graph class

Proof. Consider the set of subgraphs oF. Each subgraph is a point-subset of a set gfAj = m
lines, namely A R. We need to show that for somej, NO j-element subset ofA R is
shattered by the subgraph class of-.

First we note that by the continuity of  (Lemma A.2), the extremal points of the sub-
graphs on each of them lines are continuous in ; thus they populate an interval on the
real line. Letj = m + 1, so that at least one line has two points of the set to be shatered.
Consider this line. If the 2 points lie on the same side of 0, tben the one farther away cannot
be isolated by any subgraph. If they lie on opposite sides of,Ghe pair set cannot be isolated
by any subgraph.
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Proof of Proposition A.1: From Lemmas A.2 and A.3, we see thatF satis es the conditions
of Alexander and Talagrand, and thus a uniform law of the iterated logarithm holds for the
i.i.dvariables (;X).

Proof of Proposition A.2:

o . . _ I R . 00
Ilmllnf 2E;l(nf; O“_|1n<f Bn(; ) Ilmllnf o - 2E;l(nf; 0“_nj'Lf (Q; + )
1=1 (135)
= E inf _inf X(Q; + p.1
i 2BI(n ;°)j|?< X (Q ) wp

where we used Birkho 's ergodic theorem. We want to show thatthis is positive if we make
and ©small enough. But this follows from continuity of 98((? ; + )in and (see
Lemma A.2).

B Connections to the Method of Types

B.1 Background

In a series of papers ([35], [32], [33]), Yang, Zhang and Weiyssued the use of the method of
types to study lossy data compression with known and unknowrstatistics (the latter referring
to the analysis of universal lossy codes). This appendix usetheir comprehensive framework
to make some comments on second-order properties of the lgskkelihood (cf., Section 3).

First, we outline the notation needed for the rest of this setion. If M = fey;::;;eng, then
t 2P (M) is an n-type if t(e) 2 0; &; 2;:::;1g for eache 2 M. The set of all n-types of M is
denoted T, (M).

The type ofastringz} 2 M " ist(z]) = (t(z];e1);t(z]; e); 5 t(27; em)), wheret(z]; &) =
%jfj 1 zj = egjis the fraction of entries in z{ at which g occurs. The type class of a type
t 2 Th(M) is the set of strings

T @) =fz1 2M":t(z]) = tg (136)

If t(g)) > O for every g 2 M, the following facts hold:

1 logn + O(1)
2 (137)
logn + O(1)

logj Ty (1)j = nH (1)

logp" (T (1)) = nD (tkp) + —

where the O(1) term in both expressions can be uniformly bounded over aet of types whose
components are uniformly bounded away from O.

With these basic notions, the theory of lossy data compressn for nite alphabets can
be cast in the language of types. Recall that the source alpHzet is denoted A and the
reproduction alphabet by A, and that for any x] 2 A", we de ned B(x];D) = fy} 2 A" :

n(x1;y7]) Dg. The main point of di erence between the papers cited above ad the way in
which we use types is that we study distortion balls consistig of strings on the reproduction
alphabet, whereas [35], [32] and [33] study distortion ba#l consisting of strings on the source
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alphabet. In the rest of this appendix, we uset to denote a probability distribution on A,
r to denote a probability distribution on A, and s to denote a probability distribution on

A A
For r 2 To(A), de ne

B(x";r;D) = B(x};D)\ TI(r) (138)

Since we are using a single-letter distortion function, syrmetry implies that the cardinality
of this set of strings depends only ort(x}); thus we de ne

Fn(t;;D) = jB(x];r;D)j; wherex] 2 Ty (1) (139)

As in [35], let the \upper joint entropy" and the \lower mutua | information” be de ned by

Hu(t;nD)= sup H(s) (140)
s2S(trD )
and
I-(t;;D)= inf I(t;r)= H({)+ H(r) Hyt;rD) (141)
s2S(trD )
where

S(t;r;D)=fs2P(A A):Es (X;Y) D; andshastandr as its marginalsg (142)

Then, following the computations done in [35] and the re nements of the same in [36], it is
easy to see the following result.

Theorem B.1: If K = jAj, then for su ciently large n, and for all (t;r; D ) in a neighborhood
of (to;ro; Do) such that t and r are n-types,

logFa(t;r;D) = nHy(t;;D)  nH (t) KEIogn + O(1) (143)
Also,
logq"(B(x7;r;D))= nD(rkqg)+ nl-(t;r;D )+ K?Iogn + 0(1) (144)

wherex! 2 Ty (t), and the O(1) error term depends onr and t but not on q.

B.2 The second-order generalized AEP using types

Having stated Theorem B.1, we can now use rough heuristic angments to obtain the second-
order generalized AEP. While these arguments can be made rigous, we do not describe the
laborious computations that would entail since this section merely provides an alternative
proof for a result that has already been rigorously proven inSection 3.

According to Theorem B.1, q"(B(X!:r;D)) = e " () where

K logn N

o) (145)

f(r)= D(rkq)+|‘(|§X£';l’;D)+ %
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Thus we have

nk 1 e "dr (146)

where we approximated the sum by an integral, and then used Lplace's method of integration
to estimate the value of the integral. Here,r\is the minimizer of f (r), which is O(%) close to
what is known as the \favorite type" (assuming f is di erentiable and using Proposition 4).
Since the error is irrelevant for our approximate computation, we simply user”o denote the
favorite type itself henceforth. The favorite type- which represents the empirical probability
distribution of the rst codeword in the random codebook that matches the data- is de ned
and studied in [34]. It is a fascinating object, since iteratvely nding favorite types results
in identifying the optimal Q because of Blahut-Arimoto-type convexity considerations It
is thus satisfying to see the favorite type make an appeararein these computations. Note
that & depends ong, since it is the minimizer of a functional in which g is a parameter.
Now,

logg"(B(X1;D)) nf(f) (K 1)logn

= nD (fkg) + nl-(Pxp; D)+ 1 KE logn + O(1) (147)
But from [34],
D(fkg) + 1-(p;fsD) = R(p;q; D) (148)
so that (147) can be rewritten as
logg"(B(X{;D)) R(Pxp;q;D)+ 1 KE logn + O(1) (149)

which would be precisely the same as Proposition 1 if the coecient of the logn term were
5 instead of (1 %)! Note that the error arose because of the rough approximatin made
in (146). If that calculation were done very carefully, one aught to get an exponent of %
there and consequently recover Proposition 1 exactly here.

To obtain the full second-order generalized AEP using the mthod of types, one needs
to carry out a Taylor expansion of I\(Iﬁxg ;D) in its rst variable about p. (This can be
performed since Lemma 2 in [35] indicates thatl- is at least second-order di erentiable.)

Then a simple observation based on (148) yields the secondder generalized AEP.

C Remarks on Asymptotic Normality

In the usual setting of parametric estimation, a large varidy of estimators are asymptoti-
cally normally distributed about the true value of the param eter. Indeed, under regularity
conditions, the maximum likelihood estimator (MLE) is not o nly asymptotically normal but

e cient, in the sense that the limiting variance is given by t he inverse Fisher information
and is optimal according to the Cramer-Rao bound. A natural, interesting question in our
framework for lossy compression is whether the LML estimato has any such properties, and
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what they mean. In this Appendix, the classical approach to poving asymptotic normality
of the MLE, (see, e.g., [19]) is examined in the context of losy estimators; this indicates the
kind of problems that crop up in extending the analogy.

The classical method is based on Taylor's theorem assumingrsoothness of the likelihood
function. Supposel( ) = I( jX7) denotes either the lossy likelihood function or the pseude
lossy likelihood function. Let , denote the maximizer of I( ){ this is "ML when | is the
lossy likelihood and M- when | is the pseudo-lossy likelihood.

Expanding r I( ) in a Taylor series about the optimal parameter vyields

@I( n)
@3
where | lies between , and . Assuming that the optimal is in the interior of , the

derivative of I( ) at the point where it achieves its maximum (namely, ) must be 0. Thus
we can write:

rl(n)=r I( )+HessI( ) (n  )+3(n )T (n ) (150)

# 1
@I( )
@3

Guided by the proof for the lossless MLE, we would hope to prog that each of these
terms converges in an appropriate sense, by using the secowdder properties of [( ), and
the consistency results for the lossy estimators. IQ = Q is in the interior of the simplex,
and if (1) can be validly di erentiated term-by-term with re spect to , with the error terms
remaining asymptotically insigni cant ,

PRCa )= Hessi() o

pl—ﬁr O (151)

per 1 )= " Tl0gQ"(B (X}:D))

1 X logn log logn
SR g oo 0o g

i=1

(152)

The rst term on the right is a normalized sum of i.i.drandom vectors, which have mean
0 since the niteness of A justi es the interchange of derivative and expectation. It there-
fore converges weakly to a multivariate normal with covariance matrix Ji( ) given by the
covariance matrix ofr j g (X):
@ @
J =Covp —0g (X);—=—09g (X) : 153
1() p@ig()@jg() (153)

The other terms are lower order and converge to 0 w.p.1, so tha
1
p—ﬁr [ )! N 0;J.( : (154)

(The above is valid whenl( ) is the lossy likelihood, but the result is unchanged when itis
the pseudo-lossy likelihood, since only the less signi carterms that converge to 0 w.p.1 are
di erent.)

Formally di erentiating the second-order lossy AEP again,
" #

1 o 1 X
HHessI( ) = Hess R(P;Q ;D) + o g (Xi)+ o(1)

=1 (155)
I Hess R(P;Q ;D)

= J2( )
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where the convergence is w.p.1. The boundedness in probaityl of the norm of the third
derivative tensor term in (151) would follow similarly.

Thus, under the assumption that the expansion (1) can be di erentiated thrice term-by-
term in such a way that the error term remains o("’%), the LML estimator is asymptotically
normal around the optimal , and furthermore the covariance matrix of the limiting norm al is
N lJl(J2 1T (with a similar result for the pseudo-LML estimator). Howev er, this assumption
is a major problem, since we know very little about the error term. Although the left-hand
side of (126) in Appendix A is an explicit expression for the eror term, it is opaque and
it is unclear how to di erentiate it. All that is explicitly k nown about the error term is its
order, which does not say anything about the order of its dervatives. To see this, consider
the sequence of functiond (x) = sin nx% which is O(%) (and hence converges to
0 quite rapidly) but whose derivatives are unbounded asn increases.
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