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CROSS DIFFUSION SYSTEMS

Toan Trong Nguyen, M.S.
The University of Texas at San Antonio, 2006

Supervising Professor: Dung Le, Ph.D.

In this thesis we investigate regularity properties and long-time dynamics of nonnegative
solutions to a class of cross diffusion (strongly coupled) parabolic systems which occur in population
dynamics where the studied species are assumed to diffuse and interact with one another. One of
such models which greatly interests us to obtain certain understanding is the Shigesada-Kawasaki-
Teramoto (SKT) model. Briefly, our results are to address the following questions:

Global existence of classical solutions. It has been well known that one can obtain the global
existence result for a general class of regular cross diffusion parabolic systems if he shows that the
Hélder-norms of solutions do not blow up in finite time (see [2]). We establish the result for certain
cross diffusion systems of two equations.

Ezistence of global attractors. These sets describe all possible long-time dynamics that the
semiflow associated with the given system can produce. The results shall be proven under the as-
sumption on the Holder continuity of solutions. Moreover, uniform estimates of C'* norms, p > 1, of
solutions are also established. For quasi-linear reqular parabolic equations, such estimates are derived
by the work of Ladyzenskaja, Solonnikov, and Ural’tseva in [22] . We encompass these results for a
general class of cross diffusion regular parabolic systems of m equations, m > 1.

Uniform persistence property. Mathematically speaking, the result gives the positive lower
bound of solutions which eventually does not depend on the initial data. On the other hand, biolog-
ically speaking, it asserts that no species is completely invaded or wiped out by the others so that
they coexist in time. The result is derived for the generalized SK'T model of two competitive species.

Everywhere regularity for degenerate systems. Besides the above questions addressed for a class
of reqular cross diffusion parabolic systems, we are also concerned everywhere regularity of bounded
weak solutions for degenerate ones. The general theory will be stated and then applied to a generalized

porous media type SKT model in population dynamics.
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Chapter 1

INTRODUCTION

What we know s not much. What we do not know is immense.

de Laplace, Pierre-Simon.

In the most general circumstance we would like to investigate a vector function
u(z,t) = (ul(z,t), ..., u™(x, 1)), VreQ,t>0,

to describe densities (concentrations, population densities, temperatures, charged particle densities,
etc.). Here € is a bounded open smooth subset of IR”, n > 1. Given any smooth subset B of €2,
the integral over B of u’, 1 < i < m, represents the total amount of the quantity of the component
u' within B at time t. Let .J; be a flux vector of density which controls the rate loss or increase of
component u; through B, and f; be the production/death/reaction rate for component u’ in the
domain B. In general, functions J: and f; may depend on the location x, the time ¢, the density
of u/, as well as the vector Vu/, which accounts for the movement (diffusion) of u’. Here for each
i € {1,2,...,m}, 7 may vary from 1 to m. This various dependence has driven the abundance of
mathematical models. Let us briefly explain how general systems are interpreted (see [7]).

First, conservation laws assert that the rate of change of total amount of the quantity of
u! within B is equal to the negative of the flux vector J; through OB and the total amount of
production/death /reaction of u’, that is,

il Jo i+
— u'(x,t) doe = — J;.vdo + fi dz
dt)p (1) 0B B

in which v denotes the outward unit normal along B. In addition, by a view of the Gauss-Green

Theorem, we deduce from the above equality

/ ul(z,t) do = —/ divJ; d$+/ fi dx.
B B B



As the domain B is arbitrary, we can choose B = B(y, R), a ball centered at any fixed y in
2 with radius R > 0. Dividing by |B(y, R)|, the Lebesgue measure of B, we derive from the above

system
1

—_— ul + divJ; — f;) dz = 0.
BB s )

According to the Lebesgue theorem, letting R go to zero in the above equality gives us
ul + divJ; = fi, (1.0.1)

in Q, for any 1 <i < m.
In many situations, due to the Fick’s law of diffusion (Fourier’s law of heat conduction, Ohm’s

law of electrical conduction, etc.), it is assumed that the flux vectors are of the form
J; = —ai(z, t,u")Vu' + bz, t,u), (1.0.2)

in which a;’s and b;’s are the real-valued known functions. a;’s account for the diffusion rate of u?,
and b;’s describe drifts in their directions. The minus sign in (1.0.2) is due to the fact that the flux is
from regions of higher to lower concentration. Meanwhile, the production/death/reaction rate f; can
generally be assumed to depend on the location x, the time ¢, and the density of u = (u',...,u™). In
such cases, system (1.0.1) is the well known standard reaction diffusion system (or classical reaction
diffusion, or weakly coupled) which has been very much thoroughly investigated in literature (e.g., see
[24]). In many applications, reaction terms are assumed to be of competition models of Lotka-Volterra
type.

However, in the above reaction diffusion models, motilities of the species are determined solely
by their own characteristics in question, and therefore, hardly surprisingly, these models are not to
describe many other cases of phenomena in population dynamics. For instance, by phenomenological
laws, the movements of the species can be physically affected by the population pressures due to
the mutual interference between the individuals, that is, the function a; may depend also on u =
(ul,...,u™); and in such case, we will denote a;(z,t, %) by ay(z,t,). In application, one may assume

that a;;(z,t, @) = ao(z, 1)+, a{i(:ﬂ, t,u’). For this reason, we refer a;o(z,t) as the diffusion rate of the



species u;; afi(x,t,ui) as the self-diffusion pressures, which account for the effect of the population
pressures on the diffusion of its own species; and agi(:z,t,uj ), © # j, as the density cross-diffusion
pressures, which account for the movement of u’ affected by the density of u’.

In addition, one can assume that the motilities of the species u/ may affect the direction of
the species u?, which means the flux vector J; also depends on Vu/, for some or any j # i. For
convenience, the coefficient of Vu/, j # 4, in J; which is denoted by a;j(x,t,@), is the so-called
gradient (or motility) cross diffusion pressures. Biologically speaking, the species u’ tends to be
attracted by (or attacking) the species u? (if a;j(z,t, ) > 0), or to be repelled (or avoiding) by one
another (if a;;(z,t,4) < 0). Occasionally, we use cross diffusions to refer the gradient cross diffusion
terms a;j(x,t,u), j # i, and self diffusion to refer the terms a;;(z,t, ).

Consequently, the flux vector J; is reasonably specified as follows

J=— Z aij(z, t,u)Vu? + bi(z,t,u), (1.0.3)
J
in which a;;’s are real-valued functions (or even n xn matrices of real-valued functions), and b;(z, ¢, u)’s
are n-vector-valued functions.
The system (1.0.1) with (1.0.3) is the so-called cross diffusion (or strongly coupled) system.
An interesting feature of such a system is that the motilities of the species are affected by pressures on
itself population aﬁi and the population and movement of the others due to the mutual interference
between the individuals and the species. Finally, needless to say, the standard reaction diffusion
system is a special case of cross diffusion systems as a;; = 0 with i # j.
The introduction of cross diffusion terms into classical diffusion systems allows the mathemat-
ical models to capture much more important features of many phenomena in physics, biology, ecology,
and engineering sciences. For instance, the following SK'T model in population dynamics is a special

case of cross diffusion systems (1.0.1).

The SKT model. In paper [45] of 1979, Shigesada, Kawasaki and Teramoto proposed the



following strongly coupled parabolic system

0

% = A[(dl + aiu + algv)u] + u(a1 —biu — clv),

P (1.0.4)
v

a = A[(dg + ao1u + 06221))12] + ’U(CLQ — bou — 021)),

on a bounded smooth domain €2 in R™, n > 1. The Neumann boundary conditions were considered.
This mathematical model describes spatial segregation of interacting species, where u and v represent
the densities of two competing species. It becomes the well known Lotka-Volterra competition-
diffusion system when «;; = 0, which has been thoroughly investigated. For nonzero «;; # 0, model
(1.0.4) is a cross diffusion parabolic system and has received a lot of great attention in literature ever

since its birth (e.g., see [53, 46, 27, 36, 31, 33, 37, 29, 34, 35| for recent developments) .

Main problem. Being inspired with the above mathematical model (1.0.4), we came to

introduce in [29] a more general model of the form

% = V(P"(u,v)Vu + P’(u,v)Vv) + f(u,v),
o (1.0.5)
Tl V(Q"(u,v)Vu + Q*(u,v)Vv) + g(u,v).

Apparently, the model (1.0.4) is just a special case of (1.0.5) when P*, PV, Q", Q" are simply
the partial derivatives of P = dj +aq1u? +aqauv, Q = da+ aguv + agov? with respect to u, v. In many
situations where we establish general theories for system (1.0.5), we shall consider P*, PV, Q“,Q", f, g
as continuous functions in u,v. As an illumination, we always confine ourself with the following case

P% =d; + aj1u + apv, P’ =bnu,
(1.0.6)

QY = dz + a21u + azxv, Q" = by,

which generalizes (1.0.4) when a9 = by and ag; = bya. Here we recall that ajo and ag are the
density cross diffusions; and by1 and byo are the gradient cross diffusions. Throughout this work, we

call system (1.0.5) with (1.0.6) generalized SK'T model.

The thesis is organized as follows.



In Chapter 2, we shall recall some standard notations, definitions of functional spaces, and
some well known imbedding results that will be used throughout the thesis.

In Chapters 3 and 4, we shall establish the Global existence and further obtain uniform a priori
estimates of solutions, which are respectively proven for a class of triangular cross diffusion systems
(the diffusion matrix is triangular) in Chapter 3 and for full cross diffusion systems (the diffusion
matrix is full) in Chapter 4. The fundamental theory to investigate the global existence for such
strongly coupled systems was studied in [2]. There was pointed out that solutions to (1.0.5) exist
globally in time if one has controls on both of their L*>° and Holder norms.

In particular, for triangular cross diffusion systems (Q“ = 0 in (1.0.5)), he also proved that it
is sufficient to obtain the global existence if one can control the L* norms of every components of the
solution. Under certain assumptions, we shall give estimates of L norms by exploiting two different
methods: LP bootstrapping and semigroup techniques (see Section 3.1) and Lyapunov functional
approach (see Section 3.3). More importantly, our estimates of L>° norms are ultimately uniformly
bounded with respect to the initial data (see Definition 3.1.1). So are estimates of Hoélder norms
thanks to the result of [25, Theorem 6] for triangular systems (See also Theorem 3.1.3). Such a priori
uniform estimates are key issues in studying long time dynamics of solutions, namely, the existence
of a global attractor set. This type of the result is well known for reaction diffusion systems (e.g., see
[24, 23]).

For full cross diffusion systems, one needs to control both the L> and Holder norms of solutions
(counterexamples in [16] confirmed that they are necessary). In a recent work, Le established sufficient
conditions on the parameters of (1.0.5) to obtain the global existence result (see [29]). Roughly
speaking, his approach is to find a suitable function H(u,v), being defined along the solution (u,v),
which links the structures of the two equations in a way that he can derive certain boundedness and
regularity of H(u,v), as a function in (z,t). Such boundedness and regularity of H are used to study
those of v and v. In Chapter 4, we shall recall his technical assumptions on the existence of function
H and then give a proof of the uniform boundedness of H. This actually gives us the a priori uniform
estimates of solutions to system (1.0.5) (see Theorem 4.1.2).

In Chapter 5, we prove the existence of global attractors for a general class of cross diffusion

regular parabolic systems of m equations, m > 1, under the assumption on the Holder estimates of



solutions which we assure for the case of two certain equations in Chapters 3 and 4. Of course, the
preceding step is to obtain a priori estimates of weak solutions that allow us to define the dynamical
semiflow on WP for some p > n. In addition, we prove that such a priori estimates are ultimately
uniform with respect to the initial data, and therefore, obtain the existence of an absorbing ball in
which all the orbits eventually enter. At the same time, we actually prove the uniform compactness
of the semiflow and therefore the existence of the global attractor set ([48]). Moreover, by together
employing (with a minor modification) the result of Schauder estimates in [44] and using the semi-
group theory developed in [8], we obtain the uniform estimates of C* norms, v > 1, of solutions.

In Chapter 6, we study the uniform persistence property for regular cross diffusion systems of
the form (1.0.5) and (1.0.6). Loosely speaking, in the context of biology, this property asserts that
no species is completely invaded or wiped out by the other so that they coexist in time. On the other
hand, it mathematically addresses the existence of an positive equilibrium of the evolution semiflow
associated with solutions of the system. We shall encompass the result under assumptions on the
principal eigenvalues of linearized problems at steady states. In addition, explicit conditions on the
parameters of the system are given to guarantee the positivity of such principal eigenvalues.

Besides the results for a class of regular cross diffusion parabolic systems, we are also concerned
everywhere reqularity of bounded weak solutions for degenerate ones. The last chapter is devoted to
address this concern. There are a number of sophisticated technicalities in the execution. Loosely
speaking, the proof relies heavily on the following main ideas, which are interesting in themselves,
to employing a recent result of partial regularity of D. Le in [30]; to constructing a function H
whose regularity can give us that of solution u (see [29]); to exploiting the technique of the auxiliary
logarithmic function w whose boundedness can imply the Holder continuity of H (see [26, 25]); and
importantly to making use of the scaled parabolic cylinders that locally transform the degenerate
systems into ones that can be approximated by regular systems in suitably scaled cylinders (see [32]).

In addition, we shall find sufficient conditions which allow us to apply our general theory of
everywhere regularity to a generalized porous media type SKT model in population dynamics.

Finally, the results I present in this thesis are jointly obtained by my advisor D. Le and myself.
Chapters 3 and 4, where address the first question, global existence, are found in our published papers:

[27, 36, 31] for triangular cross diffusion systems and [29] for full cases. The existence of a global



attractor set is also addressed in [27, 36, 34] for triangular cases of two equations and in [35] where
the result is obtained for a general class of cross diffusion systems. The third question about uniform
persistence property is addressed in [34] for triangular cases and in [35] for full cases. Finally, the
result in [32] addresses the last question, which is everywhere regularity of weak bounded solutions

for a class of cross diffusion degenerate systems.



Chapter 2

PRELIMINARIES

2.1 General notations and definitions

The purpose of this section is to introduce some general notations and definitions that will be
used throughout the thesis. Most of them are generally concerned with tensor notation and definitions
of different spaces of functions.

Superscripts denote coordinates of points in IR", that is, z = (z!,22,...,2") € IR™. Also,
subscripts denote differentiation with respect to x. In particular, for sufficiently smooth function w,

ou 0%u
oxt’ I B0

Diu

We also write Vu (or occasionally Du) for (Dyu, ..., Dyu), Au for >, Dju, and D?u for the Hessian

0
—u, and DPu denotes
ot

Dfl...DE"u. Here 8 = (1, ..., B2) with 3; are nonnegative integers. We also denote || =", ;.

matrix (Djju). On the other hand, we write u; (or occasionally Dyu) for

In the case of a vector-valued function u = (uq, ..., up), for m > 1, Vu and Au stand for
(Vui, ..., Vup,) and (Auy, ..., Auy,), respectively. Also, denote > 7" | Dju; by div(u).
Let x = (z!,...,2") € R™ and p = (pij) € Mumxn, a space of m x n matrices. Norms on IR"

and M, x, are given by

n ' m n
ol = |2’ and pl=3) ) Ipil,
=1

j=11i=1
respectively.
We always use 2 to denote a bounded open connected subset of IR", n > 1, with boundary
0€). Here the boundary is smooth enough to alow us to apply the imbedding theorems.
Denote @ = Q x [0,T] for some T > 0. For a fixed point (z,t) € @, let Br(z) denote
a ball centered at x with radius R in IR" and Qgr(z,t) = Qg(x) x [t — R?,t] denote a parabolic

cylinder. Here Qg(xz) = Q) Br(x). As far as no ambiguity can arise, we write Bgr, Qr, Qg instead

of BR(.T), QR(.T), QR(JJ, t).



In addition, 2 will be assumed to be ”of type A”, that is, there exists a positive constant A

such that for any R > 0 and zp € Q2 we have
meas(Qpr(xg)) > AR".

Finally we shall use the following notation

]% f(z,t) dz = ’;‘//A f(z,t) dz

where |A| = meas(A) for any A C Q. In particular, if A = Qg, we use

Uz, R :]6[ u dz
R

for any 29 € Q7 and R > 0.

We recall the definitions of some well-known function spaces (see [10, 22]).

We shall denote by Ck(Q), k =0,1,..., the space of functions that have continuous derivatives
up to the order k; and by C°(€2) the space of infinitely differentiable functions in Q; and by C*(Q)
the space of functions in C*(2) whose derivatives up to the order k can be extended to continuous
functions up to the boundary 9Q; and by C§(Q) the subspace of C*(Q) of the functions with compact
support contained in Q.

The spaces C*(Q) are Banach spaces with the norm

luller = sup [DPu(x)].
181<k TEL

If 0 < o < 1, we shall denote by C*(£2) the space of a-Hélder continuous functions in 2, that

is, continuous functions satisfying

[u]q := sup Ju(z) = uly)| < 400.

Tz#YEN |IL‘ - y|a

More generally, we shall denote C*+(Q), k = 0, 1, ..., the space of functions whose derivatives



of order k are a-Hélder continuous in Q. The spaces C*+(Q) are Banach spaces with the norm

lullgrsa = lluller + Y [DPula
|8I=F

We shall denote by LP(2), p > 1, the space of all measurable functions in Q. LP() is the

Banach space with the norm

1/p
||u||p,9=(/ﬂ ()P dx) nd oo = s

WHP(Q) for integral k is a Banach space of all elements of LP(Q) such that generalized deriv-

atives up to order k are in LP(Q2) as well. The norm in W*?(Q) is defined by

kpe = Y ID%ullp0.

18I<k

lu

WhP(Q) for non-integral [ is a Banach space of the elements of W?(Q)! with finite norm

l l
O =" 1D%ulp0 + [,

1BI<11]

/p
|DPu(x) — DPu(y)| '
[ul q,Q— <// [ — g1 dxdy :

L% (Qr) is the Banach space of all measurable functions in Q7 = Q x [0, 7] with a finite norm

tlanr = ( / ' ([ 1ute.op ar) " dt)

in which ¢,» > 1. If ¢ = r then L?9(Qr) and ||.|l4.4.0, Will be denoted by L4(Qr)

in which

1/r

respectively.
Wp2 k’k(QT) for integral k is a Banach space of the elements of LP(Q)7) that have generalized

derivatives of the form Dj fo with any r and [ satisfying the inequality 2r + |3| < 2k. The norm is

![1] is the integral part of I.

10



defined by

2k
o = > 1D; D2l
2r+|8|<2k

For 0 < a <1, C*°/ 2(Qr) is a Banach space of a-Hélder continuous functions in Q7 with a
finite norm

[u(21) — u(z2)|
[ullcaare = |luflc,@r + sup ———
© o 21#£22€QT d(zleQ)a

where d(z1, 22) is a parabolic distance, that is d(z1, 22) = ]x1—$2|+|t1—t2|1/2 for any 21 = (x1,t1), 22 =
(z2,t2) € Qp.

We recall the definitions of the Morrey space MP*(Q), the Sobolev-Morrey space WwhLeA),
and the Campanato space LP*(Qr). MP*(€) is a Banach space of elements f in LP(Q) with a finite

norm

VI s o= sup p> / |FIPdy < oo.
z€Q,p>0 B,(x)

WP is a Banach space of elements f in W1P(Q) with a finite norm

1 1 = I + IV F I < 00

LPH(Qr) is a Banach space of elements f in LP(Qr) with a finite norm

HUHU”“ = HUHP7QT + [u]p,ﬂ,QT
in which
20€QT,R>0 r(20)

2.2 Auxiliary results

The purpose of this section is to present some auxiliary results used throughout this thesis.

We will omit the proofs and refer the reader to books we will correspondingly specify.

Lemma 2.2.1. (The Uniform Gronwall Lemma - 48, Lemma 3.1.1]) Let g,h,y be three nonnegative

11



locally integrable functions on (tg, +00) such that y' is locally integrable on (ty,4+00), and
Y (1) <g)y(t) + h(t),  fort=>to, (2:2.1)
and the following functions in t satisfy

t+1 t+1 i+1
/ y(s)ds < aq, / g(s)ds < aq, / h(s)ds < as, fort > to, (2.2.2)
t t t

where a1, a9, as are positive constants. Then, for any t > tg,
y(t+1) < (a1 + a3) exp(az).

We shall need the following useful imbedding theorems.

Lemma 2.2.2. (Poincaré’s inequality, [10, Theorem 3.14]) Let Q C IR"™ be a bounded connected open
set, with Lipschitz-continuous boundary 0. There exists a constant ¢ = c¢(n,p, Q) such that for every
u € WhHP(Q)

/Q lu —uql? dx < c/Q |Du|P dx, (2.2.3)

where ug :][ u dx s the average of u in 2.
Q

Lemma 2.2.3. (Sobolev-Poincaré’s inequality, [10, Theorem 8.15]) With the assumption of the pre-

ceding theorem, if p < n, we have

lu — ugllpe < ¢ Dull,, (2.2.4)

where px = %'
Also, we have the following result

Lemma 2.2.4. ([22, I1.3]) For any u € W2(Q) (N L>*(Q), we obtain
fulizso < € (I9ulag +sup fulelzn) . n=1+2/n
T

Lemma 2.2.5. (Gagliardo-Nirenberg’s inequality, [13, p.37]) There exists a positive constant C' =
C(n, Q) such that

12



(@) Ifp>q,p>r,0<0<1,andk—n/p <0(m—n/q) —n(l —0)/r, with strict inequality if q or
r =1, then

0 -0
[l s < Cllallfymallull - (2.2.5)

(b) If0<0<1andv <60(m—n/q) —n(l—0)/r, with strict inequality if ¢ or v =1, or if v is an
integer, then

0 1-6
[uller < Cllullym.allullL; (2.2.6)
We recall the following imbedding results for functions in the Campanato space and the
Sobolev-Morrey space.

Lemma 2.2.6. ([9, Proposition 1]) The spaces L>"F2T24(Qr) and CHH2(Qr), 0 < pu < 1, are

topologically and algebraically isomorphic.

Lemma 2.2.7. ([5, Theorem 2.5]) If A <n—p, p>1, and py = I:L(fi;j;, we then have the following
imbedding result

WL (B) ¢ MPAA(B). (2.2.7)

We will also use two following useful results by Ladyzhenskaya et al. [22], which are stated for

scalar functions. One can easily see that they are still true for vector-valued functions.

Lemma 2.2.8. ([22, Lemma IL5.4]) For any function u in W1252(Q, IR™) and n is a smooth

function such that g:in or un vanishes on 02 we have
/ |Vu|*72n? dr < OSCQ{U,Q}COTLt./ (|Vul* 2| D?u*n* + |Vu|*|Vn|?) da. (2.2.8)
Q Q

Lemma 2.2.9. (/22, Lemma I1.5.3]) Let o > 0 and v be a nonnegative function such that for any

ball Br and Qr = Q) Br the estimate

/ v(x) de < CRV 2
Qr

13



holds. Then for any function n from WOI’Q(BR) the inequality

/ v(x)n? dr < C’Ra/ Vn|? dx
Qr Qr

1s valid.

14
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Chapter 3

A PRIORI ESTIMATES FOR TRIANGULAR SYSTEMS

Consider quasilinear differential operators

Ay (u,v) = V[P(z,t,u,v)Vu+ R(z,t,u,v)Vv],

Ay(u,v) = VI[Q(z,t,u,v)V],

and the parabolic system

up = Ay(u,v) + f(u,v), xe€Qt>0,

(3.0.1)
v = Ay(u,v) + g(u,v), x€Q,t>0,
with mixed boundary conditions for z € 92 and t > 0
x(@) [Ge (@, t) + r(x)o(z, )] + (1 = x(2))v(z,t) =0, 5.02)
3.0.2

X(@) [Ga(a,t) + F(@)u(z, )] + (1 = x(@))u(z,t) =0,

where x, x are given functions on 92 with values in {0, 1}.
The functions r,7 are given bounded nonnegative functions on 9Q2. Here, 2 is a bounded

domain in R™ and the initial conditions are
v(z,0) = 0%(x), u(x,0)=u’(z), z€Q (3.0.3)

for nonnegative functions v, u%. In (3.0.1), P and Q represent the self-diffusion pressures, and R is
the cross-diffusion pressure acting on the population u by v.

The system of form (3.0.1) is strongly coupled and of triangular form (the diffusion matrix is
triangular). Such a system has recently received a lot of attention in both mathematical analysis and

real life modelling. In particular, the well-known SKT model (1.0.4) (when ag; = 0) in population
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dynamics is a special case of system (3.0.1), that is,

up = Al(dy + anru + agv)u] + u(ay — biu — cv),
(3.0.4)

vy = Al(d2 + agov)v] + v(ag — bau — cav).

Fundamental theory of strongly coupled systems like (3.0.1) was studied in [2]. The concept of
WP weak solutions and their local existence and uniqueness results were formulated there. Roughly
speaking, he showed that, for u°,v? in W?(Q) for some p > n (see [2]), there exist £ > 0 and a unique
solution u(t), v(t) in WHP(Q) of (3.0.1) defined for ¢ € (0,¢). In addition, one of the important issues,
the global existence of solutions, was also discussed. It was pointed out that solutions to (3.0.1) exist
globally in time if their L°° norms do not blow up.

In this chapter, we shall investigate the global existence of solutions for (3.0.1) in domains with
arbitrary dimensional. Two different methods employed to obtain L estimates for weak solutions are
LP bootstrapping-semigroup techniques and Lyapunov functional approach. In addition, we highlight
here that such L*° estimates are obtained ultimately uniformly. The ultimate uniformity of a priori
estimates is one of main issues to investigate the long time dynamics of the solutions, which we shall
study in later chapters.

Roughly speaking, first when differential operator A, does not depend on u, we shall be able

to employ LP bootstrapping-semigroup techniques to establish the following.

A solution (u,v) of (3.0.1) exists globally in time if |[v(-,?)[lcc and [Jullgq te41)x0 for
certain numbers ¢, (see (3.1.10)) do not blow up in finite time. Moreover, if these
norms of the solutions are ultimately uniformly bounded then so are their Holder norms.
Therefore seen in later chapters, there is a compact global attractor, with finite Hausdorft
dimension, attracting all solutions. In addition, if 4, is linear then the results are still

proved when we replace |[ullg .t i+1]x0 by [[u(-t)]l1-

The assumptions on the parameters defining (3.0.1) will be specified below in Section 3.1,
where we consider arbitrary dimensional domains. As an application of the general results, we shall
show in Section 3.2 that such assumptions are valid for the case when n < 5 and reactions are of

competitive Lotka-Volterra type that is commonly hypothesized in mathematical biology contexts.
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Nevertheless, the limitation of this method is to restrict the differential operator A, on independence
of u. Even though such settings are general enough to cover many interesting models investigated in
literature (e.g., the SKT model (1.0.4) and chemotaxis systems), we are also interested in the case that
A, depends also on u, which basically means that the diffusion of the species (or the nutrient) v may
be affected by pressures of the population (or the bacteria) u (see Chapter 1). Not surprisingly, as
we shall see the LP bootstrapping methods cannot apply to such a case. Indeed, a crucial ingredient
in those techniques is an estimate of Vv that will be used in the bootstrapping argument on the
equation for u. Such an estimate, using standard results for scalar regular parabolic equations (see
[22]) for the equation of v, is no longer available here. This is because of the presence of u, whose
regularity is not yet known, in the diffusion term Q(z,t,u,v) of the equation for v.

In order to deal with such situations, we employ the Lyapunov functional approach introduced
in [29] to handle the full cross diffusion systems (see also Chapter 4). Roughly speaking, the method
relies on the key assumptions (H.0)-(H.2) in Section 3.3 on the existence of a function H(u,v), being
defined along the solution (u,v), which links the structures of the two equations in a way that we
can derive certain boundedness of H(u,v), as a function in (x,t). Such boundedness of H will be
exploited later to study that of u and v. In Section 3.5 we shall give explicit conditions on (3.0.1)

that are sufficient to employ the general results.

3.1 L? bootstrapping techniques
In this section, we will consider system (3.0.1) with the following conditions.

(P1) P(u,v),R(u,v) are differentiable functions such that there exist a continuous function ® and

positive constants C, d such that

P(u,v) >d(1+u) >0, Vu>0, (3.1.1)

|R(u,v)| < ®(v)u. (3.1.2)

Moreover, the partial derivatives of P, R with respect to u,v can be majorized by some powers

of u,v.
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(P2) The operator A, is regular linear elliptic in divergence form. That is, for some Holder continuous

functions Q(z,t) and c¢(z,t) with uniformly bounded norms

Ay (u,v) = V(Q(z,t)Vv) + c(z, t)v, Q(z,t) >d >0, c(z,t)<0. (3.1.3)

We will impose the following assumption on the reaction terms.

(F) There exists a nonnegative continuous function C(v) such that

lg(u,v)| < C)(1+u), flu,v)u?P < C)(1+uPth), (3.1.4)

for all u,v > 0 and p > 0.

We will be interested only in nonnegative solutions, which are relevant in many applications.

Therefore, we will assume that the solution u,v stay nonnegative if the initial data u°,v°

are non-
negative functions. Conditions on f, g that guarantee such positive invariance can be found in [18].
Essentially, we will establish certain a priori estimates for various spatial norms of the solutions.

In order to simplify the statements of our theorems and proof, we will make use of the following

terminology taken from [27].

Definition 3.1.1. Consider the initial-boundary problem (3.0.1),(3.0.2) and (3.0.3). Assume that
there exists a solution (u,v) defined on a subinterval I of Ry. Let O be the set of functions w on I
such that there exists a positive constant Cjy, which may generally depend on the parameters of the

system and the WP° norm of the initial value (u°,v°), such that

w(t) < Co, Vtel (3.1.5)

Furthermore, if I = (0,00), we say that w is in P if w € O and there exists a positive constant Cw,
that depends only on the parameters of the system but does not depend on the initial value of (u?,v%)
such that

limsupw(t) < Cxo. (3.1.6)

t—o0

If we P and I = (0,00), we will say that w is ultimately uniformly bounded.
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If |u(:, t)]loos V(55 t)]|co, as functions in ¢, satisfy (3.1.5) the supremum norms of the solutions to
(3.0.1) do not blow up in any finite time interval and are bounded by some constant that may depend
on the initial conditions. This implies that the solution exists globally (see [2]). Moreover, if these
norms verify (3.1.6), then they can be majorized eventually by a universal constant independent of the
initial data. This property implies that there is an absorbing ball for the solution and therefore shows
the existence of the global attractor if certain compactness is proven (see [11] and also Chapter 5).

Our first result is the following global existence result.

Theorem 3.1.2. Assume (P1), (P2), and (F). Let (u,v) be a nonnegative solution to (3.0.1) with

its mazimal existence interval I. If ||v(-,t)]|eo and ||u(-,t)|]1 are in O then for any o € (0,1)

”v(7t)”co‘(Q)a ”u(vt)HCo‘(Q) €0. (317)

If we have better bounds on the norms of the solutions then a stronger conclusion follows.

Theorem 3.1.3. Assume (P1), (P2), and (F). Let (u,v) be a nonnegative solution to (3.0.1) with

its mazimal existence interval I. If ||v(-,t)]|l0o and ||u(:,t)||1 are in P then for any a € (0,1) we have

[v(, ODllca), [lul)llca@) € P- (3.1.8)

To include (3.0.4) in our study, we assume

(P2’) A, is a quasilinear operator given by

Ay (u,v) = V(Q(v) V) + c(z, t)v, Q(v) >d >0, (3.1.9)

for some differentiable function Q.
Additional a priori estimates will give the following statement.

Theorem 3.1.4. Assume as in Theorem 3.1.2 (respectively, Theorem 3.1.3) but (P2) is replaced by

(P2). The conclusions of Theorem 3.1.2 (respectively, Theorem 3.1.3) continue to hold if |[ullg r.tt+1)x0 =
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(fttJrl Ilu(-, s)\|g7gds) L (as a function in t) is in O (respectively P) for some q,r satisfying

1 Ty ge[ot oo,

= 3.1.10
r  2q ( )

for some x € (0,1).

We first consider Theorem 3.1.2 and Theorem 3.1.3. Their proofs will be based on several
lemmas. Hereafter, we will use w(t),w;(t),... to denote various continuous functions in O or P. We
first have the following fact on the component v and its spatial derivative.

In order to prove theorems, we recall some notations and the semigroup result. First, for
any t > 7 > 0, we denote Q; = Q x [0,t] and Q- = Q x [r,t]. For r € (1,00) and @Q as one of
the cylinders Qy, @r¢, let W2 ’I(Q) be the Banach space of functions v € L"(Q) having generalized
derivatives wu, Oyu, Orpu with finite L™(Q) norms (see [22, page 5]). For s > 0 and r € (1,00), we also
make use of the fractional order Sobolev spaces W?(Q2) (see, e.g., [1, 22] for the definition).

Let us consider the parabolic equation

% = A(t)v + fo(z,t), xeQ, t>0,
ov

= 3.1.11
5, (#:1) =0 z e i, t>0, ( )
v(x,0) = vo(x) x € Q,

where A(t) is a uniformly regular elliptic operator of divergence form, with domain of definition
W2(Q). If the coefficients of the operator A(t) are uniformly Hélder continuous in a cylinder Q.
and (A + A(s))~! exists for all A > 0 and s € [r,t] then it is well known that (see, e.g., [8, Sections
I1.16-17]) there exists an evolution operator U (t, s) for (3.1.11) such that the abstract integral version
of (3.1.11) in L" is

v(t) =U(t, 7)v(T) + /tU(t, s)F(s)ds, (3.1.12)
where F(s)(x) = fo(x,t). Moreover, for each t > 0, r > 1 and any 8 > 0, the fractional power A”(t),
with its domain of definition D(Ag (t)) in L™(£2), of A(t) is well defined ([8]). We recall the following
imbeddings (see [13]).

D(AB(t)) c CH(Q), for 28> u+n/r (3.1.13)
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and

D(AP(t)) c WiP(Q), if268>1—n/p+n/r. (3.1.14)
Next, we collect some well known facts about (3.1.11).
Lemma 3.1.5. Let r € (1,00). For any solution v of (3.1.11) we have

i) Fort > 1 >0, assume that the coefficients of A(t) are bounded and continuous and fo € L"(Qr+)

for some r > 3. We have

ol gy < O =) (I follr@ney + 106, llya-2rr gy (3.1.15)

where the constant C(t — ) remains bounded if the length t — T of the cylinder Q; is bounded

and the coefficients of A(t) are uniformly bounded in Qr .

it) Let r > 1 and f(-,t) € L"(2). Assume that the coefficients of the operator A(t) are Hélder
continuous. Moreover, there exists 69 > 0 such that (AN + A(t))™! exists for all A > —Jy and all

t > 0. For some fized tg > 0 and any ( € [0, 1], we have
t
147 (to)v ()l < Cat™ e Jug|, + Cﬁ/ (t— )7 fo (-, 5)|ds (3.1.16)
0

for some constants 9, Cz > 0.

Proof: The proof of i) can be found in [22, Theorem 9.1, chapter IV] where Dirichlet boundary
condition was considered but the result holds as well for Neumann boundary condition (see [22,
page 351]). For ii), we apply A7(t) to both sides of (3.1.12), take the L™ norm and then make use the
inequality [8, (16.38)]. 0O

Going back to the solutions of (3.0.1) under the hypotheses of Theorem 3.1.2 and Theorem

3.1.3, we first have the following estimates for the component v and its spatial derivative.

Lemma 3.1.6. There exist nonnegative functions wg,w defined on the maximal interval of existence

of v such that wg € P. For some § >0, r > 1, B € (0,1) such that
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a. if 26 > p+n/r, we have
t
[v(, D)llen@) < wolt) +/0 (t =) e )u(s)[|ul-, 5)||ds. (3.1.17)
b. if28>1—n/q+ n/r, we have

(-, ) lwrag gwo(t)+/0 (t — ) Pe 0w (s)||u(-, )| ds. (3.1.18)

Moreover, w belongs to O, respectively P, if ||v(-,t)]co does.

Proof: Setting A(t) = V - (Q(x,t)Vv + c(x, t)v) — kv and fo(2,t) = g(u,v) + kv for k > 0
sufficiently large, we see that v satisfies (3.1.11). Since v satisfies a parabolic equation with Holder
continuous coefficients (due to (P.2)), we find that the conditions in ii) of Lemma 3.1.5 are verified.
Since [|v(-, t)]|oo € P, we have || foll, < w(t)(1+4]|u(-, s)||,), for some function w(t) € P. Hence, (3.1.16)

of Lemma 3.1.5 gives
¢
1Agv ()l < Cat™Pe™[uoll, + CB/ (t =) e ?w(s) (1 + [lul-, 5) | )ds
0

for any fixed tp > 0. From the imbedding inequalities (3.1.13) (respectively, (3.1.14)), (3.1.17) (re-
spectively, (3.1.18)) follows at once. 0

Our starting point is the following integro-differential inequality for the LP norm of .

Lemma 3.1.7. Given the conditions of Theorem 3.1.2 (respectively Theorem 3.1.3). For any p >
max{n/2,1}, we set y(t) = [,uPdz. We can find 3 € (0,1) and positive constants A,B,C, and

functions w; € O (respectively, P) such that the following inequality holds

Sy S A+ (oo(0) + ) )y + Bt

+ cye{wl(t)+/0 (t—s)_ﬂe_a(t_s)wg(s)ﬂu(-,s)||§y’9(s)d5}2. (3.1.19)

Here, n = p;%l, 0= % and 9 = =1 (= T((’;:TI)) for some r € (1,p). Moreover, n > 6+ 21.
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Proof: We assume the conditions of Theorem 3.1.3 as the proof for the other case is identical.
We multiply the equation for « by u”~! and integrate over 2. Using integration by parts and noting

that the boundary integrals are all nonnegative thanks to the boundary condition on u, we see that

d
/ wPt—udr + / P(u,v)VuV (uP™1) da
Q dt Q

< [ (R0t glu o)) da.
Q

Using the conditions (3.1.1) and (3.1.2), for some positive constants C(d,p), €, C(e,d,p) we

derive

v

/P(u,v)VuV(up_l)dx C(d,p)/up_1|Vu\2 dz,
Q Q

/R(u,v)V(up_l)Vvdx < C(d,p)/up_l@(v)Vqudsc
Q Q

IN

e/ uP~HVul? do + Ce, d,p)/ w12 (v) |V da.
Q Q
From this inequality and (3.1.4), we obtain

4 uPdx + C(d,p)/up_1|Vu|2da:
dt Jo Q

< C(e,d,p)/(up1<1>2(v)|VU|2 + C(v)(uP + 1) dz. (3.1.20)
Furthermore, the second term on the left-hand side can be estimated as

/up_1|Vu|2dx _ C(p)/ V(@@ 2)2 gy
Q Q

2
> C/up+1d1:0(/u(p+1)/2dx)
Q Q

p+1
> C(/updac> i —CHqu/u”dm.
Q Q

2
Here, we have used the Hélder’s inequality (/ uP)/2 dx) < ||u|]1/ u? dz.
Q Q
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Next, we consider the first integral on the right of (3.1.20). By our assumption on L* norm

of v, ®(v) < wi(t) for some wy € P. Using the Holder inequality, we have

p—1 1/
/up_1<1>2(v)|Vv|2d:E < wl(t)(/upd:zj) ! (/ |VU|2pdac> :
Q Q Q

p=1
= wit)y 7 Vo],

Since p > max{n/2,1}, there exists r € (1,p) such that

1 1 1 1
-4 — > —-> -
n  2p TP

This implies 2 > 1 —n/2p+n/r. Hence, we can find § € (0,1) such that 26 > 1—n/2p+n/r. From
(3.1.18), with ¢ = 2p > r, we have

t
IVellap < winlt) + [ (¢ = 5) e Sl uCs) s
0

Applying the above estimates in (3.1.20), we derive the following inequality for y(t)

d ptl p=1 ¢ 8 b(ts 2
Gr+o@m™ < oy Fam{u+ [ =97 (s ul 5l ds)

+C(wa(t) + |lull1)y + Bwa(t). (3.1.21)
Since 1 < r < p, we can use Holder’s inequality
1=\, (1A 1-x, 2
Jullr < fJully ™ ully = lul, ™ y»

with A\ = }j?; = fé;j; Applying this in (3.1.21) and re-indexing the functions w;, we prove (3.1.19).

The last assertion of the lemma follows from the following equivalent inequalities

1 -1 2(r-—1 1 —1
77>9+219<:>p+ >p + (r )<:>f>u<:>7“p—r>pr—p<:>p>r.
p p rlp—=1) p rlp-1)

This completes the proof. 0

Next, we will show that the LP norm of w is in the class O or P for any p > 1.
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Lemma 3.1.8. Given the conditions of Theorem 3.1.2 (respectively Theorem 3.1.3), for any finite

p > 1, there exists a function w, € O (respectively P) such that

[u( 0)llp < wp(?). (3.1.22)

To prove this, we apply the following facts from [27] to the differential inequality (3.1.19).

For a function y : RT™ — R, let us consider the inequality

y'(t) < Flt,y), y(0)=yo, te(0,00), (3.1.23)

where F is a functional from R x C(RT,R) into R. The following lemma is standard and gives a

global estimate for y but the estimate is still dependent on the initial data. Consider the assumptions:

F.1 Suppose that there is a function F(y,Y) : R? — R such that F(t,y) < F(y(t),Y) if y(s) <Y

for all s € [0,¢].
F.2 There exists a real M such that F(Y,Y) <0if Y > M.

Lemma 3.1.9. [27, Lemma 2.17] Assume (3.1.23), F.1, and F.2. Then there exists finite My such

that y(t) < My for all t > 0.
The proof of this lemma is elementary, and therefore will be omitted.

Remark 3.1.10. In (F.1), the inequality F(¢,y) < F(y(t),Y) is not pointwise. It requires that
y(s) <Y on the interval s € [0,¢] not just that y(¢) < Y. Such situation usually happens when f(¢,y)

contains integrals of y(¢) over [0, t].

The above constant M still depends on the initial data yg. Moreover, the function F' may
depend on yy too. Next, we consider conditions which guarantee uniform estimates for y(t).

Consider the following assumptions:

(G.1) There exists a continuous function G(y,Y) : R? — R such that for 7 sufficiently large, if t > 7

and y(s) <Y for every s € [r,t] then there exists 7/ > 7 such that

Ft,y) < Gy(t),Y) ift>7>r7. (3.1.24)
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(G.2) The set {z : G(z,2) = 0} is not empty and z, = sup{z : G(z,z) = 0} < oo. Moreover,
G(M,M) <0 for all M > z,.

(G.3) For y,Y > z,, G(y,Y) is increasing in Y and decreasing in y.

Proposition 3.1.11. [27, Prop 2.18] Assume (3.1.23), (G.1), (G.2), and (G.3). If

limsup y(t) < oo

t—o00

then

limsup y(t) < zs.

t—o0
Remark 3.1.12. Examples of functions F,G satisfying the conditions of the above two lemmas

include

F(y(t),Y), G(yt),Y) = —Ay"(t) + D(y" +1) +°(B+ CY?)¥, (3.1.25)
with positive constants A, B,C, D,n, 0,9, k satisfies n > 6 + k¥ and n > ~.

Proof: [Proof of Lemma 3.1.8] Assume first the conditions of Theorem 3.1.2. From (3.1.19),

we deduce the following integro-differential inequality

Ly <~ Ay or(t)y + Benlt) + O {uolt) + K, (3.1.26)

where

K(t):= /0 (t — 5) P 00=3)0(s)y” (s)ds

for some wp,wi,w € O (because [Ju(-,t)[|1 € O). We will show that Lemma 3.1.9 can be used here to

assert that y(¢) is bounded in any finite interval. This means |jul|, € O. We define the functional

Flt,y) = —Ay" + wi(t)y + B + Cy’{wo(t) + K ()} (3.1.27)
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Since w; € O, we can find a positive constant C,,, which may still depend on the initial data, such

that w;(t) < C, for all ¢t > 0. Let

t 0
Oy = sup/ (t— 8)_’66_5(t_5)d8 < / sPe9%ds < 0,
>0 Jo 0

because 5 € (0,1) and § > 0. We then set
F(y,Y)=—Ay"+ Cu(y + B) + Cy’(C., + C,C1Y")2.

Because n > 0 + 29, by Lemma 3.1.7, and Remark 3.1.12, the functionals F, F' satisfy the conditions

(F.1),(F.2). Hence, Lemma 3.1.9 applies and gives
y(t) < Co(v°,u®), Vt>0. (3.1.28)

For some constant Co(v?, u") which may still depend on the initial data since F' does. We have shown
that y(t) € O.

We now seek for uniform estimates and assume the conditions of Theorem 3.1.3. From Lemma
3.1.7 we again obtain (3.1.26) with w; are now in P. If a function w belong to P, by Definition 3.1.1,
we can find 71 > 0 such that w(s) < Cop = Co + 1 if s > 71. We emphasize the fact that Cy is
independent of the initial data. Let ¢ > 7 > 7 and assume that y(s) <Y for all s € [r,t]. Let us

write
T t
K(t) = / (t — 5) P00 (s)y? (s)ds + / (t — 5) P03 0(s)y? (s)ds = Jy + Jo.
0 T

By (3.1.28), there exists some constant C/(v?,u") such that w(s)y”(s) < C(v°,u) for every s. Hence,

we can find 7/ > 7 such that J; < 1if ¢t > 7/. Thus,

t
K(t) <1+ CxC.Y?, where C,= sup / (t —s)Pe 09 ds < 0.

t>7,7>0
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Therefore, for t > 7" we have f(t,y) < G(y(t),Y) with
G(y(t),Y) = —Ay"(t) + Coo(y + B) + 17 (Cop + 1 4+ Co C.Y 7). (3.1.29)

We see that G is independent of the initial data and satisfies (G1)-(G3) as n > 6 + 2¢ (see Remark
3.1.12). Therefore, Proposition 3.1.11 applies here to complete the proof. O
We conclude this section by giving the following proofs.
Proof: [Proofs of Theorems 3.1.2 and 3.1.3] We first apply i) of Lemma 3.1.5 to the equation
for v in (3.0.1). Since ||u(-,t)||, € P for any p large, we see that f(u,v) € LY(Qr.) for any ¢ > 1. In

fact, with 7 =t — 1, || f(u,v)[|L4(q@,,), as a function in ¢, is in the class P. Hence,

ol ny < € (1 )l ka@n + Nl 7z ) - (3.1.30)

Choosing 3 € (0,1) (close to 1) and r sufficiently large such that 240 > 2 —1/q + n/r, Lemma 3.1.6
states that the norm of v(-,t) in C?~1/4(Q), and therefore qu_z/q(Q), is in the class P for any ¢ > 1.

We then conclude that ||v € P for any ¢ > 1. So,

lwzt@-0
t ov

/ / <\(az,s)|q + \Av(a:,s)\q> deds <w(t), Vtel (3.1.31)
i—1Jo \ Ot

for some w € P. We now write the equation for u as follows

% = div(A(z, t)Vu) + Bz, t)Vu + F(z,1),

where A(z,t) = P(u,v), B = R,Vv and F(z,t) = g(u,v)R(u,v)Av + R,|Vu|?. Using (3.1.31),
we easily see that b(x,t) and F (z,t) belong to L?? for any ¢ large. Standard regularity theories for
quasilinear parabolic equations (see [26]) can be applied here to conclude that u(z,t) is in class C%®/2
for some a > 0. 0

Proof: [Proof of Theorem 3.1.4] The proof is exactly the same as that of Theorem 3.1.3
if we can regard A, as a linear regular elliptic operator with Holder continuous coefficients (whose

norms are also ultimately uniformly bounded) so that Lemma 3.1.6 is applicable. To this end, we
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need only to show that Q(v(x,t)), as a function in (z,t), is Holder continuous. Since we assume that
|[v(-;t)[|c € P and (3.1.4) holds, the assumption of the theorem implies that ||g(w, v)|l¢ . [t.t41x0 € P-
The range of ¢, in (3.1.10) and well known regularity theory for quasilinear parabolic equations (see
[22, Chap.5, Theorem 1.1] or [26] ) assert that there is o > 0 such that v € C**/2(Q x (0,00)) with

uniformly bounded norm. So is Q(v(z,t)). In fact, by [9], we also have that Vv € C%®/2(Q x (0, o0)).

O

3.2 The competitive Lotka-Volterra reaction terms

In this section we show that the hypotheses of Theorems 3.1.3 and 3.1.4 are verified for (3.0.1)

if the reaction terms are of Lotka-Volterra type used in (3.0.4), that is,
f(u7 U) = u(al —biu — ClU), g(“’a U) = U(QQ — bau — CQU)) (321)

where a;, b;, ¢;’s are given constants. The main result of this section is the following.

Theorem 3.2.1. Assume that A, satisfies (P1), A, is of the form (3.1.9), n < 5, and that by, ba, co >
0. The assumption on the dimension will be omitted if A, is a linear operator of the form in (3.1.3).

For any given po > n and any given nonnegative initial data u®,v° in
X = {(u,v) € WHP(Q) x WIP0(Q) : u(x),v(x) >0, Ve Q}.

Then weak solutions (u,v) to (3.0.1) with (3.2.1) are classical and exist globally. Furthermore,

for any a € (0,1) we have

o, O)llca@)s  lul-t)llca@) € P (3.2.2)

For given nonnegative initial data u’,v® € X, it is standard to show that the solution stays
nonnegative (see [18]). Clearly, the functions f,g¢ satisfy the condition (F). Thus, the above the-
orem is a consequence of Theorems 3.1.3 and 3.1.4 if we can show that the norms ||v(e, )|~ and

ari1)xa = ( :H l|lu(-, s)HZ’st) Yr (respectively, ||u(e,t)||1) belong to P for some g, r satisfying

I
1/r+mn/2q € (0,1). These will be done in several steps.

First of all, since by, co > 0, using invariant principle for scalar parabolic equation or test the
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equation of v by (v — k)4 for some k large we easily derive
Lemma 3.2.2. ||v(-,t)]|e € P.
The followings are devoted to obtain estimates of ||u||q.,.

Lemma 3.2.3. For the component u we have

[u(-, )]l € P, (3.2.3)

/Hl/ wldx € P. (3.2.4)

Proof: Integrating the equation for u over ). Using the Robin boundary condition and the

fact that u,v > 0 we can drop the boundary integrals result in the integration by parts to obtain

d
uda:</fuvdx<c/ud:c—b1/u dz (3.2.5)

this implies (here ¢ = a1 + |c1]||v]|c0)

d
uda: < c/ udx — bl(/ udr)? (3.2.6)

It is easy to see that (3.2.6) gives (3.2.3) (see also Proposition 3.1.11). Integrating (3.2.5) from ¢ to
t + 1 and using (3.2.3), we get (3.2.4). 0O

We need to estimate the norms of Vv and vy.

Lemma 3.2.4. We assert that

[Vo(,t)]2 € P, (3.2.7)
t+1
/ / v?(x,s)dxds € P. (3.2.8)
t Q

Proof: First of all, using the boundary condition for v, we notice that

/QV(QVv)Qvtdx = —/QQVU(QUVm;t—i—QV vt) dx—i—/aQQa Quydo
= —;/QCZ(Q2|VU|2)CLT— 8Q1T(93)vitda
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where 0€); is a subset of 92 on which the Robin or Neumann conditions are given, that is, y =1 in

(3.0.2). Therefore, by multiplying the equation for v by Qu;, we get

/Qvfdm+ 2dt/Q2Vv|2da: < / f(u,v)Quy dx — 4 r(x)Qv) do,

dt Joa,
where Q fo )s ds. The above then gives
2 d 2 2 2 d A
Quidz + — [ Q*|Vul*dx < | f*(u,v)Qdx — — r(z)Q(v)do. (3.2.9)
Q dt Jo 0 dt Jaq,
On the other hand, let Q(v fo s)ds and multiply the equation for v by Q(v) to obtain

/QQvtdx:—/QQ2|Vv]2dx—/am erda+/Qf(u,v)Q(v)d:c.
/QQthde—Z/QQvtdx—/QQQQdm

by Young inequality. We now set

But

= 2’021' 'I"IAUO'
t)—/QQ!VIdJr/an()Q()d

and add 2 fafh TQ do to both sides of (3.2.9). Using the above inequalities, we easily obtain

Q°

o (6) + 2(t) < / £a+%

+2fQ]dx—2/

o

rvQ do + 2/ TQ do.

o

From the assumption f(u,v) < C(v)(1+ u) and (3.2.4) we see that the above implies y(t) € P. But
v, and therefore [, rQdo and Joa, rv@Q do, belongs to P. We conclude that [, Q*|Vv[*dz € P.
This and (3.1.3) give (3.2.7).
Finally, we can integrate (3.2.9) and use (3.2.7), (3.1.3) to obtain (3.2.8). 0O
For n = 3, we note that the assumptions of Theorem 3.1.4 immediately follow from this lemma
if we take ¢ =2 > n/2 and r = oo in (3.1.10). However, we will present a unified proof for all n < 5

below. We will also employ the variance of the Gronwall inequality (see Lemma 2.2.1)
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Lemma 3.2.5. For any q < 2* =2n/(n —2), we have
t+1
/ IVo(-, s)||2ds € P. (3.2.10)
t
Proof: By standard Sobolev embedding theorem [1, Theorem 5.4], we have
2 1 2 2/2" 2 2
V|2 < dz(/gmgw ar)” < C/Q<QW| +IV(QVV)) da (3.2.11)
From the equation for v and the condition on f, we have
IV(QVV)? < [f(u,0)]? + [ve]* < w(t)(w? + 1) + o .
This and (3.2.11) imply
IVo[|3. < Cun () / IVl + [ul? + [ve|*) da.
Q

We then integrate the above inequality over [¢, ¢+ 1] and make use of Lemma 3.2.3 to get (3.2.10) for
q = 2*. Finally, if ¢ < 2%, we have ||Vv||; < C||Vv||2= (due to Hélder’s inequality and the fact that €2
is bounded) for some constant C' and complete the proof. O

Multiplying the equation for u by u*~! (p > 1/2) and using the boundary condition, we derive

d 2p—1
/quda? + L /P[Vup|2d:c
Q p Q

it
< ) /Q |RVUZ V0| da + w(t)( /Q (W + 1) da. (3.2.12)

Using the conditions on P, R and Young’s inequality, we have

/P\Vup]2da:2d(/ u]Vup|d:E+/ |VuP|dx),
Q Q Q
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/|RVu2p1Vv]d:U < w(t)/uquva|dx
Q Q

IN

e/u\vupy2dm+c<e)w(t)/uQP-lywy?dx.
Q Q

for any € > 0. Moreover,

1-1/2
/Qu2p_1|V112da: < (/Qu2pdx> p||vv‘|l2lp < (/Qu2pd:c—l— 1)va”421p

By choosing appropriately small €, we derive from (3.2.12) and the above inequalities the following

key inequality

d

ay(t) + Cp/(l + )| VPP do < g(t)y(t) + h(t), (3.2.13)
where y(t) = [qu®dx, g(t) = [|[Vvllf, + w() + C(p), h(t) = w(t) + C(p) for some w € P and
Cp,C(p) >0

We then have the following lemma.
Lemma 3.2.6. For A = min{n/(n — 2),2}, we have ||u(-,t)||» € P.

Proof: We choose p in (3.2.13) such that 2p = A. Firstly, A(¢) in (3.2.13) satisfies (2.2.2). On
the other hand, as 4p = 2\ < 2* we see that ||Vv(-,t)||ip € P by Lemma 3.2.5. Thus, ¢(¢) in (3.2.13)
also verifies (2.2.2). Thanks to (3.2.4) and because A < 2, we see that y(t) = [, u* dz verifies the
assumption of Lemma 2.2.1. This gives our lemma. 0

We conclude this section with the following proof.

Proof: [Proof of Theorem 3.2.1] Thanks to Lemma 3.2.3, we need only to verify the last
assumption on ||ul|q, of the theorem. Let p = A/2 and [ = )‘H in (3.2.13), and U = u!. We integrate

(3.2.13) over [t,t + 1] and use the above lemma to get

t+1 t+1
/ /HVU\?dxds— 1+ / /u\vupy2dmdse7> (3.2.14)

The function W =U — fﬂ U dx has zero average and we can use the Gagliardo-Nirenberg inequality
to get
W

20 < COVW]z0 = [[Ul20 < C(IVU 20 + IU]l10)-
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For r = 21, ¢ = 12*, we derive

t+1 t+1 ) t+1 ) )
|l ds= [ Ui ds<c( [ VU s sup 1U]R ).
t t t [t,t+1]

As T <A\ UG, D)0 = lu(-,t)]} g € P (see Lemma 3.2.6). Thus, (3.2.14) and the above show that

lullg,r t,t+1)x0 € P, with r, g satisfying

1 ._1+n_1(1+n)_n
Xy T T Ty
Set A:=q— ﬁ =q—2,B:=r— ﬁ =2l — %l. To see that ¢, r satisfy the condition (3.1.10) of

Theorem 3.1.4, we show that y € (0,1) and A, B > 0. Computing the values of x, A, B for n = 3,4,5

gives:

n=3: x=1/2, A=6, B=1.
n=4: x=1/3, A=3, B=3/2

n=5: x=1/16, A=16/9, B=38/5.

The assumptions of Theorem 3.1.4 are fulfilled and our proof is complete (we should also remark that
x=-1/5<0if n =6). 0O
3.3 Lyapunov functional method

In the rest of this chapter, we will employ the Lyapunov functional method, which is introduced
in [29] to deal with full regular system (see also next chapter), to establish a priori estimates of

solutions to system (3.0.1), that is,

uy = Ay(u,v) + F(u,v), xz€Q,t>0,
(3.3.1)

vy = Ay(u,v) + G(u,v), x€Q,t>0.
Here we assume that
(P) A, = V(P(u,v)Vu + R(u,v)Vv), A, = V(Q(u,v)Vv) in which functions P,Q, R are differ-
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entiable functions in (u,v). Moreover, P, are positive for nonnegative w,v, and ug, vy are

nonnegative on €.

(F) Reaction terms F, G are continuous functions in (u,v) such that F'(0,v) = G(u,0) = 0 and

F(u,v) and G(u,v) are negative if either u or v is sufficiently large. (3.3.2)

Firstly, for the sake of simplicity, we consider here systems with homogeneous Neumann bound-
ary conditions, and leave the mixed boundary case of the form (3.0.2) to Remark 3.3.6. The nonneg-
ativity of the solutions is easy to establish. Indeed, by testing the equations of u, v respectively by
their negative parts u_, v_ and using elementary differential inequalities, one can prove that u_,v_
are zero for all ¢ (see also [28]). This shows that u,v stay nonnegative for all ¢ € (0, 00).

By multiplying the equation of v in (3.3.1) with (v — K,)4+ and using the assumption on G we

easily prove the following.

Lemma 3.3.1. Assume (P) and (F). Then there exists a constant K, > 0, which may depend on the

initial data vy, such that v(z,t) < K, for all (z,t) € Qp.

Under a stronger assumption on G, we shall obtain uniformity of the bound with respect to

the initial data. However, for convenience, we impose here an assumption on F' as well, that is,
(F’) Reaction terms F, G are continuous functions in (u, v) and there exist positive constants c, My >

0 such that F(0,v) = G(u,0) = 0 and

F(u,v) < —au, G(u,v) < —av, if either u > My or v > M. (3.3.3)

We shall prove the following.

Lemma 3.3.2. Assume (P) and (F’). Then there exists a constant K, that is independent of the

itial data such that

limsup [[v(e, #)oc < Ko (3.3.4)

—00
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In the study of the boundedness of u, we consider the following subset of IR?
I'={(w,v) :u>0, 0<v<K,}, (3.3.5)

and the following assumptions.

(H.0) There exist a C? function H(u,v) defined on a neighborhood T'g of I' and a constant Ky such
that (H,F' + H,G)(H — K)4 <0 for every (u,v) € I'p and K > K.

(H.1) There exists A; > 0 such that

[H,(PVu+ RVv) + H,QVv]VH > \|VH|?, (3.3.6)

(PVu+ RVv)VH, +QVuvVH, >0, (3.3.7)

for every (u,v) € ' :=T({(u,v) : H(u,v) > K}, K > Ky, with Ky given in (H.0).
(H.2) If u — oo in IR? then H(u,v) — oo.
Here, we write H, = %H(u,v), Hy, = ag—guH(u, v), VH = V,H(i(x)), and so on. Fur-

thermore, w4 denotes the nonnegative part sup{w, 0} of a function w. Our first main result on the

boundedness of weak solutions is the following.
Theorem 3.3.3. The conditions (P), (F), (H.0), (H.1), and (H.2) imply that u,v are bounded.
To obtain uniform estimates we need to assume further that

(H.0’) There are constants C1, Ky > 0 such that (H,F' + H,G) < —C1H for every (u,v) € I'g such
that H > K.

Our second main result on the uniform boundedness of u, v reads

Theorem 3.3.4. Assume as in Theorem 3.3.3 with replacing (F) and (H.0) by (F’) and (H.0’),
respectively. Then u,v are ultimately uniformly bounded, that is, there exist positive constants K,,, K,

independent of the initial data ug, vy such that

limsup (e, Hlloc < Koy limsup oo, t))]loc < K. (3.3.8)

t—o0 t—o0
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Thanks to Lemmas 3.3.1 and 3.3.2, we need to prove the boundedness of u in order to complete
Theorems 3.3.3 and 3.3.4.
Proof: [Proof of Theorem 3.3.3] Firstly, for nonnegative ¢ € W12(Q), we can test the

equations of u, v respectively by H,¢ and H,¢, add the results, and use (3.3.7) to get

8—H¢) dx —I—/ (Hy,(PVu+ RVv) + H,QVv)V¢ dx < C’/ (H,F + H,G)¢ dz. (3.3.9)

Here, we have used the homogeneous Neumann boundary conditions so that the boundary
integrals, which appear in the integration by parts, are all zero.

We set Hy = sup,cq H(uo(z),vo(z)), which is finite because ug, vy are bounded on Q. Let
K > max{Ky, Ho} and ¢ be (H — K), in (3.3.9). Integrate the result in ¢ and use (H.0), (3.3.6) to

obtain

t
/ (H — K)% da |} +)\1/ / \VH |*dzds < 0. (3.3.10)
Q 0 JH>K

Since (H — K)+ = 0 when t = 0 (as K > Hp), the above shows that (H — K); = 0 for all ¢.
We conclude that H < K on Q. Condition (H.2) basically says that boundedness of v comes from

that of H(u,v). Thus, u, v are bounded by some constant depending on Ky and the initial data ug, vg.

O

We now turn to prove Theorem 3.3.4. Firstly in order to prove the uniform boundedness of

the component v (Lemma 3.3.2), we need the following standard Moser’s iteration technique.

Lemma 3.3.5. For Th > T > Ty, let V be a function on Q x [Ty, T1] such that

sup/ qu:x+// IVVY2)2 dz < C a / V1 dz, (3.3.11)
rel, JOxr ¢ t—s)/g,

forallqg>m, To < s <t <T and some v > 0. Here I; := [t,T1],Q; := Q x I, for any t € [Ty, T1].

Then there exists a positive constant Cy depending on T — Ty such that

1/m
sup V(z,t) < Cy ]9[ V™ dz . (3.3.12)
Qr Qry
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Proof: Applying Lemma 2.2.4 with U = V2 we obtain from (3.3.11)

(// (V)" dz> " < chyt/Qs Ve dz, (3.3.13)

which k =1+ 2/n.
Fori=0,1,...,set s; =T — (T — Tp)27%, Q; = Qs,, and q; = mx’. Using s = s;,t = s;41 in
(3.3.13), we obtain

1/k . .
// VmHiJfl ds / < Cmy(/il')zQ_Z_l // ani dz
Qit1 B T—To .

i

Dividing both sides by |Q;||Qi+1] and using the fact that Qr C Q; C Qr, for any ¢, we easily

get

1/k
(ﬁ[ et dz) < Cl(n”)iwﬂ vt dz
Qit1 i

: _ 1@l 1
which Cy = Cm"2 \QTO\ T

Hence,

. 1/(mrit1) . A . 1/mai
(79[ st dz> <oy tor (ﬁf pme’ dz> ,
Qi1 i

with Cy = Cll/m and C3 = (k¥ /2)'/™. Tterating the above gives

1/(mrk+1) . . . . 1/m
( % { anlﬁ—l d2> S Cg:izoli ZC?’z:i:O ik (ﬂ Vm dZ) .
Qr+1 Qdo:To

Since the series in the exponents converge, we can let £ tend to oo to obtain (3.3.12). O

Proof: (Proof of Lemma 3.3.2) Let T > 1 and s < t be two numbers in (T'— 1,7). We
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consider a C! function  : (0,00) — [0, 1] that satisfies

0 if 7<s, 1
n(r) = and !n\gt_s
1 if 7>

(3.3.14)

For T sufficiently large and any q > 1, we test the equation of v by V4~ 1n, with V = (v—Kj),.

Here K is in (F). Integration by parts gives

19V
// M dz+dig—1 // VIV |2 dz—/ GVilpdz<o. (3.3.15)
Q

By (3.3.14), this implies

q
// oV >dz—|—)\// |VV‘1/2|2dz§Cq// Vq|nt|dz§0q// V4 dz.
Q Q Q t=sJJq

We then apply Lemma 3.3.5 to assert that

T+1 1/2
sup V(z,t) < Cy (/ / V2 dw) . (3.3.16)
Qr

On the other hand, we test the equation of v by V. We easily obtain

Y'< -CY, with Y(t)= / VZ3(x,t) da.
Q

This shows that limsup,_, . Y (¢) is bounded by some constant independent of Y'(0) or ug, ug.
Hence, this fact and (3.3.16) prove (3.3.4). 0O
Proof: [Proof of Theorem 3.3.4] The proof of uniform boundedness of H is exactly the same
as that of v. Indeed, we first still have (3.3.9) in the proof of Theorem 3.3.3 which is due only to
assumption (H.1). Therefore, replacing ¢ by V9~ with V = (H — K1), and 7 defined by (3.3.14),

and using (H.1), we obtain

1 q
// avndz+)\1q—1// V- 2|VV|2dz_/ (H,F + H,G)Vi™ 1y dz.
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From this, using (H.0’), we obtain (3.3.15) and therefore (3.3.16). Finally, with noting that
H,F + H,G < —C1H (also due to (H.0")), we have the uniform bound of L?mnorm of H. This and

(3.3.16) give the uniform boundedness of H. The proof is complete due to (H.2). 0

Remark 3.3.6. We remark that our proof goes unchanged if the mixed boundary conditions

X(@) [Gr (2, ) + r(@)v(e, 0] + (1 = x(2))v(z,t) =0,

X(@) [Gr (@) + 7(@)ulz, 8)] + (1 = X(2))u(z,t) =0,

are considered. Here yx, x are given functions on 0€2 with values in {0, 1}, and functions r, 7 are given
bounded nonnegative functions on 9€). In fact, the only difference in our calculation is that there
would be boundary integrals, resulting from the integration by parts, to appear on the right hand
sides of (3.3.10) and (3.3.15). However, by using the fact that w,v, H,, H,,r,7 are nonnegative on
the boundary and choosing K, Hy sufficiently large but independent of u,v, we can see easily that
these boundary integrals are negative. Thus, (3.3.10) and (3.3.15) are still valid and our argument

can continue as before.

3.4 The existence of the Lyapunov functional H

We now see that the assumption on the existence of a function H, satisfying (H.1), is crucial
for our main results in the previous section. Obviously, it is not clear whether this function ever
exists. In this section we will find sufficient conditions on the structure of (3.3.1) such that we can
find such H.

Clearly, the conditions (3.3.6),(3.3.7) are satisfied if the following quadratics (in U,V € IR")

are positive definite.

Ay = (P - NHU? + [RH,H, + (Q — NHAV? + [RH? + (Q + P — 2\)H,H,|UV, (3.4.1)

Ay := PHuU? + (RHyy + QHyo)V? + [RHyu + (P + Q)HuwJUV. (3.4.2)
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A is positive definite if the coefficients of U?, V2 are nonnegative and its discriminant ©; is

nonpositive. However, a simple calculation shows that

©, = (PH,H, — RH? — QH,H,)* = H?((P — Q)H, — RH,).

This suggests that we will require H to fulfill (P — Q)H, = RH,. In other words, we will

consider the following equations

fu,v) = (P —Q)/R, (3.4.3)

H, = f(u,v)H,. (3.4.4)

Lemma 3.4.1. Assume that (3.4.4) holds. There exists A > 0 such that A; is positive definite.

Proof: By (3.4.3) and (3.4.4), the coefficients of U2, V? in A; are respectively H2(P — \) and
H2(Rf +Q — \) = H2(P — )\). They are nonnegative if we choose A = infr P. 0O
To verify the positivity of Ay in (3.4.2), we consider its discriminant ©y. Easy computation

shows that
Oy := (RHyy + PHyy + QHyy)? — APHyy (RHyy + QH,yy) -
Differentiating H,, = fH,, we get H,, = fuH, + fHy, and Hy, = fuHy, + fHy,. Substitute
these into ©2 and simplify to obtain

O := alﬂgv + agHyyHy + O‘SHa (345)

Using (3.4.3), we easily see that ay = 0. Similarly, we have

oy = 2(R(fu+ff)+Plo+Qf) (Rf?+ Pf+Qf)
—4P((fu+ [ f2) (Rf + Q) + Rf2 )
— 4(=PRf*f, + P2fof — PQf.)
= —4PQ(fu — fuof)-

41



(R(fu+ ffo) + Pfo+Qfo)* = 4P(fu+ ffo)Rfo
= (fut fR)PR*+(P+Q)2f +2Rf[(fu+ ff:)(Q — P)]
(fu+ ffo)? R+ (P = Q) f3 + 2R fu(fu + [ £2)(Q — P) + 4PQf]
= [(fu+ ff)R+ fo(Q = P)? +4PQf;]
= R2f244PQf?.

a3 =

Let g be a solution to (3.4.4)and G be any differentiable function on IR. We observe that
H(u,v) = G(g9(u,v)) is also a solution to (3.4.4). We will make the following main assumptions of

this section.

(H.3) Assume that there exists a connected neighborhood I'). of 'k such that g belong to C?(T'%).

Moreover,

gv 70, and ag = —4PQ(f. — fof) #0, Y(u,v) € T%. (3.4.6)

(H.4) The quantities gy,/g2 + as/(a2gy), 612/(f011) and fé91/d22 are bounded on I'c. Here, we

denoted

012 = P[fQQUv + (fu+ ffo)gl, 021 = Pguw + Rfvgu,
and 511 = (522 = Pfgg
The existence of H is then given by

Theorem 3.4.2. Assume (H.3), (H.4) and let H(u,v) = exp(ug(u,v)). There exists p such that
(H.1) holds.

Proof: Thanks to Lemma 3.4.1 and the choice of g, we need only to check the positivity of
Ay. We first show that ©3 < 0 on I'k for suitable choice of p. Let G(x) = exp(uz). As H, = G'gy,
Hyy = (G"g2 + G'guy), and G"/G' = i, we have

a3
0y = HyyHyos + H2as = (G')2glan |+ (22 +

912) 20y
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Thanks to our assumption (3.4.6) and because I')- is connected, the coefficient of p never
vanishes on I'. That is, either g2as < 0 or g2as > 0 on I'i. Because g,»/92 + a3/ (a2g,) is bounded
on 'k and g,, G’ # 0, the above shows that ©2 < 0 on ' for suitable choice of pu with |u| being
sufficiently large.

Finally, we show that the coefficients of U2, V? in Ay are positive. It suffices to show that
the following quantities 01 = PHy, and 02 = (RHy, + QH,,) are strictly positive on I'c. Similar

calculation as before yields

01 = P[szvv + (fulHy + fvav)] = exp(pg) fo11 [U;{;i + MQ] )

og = (Rf + Q) Hyy + Rfy Hy = er><p(ug)52f2 [u];i? + uz} :

where §;; are defined as in (H.4). Since the coefficients of p1, d12/(fd11) and fd21/d22, are bounded on

'k , and fd11, 622/ f are positive, we can choose |u| large to have that 41,2 > 0 on I'g. 0

3.5 The Shigesada-Kawasaki-Teramoto model

This section is to illustrate the validity of our results obtained in the preceding sections. We

consider functions P, @, R in (3.3.1) as follows
P(u,v) =di + ajju+ ajpv, R(u,v) =biu, Qu,v) =ds + ag1u + azv. (3.5.1)

In this form, system (3.3.1) is a generalized version of the SKT model (3.0.4) when a2 = b1

and ag; = 0. Our first result is the following global existence result.

Theorem 3.5.1. Assume (F'), (3.5.1) and that a;; > 0,d;,a11,b11 > 0, 4,5 = 1,2. In addition,
suppose that

a1l 7& asi, ag? > aig, and ano 7& a2 + b11. (3.5.2)

Then weak solutions to (3.3.1) with nonnegative initial data are classical and ezist globally.
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Furthermore, for any a € (0,1) we have

[v( Dllcay), llul,t)lce@) € O. (3.5.3)

With an additional condition on the parameters of the system, we have the following uniform

estimates.

Theorem 3.5.2. Assume as in Theorem 3.5.1 and further that a;; > ag1. Then for any o € (0,1)

we have

v Dllcay, llul,t)lca@) € P (3.5.4)

Clearly, because the system is triangular, the estimates in L*° norms are sufficient to obtain
estimates (3.5.3) and (3.5.4) (e.g., see proofs of Theorems 3.1.2 and 3.1.3 or [25, Theorem 6]). In
addition, the boundedness of v was proven in Lemmas 3.3.1 (respectively, 3.3.2) where only assump-
tions (P) and (F) (respectively, (F’)) are required so that we will only concern ourselves with the
boundedness of u here. We apply Theorem 3.3.3 to establish Theorem 3.5.1.

By Lemma 3.3.1, we can take I'y to be the strip {(u,v)lu > 0,0 < v < K, }. We also see that
h of (3.4.3) is given by

d —b
h(u,v) = M’
u
where
d— d1—d2’ o a11—a21, p_ 022~ 012
b1 b11 b11

Our assumption (3.5.2) simply means a # 0, b # 1 and b > 0. Moreover, the equation (3.4.4)
can be solved by methods of characteristics (see [7]). In fact, it is elementary to see that the general

solution of (3.4.4) is given by

g(u,v) =L (d(b— 1) +a71j: —b(b— 1)v> ’

where L can be any C! function on IR.

Since a?b > 0 and F(u,v),G(u,v) < 0 if u is large, we can find K; > 0 such that if u > K3
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then F(u,v),G(u,v) <0 and ald(b— 1) + abu — b(b — 1)K,] > 1. We define
Iy ={(u,v) €eTo|u> K}

and

ub

g(u,v) = (b—1)log <a[d(b — 1) 4+ abu — b(b — 1)v]

) , (u,v) €. (3.5.5)

Put Gy = sup{g(u,v) |u = K1, 0 < v < K, }. Let g(u,v) be a C' extension of §(u,v) on I'

that satisfies suppg\p, g(u,v) < Go + 1. We then set G := Go + 2. Obviously, we have

g(u,v) > Gy = (u,v) €'y = u > K. (3.5.6)

We study the function g on I'y. Firstly, we compute and find

b(b— 1) g2

v — 3 v — 5 357

T Ab—1) rabu—bo— 1w T b1 (8:57)
bu—d b

fu - u2 ) fv - _E- (358)

We then prove the following lemmas.
Lemma 3.5.3. For (u,v) € I'1, we have gy,aa <0 and as/(a2gy) is bounded.

Proof: By (3.5.8), we have

(b o 1) + ab’l; — b(b — 1)1) # 0’ V(U,'U) c Fl'

fue ffo="?

U

Thus, by (3.5.7), gyas = —4PQb(b — 1)?/u? < 0 on I';. On the other hand, we write

a3 RS2 f2

a2gy a2gy (fu - ffv)gv’

which can be simplified to
B (bv — d)?b3, B b
4b(b—1)2PQ  (b—1)%
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The above quantity is bounded on I'y since P > dy, Q > ds and v is bounded. The proof of

this lemma is complete. 0
Lemma 3.5.4. 612/(f611) and fé21/d22 are bounded on I';.

Proof: We have

012 :gﬂ fu“‘ffvz 1 Jrfu“‘ffv
f(sll 912; f29v b—1 f29v '

The last fraction is

(d(14b) + abu — b(b+ 1)v)(d(b — 1) + abu — b(b — 1)v)
(d+ au — bv)2b(b — 1)2 ’

which is bounded because v is bounded on I'y and the powers of u in the numerator and denominator
are equal (so that the fraction is bounded when w is large).

Next, we have

o1 _ g | Rfy 1 bi(d(b—1) +abu—b(b—1)v)

b2 g2 Pgy b—1 (dy + a11u + ai2v) (b — 1)2
The last fraction is bounded on I'y by the same reason as before. 0
We have shown that the conditions (H.3) and (H.4) are satisfied on the set I';. In particular,
because g,z < 0, we see that the factor p in the proof of Theorem 3.4.2 can be chosen to be
positive and sufficiently large. Fix such a constant u, we then define H(u,v) = exp(ug(u,v)). Let
Ky = exp(uG1). We see that H(u,v) > Ky = g(u,v) > G1. Therefore, thanks to (3.5.6), we have

I'r, = {(u,v) € To| H(u,v) > Ko} C I'y. (3.5.9)

The definition of I'y, Theorem 3.4.2 and the above lemmas show that (H.0) and (H.1) are
verified on T';. By (3.5.9), they also hold on I'g,. It is easy to see that g(u,v) ~ log(u®=1”) when
u is large so that H(u,v) ~ ut=1*  Since pu > 0 and H(u,v) is bounded on Tg \ T (by exp(uG1))
we easily see that H(u,v) — oo iff u — oo. Hence (H.2) also holds. Theorem 3.3.3 asserts that u is

bounded. Our proof of Theorem 3.5.1 is complete.
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Finally, to finish the proof of Theorem 3.5.2, we just need to verify (H.0’). Indeed, when w is

large, we have
b(b—1)?

0.
db—1) + abu —b(b— 1o ~

Gv =
Hence, H,, H, are positive and H,F' + H,G can be estimated from above by

b(b—1)%(d + au— (b—1)v)

H, Hy) = —apH = —auH '
a(Hyu+ Hy) = —apHg,(fu+v) = —apH === 0=,

It is easy to see that the last fraction is bounded from below by (b—1)2. This gives (H.0’). The proof

is complete.
Notes and Remarks

The LP bootstrapping techniques presented in Section 3.1 rely largely on a paper of Le in
2002 where he proved the result under the assumption that the domain is of dimension 2 ([27]). The
results are also in our paper [36]. When this work was completed, we learned that Choi, Lui and
Yamada ([4]) were also able to prove global existence results for the SKT model (3.0.4) (also when
n < 5). However, their method was pure PDE and did not provide time independent estimates so
that they could only assert that the solutions exist globally. Meanwhile, not only does our method,
using PDE and semigroup techniques, apply to more general systems and gives stronger conclusions;
but it also requires a much weaker assumption in some cases to obtain the uniform a priori estimates
which are key (sufficient) issues to investigate the long-time dynamics of solutions (see Chapter 5).
In particular, we only need L' estimates of u if the second equation is semi-linear.

The Lyapunov functional approach was also employed in [46, 47, 52, 53] to address the question
of the global existence for full cross diffusion systems. However, these authors must assume certain
special structure conditions on their systems and also the domain €2 to be of dimension at most 2
due to their use of Sobolev imbedding inequalities. Our result in Section 3.3 is obtained without
any requirement on the dimension of considered domains. Furthermore, the general theory can be
applied to a general class of triangular cross diffusion systems (with conditions (P) and (F), of course)
rather than the SKT model as long as one guarantees the existence of function H satisfying conditions

(H.0)-(H.2), or (H.3) and (H.4). The result can be also found in our published papers [31, 33].

47



Chapter 4

A PRIORI ESTIMATES FOR FULL SYSTEMS

The purpose of this chapter is to recall the global existence result of Le [29] and go further to

establish uniform a priori estimates for solutions of a class of strongly coupled parabolic systems.

4.1 Main result

Consider the following strongly coupled parabolic system

up = V(P“(u,v)Vu+ P"(u,v)Vv) + F(u,v), (4.11)

vy = V(Qu(ua U)Vu + Qv(ua U)VU) + G(u’ U)>

on a bounded domain € in IR™. Here, the initial conditions are described by w(z,0) = wug and
v(z,0) = vy, x € Q.

Concerning the boundary conditions, for the sake of simplicity, we consider here homogeneous
Neumann boundary conditions. In fact, by a view of Remark 3.3.6, our main results could apply to

the following mixed conditions

X(@) [§e (@, t) +r(x)o(e, )] + (1= x(x))o(z, 1) =0,
(4.1.2)

X(@) G, ) + 7(@)u(z, )] + (1= x(2))u(z,t) =0,

where y, x are given functions on 9 with values in {0,1}, and functions r,7 are given bounded
nonnegative function on 0f2.

The above system arises in many applications and has recently received a lot of attention in
both mathematical analysis and real life modelling. As we already mentioned in Chapter 1, it is also
referred to by the cross diffusion system names as P%, Q¥ model the self diffusion of the components
u,v and PY, Q" represent the cross diffusion that result from the influence of one component on the
other. If PY Q" are zero, (4.1.1) is the well studied weakly coupled parabolic system (or classical

reaction diffusion system). The introduction of cross diffusion terms into classical diffusion systems
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allows the mathematical models to capture much more important features of many phenomena in
physics, biology, ecology, and engineering sciences. Of course, the presence of these terms caused
enormous difficulties in the mathematical treatment due to the strong coupling in the diffusion terms.
Most recently, under certain assumptions on the parameters of the system, Le proved in [29]

that weak solutions of (4.1.1) are bounded and everywhere regularity. Therefore they are classical

and exist globally. In particular, he also gave explicit conditions on the parameters of the system

(4.1.1), which includes the SKT model (1.0.4) (when a2 = b11,a21 = baa), with

P*=d; + ajju+ a1ov, PY = byyu,

(4.1.3)
Q' = da + ag1u + azv, Q" = bypv.

In this chapter, we shall go further to obtain the uniform a priori estimates for weak solutions
of (4.1.1) with (4.1.3). Such estimates of solutions will be used to prove the existence of global

attractors (see Chapter 5). First we would recall Le’s result of global existence whose proof is in [29].

Theorem 4.1.1. [29, Theorem 1.2] Assume that a;; > 0,d;, bi1,ba2 > 0,4,5 = 1,2, and F(0,v)
G(u,0) =0 for all u,v. In addition suppose that

F(u,v) and G(u,v) are negative if either u or v are sufficiently large. (4.1.4)
and

a1l — az1 > bao, az —aiz > byy.

(4.1.5)
Then weak solutions, with nonnegative initial data, to (4.1.1) with (4.1.8) are classical and

exist globally. Furthermore, the Holder norms of solutions depend only on the bound of their L
norms.

We shall give the proof of our following main result.

Theorem 4.1.2. Assume as in Theorem 4.1.1 and that there exist positive constants Ky and o such
that if either uw > Ky or v > Ky, then

F(u,v) < —au, G(u,v) < —aw.

(4.1.6)
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Then for any nonnegative solution (u,v) to (4.1.1) and any o € (0,1), there exists a Coo() > 0

independent of initial data such that
limsup ||u(e,t)||ce + limsup [[v(e,t)||ce < Co(a). (4.1.7)
t—oo t—o0

In population dynamics terms, condition (4.1.5) means that self diffusion rates are stronger
than cross diffusion ones. Obviously, our assumption (4.1.6) is satisfied if the reactions F, G are the

well known Lotka-Volterra competitive reaction type of the form
F(u,v) =u(a; — byu — c1v), G(u,v) = v(az — bou — cav). (4.1.8)

We also remark that the condition F'(0,v) = G(u,0) = 0 and maximum principles imply that the

solutions stay positive if their initial data are nonnegative.

4.2 Proof of main result

Clearly, in order to obtain uniform estimate (4.1.7), thanks to Theorem 4.1.1, it suffices to
show that the L° norms of the solution are ultimately uniformly bounded. That is, we need only

find a positive constant C'y, independent of the initial data such that
lim sup [[u(e,?)l|oc + limsup [|v(e,))[oc < Coo- (4.2.1)
t—o0 t—o0

The proof of this fact will largely base on the analysis in [29, Section 4.2] where Le proved the

existence of a C? function H (u,v) defined on IRi such that the below conditions are satisfied.

(H.0) H(u,v) = exp(ug(u,v)) for some sufficiently large u > 0 (depending only on the parameters

of the system) and g is a solution of g, = f(u,v)gy, with f(u,v) being the positive solution of
F(f):=—P"f*+ (P"-Q")f +Q" = 0. (4.2.2)

(H.1) There exists a constant K; such that (H,F + H,G)(H — K);+ < 0 for any (u,v) € T'y and

K > K.
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(H.2) Let P = P*Vu+ P'Vv and Q = Q"Vu + Q"Vwv. There exists A > 0 such that

H,P+ H,Q > \VH? (4.2.3)

PVH, + QVH, >0, (4.2.4)

for any (u,v) € F(\{(u,v) : H(u,v) > K1}, with K; given in (H.1).
(H.2) If (u,v) — oo in IR?, then H(u,v) — oco.

Under our additional assumption (4.1.6), we observe that function H has the following prop-

erty.

Lemma 4.2.1. There exists a positive constant C' such that

H,F + H,G < —CH (4.2.5)

if either u > Ko or v > Ky, with Ky being given in (4.1.6).

Proof: Without loss of generality, we can assume that di < dy. Substituting f = “—*1 > 0

in the quadratic on the left hand side of (4.2.2) and simplifying the result, we get

[(a11 — a21)(ag2 — a12) — bi1bae]v + (d2 — di)(a11 — a21)

b1

By (4.1.5) and the fact that d; < dg, the above is negative. Since leading coefficient —P" is negative
and f(u,v) is the positive root, we must have that f(u,v) is bounded by (a11 —az1)/b11 for all u,v > 0.

This and [29, Lemma 4.3] imply that there exists a positive constant C' such that

C b1 C
> .
f(U, U) a11 — azx

Gv 2

Now, from H = exp(ug) and assumption (4.1.6) on the reaction terms F' and G, we easily
obtain

HuF + H,G = pHgy(fF(u,v) + G(u,v)) < —paH gy(fu+v) < —C1H
if either u > Ky or v > K. The proof of this lemma is complete. 0
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We are now ready to give the proof of Theorem 4.1.2
Proof of Theorem 4.1.2: For any positive test function ¢, we test the equations of u,v

respectively with H,¢, H,¢ and add the results. By using (4.2.4), we easily obtain
/ H:¢ dx +/ [H,P+ H,Q] V¢ dx < / (H,F + H,G)¢ dz. (4.2.6)
Q Q Q

Now follow exactly proof of Theorem 3.3.4, we obtain the ultimately uniform boundedness of
H. Therefore (H.2) gives that of u and v, that is, estimate (4.2.1). By our earlier discussion, this

completes our proof of Theorem 4.1.1. 0
Notes and Remarks

As we mentioned, the presence of cross diffusion terms caused enormous difficulties in the
mathematical treatment. It is not surprising that many classical methods, which were developed
successfully for regular reaction diffusion systems, could not be extended to handle (4.1.1) (even for
the SKT model). Not much work had been done before.

Technically, the boundedness of weak solutions to the SKT system was studied in [19, 43] by
using invariance principles. Of course, this method required severe restrictions on the initial data
of the solutions. LP estimates and Lyapunov functional approachs were used in [46, 47, 52, 53] to
attack this question. However, not only that these authors must assume that the systems are of
certain special form but also their use of Sobolev imbedding inequalities forced the domain €2 to be
of dimension at most 2.

On the other hand, the question of whether bounded weak solutions are Holder continuous also
presents great difficulties, and little progress has been made in the last twenty years. Partial regularity
results were obtained by Giaquinta and Struwe in [9] for a general class of systems. Everywhere
regularity results for bounded solutions were proven only in very few situations assuming additional
structure conditions. Among these are triangular systems (see [2, 27, 25]) or strongly coupled systems
of special form (see [25, 51]). In [25], we assumed rather restrictive structural conditions that prevent
the application of our results to many important models. In fact, the SKT model (1.0.4) does
not satisfy the structures studied in [25, 51]. Under the assumption that the domain € is of two

dimensional, the authors of [17] studied regularity of certain full systems. Very recently, Le proposed

52



a general assumption, namely, (H.0)-(H.2) on the parameters of the systems to address the global
existence issues (see [29]). In addition, in [35] we went further to establish the ultimate uniformity of

a priori estimates, which is Theorem 4.1.2 presented here.
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Chapter 5

GLOBAL ATTRACTORS AND ESTIMATES FOR GRADIENTS

In the preceding chapters, we have obtained the global existence result and the uniform a

priori estimates of solutions to cross diffusion parabolic systems of the form

0
8—7: = V[(d1 + a11u + a12v)Vu + bj1uVo] + F(u,v),
5 (5.0.1)
v
5= V[b2evVu + (da + agiu + azv) Vo] + G(u, v),
which is supplied with the Neumann or Robin type boundary conditions
ou ov
3 +ri(x)u =0, I +ra(x)v =0, (5.0.2)

on the boundary 09 of a bounded domain 2 in IR". Here r1,ro are given nonnegative functions
on 0f). The initial conditions are described by u(z,0) = up(x) and v(z,0) = vo(x), x € Q. Here
ug, vg € WP(Q) for some p > n.

Our main results in this chapter are to obtain the existence of a global attractor and uniform
estimates of gradients of solutions. In order to state these results, let us first recall some definitions
in the dynamical system theory. Let (X,d) be a metric space and ® be a semiflow on X. That is,
(z,t) — Py(x) is continuous, Py = idx, and P, 0 D3 = Pyys for s, > 0. A subset A of X is said to
be positively invariant for ¢ if &;(A) C A for all ¢ > 0, and invariant if ®,(A) = A for all ¢t > 0.

A subset A C X is said to be an attractor for ® if A is nonempty, compact, invariant, and
there exists some open neighborhood U of A in X such that lim; .o d(®¢(u), A) = 0 for all u € U.
Here, d(z, A) is the usual Hausdorff distance from z to the set A. If A is an attractor which attracts
every point in X, A is called global attractor. There are two other names, universal or maximal
attractor, used in literature which have the same meaning as global attractor.

It is shown that a dynamical system possessing a global attractor is observable in the sense
that all the orbits converge towards the set, or in another word, the set describes all possible long-

time dynamics that the solution semiflow associated with the system can produce. For background
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information and references, the reader is referred to the book of Temam [48].

We obtain the following result whose proof is given in Section 5.2.

Theorem 5.0.1. Assume that a;j, baa > 0,d;,b11 > 0,4,5 = 1,2, and
ail —ag > b2, ax —aiz > bi. (5.0.3)

In addition, there exist positive constants Ko and K1 such that if either u > Ky or v > Ky,
then

F(u,v) < =Kju, G(u,v)<—-Kjv. (5.0.4)

Then (5.0.1) and (5.0.2) define a dynamical system on W}r’p(Q,]Rz), the positive cone of
WLP(Q,1R?), for some p > n. And this dynamical system possesses a global attractor set.
Furthermore, let (u,v) be a nonnegative solution to (5.0.1). Then there existv > 1 and Cs, > 0

independent of initial data such that

lim sup [[u(e,)||cv(q) + limsup ||v(e, )| cv Q) < Coo- (5.0.5)

t—o0 t—o0

In population dynamics terms, condition (5.0.3) means that self diffusion rates are stronger
than cross diffusion ones. In fact, these assumptions are only needed in the preceding chapters
to establish that weak solutions are bounded and Hélder continuous and their Holder norms are
uniformly bounded in time (see Chapters 3 and 4). Moreover, for sake of generalization, estimate
(5.0.5) will be in fact proven for solutions of a more general class of cross diffusion systems (of m
equations) rather than those to (5.0.1).

Let us consider the following nonlinear parabolic systems of m equations (m > 2) given by

up = div(a(u)Vu) + f(u, Vu), (5.0.6)

in a domain @ = Q x (0,7) C IRV*! with Q being an open subset of IR, N > 1. The vector valued
functions u = (u', ...,u™), f = (f',..., f™) take values in IR™, m > 1. Vu denotes (Vu!,..., Vu™) in

which V' is the spatial gradient of u’, that is, Vu' = (Dou®)?_,. Here, a(u) = (a;;(u)) is a m x m

matrix. See also Remark 5.2.2 for the case a(u) is a symmetric tensor, that is, a;; = (agﬁ) isannxn
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matrix and agﬁ = aga.
We need the following assumption on parameters of the system: there exist a positive constant

A and a continuous function C(|u|) such that for any £ € R™

[ (w, )+ [fulw, O < O(lul) (1 + [€7), |fe(u, )] < Clul)(1 +[€), (5.0.7)

NEP < agj(w)&ig; < C(lul) €. (5.0.8)

For the sake of simplicity, we will deal with the Neumann conditions gz = 0 in the proof
below, and leave the Robin case to Remark 5.2.3.

Later we shall define our semi-flow ®;(ug) = (u(e,t)) for all ¢ > 0 and any ug in W}r’p(Q, R™) =
{u € WHP(Q,IR™) : u(z) > 0¥z € Q}. Here (u(e,t)) be the solution to (5.0.6). Our goal in

this chapter is to show that the semi-flow ®; is well defined and possesses a global attractor in

Wi’p (©Q,IR™). Precisely, we obtain the following.
Theorem 5.0.2. Let u = (u') be a nonnegative solution of (5.0.6). Suppose that there erists a

positive constant Coo(cv) independent of initial data such that

limsup [|ui(e, t)]|ce() < Coole) (5.0.9)

t—o00

for alla € (0,1) andi=1,...,m.

Then there exist v > 1 and a positive constant Cs independent of the initial data such that
limsup [|u’(e,1)||cv () < Coo (5.0.10)
t—o0

Moreover, for p > n > 2, let K be a closed bounded subset in WHP(Q,IR™). We consider
solutions u with their initial data ug € K. Then the image of K under solution flow K; := {u(e,t) :

up € K} is a compact subset of WHP (€, IR™).
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5.1 L” estimates of gradients

Our main results in this section are the following estimates for higher order norms of solutions.
We first establish uniform estimates in W norms of solutions to prove the existence of an absorbing
ball in the WP (€, IR™) space. This is a crucial step of proving the existence of the global attractor

set.

Theorem 5.1.1. Assume as in Theorem 5.0.2. Then there exists a positive constant C(p) inde-

pendent of the initial data such that

lim sup|u'(o, ) w1 (@) < Coolp) (5.11)

t—o0
foranyp>1landi=1,..m.

The proof of these theorems will be based on several lemmas. The main idea to prove the
above theorems is to use the imbedding results for Morrey’s spaces. We recall the definitions of the
Morrey space MP(Q) and the Sobolev-Morrey space W1 (®) . Let Bg(z) denote a cube centered at
x with radius R in IR".

We say that f € MPANQ) if f € LP(Q) and

VFIE s = sup o / Pdy < oc.
x€Q,p>0 B,(x)

Also, f is said to be in Sobolev-Morrey space W) if f ¢ WP(Q) and

||f”€v1,(p,)\) = Hf”f/y\/lp,x + va”ljjwp,x < 0.

IfA<n—p,p>1,and p) = %, we then have the following imbedding result (see Theorem

2.5 in [5])
wh®N(B) ¢ MPAA(B). (5.1.2)

We then proceed by proving some estimates for the Morrey norms of the gradients of the
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solutions. In the sequel, the temporal variable ¢ is always assumed to be sufficiently large such that
lu(.,t)||ce < Coo(a), Va € (0,1) and t > T, (5.1.3)

where T may depend on the initial data.

From now on, let us fix a point (z,t) € Q x (T, 00). As far as no ambiguity can arise, we write
Br = Bg(x), Qg = Q" Br, and Qr = Qg x [t — R?,t]. In the proofs, we will always use £(z,t) as a
cut off function between Br x [t — R?,t] and Bag x [t — 4R?,t], that is, £ is a smooth function that
€ =11in Bg x [t — R t] and ¢ = 0 outside Bog x [t — 4R? t].

We first have the following technical lemmas.

Lemma 5.1.2. For any sufficiently small R > 0, solution u of (5.0.6) satisifes

/ |D%u|?€? da:SC’/ [[ue € + (|Vul® + 1)(|VE]* + €2)] da. (5.1.4)
QR Q2R

Proof: We first consider the points = on the boundary 0€2. As 952 is smooth, we can locally
flatten the boundary and assume that OS2 is the plane {z,, = 0}. Therefore u solves a new system of
the form

uj = Do(aylyDgu?) + f'(u, Du) (5.1.5)

with the Neumann boundary condition, D,,u* = 0. This new system still satisfies the same conditions
as (5.0.7) and (5.0.8) (e.g., see [7, pp. 320-322]). In particular, we have the ellipticity condition, that

is, for any p € IR™*",

> anlphpl = Apl? =AY IpLl%. (5.1.6)

ijaB 1o’

We test the equations (5.1.5) of u* by S.""! Dy(Dsu’¢?). Here Dy = D,.. Using integration
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by parts, we obtain

ul — D, Dsuif2 dr = -— a’" D gu? D,Dg Dsuif2 dx
t apB
QR Q2R
= DS(aZ%Dﬁuj)Da(Dsuig) dx
Qor

—/ a%DgujDa(Dsuig) cos(n, xs) do
29253

Since cos(n,zs) = 02 = 0 for any s # n, the above boundary integral is zero. In addition, by
using Young’s inequality and the ellipticity condition, with p! = Dg,u’ in (5.1.6), it is not difficult

to deduce the inequality

n—1 n
> Z/Q | Dyoul|?€? dng/Q (w6 + |Vul*e? + ([Vul® + 1) (|VEP + €2)] da.

s=1 o,1=1

On the other hand, by solving equations of w with respect to the derivative D,,u’, we get
n—1 n
Dyt < C | e+ > [ Drstt’* + [Vul* + 1

s=1 k,i=1

Combining the last two inequalities, we derive

/ |D?ul?€? da < c/ [Jue?€? + | Vul*e® + (|Vul®> + 1)(|VE* + €2)] da.
Qor Qor

Using Lemma 2.2.8 with s = 1, we then have

//Q |Vu|'e? dz < CR“M/Q (|D*ul?€* + |Vul*|VE?) da. (5.1.7)
2R 2R

Therefore, the estimates of the lemma for points on the boundary follows at once from two last
inequalities with sufficiently small R. In order to obtain the interior estimates, we test the equations

by > | Ds(Dsu’€?) and use integration by parts and the conditions (5.0.7) and (5.0.8). The lemma

follows at once. 0
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Lemma 5.1.3. For sufficiently small R > 0, we have the following estimate

/ |Vu|* dz + // [Jug|* + | D?ul?] dz < CR" 212,
Qr Qr

In the proof below, we will need two useful Lemmas 2.2.8 and 2.2.9 by Ladyzhenskaya et al.
[22].

Proof: Rewrite (5.0.6) as follows
up = a(u)Au + (ay, Vu;)) Vu + f(u, Vu) (5.1.8)

and test this by —Aué?. Integration by parts gives

[ wsetaee [ M e s

ou
Note that we have used & = 0 on 0Q2r that is due to the choice of £ and the Neumann
n
condition of u. Therefore the boundary integrals resulting in the integration by parts are all zero.

Since a(u)AuAu > A Aul? (see (5.0.8)), we obtain

/Q [Tu b ot //Q st < C //Q Vel + €+ €l d

2
woff [mlivulevel +1fl1aue?] =

By Young’s inequality and the facts that |&/, |[VE|? < C/R?, we derive

/ \Vu(z, t)* de + // |Au|?€% dz < e// lug|2€% dz
Qr Q2r Q2r

1
+ C// <\WI4£2 + RQIVuF) dz + CR"2. (5.1.9)
2R

From (5.1.8), we get

// lug|?€? dz < // (JAul* + |Vul* + |Vul® + 1) € dz.
Q2r Q2r
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Together with Lemma 5.1.2, we obtain

J[iprupe < [ [0AuR 4 [V + (Tl + 1(VER + €] d
Q2R Q2r

We then choose € sufficiently small in (5.1.9) to derive that

/ |Vul? dx + // (Jug)? + | D*ul?) dz < C// [[Vul*e? + iz\vum dz + CR™2.
Qr Qr Q2r R

By using the estimate (5.1.7) with R sufficiently small and again noting that |V¢| < CR™Y,

we obtain from the last inequality

/ V2 dx—i—// (gl + |D2uf?) d= < 02// Vul? dx + CRM2. (5.1.10)
Qr Qr R Q2r

On the other hand, by testing (5.0.6) with (u — ug)&?, which ug is the average of u over Qp,

one can easily get

// |Vu|? dz < CR" 2,
Q2r

This and (5.1.10) complete the proof of this lemma. =
The following lemma shows that Vu is uniformly bounded in W (2n=4+29)(Q 1) so that imbed-

ding (5.1.2) can be employed.

Lemma 5.1.4. For R > 0 sufficiently small, we have the following estimates
/ (u? 4 |D*ul?) dz < CR™M2e, (5.1.11)
Qg

Proof: We now test (5.0.6) with —(u:£2);. Integration by parts in ¢ gives

_;gt//@m ule? dz + //QQR uEE, dz—l—//@m (a(u)Vu)V(ug?) dz

— _// fe(u, Vu)u? dz. (5.1.12)
Q2R
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We again note that the boundary integrals resulting in the integration by parts are all zero. We

consider the term

(a(u) V)V (u€?) = (a(u) Vg + ay(u)us Vi) (Vu? + 2uEVE).

Using assumptions (5.0.7), (5.0.8), and Young’s inequality, we have the following inequalities:

a(u)VuiVuy > N Vu|?, and

[ VuEVEl < e[ Vu[*e? + Cle)uf| VEP,
[ VuVu?| < e|Vuy |22 + C(e)u?|Vul?€2,
uf VueVEl < uf|Vul*e + uf| V€,
| frw, Vayue®| < el V€ + Ce)uf | Vul6® + C(e)uf .

These inequalities and (5.1.12) yield
/ |ug|* da + // |V |?€% dz < C// lue)? (|Vul?¢? + € + |VE* + |&l) dz. (5.1.13)
Qr Q2r Q2r

As we have shown in Lemma 5.1.3, / |Vu|?> dz < c¢R"2T®. This allows us to apply
Qg

Lemma 2.2.9, with the function v being |Vu|?, to derive

//Q \Vu|?u?e? dz < CRQQ‘//Q [[Vue 262 + u?|VE] dz.
2R 2R

Hence, for R sufficiently small, we obtain from the above and (5.1.13) that

/ g ? dac—i—// V2 dzgc// el (€ + [V + &) d=. (5.1.14)
Qr Qr Q2r

Applying Lemma 5.1.3 and using the fact that |&],|VE[2 < CR™2, we obtain the desired
inequality u¢. Finally, employ Lemma 5.1.2 and then again Lemma 5.1.3 to obtain the estimate for
D?u. We conclude the proof. 0

We are now ready to give
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Proof of Theorem 5.1.1: Thanks to the estimate (5.1.11), we can assert that Vu is in

WLEN(QR), A = n — 4 + 2a, and furthermore its norms are uniformly bounded. Therefore, by

2(4—2a)
2—2a

the imbedding (5.1.2) and the fact that M?*»* C L?*, we have [Vu(e, t)[p2x () with 2\ =
bounded by some constant C. Since « is arbitrarily chosen in (0, 1), 2) can be as large as we wish.
This proves that there exists a positive constant C(p) such that [[u(e,t)|ly1r(q) < Coo(p), for any

p>1landt>T. Tisin (5.1.3). The proof of Theorem 5.1.1 is complete. 0

5.2 Proofs

In this section we shall give the proof of Theorem 5.0.2 and therefore that of Theorem 5.0.1
thanks to the uniform estimate (5.0.9) in the preceding chapters. To this end we will need the

following Schauder estimate by Schlag in [44)].

Lemma 5.2.1. Let u € C*1(Qr) be a solution of (5.0.6). Then, for 1 < q < oo, there exists a

constant C(q,T) such that

1D*ullo(@ry < C(a,T) [Iflpar) + lull o] - (5.2.1)

where Qr = Q x [0,T].

In fact, this result was proven in [44] under the assumption that a is a symmetric tensor, that
is, a = (a%ﬁ ) with a%’g = ajia . In our case, a is a matrix a = (a;;) and it is not necessary symmetric.
However, the above estimate is still in force as we will discuss the necessary modifications in the

argument of [44] at the end of this section after the proof of our main theorem.

Proof of Theorem 5.0.2: For each i, we rewrite each equation for u; as follows
ui = Au; + F;

where I = 3, i(aij(u) — 6ij)Auj + ay(u)Vu o Vu + f(u, Vu), where d;; is the Kronecker delta. We

now apply i) of [27, Lemma 2.5] here to obtain

t
[ule, )llcv () < Cllu(e, 7)llzr @) + Cﬂ/ (t =) eI F (o, 9)]r (@) ds
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forany t > T+ 1, 7 =t—1and 8 € (0,1) satisfying 26 > v + n/r, and for some fixed constants

C,4,Cs3 > 0. By Holder’s inequality, we have

1/r

t t
/(t—s)—ﬂe I F(e, )| reyds < |IFlliron. U (1 5P 35 g

Here ' = 5. The last integral is bounded by a constant C(3,r,d) as long as 3’ € (0,1)
or 7 is sufficiently large. On the other hand, since |u(e,t)||r (o) is uniformly bounded for large t,
|F(e,t)] < C(|Au| + |Vu|?). This, (5.1.1) (with p = 2r) and Schauder estimate (5.2.1) imply that
there is a constant C, such that

IF L@, < Cry, VE>T.

Putting these facts together, we now choose r sufficiently large and 3 < 1 such that v > 1.
We then see that [|u;(e,t)|cv(q) is uniformly bounded for large ¢. This proves (5.0.10).

Concerning the compactness, let p > n > 2 be given and K be a bounded subset in @, W1P(Q).
We consider solutions u with their initial data up € K. Estimate (5.0.10) shows that K; is a bounded
subset of @I, C¥(£2). By using the well-known compact imbedding C¥(2) C WP(Q), K; is a

compact subset of @72, W1HP(Q). The proof of this theorem is complete. =

Remark 5.2.2. Our results here are still true for the case a is a symmetric tensor. Indeed, one may
realize that the only place needed to reprove is Lemma 5.1.3. To this end, we test the equations of

u® by ui&2. Symmetry of the tensor a and integration by parts give

//QQR fu, Vu)ut? dz = //c22R Dguf)]utg &

= //Q [ 2e2 4 a” DguJDaut{2 + 2a Dﬁujuthaﬂ
2R

= // [Jue 262 + pn (agﬁDﬁujDauz§2/2) + QQQBD/gujuigDaf

( ) Dgu]Daulf /2 — a” Dgu] u'€y)dz

From this, by using the ellipticity condition agﬁDguj Dyut > M Dul? and Young’s inequality,
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it is not difficult to deduce

/Q IV ot //Q gt d < //Q T (9 DTS + 6]+ €] i

Thanks to Lemmas 5.1.2 and 2.2.8, we obtain from this

A;|VUF¢W+ZLR(uﬂ2+UﬂuF)Mﬁ§CK/ﬂzQVM2+DOV82+KH+§%dz

Lemma 5.1.3 follows from this at once. The proof for the case a is the tensor is complete.

Remark 5.2.3. The case of Robin boundary conditions can be reduced to the Neumann one by a
simple change of variables. First of all, since our proof is based on the local estimates of Lemmas
5.1.3 and 5.1.4, we need only to study these inequalities near the boundary. As 9€ is smooth, we can
locally flatten the boundary and assume that 02 is the plane {z,, = 0}. Furthermore, we can take

Qr ={(',z,) : , >0, |(«/,2,,)| < R}. The boundary conditions become

gi+ﬁ@muzo

We then introduce U(2/, xy,) = (Ui (2, 2), ..., Un (2, 2,,)) with

Ui(2', 2y) = exp(zni(2"))ui (2!, 2,)

Obviously, U satisfies the Neumann boundary condition on z,, = 0. Simple calculations also show
that U verifies a system similar to that for u, and conditions (Q.1), (Q.2) are still valid. In fact,
there will be some extra terms occurring in the divergence parts of the equations for U, but these
terms can be handled by a simple use of Young’s inequality so that our proof is still in force. Thus

Theorem 5.0.2 applies to U, and the estimates for u then follow.

Finally, we conclude this section by a brief discussion of Lemma 5.2.1. A careful reading of

[44] reveals that the only place where the symmetry of a(u) is needed is the proof of [44, Lemma 1].
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This lemma concerns the estimates for solutions to homogeneous systems with

vfé - AijAvj =0 in Qg

which v = 0 on 9B} ({zn > 0} x [-R?,0] and on B}, x {—R?} and g—v
n

0} x [-R2,0].

The lemma is stated as follows.

Lemma 5.2.4. Let 0 < r < R. Then any smooth solution v of (5.2.2) satisfies

// lue|? dz < CT'_Q// \Vo|? dz.
Qr/2 Qr
// |VFu? dz < Ckr_%// v|? dz.
Qr/? Qr
2
ﬁ[ o2 az< ¢ (2) ﬂ |2 d=.
r Qr

P

b. fork=1,2,3,...

c. foranyO0<p<r<R,

constant coefficients

(5.2.2)

= 0 on B ({z, =

(5.2.3)

(5.2.4)

(5.2.5)

Thus, Lemma 5.2.1 is proven if we can relax the symmetry assumption in this lemma.

Proof: Let v = (v') be a solution of (5.2.2), that is,

// vig+ Aivaqub dz =0,
Q2r

(5.2.6)

where ¢ € C'(Qr) such that ¢ = 0 on B} ({z, > 0} x [-R?,0] and on B} x {—R?}.

Let 1 be a cut-off function in @, such that n = 1 in Q, 2, 7(., —r?) =
OB, N{xn > 0} x [-r2,0].

By squaring equations (5.2.2) and summing up the results, we have

Vg 2ndz < C Av|?n dz.
|| “n 7
Qr Qr
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Now, by choosing ¢ = Avin? in (5.2.6), one can easily see that

// UzAvin2 dz — // AijAvjAviUQ dz = 0.
Qr Qr

Thanks to the ellipticity and integrations by parts, we obtain

/\// |AvfPp? dz < // viAv'n? dz
Qr T
10 12,2 Qi 1|2
T oot IVo'['n® dz — (Vo' Vi — Vo' [Pne)n dz
Qr @r

: // el dz + C // (el + [Vn?)| Vol dz.
QT Qr

Using this, (5.2.7), and the fact that |1], |Vn|? < Cr~2, we easily get (5.2.3).

IN

In order to prove (5.2.4) for k = 1, we choose ¢ = v'n? in (5.2.2). It is now standard to see

// Vol dz < CT_Q// lv|? dz.
Q7'/2 Qr

From this point on, we can follow [44] to complete the proof. 0O

that

Notes and Remarks

It is well known that the existence of the global attractor for reaction diffusion systems was
very much investigated (e.g., see [24]). However, to the best of our knowledge, there has been not
much work on such dynamics or long time behavior of solutions to the cross diffusion systems. Some
works in this direction are due to Redlinger in [42] for certain triangular systems and in some years
later to Le and others in [27, 20, 36] for more general triangular systems. Theorems 5.0.1 and 5.0.2
which now also appear in [35] are therefore new in literature for full cross diffusion systems (and even
for triangular ones, see [34]). More importantly, these theorems give uniform estimates in Holder
norms of gradients. It should be noticed that the fact the Holder continuity of Du follows from
that of solutions u to (5.0.6) was established in [9]. However, no such estimates of Hélder norms of
gradients were established in there as well as in recent developments. As far as we are aware of, such
estimates first exist in literature due to [35].

It is also worth noticing that even although our theory was stated for a very general class of
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cross diffusion systems, it relies presumedly on the everywhere Hélder continuity of weak solutions
to (5.0.6), which has been very long standing in question. Certainly, the best regularity one can
obtain for solutions of such systems is partial regularity (see [9]). Moreover, counterexamples in [16]
show that it is hopeless in general to expect that if we do not add more conditions on structure of
the systems. Therefore, finding certain conditions to obtain the everywhere regularity becomes an
interesting problem. Chapters 3.0.1 and 4 are affirmative examples in this direction.

Finally, we would like to highlight that the establishment of the global attractor result and
uniform estimates in C' of solutions for the systems allows us to apply powerful results on uniform
persistence (permanence), developed by Hale-Waltman [12], Thieme [49, 50], and Hirsch-Smith-Zhao
[15]. The employment will be in detail discussed in the following chapter. Once uniform persistence
is obtained, the existence of a positive equilibrium solution of the modeling system, representing the

survival of the competitive population, then follows at once (e.g., see [41]).
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Chapter 6

PERSISTENCE PROPERTY

The goal of this chapter is to study uniform persistence property of positive solutions of the
generalized SK'T model. We seek sufficient conditions in terms of principal eigenvalues of linearized
problems for the existence of positive threshold levels below which time dependent solutions will never
be for large ¢t. Our proof mainly bases on a persistence result in [15] for general dynamical systems

defined on metric spaces.

6.1 Main result

Owing to the preceding chapters, we have known the regularity as well as ultimately uniform

estimates in C'-norms of solutions to the cross diffusion system of the form

0
871; = V[(d1 4+ a11u + a120)Vu + bj1uVo] + u(a; — bju — ¢1v),
(6.1.1)
0
8—: = V[baovVu + (do + as1u + agv)Vu] + v(ag — bou — cav),

which is supplied by the Robin boundary condition gz + ru = gz + rov = 0 on 012, for some
nonnegative continuous functions 71, r9.

Also due to Theorem 5.0.1, the existence of the global attractor for the above system was
established. That is, the corresponding dynamical system possesses a set that attracts all bounded
sets or towards which all the orbits converge. However, it is possible that the global attractor may
contain trivial or semitrivial steady states. Regarding to biological implications, such solutions de-
scribe the ultimate wash out of populations. This possibility may be the case since each species in
population dynamics is assumed to be capable of attachment to one another (c1,by > 0). Therefore
we are interested in seeking sufficient conditions to protect against the wash out or to guarantee the
coexistence.

Coexistence problems for cross diffusion systems were also extensively studied (see [21] and the

reference therein). However, whether these coexistence states are observable, that is their stability,
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is still yet to be determined. This question remains widely open even for the simpler Lotka-Volterra
counterpart. Coexistence in the sense of uniform persistence would then be more appropriate and
realistic. Strictly speaking, by uniform persistence, we take the sense that we seek sufficient conditions

for the existence of n > 0, independent of the nonnegative initial data (ug,vp), such that

[ule, )1, [v(e, D)llcr =7

for all large t, say t > T, where T may depend on the initial data, provided that densities of both
species are initially present, that is, both uy and ug do not vanish identically. In biological terms,
uniform persistence means that no species will be either wiped out or completely invaded by others
so that they coexist in time. For background information about persistence properties and references
we refer to [49, 50].

We attain our main results by taking advantage of the theory on uniform persistence for general
dynamical systems defined on metric spaces, developed by Hirsch, Smith, and Zhao [15]. The results
will be stated under assumptions on the positivity of the principal eigenvalues of linearized problems
at the wash out steady states. That is, these steady states are assumed to be unstable (or repelling)
in their complementary directions. Once uniform persistence is obtained, the existence of a positive
equilibrium solution of the modeling system, representing the survival of the competitive population,
then follows at once (e.g., see [41]).

Let u., v« be the unique positive solutions (see [3]) to

0 = V(P"(ux, 0)Vuy) + f(us,0), 0=V (Q"(0,v:)Vuy) + g(0,v),

and the same Robin boundary condition as that of u,v. Here and throughout this chapter, for

simplicity, we set

PY = diy+anu+apv, P"=Dbuy,

QY = do+aniu+anv, Q"= bxnuv,
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and

flu,v) =u(by — criu — c12v),  g(u,v) = v(ba — ca1u — c22v).

We consider the eigenvalue problems

M) =diAY +aryp, and AP = d2Ap + azg, (6.1.2)
Ay = V[P(0,0)V) + 0y, P?(0,v,) YV uy] + 0y f(0,v4) 1, (6.1.3)
Ap = VI[Q(us,0)V + 0,Q" (ux, 0)dpVuy] + 0yg(ux, 0)p (6.1.4)
with the boundary conditions g—:ﬁ +riyY = g—i +ro¢p = 0.

Our persistence result reads as follows.

Theorem 6.1.1. Assume that a;j, baa > 0,d;,b11 > 0,4,5 = 1,2, and
ain —ag > by, age —aiz > bi. (6.1.5)

Furthermore, suppose that the principal eigenvalues of (6.1.2), (6.1.3) and (6.1.4) are positive.
If Robin boundary conditions are considered, we also assume further that the two quantities a3 — b1
and ao1 — boo are positive and sufficiently small.

Then system (6.1.1) is uniformly persistent. That is, there exists n > 0 such that any its

solution (u,v), whose initial data ug,vo € WHP(Q) are positive, satisfies
liminf [|u(e,t)|lc1q) =7, liminf|[v(e,t)|c1q) > 7. (6.1.6)
t—o0 t—o0

The conditions (6.1.5) are due to Theorem 5.0.1, where they are required to obtain the existence
of the global attractor for the dynamical system associated with (6.1.1) (More precisely, they are only
needed to establish the uniform a priori estimates of solutions in Theorems 3.5.2 and 4.1.2). As
mentioned earlier, the positivity of the principal eigenvalues in theorem means that the trivial steady
state (0,0) is repelling in the (u,0), (0,v) directions, and the semitrivial steady states (us,0), (0, v)

are unstable in their complementary directions. At the end of this chapter (see Lemma 6.2.6 and
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Lemma 6.2.7), we also present explicit sufficient conditions on the parameters of (6.1.1) that guarantee

this positivity.

6.2 Proof of the main result

Let us first recall some definitions in the dynamical system theory. Let (X,d) be a met-
ric space and ® be a semiflow on X. For a nonempty invariant set M, the set W*(M) := {z €
X ¢ limyeo d(®Py(z), M) = 0} is called the stable set of M. Here, d(z, A) is the usual Hausdorff
distance from x to the set A. A nonempty invariant subset M of X is said to be isolated if it is the
maximal invariant set in some neighborhood of itself.

Let A and B be two isolated invariant sets. A is said to be chained to B, denoted by A — B,
if there exists a globally defined trajectory ®;(x), t € (—o0, 00), through some x ¢ A|J B whose range
has compact closure such that the omega limit set w(z) C B and the alpha limit set o(z) C A. A
finite sequence { My, My, ..., My} of isolated invariant sets is called a chain if M; — My — ... — M.
The chain is called a cycle if My = M.

Let Xy C X be an open set and 90Xy = X \ Xy. Assume that X is positively invariant. Let
p(z) = d(xz,0X)), the distance from z to 9Xy. P is said to be uniformly persistent with respect

to (Xo, 0Xo,p) if there exists n > 0 such that
liminf p(®(x)) > n
t—o0

for all x € Xo.

The following uniform persistence result is established in [15].

Theorem 6.2.1. (Theorem 4.3 in [15]) Assume that

(C1) @ has a global attractor A;

(C2) There exists a finite sequence M = {Mi,..., My} of pairwise disjoint, compact and isolated

invariant sets in 0Xgy with the following properties:

(m.1) U,eox,w(@) C Ui, M,
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(m.2) no set of M forms a cycle in 90Xy,
(m.3) M; is isolated in X,

(m.4) Ws(M;)Xo =10 for eachi=1,..,k.

Then there exists § > 0 such that for any x € Xg, the following inequality holds

inf d(y,0Xop) > 0.

yew(z)

We will apply this theorem to prove our main result, Theorem 6.1.1. Denote X = C’}_(Q) X
CL(Q) and its positive cone Xy = {(u,v) € X : u > 0and v > 0}. Then (X,d), with d(z,y) =
|z — yllc1(q), is a complete metric space. The boundary of Xg consists of I, := {(u,0) : u > 0}
and I, :== {(0,v) : v > 0}. Thanks to Theorem 5.0.1, we can define the semiflow on X as follows:
for any initial data (ug,vo) in X, define ®;(ug,vo) = (u(e,t),v(e,t)) for all ¢ > 0. Estimate (5.0.5)
also gives that ® is a compact semiflow and possesses a global attractor in X. A simple application
of maximum principles for scalar parabolic equations shows that Xy, I,,, I, are positively invariant
under @ (see [38]). Therefore, (C.1) is verified.

Next, we consider the condition (C.2). It is clear that the “boundary” parts u =0 or v = 0 of
Xy are also invariant with respect to ®. On these boundaries, the dynamics of (6.1.1) is reduced to

those of the following scalar parabolic equations.

u = V(P%u,0)Vu)+ f(u,0), u(0)>0, (6.2.1)

vy = V(QY(0,v)Vv)+g(0,v), v(0)>0. (6.2.2)

Investigating the dynamics of these equations leads us to the following steady state equations

V(Pu(u*’ O)Vu*) + f(u*’ 0) =0, V(Qv(oa ’U*)VZ}*) + g(O,v*) =0,

together with the Robin boundary conditions. If the principal eigenvalues of (6.1.2) are positive, the
above equations admit unique solutions, which are denoted respectively by u,. and v,.. Furthermore,

the solutions u(x,t),v(w,t) of (6.2.1), (6.2.2) converge to u.,v, respectively, in the C! norm as t
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tends to infinity. Meanwhile, the trivial solution 0 is an unstable steady state for both equations.
These claims are obtained by following closely the proof of [3, Corollary 2.4], where the Dirichlet
boundary condition was assumed.

Therefore, the sets My = (0,0), My = (us,0), and My = (0, v,) are pairwise disjoint, compact
and isolated invariant sets in 90X with respect to ®. Moreover, no set of {M;} can form a cycle in
0Xo; and U,epx, w(T) C U?:o M;. We thus show that the conditions (m.1) and (m.2) are satisfied.

Checking (m.3) and (m.4) requires much more effort. The role of the parameters 71,72 will
play an important role here. Let us assume that the system (6.1.1) satisfies the Robin boundary
condition with rq, 7y # 0. The Neumann case is simpler, and will be discussed later in Remark 6.2.5.

We discuss first the property (m.4) at My. We will show below that the instability of M is

determined by the principal eigenvalue A of (see (6.1.2))

AP = da A + azd, 693
¢ (6.2.3)

0
%+T2¢:0.

Proposition 6.2.2. Assume that the principal eigenvalue X of (6.2.3) is positive. There exists ng > 0

such that for any solution (u,v) of (6.1.1) with (ug,vo) € Xo, we have

limsup [|(u(., ), v(., )| x = no.

t—o0

Proof: Let ¢ be the positive eigenfunction associated with the principal eigenvalue \ of (6.2.3). By

testing the equation of v by ¢ and (6.2.3) by v, we subtract the results to get

d

i), vpdr = )\/Q ) d$—/89 (Qore + Qyriu)ve do

+ / [—QoVoVo — Q"VuVo + (g — agv)g] du. (6.2.4)
Q

Here, we denoted Qg = Q¥ — do = ao1u + agev. Integration by parts yields

—/Q QoVuV¢ dx :/Q vV(QoV ) dx + /OQ roQov¢ do.
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Putting this in (6.2.4), we infer

% o dr=x /Q v dx + /Q v Y (@oVe) ; QVuVe /Q (bot + cav)vep da.

Now, suppose that our claim was false. For any n > 0, there would be a solution (u,v) such

V(QVo) 1QEVAVel

that || (u(.,t),v(.,t))||x < n when ¢ is large. This implies that the quantities

(bau + cov) can be very small. Thus, if 7 is sufficiently small, then the above equation yields

d A
dt/qubda:_2/ﬂvqbda:

This shows that, as t — oo, / v(.,t)¢ dz goes to infinity, contradicting the fact that || (u, v)||x
is bounded. Our proof is complete. ! 0

Next, we study M; and M. Our main assumption for (m.3) and (m.4) to hold is the instability
of My, M> in their complement v, u directions, respectively. To this end, we consider the linearization
of the system (6.1.1) at a general steady state point (u,v).

Mp =V (P + Py¢)Vu+ PNy + PiyNVu + PV + fuh + fug,
(6.2.5)

Ap = V[QyoVu+ Q"VY + (Qu + Qo) Vv + Q*V o] + guth + gud.

Here 1) (respectively, ¢) satisfies the same boundary condition as that of u (respectively, v).
Putting (u,v) = (0,vs) and (¢, ¢) = (¥,0) in (6.2.5), the instability of My = (0,v,) in the

direction u is determined by the sign of the principal eigenvalue of the following system.
Ay = V(PY0,v,)V + PV, + fu(0,v.), (6.2.6)
with v, being the solution of
0= V(QY(0,v.)Vui) + g(0,vy). (6.2.7)
We shall establish the following repelling property of (0, v,).

Proposition 6.2.3. Suppose that the principal eigenvalue \ of (6.2.6) is positive. If P* — PY =

aiz — byy is positive and sufficiently small, then there exists ng > 0 such that for any solution (u,v)
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of (6.1.1) with (ug,vp) € Xo, we have

limsup || (u(., 1), v(.,£)) = (0,0.)]|x > no.

t—o0

Similarly, putting (u,v) = (u«,0) and (¢, ¢) = (0, ¢) in (6.2.5), the instability of M; = (u,0)

in the direction v is determined by the sign of the principal eigenvalue of the following system.

AP = V(QyoVux + Q" (us, 0)VY) + gy (ux, 0)9, (6.2.8)

with u, being the solution of

0 = V(P“(us,0)Vus) + f(us,0). (6.2.9)
We shall also establish the following repelling property of (u.,0).

Proposition 6.2.4. Suppose that the principal eigenvalue \ of (6.2.8) is positive. If QF — QY =
a1 — bag is positive and sufficiently small, then there exists ng > 0 such that for any solution (u,v)

of (6.1.1) with (ug,vo) € Xo, we have

timsup || (u(., ), v(.,£)) — (s 0)]lx > 0.

t—o0

An immediate consequence of these propositions is that W*(M;) ()Xo =0, i = 0,1, 2 respec-
tively. Otherwise, by the definition of W*(M;), there exists (up,v9) € Xo such that d((u(t),v(t)), M;) —
0 as t — 00, a contradiction to the above corresponding propositions.

Moreover, we also see that M; is isolated in X. Indeed, consider a neighborhood of M; in Xy,
V ={(u,v) € Xo : d((u,v), M;) < no/2}. For any (ug,vp) € Xo[)V, the above proposition shows
that (u(t),v(t)) will inevitably exits V. This means M; is maximal in V' and isolated in X.

We now give the proof of Proposition 6.2.3. The proof of Proposition 6.2.4 is obviously the

same and we will omit it.

Proof: (Proof of Proposition 6.2.3). The proof is by contradiction. Assume that for any n > 0 there
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exist a solution (u,v) of (6.1.1) and 7" > 0 such that

[u Dller @), [[o(8) = viller) < (6.2.10)

for all t > T. Hereafter, we always consider t > T'.

We denote Py = P“(0,v,) and recall (6.2.5):
M) = V(PoV + PV, + fu(0,04)1.

Set P(u,v) = [; P"(s,v)ds. We note that VP(u,v) = P*Vu + PluVv. Testing the above equation

with P, we obtain

)\/ YP(u,v) dz = —/ PyP“N¢YVu diL‘—/ PyPuNyVu dx
Q Q Q

- / P yVu,(P“Vu+ PluVv) dx +/ fu((0, )P dx
Q Q

oY OVy . —
Py— + P’ P do. 2.11
+ [ (g PGP o (6:211)

Similarly, we test the equation of u in (6.1.1) with Pyyp (V(Pyy)) = PV, + PyV), and get

8/ Pyup dx = —/ PYPyVuVy d:z:—/ PYPYyYNVuVv, dz
Q Q

ot 0
~ / PYNu(PyVip + PUpVo,) do + / fPy da
Q Q

ou ov
PY— + P'"—)P, . 2.12

From (6.2.11), (6.2.12) and the boundary condition, we find

a/ Pyup de = )\/ VP dx + (P — PZL’)/ [PouNV vV — PV uVu,] dx
ot Jo Q Q

+ / (fPo = fu(0,v.)P)¢ dx + Iy, (6.2.13)
Q

where Iy = /('9(2 (P — P"u)r19 Py + (Pvy — uwvPy) Plratp do.

Next, we shall show that the integrals on the right of (6.2.13) are either nonnegative or

"



controlled by the first integral. From the definition of the parameters, we have

2
Py = (d + apv)uw) + al;u Y > Pyuh + Pyl (v — vy )ub,
(FPo = ful0,0)P)e = (ex(vs —v) = byu) Powsp + fulona (v —v) = =5

Hence, if n in (6.2.10) is sufficiently small, the above gives

/Q Py da > /Q Pout da, ] /Q (FPo— Ful0, 0P de| < /Q Pout do.

On the other hand, integrate by parts to get

O
— PyYyVuVu, de = / uV (PY)V v, dx—/ uP% do
/Q " vy e [ ur

— /Q uq/;v(Pi/)M d:n—{—/(aQ uPYYrav, do.

Thanks to (6.2.10) and the fact that 1 > 0 on ), the quantities ‘VUH%‘, V(%@l;fv*) are

bounded. Thus, if P — P? is positive and sufficiently small, then

(P} — Pfj)/ [PouVoVy — P“pVuVo,] de > —2/
Q

Poup dx + (P — Pfj)/ PYrou,up do.
Q o0

Putting these facts in (6.2.13), we derive
5)/ Pyutp dz > )\/ Pyup dx+ 1y + (P — P”)/ uP“prov, do
ot Jo ~ 4o B F519) s
Finally, we study the boundary integrals. Straightforward calculations show

a a
Iy = /89 [—%urng + (dy(ve —v) + %uv*)Pfer]u@b do.

If 7 in (6.2.10) is small, then it is clear that the quantity in the brackets can be very small. Thus, Iy

can be controlled by the positive boundary integral (P} — P) /(‘9 0 PYrovup do.
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Therefore

8/ Pyup dx > )\/ Pyuyp dx. (6.2.14)

As A > 0, this shows that / PY(0,v,)ut) dx goes to infinity as t does. This contradicts
Q

(6.2.10) and completes this proof. 0O

Remark 6.2.5. If the boundary conditions are of Neumann type, then u,,vs, ¥, ¢ in the above
proofs are just constant functions and our calculations will be much simpler. In fact, it is easy to see
that the smallness condition for P} — P! (respectively QF — Q¥) in Proposition 6.2.3 (respectively

Proposition 6.2.4) is no longer needed.

Next, we will present explicit and simple criteria on the parameters of (6.1.1) for the positivity

of the principal eigenvalues of (6.2.6), (6.2.8).

Lemma 6.2.6. Assume that either 1 =re =0 and a1/as > ¢1/ca, orri,ra # 0 and

N 5 max {Cl, 2“12} : (6.2.15)
a Cy Q22

and

a) ajg > byy and dyagy > 2dabyy;

b) supyq(ri(z) —r2(x))4+ and (azd; — a1da)+ are sufficiently small.
Then X in (6.2.6) is positive.

Proof: Set Py = P“(0,v4), Qo = Q"(0,v.). We test (6.2.6) with @ = [ Q"(0, s)ds and test (6.2.7)
with P"(0, v, ). Together, we get

)\/ VQ dx = —/ PyQoVyYVu, da:—/ PYQotp|Vu.|? dx
Q Q

oY v 81)*
+ | (Rge+ PG do+ [ faQdo
= (=P [ Quuivel do+ [ (10 =m0 da
oY v 81)* 821*
w | G PG [ Qurw’
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We need only show that the right hand side is positive. Since P} = a12 > b1; = P, the first
term on the right is nonnegative. For the second integral, we note that

fu@Q — goPo = vi[(a1 — crve)(da + %v*) — (a2 — cous)(dy + a12vs)].

We study the quantity in the brackets by considering the quadratic

F(X) = (CL1 — ClX)(dQ + %X) — (ag — CQX)(dl +CL12X)

1 1
= (c2012 — §C1a22)X2 + (5a1a22 — azaiz + cady — c1de) X + ayda — aqzd;.
First of all, by a simple use of maximum principles, we can easily show that 0 < v.(x) < ag/co
for all z € Q. Let u = infq vi(x) > 0.
We will show that F(v,) > 0. Firstly, due to (6.2.15),
ascy

)dy + 2222y 5 ¢,
2

F(0) = aidy — agdy and F(az/c2) = (a1 — 9%
2

Consider the case when the coefficient of X2 in F(X) is negative. If F(0) > 0 then F(v,) > 0
because 0 < pu < vi(z) < ag/ca. If F(0) < 0, then F(X) = 0 has two positive roots X, Xo with
X2 > ag/ce. Hence, if |F(0)] is sufficiently small then p > X; and therefore F'(v,) > 0.

Otherwise, by (6.2.15), we have F(v,) > (%alagg — agayy + cady — c1da)vy + F(0). If (cody —
c1dy) > 0, the last quantity is obviously positive when either F/(0) > 0 or F(0) < 0 but |F(0)] is

small. Or else, because v, < as/co we have

F(ve) > (cody — cldg)% +aidy — azdy = a2d2(ﬂ - ﬁ) > 0.
Cco ag C2

In all cases, F'(vs) > 0. Thus, the second integral is also positive. It remains to consider the

boundary integrals. In view of the boundary condition, they are

/C‘)Q (r2 — 1) PoQu do + /89 rothv? <%d1 — biida + %(Pu - Ru)v*> do

The last integrand is positive due to the first condition in b). Therefore the above sum is
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nonnegative if either ro > r; or r1 — ro > 0 but sufficiently small. Therefore, under the stated
assumptions in the lemma, X is positive. 0

Similarly, we have the following result.

Lemma 6.2.7. Assume that either r1 = ro =0 and by /ba > ay/ag, or r1,r2 # 0 and

“ < min {bl an}
as by’ 2a91 |’
and
a) agy > beo and daaiy > 2d1bog;
b) supyq(ra(z) —ri(x))+ and (a1de — axdy)4 are sufficiently small.
Then X\ in (6.2.8) is positive.
We conclude this paper by giving the proof of Theorem 6.1.1.

Proof of Theorem 6.1.1. 1t is clear that the stated conditions (P.1) or (P.2) satisfy those of our

propositions and lemmas of this section. The theorem then follows from Theorem 6.2.1. O
Notes and Remarks

It is worth noticing that when homogeneous Neumann boundary conditions are assumed, the
conditions in Lemma 6.2.6 and Lemma 6.2.7 read
by a1 _
by~ az ¢’
which is already well known for the Lotka-Volterra counterparts (see [3, 14] and the references therein).
It is not quite surprising to see that the cross diffusion parameters (a;j,bi1,b22) do not manifest in
this case as the semitrivial steady states wu.,v. are being just constants. The situation will be more
interesting when we consider the Robin boundary conditions. In this case, the semitrivial steady

states are non-constants; and the cross diffusion (or gradient) effects will play an essential role as seen

in Lemma 6.2.6 and Lemma 6.2.7.
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Finally, we would like to remark that the uniform persistence property in this chapter is
established in the C'' norm instead of the usual L> norm widely used in literature of Lotka-Volterra
systems. This is in part due to the setting of the phase space WP for strongly coupled parabolic
systems (see [2]). So, our persistence result does not rule out the possibility that solutions might
form spikes at some points but approach zero almost everywhere as ¢t — oco. That type of behavior
can be seen in some models for chemotaxis, which also involve a form of strong coupling, so it may
be that the results presented here are optimal. However, it is naturally to ask if it is impossible for
one species can survive in the sense that its density is going to be almost negligible (that is, the L>
norm goes to zero) while oscillating wildly to maintain the positivity of its C'* norm. The answer to

this question is still under investigation.
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Chapter 7

DEGENERATE PARABOLIC SYSTEMS

In this chapter, a class of strongly coupled degenerate parabolic systems is considered. We shall
give sufficient conditions to guarantee that bounded weak solutions are Holder continuous everywhere.
The general theory will be applied to a porous media type Shigesada-Kawasaki-Teramoto model in

population dynamics.

Let us consider the following nonlinear parabolic systems of m equations (m > 2) given by

up = div(a(z, t,u)Vu) + f(x,t,u), (7.0.1)

in a domain Q = Q x (0,7) C IRV*! with Q being an open subset of IRY, N > 1. The wvector
valued functions wu, f take values in IR™, m > 1. Vu denotes the spatial derivative of u. Here,

a(z,t,u) = (A%ﬁ) is a tensor in Hom(IR™, IR™™).

A weak solution u to (7.0.1) is a function u € W;’O(Q, IR™) such that

//Q [—u¢y + a(z, t,u)VuVe] dz = //Q Fla,t,u)d dz

for all ¢ € CH(Q,IR™). Here, we write dz = dxdt.
In a recent work [30], we investigated the question of partial regularity of (7.0.1) having the

following structure conditions.

(A.1) There exists a C! map g : IR™ — IR™, with ®(u) = V,g(u), such that for some positive

constants A\, A > 0 there hold

a(u)Vu-Vu 2 NVg(u),  |a(u)Vul < Al@(w)|[Vg(u)].

(A.2) (Degeneracy condition) ®(0) = 0. There exist positive constants C7,Cs such that

C1(|®(u)| + [@())]u — o] < [g(u) = g(v)] < Co(|®(u)] + [@(v))|u — v].
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(A.3) (Comparability condition) For any ( € (0,1), there exist constants C1(3), Ca(/3) such that if
u,v € R™ and Blu| < |v| < u], then C1(B)|@(u)| < [®(v)] < Ca(B)|P(w)].

(A.4) (Continuity condition) ®(u) is invertible for u # 0. The map a(u)®(u)~! is continuous on
IR™\{0}. Moreover, there exists a monotone nondecreasing concave function w : [0, c0) — [0, 00)

such that w(0) = 0, w is continuous at 0, and

la(v)®(v) ™! = a(u)®(w) ™| < (|(w)] + |®(v))w(lu - vf*), (7.0.2)

[@(u) = @(v)] < (|@(u)] + () )w(|u — vf*) (7.0.3)

for all u,v € IR™.

Introducing the so called A-heat approrimation method, we were able to extend the partial
regularity results in [9] to the degenerate system (7.0.1). The main result of [30] is the following

characterization of the regular sets of bounded weak solutions.

Theorem 7.0.1. (/30]) Let u be a bounded weak solution to (7.0.1) satisfying (A.1)-(A.4). Set
Reg(u) = {(z,t) € Q@ x (0,T) : w is Hélder continuous in a neighborhood of (z,t)}

and Sing(u) = Q x (0,T)\Reg(u). Then Sing(u) C X1 J X2, where

¥ ={(z,t) e Q2 x (0,T): ligligf |(U)QR($,t)’ = 0},

Yo ={(z,t) e 2 x(0,T): liminfﬂ [u — (U)Qp(a t)|2 dz > 0}.
R—0 Qr ’

Here, for each R >0, Qgr(z,t) = Br(x) x (t — R, t) and (u)g,(x.1) :]9[ u dz.
QR(x’t)
Moreover, H"(X3) = 0, where H™ is the n-dimensional Hausdorff measure.

Obviously, whether bounded weak solutions are Holder continuous everywhere, that is Sing(u) =

(), is an important question and still remains open. There are no previous results concerning every-
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where regularity for general systems of the form (7.0.1). The results and methods in aforementioned
works [17, 27, 51] for regular systems cannot apply here. New techniques and additional structure
conditions will be needed. This will be the main goal of this chapter.

We begin our chapter, in Section 7.2, by considering systems like (7.0.1) of m equations (m > 2)
and giving sufficient conditions (in addition to (A.1)-(A.4)) that guarantee everywhere regularity of
bounded weak solutions. Roughly speaking, our method relies on the key assumption on the existence
of a function H(u). This function links the structures of the equations in a way that we can derive
certain regularity of H(u), which is regarded as a function in (z,¢). Such regularity of H(u) will be
exploited later to study that of w. This technique was first introduced by us in [27] to handle the
regular cases. Here, we make use of the scaled parabolic cylinders in order to reflect the degeneracy
®(u). This idea was originally introduced in [6] to deal with scalar p-Laplacian equations. However,
the case of degenerate systems needs much more sophisticated techniques. Another difficulty arises
as the L? estimate for Vu, derived by Giaquinta and Struwe in [9, page 443] for regular cases, is
no longer available here to obtain the smallness of the average of the deviation |u — (u)g,|* on Q.
Direct estimates of these quantities must be rediscovered. In addition, we must also show that the
system is averagely not too degenerate in certain scaled cylinder so that the component ¥; of the
singular set is empty.

We demonstrate our general theory by considering a degenerate Shigesada-Kawasaki-Teramoto
(SKT) model arising in population dynamics. Here, we incorporate the porous media type diffusion
into the well studied regular (SKT) systems. We will give sufficient conditions on the parameters
of this system such that a function H can be found; and the results of Section 7.2 are applicable.
The existence of a function H for general regular (SKT) systems was studied in [29]. Our degenerate
system (SKT) obviously necessitates a different H, but some calculations in [29] are reusable here.
The new choice of H in this work also greatly simplifies many complicated calculations in [29].

We would like to remark that we assume no presence of Vu in the lower order term f in (7.0.1)
for the sake of simplicity. In fact, in [30] and this present work, we could allow f to depend on Vu,
and to have growth like &|®(u)|?|Vu|? for sufficiently small ¢ > 0. The proof for this case is similar,
with an exception of some minor technical modifications.

The chapter is organized as follows. In Section 7.1, we introduce our notations, hypotheses
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and main theorems. We study the general system (7.0.1) in Section 7.2. Section 7.3 is devoted to the

degenerate (SKT) system and concludes this chapter.

7.1 Main results

Throughout this chapter, Q is a bounded domain in IR™. For a scalar function h(z,t), with
(z,t) € RN 'L, its spatial (resp. temporal) derivative with respect to the z (resp. t)variable is denoted
by Vh (resp. 0h/0t or hy). If u = (uy,. .., un) is a vector valued function, then Vu = (Vuy,..., Vup,).
If H is a function in u, then H, = V,H = (0y, H, ..., 0y, H).

For a given set X C IR" we denote by |X| its n dimensional Lebesgue measure. We write
Br(zg) = {zr € R" : |x—x0| < R}, the ball centered at x( with radius R. For a measurable bounded
X, we denote the average of a given measurable function h over X by hx = ‘71| S + h(z)dx.

In our proofs, C, (Y, ... will denote various constants whose values change from line to line
but are independent of the solutions in question. For a,b > 0, we also write a ~ b if there are positive
constants C1, Cy such that Cia < b < Caa.

In the sequel, we first consider a bounded weak solution u to (7.0.1) on © x (0,7") and the

following conditions.

(H.1) There exists a C? real function H(u) defined on a neighborhood of the range of the solution

u. Moreover, for some v > 2 and |u| small, we have H(u) ~ |ul|?.

(H.2) There are positive constants Aj, Ag, and A3 such that

HEa(u)VuVH > \|®(u)|*|VH|?,
VHy a(u)Vu > dolu|" 2| Vg(u)[?,
|Hy a(u)Vu| < A3|@(w)*[VH].

We are now in a position to state our first theorem on the everywhere regularity.

Theorem 7.1.1. Given the conditions (A.1)-(A.4) and (H.1)-(H.2), bounded weak solutions to
(7.0.1) are Hélder continuous on Q2 x (0,T).
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To illustrate this general result, we then study a system of the form

up = V(P*Vu+ P’Vv) + F(u,v),
(7.1.1)
vy = V(Q"Vu+ Q"Vv) + G(u,v).

with the following degenerate structure, for some m > 0,

PY =anu™ + algvm, PY = by1u™ + blg’Um,

QY = agu™ + axnv™, Q" = ba1u™ + bagv™.

In this form, (7.1.1) is a generalized version of the well known Shigesada-Kawasaki-Teramoto
model in population dynamics (see [45]). By allowing the presence of powers of u,v and dropping
random diffusion terms, we take into account porous media type diffusion effects. The system becomes
degenerate and has not been ever discussed in existing literature.

In applications, u, v represent population densities of the species under investigation, and thus
only positive solutions are of interest. Our second result deals with the regularity of these positive

weak solutions.

Theorem 7.1.2. Assume that m > 1 and the following conditions on the coefficients of (7.1.1):

Q= a1 — a1 > 0, ,3 = agy — ajg > 0, (7.1.2)
and
o®b1a 4+ af8biy + bribigbar > baably,  B%ba1 + aBbag + baobiobay > bryb3,. (7.1.3)
If (u,v) is a positive bounded weak solution to (7.1.1), then (u,v) is Hélder continuous every-
where.

7.2 The general case

We give the proof of Theorem 7.1.1 in this section. For the sake of simplicity, we will assume

throughout that f(z,¢,u) = 0. The presence of this term would cause no major difficulties.
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By translation, we will assume that (zg,%y) = (0,0). Fix an € € (0,2) and sufficiently small

Ry > 0. We consider the cylinder

Q(2Ro, R§™) = Bag, (0) x [~R5 ™, 0] C Q.

Given p > 0, we will determine the positive constants § and 6 € (0,1) and construct the

following sequences:

R, = %, po = sup  H(u(z,t)), pnt1 = max{dun,, OR;},
Q(2Ro,RY™)

CI),M = Sup{|@(U)] : H(U) < ,Un}a Qn = BRn(O) X [_CI),;?R?L?O]'

We also define the following function on @:

w(x,t) :=log (%) , with N(u) = ll)(,u,n — H(u)).

For each n, let Q¥ = {(x,t) € Q, : w(x,t); = 0}. We consider the following two alternatives.

(A) For all integers n, we have

|Qnl > p|Qnl. (7.2.1)

(B) For some integer n, we have

|Qnl < p|Qnl. (7.2.2)

Let us briefly explain how Theorem 7.1.1 follows from these two alternatives.

Given any € > 0, we will show that p = p(¢) > 0 can be chosen such that if (7.2.2) holds for

some (fixed) m, then there are fixed constants p, 5 > 0 such that

sup |u| < p, ]9[ lu —ugpl? dz < ep? and |ug,| > Bu, R = R,/2. (7.2.3)
Q Qr

R
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The Holder continuity of w then follows immediately from (7.2.3) and Theorem 7.0.1.
Otherwise, for such p, we suppose that (7.2.1) holds for all integers n. We will show that the

followings are true for all integers n.
H(u(x,t) < pn Y(z,t) € Qn, (7.2.4)

Qni1 € Qu. (7.2.5)

Arguing as in the proof of [22, Lemma 5.8], we can see that the sequence {u,} satisfies
tn < C(R,/Ro)* for some a > 0 and some constant C' depending only on 6, Ry, pig. Due to (7.2.4),

H(u(x,t)) is Holder continuous. The assumption (H.1) then gives the Hélder continuity of u(z, ).

Remark 7.2.1. If H(u) > ou, for some o > 0, then there is constant C' = C(o) > 0 such that
|®(u)| > C®,,. Indeed, let &, = |P(ug)| for some ug such that H(up) < p,. (H.1) implies that
lu|¥ > Ci(o)pn and |ug|” < Capy. Hence, |ug] < Cs(o)|u| for some Cz(o). This and (A.3) give

Oy, < C(0)[®(u)]-

Alternative (A): First of all, by scaling and assuming that ®,, > CRf, we can make
Qo C Q(2Ry, R ) so that (7.2.4) and (7.2.5) are verified for n = 0. Moreover, we can also assume
that u, <1 for all n.

Assume that (7.2.4) holds for some integer n. Let R = R,,/4 and n be a function with compact
support in Qr = Br X [—<I>;3R2, 0].

We test the equation of u; by Hy,,n/N and add the results to get

ow Hla(u)Vu VHIa(u)Vu  Hla(u)VuVH
; 2" dx +/Q [ N Vn+ N n+ N2 n| dxr =0. (7.2.6)
If n > 0, then (H.2) and the above imply
ow Hla(u)Vu
—nd 4 dx <0. 2.
T CL‘+/Q N Vnde <0 (7.2.7)

We first show that ||w||ec,g, can be estimated in terms of |w||2.g,,. By (H.2), we have
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Hla(u)VuVH

u

HT
’ GJ@W > M| (w)]*| V|,

< nlpplval, A

We then see that the assumptions of [26, Lemma 3.3] are satisfied. Moreover, on the set w* > 0
we have H > (1 — p)p,,. Remark 7.2.1 asserts that |®(u)| > C®,,, on the set w™ > 0. Furthermore,
since H(u(x,t)) < ppn on Qp by (7.2.4), we have |®(u(z,t)| < ®,, on Q,. Hence, the comparability
property (3.12) of [26, Lemma 3.4] is verified too. The iteration argument of [26, Lemma 3.5] then

gives a constant C' independent of R and ® such that

1 w)? de
sup ]w§0(1+ |QR|//R (wy)* dz). (7.2.8)

Brx[~®,2R2,0

Next, we replace 1 by 1? in (7.2.6) and use (H.2) to get

ow
/ 0 s e / 1) 2| Vool de < C / (19 ()2 [Vl V| da.
o Ot Q Q

Having established that |®(u)| ~ ®,, on the set w™ > 0 and meas({w™ = 0}) = meas(Q2) >

p|Qn| by (7.2.1), we can follow the proof of [26, Lemma 3.6] to show that K)lz-ﬂ// (wy)? dz can be
Qr

bounded by a constant independent of R and ®. By (7.2.8), sup Brx|-®;2R2,0] W is also bounded by

a constant, denoted by In(C), independent of R and ®. From the definition of w, we easily get

H(u(z,t)) < opn, Y(z,t) € Qr, (7.2.9)

with § = % < 1 and depends only on p.

We now show that (7.2.5) is verified by a suitable choice of 6.

To proceed, we claim that there is a constant Cyp = C(9) such that ®,, < Co®,,,,. Indeed,
let u; be such that ®,, = |®(u1)| and H(u1) < py. Since py, < pny1/6, we have |u1]? < C1(6)pn1-
Hence, for some C(d), we have ug = Ca(d)uy satisfying H(uz) < pipy1. This gives that |®(uy)] <
C3(6)|P(u2)| < Co(6)®y,, 1, due to (A.3). Our claim then follows.

We then determine 6 such that Q,+1 C Qgr. This is to say, Rp41 < R = R,/4 and

@;3“]%721“ < @;3]%2. To this end, we need # > 4 and ®,, < ®, . 60/4. We then choose 6 =
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max{4,4C(0)}.
Therefore, Qn+1 € Qr C @y and (7.2.9) holds on @Q,+1. This shows that (7.2.4) continues to
hold for n + 1. By induction, we conclude that (7.2.4) and (7.2.5) hold for all integers n. Our proof

is complete in this case.

Alternative B: We now have (7.2.2) for some n. Denote R = R,,/4 and
Qir = Qn, Qr=Bgrx[-0,’R% 0]
It is easy to see that (7.2.2) yields
Q0 = {(z,t) € Qar : H < (1= p)un}| < p|Qurl. (7.2.10)
We first derive L estimates for |Vg|. Test (7.0.1) with H,n to get

/ 8—H77 dx +/ (VH,)  a(u)Vun dx —|—/ HTa(u)Vn dz = 0. (7.2.11)
o Ot Q Q

Let H," = (H(u(x,t)) — k). Replacing 7 in (7.2.11) by H, 7%, we easily obtain

O(H, n)” T +,.2 T +,2
—2 = dz + [(H, a(uw)VuVH, n* + VH, a(u)VuH, "] dz
o Ot Qr

< [Hga(u)VuH,jnVn + (H;)ant] dz.
Qr

By (H.2), this implies

//Q @) 2|V H 22 + Aalu2 Vo) PH ] dz < //Q 1) I H 2V + | H Pll] d.
T T

We now take n to be a cut-off function with respect to the scaled cylinders Qr, Q4r. We have

1 R
that [Vn| < 5 and || < 3.

We then take k = (1 — 2p)u, and note that H,j < 2pun on Qur. Moreover, because

H(u(z,t)) < pn on Qar, we have |®(u(z,t))] < ®,,. Using the fact that |Qr| ~ ®,2RN*2, we
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obtain

//Q W2 Vg(w)2H; dz < Clopn)?RY.
R

Let Ag := {(z,t) € Qr|H > (1 — p)un}. Then (H — k)4 > pun on Ap. So,
J[ 9P d: < Conr.

Ao

Since H(u) ~ |u|” (v > 2) and p < 1/2, the following is valid on Ay
"2 ~ HOD/7 > (1 = p)pn) =27 > cpl=21

Therefore, (7.2.12) implies

// IVg(u)|? dz < Cpu®/ "R".

Ao

In addition, we can find C such that if g = (Cpy,)"/7 then

sup [u(z)| < pand p, < Cp”.

Qr

It means we obtain

|| 1V a: < core
Ag

By testing (7.0.1) with wun, it is standard to show that

Vg(u 2dz < C’,uQR‘.
R

For any subset A of Qr, Holder’s inequality gives

q
// IV dz < <// ok dz>2 1A%,
A A

Taking g = f—fl < 2, A= Ay and using (7.2.12), we obtain
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=2 ., n =2
//A Vg(u)|? dz < CppRM)FT 07 Rt = O(pu?) 1 0) T R i
0

Similarly, we take A = Qr \ Ao in (7.2.17). Using (7.2.16) and also the fact that |A| < p|@r|,

we have

//Q o V" d= < CG2RM (2 R 2 75 = O et R
R 0

The above inequalities give us the following estimate for |Vg|:

=2 n
Vg(u)|? dz < C(patt + pir1)®u+ ikt R it | 7.2.18
0 1
R

We now try to estimate the deviation |u—ug,|. We recall the following inequality ([Ladyzen-

skaja, (2.10), p.45]), with r = 1,p = 2 and m = 2n/n + 1), for functions u with ug = 0.

n T
/ u? dx < C/ |Vu|»+1 dx (/ |u dx>
Q Q Q

Let V() be a vector such that g(V (t)) = g, (u). The above yields

2

n+1
// g(w) — gV dz < C // Vgl dzsup ( / l9(w) — g, ()] dx>
R R Br(t)
S pn+1 —’—pn+l]un+1 (b"+1 Rn+n+1 ((b M) n+1 Rn+1
Hence,
// V()P dz < ClpwT + prrt |2 R,
R

As |g(u) — g(V(®))l = C(|@(w)['/* + @V ()['/*)|lu — V(t)| and H(u) > (1 — p)un on Ao,
Lemma 7.2.1 showed that |®(u)| ~ ®,, on the set Ag. Thus,
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2% // u— VO] dz < Clomst + pt |2 R™? = () B2,

with g(p) = C’[pn%l + pn%l].
Because / lu —up,|?* de < C/ lu —V(t)|* dz, we have
T B”‘

@in// lu —up,|?* dz // lu — V(t)]? dz+<I>2 // lu—V(t)]? dz
Qr

< e(p)uP R + @2 17p|QR|

IN

This gives (I);Qm//Q lu — UBR|2 dz < (e(p) + p) > R™+2.
R

On the other hand, for G = // lup, —ugg|* dz, we have
Qr

7[ u(z,t) dx / 7[ u(z, s) dxds
Br Rl i By

/ e t) — (e )] do|
Br

G < |Qr|supery,

< |Qrl|Br|?sup; 4c1,

From the equation, for o € (0,1), we have

sup
t,s€lr

/ [u(z,t) —u(z,s)] dx
Br

< / |u(z,t) — u(z,s)| dx
B(s4+1)r\BR

+ // u)VuVn| dz
Q(U+1)R

< CouR"™+ “"// Vg(u)| dz
2R

Using the inequality [, u < /[, u?|A| we argue the same way as in (7.2.18) to get

//Q V() dz

IA

VorRMOLER T 4\ (Cp2 B (072 B +2)

= Cy/p®. R
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Therefore, by choosing o = p'/4, we have

sup

t,s€lpr g

/ [u(z,t) — u(z,s)] dz
Br

<C (0 + ﬁ) pR™ < Cp'/*uR"

Thus,
G < Cp'*1?|Qrl

Hence,

ﬁg 1 — ugyl? dz < Cle(p) + P + CoY2? < o(p)ps?
R

Given any € > 0. We can choose p such that

]9[ lu—ugy|* dz < ep®.
Qr

We show that ug, is not small. We have

// u? dz < (ep® + |ugy ?)|Qrl.
Qr

Because |H| > (1 — p)py, implies |u|” > Cpu?. Therefore |u| > Cpon Ag (JAo| > (1 — p)|@r|, we have

Jl L //A u* dz > C*u(1 - p)|Qrl

By choosing p, ¢ small, we see that |ug,| > Bu for some constant 5 > 0. This gives (7.2.3).

7.3 The degenerate (SKT) system

We prove Theorem 7.1.2 in this section. Let us recall the system

uy = V(P*Vu+ P’Vv) + F(u,v),
(7.3.1)
v = V(Q"*Vu+ Q"Vv) + G(u,v).
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with the following degenerate structure, for some m > 0,

P" = apu™ +appv™,  PY=bpu™ +bppv™,

QY = agu™ + axpv™, Q" = ba1u™ + bagv™.

We also recall the following conditions stated in Theorem 7.1.2.

(P) Assume m > 1, a:= a1 —ag; > 0, and 3 := age — ajz2 > 0. Moreover

a?biz + afbiy + biibiabar > basbiy,  B2ba1 + afbag + basbiabar > bi1b3,. (7.3.2)

Let (u,v) be a positive solution to (7.3.1). Our goal is to find a suitable function H that
satisfies the conditions (H.1), (H.2) such that Theorem 7.1.1 can apply here.

To begin, we set det a(u,v) = P*Q” — P'Q" and

_ P+ Q"+ /(P + QY)? — det(a)
2

2 (u,v)

We also take g, (u,v) = ®(u,v)ls, where Iy is the 2 x 2 identity matrix. Thanks to (P), it is
easy to see that (A.1)-(A.4) are satisfied here.
We first observe that the condition (H.2) is verified if we can find a function H that satisfies

the following conditions.

HTIa(@)VavVH > N\ |VH|?, (7.3.3)
VHI a(@)Vi > Xo|Vid|?, (7.3.4)
|HL a(@)Vil] < \3|VH], (7.3.5)

where A1 = A1 ®2%(u,v), Ao = Ao|@|*2®%(u, v), A3 = A3®?(u,v), with \; being positive constants.

These conditions amount to the positivity of the following quadratics in U,V € IRV :
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A1 = ((PuHy+ QuHy) Hy — M\ H,?) U? + (PoHy + QuHy) Hy — M H,?) V2

v (7.3.6)
+ ((PyHy + QuHy) Hy + (PuHy + QuHy) Hy — 2X\ HyH,) VU,
Ay = (QuHuv + PuHuyy — XQ) U? + (PvHuv - X? + Q’UH’U’U) v? (7 3 7)
+ (PvHuu + PyHyy + QuHyy + Qquv) VU,
and
A3 = (X?)HUQ - (PuHu + Qqu)Q) U2 + <X3Hv2 - (PvHu + QvHv)Q) V2
(7.3.8)

+ (2A3Hy,Hy — 2 (PyHy + QuHy) (PuHy + QuH,)) VU.

Following [29], the discriminants of A;, A3 will be nonpositive if the following first order

equation is satisfied.

H, = f(u,v)H,, (7.3.9)

where f is the solution to

_Pvf2 + (Pu - Qv)f + Qu =0. (7'3'10)

Because P,Q,, > 0, (7.3.10) has two solutions fi, fo with fifo < 0. In what follows, we denote
by f = f(u,v) the positive solution of (7.3.10).

We first have the following simple lemma.

Lemma 7.3.1. Assume that H satisfies (7.3.9). There exist positive numbers A1, Ag such that Ay, As

are positive definite.

Proof: Following the proof of [29, Lemma 3.2], we need only choose Aj, A3 such that the
coefficients of U2, V2 in Ay, A3 can be positive. By (7.3.10) and (7.3.9), these coefficients in A; can

be written as

Hng(Pvf"i_Qv_Xl)v Hg(PUf"i_Qv_Xl)'
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Similarly, for As, they are
HZ(XS - (Pvf + Qv)2)’ Hg(XS - (Pvf + Qv)2)'

Since f > 0 and ®2 = P’f + QY, we can take \| = % and \3 = 2supp (P, f + @), which is

finite positive number because of the boundedness of f (see below) and the fact that u, v are bounded.

O
Thus, we are left with the positivity of As. The rest of this section will be devoted to find-

ing H that solves (7.3.9) and makes Ag positive definite. This is also the crucial step in proving
Theorem 7.1.2.

To proceed, we pick a solution g of the first order equation

gu — f(u,v)g, =0, (7.3.11)

and let G be any C? differentiable function on IR. Notice that H (u,v) = G(g(u,v)) is also a solution
to (7.3.9).
We shall follow the calculations of [29]. To verify the positivity of A2, we consider its discrim-

inant ©. Owing to H, = fH,, an easy computation shows that
O = —4X22 + 4@1X2 + O9
Where

1 = [oHy + B3H, =01+ o2

H
Oy = —agH,,H,+ O£3H3 = —H2 <O£2 v 013)
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with (see [29])

ay = 4(P'Q"—=Q"P") (fu—ffo),

as = [(fut ff)P" — fo(P" = Q") +4(P* Q" — Q" P") f?

_ v JoQ"
= {fuP + 7

Bo = ®*fi+1), B3=*ff,+ P"fy+ P’fy.

2
} + 4 det(a)f2,

Meanwhile, the coefficients of U? and V2 in Ay are 6; — Ao and dy — A9, respectively, with
01 :q)2f2va+ (q)szv+Pufu) H,y, 92 :®2va+Pva H,.

We first study on f, fu, fu. We obtain the following result.
Lemma 7.3.2. Assume (P). We have
i) There exist two positive constants Cy,Co such that C1 < f(u,v) < Cs.
ii) fuu+ fobv =0 and f, >0 and f, <O0.

Proof: We recall the formula of f,

PY— Q"+ o(u,v) au™— o™+ o(u,v)

f= 2Pv - 2(b11um + blg’Um)

Therefore, it is easy to see that

1 —b11f? + af + by

m—1—b12f% — Bf + bay
o(u,v) '

o(u,v)

Ju=wu

’ fv:'U

Here o(u,v) = \/(Py — Qu)2 + 4P, Q.

Let f1 (f2) be the positive solution of f, =0 (f, = 0, respectively). We easily get

2b29 o+ Va2 +4bi1by
fi= , fa=
B+ /8% + 4 b12b2 2b11
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We would recall that f is the positive solution of
F(f) := =(buau™ + b1ov™) f2 4 (au™ — Bu™) f + boru™ + byov™ = 0.

By simple calculations, we get F'(f1) is

2u™ (-2 bao?b11 + bagar B+ bagar /B2 + 4 b1abag + b1 B2 + b21 B /% + 4 brabag + 2 b12522521)
2
(5 +/03?+ 4b12b2z>

and, similarly, F'(f2) is exactly equal to

o™ (braa? + biaar Va2 + 4by1bay + 2b12bi1bor + biiBa + b1 B Va2 + 4biiba — 2baobii?)
—2b12

Our condition (P) simply makes F'(f1) > 0 and F(f2) < 0. Since there is a unique positive
solution f of F(f) =0, we immediately get f, > 0, f, <0, and fi; < f < fo. This proves i). Straight
calculation shows ii). 0

Our next step is to determine solution g of

Gu = [ v, (7.3.12)

which can be solved by characteristic methods. From [7, pp. 97-99], we know that Z(¢) = (u(t),v(t)),

z(t) = g(Z(t)) and p(t) = (pu(t),pu(t)) = Vg(Z(t)) solve the following system:

0
—
o~
S—
Il

(17 _f)7
Pt) = (fubv, fobv), (7.3.13)

Z(t) = pu—fpy=0.

We choose the initial data for z, 7 on the line T = {(u,v) : v = v > 0}, which is noncharacteristic,
to be
2(0) = (u,u);  pu(0) = flu,u), pu(0) =1. (7.3.14)

A smooth solution g of (7.3.12) can be found by setting g to be constant along each flow line
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Z(t). In fact, we will define g on the line YT by

g(u,v) = /Ou f(s,s)ds +v.

The following lemma provides useful properties of the solution g of the above system.

Lemma 7.3.3. The followings hold for (7.3.13) and (7.8.14).
i) g is defined on the first quadrant {(u,v) : u,v > 0}.
ii) There exist Cy,Co > 0 such that C1 < g, < Cs.

iii) There are positive constants C1,Co such that C(fu +v) < g(u,v) < Co(fu +v).

iV) Gov = _gvaU-

Proof: i) Because f is bounded by Lemma 7.3.2, Z(t) exists for all ¢ € IR. It is trivial to
show that the flow lines cross every point in the first quadrant so that g is well defined on this set.

ii) Consider a characteristic curve emanating from a point (ug,v9) on Y. From the first
equation of (7.3.13) and the fact that f is bounded, we easily see that there is a constant C' such
that —ug < t < Cug for u(t),v(t) to be positive. From the equation for p in (7.3.13), we have
po(t) = exp(fg fo(u(s),v(s))ds. We will estimate the last integral.

Consider the case t > 0. We have u(t) > ug. The proof of ii) of Lemma 7.3.2 reveals that

Crve! Crve—1 Cov®/2-1

| fo(u(t),v(t))] < (0. 0) < N U < ug/z

Thus,

t t d Cvg a/2—1
/ ’fv|d8 = / |fv‘ i(;) < C'3/ ! /2 dv < C4.
0 0 0 ug

For t < 0, we use the fact that f,v = —f,u to get

/Otlfulds < /Oﬂ

In both cases, we find g, = eXp(f[f fo(u(s),v(s))ds is bounded from above and below by positive

fuu uQ ua/2
— < _ <
" dS_C5 0 v§/2+1du_06.

constants, and conclude the proof of ii).
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iii) Using the fact that f is homogeneous, we have

1 1
g(u,v) = / g’(tu,tv)dt:/ gu(tu, to)u + gy (tu, tv)vdt
0 0

1 1
= / (f (tu, tv)u + v) gy (tu, tv)dt = (fu—i—v)/ go(tu, tv)dt.
0 0

This and ii) give the assertion.

iv) From the fact that g, = exp(f(f fo(u(s),v(s))ds, we obtain

o ot t 1 Jo
b = G = exp( | L0 0(9)ds) (). 0(0) = = =0,
This concludes our proof of the lemma. =

Theorem 7.3.4. Assume m > 1. There exists a p sufficiently large such that H(u,v) = (g(u,v))*
satisfies (H.2).

Proof: First, we shall show that ©5 < 0 with sufficiently large p. In deed, we write

H _
0y = —Hg <a2 v a3> = —Hg (agg 1gv(,u —-1)— 042& — a3>
H, /
_ a
= —H2azg 'g, (u _q g s >
fgv 20y

Since ag = det(a)(fy, — ff,) and f, > 0, f, < 0 due to Lemma 7.3.2, we have H2a2g 1g, > 0.

Therefore it suffices for the negativity of ©5 to show that % and C%’ggv are bounded.

Indeed, we observe

o(u,v) ~u™ 4+ 0™,  det(a) ~ o2, fur~

Thus thanks to Young’s inequality (m > 1), we obtain

(u+v)(u™ ! 4 om
o(u,v)

9fu
Go

<C

<

' 9fv
9

"
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We recall
asg _ _gfFP+HQPT f?
a2qy det(a)gva(fu_ffv) gv(fu_ffv)'

Since fy, — ffo > —ffo > 0and f, — ff, > fu >0, we have

gfe |9

gv(fu_ffv) o fgv =C

and

glf fuP’ + f,Q")
det(a)gva(fu - ffv)

9

+
fggv

<

e

)<c

Therefore ©4 < 0 by choosing a sufficiently large p. We shall next show that
0= —4X22 + 4@1X2 4+ 60, <0

Here ©1 = G2 Hyy + B3H, and ©9 = —anHyHy, + 043H3. By a view of the above proof of

B2 < 0, it is obviously enough to show that 2311522 is bounded. We have

v

O1)2  XofaHy Ul 2?92 n Ao f33|ult 2 @2

OégHg OégHg OCQHU

(7.3.15)
We recall that g ~ u + v, ®% ~ u™ + 0™, Hy,, ~ |@]*=2, H, ~ glii|* 2, ag ~ glu™ ! + ™12

w2 w12
a3 = [fuP” + f”?’)] + 4 det(a) f2 > [fuP” + fv;’?] ~ [t 4 1)

and

ﬁ2:@2(f2+1)qu>2, ﬁg:(I)fov—f—Pufu—i-PvaNum_1+1}m_1.

Put these estimates into (7.3.15) and note that A2 can be as small as we wish, we easily see

that 0?3115122 are bounded by a constant independent of p. This proves the existence of y such that

0 <0.

Finally, we need to show that the coefficients of U? and V? in Ay are positive, that is, the
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following quantities are positive.

01—Xo = =X+ ®f*H, + (P*ffy + P fu) H,
_ A 9(®*ffo + P*fu) | gH
— P22, g v u o
frg Hy 32 2H, D22 - H, |’
SV y 2 a2 1 gha  gPf,  gHu
0y — Ay = _>\2+PvaHu+q) H,, = ®°¢g Hv|:—(1)2HU+ P2 + 1, .

Note that gHH—’f can be very large as p is sufficiently large, while the other terms are bounded
due to the same arguments as above. Therefore §; — A9, 62 — A9 are positive and so is Ay thanks to

the negativity of ©. The proof is complete. =
Notes and Remarks

The regularity of bounded solutions to cross diffusion (strongly coupled) systems is a long-
standing problem. For systems with regular diffusion part a(x,t,u), partial regularity results were
established by Giaquinta and Struwe in [9]. However, the question of whether bounded weak solutions
are Holder continuous everywhere was only answered in very few situations under either a severe
restriction on the dimension N of the domain Q, N < 2, as in [17], or special structural conditions
on a(x,t,u) for arbitrary N (see [29, 51]).

To the best of our knowledge, the best regularity one can obtain for cross diffusion systems like
(7.0.1), which has certain degeneracy in the tensor a, is the partial reqularity established by Le in [30].
Important examples of (7.0.1) include cross diffusion systems modelling phenomena in porous media.
In contrast to the single equation case (see [26]), one cannot expect in general that bounded weak
solutions of (7.0.1) will be Hélder continuous everywhere. Our result here thus are new in literature,

and this is the content of our paper [32].
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