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Toan Nguyen

ASYMPTOTIC STABILITY OF NONCHARACTERISTIC VISCOUS
BOUNDARY LAYERS

Abstract

In this dissertation we give a rigorous mathematical analysis of the asymptotic
stability of arbitrary—amplitude noncharacteristic viscous boundary layers in dimen-
sions d > 1, motivated by physical applications such as compressible gas dynamics
and magnetohydrodynamics (MHD) equations. Briefly, the dissertation addresses the

following problems.

One—dimensional stability. Our first result concerns the stability of one-dimensional
boundary layers for a class of symmetrizable hyperbolic-parabolic systems. We ob-
tain the results by following the approach of detailed derivation of pointwise Green
function bounds; more specifically, we build on the works of C. Mascia and K. Zum-
brun in their treating the shock cases for the hyperbolic-parabolic systems and of S.
Yarahmadian and K. Zumbrun in their treating the boundary layers for the strictly

parabolic systems.

Multi—dimensional stability. Our second result concerns the long-time stability of
multi-dimensional boundary layers of a general class of systems. Under the so—called
uniform Evans stability condition, we prove the stability of the layers in dimensions
d > 2, following a modified version of the approach of K. Zumbrun in treating the

multi-dimensional shock cases, involving estimates between various LP spaces.

Multi—-dimensional stability for systems with variable multiplicities. Our third re-
sult is to extend the existing stability results to certain MHD layers for which the
constant multiplicity assumption used in previous analyses fails to hold. In addition,
the removal of a technical assumption is done. We encompass the extension by em-
ploying the recent work of O. Gues, G. Métivier, M. Williams, and K. Zumbrun in

the construction of Kreiss’ symmetrizers.

Spectral stability of isentropic Navier—Stokes layers. Our final result concerns the
verification of the uniform Evans stability condition. By making use of the Evans-
function framework of K. Zumbrun and others, we verify numerically the stability
of large-amplitude compressive, or “shock-like”, boundary layers of the isentropic

Navier—Stokes equations.
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Chapter 1

INTRODUCTION

1.1 Boundary layers

The notion of boundary layers appears in many applications, for instance in gas dy-
namics, magnetohydrodynamics (MHD), and fluid mechanics; see, for example, phys-
ical discussions in Schlichting and Gersten [53] and Braslow [4]. See also discussions
in the Introduction of S. Yarahmadian’s doctoral thesis [55]. For the mathematical
analysis of the boundary layer theory, see a very interesting book of Métivier [40] and
the references therein.

Specifically, we consider a boundary layer, or stationary solution,

U=0U(z), lim Uzy)=U., U0) =70, (1.1)

xr1—-+00

of a hyperbolic—parabolic system of conservation laws on the quarter-space

U+ Fi(0),, =Y (BMU)WU,,)e,, z€RL={x;>0}, t>0, (12)
J gk

U= (a,0)" €e R"" xR", F/ € R, B/* € R™" with initial data U(z,0) = Uy()

and Dirichlet type boundary conditions specified later.

In this dissertation, we restrict our studies to boundary layers assuming that the
layer solution is noncharacteristic, that is, the matrix dF; in the hyperbolic equations
of @ is either strictly positive (inflow case) or strictly negative (outflow case). Roughly
speaking, the noncharacteristicity limits the signals to be transmitted into or out of

but not along the boundary. In the context of gas dynamics or MHD), this corresponds



to the situation of a porous boundary with prescribed inflow or outflow conditions
accomplished by suction or blowing, a scenario that has been suggested as a means
to reduce drag along an airfoil by stabilizing laminar flow; see Example 1.2.1 below.

A fundamental question connected to the physical motivations from aerodynamics
is whether or not such boundary layer solutions are stable in the sense of PDE, i.e.,
whether or not a sufficiently small (initial and boundary) perturbation of U remains
close to U, or converges time-asymptotically to U, under the evolution of (1.2). That

is the question we address here.

1.2 Physical examples.

Example 1.2.1. The main example we have in mind consists of laminar solutions

(p,u,€)(z1,t) of the compressible Navier-Stokes equations

([ 8yp + div(pu) = 0

Or(pu) + div(pu'u) + Vp = eplu + e(pu + n)Vdivu

(pE) + div((pE + p)u) = esAT + epdiv((u - V)u)
+e(p+n)V(u-divu),

\

x € R on a half-space 1 > 0, where p denotes density, u € R? velocity, e specific
internal energy, £/ = e + % specific total energy, p = p(p, e) pressure, T' = T'(p, e)
temperature, ¢ > 0 and |n| < p first and second coefficients of viscosity, x > 0
the coefficient of heat conduction, and £ > 0 (typically small) the reciprocal of the

Reynolds number, with no-slip suction-type boundary conditions on the velocity,
u;(0,29,...,24) =0,7#1 and uy(0,29,...,24) =V (z) <0,

and prescribed temperature, T'(0, xo, . .., Zq) = Twau(Z). Under the standard assump-
tions p,, T, > 0, this can be seen to satisfy all of the hypotheses that we shall make
in Chapters 2 and 3 with the outflow boundary condition; indeed these are satisfied
also under much weaker van der Waals gas assumptions [37, 59, 9, 19, 18]. In par-
ticular, boundary-layer solutions are of noncharacteristic type, scaling as (p,u,e) =
(p,u,e)(x1/e), with layer thickness ~ e as compared to the ~ /¢ thickness of the

characteristic type found for an impermeable boundary.



This corresponds to the situation of an airfoil with microscopic holes through
which gas is pumped from the surrounding flow, the microscopic suction imposing
a fixed normal velocity while the macroscopic surface imposes standard temperature
conditions as in flow past a (nonporous) plate. This configuration was suggested
by Prandtl and tested experimentally by G.I. Taylor as a means to reduce drag by
stabilizing laminar flow; see [53, 4]. It was implemented in the NASA F-16XL ex-
perimental aircraft program in the 1990’s with reported 25% reduction in drag at
supersonic speeds [4].! Possible mechanisms for this reduction are smaller thickness
~ € << 4/e of noncharacteristic boundary layers as compared to characteristic type,
and greater stability, delaying the transition from laminar to turbulent flow. In par-
ticular, stability properties appear to be quite important for the understanding of this
phenomenon. For further discussion, including the related issues of matched asymp-
totic expansion, multi-dimensional effects, and more general boundary configurations,
see [19].

Example 1.2.2. Alternatively, we may consider the compressible Navier—Stokes

equations (1.3) with blowing-type boundary conditions
u;(0,29,...,24) =0,7#1 and uy(0,29,...,24) =V (z) >0,
and prescribed temperature and pressure

T(0,22,...,2q4) = Twar(Z), p(0,22,...,24) = Puwau(Z)

(equivalently, prescribed temperature and density). Under the standard assumptions
Dp, Te > 0 on the equation of state (alternatively, van der Waals gas assumptions), this
again can be seen to satisfy all hypotheses in Chapters 2 and 3 with inflow boundary

condition.

Example 1.2.3. For (1.3), or the general (1.2), a large class of boundary-layer solu-
tions, sufficient for the present purposes, may be generated as truncations @™ (x;) :=
u(xy — x) of standing shock solutions

u = u(xy), xllirgoo u(ry) = ug (1.4)

1See also NASA site http://www.dfrc.nasa.gov/Gallery /photo/F-16XL2/index.html



on the whole line z; € R, with boundary conditions ((t) = @(0) (inflow) or F,(t) =
w!(0) (outflow) chosen to match. However, there are also many other boundary-layer

solutions not connected with any shock. For more general catalogs of boundary-layer
solutions of (1.3), see, e.g., [38, 54, 9, 19].

1.3 Main results

Our first main result can be described as follows in a formal fashion.

Result 1. (One—dimensional stability; Theorems 2.1.3-2.1.4) Under general
structural assumptions, necessary and sufficient condition for linearized and nonlin-
ear one—dimensional stability of arbitrary—amplitude boundary layers of (1.2) is the
FEvans stability condition (D1) (defined in Chapter 2). In case of stability, we obtain

rates of decay:

1T (2,t) — U(z)||r ~ (1482075, 1<p< oo, (1.5)
1O (2, ) = T (@)l ~ (1+1) 75 (1.6)

The general structural assumptions required for Result 1 (precisely defined in
Chapter 2) are satisfied for gas dynamics (1.3) and MHD with van der Waals equation
of state under inflow or outflow conditions. Thus, in the general spirit of [60, 36, 37,
59, 23, 56], Result 1 is to reduce the questions of linearized and nonlinear stability to
verification of the Evans function condition (D1), which can then be checked either
numerically or by the variety of methods available for study of eigenvalue ODE; see,
for example, [6, 7, 8, 5, 28, 49, 11, 3, 24, 26, 25, 9] or further discussion below.

The stability of noncharacteristic boundary layers in gas dynamics has been treated
using energy estimates in, e.g., [38, 33, 52|, for both “compressive” boundary layers
including the truncated shock-solutions (1.4), and for “expansive” solutions analo-
gous to rarefaction waves. However, in the case of compressive waves, these and most

subsequent analyses were restricted to the small-amplitude case
|% — u || 11 (m+) sufficiently small. (1.7)

Examining this condition even for the special class (1.4) of truncated shock solutions,

we find that it is extremely restrictive.



For, consider the one-parameter family u™(z) = u(x — xo) of boundary-layers
associated with a standing shock @ of amplitude § := |u; — u_| << 1. By center

—cox

manifold analysis [47], & — uy ~ de~ ", hence

||a — u+||L1(R+) ~ 6_6&6 ~

in fact measures relative amplitude with respect to the amplitude |u; —u_| of the back-
ground shock solution @. Thus, smallness condition (1.7) requires that the boundary
layer consist of a small, nearly-constant piece of the original shock.

Result 1, extending results of [56] in the strictly parabolic case, remove this re-
striction, allowing applications in principle to shocks of any amplitude. In particular,
in combination with the spectral stability results obtained in [9] (see Chapter 5) by
asymptotic Evans function analysis, they yield stability of noncharacteristic isentropic
gas-dynamical layers of sufficiently large amplitude. Together with further, numerical,
investigations of [9] give strong evidence that in fact all noncharacteristic isentropic
gas layers are spectrally stable, independent of amplitude, which would together with
our results yield nonlinear stability. For further discussion, see Section 2.1.3

Our second and third main results concern the multi-dimensional stability.

Result 2. (Multi-dimensional stability; Theorems 3.1.3-3.1.4) Sufficient condi-
tion for linearized and nonlinear multi—dimensional stability of boundary layers is the
uniform Evans function condition (D2) (defined in Chapter 3). In case of stability,

we obtain rates of decay:

1+ t)*%(lfl/p)ﬂ/?p (1 8)
d—1 *

ISt
|
S

g
2

for any p > 2 and dimensions d > 2.

Result 2 is established under general structural assumptions which hold for gas
dynamics equations. Motivated by MHD applications for which the constant multi-
plicity assumption used in the course of obtaining Result 2 always fails, we establish
the following extension of Result 2 by employing a rather different technique: the

method of Kreiss’ symmetrizers.

Result 3. ((Extended) multi-dimensional stability; Theorems 4.1.4,4.1.5, and
4.1.7) There holds an extension of Result 2 to the case where the characteristic hy-

5



perbolic roots are totally nonglancing. In addition, a structural assumption (condition
(H4) in Chapter 3) can be removed with price of losing a factor in the decay rates,

and in dimension d = 3, requiring an additional (generic) assumption.

Asymptotic stability, without rates of decay, has been shown for small amplitude
noncharacteristic “normal” boundary layers of the isentropic compressible Navier—
Stokes equations with outflow boundary conditions and vanishing transverse velocity
in [30], using energy estimates. Results 2-3, together with the spectral verification
of O. Gues, G. Métivier, M. Williams, and K. Zumbrun for small-amplitude layers
(see Proposition 3.1.2), recover this existing result and extend it to the general arbi-
trary transverse velocity, outflow or inflow, and isentropic or nonisentropic (full com-
pressible Navier—Stokes) case and certain cases of MHD layers, in addition to giving
asymptotic rates of decay. Moreover, we treat perturbations of boundary as well as
initial data, as previous time-asymptotic investigations (with the exception of direct
predecessors [56, 45, 46]) do not. As discussed in Appendix B.1, the type of boundary
layer relevant to the drag-reduction strategy discussed in Examples 1.2.1-1.2.2 is a
noncharacteristic “transverse” type with constant normal velocity, complementary to
the normal type considered in [30].

Our final result concerns the one—dimensional spectral stability of compressive, or
“shock-like”, boundary layers of the isentropic compressible Navier—Stokes equations
with ~-law pressure. The work was building on that of Barker, Humpherys, Lafitte,
Rudd, and Zumbrun [3, 24] in the shock wave case, a combination of asymptotic ODE

estimates and numerical Evans function computations.

Result 4a. (Analytical results; Theorems 5.3.2-5.3.3 and Corollary 5.3.9) The
convergence of the Fvans function in the shock and large-amplitude limits is shown.
In addition, compressive inflow/outflow boundary layers with sufficiently large ampli-

tudes are stable.

Result 4b. (Numerical verification; Section 5.3.4) Our numerical computations
indicate unconditional spectral stability of uniformly noncharacteristic compressive

boundary-layers for isentropic Navier—Stokes equations.



1.4 Plan of the thesis and remarks

In Chapter ¢ + 1, we shall establish the Result ¢+ above, correspondingly. Except
Chapter 4 whose materials depend on those of the preceding chapter, each chapter
can be read alone without referring to the other.

Materials included in Chapters 2 and 3 are taken from papers with my advisor
K. Zumbrun [45, 46], respectively; Chapter 4 is from [44]; and those in Chapter 5
including four figures are from a joint paper with N. Costanzino, J. Humpherys, and

K. Zumbrun, [9]. The reproduction has full permission of joint authors.



Chapter 2

ONE-DIMENSIONAL
STABILITY

2.1 Introduction

In this chapter, we study the one-dimensional stability of a noncharacteristic bound-

ary layer, or stationary solution,

U=U(z), lim U(x)=U,, U(0) =70, (2.1)

T——+00

of a system of conservation laws on the quarter-plane

U, +FU), = (BO)U,),, xt>0, (2.2)
U,F € R*, B € R™", with initial data U(z,0) = Uy(z) and Dirichlet type boundary

conditions specified in (2.5), (2.6) below.

2.1.1 Equations and assumptions.

We consider the general hyperbolic-parabolic system of conservation laws (2.2) in

conserved variable U, with



@ € R, and © € R !, where, here and elsewhere, o denotes spectrum of a linearized
operator or matrix. Here for simplicity, we have restricted to the case (as in standard
gas dynamics and MHD) that the hyperbolic part (equation for ) consists of a single
scalar equation. As in [36], the results extend in straightforward fashion to the case
@ € R k> 1, with o(A!!) strictly positive or strictly negative.

Following [37, 59], we assume that equations (2.2) can be written, alternatively,

after a triangular change of coordinates

N

W =W({U) = , 2.3
in the quasilinear, partially symmetric hyperbolic-parabolic form

AW, + AW, = (BW,), + G, (2.4)

where

B 1210 B 1[111 1[112 B _
0 AY A A 0 b g

and, defining W, := W(U,),

(A1) A(W,), A%, A™ are symmetric, A° > 6, > 0,

(A2) no eigenvector of A(A%)~'(W, ) lies in the kernel of B(A%)~1(W,),

(A3) b >0 > 0 and §g(W,, W,) = O(|W,[?).

Along with the above structural assumptions, we make the following technical
hypotheses:

(HO) F, B, A°, A, B,W(-),3(-,") € C°.

(H1) A" (scalar) is either strictly positive or strictly negative, that is, either

Al > 0, >0, or Al < —9, <. (We shall call these cases the inflow case or outflow

case, correspondingly.)
(H2) The eigenvalues of dF'(U,) are distinct and nonzero.

Condition (H1) corresponds to hyperbolic—parabolic noncharacteristicity, while (H2)
is the condition for the hyperbolicity at U, of the associated first-order hyperbolic
system obtained by dropping second-order terms. The assumptions (A1)-(A3) and

9



(HO)-(H2) are satisfied for gas dynamics and MHD with van der Waals equation of
state under inflow or outflow conditions; see discussions in [37, 9, 19, 18].
We also assume:

(B) Dirichlet boundary conditions in W-coordinates:
(@', w')(0,t) = iz(t) = (izl, ilg)(t) (2.5)
for the inflow case, and
@' (0,t) = h(t) (2.6)
for the outflow case.
This is sufficient for the main physical applications; the situation of more general,

Neumann- and mixed-type boundary conditions on the parabolic variable v can be

treated as discussed in [19, 18].

2.1.2 One-dimensional results.

Linearizing the equations (2.2), (B) about the boundary layer U, we obtain the lin-

earized equation

U, = LU := —(AU), + (BU,)a, (2.7)

where

B = B(U), AU :=dF(U)U — (dB(U)U)U,,

with boundary conditions (now expressed in U-coordinates)

(OW /U (U)U(0,t) = h(t) := (Z;) (t) (2.8)

for the inflow case, and

(Ow!! JoU)(Uy)U (0,t) = h(t) (2.9)

for the outflow case, where (9W /0U)(Uy) is constant and invertible,

(00" [90)(To) =m (b bs) (Do), (2.10)

10



and triangular structure (2. 1s constant with m € - — % 1mvertible
(by (A1) and triangul (2.3)) i ith m € R=Dx(=1) jpyertible,
and h :=h — h.

Definition 2.1.1. The boundary layer U is said to be linearly X — Y stable if, for
some C > 0, the problem (2.7) with initial data Uy in X and homogeneous boundary
data h = 0 has a unique global solution U(-,t) such that |U(-,t)|ly < C|Up|x for allt;
it is said to be linearly asymptotically X — Y stable if also |U(-,t)|y — 0 ast — oco.

We define the following stability criterion, where D(\) described below, denotes
the Evans function associated with the linearized operator L about the layer, an
analytic function analogous to the characteristic polynomial of a finite-dimensional
operator, whose zeroes away from the essential spectrum agree in location and mul-

tiplicity with the eigenvalues of L:
There exist no zeroes of D(+) in the nonstable half-plane ReX > 0 (D1)

As discussed, e.g., in [51, 42, 19, 18], under assumptions (HO0)-(H2), this is equiv-
alent to strong spectral stability, o(L) C {ReX < 0}, (ii) transversality of U as a
solution of the connection problem in the associated standing-wave ODE, and hyper-
bolic stability of an associated boundary value problem obtained by formal matched

asymptotics. See [19, 18] for further discussions.

Definition 2.1.2. The boundary layer U is said to be nonlinearly X — Y stable if,
for each € > 0, the problem (2.2) with initial data Uy sufficiently close to the profile
U in |-|x has a unique global solution U(-,t) such that |U(-,t) — U()|y < e for all t;
it is said to be nonlinearly asymptotically X — Y stable if also |U(-,t) — U(-)|y — 0
as t — co. We shall sometimes not explicitly define the norm X, speaking instead of
stability or asymptotic stability in' Y under perturbations satisfying specified smallness

conditions.

Our first main result is as follows.

Theorem 2.1.3 (Linearized stability). Assume (A1)-(A3), (H0)-(H2), and (B) with
\h(t)] < Eo(1+t)717¢, |W'(t)| < Eo(1 +t)7L, for arbitrary fized € > 0. Let U be a
boundary layer. Then linearized L* NLP — LY*NLP stability, 1 < p < oo, is equivalent
to (D1). In the case of stability, there holds also linearized asymptotic L* N LP — LP
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stability, p > 1, with rate
U(, )] < C(L+ )22 | g + CEp(1 + £) 720717, (2.11)

To state the pointwise nonlinear stability result, we need some notations. Denoting
by
al <ay <---<af (2.12)

n

the eigenvalues of of the limiting convection matrix A, := dF (U, ), define

O(w,t) =Y (1+t) W2 lomey P/, (2.13)

+
a; >0

Uy (x,t) == x(x, 1) Z (1+ |z + )72 (1 + |z — a;rt\)’l/z,

+
a; >0

(2.14)

and
Ul 1) = (1= x(@,0)(1 + o — aft] + /%), (2.15)

where x(x,t) = 1 for x € [0,a, t] and x(z,t) = 0 otherwise and M > 0 is a sufficiently
large constant.

For simplicity, we measure the boundary data by function
2
Bi(t) =Y _|(d/dt)"h] (2.16)
r=0
for the outflow case, and
4 2

Bi(t) =Y _|(d/dt)"ha| + Y |(d/dt)"hy| (2.17)

r=0 r=0

for the inflow case.

Then, our next result is as follows.

Theorem 2.1.4 (Nonlinear stability). Assuming (A1)-(A3), (H0)-(H2), (B), and
the linear stability condition (D1), the profile U is nonlinearly asymptotically stable
in LP N H*, p > 1, with respect to perturbations Uy, € H*, h € C* in initial and
boundary data satisfying: |h(t)| < Eo(1+t)717¢ [ (t)] < Eo(1+t)7, for arbitrary
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fized € > 0, and
(L + [2)?Uolle < By and  [By(t)] < Bo(1+1¢)/*

for Ey sufficiently small. More precisely,

|ﬁ(:)3,t) - U(l’)| < OEO(H + 77Z)1 + ¢2)(x7t)7

. ) (2.18)
Us(2,1) = Up(z)| < CEo(6 + b1 + 1b2)(z, 1),

where U(z,t) denotes the solution of (2.2) with initial and boundary data U(z,0) =
U(z) 4 Uy(x) and U(0,t) = Uy + h(t), yielding the sharp rates

Remark 2.1.5. By the one dimensional Sobolev embedding, from the hypothesis on

Uy, we automatically assume that
1ol < Eo. |Us(@)| + |Ug ()] < Eo(1 +|a]) =2,

A crucial step in establishing Theorems 2.1.3 and 2.1.4 is to obtain pointwise
bounds on the Green function G(z,t;y) of the linearized evolution equations (2.7)
(more properly speaking, a distribution), which we now describe. Let a;“, j=1...n
denote the eigenvalues of A(400), and l;f, rf associated left and right eigenvectors,
respectively, normalized so that l;fr,j = (5;-“. Eigenvalues a;(z), and eigenvectors
lj(x),rj(x) correspond to large-time convection rates and modes of propagation of
the linearized model (2.7).

Define time-asymptotic, scalar diffusion rates
ﬁ;_ = (ljBTj)+, ] = 1, ., n, (221)
and local dissipation coefficient

e = —D.(x) (2.22)
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where

D*(I> = Algbgl [Agl - AQQb;lbl + b;lblA* + bgax(bglbl) (I)

is an effective dissipation analogous to the effective diffusion predicted by formal,

Chapman-Enskog expansion in the (dual) relaxation case,
A, = Ay — Apby by,
Note that as a consequence of dissipativity, (A2), we obtain
ny >0, (>0, forallj. (2.23)

We also define modes of propagation for the reduced, hyperbolic part of system (2.7)

1 1
L, = . Ro=|{ _, (2.24)
Onfl _bQ bl

We define the Green function G(z,t;y) of the linearized evolution equations (2.7)

as

with homogeneous boundary conditions (more properly speaking, a distribution), by
(i) (0 — L,)G = 0 in the distributional sense, for all z,y,t > 0;
(ii) G(z,ty) — d(x —y) as t — 0;
A, 0 *
(iii) for all y,t > 0, (l_) _ ) G(0,t;y) = <0> where x = 0 for the inflow case
1 b2
A, > 0 and * is arbitrary for the outflow case A, < 0, noting that no boundary
condition is needed to be prescribed on the hyperbolic part.
By standard arguments as in [36], we have the spectral resolution, or inverse

Laplace transform formulae

1 n+ioo
elf = —,P.V./ M — L) fax (2.25)
2mi n—ioo
and .
1 n-+100
Gz, t;y) = —,P.V./ MG (x, y) dX (2.26)
2m n—ico

for any large positive 7.

We prove the following pointwise bounds on the Green function G(x,t;y).

Proposition 2.1.6. Under assumptions (A1)-(A3), (H0)-(H2), (B), and (D1), we
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obtain

G(x,tyy) = H(z, t;y) + Gz, ty), (2.27)
where )
H(z,t;y) = —A,(2)  A.(y)6,_a e_J;("*/A*)(Z)dZR*Lf
(2,ty) = 5 Au(2) 7 Au(Y)0s—a.e(y) (2.28)
= O0(e"")6,_a.(y)R.LY,
and
Ve . —n(lz—y|+t
1070, G (7, t;y)] < Ce n(lz=yl+)
n C(t—(la\ﬂv\)/?_{_|@’€—n\y|_,_’,Y’e—n\xl)( (—1/2~(@—y—a )2 /Mt
2 (220
—1/2 —(z—a] (t—|y/a} )/ Mt
+ D X{laf o=yt 7€ o >

a;j <0, a;r >0

0 <la|,|v| <1, for somen, C, M > 0, where indicator function X{latgzlyly o 1 for
laft| > |y| and 0 otherwise.
Here, the averaged convection rate a.(xz,t) in (2.28) denotes the time-averages

over [0,t] of Ai(z) along backward characteristic paths z. = z.(x,t) defined by

dz,
dt

= Ai(zu(2,1)),  z(t) = . (2.30)

In all equations, aj, A, Ly, R, are as defined just above.

2.1.3 Discussion

As mentioned in the Introduction, the present result extends results of [56] in the
strictly parabolic case. Let us now comment briefly on the difference between our
analysis and the earlier analysis [56] carried out by similar techniques based on the
Evans function and stationary phase estimates on the inverse Laplace transform for-
mula. Our analysis is in the same spirit as, and borrows heavily from this earlier
work. The main new issues are technical ones connected with the more singular
high-frequency /short-time behavior of hyperbolic-parabolic equations as compared
to the strictly parabolic equations considered in [56]. In particular, linearized behav-

ior in the u coordinate, U = (u,v), is essentially hyperbolic, governed for short times
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approximately by the principle part
v+ Au(2)v, =0, A, = (A45H)HAY (2.31)

Thus, we may expect as in the whole-line analysis of hyperbolic-parabolic equations
in [36] that the associated Green function contain a delta-function component trans-

ported along the hyperbolic characteristic
dx/dt = A.(x),

with the difference that now we must consider also a possibly-complicated interaction
with the boundary.

A key point is that in fact this potential complication does not occur. For, in the
special case occurring in continuum-mechanical systems [59] that all hyperbolic signals
either enter or leave the boundary, there is no such boundary interaction and no
reflected signal. For example, in the simple scalar example (2.31), the Green function
on the half-line with either homogeneous inflow (A!'* > 0) boundary condition v(0) =
0 or outflow (A < 0) condition v(0) arbitrary, is by inspection exactly the whole-line

Green function

g(z, t;y) = 6o—ar(y) A (2)

restricted to the half-line z,y > 0, where a is the average over [0, t] of A,(z.(t)) along

the backward characteristic path

dz,
dt

= Au(zu(z,1)),  2(t) = 2.

Indeed, comparing the description of the homogeneous boundary-value Green function
in Proposition 2.1.6 with that of the whole-line Green function in [36], we see that
they are identical. However, to prove this simple observation costs us considerable
care in the high-frequency analysis.

A further issue at the nonlinear level is to obtain nonlinear damping estimates
using energy estimates as in [37], which are somewhat complicated by the presence
of a boundary. This is necessary to prevent a loss of derivatives in the nonlinear
iteration.

As in [56], we get stability also with respect to perturbations in boundary data,
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something that was not accounted for in earlier works on long-time stability. We
mention, finally, the works [15, 42, 19, 18] in one- and multi-dimensions of a similar
spirit but somewhat different technical flavor on the related small viscosity problem—
for example, ¢ — 0 in (1.3)— which establish that the Evans condition (or its multi-
dimensional analog) is also sufficient for existence and stability of matched asymptotic

solution as viscosity goes to zero.

2.2 Pointwise bounds on resolvent kernel G,

In this section, we shall establish estimates on resolvent kernel G(z,y).

2.2.1 Evans function framework

Before starting the analysis, we review the basic Evans function methods and gap/conjugation
lemma.

The gap/conjugation lemma

Consider a family of first order ODE systems on the half-line:

W' =A(z, )W, A€ and x>0,

(2.32)
BAOW =0, A€Q and x=0.

These systems of ODEs should be considered as a generalized eigenvalue equation,
with A representing frequency. We assume that the boundary matrix B is analytic in
A and that the coefficient matrix A is analytic in A as a function from 2 into L*(z),
C¥ in x, and approaches exponentially to a limit A, ()\) as  — oo, with uniform

exponentially decay estimates

1(0/0x)F(A — Ay)| < Cre” /€ for o >0,0<k <K, (2.33)

Cj, 0 > 0, on compact subsets of (2. Now we can state a refinement of the “Gap
Lemma” of [14, 31], relating solutions of the variable-coefficient ODE to the solutions

of its constant-coefficient limiting equations

Z'= A (NZ (2.34)
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as r — +00.

Lemma 2.2.1 (Conjugation Lemma [42]). Under assumption (2.33), there exists
locally to any given Ao € Q a linear transformation Py(x,\) = [+0,(x,\) onx >0,
O, analytic in A as functions from Q to L*®[0, 4+00), such that:

(i) |Py| and their inverses are uniformly bounded, with
(DN (0)0x)FO,| < C(j)CLCoe ™/ for 2 >0,0< k< K+1,  (2.35)

7 >0, where 0 < 0 < 1 is an arbitrary fized parameter, and C > 0 and the size of the
neighborhood of definition depend only on 6, j, the modulus of the entries of A at Ay,
and the modulus of continuity of A on some neighborhood of A\g € ).
(ii) The change of coordinates W := P, Z reduces (2.32) on x > 0 to the asymp-
totic constant-coefficient equations (2.34). Equivalently, solutions of (2.32) may be
conveniently factorized as

W=(1+0,)Z,, (2.36)

where Z are solutions of the constant-coefficient equations, and © satisfy bounds.

Proof. As described in [36], for j = k = 0 this is a straightforward corollary of the
gap lemma as stated in [59], applied to the “lifted” matrix-valued ODE

for the conjugating matrices P,. The z-derivative bounds 0 < £ < K + 1 then follow
from the ODE and its first K derivatives. Finally, the A-derivative bounds follow

from standard interior estimates for analytic functions. n

Definition 2.2.2. Following [1], we define the domain of consistent splitting for the
ODE system W' = A(z, \)W as the (open) set of X such that the limiting matriz A,
is hyperbolic (has no center subspace) and the boundary matriz B is full rank, with

dim S, = rank B.

Lemma 2.2.3. On any simply connected subset of the domain of consistent splitting,
there exist analytic bases {vy, ..., v} and {vgi1, ..., on}" for the subspaces Si and
U, defined in Definition 2.2.2.
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Proof. By spectral separation of U, , S, the associated (group) eigenprojections are
analytic. The existence of analytic bases then follows by a standard result of Kato;
see [32], pp. 99-102. ]

Corollary 2.2.4. By the Conjugation Lemma , on the domain of consistent splitting,

the stable manifold of solutions decaying as © — +o0o of (2.32) is
ST =span{Pvf,..., Pivl}, (2.37)
where Wi = P+v;~“ are analytic in X and C5+ in x for A € CK.

Definition of the Evans Function

On any simply connected subset of the domain of consistent splitting, let Wy, ... W\ =
P.vf, ..., Pyv) be the analytic basis described in Corollary 2.2.4 of the subspace S*
of solutions W of (2.32) satisfying the boundary condition W — 0 at +00. Then, the
Fvans function for the ODE systems W' = A(x, \)W associated with this choice of
limiting bases is defined as the k x k Gramian determinant

D(N) = det (BW, .., BV )

(=04 (2.38)

— det (Bow, o ,IBan;)

|m:0,)\.

Remark 2.2.5. Note that D is independent of the choice of P, as, by uniqueness
of stable manifolds, the exterior products (minors) Pivy A -+ A Prvl are uniquely

determined by their behavior as x — +00.

Proposition 2.2.6. Both the Evans function and the subspace ST are analytic on
the entire simply connected subset of the domain of consistent splitting on which they
are defined. Moreover, for X within this region, equation (2.32) admits a nontrivial
solution W € L?(x > 0) if and only if D(\) = 0.

Proof. Analyticity follows by uniqueness, and local analyticity of P,, v;". Noting
that the first P,v;" are a basis for the stable manifold of (2.32) at © — 400, we find
that the determinant of ]B%P+UJ7L vanishes if and only if B(\) has nontrivial kernel on

S1(A,0), whence the second assertion follows. O
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Remark 2.2.7. In the case (as here) that the ODE system describes an eigenvalue
equation associated with an ordinary differential operator L, Proposition 2.2.6 implies
that eigenvalues of L agree in location with zeroes of D. (Indeed, they agree also in
multiplicity; see [12, 13]; Lemma 6.1, [60]; or Proposition 6.15 of [36].)

When ker B has an analytic basis vf,,,...,0%, for example, in the commonly
occurring case, as here, that B = constant, we have the following useful alternative
formulation. This is the version that we will use in our analysis of the Green function

and Resolvent kernel.

Proposition 2.2.8. Let U,?_H, ..., v be an analytic basis of ker B, normalized so that
det (B*,v)y,...v}) = 1. Then, the solutions W of (2.32) determined by initial data

WP(X,0) =) are analytic in X and C**' in x, and

D()) := det <Wfr,...,W,j,W,S+1,...,WJ%> (2.39)

\:v:O,)\‘

Proof. Analyticity /smoothness follow by analytic/smooth dependence on initial data/parameters.

By the chosen normalization, and standard properties of Grammian determinants,
D()\) = det (W;, WD ,UJOV)MZOA,

yielding (2.39). O

The tracking/reduction lemma

Next, consider a family of systems

W' = A(x,p,e)W, peP,eeRt and x>0,

(2.40)
B(p,e)W =0, A€ and z=0

parametrized by p, £, with € — 0. The main example we have in mind is (2.32) with
p = A/|M and € := |A\|7!, in the high-frequency regime |A] — co. We assume further

that by some coordinate change we can arrange that
M 0
A={"T +0, (2.41)
0 M-
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with
O] <d(e), R(M,.—M_)>2n(e) + a(x), (2.42)

||| 1 (m+) uniformly bounded for all e sufficiently small, and
(0/n)(e) =0 as e—0, (2.43)

where R(Q) := (1/2)(Q + Q*) denotes the symmetric part of a matrix Q.
Then, we have the following analog of Lemma 5.4.3, asserting that the approxi-

mately block-diagonalized equations (2.40) may be converted by a smooth coordinate

I o'
o 1 —1 as e—0

to exactly diagonalized form with the same leading part M.

transformation

Lemma 2.2.9 ([36]). Consider a system (2.41), with F' =0 and §/n — 0 as ¢ — 0.
Then, (i) for all 0 < € < €, there exist (unique) linear transformations ®{(z,p) and

®5(2,p), possessing the same regularity with respect to the various parameters z, p,
€ as do coefficients My and O, for which the graphs {(Z1,®571)} and {(P{Zs, Z2)}

are invariant under the flow of (2.41), and satisfying
|D7], | D5 < Cd(e)/n(e) for all 2.

In particular, (i) the subspace E_ of data at z = 0 for which the solution decays as
2 — +00, given by span {(®5(0,p)v,v)}, converges as e — 0 to E_ := span {(0,v)}.

Proof. Standard contraction mapping argument carried out on the “lifted” equa-

tions governing the flow of the conjugating matrices ®5; see Appendix C, [36].

Remark 2.2.10. In practice, we usually have a® = 0, as can be obtained in general

by a change of coordinates multiplying the first coordinate by exponential weight
[ afdx
e )

2.2.2 Construction of the resolvent kernel

In this section we construct the explicit form of the resolvent kernel, which is nothing

more than the Green function G (z,y) associated with the elliptic operator (L — A1),
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where

A, 0 [ *
(L—=X)GA(-,y) = 0,1, <b1 62> GA(0,y) = (O) (2.44)

where * = 0 for the inflow case and is arbitrary for the outflow case.

Let A be the region of consistent splitting for L. It is a standard fact (see, e.g.,
[He]) that the resolvent (L — AI)~! and the Green function G(x,y) are meromorphic
in A on A, with isolated poles of finite order.

Writing the associated eigenvalue equation LU —AU = 0 in the form of a first-order
system (2.32) as follows: W := (u,v,2) € C*"~! with z := bju/ + byv/, and

u' = AN (—Apbytr — (A + Nu — AlLw),
v =byte — byt (2.45)
Z/ = (Agl — Aggbglbl)ul + Aggbglz + A’Qlu + (A/22 + )\)U

Domain of consistent splitting

Define
o + C
A=nA;, j=12,..n (2.46)

where Aj denote the open sets bounded on the left by the algebraic curves )\j(f)
determined by the eigenvalues of the symbols —£?B, — i€ A of the limiting constant-
coefficient operators

Liw:=Bw" — Aw (2.47)

as £ is varied along the real axis. The curves )\j comprise the essential spectrum of

operators L.

Lemma 2.2.11 ([36]). The set A is equal to the component containing real +o0o of the
domain of consistent splitting for (2.45). Moreover, under (A1)-(A3), (HO)-(H?2),

AC{X @ Red > —n|SmA|/(1 4 |SmA|), n>0. (2.48)

Basic construction

We first recall the following duality relation derived for the degenerate viscosity case
in [36].
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Lemma 2.2.12 ([60, 36]). The function W = (U, Z) is a solution of (2.45) if and
only if W*SW = constant for any solution W = ((7, Z) of the adjoint eigenvalue

equation, where

_All _A12 0
S - —Agl —A22 Ir (249)
—b;'y —I, 0
and
Z = (b, b)U', Z = (0,b5)U". (2.50)

For future reference, we note the representation

—-A7L 0 A1 Ay
ST= |00 A0 0 b AT Ay — (2.51)
—AA;l Ir —AQQ + AA*_lAH

where A := Ay — Agob_1by, A, = A — Algbglbl, obtained by direct computation in
[36].

Denote by
q)O = (¢2+1(ZE,>\), ) 9L+T’(x7)\))7 (252)
q)+:(¢i’_($,)\), 7¢—]:(x7)\):(P+vf_7 aP-‘rvlj)v (253)
and
d = (o, 97, (2.54)

the matrices whose columns span the subspaces of solutions of (2.32) that, respec-
tively, decay at © = +o0, and satisfy the prescribed boundary conditions at z = 0,

denoting (analytically chosen) complementary subspaces by

Ut = (TP;H(?U; )‘)7 T 7w:zr+r(x; )‘)) (256>
and
W= (10, 0. (2.57)

As described in the previous subsection, eigenfunctions decaying at +oo and sat-

isfying the prescribed boundary conditions at 0 occur precisely when the subspaces
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span @Y and span T intersect, i.e., at zeros of the Evans function defined in (2.39):
Dr(N) = det(®°, 1) ,—0. (2.58)
Define the solution operator from y to x of (L — A\)U = 0, denoted by F¥~%, as
Frt = o(x, )P (y, A)
and the projections Hg, H;j on the stable manifolds at 0, +o00 as
my = (24w 0)e (), W=(0 &))@ ().

With these preparations, the construction of the Resolvent kernel goes exactly as

in the construction performed in [60, 36] on the whole line.

Lemma 2.2.13. We have the the representation

(1, 0)F¥—*ILF S~ (y) (I, 0)", for x>y,

Ga(z,y) = . (2.59)
— (L, 0) F¥=119.5~(y) (I, 0)", for x<uy.
Moreover, on any compact subset K of p(L) NA,
|Gx(z,y)| < Cele=yl, (2.60)

where C' > 0 and n > 0 depend only on K, L.

We define also the dual subspaces of solutions of (L* — A*)W = 0. We denote

growing solutions

3= (RN o RN, (2:61)

Ot = (Gial@mn) o Bham)., (2.62)

® := (®°, d*) and decaying solutions
V= (P0) o P ). (2.63)
U= (Gl o (), (2.64)
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and U := (U0, U), satisfying the relations

(if &)):H 3 (qf <1>> L=l

Then, we have

Proposition 2.2.14. The resolvent kernel may alternatively be expressed as

Gr(z,y) = (11, 0)®F (5 )\)M+()\)\i’~()*(y; A (L, 0)7 x>y, (2.65)
— (10, 0)®° (2 ) MO (M)W (y; A) (1, 0) @ <y,

where
M(X) = diag(M*(X), M°(\) = &1 (z; VS H(2) T (2; )). (2.66)

From Proposition 2.2.14, we obtain the following scattering decomposition, gen-

eralizing the Fourier transform representation in the constant-coefficient case

Corollary 2.2.15. On AN p(L),
Zd Lo (@ MY +Z¢k (2: N (y; A)* (2.67)
for0 <y <z, and

ZdSk ) (3 Ui (s A+ D i (s M (3 V)° (2.68)
k
for 0 <z <y, where d?;j()\) = O(A\E) are scalar meromorphic functions with pole
of order K less than or equal to the order to which the Evans function D(\) vanishes
at A =0 (note that K = 0 under assumption (D1)).

Proof. Matrix manipulation of expression (2.66), Kramer’s rule, and the definition of
the Evans function; see [36]. O

Remark 2.2.16. In the constant-coefficient case, with a choice of common bases

VOt = &0 gt 0, +00, the above representation (2.2.15) reduces to the simple formula

SN e O (@ NSy N) w >y,

G (1’, ):
YT oS e @ Ny e <

(2.69)
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2.2.3 High frequency estimates

We now turn to the crucial estimation of the resolvent kernel in the high-frequency

regime |A| — 400, following the general approach of [36]. Define sectors
QP = {)\ : Rel > —6’1|§m)\| + 02}, Qj > 0. (270)

and
Q:={X : —m < ReA} (2.71)

with 7, sufficiently small such that Q\ B(0,r) is compactly contained in the set of
consistent splitting A, for some small 7 to be chosen later. Then, we have the following

crucial result analogous to the estimates on the whole line performed in [36].

Proposition 2.2.17. Assume that (A1)-(A3), (H0)-(H2), and (B) hold. Then for
anyr >0 andn = m(r) > 0 chosen sufficiently small such that Q\B(0,7) C ANp(L).
Moreover for R > 0 sufficiently large, the following decomposition holds on Q\B(0, R):

where
X{A*>O}A* (x)flef;(—)\/A*—n*/A*)(z)dzR*Lir T >,
Hy(z,y) = A (2.73)
X{A*<O}A*(ZE>_1€‘]” (=AM As=1 /A4 (2) RV x <y,
and
O (z,y) = A" Ba(z, y; A) + Az — y) Oz, 3 M), 24
Of (z,y) = A 2Da(z, y; \) '
where
— [P XA« (2)dz
X{A.>0y€ v be(z,y) x>y,
Bi(ey) = Caley) =470 L (2.75)
X{A.<ope v I Cb(2,y) @ <y,
with
by = ely /AR — O~y (2.76)
due to (2.23), and
Di(x,y; ) = O(e 00 +EN =yl L e*OI/\\l/Q\w*y\)j (2.77)
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for some uniform 6 > 0 independent of x, vy, z, each described term separately analytic
in A\, and Py is analytic in X on a (larger) sector Qp as in (2.70), with 01 sufficiently

small, and 0y sufficiently large, satisfying uniform bounds
(9/02)(9/0y)* Pr(ir,y) = O(N|(=H=-D2) =00 il g g0 (2.78)

for lal + 18] < 2 and 0 < |al, || < 1.
Likewise, the following derivative bounds also hold:
(0/0)Ox(z,y) =(Biw,y: \) + (@ = 9)C2w,yi V) + A7 (Bh(z, 5\
+ (@ =)z, ) + (2 = )’ Dy, y; A))

AT, (2,45 )
and

(0/9y)0x(w,y) =By y:\) + (¢ =) Chla.y: N) ) + A7 (B) (.35 )
+ (2= Yol g3 N) + (@ = y)*Dy(w,y: N
+ )\_3/2Ey(x,y; A)

where By, Cf, and Dé satisfy bounds of the form (2.75), and Eg satisfies a bound of
the form (2.77).

Proof. We shall follow closely the argument in [36], with the new feature of boundary
treatments, or estimates of ®°, W0, Writing the associated eigenvalue equation LU —
AU = 0 in the form of a first-order system as follows: W := (u,v,2) € C*"~! with

z = biu' + byv', and

u' = AN (—Apbytr — (A + Nu — AlL),
v =bytr — byt (2.79)
Z/ = (Agl — A22b2_1b1)u' + A22b2_12 + AIQIU, + (A,22 + )\)U

or

W' = AW. (2.80)
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Recall from Lemma 2.2.13 that we have the the representation

(I, )y Thy () S~ () (1, 0)', for x>y, (2.81)

G)\(l’,y) - e ~
_(Im 0)*7-/1!//1/ H(I)/V(y)SFl(y)(]na O)tra for r<y.

We shall find it more convenient to use the “local” coordinates @ := A,u, v

biu + bov. yielding from (2.45):

Uy = —AA 0 — (A12by '0),

(Tp)e = | ((Agr — Agabytby + by, (by 101)) A ), (2.82)

+ ((Asz + Bu(b2)by 1))y + Aby by A7 M + )\62‘16] .

Following standard procedure (e.g., [1, 14, 60, 36]), performing the rescaling

=Nz, A= M|, (2.83)
and changing coordinates W +— Y = QW where
Y = (1,0, 0,)" = (Asu, byu + bov, (byu + byv),)"", (2.84)
A, 0 0
Q= by by 0 (2.85)
A 710.01 |A[T1O.0s [N,
and
Al 0 0
Q' = —by b AT by 0 (2.86)
—|A[b20, (03 b1 ) AT —[NOx(b2)by " AL,
we obtain the first order equations
Y'= A, A\TYY, Y= (a,0,7)", ':=0; (2.87)
where
(2.88)

A&, A1) = Ao(@) + N T AL@) + O(I1A]72),
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with R
—AATL 0 —Apbyt

Ag(7) = 0 0 L
0 0 0
(2.89)
0 —0,(Aby") 0
Ai(7) = 0 0 0
CALA? by e.by !
d* = A21 - A22b2_1b1 - b2_1b1A* + b2az(b2_1b1)7 (290)

e = Ao + d*AIIAu + 0. (b2).

We will carry out the details of the lower-order estimates in Proposition 2.2.17,
leaving high-order estimates and derivative bounds as brief remarks at the end. First,

observe that the representation (2.81) becomes

I 1L py—2 1+ a—1 I tr
G)\(Jj‘7y) _ ( n;O)Q ‘FY Y(y)QS (y)( naO) 9 fOT x> y7 (291>

—(L, 0) Q7 FY Iy () QS (y) (1, 0)7, for w <y
where 11" and F¥ 7 denote projections and flows in Y —coordinates.

Initial diagonalization.

Applying the formal iterative diagonalization procedure described in [36, Proposition

3.12], one obtains the approximately block-diagonalized system

7' =D, |\ ™2, TZ:=Y, D:=T'AT, (2.92)
T(@, N7 =To(@) + [N 7'T(@) + -+ + A\ T3(7) (2.93)
D(&,|N™") = Do(@) + A7 Di() + -+ + Ds(@)|A| 7> + O(IN[ ), (2.94)

where without loss of generality (since Tj is uniquely determined up to a constant

linear coordinate change)

1 0 —ATAApRb? 1 0 A 'AApby !
To:=10 I 0 , Tyt=10 I 0 (2.95)
0 0 I, 0 0 I,
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and

—MAT 00 At 000
DO = 0 0 Ir s D1 = 0 0 0 (296)
0 0 0 0 DY

with 7, as defined in (2.22); see Proposition 3.12 [36]. (Here, the simple block upper-

triangular form of Ay has been used to deduce the above simple form of Dy, D;.)

The parabolic block.

At this point, we have approximately diagonalized our system into a 1 x 1 hyperbolic

block with eigenvalue ji = —\ /A, of Ag, and a 2r x 2r parabolic block

Zl=NZ, (2.97)

0 I, [0 0 L
N = (0 0)+|)\| (sz_l *>+O(|)\\ ). (2.98)

Balancing this matrix N by transformations B := diag{I,, |\ ~"/%I,} we get

with

N - -~ 0o I
M =B 'NB = |\""Y2M, + O(\|"Y), M, := (5\61 0) (2.99)
2

Observe that o(M;) = £1/0(Ab;?) has a uniform spectral gap of order one. Thus,
there is a well-conditioned transformation S = S(M;) depending continuously on M,
such that

My == ST'M, S = diag{M~, M*} (2.100)

with Mli uniformly positive/negative definite, respectively. Applying this coordinate
change, and noting that the “dynamic error” S~'0;S is of order d;M; = O(|A|™1),

we obtain the formal expansion
NE(E, N1) = N~V diag{ NI, NI} + O(A ). (2.101)

Finally, on sector Qp, blocks |A|~Y/ QMli are exponentially separated to order

IA|=Y/2. Thus, by the reduction lemma, Lemma 2.2.9, there is a further transfor-
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mation S := I, + O(|A|7/2) converting M to the fully diagonalized form

M(3, N7 = (A28 (0 + (A7) 8

= O(|A|"1/*)diag{M;", M;'}

where M" = M + O(|A|"'/2) are still uniformly positive/negative definite.

In summary, changing coordinates
BSSZ,
(2.97) yields

My

2o (Y

Therefore the transformation

= Zp7

0
My

0 BSS

T = (Ty+ |N'Th) (1 0 )

converts equations (2.87) to the following:

== (AT + AT AT+ O 2)

oy = N2 M s+

by relation

O(AI*?)

TZ = Ya Z = (Capfvar)tr'

Then, we have the the representation

(In,0)Q ' TFE "I (y) T Q5 (y) (1, 0)",
—(1,,0) Q' TFY Y (y)T QS (y)(L,, 0)'",  for w <y,

G)\(l', y) =

thanks to the fact that

f}g{'—m — Tf-%—m:,]w—l 7
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Iy =7THL7

) Zy+ O(IA7)

for x>y,

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)



Computing, we have

LAY A2 10 A lAApby?t
T=|0 0O1) 0@ T '=10 O(1) AR
0 [AI7YZ A2 0 0(1) A2
and
A 0 0
I,,0007! = . 2.109
(1, 0)Q (—621b1A;1 by ! 0) ( )
(1,,0)0"'T — AL O(IA72) O(AI71?) (2.110)
" b\ AT 0(1) 0(1)
and
—1 0
QS™MI,,0)" =] 0 0 (2.111)
AITE AT

i —L+ AT O(AITY)
TS 1(1,,0)" = | O(N"2) O(A/?) (2.112)
O(IAI712)  O(IAI71?)

Therefore now we are ready to estimate % “TIL and F% “TI%.

Estimates on projections and solution operators

We shall give estimates on the projections:
I = (@%,0) (@, %), TI% = (0,") (0", d°) ! (2.113)
and the solution operators:
Fg = (27 (2), 2°(2)) (27 (y), 2°(y) " (2.114)
First, let ®* /WP be the decaying/growing basis solutions of

po=N"T2Mpo and = |\TVEM . (2.115)

32



and ¢"* /y" be the decaying/growing basis solutions of
¢ = =QA + A TATC (2.116)

Lemma 2.2.18. [Inflow case] For the inflow case A, > 0, we obtain

1 0 —|A"YV2¢Mte(N)wrt !
=10 1, —er*EN\)wPH ! (2.117)
00 0

Pt E(N) TPt (2.118)

0 0 |AV2¢Mte(N)wrt!
n=1|{o o
00 I,

0
z
with bounded functions e(\), E(\), and

QM ()"t (y) ! 0 0
Fyt= 0 OPF ()Pt (y) ! 0 (2.119)
0 0 UPF () WPt (y)

Proof. We have the decaying basis solution in Z-coordinates of the first order equa-
tions (2.105)

¢h+ 0
dt=1 0 o[ +O(AN). (2.120)
0 0

Since &t and ¥ (exactly WPT) form a basis solution, we can write

(z)h-l— 0
z)=e(N)| 0 |+ | O (2)EWN) | + 0 (2.121)
0 0 WPt () F(N)

Now since {¢§7+}j forms a basis, we can take {¢§7+(0)} to be the analytic basis for

Y at 2 = 0. Also as we recall that Z = 7Y, we compute

0 O(1)
=T 0 = | [IA["2457(0) (2.122)
P (0) PAREA()
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This and (2.121) yield

e(\)¢"* (x)
(x) = | [NY20Pt(2)EN) | +O(IAN?) (2.123)
|)\|1/2\1/p+(x)
where

E\) = (B1(A), ..., E:(\)",  E;(A) = ¢27(0, )0 (0, A) " (2.124)

and e(\), E;(A\) € R" are bounded functions in A. Therefore computing, we get

Pt 0 AT 2e(A) Tt
(@H, oMt = o ot —EON)WPt! (2.125)
0 0 A2
and hence straightforward computations give the lemma. O]

Lemma 2.2.19. [Outflow case] For the outflow case A. <0, we obtain

0 0 0 10 0
=10 1, —ertEpw+ |, NO%= [0 0 ertpwr+ ], (2.126)
0 0 0 00 I,

where E(X) is a bounded function in \ determined below. Moreover,

P ()"t (y) ! 0 0
Fz t= 0 Pt () O (y) ! 0 (2.127)
0 0 UPt () WPt (y) !

Proof. Similarly, we have ®* = ®* and ®° = (¢"°, d*°) where we can write

0 1/}h+
(z) = | o+ (@)EN) | +e(N) [ 0 |+ 0 : (2.128)
0 0 TPt (z)F(N)
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As before, using the form of the linearized boundary conditions (2.9), we can take

0 O(1)
=T 0 | =[N0 (2.129)
Wi (0) DR ()
and thus
e(A)P"* (x)
o (z) = | |N[V20P+ (2) E(N) (2.130)

A[20P* ()

with bounded functions e(\) and E;(X) = ¢ (0, \)®PT(0, ).

Similarly, we take

1 1
o, =T o] =10
0 0
and thus
Y (z)
o"(z) = 0 (2.131)
0

Putting together and computing, we obtain

0 77Z)th 6()\)¢h+

(@1, 0% = | Pt 0 |NV2OPHE(N) (2.132)
0 0 PARE Zan
and
0 @t _—p)wet!
(@, 0% = [yt~ 0 —|ATV2e(N) TP (2.133)
0 0 PR Zase
Direct computations yield the lemma. O]
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Estimates on G,: Inflow case A, > 0.

Now we are ready to combine all above estimates to give the bounds on resolvent
kernel GG),. We shall work in detail for the case z > y. Similar estimates can be easily

obtained for z < y. First decompose the projection as I = H’? + H’; where

1 0 —[AY2pMFe(N)wrt
=10 0 0
00 0
(2.134)
0 0 0
M2 =10 I, —ertE\)wP+!
0 0 I,

Hence

Hy(2,y) = (1,,0)Q ' TFL " NE ()T 7' QS (y) (L, 0)"

g [ (CLEOATATT O(A A
=0T <<1+0<|A|1>>b;1b1A*1 o<|A|1>b;1b1A*1>

_ bt o [ A=) 0 —1 (-1
= ¢ (2)" T () (b;lblA*l(x) O) + O ()0 ()
= ¢ (2)¢"  (y) T R.LY + O(IA 7" (2) 9" (y) 7,

recalling that ¢"*(z)¢""(y)~! is the solution operator of hyperbolic equation in
(2.116) and thus satisfies

¢h+(x)¢h+(y)—1 _ ef;(—l/A*—\Al*ln*/A*)(z)dz — oly (N A—n /A ()dz (2.135)

At the same time, computing Py (z,y), we obtain

Pi(z,y) = (1,,0)0Q ' TFL "I (y)T QS (y)(1,,,0)"
= O(|A|7?) 2" (z)PP* (y) !

recalling that ®PF(2)®P*(y)~1 is the (stable) solution operator of parabolic equation
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(2.115), with M, uniformly negative definite, and thus we have an obvious estimate
1P (2)BP ()| < Ce PNT2E0) < O N2 a) (2.136)
We therefore obtain

Py(z,y) = O(|A|7/2)e~ N2, (2.137)

Estimates on G,: Outflow case A, < 0.

Again as above, we shall work in detail for the case x > y. Similar estimates can be

easily obtained for x < y. Estimates in Lemma 2.2.19 yield

0 0 0
FEME) = [0 97 (@)@t (y) ™ 0Pt (@) BT () (2.138)
0 0 0

where P (z) E(\)UPH(y)~t < CPPF(2)dP*(y)~!. Observe that I1%" = 0. Therefore,
Hy(z,y) =0 and

Pa(z,y) = (L, 0)Q ' TFL "I (y)T QS (y) (1, 0)"

TR GV RGPV
e <0<|A|1/2> 0<|A|1/2>>

< C|A[ V2 M)
We thus complete the proof of estimates H) and of P, appearing in Proposition 2.2.17.

Derivative estimates.

Derivative estimates now follow in a straightforward fashion, by differentiation of
(2.107), noting from the approximately decoupled equations that differentiation of
the flow brings down a factor (to absorbable error) of A in hyperbolic modes, A'/? in

parabolic modes. This completes the proof of Proposition 2.2.17. O
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2.2.4 Low frequency estimates

Our goal in this section is the estimation of the resolvent kernel in the critical regime
|A| — 0, i.e., the large time behavior of the Green function G, or global behavior in
space and time. We are basically following the same treatment as that carried out
for viscous shock waves of strictly parabolic conservation laws in [60, 36]; we refer
to those references for details. In the low frequency case the behavior is essentially

governed by the limiting far-field equation
Ut = L+U = —A+U$ + B+Uzm (2139)

Lemma 2.2.20 ([36]). Assuming (A1)-(A3), (HO)-(H2), for |\| sufficiently small,
the eigenvalue equation (L. —\)W = 0 associated with the limiting, constant-coefficient
operator L, considered as a first-order system W' = A, W, W = (u,v,v'), has a ba-
sis of 2n — 1 solutions W]-J“ = M+ NTV(N), consisting of n — 1 “fast” modes (not

necessarily eigenmodes)
ANy < cefel g > 0, (2.140)

and n analytic “slow” (eigen-)modes

eAJr()\)ZL“/j — euj(k)a)‘/j’
(V) = =N el + N8 o + O\, (2.141)
Viii (A =1 + 0N,

+ +
jalj7

adjoint eigenvalue equation

where a r}“,ﬁf are defined as in Proposition 2.1.6. The same 1is true for the

(L. —\)*Z =0,

i.e, it has a basis of solutions ﬁ/f = e’mr()‘)xf/j()\) with n — 1 analytic “fast” modes
e~y < ceflel 9 > 0, (2.142)
and n analytic “slow” (eigen-)modes

Vi) =1+ 0. (2.143)
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Proof. Standard matrix perturbation theory; see [36], Appendix B. [

Also we recall from the representation of GG in Corollary 2.2.15:

Proposition 2.2.21. Assuming (A1)-(A3), (H0)-(H2), let K be the order of the pole
of Gy at X\ = 0 and r be sufficiently small that there are no other poles in B(0,r).
Then for A € Qg such that |\| < r and we have

Galz,y) = Z i (N} () () + ) o (@)df (), (2.144)

forx >y >0, and

Ga(z,y) = Z AN oF @) (y) + Y O (@) (), (2.145)

k

for 0 <z <y, where d?;j()\) = O(A %) are scalar meromorphic functions, moreover
K < order of vanishing of the Evans function D(X\) at A = 0.

Proof. See [60, Proposition 7.1] for the first statement and theorem 6.3 for the second
statement linking order K of the pole to multiplicity of the zero of the Evans Function.
O

Our main result of this section is then:

Proposition 2.2.22. Assume (A1)-(A3), (H0)-(H2), and (D1). Then, for r >
0 sufficiently small, the resolvent kernel G associated with the linearized evolution
equation (2.139) satisfies, for 0 <y < x:

0205 Gz, y)]

< C(AP + e (A 4 e (7 [eb oo )|
a; >0 (2.146)
+ 0y ’e(*A/a;_Jr)\Qﬁf/aj'S)ach()\/a:f)\Qﬁlj/a:S)yD’

+ +
ay, <0,aj >0

0 <lal,|v| <1, 0 >0, with similar bounds for 0 < x < y. Moreover, each term in
the summation on the righthand side of (2.146) bounds a separately analytic function.
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Proof. By condition (D1), D(X) does not vanish on Re(\) > 0, hence, by continuity,
on [A| <r. Thus, according to Proposition 2.2.21, all |d;;())| are uniformly bounded
o+

on |A| < r, and thus it is enough to find estimates for fast and slow modes (b;r, o

w;r and TZJ;'_ By applying Lemma 2.2.20 and using (2.53) we find:

+

O ) Zeberpr (U} ke gy [ U (2.147)
+

O] 145V 115V;

and similarly for gzgj, ¢ and zﬁj Now using (5.73) and the fact, by Lemma 2.2.20,
3

that ™ is of order e~V +A /o] +OONr o1 dlow modes and order e~?k! for

fast modes, so by substituting this and corresponding dual estimates in (2.147) and

grouping terms, we obtain the result.
m

2.3 Pointwise bounds on Green function G(z,t;y)

In this section, we prove the pointwise bounds on the Green function G following
the general approach of [36] in the whole-line, shock, case. Our starting point is the

representation

1 n+ioc0
Gz, tyy) = %P.V./ MG (z,y) dX (2.148)
n

—100

where 7 is any sufficiently large positive real number.

Case 1. |r — y|/t large. We first treat the simple case that |z — y|/t > S, S
sufficiently large. Fixing x,y,t, set A\ = n + £, for n > 0 sufficiently large. Applying
Proposition 2.2.17, we obtain the decomposition

n+i00

1
Gz, t;y) = —,P.v/ e [HA + O + Py + 67| (z,y)d\
n

271

—100

= I+I1I+1IT+1V.

For definiteness considering the inflow case A, > 0 and taking x > y, we estimate

each term in turn.
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Term I. Computing,

1 n+io0
I= —,P.V/ eMH\y\(z, y)dA
n

—100

+
_ %A*(z)—len(t—f; 1/A*(z)dz)e—f;(n*/A*)(z)dzP.V/ e 1/A-(2)d) g
s

—00

= iA*(ac)‘lé(lt—/ 1/A,(2)dz)e Jv (/4 ()dz

27 y

1 B . »

where a, is defined as in Proposition 2.1.6. Noting that a, > inf, A,(z) > 0 and
nt >0, we get e~ Jy (/AR O(e~@=)) and thus

I =006, a.(y), (2.149)

vanishing for |x — y|/t large.

Term II. Similar calculations show that the “hyperbolic error term” I also vanishes.

For example, the term e*X~1B(z,y; \) contributes

+oo
2i€n<tf; 1ALR)2) [ (/A ()= p 17 / (0 + i€) 1€l VA e
s —

[e.e]

The integral though not absolutely convergent, is integrable and uniformly bounded
as a principal value integral, for all real n bounded away from zero, by explicit com-
putation. On the other hand

NI 1/A(R)2) < nlt=la=yl/ mins Av(2)) < gnt(1=$/min: 4.(2)) _, ()

Y

as 1 — +oo, for S sufficiently large. Thus, we find that the above integral term
goes to zero. Likewise, the result applies for the term of eMC(x,y;\), since (z —
y)e~ Jy =/ A )= < C(z —1y)e %@ ¥ is also bounded. Thus, each term of I vanishes

as 171 — +00.

Term I11. The parabolic term I11 may be treated exactly as in the strictly parabolic
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case [60]. Precisely, we may first deform the contour in the principle value integral to

/ eMPy(x,y) d), (2.150)
' uls

where I'; := dB(0, R) N Qp and Ty := 0Qp \ B(0, R), recalling the parabolic sector
Qp defined in (2.70). Choose
|z —

—— A2
0=t Re= 60 (2.151)

where 6 is as in (2.78). Note that the intersection of I' with the real axis is A\pin =
R = 0a*. By the large |\| estimates of Proposition 2.2.17, we have for all A € T'; UT,
that

|Py(2,y)] < C|A|7H2e 0N Plel,

Further, we have

Rel < R(1 —nw?), XeTy,

(2.152)
ReX < Redg — n([ImA| — [ImXg]), A €Ty

for R sufficiently large, where w is the argument of A\ and Ay and A are the two
points of intersection of I'y and I's, for some n > 0 independent of &. Combining

these estimates, we obtain
‘/ e/\tP)\d)\) < C/ ‘)\lfl/Q eRe)\t79|)\\1/2\zfy| d\
Iy I

< 06—664215 \/+a7’9(/\0) R—1/2€—9Rnw2t Rdw (2153)

arg(Xo)
S C(t—l/Qe—e&Qt
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Likewise,
| / MPydA| < / C|A|[7H2 CefteM =0 vl g\
T'a 1)

< CeRe(,\o)te,\ol/2xy|/ ’A‘fl/Qe(ReAfRe)\o)t ’d)\|
'y

(2.154)
< Ce@azt/ ’ImA’*1/2€*n|[mA*[mA0‘t \d[m)\\
1)
< Ct_1/2e_0a2t.
Combining these last two estimates, we have
III < Ct*1/2679&2t/267(x7y)2/89t < thl/Zefntef(xfy)Q/BGt’ (2155)

for n > 0 independent of @. Observing that |z — at|/2t < |z — y|/t < 2|z — at|/t for
any bounded a, for |z — y|/t sufficiently large, we find that /1] may be absorbed in
any summand ¢~ /2e~@—y—a{t)?/Mt,
Term IV. Similarly, as in the treatment of the term [1I, the principle value in-
tegral for the “parabolic error term IV may be shifted to n = R = 0a?, @ as above.
This yields an estimate

+oo

1IV| < Ce 0 / Ino + i€|~2dE < Ce™0,

— 00

absorbed in O(e~ e~ l=y*/Mt) for all ¢,

Case II. |x — y|/t bounded. We now turn to the critical case where |z — y|/t < S,

for some fixed S.

Decomposition of the contour: We begin by converting the contour integral (2.148)
into a more convenient form decomposing high, intermediate, and low frequency con-
tributions.

We first observe that L has no spectrum on the portion of €2 lying outside the
rectangle

R:i={\: —m <RA<n,—R<SA< R} (2.156)
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for n > 0, R > 0 sufficiently large, hence GG is analytic on this region. Since, also,
H,, is analytic on the whole complex plane, contours involving either one of these
contributions may be arbitrarily deformed within Q \ R without affecting the result,
by Cauchy’s theorem. Likewise, P, is analytic on Q2p \ R, and so contours involving

this contribution may be arbitrarily deformed within this region. Thus, we obtain

Observation 2.3.1 ([36]). Assume (A1)-(A3), (HO)-(H2), and (D1). Then, the
principle value integral (2.148) may be replaced by

G, tby) =TI, + L+ 1.+ 11, + I, + 111 (2.157)
where
n+i00
I, = P.V./ M H (2, ) dA
N—100
—-m—iR —n1+ioco
[b = PV(/ +/ >€/\t<G)\—H)\—P)\)<£L‘,y)d)\
—1n1—100 —m-+iR
I.: :/ eMPy(z,y)d\
s
—m—ir/2 —m-+iR
I, := (/ +/ >6>\tG>\(‘Tay)d)‘
—n1—iR —ny+ir/2
—m+iR
11, = —/ eMHy (z,y)d\
—n1—iR
I = / MG (, y)dA
I
with

Iy =[—m —ir/2,n—ir/2]Un—ir/2,n+ir/2) U [n +ir/2, —m + ir/2]
FQ I:aQP\Q,

for any n,r > 0, R sufficiently large, and n, sufficiently small with respect to r.

Using the above decomposition (2.157), we shall estimate in turn the high-frequency
contributions I,, I, and I., the intermediate-frequency contributions 71, and I1,, and

the low-frequency contributions I71.

High-frequency contribution. We first carry out the straightforward estimation of the
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high-frequency terms I,,, I, and I.. The principal term I, has already been computed
in (2.149) to be H(x,t;y). Likewise, calculations similar to those of Term II show

that the term [ is time-exponentially small. For example, the term e\t B(x,y; \)

contributes
+oo
/ / —i + i) e A G g
oM (t= [ 1/Au(2)d2) ,— [ (ne/As)(2)d (2.158)
where
-R +o0 . .
v( / + / ) (= + i) S AGE e < o (2.159)
—00 R
and
eM Jy VA(@)dz o= [ (s /An)(2)dz Ce%e Ole—yl < Cle=Olz=ul/2, (2.160)

for 7, sufficiently small. This contributes in the term O(e~mHz=vD) of R. Likewise,
the contributions of terms eM\™!(x — y)C(x,y; A) and eMA\~2D(x,y; \) split into the
product of a convergent, uniformly bounded integral in &, a bounded factor analogous
0 (2.160), and the factor e~™' giving the result.
The term I, may be estimated exactly as was term II[ in the large |x — y|/t
case, to obtain contribution O(t~/2e~"*) absorbable again in the residual term
O(e e le=vI*/Mt) for ¢ > ¢ any e > 0, and by any summand O(¢V/2(14-¢) "1/ 2~ (@—y=a)?/Mt) o=n(a+y

for ¢ small.

Intermediate-frequency contribution. Error term I1, is time-exponentially small for
n, sufficiently small, by the same calculation as in (2.158)-(2.160), hence negligible.
Likewise, term I, by the basic estimate (2.60) is seen to be time-exponentially small
of order O(e~™") for any r; > 0 sufficiently small that the associated contour lies in

the resolvent set of L.

Low-frequency contribution. It remains to estimate the low-frequency term 777, which
is of essentially the same form as the low-frequency contribution analyzed in [60, 56]
in the strictly parabolic case, in that the contour is the same and the resolvent kernel

G, satisfies same bounds (with no F) term) in this regime. Thus, we may conclude
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from these previous analyses that I1[ gives contribution as claimed, exactly as in
the strictly parabolic case. For completeness, we indicate the main features of the

argument here.

Bounded time. For ¢ bounded, we can use the medium-A bounds |G,|, |G,,]|,
|G| < C to obtain ‘fFl eMGy\d\| < Co|T'y|. This contribution is order Ce™" for

bounded time, hence can be absorbed.

Large time. For ¢t large, we must instead estimate fFl eMG\d\ using the small-| )|
expansions. First, observe that, all coefficient functions d;; () are uniformly bounded

(since |A| is bounded in this case).

Case II(i). (0 <y < x). By our low-frequency estimates in Proposition 2.2.21, we

have

/n NGi(z,y) dA = /p ]2,; e djd; (@) (y)dA

4 / S M ()6 (y)d,
Uk

where each djj; is analytic, hence bounded. We estimate separately each of the terms

(2.161)

[ ot @i ar
I
on the righthand side of (2.161). Estimates for terms
[ ot war
ry

go similarly.

Case II(ia). First, consider the critical case a}“ > 0, a;“ < 0 . For this case,
it (2)05 (y)] < Celtetes ==,

where

v (A) = =XMa + N5 /(a))* + O(N%)
pi(N) = =Xal + N3 /(a])? + O(N).
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Set
/el —y—ait  Blaga/(af)’ = Bly/(a))?
a = 57 , pi= : < 0.

Define I}, to be the portion contained in €2y of the hyperbola

Re(pfz —viy) + ON) (|| + |y])
= (1/af)Re[N—ajx/af +y) + N(@8] o)l [(a] )’ =y [ (a)?)] (2.162)
= constant
min (07 @ (@)’ — yBf /(af)?)],

= (a)[Amin(—az/af +y) + A

<e€
(2.163)

S |2

1
>\min = f
+e if
Denoting by A;, Aj, the intersections of this hyperbola with €, define I'}, to

be the union of A\;Ag and AjAj, and define I} = I} U T . Note that A = a/p
minimizes the left hand side of (2.162) for A real. Note also that that p is bounded

hSHe]]

where

Z€

3 QI

for a sufficiently small, since & < € implies that

(lagx/af| + |y /t < 2lag’| + 2¢

i.e. (|z| + |y|)/t is controlled by a.
With these definitions, we readily obtain that

< —(t/a; ) (@*/4p) — nIm(\)?t

<~ (t/a)(@/1p) — nTm() 160

Re(Mt + pfz — vy)
< —a?t/M — nIm(N\)*t,

for A\ € I}, (note: here, we have used the crucial fact that & controls (|z| + |y|)/t,

in bounding the error term O(N*)(|z| + |y|)/t arising from expansion Likewise, we

obtain for any ¢ that
/ |\|TeReXtpzr ) g\ < a0 M (2.165)
r

’
lq
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for suitably large C, M > 0 (depending on ¢). Observing that

a = (o /af)(x —a; (t —|y/a;])) /2,

we find that the contribution of (2.165) can be absorbed in the described bounds for
t > |y/a;|. At the same time, we find that @ >z > 0 for ¢ < |y/a/ |, whence

a>(r—y—ajt)/Mt+|z|/M,

for some € > 0 sufficiently small and M > 0 sufficiently large.
This gives
e—%/Ipl < o~ (@—y=a[t)* /Mt ,—n|z|

provided |z|/t > a;r, a contribution which can again be absorbed. On the other hand,

if t < |z/a|, we can use the dual estimate

a=(—y—ag(t—lz/a]])/2t

(2.166)
> (x —y—aft)/Mt+ly|/M,

together with |y| > |a, t|, to obtain

—a? (—y—att)? _
e~ /Ipl <e (z—y—ajt)*/Mt, n\y|7

a contribution that can likewise be absorbed.
Case II(ib). In case al < 0 or a; > 0, terms |¢}| < Ce™l and |¢| < CeMl
are strictly smaller than those already treated in Case I1(ia), so may be absorbed in

previous terms.

Case II(ii) (0 < = < y). The case 0 < x < y can be treated very similarly to
the previous one; see [60] for details. This completes the proof of Case II, and the

theorem.
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2.4 Energy estimates

2.4.1 Energy estimate I

We shall require the following energy estimate adapted from [37, 58]. Define the

nonlinear perturbation variables U = (u,v) by
Uz, t) = Uz, t) — U(x). (2.167)

Proposition 2.4.1. Under the hypotheses of Theorem 2.1.4, let Uy € H* and U =
(u,v)T be a solution of (2.2) and (2.167). Suppose that, for 0 < t < T, the W2>

norm of the solution U remains bounded by a sufficiently small constant ¢ > 0. Then
t

U ()% < Ce™®|Up|3 + C / (U2 + Bulr)?)dr (2.168)
0

for all 0 <t < T, where the boundary operator By, is defined in Theorem 2.1.4.

Proof. Observe that a straightforward calculation shows that |U|gr ~ |W|gr,
W=W-W:=W({U)-W(@0), (2.169)

for 0 < r < 4, provided |U|y2. remains bounded, hence it is sufficient to prove a
corresponding bound in the special variable W. We first carry out a complete proof
in the more straightforward case with conditions (A1)-(A3) replaced by the following
global versions, indicating afterward by a few brief remarks the changes needed to

carry out the proof in the general case.
(A1) A(W), A%, A" are symmetric, A° > 6, > 0,
(A2") no eigenvector of A(A%)~1(1) lies in the kernel of B(A%)~1(W),

’(I)]

U~)II

B 3 0 0\ - 3
(A3) W = >,B:<0 ; ,b>60>0,and G=0.

Substituting (2.169) into (2.4), we obtain the quasilinear perturbation equation

AW, + AW, = (BW,), + MyW, + (MyW,,), (2.170)
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where A? := A°(W +W) is positive definite symmetric, A := A(W +W) is symmetric,

My = AW + W) — A(W) = (/1 dA(W + OW)dG) W,

_ {0 0
My =BW+W) = BW) = (0 (L db(W + 0W)d0)W> '

As shown in [37], we have bounds

A% <O, |AY < CIW| < C(IW| + [wll]) < C¢, (2.171)
2
|0, A°| + |02A°) < CO|OEW| + [Wa) < C(C+ [Wa)). (2.172)
k=1

We have the same bounds for A, B, K, and also due to the form of My, M,
| My, |Ma| < C(C+ [We])|W]. (2.173)

Note that thanks to Lemma A.1.1 we have the bound on the profile: |[W,| <
Ce Pl as z — +o0.
The following results assert that hyperbolic effects can compensate for degenerate

viscosity B, as revealed by the existence of a compensating matrix K.

Lemma 2.4.2 ([34]). Assuming (A1’), condition (A2’) is equivalent to the following:
(K1) There exists a smooth skew-symmetric matriz K (W) such that

Re(K(A") A+ B)Y(W) > 60, > 0. (2.174)
Define a by the ODE
oy = —sign(A") e | Wela, «a(0) =1 (2.175)
where ¢, > 0 is a large constant to be chosen later. Note that we have

(qp/a) A < —c, 01| W, | =: —w(x) (2.176)
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and
|l /a| < W, = 07 w(x). (2.177)
In what follows, we shall use (-,-) as the a-weighted L? inner product defined as

<f7 g> = <Oéf, g>L2

and || f||s = Zfzo(ﬂ a0 f)/? as the norm in weighted H* space. Note that for any

dxt J ) dx?

symmetric operator S,

(5520 f) = —5 (52 + (u/)S)F. 1) — 5 Sofofo

Note that in what follows, we shall pay attention to keeping track of c,. For

constants independent of ¢,, we simply write them as C.

Zeroth order “Friedrichs-type” estimate

First employing integration by parts yields, and using estimates (2.171), (2.172), and
then (2.176), we obtain

_<AWCC7 W>
= (A + (/@) AW,V + S AW (0) - W (0)
< (a0 A ) + CY(C+ WD+ @)™, W) + 3

1 -
< —5 (W@’ w') + Ol 5+ (Walw', wh) + Cle) w5 + 7

where J{ denotes the boundary term 3 AgW (0) - W(0). The term (|[W,|w’, w’) may
be easily absorbed into the first term of the right-hand side, since for ¢, sufficiently
large,

(Wlw", w') < (c,0)) Hw(@)w!, w') < —(w(z)w!, w’). (2.178)

B
8|~
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Also, integration by parts yields

(BW,)a, W) = —(BW,, W,) — ((ave /) BW,, W) — ByW.(0) - W(0)
< —llwy"[Is + Clw(@)wy!, w!") = bowy! (0) - w!(0)

< —0flws[[5 + Clea)llw™ 1§ — bows (0) - w'(0).

where we used the fact that BW, - W = bw!! - w!!, noting that B has block-diagonal
form with the first block identical to zero. Similarly, recalling that My = B(W +

W) — B(W), we have

(MaWy)a, W)
= —(MyWo, Wy) — (e /) MoWo, W) — My (0)W,(0) - W(0)
< CUWL|[W L Jwy"[) + Clw(@) W, w') = ma(0)We(0) - w (0)
< g3 + € (e’ w') + Cle) | 3) = ma(0)W(0) - w' (0)

for any small &, e. Note that C is independent of ¢,. Therefore, for & = 6/2 and ¢,

sufficiently large, combining all above estimates, we obtain

1d
—— (AW, W
1
= (AW, W) + S (AW, W)
2 ) ) . (2.179)
= (=AW, + (BW,)z + MW, + (MyW,) o, W) + 5<A§W, W)
1
< —Z[<w(fv)wl, w!) + 0wy [[5] + C¢llw’[[§ + Cle) lw 1§ + 1
where the boundary term
1 _
= §A0W(0) W (0) = bow!! (0)w' (0) — My(0)W,(0) - W (0) (2.180)

which, in the outflow case (thanks to the negative definiteness of Aj;), is estimated

as

I < —%W(O)F + C(|w" (O + fwz" (0)[Jw™ (0)]), (2.181)
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and similarly in the inflow case, estimated as
L < C(W ()] + w;" (0)[[w! (0)]). (2.182)
Therefore together with these boundary treatments, (2.179) yields

d 0
AW )

N —

1
< —zlw@pw’,w’) + 0w 5] + CClw'|[s + Cle) [ [+ I (2.183)

First order “Friedrichs-type” estimate

Similarly as above, we need the following key estimate, computing by the use of

integration by parts, (2.178), and ¢, being sufficiently large,

(W AW, = (W (A (/) W)+ £ AW(0) - 5 (0)

1
< —q(wl@pwy, wp) + OClws s + Cllw, |5 (2.184)
1
+ §A0Wx(0) - W(0).

We deal with the boundary term later. Now let us compute

1d 1
5 7 (AW, Wa) = (W, (AWi)o) = (Wa, AQWL) + 5 (AY W, W), (2.185)
We control each term in turn. By (2.171) and (2.172), we first have

(A) W, We) < CCIWL|IG

and by multiplying (A°)~! into (2.170),

[(Wa, AgWa) | SCUC+ [Wa) Wl (IWal + [wgg| + W)
<€llwgllo + CUC + W]y, wy)
+C((C+ Walw', w') + Cllw I,
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where the term (|[W,|wl, w!) may be treated in the same way as was (W, |w!, w!) in
(2.178). Using (2.170), we write the first term in the right-hand side of (2.185) as

<Wﬂc> (AOWt):c> :<W1’7 [_AWx + (BWaz)x + Mlv_Vx + (MQ
— (Wee + (0 /)W, [(BW,), + (

— Wo(0).[(BWy), + (MaW,).](0)

Wa)ela)
Ml T x)x)
M2 T :Jc):r]>

1
< - [k wl) + 03]

+ e+ Cleo)wl |3+ (Wl wh)] + 1}

where I} denotes the boundary terms

= SAW(0) - We(0) — Wa(0) - [(BIW,). + (MT72).](0), (2.156)

and we have used estimates (2.184),(2.178) for w!,w!, and Young’s inequality to

obtain:

(Way =AW, + (MiW,)e) < C{(C+ W) Wel, W] + [W1).
0w |15 + C(lwiz] + w(@)wy'|, (¢ + [Wa)|wg])

—(Wae + (/o) Wy, (MaW,),) <
Clwir] + w(@)|wi'], (¢ + [Wa ) (W] 4+ [W])).

Putting these estimates together into (2.185), we have obtained

d 1 1
SLAW, W) + 0l + )l wh)

< C[Cllwllﬁ +(Welw',w') + Clen) [lw"|IF] + 1, (2.187)

N —

Let us now treat the boundary term. First observe that using the parabolic equations,
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noting that A° is the diagonal-block form, we can estimate

Wo0) - [(BW.). + (MI1),](0)]

wy! (0) - [(bu' ) + (M5ZWe)2] (0)

wil(0) - [ASw{" + Aywl 4+ Apwl’ — MyW,](0)

< efw, (0)]* + C(W () + [wy" (0)* + [wy” (0)[).

For the first term in I, we consider each inflow/outflow case separately. For the

outflow case, since A" < —6; < 0, we get

0
AW, (0) - W,(0) < —51|’wi(0)|2 + Clwl'(0)]*.
Therefore
0
Iy < —51|w£(0)!2 + C(IW ()] + [wl (0)* + Jw{(0)]?). (2.188)

Meanwhile, for the inflow case, since A" > 60, > 0, we have
[ AW (0) - W (0)] < CIWL(0)[*.
In this case, the invertibility of A'! allows us to use the hyperbolic equation to derive
[, (0)] < C(Jw/(0)] + [wg(0)]).
Therefore we get
I, < C(W(O)) + [W(0)]* + [w;" (0)). (2.189)

Now applying the standard Sobolev inequality (applies for a—weighted norms as

long as |a,/al is uniformly bounded):

w(O)* < Cllwllzz(wellzz + [[wlz2) (2.190)
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to control the term |w!(0)|?> in I} in both cases. We get
s (0)[* < €'[lwgz [ + Cllwg'[I5- (2.191)

Using this with ¢ = 6/8, (2.186), and (2.188), the estimate (2.187) reads

1 d 0 0 112 1 I I

< C(Cl' I+ (el ') + el ) + 1 (2.192)
where the boundary term [} is estimated as
I, < —%!wi(O)IQ + (W) + Jwi"(0)*) (2.193)
for the outflow case, and similarly
I, < C(WO)F +[Wi(0)]") (2.194)
for the inflow case.

Higher order “Friedrichs-type” estimate

Similarly as above, we shall now derive an estimate for (A°0*W,0*W), k = 2,3,4.

We need the following key estimate. Integration by parts and (2.176) give

(AL AGE WY =L (W, (A, + (/) A)OEW) + L A2V (0) - 0 (0)

1
< — J{w@)dzw’, ow') + CCllogw’ 5

1
+ C|| 0% w2 + §Ao(9fW(O) - OFW(0).
We compute

Ld

1
5 77 ACTW, OW) =S (AJO;W, ;W) + (AW, O, W)

= (ALY, 06W) + (A°DEW, 0K (A7)
(=AW, + (BW,.),) + MyW, + (MyW,),]). (2.195)

56



We shall estimate each term in turn. First, [(A2FW, 0*W)| < CC||o*W |2, and
(AP W, 05— (A") AW, ])

k
= (AW, Y OL[—(A%) " Al W)

i=0
k
= —(OLW, ADLTIW) + D (AW, 5[ (A°) A9
i=1
where we have
o=l se 30 T ol (2.196)

>oay=i1<j<e

Using the hypothesis on the boundedness of solutions in W2 and weak Moser in-

equality [57, Lemma 1.5], we get
(AW, 0, [—(A”) T AJoy~ W) <
C (™ I + ¢l I} + iuwa;waa;wﬁ).
i=1
This, (2.195), similar treatment (2.178) for (|W,|0%w!, 0*w!) with ¢, being suffi-
ciently large give
(DRI, R [ (A%) T AWY,]) < —i(w@’;wl, o'y + %Aoa’;W(O) L 0F WV (0)
k-1

+ O + Cl' |7 + Y (Waldhe!, 0w’)) - (2.197)

i=1

Next, similarly, we obtain

k
(AR, 04[(A) MWL) < C (Jlo™ | + Gl + D (Wl diu”) ).
=1
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Finally, we compute and
<Aoa’fwa’f[(A0)*1(BW + MoWo,).])
Z (APOEW, DL[(A%)HOF L (BW, + Mo W,))
:<6"‘W O (BW,, + MyW,))
Z (AOFW, 9L [(A%) 1ok~ (BW, + MyW,))

- <8§§“W + (00 /) OEW, O (BW,, + Mo W)
— OF[ba,w' + MZ2W,](0)0%w' (0)
k
gl 3+ O (w7 + eI+ D (Waloge!, 0k

0 _
< = lor w5 = arbosw' + MW (0)0;w"(0)

k
+ O (I + I + Y (Wal o, ") )
i=1
where in the last inequality we used the special form of B and M, to get

(OFW + (ap /) OFW, 0% (BW, + MyW,))
< (| | + w()|[0kw! |, |05 (bwl! + Ty Mo W) )

k
< g1t w3+ O (Clea) ' I + ¢l |+ D4k, diw)).
=1

Note that in the last inequality, there is no term of (w(z)diw’, diw!) because of the
presence of |[W,| in term of II,Ms,.

Put all these estimates into (2.195) together, we have obtained

(AR, DY) + 1010 w3 + ()b k)

N | —
&l&l

k—1
< C(Cle) w1 + Cllw I} + D (Waldbw!, 0w’y ) + 1, (2.198)
i=1
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where the boundary term
1 _
I = 5Aoa’;W(O) - OFW(0) — OF[bo,w'" + M3*W,](0)0Fw! (0). (2.199)

For this boundary term, we shall treat the same as we did before. First using the
parabolic equations with noting that AY is the diagonal-block matrix diag(A?, A9),

we can write

O bd,w'! + MZTW,](0)
= 9" HAS(0)w!!(0,1) + Agwk(0) + Agow!!(0) — LM (0)W,(0)].  (2.200)

Therefore we get

108 b0 + MZ2W,](0)0%w' (0)]

< 0|a§wﬂ<0)|[ya§*1 1+Z |0,w' (0)] + |85w’ (0 )!)]
k
Z |2+OZ|61 I (2.201)
+C!8§w”( )Ha!i*lwt (0)] (2.202)

for any € small. To deal with the term of w!, for simplicity, assume k = 3. By solving

the parabolic-part equations and using the invertibility of b, we obtain

07w = [Orwgg| < C(wy; \+\Wt|+|W!+!Wxt|)

(2.203)

Txrxr )

Since for case k = 3 we have a good term ||92w! ||y (see (2.198)), the term |w!l (0)|
resulting from the boundary treatment is easily treated via Sobolev embedding in-
equality. Hence all terms in a form 9%w!/(0) are easily estimated. Meanwhile, using

the hyperbolic-part equations, we have

lw!| < C(W| + [W,]). (2.204)
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Employing Young’s inequality to the last term in (2.201), we obtain
|0F b0, w!T + MZ2W,](0)0%w! (0)|

< ey 3w (0)F + O ZW (O) + [wy (O + |wy (0)*)  (2.205)

=0

To deal with the term of w’, we need to consider two cases separately. When Al <

—0; < 0, we get

AW (0) - 2E(0) < —22{oku! (0) + Cloku' (0) .

Therefore
0 — )
k liak, I 2 i, 01 2
Iy <= S |o;w'(0) +C(Z\8xw 0
+ZI8’ (0)] + |wi (0)* + [wf{ (0)[?). (2.206)

Meanwhile, for the case A > 6, > 0, we have
| Ap05W (0) - OFW(0)] < C (195w’ (0)] + 95w (0)]?).

The invertibility of A'! allows us to use the hyperbolic equation to derive
k
Ok (0)] < C(Y_ (195w (0)]* + [0fw! (0)7) + " (0)[* + ]/ (0)]).
i=0

Therefore in the case of AY > 6, > 0, we get

k

Iy < C(Y (105w (0)F + [0fw! (0)%) + [wf! (0)* + |wi (0)?). (2.207)

=0
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Employing the boundary estimates into (2.198), we have obtained

d _
E(A(]@';W, W) + 0[] 05w ||2 + .0, (W, | 08w’ , 9w

k—1
< C(Cllw’ 7 + |7 + D (Walddw!, dw’) ) + I (2.208)
=0

where, after absorbing the terms of |07w'/(0)| via Sobolev embedding, the boundary

term I} satisfies

0 k—1 i
Ip < =S |0pw! (O)F + Q10w (0) + [y (0) + [y (0)) (2.209)
=0

for outflow case, and
k .
Iy <O 10w (0) + [w/ (0)]* + [wif (0)[*) (2.210)
i=0

for the inflow case.

We shall establish an Kawashima-type estimate to bound the term ||w?||? appear-
ing on the left hand side of the above.
“Kawashima-type” estimate
Let K be the skew-symmetry in (2.174). Integration by parts and skew-symmetry
property of K yield

(KWoy, W) = —(KWy, W,) — (K + (/) K)Wy, W) — KoWy - (Wh),
= (KW, W) + ((Ky + (ow/a) K)W, Wy) — KoWy - (W),
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Using this, we compute

d
E(KWJ;,W) =

(KW, + KW, W)+ (KW, W)
=(KW,o, W) + KW, + (K, + (o /o) K)W, W)

— KoWo - (Wo)s
=(K,W,, W) + QKW, + (K, + (o, /a) K)W, —(A°) "L AW,)

+ KW, + (K, + (0 /@) K)W, (A°) " (BW,.),

+ MW, + (MZVT/_,E)Q — KoWy - (Wo),
< — 2K (A" AW, W) + €|l wllfs — KoWo - (Wo)

+ C(Cle w3+ ¢l I3 + (w(z)w’,w') + (@)l wh)).

Using (2.174), we get

(K(A”)TLAW,, Wa) > Oalwy [ — Cleo)lwy[I6,

T

and thus obtain from the above estimate with & = 6,/2

d 0
ZHEWo, W) < = 2l + O (Clen)llw' I3 + ¢l 3

+ (w(z)w!, w’) + (w(m)wi,wi)) — KoWy - (Wo);. (2.211)

Higher order “Kawashima-type” estimate

With similar calculations, we shall obtain an estimate for £ (K9¥W, 0k 'W), k > 1.

We compute

(KOYW, 05 'W) = (KOEW, 05~ 'Wr)
+ ((Kp + (/o) K)OP W, 057 W) — KOF'W, - oF W (0).
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and hence

d
(KW, 07 W) = (K,0;W, 0,7 W) + (2K9; W, 0,7 'Wa)

+ ((Ky + (ap /@) K)O5TW, 07 W,) — KO 'W, - 857 1W(0)
= 2K W, 05 (- A") Y (AW, + (BW,), + MW, + (M;W,,),)])
+ ((Ky + (az /@) K)O5 W,
Oy (=A%) T AW, + (BW,), + MyW, + (MyW,),)])
— KOF'W, - 01w (0)
< —2(K(A%) AW, W) + e||w! |1} + Ozl |74,

k
+ CCllw! [+ C Y (w(@)dw!, dhw’) — Koy~ W, - 87 W(0)
=1

for e small.
Using (2.174), we obtain from the above
d

—(KO;W,0,7'W) <

0
o 05w 5 + Cezllw 7y + ellw’ s (2.212)

__2,
3

k
+ CCllw 5+ C ) {w(@)dw’, dhuw')

=1

— KoM 'W, - 051 (0). (2.213)

Final estimates

We are ready to conclude our result. First combining the estimate (2.192) with
(2.183), we easily obtain
1d
2dt
< _ O g2, L 10
+(clwl I+ (W' ') + Clen) ) + 13
M

- 7 (W@’ w) + 0wl ) + el

+ MC(c,) ||l w2+ M)

((AOWx, W,) + M{AW, W>>
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By choosing M sufficiently large such that M6 > C/(c,), and noting that c,0;|W,| <
w(z), we get
1d
<~ (B 1B + (i@’ wT) + )l wh) (2.214)
+ O (Gl |2 + Clenllw! |3) + 1 + M1,

We shall treat the boundary terms later. Now we employ the estimate (2.211) to
absorb the term ||w!||; into the left hand side. Indeed, fixing c, large as above,
adding (2.214) with (2.211) times €, and choosing €, ¢ sufficiently small such that
eC(cy) € 0,e < 1 and ¢ < €fy, we obtain

%% ((A°Wo, Wo) 4+ MCAW, W) + (KW, W) )
<= (Bl 3+ (w@)w’,w!) + (wle)el,wl))
Oz
+ O(ClwE + Clen) ™ 13) = -k
+ Ce(Clellw |3 + ¢’ I3+ (w@)w’,w!) + ()t wl))

+ I} + MIY — eKgWy - (Wo),

1
< — 5 (B3 + Baelhel3) + e (cllw I3 + w3) + 1

where I, := I} + M I} — e KWy - (W),
By a view of boundary terms I, I}, we treat the term I, in each inflow/outflow
case separately. Recalling the inequality (2.191), |wlf(0)] < C||w!!|ls. Thus, using

this, for the inflow case we have

I < MW (0)]* + CIW(0)* + M]w, (0)[[w"* (0)]

0
< S w3+ MPW(0) + CIW ()

Meanwhile, for the outflow case, with M6, > 1 and KWy - (Wy); ~ wilwi, +wiwll,
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we have [, is bounded by

!

5 ([wz ()] + [w' (0))

+ C(Jwy 0)7 + [w™ (0)*) + e(jwy" (0)* + |w; (0)[)
which, together with e being sufficiently small and the facts that
[, (0)] < C(lwz(0)] + |wg (0)] + [W(0)])
obtained from solving the hyperbolic equation and the embedding inequality
;" (0)] < Cllw™ 2,
yields
Iy < =2 (O + [ 0)) + 5[} + (" O + uf )

for the outflow case. Now by Cauchy-Schwarz’s inequality and by positivity definite

of A°, it is easy to see that
£ = (AW, W) + M{AW, W) + (KW, W) ~ W[5 ~ W5 (2:215)

The last equivalence is due to the fact that « is bounded above and below away from

zero. Thus the above gives

CEW)() < LW+ Cle) (IW s + Bu(r)),

for some positive constant €5, which by the Gronwall inequality yields
t
W ()12 < Ce " | Woll% + C(c) / e (W) 3 + Bi(r)?)dr,  (2.216)
0
where W (z,0) = Wy(z) and

Bi(7)* = O(IW(0,7)[* + [Wy(0,7)*) = O(|(ha, h2)[* + [(ha, h2)e ) (2.217)
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for the inflow case, and
Bi(1)? := O(Jw"(0,7)|* + |w!*(0,7)*) = O(|h|* + |h|?) (2.218)

for the outflow case.
Similarly, by induction, we shall derive the same estimates for W in H*. To do
that, let us define

gl(W) = <A0WLI:7 Wz> + M<A0W, W) —+ €<KWx7 W>
E(W) i= (AORW, W) + MEA(W) + e(KOLW, 94 W).

Then by Cauchy-Schwarz inequality, it is easy to see that (W) ~ [|[W]|3,, and

by induction, we obtain

%ES(W)(t) < —0E(W) (1) + Cle) (IW D172 + Ba(t)?),

for some positive constant #3, which by the Gronwall inequality yields

t
WOl < Ce™™ Wl + C(C*)/ e CD(IW()I[7: + Bu(7)?)dr,  (2.219)
0

where W (x,0) = Wy(z) and By, is defined as in (2.16) and (2.17).

The general case

Following [37], the general case that hypotheses (A1)-(A3) hold can easily be covered

via following simple observations. First, we may express matrix A in (2.170) as

AW + W) = A+ (C+ W) (O(()l) gg;) (2.220)

where A is a symmetric matrix obeying the same derivative bounds as described for
A, identical to A in the 11 block and obtained in other blocks jk by

AW + W) = AR(W) + ATR(W + W) — ATR(W)
= AH(WL) + O(Wo| + W) = APH(W,) + O+ W), (2.221)
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Replacing A by A in the k™ order Friedrichs-type bounds above, we find that the

resulting error terms may be expressed as
(ORO(C + W)W, o5 ]),

plus lower order terms, easily absorbed using Young’s inequality, and boundary terms

k
O3 05w (0)]kw’ (0))
i=0
resulting from the use of integration by parts as we deal with the 12—block. However
these boundary terms were already treated somewhere as before (see (2.201)). Hence
we can recover the same Friedrichs-type estimates obtained above. Thus we may
relax (A1") to (A1).

The second observation is that, because of the favorable terms
O ([W,|0%w!, oFw")

occurring in the lefthand sides of the Friedrichs-type estimates (2.208), we need the

Kawashima-type bound only to control the contribution to |9%w!|* coming from =z

near +00; more precisely, we require from this estimate only a favorable term
~02((1 = O(C + [Wa])opw’, Jw')

rather than 0,||0%w!||2 as in (2.212). But, this may easily be obtained by substituting
for K a skew-symmetric matrix-valued function K =K (W), and using the fact
that

Re(K(A)TA+ B)(Wy) > 6, > 0,

and same as (2.221), K = K + O(C + |W,|), we have
Re(K(A%) A+ B)(W) > 0,(1 — O(C + [W,])) > 0.

Thus we may relax (A2') to (A2).
Finally, notice that the term ¢(W,) — ¢(W,) in the perturbation equation may be
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Taylor expanded as

0 0
<gl<v~vx,wx> +g1<wx,m>> i <O<|Wm|2>>

The first term, since it vanishes in the first component and since |W,| decays at plus

spatial infinity, yields by Young’s inequality the estimate

< (gmm, W) igmm, vm) | (Zf) ) < C(UCH Il wh) + )

T

which can be treated in the Friedrichs-type estimates. The (0, O(|W,|*)* nonlinear
term may be treated as other source terms in the energy estimates. Specifically, the

worst-case term

0

<|Wm|2)>> = _<al;+1wll7 a§_IO(|Wm|2)> - 8§wn<0)a§_10(|wm|2)(0)

.
(@]
may be bounded by

105w || 2 | W e [[W | s — O5a0™ (0) 05 O(IW ) (0).

The boundary term will contribute to energy estimates in the form (2.199) of I,
and thus we may use the parabolic equations to get rid of this term as we did in
(2.200). Thus, we may relax (A3’) to (A3), completing the proof of the general case
(A1) — (A3) and the proposition. O

2.4.2 Energy estimate II
We require also the following estimate:

Lemma 2.4.3 ([22]). Under the hypotheses of Theorem 2.1.4, let Ey = ||(1 +
|2|2)3/4Up|| 1, and suppose that, for 0 < t < T, the W>> norm of the solution
U of (2.225) remains bounded by some constant C > 0. Then, for all0 <t < T,

(1 + 222U (z, 1) || % < M Epet. (2.222)

Proof. This follows by standard Friedrichs symmetrizer estimates carried out in the
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weighted H* norm. O]

Remark 2.4.4. An immediate consequence of Lemma 2.4.3, by Sobolev embedding:
W3 C H* and equation (2.225), is that, if Ey and ||U||gs are uniformly bounded on
[0,T], then

(L | )2 [JU] + [0+ U] + |Uutl 2, 1) (2.223)

is uniformly bounded on [0,T] as well.

2.5 Stability analysis

In this section, we shall prove Theorems 2.1.3 and 2.1.4. Following [23, 36], define

the nonlinear perturbation U = (u, v) by

Uz, t) = Uz, t) — U(x), (2.224)
we obtain
Ui — LU = Q(U,Uy).,, (2.225)
where linearized operator
LU = —(AU); + (BU,). (2.226)

where

AU = dF(U)U — (dB(U)U)U,, B = B(U)
and the second-order Taylor remainder:

QU U,) = F(U+U) - FU)+ AU)U + (B(U +U) - B))U,

satisfying
QU Us)| < C(|UN|U| +|UF)
QU U,).| < C(|U||U.| + |U|?
QU] < UL+ V) -
QU Us)e| < C(U|Ural + |Usl” + [U]|Us)
QU Us)as| < CUUNUsa| + [UUsso| + |Ual|Usa| + |Us])
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so long as |U| remains bounded.

For boundary conditions written in U—coordinates, (B) gives

h(t) = h(t) — h = (W(U + T) — W(0))(0, 1)

in inflow case and

h(t) = h(t) — h = (@™ (U + U) —a™(0))(0,1)
= (0w JoU) (Up)U(0,t) + O(|U(0,1)[?)
—m (131 52) (To)U(0,) + O(U(0,1)2)
= mB(U)U(0,t) + O(|U(0,4)]2).

2.5.1 Integral formulation

We obtain the following:

Lemma 2.5.1 (Integral formulation). We have

/ G(z,t;y)Uo(y) dy

/N

3

H(z,t —s;9)ILQU,U,),(y, s)dy ds

t 00

éy(l’,f - S y)HQQ(Ua Uy)(y> S) dy ds

+
c\c\\
o— S—

where U(y,0) = Up(y).

Proof. From the duality (see [60, Lemma 4.3]), we find that G(z,t

as a function of y, s satisfies the adjoint equation
(0s — Ly)"G*(z,t — s;y) =0,

or

—G, — (GA), + GA, = (G,B),.
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(2.228)

(2.229)

(¢ J(@,t — 5:0)BU(0, s) + G(,t — s;0)AU(0, 3)) ds

(2.230)

— s;y) considered

(2.231)

(2.232)



in the distributional sense, for all ,y,t > s > 0, where the adjoint operator of L, is
defined by
L)V =V A+ (V)SB),, (2.233)

with V* = V',

Likewise, for boundary conditions, we have, by duality

(iii’) for all ,t > 0, G(z,t;0) = 0 in the outflow case A, < 0; and G(z,t;0)B = 0
in the inflow case A, > 0, noting that no boundary condition need be applied on the
hyperbolic part for the adjoint equations in the inflow case.

Thus, integrating G against (2.225), we obtain for any classical solution that

/Ot /OOOG(:Uyt — 37?/)@((], Uy)y(y, S) dy ds —

t 00

/ / G(z,t — 59)(0s — Ly)U(y, s) dy ds (2.234)
0o Jo

= Il + ]2.

Integrating by parts and using the boundary conditions (iii’) on the boundary

y =0, we get

t 00
L :/ / G(z,t —s;y)0sU(y, s) dy ds
0 Jo
t 00
:/ / 0sG(z,t — s;9)U(y, s)dy ds
0 Jo
+ [ G0y - [ GatnU0)dy
0 0

where note that -
Uant) = [ Gl 0)U 1) dy
0
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and also

I Z/Ot /OOO G(z,t — 5y)(—Ly)Ul(y, s) dy ds
= [ [ 6t = saav), - (B0 5) s
- [ [[ea- @m0 sy

t
—/ Gy(x,t—s;O)BU(O,s)ds—/ G(z,t —s;0)AU(0, s)ds
0 0

Combining these estimates, and noting that G, B = éyB since HB = 0, we obtain
(2.230) by rearranging and integrating by parts the last term of

/0 /0 Gzt — s9)Q(U,Uy),(y, s) dy ds

. (2.235)
= / / (H +G)(z,t —s;9)QU, U,y (y, s)dy ds
o Jo
O
As an expression for U,, we obtain the following.
Lemma 2.5.2 (Integral formulation for U,). We have
00 t
Unat) = [ Gularti)Uoly)dy — [ Hia.t = sOMQ(U,T,), 0, ds
0 0
t
+ / [Gmy(x,t —5;0)BU(0, s) + Gy(z,t — s;0)AU(0, s)] ds
0
t 00
+ / / (Hy — Hy) (2, t — s;y)ILQ(U, Uy)y(y, s) dy ds
0.7° (2.236)

t fe'e)

_ / / Hiz,t — 59 TLQU, U, )y, 5) dy ds
0 0
t—1 [e's)

- / / Gy, t — 59 TLQU, U, )y ) dy ds
0 0
t o0

+ / / G, t — 5 ) ILQU,U,), (3, 5) dy ds
t—1J0

where U(y,0) = Up(y).
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Proof. Differentiating the formulation (2.230) for U(x,t) with respect to 2 and noting

that
t 00 t 00
/ / H,pdyds = / / (H, — Hy)¢dyds
0o Jo 0o Jo
t 00 t
[ [ Het - sy dyds - [t - s 0/0(0.5)ds
0o Jo 0
and
t oo t—1 oo
/ / Gy dyds = / / Gy dy ds
0o Jo 0 0
t o] t
—/ / Gy dyds —/ Gz, t — 5;0)0(0,s)ds
t—1J0 t—1
are valid for any smooth functions ¢, ¢, we obtain the lemma. O

2.5.2 Convolution estimates

To establish stability, we use the following lemmas whose proof was given in [23, 22, 50]

and will be recalled in Appendix A.2, for sake of completeness.

Lemma 2.5.3 (Linear estimates I). Under the assumptions of Theorem 2.1.4,

“+o0o
/ Gl )L+ 1y 2 dy < C(0 + v+ vn) (2, ),
0 (2.237)

+oo
/ G, b9 (L+ [y) "2 dy < C(0+n + ) (1),
0

for 0 <t < +o0, some C > 0.

Lemma 2.5.4 (Linear estimates II). Under the assumptions of Theorem 2.1.4, if
\Uo ()| + [0,Us(z)| < Eo(1 + |2|)73/2, Ey > 0, then, for some 6 > 0,

“+oo
H(z,t;9)Us(y) dy < CEpe (1 + |2|) 732,

0 (2.238)
H,(z,t;9)Us(y) dy < CEoe " (1 + |2|) 7/,
0

and so both are dominated by C Ey(1)1 + 102), for 0 <t < 400, some C' > 0.
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Lemma 2.5.5 (Nonlinear estimates ). Under the assumptions of Theorem 2.1.4,

t +oo
[ [ Gt = s)le.s)dyds < €O+ v+ ) (w.0)
0 JO

t—1 ptoo (2.239)
[ [ Gt = s ) ea5) duds < 0O + 61 + ),
0 0
for 0 <t < +oo, some C > 0, where
U(y,s) == (0 + 1+ v2)*(y, 5). (2.240)

Lemma 2.5.6 (Nonlinear estimates II). Under the assumptions of Theorem 2.1.4,

/Ot /;OO H(z,t — s;9)Y(y,s) dyds < C(¢1 + o) (x, t)
/Ot /0+00(Hm — Hy)(x,t — s;9)Y(y, s) dyds < C(¢1 + 1) (x, 1) (2.241)
/,:1 /0+°° |Gt — 5:9)| Yy, s) dyds < C (i1 + 1s)(, 1)
for all 0 < t < +o00, some C > 0, where
Y(y,s) =50+ 1 + 1) (y, ) (2.242)

We require also the following estimate accounting boundary effects.

Lemma 2.5.7 (Boundary estimates I). Under the assumptions of Theorem 2.1.4, if
()] + W (1) < Eo(1+8)7,

[ Bt 5 0(5)ds < OBy + w0
y (2.243)
/0 H, (2t — 5 0)h(s) ds < CEy(thy + ) (1),

for 0 <t < 400, some C' > 0.

Proof. Note that H(z,t;0) = 0 for the outflow case A, < 0. Consider the inflow case
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A, > 0 (and thus a, > 0). We have

[ et s a

— o T/ax

W~ (x — a.1))]

*

< 6*770|56|(1 + ‘.Z' — a*t‘)fl < CE()(lﬁl + w2)(x7 t)a

‘/H h()ds‘

—nox/ax / 1 —
< e/ (Jh] + 1)) (= =(x — a.1))

*

< e (1 4 | — aut]) Tt < CEy(yr + ) (1),

which completes the proof of the lemma. O
Lemma 2.5.8 (Boundary estimates II). Under the assumptions of Theorem 2.1.4, if
\h(t)] < Eo(1+t)"'7¢ and [N (t)| < Eo(141¢)~*
t ~
‘ / (Gy(x,t — 5;0)Bh(s)+G(x,t — s; O)Ah(s)) ds’
0
< CEo(0 + ¢ + ¥)(x, 1)
t
‘ / (ny(x,t — 5;0)Bh(s)+Gy(z,t — s; O)Ah(s)) ds‘
0
< CEy(0 + 1 + o) (x,t)

(2.244)

for 0 <t < 400, some C > 0.

Proof. We first give the estimate on fot_l, where G,(x,t — s;0) and C?xy(x,t —5;0)

are nonsingular. We have

‘/ e .0)Bh(s) ds

<c/ Gy, T 0)| (1 +t—7)~dr.  (2.245)

We shall estimate the integral for each term (1 + 7)~1/2¢~le-arr*/M7

Gy(z,7;0), and omit the O(e~7#+9) term, which is negligible. First, for a; < 0,

appearing in
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using e lrmaTl?/MT < = Mto=nT for some n > 0, we have
¢ 2
/ (1+7) Y21+t — 1) telemanl/Mr g7
1

, /2 t
<e™” /Mt(/ +/ >(1 +7) (Lt —7) e dr (2.246)
1 t/2
< e—wz/Mt((l +8) T+ (1 + t)‘1/2e‘”t>,

which is clearly bounded by C(0 + v1)(x,t). For a; > 0, we consider three distinct
regions depending on x and ¢. First for © > ayt, we further divide the estimates into
two cases: (1,t/2) and (¢/2,t). For 7 € (1,t/2), we have e l#=ar?/M7 < g=a®/Mto—n7
for some 77 > 0 and thus as above the integral is bounded by C(6 + ¢1)(z,t). For

T € (t/2,t), we write x — arT = x — ajt + ax(t — 7) and thus

t
/ (1 + 7_)—1/2(1 4+t 7_)—1—€€—|J}—ak7"2/MT dr
t/2
t
< 6—($—akt)2/Mt/ (1 +T)_1/2(1 S+t T)—l—ee—ak(t—T)Q/MT dr
t

/2
t

<C(l1+ t)_l/Qe_(w_a’“t)Q/Mt/ (1+t—7)"dr < C0(z,t).
t/2

Next, consider the case: z < axt/2. Divide the analysis into cases: (1,3t/4) and
(3t/4,t). For 7 € (1,3t/4), use the change of variable s := (z — a;7)//T to get

31/4 .
/ (14 7)V2(1 4+ — 1) lemtemanr?/im gy
1
3t/4 .
<1+t / (1 4 7) 2 lo-ourP/Mr g (2.247)
1

+o0
< (1+t)1/ e M s < (1+41)71

which is bounded by Cty(z,t). For T € (3t/4,t), we have e~ l#=a7’/MT < o=n7 for
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some 7 > 0 and thus

t
/ (1+7) Y21+t — T)_le_lx_“’”P/MT dr
3t/4

t (2.248)
<1+ t)l/z/ e dr < O(1+t)V2e™™ < Ch(x,t).
3t/4
Finally, consider the case x € (axt/2,axt). We write x = aayt with a := aikt

We again divide the estimate into three regions: (1,at), (at, %t), and (13%¢,¢). For

7€ (1,at), we have (1+t—7)"' < CO(1 +¢)~! < Coy(z,t) and
at ) +00 )
/ (14 7)1 2emlemanP/MT g7 < / e Mds < C. (2.249)
1 0

For 7 € (at, 1£t), we have (14+t—7)"' < C(1+|z—axt|)~" and by change of variable
s:=(x —a,T)/T,
Liay
(1 + 7_)—1/2€—|;r—ak7'\2/M7' dr
ot (2.250)

l1—a

1+a
< / e M dr < C(1—a) < Ct o — axt].
0

Thus the integral is bounded by Ct™! < Cwy(z,t). For 7 € (1%, ¢), we have |z —

apT| > |v — ap 3| = %1 —alt = W}ﬂ’ and thus

t
/ (1 + 7_)—1/2<1 +t— 7_)—1—e€—|w—a;€7'|2/M7' dr
1

t

< (1 4 t)V2elemntl /20t / (1+t—7)"dr (2251)

14+a
5t

< C(1 4 1) Ve loatl/2ME < Cg(z:, 1),

Therefore, combining all these estimates, we obtain
-1
‘ / G, (.t — 5:0)Bh(s) ds‘ < C(0 + v1)(x, 1) (2.252)
0

We also have similar estimates for G, on the nonsingular part fot -

Next, to bound the singular part ftt—p we integrate (2.232) in y from 0 to +oo to
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obtain

+o0 +00
G,B+GA = — G(x,t —s;9)A, dy + Gs(x,t — s;y) dy. (2.253)
0 0

Substituting in the lefthand side of (2.244), and integrating by parts in s, we obtain

t 5 1 +oo
/ (G, B + GA)h(s) ds = / ( / A, (y)G(z,7:) dy)h(t—T) dr
t—1 0 0
1 +o00
— / ( G(z,T;y) dy) B (t—7)dr (2.254)
0 0
“+oo
([ et gy -,
0
which by [ |G|dy < C is bounded by maxo<,<1(|h| + |P'[)(t — 7).
Combining this with the following more straightforward estimate (for large z,

x| > a;t)

:0)Bh(s)ds

/ |Gy (x,7;0)|Bh(t — 7) dr

< C max |ht—7‘|/ —1/2-1el?/OT g

0<7<1

< C max |ht—7']/ “lemle /O gr

0<r<1

(2.255)
= C|z|™® max |h(t — 7)

0<7<1

x / (|22 /7)e /e dr
0

< O max |h(t — 7)||2| 72,
0<r<1

[t soma| < [ 166 r0/ane - ar

1
< C max |h(t — 7)| / 12l /Or g (2:256)
0<r<1 0
< C max |h(t — 7)||z| 2,
0<7<1

and the estimate (2.243) for H term (thus together with (2.256) for G = G + H), we
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find that the contribution from j;t_l has norm bounded by

max (] + [I/[)(t — 7)(1 + [z]) ™ < CEo(v1 +12)(2,1).

0<r<1

Combining this estimate with the one for fgil, we obtain the first inequality in

(2.244). For second inequality, we first differentiate (2.254) with respect to = to get

/t (éxyB + G, A)h(s)ds = /1 </+OO Ay (y)Gy(z, T3 y) dy) h(t —T)dr
t—1 0 1 0 .
—/0 (/0 Gz, 759) dy)h’(t —T)dT (2.257)

“+o00

+( 0 Galw, 13y) dy ) (1),

which, by [ [ |G.|dydr < C [, 7="/2dr < C, is bounded by maxo<,<i(|h] + |I'])(t —
7), similarly as above.

For the large x, clearly we still have similar estimates as (2.255) and (2.256) for
Gy and G,. These, estimate (2.243) for H,, and (2.257) yield the contribution

from f;l as above, which together with the estimate for fg - completes the proof of
(2.244). 0

2.5.3 Linearized stability

In this subsection, we shall give the proof of Theorem 2.1.3. We first need the following

estimates:

Lemma 2.5.9 ([37]). Under the assumptions of Theorem 2.1.3,

+oo )
[ attnswa], < casn e,
0 (2.258)

“+oo
‘/ H(,t;y)f(y) dy’m < Ce ™| f|Lr,
0

for allt >0, some C, n >0, forany 1 < q<p and f € LN LP, where 1/r +1/q =
1+ 1/p.
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Lemma 2.5.10. Under the assumptions of Theorem 2.1.3, if |h(t)] < Eo(14¢)~17,

‘ /t (éy(x,t — 5;0)Bh(s)+G(x,t — s; 0)Ah(3)> ds

L» (2.259)
< CEy(1 4 )720-1/7)

for 0 <t < +o0, some C' > 0.

Proof. This follows at once by the boundary estimate (2.244) and the fact that |(6 +
U1+ 02) (-, 1) pp < C(1 +1)"20-1/p), !

Proof of Theorem 2.1.3. Sufficiency of (D1) for linearized stability (the main point
here) follows easily by applying the above lemmas to the following representation for

solution U(z,t) of the linearized equations (2.7)

Ulr,t) = / " Gt y)Unly) dy

n / t (éy(ﬂc,t — 5,0)BU(0, 3) + G(x,t — s;0)AU(0, s)) ds

where U(y,0) = Uy(y) and |U(0, s)| < C|h(s)] < C(1 + s)"'7¢ by (2.8) in the inflow
case, and |BU(0, s)| < C|h(s)| < C(1+s)717¢ by (2.9) in the outflow case, noting that
G(z,t;0) = 0 in this case. Necessity follows by a much simpler argument, restricting
x, y to a bounded set and letting ¢ — oo, noting that G is given by the ODE evolution
of the spectral projection onto the finite set of zeros of D in RA > 0, necessarily
nondecaying, plus an O(e™"™) error, n > 0, from which we find that asymptotic decay
implies nonexistence of any such zeros; see Proposition 7.7 and Corollary 7.8, [36] for
details. O

2.5.4 Nonlinear argument

In this subsection, we shall give the proof of Theorem 2.1.4. In fact, with the above

preparations, the proof of nonlinear stability is also straightforward.

Lemma 2.5.11 (H* local theory). Under the hypotheses of Theorem 2.1.4, then, for
T sufficiently small depending on the H*—norm of Uy, there exists a unique solution

U(z,t) € L=(0,T; H*(z)) of (2.225) satisfying
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forall0 <t <T.

Proof. Short-time existence, uniqueness, and stability are described in [58, 57], using a
standard (bounded high norm, contractive low norm) contraction mapping argument.
We omit the details. O

Lemma 2.5.12. Under the hypotheses of Theorem 2.1.4, let U € L>(0,T; H*(x))
satisfy (2.225) on [0,T], and define

C)i= sup (U] + U0 + 1 + ) (,1)]. (2.261)

z,0<s<t

If ((T) and |Up|g+ are bounded by (o sufficiently small, then, for some e >0, (i)
the solution U, and thus ¢ extends to [0,T + €|, and (i1) ¢ is bounded and continuous
on [0, T + €.

Proof. Boundedness and smallness of |U(t)|gs on [0, 7] follow by Proposition 2.4.1,
provided smallness of ((7") and |Up|ys. By Lemma 2.5.11, this implies the existence,
boundedness of |U(t)|g+ on [0,T + €], for some ¢ > 0, and thus, by Lemma 2.4.3,
boundedness and continuity of ¢ on [0, T + €]. ]

Proof of Theorem 2.1.4. We shall establish:
Claim. For all t > 0 for which a solution exists with ¢ uniformly bounded by some

fixed, sufficiently small constant, there holds
C(t) < Ca(Eo +¢(1)?). (2.262)

From this result, provided Ey < 1/4C%, we have that by continuous induction

C(t) < 205, (2.263)

for all t > 0. From (2.263) and the definition of ¢ in (2.261) we then obtain the

bounds of (2.18). Thus, it remains only to establish the claim above.

Proof of Claim. We must show that (|U| 4 |U,|)(0 + ¢1 + ¢2)~! is bounded by
C(Ey + ((t)?), for some C' > 0, all 0 < s < t, so long as ¢ remains sufficiently small.

First we need an estimate for U(0, s) and Us(0, s). For the inflow case, by boundary
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condition estimate (2.228) and by the hypotheses on h(s), we have

|U(0,5)| < C(h(s) +[U(0,5)]*) < C(Eo(1+ )" +|U(0,5)[)

(2.264)

from which by continuity of |U(0,¢)| (Remark 2.4.4) and smallness of Ey, we obtain

a similar estimate to (2.263):

1U(0,5)] < CEy(1+s)" ¢

(2.265)

Similarly for an estimate of U;(0,t), by taking the derivative of (2.228), we get

[UL(0, 5)| < C(R'(s) + |U||Us[(0, 5))
C(Eo(14 )" +[U(0, 5)[|U(0,5)])
C(Eo(145)~t +|U(0,s)*)

IN

IN

which by the same argument as above yields
|U4(0,5)] < CEy(1+45)7",
Next, for the outflow case with boundary condition (2.229), we have

|BU(0,s)| < CEy(1+ )"+ O(U(0, s)]*)
|(BU)s(0,5)] < CEy(1+s)"" + O(U|U(0, 5)).

Now by (2.261), we have for all £ > 0 and some C' > 0 that

U2, )] + Uz, 1) < C()(0 + 91 + o) (2, 1),

and therefore
|Q(U7 Uy)(y’ 8)’ S Cg(t)z\lj(y7 S)
IILQU, Uy)y(y, s)| < CC(t)*U(y, s)

with W = (6 + 1y + 12)? as defined in (2.240), for 0 < s < ¢.
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As an estimate for U(z,t), we use the representation (2.230) of U(z,t):
Ul =| [ Gl tthm

+ /t(CN}' (x,t —s;0)BU(0,s) + G(z,t — s;0)AU(0, s)) ds‘

+ // H(z DILQU,U,),(y ,s)dyds’

+ /0 /0 Gy(z,t — s;9)LQU, U,)(y, s) dy ds|,

where by applying Lemmas 2.5.3-2.5.6 together with (2.270), we have

)/ (z,t:9)g dy)

<o [ (1660 H a4 P2dy 2T

< CEy(0 + Y1 + o) (x, 1)

y)QU,Uy)(y, s) dy ds

< o) / / Gyt — 55 9)| U(y, 5) dy ds (2.272)
< OC()*(0 + 1y + a) (1)

’// Hiz NMLQU. Uy)y(y, s) dy ds
= el // Hx )0+ U1 + 2)? dy ds -
< C((t) / / H(z Y)Yy, s) dy ds

< CC)2(0 + by + o) (1)
and, for the boundary term, we apply the estimate (2.265) and Lemma 2.5.8, yielding

| / 0)BU(0,5) + G(x,t — 5:0)AU(0, 5)) ds (2.274)

< C(Ey + C(H)2)(0 + by + 1) (x, 1)
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for the inflow. Whereas, for the outflow case, noting that G(x,t — s;0) = 0 in the
outflow case, we apply the estimate (2.268), (2.269) and Lemma 2.5.8 to give the

same estimate as above, yielding

| / 0)BU(0, 5) ds| < C(Ey+ C(t12)(0 + i + o) (2. 1)

where we used (2.269) for |U(0, s)| < ¢(¢)(1+ s)~! and thus by (2.268), |BU(0, s)| <
C(Eo+((1)*)(1+ )7

Therefore, combining the above estimates, we obtain
\U (2, 6)|(0 4 11 + tb2) (2, ) < C(Ey + C()?). (2.275)

To derive the same estimate for |U,(z,t)|, we first obtain by using Proposition

2.4.1,

t
Ut) 54 < Ce (Ul + C/ et [yU(T)yiz + Bh<7'>2] dr
0

< C(Ey+ ()t 2,

where By, is the boundary function defined in Proposition 2.4.1, and thus by the one
dimensional Sobolev embedding: |U(¢)|ws.~ < C|U(t)|gs,

Q(U, Uy)a| < C(C3(t) +4C*ER)Y

2.276
1Q(U, Up)we| < C(C3(t) +4C*ER)Y (2.276)

where T = t~1/4(0 4 1, + 1)5).

Now again applying Lemmas 2.5.3-2.5.8 together with (2.276), (2.267), and (2.268),
we have obtained the desired estimate, that is, bounded by (¢*(t) + C'Ey)(0 + 11 +
1y)(x,t), for most terms in the formulation (2.236) of U,(z,t), except one boundary

term:
/ H(z,t — 5 0)[ILQ(U, U,), (0, 5)| ds,

which is bounded by C'Ey(11 + 12)(x, t) by using (2.227), (2.269), and Lemma 2.5.7,
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and noting that
QU Uy)y (0, s)| < C(O)1(s)[(0 + 1 +¢2)(0, 5) < CC(E)|h(s)].
Therefore, together with (2.275), we have obtained
(U@, )]+ |Us (2, )[)(0 + 11+ p2) ™ (2, 1) < C(Eo +¢(1)*) (2.277)

as claimed, which completes the proof of Theorem 2.1.4. O
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Chapter 3

MULTI-DIMENSIONAL
STABILITY

3.1 Introduction

In this chapter, we study the multi—dimensional stability of a noncharacteristic bound-

ary layer, or stationary solution,

U=U(zy), lim U(z)=U,, U(0) =70, (3.1)

Z——+00

of a system of conservation laws on the quarter-space

U+ Fi(0),, =Y (BHU)U,,)e,, z€RL={x;>0}, t>0, (32)
J Jk

U, Fi € R", Bi* ¢ R™" with initial data U(z,0) = Uy(z) and Dirichlet type bound-

ary conditions specified in (3.5), (3.6) below.

3.1.1 Equations and assumptions

We consider the general hyperbolic-parabolic system of conservation laws (3.2) in

conserved variable U, with
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u € R and v € R", where
Ro Y bG8 > 01¢° >0, Ve e R™\{0}.
jk

Following [37, 59, 57], we assume that equations (3.2) can be written, alternatively,

after a triangular change of coordinates
e (@)
W:=W({U) = <~H , (3.3)
w(
in the quasilinear, partially symmetric hyperbolic-parabolic form
AW+ AW, = (B*W,,)., + G, (3.4)
J Jk

where

A0 — (A(ﬁ 3) ) 7 i — <f~1j11 1‘}32) 7 Bik — (0 ~Ok> G- <(~)>
0 Ay Ay Ay 0 v g

and, defining W, := W(Uy),

(A1) A7(W,), A% Al are symmetric, A° > 6, > 0,

(A2) no eigenvector of 3. & AT(A%) "1 (W) lies in the kernel of >k &6, BIF (AL (W),
for each ¢ € R\ {0},

(A3) S 0¢8> 01E1, 0 > 0, and (W, W,) = O(|W, ).

Along with the above structural assumptions, we make the following technical

hypotheses:

(HO) F9, B* A% A1 Bi* W(-),3(-,-) € C**', with s > [(d — 1)/2] + 4 in our
analysis of linearized stability, and s > s(d) := [(d — 1)/2] + 7 in our analysis of

nonlinear stability.

(H1) Al is either strictly positive or strictly negative, that is, either A > 6, >
0, or Al < —6;, < 0. (We shall call these cases the inflow case or outflow case,

correspondingly. )

(H2) The eigenvalues of dF''(U, ) are distinct and nonzero.
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(H3) The eigenvalues of > ; dF ifj have constant multiplicity with respect to & €
R, £ # 0.

(H4) The set of branch points of the eigenvalues of (A')~' (it A° + P ig; AT
T e R, & € R Vis the (possibly intersecting) union of finitely many smooth curves 7 =

1y (§), on which the branching eigenvalue has constant multiplicity s, (by definition
> 2).

Condition (H1) corresponds to hyperbolic-parabolic noncharacteristicity, while (H2)
is the condition for the hyperbolicity at U, of the associated first-order hyperbolic
system obtained by dropping second-order terms. The assumptions (A1l)-(A3) and
(HO)-(H2) are satisfied for gas dynamics and MHD with van der Waals equation of
state under inflow or outflow conditions; see discussions in [37, 9, 19, 18]. Condition
(H3) holds always for gas dynamics, but fails always for MHD in dimension d > 2.
Condition (H4) is a technical requirement of the analysis introduced in [58]. It is
satisfied always in dimension d = 2 or for rotationally invariant systems in dimensions
d > 2, for which it serves only to define notation; in particular, it holds always for
gas dynamics.
We also assume:

(B) Dirichlet boundary conditions in W-coordinates:

j

(w!, w'1)(0,%,t) = h(i,t) == (hy, he)(Z,1) (3.5)
for the inflow case, and
w!'(0,%,t) = h(z,1) (3.6)

for the outflow case, with » = (z1,7) € R%

This is sufficient for the main physical applications; the situation of more general,
Neumann and mixed-type boundary conditions on the parabolic variable v can be
treated as discussed in [19, 18].

3.1.2 The Evans condition and strong spectral stability

The linearized equations of (3.2), (B) about U are

Uy=LU =Y (B*Us)a, — Y (AU),, (3.7)

ak J
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with initial data U(0) = U, and boundary conditions in (linearized) W-coordinates
of
W(0,z,t) := (w, w1 (0,%,t) = h

for the inflow case, and
w'(0,%,t) = h

for the outflow case, with = = (1, %) € R?, where W := (W /U )(U)U.

A necessary condition for linearized stability is weak spectral stability, defined as
nonexistence of unstable spectra R\ > 0 of the linearized operator L about the wave.
As described in Section 3.2.1, this is equivalent to nonvanishing for all £ € R4!,
A > 0 of the Evans function

Dr(§,N)
(defined in (3.21)), a Wronskian associated with the Fourier-transformed eigenvalue

ODE.

Definition 3.1.1. We define strong spectral stability as uniform Fvans stability:
DL€ N2 0(C) >0 (D2)

for (£,\) on bounded subsets C' C {€ € R*™, R\ > 0} \ {0}.

For the class of equations we consider, this is equivalent to the uniform Evans
condition of [19, 18], which includes an additional high-frequency condition that for
these equations is always satisfied (see Proposition 3.8, [19]). A fundamental result
proved in [19] is that small-amplitude noncharacteristic boundary-layers are always

strongly spectrally stable.!
Proposition 3.1.2 ([19]). Assuming (A1)-(A3), (HO)-(H3), (B) for some fixed end-

state (or compact set of endstates) Uy, boundary layers with amplitude
1U = Usl=p0,+00)

sufficiently small satisfy the strong spectral stability condition (D2).

As demonstrated in [54], stability of large-amplitude boundary layers may fail for

the class of equations considered here, even in a single space dimension, so there is

!The result of [19] applies also to more general types of boundary conditions and in some situations
to systems with variable multiplicity characteristics, including, in some parameter ranges, MHD.
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no such general theorem in the large-amplitude case. Stability of large-amplitude
boundary-layers may be checked efficiently by numerical Evans computations as in
[5, 6, 7,8, 28, 3, 24, 9, 26, 25].

3.1.3 Multi-dimensional results I

Our main results are as follows.

Theorem 3.1.3 (Linearized stability). Assuming (A1)-(A3), (H0)-(H4), (B), and
strong spectral stability (D2), we obtain asymptotic L' N H(@=V/A+5 5 [P stability of
(3.7) in dimension d > 2, and any 2 < p < oo, with rate of decay

d—1
’U(t)‘[ﬁ S 0(1 + t)7T<|U0’L1ﬂH3 —|— Eo),
U ()| r < C(1+ )" 20 VP22 (U0 ianyzes + Eo),

(3.8)

provided that the initial perturbations Uy are in L'0NH?® forp = 2, or in L'NH(4=1/2A+5
for p > 2, and boundary perturbations h satisfy

P(t)] 12 < Eo(1+ )"/
|1(t)| Lo < Eo(14t)~%? (3.9)

|Dh(t) Apld=1/2+5 < Eo(l + t)—d/Q—e7

|L91~c

where Dy(t) := |h¢| + |hz| + |hzz|, Eo is some positive constant, and € > 0 is arbitrary
small for the case d =2 and e =0 for d > 3.

Theorem 3.1.4 (Nonlinear stability). Assuming (A1)-(A3), (HO0)-(H4), (B), and
strong spectral stability (D2), we obtain asymptotic L' N H® — LP N H* stability of U
as a solution of (3.2) in dimension d > 2, for s > s(d) as defined in (HO), and any
2 < p < o0, with rate of decay

U(t) = Ul < C(1 4 )" 202201041 e + Ey) 3.10)
e < C(L+8)"T (|Us| i + Eo), '

provided that the initial perturbations Uy := Uy — U are sufficiently small in L' N H*
and boundary perturbations h(t) := h(t) — W (Up) satisfy (3.9) and

_da-1
1
5

Bi(t) < Eo(1 +1) (3.11)
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with sufficiently small Ey, where the boundary measure By, is defined as

[(s+1)/2
Ba(t) i= bl + > 10l (3.12)
i=0
for the outflow case, and similarly
(s+1)/2 s
Bi(t) = |l + Y 10ihalize) + Y 10ihalree) (3.13)
i=0 i=0

for the inflow case.

Combining Theorem 3.1.4 and Proposition 3.1.2, we obtain the following small-
amplitude stability result, applying in particular to the motivating situation of Ex-

ample 1.2.1.

Corollary 3.1.5. Assuming (A1)-(A3), (H0)-(H4), (B) for some fized endstate (or

compact set of endstates) Uy, boundary layers with amplitude
1U = Ul [0, +00)

sufficiently small are linearly and nonlinearly stable in the sense of Theorems 3.1.3
and 3.1.4.

Remark 3.1.6. The obtained rate of decay in L? may be recognized as that of a
(d — 1)-dimensional heat kernel, and the obtained rate of decay in L> as that of a
d-dimensional heat kernel. We believe that the sharp rate of decay in L? is rather
that of a d-dimensional heat kernel and the sharp rate of decay in L> dependent on
the characteristic structure of the associated inviscid equations, as in the constant-
coefficient case [20, 21].

Remark 3.1.7. In one dimension, strong spectral stability is necessary for linearized
asymptotic stability; see Theorem 2.1.3. However, in multi-dimensions, it appears
likely that, as in the shock case [59], there are intermediate possibilities between strong
and weak spectral stability for which linearized stability might hold with degraded
rates of decay. In any case, the gap between the necessary weak spectral and the

sufficient strong spectral stability conditions concerns only pure imaginary spectra
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RA = 0 on the boundary between strictly stable and unstable half-planes, so this

should not interfere with investigation of physical stability regions.

3.1.4 Discussion

The large-amplitude asymptotic stability result of Theorem 3.1.4 extends to multi di-
mensions corresponding one-dimensional results of [56, 45] or Theorem 2.1.3, reducing
the problem of stability to verification of a numerically checkable Evans condition.
See also the related, but technically rather different, work on the small viscosity limit
in [42, 19, 18]. By a combination of numerical Evans function computations and
asymptotic ODE estimates, spectral stability has been checked for arbitrary ampli-
tude noncharacteristic boundary layers of the one-dimensional isentropic compressible
Navier—Stokes equations in [9]. Extensions to the nonisentropic and multi-dimensional
case should be possible by the methods used in [26] and [25] respectively to treat the
related shock stability problem.

This (investigation of large-amplitude spectral stability) would be a very interest-
ing direction for further investigation. In particular, note that it is large-amplitude
stability that is relevant to drag-reduction at flight speeds, since the transverse rela-
tive velocity (i.e., velocity parallel to the airfoil) is zero at the wing surface and flight
speed outside a thin boundary layer, so that variation across the boundary layer is
substantial. We discuss this problem further in Appendix B.1 for the model isentropic
case.

Our method of analysis follows the basic approach introduced in [58, 59, 57| for
the study of multi-dimensional shock stability and we are able to make use of much
of that analysis without modification. However, there are some new difficulties to be
overcome in the boundary-layer case.

The main new difficulty is that the boundary-layer case is analogous to the under-
compressive shock case rather than the more favorable Lax shock case emphasized in
[59], in that G, # t~1/2G as in the Lax shock case but rather G, ~ (e~ +¢=1/2)q,
0 > 0, as in the undercompressive case. This is a significant difficulty; indeed, for this
reason, the undercompressive shock analysis was carried out in [59] only in nonphys-
ical dimensions d > 4. On the other hand, there is no translational invariance in the
boundary layer problem, so no zero-eigenvalue and no pole of the resolvent kernel at

the origin for the one-dimensional operator, and in this sense G is somewhat better
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in the boundary layer than in the shock case.

Thus, the difficulty of the present problem is roughly intermediate to that of the
Lax and undercompressive shock cases. Though the undercompressive shock case is
still open in multi-dimensions for d < 3, the slight advantage afforded by lack of
pole terms allows us to close the argument in the boundary-layer case. Specifically,
thanks to the absence of pole terms, we are able to get a slightly improved rate of
decay in L>(x;) norms, though our L?(z1) estimates remain the same as in the shock
case. By keeping track of these improved sup norm bounds throughout the proof,
we are able to close the argument without using detailed pointwise bounds as in the
one-dimensional analyses of [23, 50].

Other difficulties include the appearance of boundary terms in integrations by
parts, which makes the auxiliary energy estimates by which we control high-frequency
effects considerably more difficult in the boundary-layer than in the shock-layer case,
and the treatment of boundary perturbations. In terms of the homogeneous Green
function G, boundary perturbations lead by a standard duality argument to con-
tributions consisting of integrals on the boundary of perturbations against various
derivatives of GG, and these are a bit too singular as time goes to zero to be absolutely
integrable. Following the strategy introduced in [56, 45|, we instead use duality to
convert these to less singular integrals over the whole space, that are absolutely in-
tegrable in time. However, we make a key improvement here over the treatment in
[56, 45], integrating against an exponentially decaying test function to obtain terms
of exactly the same form already treated for the homogeneous problem. This is nec-
essary for us in the multi-dimensional case, for which we have insufficient information
about individual parts of the solution operator to estimate them separately as in
[56, 45], but makes things much more transparent also in the one-dimensional case.

Among physical systems, our hypotheses here appear to apply to and essentially
only to the case of compressible Navier—Stokes equations with inflow or outflow bound-
ary conditions. In Chapter 4, we will establish an extension to more general situations
such as MHD equations by a rather different technique: the method of Kreiss’ sym-
metrizers. In addition, the above technical assumption (H4) which appears to be
crucial in current analyses can be dropped in our analysis of Chapter 4. See also
[19, 18] for the recent results on the related small-viscosity problem.

Finally, as pointed out in Remark 3.1.7, the strong spectral stability condition

does not appear to be necessary for asymptotic stability. It would be interesting to

93



develop a refined stability condition similarly as was done in [54, 58, 59, 57] for the

shock case.

3.2 Resolvent kernel: construction and low-frequency

bounds

In this section, we briefly recal the construction of resolvent kernel and then establish
the pointwise low-frequency bounds on G¢ ,, by appropriately modifying the proof in
[59] in the boundary layer context [56, 45] or Chapter 2.

3.2.1 Construction

We construct a representation for the family of elliptic Green distributions Gg \(x1, 1),

Gé&\('a yl) = (Lé - )\)715%()7 (314)

associated with the ordinary differential operators (Lé~ — A), i.e. the resolvent kernel
of the Fourier transform Lg of the linearized operator L of (3.7). To do so, we study

the homogeneous eigenvalue equation (Lg — AU =0, or

LoU
(B0 — (A'U) —i Y AU +i | BIGU
j#1 j#1 (3.15)
+iy (BYGU) = Y BRGGU — AU =0,
k#1 5. k#1

with boundary conditions (translated from those in W-coordinates)

Ay — App(by') 71y 0 *
UO) = 3.16

where x = 0 for the inflow case and is arbitrary for the outflow case.
Define

AS = ﬁA}@

where Aj({ ) denote the open sets bounded on the left by the algebraic curves )\;“ (&1,€)

94



determined by the eigenvalues of the symbols —£?B, — i€ A of the limiting constant-
coeflficient operators

L w = Biw" — Ajw'

as & is varied along the real axis, with f held fixed. The curves )\;r(-, é ) comprise the
essential spectrum of operators Lz, . Let A denote the set of (f ,A) such that A € AS.
For (£,)) € A8, introduce locally analytically chosen (in &, \) matrices

ot = ( 1+7 U 7¢}j)7 CDO = ((bg—i-l? U 7¢?1+r)7 (317)

and

O = (dF, 0, (3.18)

whose columns span the subspaces of solutions of (4.67) that, respectively, decay
at x = +o0o and satisfy the prescribed boundary conditions at = 0, and locally

analytically chosen matrices

\IIO - (w(l)J U 7¢2)7 \I[+ = (2/}1—;-17 T :JrT) (319)

and
U= (VU uh), (3.20)

whose columns span complementary subspaces. The existence of such matrices is
guaranteed by the general Evans function framework of [1, 14, 36]; see in particular
[59, 45]. That dimensions sum to n + r follows by a general result of [19]; see also
[54].

The Evans function

Following [1, 14, 54], we define on A the Evans function
Dr(&,\) := det(D°, &) . (3.21)

Evidently, eigenfunctions decaying at +o0o and satisfying the prescribed boundary
conditions at x; = 0 occur precisely when the subspaces span ®° and span ®* inter-

sect, i.e., at zeros of the Evans function

DL(f, )\) — O
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The Evans function as constructed here is locally analytic in (é ,A), which is all
that we need for our analysis; we prescribe different versions of the Evans function as
needed on different neighborhoods of A. Note that A includes all of {é € R RN >
0}\{0}, so that Definition 3.1.1 is well-defined and equivalent to simple nonvanishing,
away from the origin (£, \) = (0,0). To make sense of this definition near the origin,
we must insist that the matrices ®/ in (3.21) remain uniformly bounded, a condition
that can always be achieved by limiting the neighborhood of definition.

For the class of equations we consider, the Evans function may in fact be extended

continuously along rays through the origin [51, 42, 19, 18].

Basic representation formulae

Define the solution operator from y; to x; of ODE (Lg~ — AU = 0, denoted by Fv1—1,
as
Fyl_ml = (I)(Ilj'l, /\)(I)_l(yl, )\)

and the projections H21> H;jl on the stable manifolds at 0, 400 as

I, = (<1>+(y1) 0) O (yy), MY = (0 CIDO(y1)> (1),

We define also the dual subspaces of solutions of (LE — M)W = 0. We denote

growing solutions

= (1, 00, BT = (e d), (3.22)
® := (P°, d*) and decaying solutions

WO = (g, 0), = (W Y), (3:23)
and U := (U0, Ut), satisfying the relations

(xiz ci>); 53 (qf qp)&+ =1 (3.24)
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where

: : 0
» —A' +iB¥ + {B&
¢ (3.25)

(~@er -1) 0
With these preparations, the construction of the Resolvent kernel goes exactly as
in the construction performed in [60, 36, 59] on the whole line and [56, 45] on the half

line, yielding the following basic representation formulae; for a proof, see [36, 45] or
Lemma 2.2.13 and Proposition 2.2.14.

Proposition 3.2.1. We have the following representation

L, 0)FU =TT (S6) " (1) (1, 0)', >y,
Gf,,\(il?l,yl) = ( ) yl( 2 W) ) for m = (3-26)
_<[n70)fyl_)x1H21 (SE)_l(y1)<In70)tr7 fOT Ty <Y1

Proposition 3.2.2. The resolvent kernel may alternatively be expressed as

(L, 0)®F (x; M (N (yy; \) (L, 00y > a1,

Ge (x17y1> = -
o (L, 0)8(21; A) MO T (y1; N (L, 0) 1 < w1,

where
M(\) = diag(MT(\), MO()\)) =3 (2 A)(Sf)_l(z)\fl_l*(z; A). (3.27)

Scattering decomposition

From Propositions 3.2.1 and 3.2.2, we obtain the following scattering decomposition,
generalizing the Fourier transform representation in the constant-coefficient case, from

which we will obtain pointwise bounds in the low-frequency regime.

Corollary 3.2.3. On AE N p(Lg),

Ge (1, 11) Zd RO @i VU (s )T+ o (s Ny (s A)” (3.28)

k

Jor 0 <y; <1, and

Ge(T1,91) Z T VYf (s ) —Zﬁ/);(xl;/\)l;zj(%;)\)* (3.29)

k
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for 0 < xy <y, where
-1
B0 = (1,0) (e @) v, (3.30)
Proof. For 0 < 7 < y;, we obtain the preliminary representation

5)\ *1'173/1 ngk xlv )zpk: 3/17 +Z€]kw Z1; )wk(yla )

from which, together with duality (3.24), representation (3.26), and the fact that
[y = I —1II,, we have

(£) -G vy e

_ (cI>+ \1:+) B [I— <<b+ 0) (cI>+ c1>0>1]\11+ (3.31)

() () ) e

Similarly, for 0 < y; < x7, we obtain the preliminary representation

g,\ Jfl,yl Zd;rk «Tl, wk» ylu +Z k¢+ .771, (yh)‘)

from which, together with duality (3.24) and representation (3.26), we have

(1) -#an. (o o)

= (@)™ (‘P* 0) (f ‘DO>1 (‘Iﬁ q)+> (3.32)
S ) )
(e e ()6

Remark 3.2.4. In the constant-coefficient case, with a choice of common bases
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WOt = &0 at 0, 400, the above representation reduces to the simple formula

Z;‘V:k+1 ¢j(951; )\)sz*(yl; A) >y,

. - (3.33)
=2 U (s YT (s A) <

Gé,,\(xlayl) =

3.2.2 Pointwise low-frequency bounds

We obtain pointwise low-frequency bounds on the resolvent kernel Gé)\(ftl,yl) by
appealing to the detailed analysis of [58, 59, 17] in the viscous shock case. Restrict

attention to the surface
T€ = {\ : Red = —0,(|E2 + [SmA2)}, (3.34)

for 6, > 0 sufficiently small.

Proposition 3.2.5 ([59]). Under the hypotheses of Theorem 8.1.4, for A € I'¢ and
p = (6, N)], 6 >0, and 6 > 0 sufficiently small, there hold:

|G (@1, 1)| < Crpe 7 lml, (3.35)
and
10, Ge (w1, 51)| < Cyalp” + Be P )e 00l (3.36)
where e
Y=+ [ﬂ”l%‘mk—nﬂéﬂ +p] L (3.37)
i

and sj,n;f(é) are as defined in (H/).

Proof. This follows by a simplified version of the analysis of [59], Section 5 in the
viscous shock case, replacing ®~, ¥~ with ®°, ¥° omitting the refined derivative
bounds of Lemmas 5.23 and 5.27 describing special properties of the Lax and over-
compressive shock case (not relevant here), and setting ¢ = 0, or 4 = 1 in definition
(5.128). Here, ¢ is the multiplicity to which the Evans function vanishes at the origin,
(f ,A) = (0,0), evidently zero under assumption (D2). The key modes ®*, Ut at plus
spatial infinity are the same for the boundary-layer as for the shock case.

This leads to the pointwise bounds (5.37)—(5.38) given in Proposition 5.10 of [59]

in case a = 1, 73 = 1 corresponding to the uniformly stable undercompressive shock
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case, but without the first O(p™!), or “pole”, terms appearing on the righthand side,
which derive from cases 7 ~ p~! not arising here. But, these are exactly the claimed
bounds (3.35)—(3.37).

We omit the (substantial) details of this computation, referring the reader to [59].
However, the basic idea is, starting with the scattering decomposition of Corollary
3.2.1, to note, first, that the normal modes ®7, Wi, ®J Wi can be approximated up
to an exponentially trivial coordinate change by solutions of the constant-coefficient
limiting system at x — +oo (the conjugation lemma of [42]) and, second, that the
coefficients My, d;; may be well-estimated through formulae (3.27) and (3.30) using
Kramer’s rule and the assumed lower bound on the Evans function |D| appearing
in the denominator. This is relatively straightforward away from the branch points
S\ = nj(é) or “glancing set” of hyperbolic theory; the treatment near these points
involves some delicate matrix perturbation theory applied to the limiting constant-
coefficient system at x+ — 400 followed by careful bookkeeping in the application of

Kramer’s rule. O

3.3 Linearized estimates

We next establish estimates on the linearized inhomogeneous problem
U —-—LU=f (3.38)

with initial data U(0) = U, and Dirichlet boundary conditions as usual in V-
coordinates:
W(0,z,t) := (w', w7’ (0,%,t) = h (3.39)

for the inflow case, and
w'(0,%,t) = h (3.40)

for the outflow case, with » = (z1,7) € R%

3.3.1 Resolvent bounds

Our first step is to estimate solutions of the resolvent equation with homogeneous
boundary data h=0.
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Proposition 3.3.1 (High-frequency bounds). Given (A1)-(A2), (H0)-(H2), and ho-
mogeneous boundary conditions (B), for some R,C sufficiently large and 6 > 0 suffi-

ciently small,

(Le = N Flan < Clf iy, (3.41)
and
17 C -
(g = N7 e < e iy (3.42)

for all |(§~, A)| > R and ReX > —0, where f 1s the Fourier transform of f in variable
T oand [f] g1,y = [(1+ 02| + €1 flr2@0)-

Proof. First observe that a Laplace-Fourier transformed version with respect to vari-
ables (A, Z) of the nonlinear energy estimate in Section 3.4 with s = 1, carried out on

the linearized equations written in W-coordinates, yields

(Red + 00)|(1+ €] + [0, JWI2 < C(IW + (1 -+ [ERIWIIF| + 100, W10, 1)
(3.43)
for some C' big and ¢; > 0 sufficiently small, where |.| denotes |.|z2(;,). Applying

Young’s inequality, we obtain
(ReA + 01)[ (1 + [€] + 10, YW [* < CIW[* + CI(1 + [€] + 122]) /1 (3.44)

On the other hand, taking the imaginary part of the L? inner product of U against
AU = f + LU, we have also the standard estimate

[SmAUJL: < ClU + CLf 22, (3.45)
and thus, taking the Fourier transform in z, we obtain
[SmAIW]® < CIf P+ CI(L+ ] + |0, )W (3.46)
Therefore, taking § = 60;/2, we obtain from (3.44) and (3.46)
(L4 N2 4 1]+ [0 YW < CIW P+ CI(L + €] + 102D f P, (3.47)

for any el > —0. Now take R sufficiently large such that |IW|? on the right hand
side of the above can be absorbed into the left hand side, and thus, for all \(é A >R
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and Rel > —0,
(L A2+ €]+ 100, DW P < O(1+ €]+ 102, DI, (3.48)
for some large C' > 0, which gives the result. O

We next have the following:

Proposition 3.3.2 (Mid-frequency bounds). Given (A1)-(A2), (H0)-(H2), and strong
spectral stability (D2),

(Le =N Mgie) < C, for RV <|(E,0)] < R and Red > —9), (3.49)

for any R and C = C(R) sufficiently large and 0 = 6(R) > 0 sufficiently small, where
|f|]:l1(331) is defined as in Proposition 3.3.1.

Proof. Immediate, by compactness of the set of frequencies under consideration to-
gether with the fact that the resolvent (A — Lg)_1 is analytic with respect to H' in
(€,\); see Proposition 4.8, [57]. O

We next obtain the following resolvent bound for low-frequency regions as a direct

consequence of pointwise bounds on the resolvent kernel, obtained in Proposition

3.2.9.

Proposition 3.3.3 (Low-frequency bounds). Under the hypotheses of Theorem 3.1.4,
for X € T€ and p = (€, \)], 01 sufficiently small, there holds the resolvent bound

|(L§ ) 186 flLP (z1) < C’Y2ﬂ 2/p ﬁ|f|L1 (z1) + ﬁ|f|L°°(a:1 ] (350)

for all2 <p<oo, f=0,1, where v, is as defined in (3.37).

Proof. Using the convolution inequality |g * h|r» < |g|r»|h|1 and noticing that

‘851G£,>\(x17y1)‘ < C"Yz(pﬁ -+ ﬁeié)yl)e*epzkﬂlfyﬂ’
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we obtain
[(Le = N) "0 floan
= ‘/aﬂ Gg,\(xla?/l)f(ylag) d?ﬁ)m( )+ﬁ|G£,,\(37170)f<0a§)|LP(x1)

1

<| / Cralp® + B~ )e= 7wl f g, €)] dy,

< Cypp™2/? [,05|f|L1(x1) + ﬁ|f|L°°(m)]

L, T CBIF 0.8l |1

as claimed. O

Remark 3.3.4. The above LP bounds may alternatively be obtained directly by
the argument of Section 12, [17], using quite different Kreiss symmetrizer techniques,
again omitting pole terms arising from vanishing of the Evans function at the origin,
and also the auxiliary problem construction of Section 12.6 used to obtain sharpened

bounds in the Lax or overcompressive shock case (not relevant here).

3.3.2 Estimates on homogeneous solution operators

Define low- and high-frequency parts of the linearized solution operator S(t) of the

linearized problem with homogeneous boundary and forcing data, f, h =0, as

1 3
Si(t) = —— / 7{ AT (Lo — \)THdNdE 3.51
10 2mi)? Jig<r Jrenga<r ( ‘ | | |

and

Sy(t) = e — Si(t). (3.52)
Then we obtain the following:

Proposition 3.3.5 (Low-frequency estimate). Under the hypotheses of Theorem
3.1.4, for = (61,5 with p; = 0,1,

S1 ()02 f|r2 <C(1+ )" EDAB2 7110+ CBy (L +¢) " DA f 1o
|S1(#)02 f| 200 SC(L4¢) VAT £+ CB (14 4) "I f| e, (3.53)
T,T] T,xq

|Sl(t)a£f|Lg<jzl SO+ t)" 202 f| L + Co(1+ t)_d/2|f|L;,2,

where | - |gpa  denotes the norm in LP(T; L(x4)).
Z,xq
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Proof. The proof will follow closely the treatment of the shock case in [59]. Let
(1, €, \) denote the solution of (Le=A)a = f, where f(z1,€) denotes Fourier trans-

form of f, and

e ) =S0F = g [ ML) e niE
(2mi)d iE1<r JTéN{ <)
Recalling the resolvent estimates in Proposition 3.3.3, we have
(21, &, N) | Loger) < Cr2p™ 7P| flrry) < Crap 22| flii o)

where 79 is as defined in (3.37).
Therefore, using Parseval’s identity, Fubini’s theorem, and the triangle inequality,

we may estimate

1 - 2 .
ul? t:—//‘]f e”ﬁaz,,kd)\’dda:
’ ‘L (acl,ac)() (27T)2d o Fém{\)\|§r} ( 1 f ) 5 1

1 [, i

= — eMu(xy, &, A)dA d¢
(2m)*® Je ‘ rén{AI<r} @1,6)

L2(z1)
1 . ~ 2 .
= (27r)2d/5’j§5 o }6%6/\t|u($1a§;>\)|L2(x1)d/\‘ dg
N <r

2 .
< C|f‘%1<x>/’f~ eé’*e“’yzp*ldxl dé.
&l Jrenqn<r

Specifically, parametrizing Ié by

ANE k) =ik — 0,(K* + [€]), keR,

and observing that by (3.37),

1™ < (k] +[€))” [1+Z( Oy
< (k] +1€)” [1+Z( nO) ),

(3.54)

where ¢ :== —L— (0 < € < 1 chosen arbitrarily if there are no singularities), we
max; S;
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estimate

/‘f 6mext%p_1d>\’2dé - /‘/6—91(k2+5~|2)t,y2p—1dk’2dé
¢ Jrénfn<ry ¢ Jr

< / e IE g / e91k2f|k!€1dk]2dé
3 R
904 1£1241 F1—2€
oy [
i Ve
J

§/€—291£|2t|§’—2€ /6—91k2t|k|€—ldk’2dé
£ R

5 - 2 .
/ ek — 73(O)1 k| de
R

Likewise, we have

1 o

Wl (1) = /‘f eMi(xy, €, A)dA
iz = Gt Jel e © SN

1 o ,
= (27)2d/§}]€€n{>\|< }e%mm(xl’g’ A)|L°°(’“)dA‘ de

2
< C’fﬁl(ag)/’j{_ emmwd/\’ d§
¢ Jren{|a<r}

2
Loo(z1)

where

2 = 2 .
/‘% eﬂ‘ée)\tfhd)\‘ df < /6291|§|2t /691k2tdk‘ dé
£ Jrén{|aj<r} ¢ R
- ~ - 2 .
+§ [6—291|£2t|§|2—26 /6—01k2t|k_7_j<€)|6—1dk‘ d€
i 7t R

< Ct(d+1)/2+0/€291§|2t|€’225
3

2 2 nd
/66’1]{: t’k’efldk_‘ d£
R

< Ot~ @H/2,

Similarly, we estimate

e (t ‘ My, € N)dA dé
| ‘Lz,zl() (27T)d & Jrénga<n ( 1 ) Loo ()
1

(2m) /Eygém{AKr} e M1, & Nl e oy dAdE

< Ol / f O RNang
£ JTEN{|A|<r}
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where as above we have

[%_ emeAt’)/gd)\dég/6_015|2t/6_61k2tdkd5
£JTen{|A|<r} 3

_|_Z/ *91|§|2t’£‘1 6/ —01k? t‘k ( )|€ 1d/€d€

<ct¥yC / e O1lEPt)glLe / e~ ||t dkdE
< A i
<ot 2,

The x1-derivative bounds follow similarly by using the resolvent bounds in Propo-
sition 3.3.3 with 5 = 1. The 2-derivative bounds are straightforward by the fact that
0rf = (i)°f.

Finally, each of the above integrals is bounded by CI|f] L'(z) as the product of
| f]21(z) times the integral quantities v2p~"!, 72 over a bounded domain, hence we may

replace ¢t by (1 + t) in the above estimates. O

Next, we obtain estimates on the high-frequency part Sy(t) of the linearized solu-
tion operator. Recall that Sy(t) = S(t) — S1(t), where

1
— zéaz &t
S(t) (27T’i)d /Rd 1 d€
and

1 i
S, (1) = —/ 7{ MTET (L — \)rdNdE.
1) (2mi)® J\g<r Jréngai<ry (Fe =) ‘

Then according to [57, Corollary 4.11], we can write
01 +100

S0 = V- / 1—ioo /Rd_1 Xl +3maP200-+02 (3.55)

X ETTM () — Le) ™' f (w1, £)dEdA.

Proposition 3.3.6 (High-frequency estimate). Given (A1)-(A2), (H0)-(H2), (D2),
and homogeneous boundary conditions (B), for 0 < |a| < s—3, s as in (H0),

1So(t) flr2 < 06_91t|f’Hg,

(3.56)
0985(1) flra < Ce™ | f] rorss.
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Proof. The proof starts with the following resolvent identity, using analyticity on the
resolvent set p(Lg) of the resolvent (A — Lg)~", for all f € D(Lg),

A=La) ' f =X A= L) 'L f + A7 (3.57)
Using this identity and (3.55), we estimate

1 —01+i0co
Sg(t)f = WPV /elioo /]Rd—l X|§~|2+|Sm)\\2291+92
% 6ig.j+)\t)\—l()\ B Lg)_ng]E(fl?h é)dfd)\
—01+ioco

1
" (27TZ)dPV /9 —i00 /Rd—1 X\£~|2+\%m)\\2291+92
% eié-ﬂ)\t)\qf(xl’ é)déd)\
=: Sl + SQ,

(3.58)

where, by Plancherel’s identity and Propositions 3.3.6 and 3.3.2, we have

—61+ic0

CARYe / AU — L) Lo [0

—01—1i00
o —601+i00 3/ ~ R
< Cet / 2|1+ EDILeflincen| 1AM
—01—100 L2(€)

< Ce | f|ys

and

(3.59)

—01+ir B
1At i€ § N
+—(2W)d‘P.V./ Al d/\/Rd_le Fla, &)dé

by direct computations, noting that the integral in A in the first term is identi-
cally zero. This completes the proof of the first inequality stated in the proposition.

Derivative bounds follow similarly. O]

Remark 3.3.7. Here, we have used the A\'/2 improvement in (3.42) over (3.41)
together with modifications introduced in [35] to greatly simplify the original high-
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frequency argument given in [59] for the shock case.

3.3.3 Boundary estimates
For the purpose of studying the nonzero boundary perturbation, we need the following
proposition. For h := h(Z,t), define

Dy (t) := (|he| + |hz| + |haz|)(t), (3.60)

and
t
thii= [ [ (D 0uB + At - s0.0hG ) dids, (o)
0 JRd-1 3

where G(x,t;y) is the Green function of 9, — L. This boundary term will appear when
we write down the Duhamel formulas for the linearized and nonlinear equations (see
(3.73) and (3.130)). Noting that for the outflow case, the fact that G(z,¢;0,7) =0
simplifies ['h to

t
Th(t) :/0 /Rd_lel(x,t— s;0,7) B h djds. (3.62)

Therefore when dealing with the outflow case, instead of putting assumptions on
h itself as in the inflow case, we make assumptions on B''h, matching with the

hypotheses on W -coordinates.

Proposition 3.3.8. Assume that h = h(Z,t) satisfies

[P(t)| 2 < Eo(1 4 1)/
|P(t)] 15 < Eo(1+1t)~%? (3.63)

|Dh(t> A3 < E'O(l + t)—d/z—E’

|L%

for some positive constant Ey; here |y| = [(d —1)/2] 4+ 2, and € > 0 is arbitrary small

ford=2 and e =0 for d > 3. For the outflow case, we replace these assumptions on
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h by those on B*h. Then we obtain
ITh(t)| 2 < CE(1 +t)~@=1/,
ITh(t)| 200 < CEo(1 4 t)~ @D/, (3.64)
T,z

ICA(t)| e < CEy(1+1)""?,
and derivative bounds

|8xrh(t)|]ﬁ’°° < CEo(l + If)_(d+1)/4,
(3.65)
|02 h(t)| 200 < CEo(1 4 )~ D/,

T,Tq

for allt > 0.

Proof. We first recall that G(z,t — s;y) is a solution of (05 — L,)*G* = 0, that is,
—G, =Y (GAY), +> GA) => (G, BY),,. (3.66)
J J Jk

Integrating this on R% x [0,¢] against

g(yh ga 8) = e—ylh(g’ 5)7 (367)

and integrating by parts twice, we obtain

t
Fh——/o /Rd+ (D GuBY +>GAT)g,,dyds

gk J

t
B /0 /Ri ( — Gt Z GA?ﬁ)Q(y? s)dyds

J

where, recalling that

St f(x)= [ Gz, t;y)f(y)dy,

e
we get .
—/0 /R Z (Gkakj + ZGAj>gyjdyds

d .
+ jk

) _/Ots(t - s)( B Z(Bkjng)xk 4 ZAjng)ds
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and

B /ot /Rd (- Z GAL, ) g(y, )dyds
/ (t—s <QS+ZAJ >ds—|—gx t) — S(t)g(z,0).

Therefore combining all these estimates yields
t
Ph= g(a.t) = S(thgn ~ [ S(t = 5)(g. - Lugla. ))ds (3.68)
0

with go(z) := ¢g(x,0) and L,g = — Zj(Ajg)xj + ij(Bjkgzk)zj
Now we are ready to employ estimates obtained in the previous section on the
solution operator S(t) = S;i(t) + Sa(t). Noting that

9]y < Clhge,

we estimate
IThlL2 < g2 + |S1(t)golL2 + |Sa(t)go| L2
b [ 1630 = 900~ L) + 15300~ )0, ~ Lol
< [h(#)] 12 + COU+6) 7 |gol 12 + Ce™™[go s
+ /Ot(l +t—5) I (|go| + | Lgl) 2 + € (|gal + [ Lgl) ads
< ()2 + OO+ 7T [hol s
+ /t(l +t— s)_(d_l)/4|Dh(s)|L:15 + e_e(t_s)|Dh(s)|Hgds
0
< CEy(1+t) %
and similarly we also obtain
[Thlgzee < [A(#)]12 + O+ [holiyms
+C /t(l +t— s)_(”l“)/ﬂl)h(s)|Lg1E - 6_9(t_5)|Dh(S)|H;1d8 (3.69)
0

< CEy(1+1t)~%
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and

ICh| oo < |R(8)|1ee + C(1 + )~ %|ho|

LI
- C/Ot(1 + 11— 5) 2 Du(s)| 11 + e*9<t*8>th(s)\HW3ds (3.70)
< CEy(141)7%.
Similar bounds hold for derivatives.
This completes the proof of the proposition. O]

3.3.4 Duhamel formula

The following integral representation formula expresses the solution of the inhomoge-

neous equation (3.38) in terms of the homogeneous solution operator S for f, h = 0.

Lemma 3.3.9 (Integral formulation). Solutions U of (3.38) may be expressed as
t
U, t) =S(t)Uo + / S(t— 8)f(-5) + TU(0, %, 1) (3.71)
0

where U(z,0) = Uy(z),
t
ru(0,z,1) :=/ / )Gy, B + GAY(x,t — 5;0,5)U (0,7, 5) dijds,  (3.72)
0 Jri-1
J

and G(-,t;y) = S(t)0,(-) is the Green function of 0, — L.
Proof. Integrating on Ri the linearized equations
(0s = Ly)U = f
against G(z,t — s;y) and using the fact that by duality
(0s = Ly)"G*(z,t — s39) = 0,

we easily obtain the lemma as in the one-dimensional case (see [56, 45]), recalling
that

St f= | Gz t;y)f(y)dy.

d
RJr
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3.3.5 Proof of linearized stability

Proof of Theorem 3.1.3. Writing the Duhamel formula for the linearized equations
U(z,t) =S(t)Uy + T'h(z,1), (3.73)

with ['h defined in (3.61), where U(x,0) = Uy(z) and U(0, Z,t) = h(Z,t), and applying

estimates on low- and high-frequency operators S;(t) and Ss(t), we obtain

\U(t)|r2 < |S1(t)Uo|r2 + |Sa(t)Us|r2 + |Th(t)] 12
<O +t) T |Uplpr + Ce™|Up| i + CEo(1 + ¢) =1/ (3.74)
<O+t T (|Uo| prrms + Eo)

and

[U(#)| e < [S1(8)Uo| e + |S2(t)Up|pee + [Th(t)] o
< C(l + t)fg‘Uo’Ll + C’SQ(Zf)U()’H[(dq)/mH + CEo(l + t)fd/z
S C(l -+ t)7g|U0’Ll -+ Ceint‘U0|H[(d—1)/2]+5 + CEo(l -+ t)id/Q

d
2

S C(l + t)i <|U0|L10H[(d_1)/2]+5 + EO)

(3.75)

These prove the bounds as stated in the theorem for p = 2 and p = co. For 2 < p < oo,

we use the interpolation inequality between L? and L. O

3.4 Energy estimates

For the analysis of nonlinear stability, we need the following energy estimate adapted

from [37, 45, 57]. Define the nonlinear perturbation variables U = (u,v) by
Ulz,t) = Uz, t) — U(xy). (3.76)

Proposition 3.4.1. Under the hypotheses of Theorem 3.1.4, let Uy € H® and U =
(u,v)T be a solution of (3.2) and (3.76). Suppose that, for 0 < t < T, the W2
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norm of the solution U remains bounded by a sufficiently small constant ¢ > 0. Then
t

U3, < Ce™ Ul + C/ e_e(t_T)(|U(T)|%z + |Bh(7')|2)d7' (3.77)
0

for all 0 <t < T, where the boundary term By, is defined as in Theorem 3.1.4.

Proof. Observe that a straightforward calculation shows that |U|gr ~ |W|gr,
W=W-W:=W({U)-Ww(@0), (3.78)

for 0 < r <'s, provided |Ul|y2~ remains bounded, hence it is sufficient to prove a
corresponding bound in the special variable W. We first carry out a complete proof
in the more straightforward case with conditions (A1)-(A3) replaced by the following
global versions, indicating afterward by a few brief remarks the changes needed to

carry out the proof in the general case.
(A1) AI(W), A°, A}, are symmetric, A% > 6, > 0,
(A2’) Same as (A2),

w 0 bt
Substituting (3.78) into (3.4), we obtain the quasilinear perturbation equation

~7 . ~
AW = EU , Bi* =Bk = 00 , EEDTF > 0/€)?, and G = 0.
I j

AW, + 3 AW, = 3 (B*W,, ), + MW, + S (M), (3.79)
J Jk J

where A% := A°(W + W) is symmetric positive definite, A7 := A/(W + W) are

symmetric,
1
M, = AHW + W) — AH(W) = (/ dA* (W + GW)dH) W,
0

J _ Ril A7) — RIV(W) = 0 0
My = B2 (W W) = B2(W) = (0 (foldbjl(W+9W)d9)W>'
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As shown in [37], we have bounds

Al < O, JAY < CIW| < CIW,| + wil]) < C¢, (3.80)
2
|0, A% + [2A°| < C O |OSW | + [Wa |) < C(C+ Wy ). (3.81)
k=1

We have the same bounds for A7, B/* and also due to the form of M, M,
| M, [Ma| < C(C + Wy, |)[W]. (3.82)

Note that thanks to Lemma A.1.1 we have the bound on the profile: |W,,| <
Ce 1l as z1 — 4o0.
The following results assert that hyperbolic effects can compensate for degenerate

viscosity B, as revealed by the existence of a compensating matrix K.

Lemma 3.4.2 ([34]). Assuming (A1’), condition (A2’) is equivalent to the following:
(K1) There exist smooth skew-symmetric “compensating matrices” K (), homo-

geneous degree one in &, such that
Re( D G6B" — KA Y 6" )W) 2 6aleP >0 (383)
jik k
for all £ € R*\ {0}.
Define e by the ODE
oy, = —sign(Al e, W, |a,  a(0) =1 (3.84)
where ¢, > 0 is a large constant to be chosen later. Note that we have
(0, /) Apy < =01 Wy | = —w(21) (3.85)
and

|, Ja| < e Wy, | = Gflw(xl). (3.86)
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In what follows, we shall use (-,-) as the a-weighted L? inner product defined as

<f7 g> = <Oéf7 g)LQ(R‘i)

and

1= 3 (oer.onp)”

1=0 |a|=1

as the norm in weighted H® space. Note that for any symmetric operator .S,
1 .
<Sfx]7f>:_§<sx]f7f>7 ]7&1
1 1
<Sf331’f> = _§<(Sﬂl1 + (azl/a)s)f7 f> - §<Sf’ f>07

where (-, -), denotes the integration on Rf := {z; = 0} x R?"!. Also we define

() = Z > (a7, 8§f>;/2,

i=0 |a|=i

1 fllos = Il £

Note that in what follows, we shall pay attention to keeping track of c,. For
constants independent of c¢,, we simply write them as C. Also, for simplicity, the sum

symbol will sometimes be dropped where it is no confusion. We write || fo[| = > || fa,

and (|05 fll = 300 102 £

Zeroth order “Friedrichs-type” estimate

First, by integration by parts and estimates (3.80), (3.81), and then (3.85), we obtain
for j # 1,

) 1 ) -
—(ATW,;, W) = S(AL W, W) < C((C+ [Way Yo', ') + Clw™ [
and for j =1,

(AL, W) = (AL, + (0, J0) AW, W) + (AT W),

—_

< 5{(aw /o) Apw’,wh) + C((C+ W, DIW] + w(@) [w" ]|, W) + Ty

\)

1 _
< —S{w@pw’, w) + ¢+ [We, D', w') + Cle) w5 + 75
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where J; denotes the boundary term 1(A'W,W),. The term (|W,,|w’, w’) may be

easily absorbed into the first term of the right-hand side, since for ¢, sufficiently large,
_ 1
(W, |w!, w!) < (e,0)) Hw(z))w!, w!) < E(w(xl)wl,wl>. (3.87)
Also, integration by parts yields

<(Bjkak)xjv W> = _<Bjkakv W%) - <(a$1 /a)BlkWZ’k’ W> - <B1kak’ W>0

< —0llw, ' [I5 + Clw(@)wy’, w') — (0w, w'),
< —0llw,[I5 + Clea)lw™ [I§ — (b Fwg,, w'),.

where we used the fact that B*W, - W = v*w!! . w!! noting that B has block-
diagonal form with the first block identical to zero. Similarly, recalling that Mg =
BIY(W + W) — BIY(W), we have

<(M§Wa71)1'j’ W> - _<M§W$17 W:B]> - <<a$1/a)M21W$17 W> - <M21W£B17 W>0
< C(|Wa [[W], wg'[) + Clw(an) W, w') = (maWe,, w')
< &lwl I+ € (elwle)w’ ') + Cle)w|) = (m3Wa,, w'),
for any small & e. Note that C' is independent of ¢,. Therefore, for £ = 6/2 and c,
sufficiently large, combining all above estimates, we obtain

1d 1

—(AC — (A /A0
2dt< W, W) = (AW, W) + 2( W W)

) ) - . 1

= (=AW, + (B*W, )a, + MiW,, + (MIW,)a,, W) + 5<A$W, W)

1
< —lwlz)w’,w') +6llw; 5] + CCllw’[I§ + Cle) w5 + 1
(3.88)
where the boundary term

1 _

1§ = (AW W), — 0 wll wlh) — (W, ), (3.80)

which, in the outflow case (thanks to the negative definiteness of A},), is estimated

as
0
I < = w'l5o + CUw™ 150 + ez Toollw! o), (3.90)
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and similarly in the inflow case, estimated as

L < CIW150 + llwz loollw[lo)- (3.91)

Here we recall that || - [lo,s := || - |+ (ra)-

First order “Friedrichs-type” estimate

Similarly as above, we need the following key estimate, computing by the use of

integration by parts, (3.87), and ¢, being sufficiently large,

- Z<W$17AJWIZ%>
J
1 1
- Z W, A] )+ §<wa (awl/a)A1WIi> + §<le, AlWxi>0 (3.92)
1 1
< —1<w($1)wiawi> + CClwy|l§ + Cellw |5 + 5 (Was, AW, -

We deal with the boundary term later. Now let us compute

d 1
§£<AOWIN sz) = <sz> (AOWt)Iz> - <W337,7 Angt> + §<AgW3«“m WI1> (393)
We control each term in turn. By (3.80) and (3.81), we first have

(AW, Wa,) < CCIWallg

and by multiplying (A°)~! into (3.79),

(W, Az, Wa)| SCUC+ W, DIWal, (W] + [wyg] + W)
<€llwaall§ + CUC + [Way Dwg, wy) + C{(C + [Wa ', w') + Cllw™ |15,
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where the term (|[W,, |wl, wl) may be treated in the same way as was {|W,, |w!, w!)
in (3.87). Using (3.79), we write the first term in the right-hand side of (3.93) as

(Was (AW,)) =(Way [ AW, 4+ (B*Wo, ),y + MiWoy + (MaWo, ) o)
- <Wl‘z> A]WIZIJ + <W€0m _A;ZW% + (MlWI1)Iz>

- <(a9€1 /a>Wxi7 [(BlkW$k>xz + <M21W21)%]>
- <szv [(BlkWIk>11 + <M21W361)%]>0

[{wlan)wd, wh) + ollwlk 3]

+ C[C\le\lf + Cle)llwy 5+ (Wa 0’ w') | + 1
where I} denotes the boundary terms

1 _
Ibl = §<qu AlWﬂJi)O - <sz [(Blkak)wi + (MQIWM)%DO

1 ) (3.94)
= §<sza Ale)o - <w£f7 [(blkwg)xi + (m%Wm)xiDOv
and we have used (A3) for each fixed i and §; = (W, )., to get
> Wiy B Waya) 2 03 W, |, (3.95)

ik J

and estimates (3.92),(3.87) for w!, w!, and Young’s inequality to obtain:

(Wa, =AW, + (My W, )a) < CU(C + [Way DWW, [Wa + [W)).
— (W + (0, f)Wa, (B*W,),) <
—0llwiil[s + C{lwii] + w (@) |wy], (¢ + [Way ) [wi])
— (W + (Qay f)Wa, (MZW,),) <
Clwit] + w(@)|[wi], (¢ + [Wa, D([We | + [W])).
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Putting these estimates together into (3.93), we have obtained

+ (@l wl)

4
< c[cuuﬂui (Wl wl) + Clellw ] + 1 (3.96)

d
SAOW, W) + 20wl E +

N | —

Let us now treat the boundary term. First observe that using the parabolic equations,

noting that A° is the diagonal-block form, we can estimate
(" ), (0,7,) < C(Jwf"| + W | + W) (0,3, ) (3.97)
and thus for i # 1

(Wl [T, + (mbWey)a)o
/ wlL, [(W] -+ ) 598

<c / (WP 4wl + ot
Rj

and for i = 1, using b'* = b*!, (3.97), and recalling here that we always use the sum

convention,
S0 wi e, = 5 (0%l + 67wl + bkl — bl
k
1 )
§<(ka H) +b1k H 6;1 Z (b]kwii)xj> (3.99)
J#1; k#£1
< C(jwf’| + W]+ [Way | + [wid ).
Therefore

< xl’[(blk H) +(m;Wl‘1)ﬂc1]>0

xk

SE/ |wi«|2+0/ <|wH|2 |W|2+|wﬂ|2—|—| H|2>
RY RY

For the first term in I}, we consider each inflow/outflow case separately. For the
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outflow case, since A}; < —6; < 0, we get
1 2 12 112
AW, W, < —§|wxl + Clw,'|*.
Therefore
= [l [ (WPl )
Meanwhile, for the inflow case, since A}, > 6; > 0, we have

|AYW, - W, | < CIW, |2

(3.100)

In this case, the invertibility of A}, allows us to use the hyperbolic equation to derive

[w, | < C(Jwf] + |w| + wsl).
Therefore we get

< [ (WP WPl o+ ol o+ fuld).
R

0

Now apply the standard Sobolev inequality
[w(0)]* < Cllwllre@ (el 2y + lwllr2m)

to control the term |wl!(0)|? in I} in both cases. We get
AP < €l + iy

Using this with ¢ = 0/8, (3.94), and (3.100), the estimate (3.96) reads

d

S, W)+ lh 3+ (w(an )l wh)

< (¢l I + (Wa ! wh) + e ) + 13
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where the (new) boundary term I} satisfies

0
Be-2 [ utPac [ (WeslP s plP e wll?) (3105
2 Jry R

for the outflow case, and

I} g/ (|W|2+ (Wil + [Wal® + wii 2) (3.106)
R4

0

for the inflow case.

Higher order “Friedrichs-type” estimate

For any fixed multi-index a = (ag,, -+ ,04,), a1 = 0,1, |a] = k = 2,...,;s, by

4
dt

we easily obtain

computing 4 (A%2W, 0W) and following the same spirit as the above subsection,

d
AW W) + 002 w3 4 (w(an) o2, o)
el | (3.107)
< C(Clelw |+ Cllw I+ D4 0w’ 05')) + 1
i=1

where

9 =00 90, et = Zaﬁf---aﬁj&:j, J = Zagll...agj

J |B]=i
and the boundary term I;* satisfies

[(k+1)/2]

k-1 k
0 ‘ . .
I < ——21 g |0cw! |* + C/Rd ( E |0iw! |2 + E |0Lw! |7 + E |8§w”]2)
8 6 = i=0 i=0

(3.108)
for the outflow case, and
k [(k+1)/2] k
I g/ (Z|a§wf\2+ > |a§w”|2+2\a;W|2> (3.109)
L S i=1 i=0

for the inflow case.
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Now for a with a; = 2,..., s we observe that the estimate (3.107) still holds.
Indeed, using integration by parts and computing 4(A°03W, 09W) as above leaves

the boundary terms as
a 1 le% le% leY leY 1
L} = 5(8901/1/, Aloe W), — (02 w!’, 98 [(blkwﬁ) + (m%Wzl)DO. (3.110)
Then we can use the parabolic equations to solve

wily, = (") (ASwf + AW, — (VD) — Bhhwl! — My, — (mhW,)a, ).
Using this we can reduce the order of derivative with respect to x; in 92 to one, with
the same spirit as (3.98) and (3.99). Finally we use the Sobolev embedding similar
to (3.103) to obtain the estimate for the normal derivative 0,,, and get the estimate
for I as claimed in (3.108) and (3.109).

We recall next the following Kawashima-type estimate, presented in [59], to bound
the term ||w!||7 appearing on the left hand side of (3.107).

“Kawashima-type” estimate

Let K(§) be the skew-symmetry in (3.83). Using Plancherel’s identity and the equa-

tions (3.79), we compute

1d . S  ANPTRT (2 eAPTR
5 77 (K (@)W, 85) = o — (IK(€) (i)W, (i€)" W)

= (iK (&))" W, (i) W)

— (e K@D YAy T
+ (iK(£) (i)W, (i€)" H),
where
H = Z ((A(-)l-)_lAi - (AO)_IA]) W:cj
j (3.112)

+ (A% ( N (B*Wa)a, + MW, + Z(Mgle)zj>.

jk J

By using the fact that |(A))~1A% — (A%)~1AI| = O(C + |W,,|), we can easily
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obtain
r+1

1L HS < Cllw! [121n+C Y {(C+ [Way IS, D).

k=0

Meanwhile, applying (3.83) into the first term of the last line in (3.111), we get
(i)W, = K(§)(AD) ™! Y &4, (i)' W)
J

> 6|l WIS — Clliel a1

= 0||o;w'[ls — ClloT w5,

Putting these estimates together into (3.111), we have obtained the high order

“Kawashima-type” estimate:

d T A
K @)W, W) < = 8]0, w' g+ Cllw™ |12
r41 ) ' ’ (3.113)
+ O Y A+ WaOw!, ')
1=0

Final estimates

We are ready to conclude our result. First combining the estimate (3.104) with (3.88),

we easily obtain

1d
——((A° M(A°
= ((AWo, W) + M (AW W)
0 1
< (22 & 2 I .1
< — (Gl + Jlwl@wlw))
+ O (¢l I3+ ([ Way [ 0" + Cle) o™ IF) + 1
M
— 7 (ww!,wh) + il [2) + CMCllw’ 1§ + MC(e)lw™ I} + M1

By choosing M sufficiently large such that M6 > C(c,), and noting that c.0,|W,, | <
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w(zy), we get

1d
2dt
< — (Bl 3+ (wla)w!, wh) + (wle)wl,wh)) (3.114)

+ C(Cll’3 + Cle) ™ I8) + I} + M.

((AOWZ, W) + M{AW, W))

We shall treat the boundary terms later. Now we use the estimate (3.113) (for r = 0)
to absorb the term ||0,w!||o into the left hand side. Indeed, fixing c, large as above,
adding (3.114) with (3.113) times €, and choosing €, ¢ sufficiently small such that
€C(cy) < 0,e < 1 and ( < €y, we obtain

%((AOWx, W) + M AW, W) + e(KW,, W))

N | —

< = (Ol + (e’ w!) + (wlau, w)))

Ooc
+C(Cl I + Clellw™)) -

o+ Ce(Jlw I + Clle’3 + (w0’ + (el wl) ) + I + M

lwzlI5

1
< — 5 (O™ 3 + GaclwlIF) + Cle) W+ 1,

where I, := I} + MI}.
In view of boundary terms I and [}, we treat the term I, in each inflow/outflow
case separately. Recall the inequality (3.103), [|wi! |0 < Cllw'!||5. Thus, using this,

for the inflow case we have
Iy < C(IW 5o + llwi lloollw™ loo) < CUW g0 + lwi o + elw[3)  (3.115)

and for the outflow case,

0
) < == lw'lfs o + Clw™ 150 + lwiloollw o)
92 (3.116)
1
< = lw'l50 + Cllw™ 15,0 + llwz' 1150 + ellw[13)-

Therefore these together with (3.105) and (3.106), using the good estimate of
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JwlL|§, yield

0
=2 [ QPP+ 0 [ (WP P el 4 ) (3
RY

R§
for the outflow case, and
I < / (WP + Wil? + (W5 + ) (3.118)
R§

for the inflow case.
Now by Cauchy-Schwarz’s inequality, |K(£)| < C|£|, and positive definiteness of

AV it is easy to see that
£ = (AW, i) + M{AYW, W) + (K (D)W, W) ~ W3y ~ W2 (3.119)
The last equivalence is due to the fact that « is bounded above and below away from

zero. Thus the above yields

CEW)(1) < LW + Cle) (IW W s + 1Bi(1)P),

for some positive constant #5, which by the Gronwall inequality implies
t
W) < Ce I Wallfs +Cle) [ eI (W + Bir)F)dr,  (3.120)
0
where W (x,0) = Wy(x) and

By (7)? ;:/ (IW\2+ (Wil? 4+ Wi ? + |wit 2) (3.121)
R§
for the inflow case, and
1B () [? :=/ (Iw”\2 + |[wi ) + [ [* + wit 2) (3.122)
R§

for the outflow case.

Similarly, by induction, we can derive the same estimates for W in H*. To do

125



that, let us define

E(W) = (AW, W,.) + M(A°W, W) + (KW, W)
En(W) i= (A°OEW, OEW) + ME, (W) + e(KOEW, 08 W), k<s.

Then similarly by the Cauchy-Schwarz inequality, (W) ~ [|[W]

duction, we obtain

2, and by in-

d

ZEW)(1) < =0:E,(W)(1) + Cle) (W (@) I72 + [Bu(OF),

for some positive constant #3, which by the Gronwall inequality yields

W ()17 < Ce™ Wy

¢
2 +C(0*)/0 (W7 + 1Bu()P)dr,  (3.123)
where W (x,0) = Wy(z), and By, are defined as in (3.12) and (3.13).

The general case

Following [37, 59], the general case that hypotheses (A1)-(A3) hold can easily be
covered via following simple observations. First, we may express matrix A in (3.79)

as

AW+ W)= A+ (C+|Wa,|) (O(()l) gg) : (3.124)

where A7 is a symmetric matrix obeying the same derivative bounds as described for
A7, A! identical to A' in the 11 block and obtained in other blocks kI by

AW+ W) = Ay(W) + Ay (W + W) — Ay (W)
= A (We) + O(|Wy| + [Wa, |) (3.125)
= AL (Wo) + OC + [Wa, )

and meanwhile, A7, j # 1, obtained by A = AJ(W,) 4+ O(C + |W,,|), similarly as in

(3.125).
Replacing 47 by A7 in the k™ order Friedrichs-type bounds above, we find that

126



the resulting error terms may be expressed as
(O2O(C + We NI, |0 ™),

plus lower order terms, easily absorbed using Young’s inequality, and boundary terms

k
O3 02w (0)[| 05w (O))

resulting from the use of integration by parts as we deal with the 12-block. However
these boundary terms were already treated somewhere as before. Hence we can
recover the same Friedrichs-type estimates obtained above. Thus we may relax (Al’)
to (Al).

Next, to relax (A3') to (A3), first we show that the symmetry condition B* = B

is not necessary. Indeed, by writing

Z(Bjkka)ftfj - Z (%(Bjk + Bk])Wl‘k> + % Z(B]k - Bkj)f‘?ijk’

ik ik i ik

we can just replace Bi* by Bi¥ := %(Bjk + B"), satisfying the same (A3'), and thus

still obtain the energy estimates as before, with a harmless error term (last term in

the above identity). Next notice that the term g(W,) — g(W,,) in the perturbation

equation may be Taylor expanded as

0 0
<gl<m,wzl> +gl<wm,v~vx>> ' <0<\Wm|2>>

The first term, since it vanishes in the first component and since |W,| decays at plus

spatial infinity, yields by Young’s inequality the estimate

( (m(Wx,v‘vx )391% w>) | (5) ) < U+ I ) + 1)

which can be treated in the Friedrichs-type estimates. The (0, O(|W,|*)* nonlinear

term may be treated as other source terms in the energy estimates. Specifically, the
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worst-case term

0
<8£W,8§§ (O(IWIIQ)) >

= —(@; ", 0T O(IWL]?)) — 95w (0)9 O(W.[*)(0)
may be bounded by
105w || 2 W e W] s — O™ (0) 05" O(IW ) (0).

The boundary term will contribute to energy estimates in the form (3.110) of I*, and
thus we may use the parabolic equations to get rid of this term as we did in (3.98),
(3.99). Thus, we may relax (A3") to (A3), completing the proof of the general case
(A1) — (A3) and the proposition. O

3.5 Nonlinear stability

Defining the perturbation variable U := U — U, we obtain the nonlinear perturbation

equations

Uy— LU =Y Q'(U,Uy)a,, (3.126)

J

where
Q (U, Uy) = O(JUN|U| + |U?)
QI (U, Uy, = O(UI[U] + U Us] + U2 ) (3.127)
Q (U, Up)aer, = O(UNUsa| + |Ua||Use| + 1Uz* + |U]|Upa])

so long as |U| remains bounded.

For boundary conditions written in U-coordinates, (B) gives

h=h—h= (WU +U)-W(0))(0, 1)

S (3.128)
= (OW JOU)(Uy)U(0,Z,t) + O(|U(0, Z,1)[?).
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in inflow case, where (OW /0U)(Uy) is constant and invertible, and

h=h—h=@"U+0U)—a"(U))0,7,1)
= (0™ JOU)(U,)U(0,%,t) + O(|U(0, &, 1)|?)
=m (b B) (U6)U(0,7,1) + O(U(0,7,1))
= mB(Uy)U(0,,t) + O(|U(0, &, t)|?)

for some invertible constant matrix m.
Applying Lemma 3.3.9 to (3.126), we obtain

U(z,t) =S(t)Uy + /tS(t —3) Z@ijj(U, U,)ds +TU(0, z,t)

where U(z,0) = Uy(z),

t
TU(0,,t) ;:// (§ Gy, B+ GAY)(x,t — 5,0,§)U(0, 7, s) dijds,
0 JRI-1
J

and G is the Green function of 0, — L.

Proof of Theorem 3.1.4. Define

d
2

(1) = sup(|U ()2 1+ 5) %+ 1U()] 3 (1 49)

d+1

+ (U] + [Un(s)] + [2U (3)]) e (1 + S)T).

(3.129)

(3.130)

(3.131)

(3.132)

We shall prove here that for all ¢ > 0 for which a solution exists with ((¢) uniformly

bounded by some fixed, sufficiently small constant, there holds
¢(t) < C(|Uo|pinms + Eo +¢(1)?).
This bound together with continuity of {(¢) implies that

C(t) <2C(|Uo|rnms + Eo)

(3.133)

(3.134)

for t > 0, provided that |Uy|pings + Fo < 1/4C?. This would complete the proof of

the bounds as claimed in the theorem, and thus give the main theorem.
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By standard short-time theory /local well-posedness in H*, and the standard prin-
ciple of continuation, there exists a solution U € H*® on the open time-interval for
which |U
Now, let [0,7") be the maximal interval on which |U
some fixed, sufficiently small constant 6 > 0. By Proposition 3.4.1, and the Sobolev

g+ remains bounded, and on this interval ((t) is well-defined and continuous.

s remains strictly bounded by

embeding inequality |U|wy2. < C|U|gs, we have

\U(t) 3. < Ce™|U;

¢
2 —9(t—7) 2 2

5+C/ e U(r)|52 + |By(7 dr
b +C [ (s +18:0F) .

< C(|Uol3s + EF + C(t)*) (1 + t)—(d—l)/2'

and so the solution continues so long as ¢ remains small, with bound (3.134), yielding
existence and the claimed bounds.
Thus, it remains to prove the claim (3.133). First by (3.130), we obtain

U] <|S(H) T2 +/0 181t = 5)0,, QY (8)|ods

t
+/ |Sa(t — s)@ijj(sﬂdes +|TU(0, &,t)] 12 (3.136)
0

<L+ I, + I; +|TU(0, Z,t)| 2
where
L =1[8t)Uslr: < C(1 +t)_%|UO|LlﬁH3>
I: = /Ot |S1(t — )00, (5)|r2ds
<0 [(ri=9 QW+ (149 Qg b

t
< c/ (1+t—s) T 2|U% + <1+t—s>*dff(wyig,m + |UZ|§g,m)ds
0 Z,T] T,x]

e (1)) /Ot [(1 Ft—s) T

F(L+t—s) T (1 S)_T]ds
< C(L+6) T (|Uof3e + <))

d—1

(1+35)F

SIS

< C(|Uo
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and

|S2(t — 5)0, QJ( )| z2ds

=/
/ 919, QI(s)| ads
C

IN

VAN

Y= (U | poo + |Us| 0o ) |U | s ds

gsas

SC/ ts|U2
0

< CO(|Uo

2+ (1)) / (145 s
< CA+8)7F (Ul +C(1)?).

Meanwhile, for the boundary term [T'U(0, Z,t)| 12, we treat two cases separately. First
for the inflow case, then by (3.128) we have

(0,2, 4)| < Clh(z,6)| + O([U(0, 2, 1)),

and thus |U(0,Z,t)| < C|h(Z,t)|, provided that |h| is sufficiently small. Therefore
under the hypotheses on h in Theorem 3.1.4, Proposition 3.3.8 yields

ITU(0, -, )|z < CEy(1+1)~F

Now for the outflow case, recall that in this case G(z,¢;0,7) = 0. Thus (3.131)

simplifies to

t
:// Gy, (z,t —5,0,5)B"U(0,7, s) dijds. (3.137)
Rd-1

To deal with this term, we shall use Proposition 3.3.8 as in the inflow case. In view
of (3.129),
|BU(0,9,s)| < Cla(g, )|+ O(U(0, 4, 5) ),

and assumptions on h are imposed as in Theorem 3.1.3, so that (3.63) is satisfied. To

check the last term O(]U(0)|?), using the definition (3.132) of ((t), we have

d_d+1
2

4

O(1U(0, 7, 8)1")|z2 < ClULee|Ul 220 < CC(B)(1+5)7
O(U (0,7, 5)") |z~ < ClUL < CC )1+ )71
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and for the term Dj;, with h replaced by O(|U(0, 7, s)|*), using the standard Holder
inequality to get

Dalis < CULae +1Unffan + [Usalfan) < CE@L+35)F
| Dn| jyia-1/2145 < ClU|peo|Ulpgs < CCt) (1 + s)‘d/Z—(d—l)/‘{

We remark here that Sobolev bounds (3.135) are not good enough for estimates of
Dy, in L', requiring a decay at rate (1 + t)~%27¢ for the two-dimensional case (see
Proposition 3.3.8). This is exactly why we have to keep track of Uz; in L** norm in
¢(t) as well, to gain a bound as above for D,.

Therefore applying Proposition 3.3.8, we also obtain (3.137) for the outflow case.

Combining these above estimates yields
U214+ 0T < CUolzim + By +¢(8)?). (3.138)

Next, we estimate

t
Ul <ISOUL s + [ 181t~ )0, Q9] 3 ds
2o 5t |

¢
+ / |Sa(t — 8)0, Q7 ()] 200 ds + [TU(0, Z, 1) ;2. (3.139)
0 T,z E

<Jy+ Jo+ J3 +|T'U(0, Z, t)‘Lz,oo

T,Tq

where

d+1

Ji:i= |S(t)U0‘L§’Z°1 <CA+1t)" 7 |Uslpinms

Jyi= [ |Si(t = 8)0y,Q7 ()] 2 ds
0 T,xq
t
<O (14t—8)"T2QUs) | + (L4 8)7F|Q(5)] 1o ds
0 z,T]
t
< 0/ (L+t—s) T 2|UR + (1+t— )T (|in%,@ + |Ux|ig,oo>ds
0 ZT,2 1 T,Tq
2 2 ! _d+1 1 _d—1
< C(JUplgs +¢(1)°) | (T4+t—s)" & 2(1+5)" 2
0
F(14t—s) T (1+5) T ds
< O+ T (Ul +C(1)?)
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and (by Moser’s inequality)

t
Jy = / Sa(t — 5)0,, QI (5)] o dis
0 z,Tq
t
<C / e 17919, Q(s)| ads
0
t
<c / e 0| o U] ol
0

(100

t
20+ C(1)?) / e =) (1 4 5) 75 (1 + 5)""T ds
0

<C
<O+t T (|Up|%. + C(1)?2).

These estimates together with similar treatment for the boundary term yield

U] 2 (1485 < C(|Us| e + Eo + C(1)2). (3.140)

Z,xq
Similarly, we have the same estimate for |U,(t)|;2.~ . Indeed, we have

T

t
Ualt)2 <IOSOUalzs + [ 10051(t = 905, Q7(5)] 25
T,rq T,rq 0 T,rq
t
i / 0:S5(t = )0, Q(5)] 22 ds + LU0, 5,0) 2 B4
0 T, T,

<Ki+ Ky + K3+ 10,I'U(0, 2, )| ;2.

T,
where K, and K3 are treated exactly in the same way as the treatment of J, J3, yet
in the first term of K it is a bit better by a factor t~'/2. Similar bounds hold for |Usz|
in L>* noting that there are no higher derivatives in z; involved and thus similar to

those in (3.139).

Finally, we estimate the L* norm of U. By Duhamel’s formula (3.130), we obtain

U)o <ISHUol + / 81t — )9, QP (5)| s

t
+/ |S(t — $)05,Q7 ()| Loeds + |TU(0, &, t)| oo (3.142)
0
<Ly + Ly + Ly + [TU(0, %, 1)| 1o~
where the boundary term is treated in the same way as above, and for |y| = [(d —

133



/2 +2
Ly : = |S(t)Uo|r~ < C(L+ )72 {Uol pinpiviss,
L= [ 1810t - 90,@ 6 e
<0 [@rt= o) EHQ ) + (14 9) Q) s

t
< 0/ (L4+t—s) 22 |UR + (1 +t—s)" (|U|§%,oo + [ Us 3200 )ds
0 T,T1 T,Tq

vl

(1+s) T

D=

< (Uil + o) [ [a+t-9

d
2

F(1+t—s)" (1+s)*%]ds

i +C()?)

d
2

<+ (|Uo

and (again by Moser’s inequality),

t
Ly: = / Sa(t — 5)00, QI (s)|peds
0
t
S/ ]SZ(t—s)aijj(sﬂHMds
0
t
< / e09(0,Q9(5) risods
0

t
S C/ B_H(t_s)|U|Loo|U|Hl'yl+5d8
0

t

(U0l + €0 [ "+ 2+ 5) s
0

(1Uol 7 +C(1)7).

<C
<C(l+1t)2
Therefore we have obtained

d
2

U0z (1+1)2 < C(1Uo|p1rm= + Eo + ((8)*) (3.143)

and thus completed the proof of claim (3.133), and the main theorem. O
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Chapter 4

STABILITY FOR SYSTEMS
WITH VARIABLE
MULTIPLICITIES

4.1 Introduction

4.1.1 Refined assumptions

Multi—dimensional stability results obtained in previous chapter do not apply to MHD
layers for which the constant multiplicity assumption (H3) always fails to hold in
dimensions d > 2. In this chapter, we are able to extend previous results to certain
MHD layers where the following alternative hypothesis (H3") holds.

Alternative Hypothesis H3'. We assume that

(H3') The eigenvalues of . &;dF/(Uy) are either semisimple and of constant
multiplicity or totally nonglancing in the sense of [18], Definition 4.3.

Remark 4.1.1. Here we stress that we are able to drop the structural assumption
(H4), which is needed for the earlier analyses of [58, 59, 57, 46] or Chapter 3.

In the treatment of the three-dimensional case, the analysis turns out to be quite
delicate and we are able to establish the stability under the following additional
(generic) hypothesis.

Additional Hypothesis H4' (in 3D). We assume that
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(H4') In the case the eigenvalue A (&) of 7. &;dF7(Uy) is semisimple and of con-
stant multiplicity, we assume further that VA, # 0 when 0, A, = 0, § # 0.

Remark 4.1.2. Genericity of our additional structural assumption (H4') is clear.
Indeed, violation of the condition would require d equations: O¢Ax(§) = 0 for all
j=1,---,d, whereas only d — 1 parameters in £ € R?\ {0} are varied as £ may be
constrained in the unit sphere S¢ by homogeneity of A\(€) in &. For further discussion,
see Remark 4.3.4.

However, we have the following counterexample of K. Zumbrun in the two—dimensional
case for which the hypothesis (H4') fails. Counterexamples for higher—dimensional

cases can be constructed similarly.

Counterexample 4.1.3. Let

A = <O 1) Ay = (O O) ) (4.1)
10 01

Then both A; and As are clearly symmetric and do not commute. However, at & = 0,
the matrix & A; + & A, has an eigenvalue (A(€) = 0) such that VA = 0, violating
(H4).

4.1.2 Multi-dimensional results I1

Our main results are as follows.

Theorem 4.1.4 (Linearized stability). Assuming (A1)-(A3), (H0)-(H2), (H%), (H{'),
(B), and (D2), we obtain the asymptotic L' HII=V/A+2 — [P stability in dimensions
d >3, and any 2 < p < 00, with rates of decay

d—2

\Ut)|2 < C(A+1t)" 7 |Us|rrnze,

—d=L(1_1/p)+-—e (42)
Ut)|r < C(1+1) 2 2\ Up|prnpia-n/21+2,

for some € > 0, provided that the initial perturbations Uy are in L* N H(D/242 - qnd

zero boundary perturbations.

Theorem 4.1.5 (Nonlinear stability). Assuming (A1)-(A3), (H0)-(H2), (H3'), (H{'),
(B), and (D2), we obtain the asymptotic L' N H® — LP N H® stability in dimensions

136



d >3, for s > s(d) as defined in (H0), and any 2 < p < oo, with rates of decay

~ _ d—
U(#) = Uler < COL+)"7 %70y | g

~ — —ﬁ—e (43)
|U<t)—UHs SC(1+t) 4 |U0|L10H57

for some € > 0, provided that the initial perturbations Uy := Uy — U are sufficiently

small in L' N H® and zero boundary perturbations.

Remark 4.1.6. As will be seen in the proof, the assumption (H4’) can be dropped
in the case d > 4, though we then lose the factor t7¢ in the decay rate.

Our final main result gives the stability for the two—-dimensional case that is not
covered by the above theorems. We remark here that as shown in [58, 59], Hypothesis
(H4) is automatically satisfied in dimensions d = 1,2 and in any dimension for rota-
tionally invariant problems. Thus, in treating the two—dimensional case, we assume
this hypothesis without making any further restriction on structure of the systems.
Also since the proof does not depend on dimension d, we state the theorem in a

general form as follows.

Theorem 4.1.7 (Two-dimensional case or cases with (H4)). Assume (A1)-(A3),
(H0)-(H2), (H3), (H4), (B), and (D2). We obtain asymptotic L' N H* — LP N H*
stability of U as a solution of (3.2) in dimension d > 2, for s > s(d) as defined in
(HO0), and any 2 < p < oo, with rates of decay

U(t) = Ulpe < COL+ )50V 1y

3 - ) (4.4)
T(t) — Ulgs < C(L+1)" T |Up|rrpre,

provided that the initial perturbations Uy := Uy—U are sufficiently small in L' N H®

and zero boundary perturbations. Similar statement holds for linearized stability.

Remark 4.1.8. The same results can be also obtained for nonzero boundary per-
turbations as treated in Chapter 3. In fact, though a bit of tricky, it was shown
that estimates on solution operator (see Proposition 4.2.1) for homogenous boundary
conditions are enough to treat nonzero boundary perturbations. Thus for sake of

simplicity, we only treat zero boundary perturbations in this chapter.

Combining Theorems 4.1.4, 4.1.5, 4.1.7 and Proposition 3.1.2, we obtain the fol-

lowing small-amplitude stability result.
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Corollary 4.1.9. Assuming (A1)-(A3), (H0)-(H2), (H% ), (B) for some fized end-

state (or compact set of endstates) U, boundary layers with amplitude

IU = Usllz=po+o0)

sufficiently small are linearly and nonlinearly stable in the sense of Theorems 4.1.4,

4.1.5, and 4.1.7.

4.2 Nonlinear stability

The linearized equations of (3.2) about the profile U are

U= LU := Z(Bijxk)xj - Z(AjU)xj (4'5)
J:k J
with initial data U(0) = Uy. Then, we obtain the following proposition, extending

Proposition 3.5 of [46] under our weaker assumptions.

Proposition 4.2.1. Under the hypotheses of Theorem 4.1.5, the solution operator
S(t) := el of the linearized equations may be decomposed into low frequency and high
frequency parts (see below) as S(t) = S1(t) + Sa(t) satisfying

[S1(8)07107 |1z SO(L )~ PAAR |y 4 O (1 )~ D ]

T,Tq

[S1 (0207 | 200 SO+ 1) @DAZTI2 f 4 O(1 4 )~ EDAL £
T,rq

T,r]

(8107107 flrge SC(L4 )" @ DR |y O 4 )" @D f] e

T,

(4.6)

for some € > 0 and 3 = (51, 8) with 31 = 0,1, and
|a’ryia§‘§2(t)f|L2 < C’e_elt|f|HIv1I-5-I~7I-s-3, (4.7)

fOT’ 7= (717,7) with M= Oa 1.

We shall give a proof of Proposition 4.2.1 in Section 4.3. For the rest of this
section, we give a rather straightforward proof of the first two main theorems using
estimates of the solution operator stated in Proposition 4.2.1, following nonlinear

arguments of [59, 46].
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4.2.1 Proof of linearized stability

Applying estimates on low- and high-frequency operators S (¢) and Sa(t) obtained in

Proposition 4.2.1, we obtain

[U(t)|r2 < [Si(t)Uolr2 + [Sa(t)Uo| 2
scu+wi¥%umﬁ+um%ﬁh4kwwmm (4.8)

a—2

< C(l + t)i 4 7%|U0’L10H3
and (together with Sobolev embedding)

\U(t)| oo < |S1(t)Us|roe 4 |S2(t) Up| o
gca+ol¥%umﬂ+w¢ﬁﬂ+m&@%mmwmz

d-1 e
|

<CO(1+t) >
<C+t)7 8

(4.9)

Uslpr + |UO|L§§01] + Ce™™|Uo gica-n 2142

U0|L1|’]H[(d—1)/2]+2'
These prove the bounds as stated in the theorem for p = 2 and p = co. For 2 < p < oo,

we use the interpolation inequality between L? and L.

4.2.2 Proof of nonlinear stability

Defining the perturbation variable U := U — U, we obtain the nonlinear perturbation

equations
Uy— LU =Y Q' (U,Us)a,, (4.10)
J
where A
Q' (U, U,) = O(U||U.| + [UJ?)

S O

Q (U, Us)a,a, = O(UUza| + |Ual|Usa| + [Usl® + |U]|Usi])

so long as |U| remains bounded.

Applying the Duhamel principle to (4.10), we obtain

Ul ) =S5OV -+ [ St =930, QU Ui (4.12)

0
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where U(x,0) = Uy(z).
Proof of Theorem 4.1.5. Define

d—1

C(t) = st:p<|U(8)|Lg%(1 +8) T | U(s)| e (14 8) 7 "
+([U(s)] + |Ux(3)\)L§E(1+S)%+€>' .

We shall prove here that for all ¢ > 0 for which a solution exists with ((¢) uniformly

bounded by some fixed, sufficiently small constant, there holds
¢(t) < C(|Uo|prnms +¢(1)?). (4.14)
This bound together with continuity of {(¢) implies that
C(t) <2C|Us|prnme (4.15)

for t > 0, provided that |Up|pings < 1/4C%. This would complete the proof of the
bounds as claimed in the theorem, and thus give the main theorem.

By standard short-time theory /local well-posedness in H*, and the standard prin-
ciple of continuation, there exists a solution U € H?® on the open time-interval for
which |U|gs remains bounded, and on this interval {(t) is well-defined and continuous.
Now, let [0, T") be the maximal interval on which |U

some fixed, sufficiently small constant 6 > 0. Recalling the following energy estimate

s remains strictly bounded by

obtained in Proposition 3.4.1 and the Sobolev embeding inequality |U|y2.« < C|U|gs,
we have

U ()%, < Ce™|U,y

t
2 —0(t—7) 2

s +C’/ e U(1)|52d7
ot O [ eI o

< C(Uplye + C(02) (1 +1) D22,

and so the solution continues so long as ¢ remains small, with bound (4.15), yielding

existence and the claimed bounds.

Thus, it remains to prove the claim (4.14). First by (4.12), we obtain

U (t)] 2 <|S(t)Up| 2 +/ |S1(t — 8)0, Q7 (5)| r2ds
0 (4.17)

+/O |So(t — S)@ijj(sﬂdes
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where |S(t)Up|2 < C(1 +t)_%_E|UO|L10H3 and
t .
/ S1(t — 5)0,,Q ()| 12ds
0
t
<C [@rt-9) T A + (149 T )]y ds
0 T,xq

t
< C/ (I+t—s) T 29U+ (1+t— s)—d%z*(w\ig,m + U220 >ds
0 T,T1 x,xr]

< C(|Uy

2 o [ 14t—s) T3¢ e

e 0?) [ [0 0= Ty
+(1+t—s) T (14 S)_%_Qe] ds

< CA+ )T (Ul + C(1)?)

and

t
/ ‘SQ(t - s)@ijJ (S)|L2d8
0
t
g/ e 7910, Q1 ()| pads
0
t
SC/ 6—9(t—s)|U
0

t
< C( ol + P [0+ ) F s
0

< C(L+4)7F 2(Usl3 + C(1)%).

2 sds

Therefore, combining these above estimates yields

U ()] 12 (1+ £) T < C(|Uolpinme + (1)) (4.18)

Similarly, we can obtain estimates for other norms of U in definition of (, and
finish the proof of claim (4.14) and thus the main theorem. O

Remark 4.2.2. The decaying factor ¢ is crucial in above analysis when d = 3. In
fact, the main difficulty here comparing with the shock cases in [43] is to obtain a

refined bound of solutions in L*°. See further discussion in Section 4.3 below.
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4.3 Linearized estimates

In this section, we shall give a proof of Proposition 4.2.1 or bounds on & (¢) and S»(t),
where we use the same decomposition of solution operator S(t) = S;(t) + Sa(t) as in
58, 59].

4.3.1 High—frequency estimate

We first observe that our relaxed Hypothesis (H3') and the dropped Hypothesis (H4)
only play a role in low—frequency regimes. Thus, in course of obtaining the high—
frequency estimate (4.7), we make here the same assumptions as were made in the
previous chapter, and therefore the same estimate remains valid as claimed in (4.7)
under our current assumptions. We omit to repeat its proof here, and refer the reader
to Proposition 3.3.6.

In the remaining of this section, we shall focus on proving the bounds on low-
frequency part S;(t) of linearized solution operator.

Taking the Fourier transform in Z := (z9,...,x,4) of linearized equation (4.5), we

obtain a family of eigenvalue ODE

LoU
AU = LU = (BuU') — (AU) =i Y AU+ Bu&U'
i1 i1 (4.19)
+1 Z(B1k5kU)/ - Z Bjr&;&6U.
k#1 G k#1

4.3.2 The GMWZ’s L? stability estimate

Let U = (u',u"")" be a solution of resolvent equation (L; — A\)U = f. Following

[59, 18], consider the variable W as usual
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with w! := Aul, w! = bHu! +bitull) A, = AL, — AL (B1)7bH. Then we can write

equations of W as a first order system

O W = Gz, \,E)W + F
I'W =0onz; =0.

(4.20)

For small or bounded frequencies ()\,f), we use the MZ conjugation lemma (see
[42, 41]). That is, given any (), g) € R there is a smooth invertible matrix
®(xy, N, €) for 21 > 0 and (X, €) in a small neighborhood of (), §), such that (4.20) is
equivalent to

0, Y =G (NEY +F, T(\Y =0 (4.21)

where G (X, €) := G(+00,\,€),W = ®Y, F = & 'F and T'Y := 'Y
Next, there are smooth matrices V' (), €) such that

B H 0
= 4.
o (1) e

with blocks H (X, €) and P(\, ) satisfying the eigenvalues p of P in {|Repu| > ¢ > 0}

and

d
Ho(X,€) - = (A7 (i +9)A% + Y ig;AL ).

with A = y+i7. We later often use the polar coordinate notation ¢ = (7,7, é), (= pf,
where ¢ = (7,4, 5) and ¢ € S°.

Define variables Z = (ug,up)’ as W = ®Y = dVZ, TZ = I'dVZ, and
(fu, fp)T = V-'F. We have

On, <UH> - (H 0) <UH> + (fH> , TzZ=o. (4.23)
up 0 P) \up fp

Then the maximal stability estimate for the low frequency regimes in [18] states
that

(v + P ual Lz + [uplfz + [un (OF + [up(O)* S (Ifal, lunl) + (fpl Jupl),  (4.24)
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where (-, -) denotes the standard L? product over [0, c0), that is,

(f,9) = /000 flx)g(ar)dzy, VY f,g € L*0,00).

We note that in the final step there in [17], the standard Young’s inequality has
been used to absorb all terms of (uz, up) into the left-hand side, leaving the L? norm
of F alone in the right hand side. For our purpose, we shall keep it as stated in (4.24).
Here, by f < g, we mean f < (g, for some C independent of parameter p.

We remark here that the Kreiss’ symmetrizers in [18] were constructed in a full
neighborhood of the basepoint (§,)) even for A = 0 (see, e.g., Theorem 3.7, [18]).

Thus, the estimate (4.24) is in fact available in any region of
v > —0(7* + [€[*) (4.25)

for @ sufficiently small. In what follows, we shall always assume that A remains in the
general region of (4.25).

In addition, as shown in [17], all of coordinate transformation matrices are uni-
formly bounded. Thus a bound on Z = (ug,up)? would yield a corresponding bound

on the solution U.

4.3.3 L[? and L™ resolvent bounds

Changing variables as above and taking the inner product of each equation in (4.23)

against uy and up, respectively, and integrating the results over [0, x;], for z; > 0,

we obtain
1 g _ 1 2 o ;
§|uH(331)| = 5’“H(0)| + Je (H\ §ug - ug + fu - un)dz,
1 1 0:!}1 - (426)
§|UP(I1)|2 = 5’UP(O>|2 + %6/ (P()\,&)Up -up + fP . UP)dZ
0
This together with the facts that |H| < Cp and |P| < C' yields
ey S DO+ plae s+ 1l ), o

wp|foo ey S [up(0)]? + [up|Zs + (| fol, lupl),
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and thus in view of (4.24) gives

(v + p)um iz + luplLz + plunle + luplie < (I ful, lunl) + (| fpl, [upl).  (4.28)

Now applying the Young’s inequality, we get

. Ce
(il Jusl) 1] el) < (elupli + Colfolfn) + (5 -+ sl + =Vl

and thus for e sufficiently small, together with (4.28),

. 1
(v + P)un iz + luplze + (5 + p)lun i + lupli~ S o p|fH|%1 +1fplLr- (4.29)
Therefore in term of Z = (ugy,up),
Zlieioy < CG4+ o) fl and | Zlgsey < CG 402 1fln. (430)

Unfortunately, unlike the shock cases (see [43]), bounds (4.30) are not enough for
our need to close the analysis in dimension d = 3. See Remark 4.2.2. In the following

subsection, we shall derive better bounds for Z in both L> and L? norms.

4.3.4 Refined L? and L™ resolvent bounds

With the same notations as above, we prove in this subsection that there hold refined

resolvent bounds:
1 Z| @y S 3+ 0) 7 f e + 1 flze)

Zl12y) S 5+ 0) 225 f 1o+ 1 fle)

for some small € > 0. We stress here that a refined factor p¢ in L* is crucial in our

(4.31)

analysis for three-dimensional case. See Remark 4.2.2.

Assumption (H3') implies the following block structure (see [41, 18]).

Proposition 4.3.1 (Block structure; [18]). For allé with 7 > 0 there is a neighbor-
hood w of (é, 0) in S?x R, and there are C> matrices T(C, p) on w such that T~ HyT

has the block diagonal structure

T~ HoT = Hg(C, p) = pHE(C, p) (4.32)
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with

with diagonal blocks Qi of size v, X vy such that:
(i) (Elliptic modes) RQy. is either positive definite or negative definite.
(11) (Hyperbolic modes) v, = 1, RQj, = 0 wheny = p =0, and 05 (RQx)0,(RQx) >

(iii) (Glancing modes) vy, > 1, Q. has the following form:

A

Qu(C,p) = i(pJd + J) +i0Q,(E) + O(F + p), (4.34)
where o = |§—§|,
0 1 0 @ 0 0
0 0 0 ;o 0 -~ 0
J = | @o= v (4.35)
0 0 A

¢, 7# 0, and the lower left hand corner a of Qy, satisfies 05(Ra)0,(Ra) > 0.
(iv) (Totally nonglancing modes) v, > 1, eigenvalue of Qr, when ¥ = p = 0, is
totally nonglancing, see Definition 4.3, [18].

Proof. For a proof, see for example [40], Theorem 8.3.1. It is also straightforward to

see that for the case (iii),

G () = [VeDR(G, €| = Al VaM(€)],

where ¢ is a nonzero constant, Dy((,&;) is defined as det(iQx(C) 4+ &11d), and Mg (€)
is the zero of Dy(C, &) (recalling ¢ = (), €)) satisfying

Do Ao = = O N =0, NAO0  at (£,€).

Thus, assumption (H4') guarantees the nonvanishing of ¢,,. We skip the proof of
other facts. O
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We shall treat each mode in turn. The following simple lemma may be found

useful.

Lemma 4.3.2. Let U be a solution of 0.U = QU + F with U(+o0) = 0. Assume

that there is a positive [resp., negative] symmetric matriz S such that
1
RSQ = 5(5@ +Q*S*) > 01d (4.36)
for some 0 >0, and S > Id [resp., —S > Id]. Then there holds

UL +01UIL2 < FILs

U2 +0|U|2> < |U(0)2 + |F|? (4.37)
[resp., |Ulfe 4+ 0|U[72 S U0)|* + | Fl7: /.

Proof. Taking the inner product of the equation of U against SU and integrating the
result over [z, oo] for the first case [resp., [0, z;] for the second case|, we easily obtain

the lemma. N

Thanks to Proposition 4.3.1, we can decompose U as follows
U:uP+uHe+uHh+qu+th7 (438)
corresponding to parabolic, elliptic, hyperbolic, glancing, or totally nonglancing modes.

Parabolic modes

Since spectrum of P is away from the imaginary axis, we can assume that
~ P, 0
P\ €)=
o= (% )
with 2R P, > ¢ > 0. Therefore applying Lemma 4.3.2 with S = Id or —Id yields

|UP+‘%°° + |U’P+|%2 5 |FP+|%17

) ) ) ) (4.39)
|up_|7e + |lup_|72 S [up_(0)]° + |Fp_|71.
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Elliptic modes

This is case (i) in Proposition 4.3.1 when the spectrum of @ lies in
{Rep >} [resp., {Rep < —6}].

In this case, there are positive symmetric matrices S k(CA ,p), C° on a neighborhood
w of (é, 0) and such that

RS*QF > cId [resp., — RS*Q* > cId]
for ¢ > 0. Thus, Lemma 4.3.2 again yields

’uHe-Q—l%OO + p|uHe+|%2 S/ |FHe+|%17

! ; , ) (4.40)
‘UH67 |L°° + pluHef |L2 ~ |UH67 (0)| + |FH67 |L1'

Hyperbolic modes

This is case (ii) in Proposition 4.3.1. In this case, as shown in [40] we can write

Q" (C,p) = ¢"(O)Id + pR*((, p) (4.41)

where ¢* is purely imaginary when 4 = 0, ¢* := &;%eqk(f ) does not vanish, and the
spectrum of quk(f ,0) is contained in the half space {tey > 0}. Therefore, when
¢* > 0 [resp., ¢ < 0] and (¢, 4) is sufficiently close to (, 0)we have positive symmetric
matrices S¥(C, p) satisfying

RS*QF > c(¥ + p)1d [resp., — RS*Q* > (4 + p)Id]
for ¢ > 0. Thus, again by Lemma 4.3.2, we obtain

|uHh+‘%°° + (7 + p2)’uHh+’%2 S ‘FHth‘%l?

2 2 2 < 0)[2 F 2 (4'42)
lum, |10 + (v + p ) um, |72 S |um,_(O)]° + | Fr, |71

Totally nonglancing modes

This is case (iv) in Proposition 4.3.1. As constructed in [18], there exist symmetrizers

Sk that are positive [resp. negative] definite when the mode is totally incoming [resp.
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outgoing]. Denote ug,, [resp., upy, | associated with totally incoming [resp. outgoing]

modes. Then similarly as in above, we also have

|th+‘%°° + (7 + IO2>|U’HH—’2L2 S ‘FHt+|%17

2 2 2« 2 2 (4.43)
|th7|L°° + ('Y +p )|th7|L2 ~ |th7 (0)| + |FHz7|L1'

Thus, putting these estimates together with noting that the stability estimate
(4.24) already gives a bound on |u(0)|, we easily obtain sharp bounds on u in L*> and

L? for all above cases:
koo + 0 |urlFe S 1170 + Jum, || £l (4.44)
forall k= P, H,., Hy, H;.

Glancing modes

Hence, we remain to consider the final case: case (iii) in Proposition 4.3.1. Recall
(4.34)

~

Qu({, p) = i(p Id+ J) +ioQ(E) + O(F + p) (4.45)

on a neighborhood of (é ,0), where 0 = |€ — § |. We consider two cases.

Case a. 0 < (§ 4+ p)© for some small € > 0. Recall that we consider the reduced

system:
On e = pQi(C, p)u + fr (4.46)

with Qx((, p) having a form as in (4.45). It is clear that the LP norm of u; remains
unchanged under the transformation wuy, to uze “+**. Thus, we can assume that
#, = 0. Note that we have the following bounds by (4.30)

|z S G +p)Hfln and  |wlreen S 5+ 0) 7| fl. (4.47)

To prove the refined bounds (4.31), we first observe that

|0, k| oo S plunlree + [ frloe S for + [ floe,

where the last inequality is due to (4.47). Now, write uy = (up1,- - , Uk, ). Thanks
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to the special form of @y in (4.45), we have

Oy Uk, = 1p0 Qi (E)ur + Oy + p*)ug + fi. (4.48)

Taking inner product of the equation (4.48) against 0,,us,,, we easily obtain by
applying the standard Young’s inequality:

[Oashae 72 S PP () * [l Zo + | el 21|00y | Lo S (3t p) T fILa+ | 7. (4.49)
Similarly, for wuy,, 1 satisfying

Oy U1 = 1po Q) (E)ur + ipug,, + O(y + p*)ug + fr,

we have

|az1uk,l/k—1|%2 S pQ(’A}/ + p>2€’uk’%2 + p| < Uk, aﬂﬁluk,l/k—l > ’ + |fk’L1|ar1uk7Vk|L°°'

(4.50)
Here, integration by parts and Young’s inequality yield
Pl < Uk, Oy k1 > | S 1Oy s |20k —1 |22 + plu(0) .
Thus, using the refined bound (4.49) and noting that
e () S| < frue > [ S| Fleslurle S G+ p) 7 FI2s,
we obtain
Pl < Uk, Ony Uk -1 > | S p(F + p)_2+6(‘f|%1 + |f|%°°)
Therefore, applying this estimate into (4.50), we get
1Oesthpe—1l72 S (5 + ) T f 1L+ | F170)- (4.51)

Using this refined bound, we can estimate the same for ug,, 2, U, —3, and so on.

Thus, we obtain a refined bound for wy:
|0 ul72 S o7 (| FI70 + | F17) (4.52)
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where € may be changed in each finite step and smaller than the original one. This
and the standard Sobolev imbedding yield

urlfee S Tuklr2|0 unlre S (5 + )2 (1170 + 1 f12) (4.53)

which proves the L™ refined bound in (4.31) for Z. Using (4.53) into (4.28), we also
obtain the refined bound in L? as claimed in (4.31):

lurlze S G+ ) (f 1+ 1 f1Te), (4.54)
for some € > 0.

Case b. 0 2 (¥ + p)¢ for some small € in (0,1/2). We shall diagonalize this block.
Recall that

0 1 0 ]
: . 1 0o o .0
Qr(C,p) = ip Id +i S +O(0). (4.55)
TGy, 0 0

Following [58, 59, 17], we diagonalize this glancing block by
Uy, = TI;glqu,

where up, := upy,, +uy, . Here upg,, are defined as the projections of uy, onto the
growing (resp. decaying) eigenspaces of Qx(C, p) in (4.55). We recall the following
whose proof can be found in [58, 59] or Lemma 12.1, [17].

Lemma 4.3.3 (Lemma 12.1, [17]). The diagonalizing transformation Ty, may be

chosen so that

Tu, | <C, Ty 1< 0B |Ty), |<Ca (4.56)
where o, 3 are defined as
B =g /e o = o1t )/2D /v (4.57)

and T1;91|H denotes the restriction of TI}: to subspace H,_. In particular, fa~2 > 1.
9g— £
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Simple calculations show that eigenvalues of () are
gy = ip, + mej +o(a),  j=0,1,..,5— L (4.58)

Here, m; = €’i(q,,0)"", with e = 1¥/*. We can further change of coordinates if

necessary to assume that

Q) = T};;QkTHg = diag(ou,1, - Ok, Qhggts 5 Qky) (4.59)

with
—Re ap; >0, 7=1,..1,
w / (4.60)
Re Ak j > 0, ]:l+1,,Vk

Hence, applying Lemma 4.3.2 to equations of u}{g with S = Id or S = —Id, we

easily obtain

[, [Loe + pmin |Re awjllv,, 112 S 1Fh,, [

(4.61)

[y, [z + pmin [Re ap iy, [72 S Jul, (O)° + 1 Fg, [

The diagonalized boundary condition I'' := I',Tp,. By computing, we observe that

gy, |
_ H,— -
Dy, | = [Tup, | > C M ug, | > ——=——=>C o Hu,_|.
T |
Thus,
U, | < Call"ufy | < Ca(|l'| + [T ]) < Cald|. (4.62)

Using this estimate, (4.56), and (4.44), the estimate (4.61) yields

2

0y < + o~ min [Re afum, [F S 5111 (4.63)

Recalling that «, § are defined as in (4.57) and the fact that we are in the case of

o > p° for some small € > 0, we get
up,| e < Caf|flr < CH+p) > flrr, (4.64)

from which we obtain the refined bounds (4.31) for this case as well.
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Remark 4.3.4. In case b) above, we use the nonvanishing of ¢,, to make sure that
0qy, is order of o in the neighborhood w of (é ,0) so that the lower left hand entry of
(), dominates and thus we can be sure to diagonalize the block. Otherwise, the other
entries of Q) in (4.55) may dominate and the behavior is not clear. The nonvanishing
of ¢, is guaranteed by our additional Hypothesis (H4’) as shown in the proof of
Proposition 4.3.1. This is only place in the paper where the assumption (H4’) is used.

4.3.5 L' — I[P estimates

We establish the L' — LP resolvent bounds for solutions of eigenvalue equations
(Lg~ — MU = f in the low frequency regime; specifically, we are interested in regime

of parameters restricting to the surface

T8 ={\ : Red=—6,(|€)* + |ImA?)}, (4.65)

for 6; > 0 and | (£, \)]| sufficiently small. The curve I'¢ was introduced in [58, equation
(4.26)]. Introducing I is in fact regarded as a key to the analysis of long-time stability
in multidimensions. The main point here is that even though A enters into the stable
complex half-plane ({ReX < 0}), I’ remains outside of the essential spectrum of
limiting linearized operators L; . ; see [59, Lemma 2.21].

We obtain the following:

Proposition 4.3.5 (Low-frequency bounds). Under the hypotheses of Theorem 4.1.5,
for \eT¢ and p == (€, \)], 0, sufficiently small, there holds the resolvent bound

|(L§~ - )‘)_laglf|Lp(x1) S Cp_l_l/p+€[pﬁ|f|L1(a:1) + |f|L°0(x1)]7 (466)

forall2 <p<oo, =01, and € > 0.

Proof. Recalling that W = ®VZ and all coordinate transformation matrices are
uniformly bounded, the refined bounds of Z therefore imply improved bounds for W
and thus U. Bounds for LP, 2 < p < o0, are obtained by interpolation inequality
between L? and L. Hence, we have proved the bounds for 3 = 0 as claimed.

For g = 1, we expect that 0,, f plays a role as “pf” forcing. Recall that the
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eigenvalue equations (L; — A\)U = 0, f read

LoU
(B )y — (A'U),, —i Y AGU 1Y BIGU,,
i#1 i#1 (4.67)
+iY (B*GU)a, — Y B*GGU — MU = 0, f.
k#£1 5, k#1

Now modifying the nice argument of Kreiss-Kreiss presented in [30, 17|, we write
U =V + U, where V satisfies

(Lo —Xo)V =0 f, 2120, (4.68)

for \g = p. Noting that A' and B! depend on z; only, we thus can apply here the
one—dimensional Green kernel bounds investigated in [56, 45].

Let Ggo be the Green kernel of A\g— Ly. Observe that our assumptions as projected
on one-dimensional situations (i.e., € = 0) are still the same as those in [45]. Thus,
we apply Proposition 2.22 in [45] for (4.68), noting that Ay = p is sufficiently small.

After a simplification, we simply obtain
10, GS, (1, 1)| < CePlmunl(p 4 e~0luly, (4.69)
Hence, employing Hausdorff-Young’s inequality, we obtain
Vi) + Vaslo@y < Cp ol flisi + 1 1), (4.70)

for all 1 < p < 0.

Now from U; = U — V and equations of U and V', we observe that U; satisfies

where

LV, Vo) 1 =i Y AGV =iy B'GV, —i Y (B¥GV )., + Y B*GEV + (A= M)V
J#1 j#1 k#1 Jik#1

= pO(IV|+ |Va, ).
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Therefore applying the result which we just proved for 3 = 0 to the equations
(4.71), we obtain

Urlerany < Cp 7 LV Vo) sy + 1LV Ve i |
< Cp T p V] + Vi 1 (4.72)

< Cp P f L) + 07 oo an)-

Bounds on V' and Uj clearly give our claimed bounds on U by triangle inequality:
|U|r < Ve + |UtlLe-

We obtain the proposition for the case § = 1, and thus complete the proof.

4.3.6 Estimates on the solution operator

In this subsection, we complete the proof of Proposition 4.2.1. As mentioned earlier,

it suffices to prove the bounds for &;(t), where the low frequency solution operator
S (t) is defined as

1 tHEZ T .\ — g
Si(t) == Wég jai_e“é (L — A)~'dAdE. (4.73)

Proof of bounds on Sy(t). Let 4(x1, &, \) denote the solution of (L= A= f. where

f (1,€) denotes Fourier transform of f, and

u(x, t) = 8(t)f = ﬁ /|£<T jgg e)‘”ig'j(Lg~ — A) 7 f (e, E)dAdE.

Using Parseval’s identity, Fubini’s theorem, the triangle inequality, and Proposi-
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tion 4.3.5, we may estimate

ré
ReAt |
27T)2d/é ]{56 [z, &, )\)’L2(z1)d)\‘ dé
2
< C[|f|L1(a;)+|f|L{vOO]2/’f e%e)ﬂfp—3/2+5d)\’ df
T,xq é Fg

S dédu,

IN

Specifically, parametrizing ré by
ME k) =ik — 0:(K* + [€]*), kER,

we estimate

2 . - 2
/’%he%eAtp3/2+ed)\’ df < ﬁ’/€91(k2+£|2)tp3/2+edk’ df
€' JIe £ JR
< / 6—291‘5'2f|€|‘1\ / e‘elk%!lcle_ldk‘zdf
I3 R

noting that [p,, e~%1**|z|~*dz is finite, provided o < d — 1.

Similarly, we estimate

Ret
il 0 < G | it ENmeia
— C[’f|L1(x) + ‘f’L{,oo] /‘ f_eme’\tp_lﬁd/\‘ d5
T, é ré

where, parametrizing I'¢ as above, we have

/‘f 65‘%@)\tp—1+€d)\‘2d5§ /6—91|§~|2t /6_01k2t|k|€_ldk’2dé
£'Jre 3 R

S Ct—(d—l)/g—G.
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Finally, we estimate

1 ReAt | - ;
|u!Lg<le(t) (QW)d/gj(Igge Ha(z1, & N)| noo () dNdE

< Ol fler@) + |f|Li§°] /j{g R pmIHeNdE
T éJr

IN

where, parametrizing I'¢ as above, we have

/% e?]‘ée/\tp—l-i-sd)\dgg/6—61|g|2t/6—91k2t|k|5—1dkd5
£Jre é R

S th(dfl)/Qfe/Q.

The z;—derivative bounds follow similarly by using the version of the L' — LP

estimates for 3, = 1. The T—derivative bounds are straightforward by the fact that

0lf = (&) F. -

4.4 Two—dimensional case or cases with (H4)

In this section, we give an immediate proof of Theorem 4.1.7. Notice that the only
assumption we make here that differs from those in Chapter 3 is the relaxed Hypoth-
esis (H3'), treating the case of totally nonglancing characteristic roots, which is only
involved in low—frequency estimates. That is to say, we only need to establish the

L' — L? bounds in low-frequency regimes for this new case.

Proposition 4.4.1 (Low-frequency bounds; Proposition 3.3.3). Under the hypotheses
of Theorem 4.1.7, for A € T¢ (see (3.37)) and p := |(€,N)|, 61 sufficiently small, there

holds the resolvent bound

(Le = X708, frvey < Cra0 [P\ fliseny + Bl liwen] . (474)

for all 2 < p < oo, f =0,1, and v, is the diagonalization error (see [59], (5.40))
defined as

]1/8]'_1, (4.75)

Yor=14)" [,O‘II%mA —nf ()] +p
it

with n;", s; as in (Hj).
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Proof. We only need to treat the new case: the totally nonglancing blocks QF. But

this is already treated in our previous subsection, Subsection 4.3.4, yielding

|th+‘%°° + p2|qu+’%2 Sx ‘FHt+|%17

2 2 2 2 2 (4'76)
|th7|L°° +p |thf|L2 f§ |th7 (0)| + |FHz7|L17

where the boundary term |ug, (0)|? can be treated by applying the L? stability esti-
mate (4.24). Thus, together with a use of the standard interpolation inequality, we
have obtained

|th|Lp($1) S CVQP_I‘JC'LI(:)H% (477)

for all 2 < p < oo and 7y, defined as in (4.75), yielding (4.74) for 3 = 0. For 8 =1, we
can follow the Kreiss—Kreiss trick as done in the proof of Proposition 4.3.5, completing

the proof of Proposition 4.4.1. O]

Proof of Theorem 4.1.7. Proposition 4.4.1 is Proposition 3.3.3 in Chapter 3 with an
extension to the totally nonglancing cases. Thus, the theorem follows word by word

from the proof in the previous chapter. n
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Chapter 5

SPECTRAL STABILITY OF
ISENTROPIC NAVIER-STOKES
LAYERS

In this final chapter, we rigorously establish the Result 4 formally stated in the

Introduction. The materials presented below are taken from [9)].

5.1 Introduction

Consider the isentropic compressible Navier-Stokes equations

Pt + (pu)x = 07

(5.1)
(pu)t + (lou2>x +p(p)w = Ugy

on the quarter-plane x,t > 0, where p > 0, u, p denote density, velocity, and pressure

at spatial location z and time ¢, with v-law pressure function
p(p) =aop”,  ap>0,72>1, (5.2)

and noncharacteristic constant “inflow” or “outflow” boundary conditions

(p,u)(0,t) = (po,uo),  up >0 (5.3)
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or

u(0,t) = ug uy <0 (5.4)

as discussed in [54, 19, 18]. The sign of the velocity at © = 0 determines whether
characteristics of the hyperbolic transport equation p; + up, = f enter the domain
(considering f := —pu, as a lower-order forcing term), and thus whether p(0, t) should
be prescribed. The variable-coefficient parabolic equation pu; — u,, = ¢ requires
prescription of u(0,t) in either case, with g := —p(u?/2), — p(p).-

By comparison, the purely hyperbolic isentropic Euler equations

Pt + (pu)ﬂﬁ = 07

5.5
(pu)e + (pu*)s + p(p)s = 0 >

have characteristic speeds a = u= \/m , hence, depending on the values of (p, u)(0,t),
may have one, two, or no characteristics entering the domain, hence require one, two,
or no prescribed boundary values, respectively. In particular, there is a discrepancy
between the number of prescribed boundary values for (5.1) and (5.5) in the case
of mild inflow ug > 0 small (two for (5.1), one for (5.5)) or strong outflow ug < 0
large (one for (5.1), none for (5.5)), indicating the possibility of boundary layers, or

asymptotically-constant stationary solutions of (5.1):

(pu)(a,t) = (pa)(x),  lim (p@)(z) = (psous). (5.6)

z2——+00

Indeed, existence of such solutions is straightforward to verify by direct computations
on the (scalar) stationary-wave ODE; see [42, 54, 39, 33, 18, 19] or Section 5.2.3. These
may be either of “expansive” type, resembling rarefaction wave solutions on the whole
line, or “compressive” type, resembling viscous shock solutions.

A fundamental question is whether or not such boundary layer solutions are stable
in the sense of PDE. For the expansive inflow case, it has been shown in [39] that
all boundary layers are stable, independent of amplitude, by energy estimates similar
to those used to prove the corresponding result for rarefactions on the whole line.
Here, we concentrate on the complementary, compressive case (though see discussion,
Section 5.1.1).

Linearized and nonlinear stability of general (expansive or compressive) small-

amplitude noncharacteristic boundary layers of (5.1) have been established in [39, 52,
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33, 19]. More generally, it has been shown in [19, 56, 45] that linearized and nonlinear
stability are equivalent to spectral stability, or nonexistence of nonstable (nonnegative
real part) eigenvalues of the linearized operator about the layer, for boundary layers
of arbitrary amplitude. However, up to now the spectral stability of large-amplitude
compressive boundary layers has remained largely undetermined.*

We resolve this question in the present paper by carrying out a systematic global
study classifying the stability of all possible compressive boundary-layer solutions of
(5.1). Our method of analysis is by a combination of asymptotic ODE techniques
and numerical Evans function computations, following a basic approach introduced
recently in [3, 24] for the study of the closely related shock wave case. Here, there are
interesting complications associated with the richer class of boundary-layer solutions
as compared to possible shock solutions, the delicate stability properties of the in-
flow case, and, in the outflow case, the nonstandard eigenvalue problem arising from
reduction to Lagrangian coordinates.

As in [24], our strategy is to carry out rigorous analyses of asymptotic limits in
the parameter space, thus truncating the computational domain, then as in [3] carry
out an exhaustive numerical study on the remaining compact parameter regime. In
the course of the first, analytical, step, we obtain convergence of the Evans function
in the shock- and large-amplitude limits, and stability in the large-amplitude limit,
for all v > 1, the first rigorous stability result for other than the nearly-constant case.
For a detailed description of our results both analytical and numerical see Section
5.3.

Our ultimate conclusions are, for both inflow and outflow conditions, that com-
pressive boundary layers that are uniformly noncharacteristic in a sense to be made
precise later (specifically, v, bounded away from 1, in the terminology of Section
5.2.3) are unconditionally stable, independent of amplitude, on the physical range
v € [1, 3] considered in our numerical computations. We show by energy estimates
that outflow boundary layers are stable also in the characteristic limit. The omitted
characteristic limit in the inflow case, analogous to the small-amplitude limit for the
shock case should be treatable by the singular perturbation methods used in [49, 11]
to treat the small-amplitude shock case; however, we do not consider this case here.

In the inflow case, our results, together with those of [39], completely resolve the

1See, however, the investigations of [54] on stability index, or parity of the number of nonstable
eigenvalues of the linearized operator about the layer.
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question of stability of isentropic (expansive or compressive) uniformly noncharac-
teristic boundary layers for v € [1, 3], yielding unconditional stability independent of
amplitude or type. In the outflow case, we show stability of all compressive boundary

layers without the assumption of uniform noncharacteristicity.

5.1.1 Discussion and open problems

The small-amplitude results obtained in [39, 33, 52, 19] are of “general type”, making
little use of the specific structure of the equations. Essentially, they all require that
the difference between the boundary layer solution and its constant limit at || = co
be small in L' (alternatively, as in [39, 52], the more or less equivalent condition that
2/(x) be small in L'; for monotone profiles, [[" |0 — v |dz = £ [[*°(6 — vy )dw =
F f0+oo xt'dx). As pointed out in [19], this is the “gap lemma” regime in which
standard asymptotic ODE estimates show that behavior is essentially governed by
the limiting constant-coefficient equations at infinity, and thus stability may be con-
cluded immediately from stability (computable by exact solution) of the constant
layer identically equal to the limiting state. These methods do not suffice to treat
either the (small-amplitude) characteristic limit or the large-amplitude case, which
require more refined analyses. In particular, up to now, there was no analysis con-
sidering boundary layers approaching a full viscous shock profile, not even a profile of
vanishingly small amplitude. Our analysis of this limit indicates why: the appearance
of a small eigenvalue near zero prevents uniform estimates such as would be obtained
by usual types of energy estimates.

By contrast, the large-amplitude results obtained here and (for expansive layers)
in [39] make use of the specific form of the equations. In particular, both analyses
make use of the advantageous structure in Lagrangian coordinates. The possibility
to work in Lagrangian coordinates was first pointed out by Matsumura—Nishihara
[39] in the inflow case, for which the stationary boundary transforms to a moving
boundary with constant speed. Here we show how to convert the outflow problem
also to Lagrangian coordinates, by converting the resulting variable-speed boundary
problem to a constant-speed one with modified boundary condition. This trick seems
of general use. In particular, it might be possible that the energy methods of [39]
applied in this framework would yield unconditional stability of expansive boundary-

layers, completing the analysis of the outflow case. Alternatively, this case could be
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attacked by the methods of the present paper. These are two interesting directions
for future investigation.

In the outflow case, a further transformation to the “balanced flux form” intro-
duced in [49], in which the equations take the form of the integrated shock equations,
allows us to establish stability in the characteristic limit by energy estimates like
those of [38] in the shock case. The treatment of the characteristic inflow limit by
the methods of [49, 11] seems to be another extremely interesting direction for future
study.

Finally, we point to the extension of the present methods to full (nonisentropic)
gas dynamics and multidimensions as the two outstanding open problems in this area.

New features of the present analysis as compared to the shock case considered
in [3, 24] are the presence of two parameters, strength and displacement, indexing
possible boundary layers, vs. the single parameter of strength in the shock case,
and the fact that the limiting equations in several asymptotic regimes possess zero
eigenvalues, making the limiting stability analysis much more delicate than in the
shock case. The latter is seen, for example, in the limit as a compressive boundary
layer approaches a full stationary shock solution, which we show to be spectrally
equivalent to the situation of unintegrated shock equations on the whole line. As
the equations on the line possess always a translational eigenvalue at A = 0, we may
conclude existence of a zero at A = 0 for the limiting equations and thus a zero near
A = 0 as we approach this limit, which could be stable or unstable. Similarly, the
Evans function in the inflow case is shown to converge in the large-strength limit to a
function with a zero at A = 0, with the same conclusions; see Section 5.3 for further
details.

To deal with this latter circumstance, we find it necessary to make use also of
topological information provided by the stability index of [48, 14, 54], a mod-two
index counting the parity of the number of unstable eigenvalues. Together with the
information that there is at most one unstable zero, the parity information provided
by the stability index is sufficient to determine whether an unstable zero does or
does not occur. Remarkably, in the isentropic case we are able to compute explicitly
the stability index for all parameter values, recovering results obtained by indirect
argument in [54], and thereby completing the stability analysis in the presence of a

single possibly unstable zero.
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5.2 Preliminaries

We begin by carrying out a number of preliminary steps similar to those carried out
in [3, 24] for the shock case, but complicated somewhat by the need to treat the

boundary and its different conditions in the inflow and outflow case.

5.2.1 Lagrangian formulation.

The analyses of [24, 3] in the shock wave case were carried out in Lagrangian coor-
dinates, which proved to be particularly convenient. Our first step, therefore, is to
convert the Eulerian formulation (5.1) into Lagrangian coordinates similar to those
of the shock case. However, standard Lagrangian coordinates in which the spatial
variable T is constant on particle paths are not appropriate for the boundary-value
problem with inflow/outflow. We therefore introduce instead “psuedo-Lagrangian”

coordinates N
:z::/ oyt dy, T—t, (5.7)
0

in which the physical boundary x = 0 remains fixed at & = 0.

Straightforward calculation reveals that in these coordinates (5.1) becomes

vy — Svz — uz = o(t)vz

Uz 2.8
s — suz + p(v)z — (f)f = o(t)uz (58)

on £ > 0, where
5= —Z—s, o(t) =m(t) — s, m(t) := —p(0,t)u(0,t) = —u(0,t)/v(0,1), (5.9)

so that m(t) is the negative of the momentum at the boundary z = & = 0. From now
on, we drop the tilde, denoting = simply as x.
Inflow case

For the inflow case, uyp > 0 so we may prescribe two boundary conditions on (5.8),
namely

U‘xzo =1 > 0, U|x:0 =1uy >0 (510)

where both ug, vy are constant.
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Outflow case

For the outflow case, uy < 0 so we may prescribe only one boundary condition on
(5.8), namely
U,|x:0 = ug < 0. (511)

Thus v(0,¢) is an unknown in the problem, which makes the analysis of the outflow

case more subtle than that of the inflow case.

5.2.2 Rescaled coordinates

Our next step is to rescale the equations in such a way that coefficients remain

bounded in the strong boundary-layer limit. Consider the change of variables
(z,t,v,u) — (—esx,es’t,v/e, —u/(es)), (5.12)

where ¢ is chosen so that
0<vy <wv_=1, (5.13)

where v, is the limit as z — +o0 of the boundary layer (stationary solution) (0, )
under consideration and v_ is the limit as © — —oo of its continuation into x < 0
as a solution of the standing-wave ODE (discussed in more detail just below). Under
the rescaling (5.12), (5.8) becomes

Vg + Uy — Uy = (1) 0y,

s (5.14)
Uy + Uy + (av™ ), = o(t)u, + (—) ,
UV /x
where a = ape 71572 0 = —u(0,t)/v(0,t) + 1, on respective domains
x > 0 (inflow case) x < 0 (outflow case).

5.2.3 Stationary boundary layers

Stationary boundary layers

(v, u)(2,t) = (0,4) ()
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of (5.14) satisfy

(5.15)
(€)  (0,8)]a=0 = (vo, uo)
(d) thl:l (0,0) = (v,u)4,
where (d) is imposed at +o00 in the inflow case, —oo in the outflow case and (imposing
o =0) ug = vo. Using (5.15)(a) we can reduce this to the study of the scalar ODE,

V' + (ab ™) = (”-) (5.16)

with the same boundary conditions at * = 0 and * = *o0o as above. Taking the

antiderivative of this equation yields
V' =He(0) =0(0+ ad™" + O), (5.17)

where C' is a constant of integration.

Noting that H¢ is convex, we find that there are precisely two rest points of
(5.17) whenever boundary-layer profiles exist, except at the single parameter value
on the boundary between existence and nonexistence of solutions, for which there is
a degenerate rest point (double root of H¢). Ignoring this degenerate case, we see
that boundary layers terminating at rest point v, as * — 400 must either continue
backward into x < 0 to terminate at a second rest point v_ as r — —oo, or else
blow up to infinity as * — —oo. The first case we shall call compressive, the second
eTpansive.

In the first case, the extended solution on the whole line may be recognized as a
standing viscous shock wave; that is, for isentropic gas dynamics, compressive bound-
ary layers are just restrictions to the half-line x > 0 [resp. © < 0] of standing shock
waves. In the second case, as discussed in [39], the boundary layers are somewhat
analogous to rarefaction waves on the whole line. From here on, we concentrate
exclusively on the compressive case.

With the choice v = 1, we may carry out the integration of (5.16) once more,

166



this time as a definite integral from —oo to x, to obtain
o' =H0)=0(0—-1+a(07" —1)), (5.18)

where a is found by letting x — +o00, yielding

U+—1 ,y]_—U_i_
U—;’y_l +1_,U_’*{_ ( )

in particular, a ~ v} in the large boundary layer limit v, — 0. This is exactly the

equation for viscous shock profiles considered in [24].

5.2.4 Eigenvalue equations

Linearizing (5.14) about (0,4), we obtain

iy + g — (Zjﬂ”)x - (%)x - T)(S;%, (5.20)
(0, ) |z=0 = (0o(t), 0)
lim (@,4) = (0,0),

T——+00

where vy = 0(0),
h(0) = =" +a(y — 1)+ (a + 1" (5.21)

and v, u denote perturbations of 0, .

Inflow case

In the inflow case, @(0,t) = 9(0,t) = 0, yielding
A+ v, —u, =0
h(v - 5.22
)\u+ux—<A(U)v) :<u7> ( )
U’Y+1 z V/x

on x > 0, with full Dirichlet conditions (v,u)|,—0 = (0,0).
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Outflow case
Letting U := (3, @)7, U := (6,2)7, and denoting by £ the operator associated to the

linearization about boundary-layer (0, ),

L:=—0,A(x) + 0. B(x)0,, (5.23)

1 -1 0 0
Ax) = ( @) 1 ) , B(x)= ( 0 o ) , (5.24)

A

we have U, — LU = f";}f)t) U'(x), with associated eigenvalue equation

where

(0, \) -

AU — LU = U'(x), (5.25)

Vo

where U = (¢/,4).
To eliminate the nonstandard inhomogeneous term on the righthand side of (5.25),
we introduce a “good unknown” (c.f. [2, 10, 16, 29])

U:=U-— xlf’(o’ A U'(x). (5.26)

Vo

Since LU’ = 0 by differentiation of the boundary-layer equation, the system expressed

in the good unknown becomes simply
ANU—-LU=0 inz<0, (5.27)

or, equivalently, (5.22) with boundary conditions

Uloy = 20N 4\ c1500), —a10(0))7
vo (5.28)
lim U = 0.

T——+00

Solving for u|,—¢ in terms of v|,—¢ and recalling that v/ = @’ by (5.18), we obtain

finally
—0'(0)

U] z=0 = (N)v]p=o0, a(N) = =0

(5.29)
Remark 5.2.1. Problems (5.25) and (5.27)—(5.22) are evidently equivalent for all

168



A # 0, but are not equivalent for A = 0 (for which the change of coordinates to good
unknown becomes singular). For, U = U’ by inspection is a solution of (5.27), but
is not a solution of (5.25). That is, we have introduced by this transformation a

spurious eigenvalue at X = 0, which we shall have to account for later.

5.2.5 Preliminary estimates

Proposition 5.2.2 ([3]). For each v > 1, 0 < vy < 1/12 < vy < 1, (5.18) has a
unique (up to translation) monotone decreasing solution ¥ decaying to endstates vy
with a uniform exponential rate for vy uniformly bounded away from v_ = 1. In

particular, for 0 < vy < 1/12,
() —vy| < Ce T 1 >, (5.30a)

|
|0(x) —ov_| < ce T & <4, (5.30b)

>

where ¢ is defined by v(5) = (v— + v4)/2.

Proof. Existence and monotonicity follow trivially by the fact that (5.18) is a scalar

first-order ODE with convex righthand side. Exponential convergence as x — +00
(=)
follows by H(v,vy) = (v — U+)(v _ (1—v+> (1 ( v ) ))7 whence v — 4 < Hwy)

1—v] 17(1%) v-vy

v—(1—vy)byl< % < v for 0 <z < 1. Exponential convergence as r — —o0

follows by a similar, but more straightforward calculation, where, in the “centered”
coordinate T := = — ¢, the constants C' > 0 are uniform with respect to vy, vy. See
3] for details. O

The following estimates are established in Appendices C.1 and C.2.

Proposition 5.2.3. Nonstable eigenvalues A of (5.22), i.e., eigenvalues with non-

negative real part, are confined for any 0 < vy <1 to the region
1 2
A= {h: Re(N) + [SmV)| < 5(2\/§+ 1) } (5.31)

for the inflow case, and to the region

A= {A: Re(\) + [Sm(N)| < max{¥, 3y + g} (5.32)
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for the outflow case.

5.2.6 Evans function formulation

Setting w := %/ + :7(1)1"0 — u, we may express (5.22) as a first-order system

W' = A(xz, )W, (5.33)
where
0 A A w p
Alz,\)=[0 0 A , W=lu—-v]|, /:%, (5.34)
o v f(o)—A v
where
f(0)=0—=0""h(v) =20 —a(y— 1077 — (a+ 1), (5.35)

with h as in (5.21) and a as in (5.19), or, equivalently,

f(@)z?@—(y—l)(l_m)(&)v—(1_U+)U1—1. (5.36)

— 7 Y
1 —wvy v 1—wvy

Remark 5.2.4. The coefficient matriz A may be recognized as a rescaled version of

the coefficient matriz A appearing in the shock case [3, 24], with

100 10 0
A=fo 1 o0]l4alo1 o
00 A 00 1/A

The choice of variables (w,u — v,v)T may be recognized as the modified flux form of

[49], adapted to the hyperbolic—parabolic case.

Eigenvalues of (5.22) correspond to nontrivial solutions W for which the boundary
conditions W (+oo) = 0 are satisfied. Because A(z, \) as a function of ¢ is asymptot-
ically constant in z, the behavior near x = +o00 of solutions of (5.34) is governed by

the limiting constant-coefficient systems
W= AL (\W, AL (N) = A(fo0, ), (5.37)
from which we readily find on the (nonstable) domain ®A > 0, A # 0 of interest
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that there is a one-dimensional unstable manifold W, (x) of solutions decaying at
r = —oo and a two-dimensional stable manifold W (x) AW (z) of solutions decaying

at x = +o00, analytic in A\, with asymptotic behavior
+ Nz +
Wi (2, A) ~ et V7VE () (5.38)

as © — +o0o, where py(A) and Vji()\) are eigenvalues and associated analytically
chosen eigenvectors of the limiting coefficient matrices AL(A). A standard choice
of eigenvectors VjjE [14, 8, 5, 27|, uniquely specifying I/VjjE (up to constant factor) is
obtained by Kato’s ODE [32], a linear, analytic ODE whose solution can be alterna-
tively characterized by the property that there exist corresponding left eigenvectors
IN/ji such that

(17; - V;)* = constant, (‘7] V))E =0, (5.39)

where “"” denotes d/d\; for further discussion, see [32, 14, 27].

Inflow case

In the inflow case, 0 < z < +o00, we define the Evans function D as the analytic

function

Din(N) = det(W?, W5, W5 2o, (5.40)

where Wf are as defined above, and W} is a solution satisfying the boundary condi-

tions (v,u) = (0,0) at x = 0, specifically,
WY.—o = (1,0,0)%. (5.41)

With this definition, eigenvalues of £ correspond to zeroes of D both in location and
multiplicity; moreover, the Evans function extends analytically to A = 0, i.e., to all
of ’A > 0. See [1, 14, 36, 59] for further details.

Equivalently, following [48, 3], we may express the Evans function as

Din(A) = (Wi - 7)) (5.42)

|z=0"

where vaﬁ (x) spans the one-dimensional unstable manifold of solutions decaying at

T = +oo (necessarily orthogonal to the span of W5 (z) and W5 (z)) of the adjoint
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eigenvalue ODE

W' = —A(z, \)*W. (5.43)
The simpler representation (5.42) is the one that we shall use here.
Outflow case
In the outflow case, —oo < x < 0, we define the Evans function as
Dout(N) 1= det(W;, W3, W3) .-, (5.44)

where Wy is as defined above, and W} are a basis of solutions of (5.33) satisfying

the boundary conditions (5.29), specifically,

A T
W20‘x=0 = (1,0, O)T7 W2?|z=0 = <O7 —)\_—@,(0), 1) , (5.45)
or, equivalently, as
Dout()\) == (Wlo : Wf)p::o’ (546)
where 3
N T
Wo = (0, B P ) 5.47
! X —'(0) (5.47)

is the solution of the adjoint eigenvalue ODE dual to W3 and W3

Remark 5.2.5. As discussed in Remark 5.2.1, Dy has a spurious zero at A = 0

introduced by the coordinate change to “good unknown”.

5.3 Main results

We can now state precisely our main results.
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5.3.1 The strong layer limit
Taking a formal limit as v, — 0 of the rescaled equations (5.14) and recalling that

a ~ v}, we obtain a limiting evolution equation

U + v — Uy = 0,
Uy (5.48)
Up + Uy = (—)
V/x

corresponding to a pressureless gas, or v = 0.
The associated limiting profile equation v" = v(v — 1) has explicit solution
1 — tanh (“T_(S)

0(z) = 5 : (5.49)

A0<O) __ 1—tanh(-4/2)

5 = 1vp; the limiting eigenvalue system is

0
W =A%z, W, A%z, N =1|o0 A : (5.50)

(S5
o
%
o
—
S>
o
N—
|
pS

>

where f0(2°) = 28" — 1 = — tanh (%;2).

Convergence of the profile and eigenvalue equations is uniform on any interval
% > € > 0, or, equivalently, x—¢ < L, for L any positive constant, where the sequence
of coefficient matrices is therefore a regular perturbation of its limit. Following [24],
we call < L 4 ¢ the “regular region”. For 95 — 0 on the other hand, or x — o0,
the limit is less well-behaved, as may be seen by the fact that 0f/00 ~ ¢! as
0 — vy, a consequence of the appearance of (”T*) in the expression (5.36) for f.
Similarly, A(x,\) does not converge to A, (\) as x — +oo with uniform exponential
rate independent of v, , 7, but rather as C%o~'e~*/2. As in the shock case, this makes
problematic the treatment of x > L+0. Following [24] we call > L+ the “singular
region”.

To put things in another way, the effects of pressure are not lost as v, — 0, but
rather pushed to x = +o00, where they must be studied by a careful boundary-layer
analysis. (Note: this is not a boundary-layer in the same sense as the background
solution, nor is it a singular perturbation in the usual sense, at least as we have

framed the problem here.)
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Remark 5.3.1. A significant difference from the shock case of [24] is the appearance

of the second parameter vy that survives in the v, — 0 limait.

Inflow case

Observe that the limiting coefficient matrix

0 X A
AN i=A%o0, ) =0 0 A ], (5.51)
00 —1—A

is nonhyperbolic (in ODE sense) for all A, having eigenvalues 0, 0, —1—\; in particular,
the stable manifold drops to dimension one in the limit v, — 0, and so the prescription
of an associated Evans function is underdetermined.
This difficulty is resolved by a careful boundary-layer analysis in [24], determining
a special “slow stable” mode
Vy = (1,0,0)"

augmenting the “fast stable” mode

Vs = (M) (M + 1), M p, 1)°

associated with the single stable eigenvalue g = —1 — X of A%. This determines a
limiting Evans function DY (\) by the prescription (5.40), (5.38) of Section 5.2.6, or
alternatively via (5.42) as

Di,(A) = (Wi - W) (5.52)

|z=0"
with /I/Iv/'loJr defined analogously as a solution of the adjoint limiting system lying asymp-

totically at x = 400 in direction

Vi = (0,—1,\/i)" (5.53)

o=

orthogonal to the span of V5 and V3, where ” denotes complex conjugate, and
W defined as the solution of the limiting eigenvalue equations satisfying boundary

condition (5.41), i.e., (W)= = (1,0,0)".

174



Outflow case

We have no such difficulties in the outflow case, since A2 = AY(—o00) remains uni-

formly hyperbolic, and we may define a limiting Evans function D? . directly by

out
(5.44), (5.38), (5.47), at least so long as vy remains bounded from zero. (As perhaps
already hinted by Remark 5.3.1, there are complications associated with the double

limit (vg,v4+) — (0,0).)

5.3.2 Analytical results

With the above definitions, we have the following main theorems characterizing the

strong-layer limit v, — 0 as well as the limits vy — 0, 1.

Theorem 5.3.2. For vy > n > 0 and \ in any compact subset of RA > 0, Di,(N)
and Doy (\) converge uniformly to DY (\) and D2, (\) as vy — 0.

out

Theorem 5.3.3. For \ in any compact subset of RA > 0 and vy bounded from
1, Din(X), appropriately renormalized by a nonvanishing analytic factor, converges
uniformly as vo — 1 to the Evans function for the (unintegrated) eigenvalue equations
of the associated viscous shock wave connecting v = 1 to vy; likewise, Dyu(N),
appropriately renormalized, converges uniformly as vg — 0 to the same limit for A

uniformly bounded away from zero.
By similar computations, we obtain also the following direct result.
Theorem 5.3.4. Inflow boundary layers are stable for vy sufficiently small.

We have also the following parity information, obtained by stability-index com-

putations as in [54].2

Lemma 5.3.5 (Stability index). For any v > 1, vy, and vy, Dy (0) # 0, hence
the number of unstable roots of Dy, is even; on the other hand DY (0) = 0 and
limy,—o Diy(A) = 0. Likewise, (D3,)'(0), D5, (0) # 0, (Dg,)'(0) # 0, hence the

number of nonzero unstable roots of DP , Dgus, D Lt 1S even.

in’

Finally, we have the following auxiliary results established by energy estimates in
Appendices C.3, C.4, C.5, and C.6.

2Indeed, these may be deduced from the results of [54], taking account of the difference between
Eulerian and Lagrangian coordinates.
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Proposition 5.3.6. The limiting Evans function DY, is nonzero for A # 0 on Re\ >
0, for all 1 > vy > 0. The limiting Fvans function D° . is nonzero for X # 0 on
Rel >0, for 1 > vy > v,, where v, ~ 0.0899 is determined by the functional equation

Vy = 672/(171)*)2.

Proposition 5.3.7. Compressive outflow boundary layers are stable for vy suffi-

ciently close to 1.

Proposition 5.3.8 ([39]). Ezpansive inflow boundary layers are stable for all param-

eter values.
Collecting information, we have the following analytical stability results.

Corollary 5.3.9. For vy or vy sufficiently small, compressive inflow boundary layers
are stable. For vy sufficiently small, vy sufficiently close to 1, or vy > v, = .0899
and vy sufficiently small, compressive outflow layers are stable. Ezrpansive inflow

boundary layers are stable for all parameter values.

Stability of inflow boundary layers in the characteristic limit v, — 1 is not treated
here, but should be treatable analytically by the asymptotic ODE methods used in
[49, 11] to study the small-amplitude (characteristic) shock limit. This would be an
interesting direction for future investigation. The characteristic limit is not accessible
numerically, since the exponential decay rate of the background profile decays to
zero as |1 — vy |, so that the numerical domain of integration needed to resolve the

eigenvalue ODE becomes infinitely large as v, — 1.

Remark 5.3.10. Stability in the noncharacteristic weak layer limit vy — vy [resp. 1]
in the inflow [outflow] case, for vy bounded away from the strong and characteristic
limits 0 and 1 has already been established in [19, 52]. Indeed, it is shown in [19]
that the Evans function converges to that for a constant solution, and this is a reqular

perturbation.

Remark 5.3.11. Stability of DY, D° . may also be determined numerically, in par-

ticular in the region vy < v, not covered by Proposition 5.5.6.

5.3.3 Numerical results

The asymptotic results of Section 5.3.2 reduce the problem of (uniformly nonchar-

acteristic, v, bounded away from v_ = 1) boundary layer stability to a bounded
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parameter range on which the Evans function may be efficiently computed numeri-
cally in a way that is uniformly well-conditioned; see [8]. Specifically, we may map a
semicircle

I({RX > 0} N {|A] < 10})

DO

out’

enclosing A for v € [1, 3] by D}

m?

Dy, Doy and compute the winding number
of its image about the origin to determine the number of zeroes of the various Evans
functions within the semicircle, and thus within A. For details of the numerical
algorithm, see [3, 8].

In all cases, we obtain results consistent with stability; that is, a winding number
of zero or one, depending on the situation. In the case of a single nonzero root, we
know from our limiting analysis that this root may be quite near A = 0, making
delicate the direct determination of its stability; however, in this case we do not
attempt to determine the stability numerically, but rely on the analytically computed

stability index to conclude stability. See Section 5.6 for further details.

5.3.4 Conclusions

As in the shock case [3, 24], our results indicate unconditional stability of uniformly
noncharacteristic boundary-layers for isentropic Navier-Stokes equations (and, for
outflow layer, in the characteristic limit as well), despite the additional complexity
of the boundary-layer case. However, two additional comments are in order, perhaps
related. First, we point out that the apparent symmetry of Theorem 5.3.3 in the
vg — 0 outflow and vy — 1 inflow limits is somewhat misleading. For, the limiting,
shock Evans function possesses a single zero at A = 0, indicating that stability of inflow
boundary layers is somewhat delicate as vy — 1: specifically, they have an eigenvalue
near zero, which, though stable, is (since vanishingly small in the shock limit) not
“very” stable. Likewise, the limiting Evans function DY as v, — 0 possesses a zero
at A = 0, with the same conclusions.

By contrast, the Evans functions of outflow boundary layers possess a spurious zero
at A = 0, so that convergence to the shock or strong-layer limit in this case implies the
absence of any eigenvalues near zero, or “uniform” stability as vy — 0. In this sense,
strong outflow boundary layers appear to be more stable than inflow boundary layers.
One may make interesting comparisons to physical attempts to stabilize laminar flow

along an air- or hydro-foil by suction (outflow) along the boundary. See, for example,
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the interesting treatise [53].

Second, we point out the result of instability obtained in [54] for inflow boundary-
layers of the full (nonisentropic) ideal-gas equations for appropriate ratio of the co-
efficients of viscosity and heat conduction. This suggests that the small eigenvalues
of the strong inflow-layer limit may in some cases perturb to the unstable side. It
would be very interesting to make these connections more precise, as we hope to do

in future work.

5.4 Boundary-layer analysis

Since the structure of (5.34) is essentially the same as that of the shock case, we may
follow exactly the treatment in [24] analyzing the flow of (5.34) in the singular region
x — +00. As we shall need the details for further computations (specifically, the
proof of Theorem 5.3.4), we repeat the analysis here in full.

Our starting point is the observation that

0 A A
Az, N)=[0 0 A (5.54)
b0 f(0)— A

is approximately block upper-triangular for v sufficiently small, with diagonal blocks

0 A
and ( fo) — )\> that are uniformly spectrally separated on e > 0, as

follows by
f(v) <v—1<-3/4. (5.55)

We exploit this structure by a judicious coordinate change converting (5.34) to a
system in exact upper triangular form, for which the decoupled “slow” upper lefthand
2 x 2 block undergoes a reqular perturbation that can be analyzed by standard tools
introduced in [49]. Meanwhile, the fast, lower righthand 1 x 1 block, since scalar, may

be solved exactly.
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5.4.1 Preliminary transformation

We first block upper-triangularize by a static (constant) coordinate transformation

the limiting matrix

0 X A
Ay = A(+oo, N = 0 0 A (5.56)

vr v fog) = A

at x = 400 using special block lower-triangular transformations

I 0 I 0
R, = , Li:=R"= , (5.57)
'U+0+ 1 —U+9+ 1

where I denotes the 2 x 2 identity matrix and 6, € C'*? is a 1 x 2 row vector.

Lemma 5.4.1. On any compact subset of Re\ > 0, for each vy > 0 sufficiently

small, there exists a unique 04 = 0, (vy, \) such that fLr = L, A, R, is upper block-

’ 0 Fus) —A—Xv6,1 )’ '

triangular,

01 1
where J = (O 0) and 1 = <1> , satisfying a uniform bound

6,] < C. (5.59)
Proof. Setting the 2 — 1 block of A+ to zero, we obtain the matrix equation
O (al —NJ) = —1" + M, 6,16,
where a = f(vy) — A, or, equivalently, the fixed-point equation
6, = ( 17y /\v+6+]16+) (al —\J)~L. (5.60)

By det(al — A\J) = a® # 0, (al — AJ)™! is uniformly bounded on compact subsets of
ReX > 0 (indeed, it is uniformly bounded on all of ReA > 0), whence, for |\| bounded

and v, sufficiently small, there exists a unique solution by the Contraction Mapping
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Theorem, which, moreover, satisfies (5.59). m

5.4.2 Dynamic triangularization

Defining now Y := L, W and

~

A(m, )\) = L+A(l’, )\)R+ =

A(J + v 16,) Al ,
(0 = v )1 — vy (f(0) — flvg))04 f(0) = A= Avp 641

we have converted (5.34) to an asymptotically block upper-triangular system

A

Y' = Az, \)Y, (5.61)

with A, = A(+00,\) as in (5.58). Our next step is to choose a dynamic transforma-

tion of the same form

R:= <£ 0) : L:=R"'= ( ]~ 0) , (5.62)
© 1 -0 1

converting (5.61) to an exactly block upper-triangular system, with 5} uniformly

exponentially decaying at x = +oo: that is, a reqular perturbation of the identity.

Lemma 5.4.2. On any compact subset of e > 0, for L sufficiently large and
each vy > 0 sufficiently small, there exists a unique 0= é(m, A\, vy ) such that A=
z/l(x, )\)]:j, +L'R is upper block-triangular,

~ (A(J +v 16, + 16 Al
A= ( + UV + + ) X _ , (563)
0 f(v) — A= )\U+9+]l — /\@]1
and é(L) =0, satisfying a uniform bound
O(z,\,vy)| < Ce™™, n>0z>0L, (5.64)

independent of the choice of L, v,.
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Proof. Setting the 2 — 1 block of A to zero and computing

pr= O V(L)oo
& 0)\6 1) " \-& o

we obtain the matrix equation
0 —O(al — A(J +v,16y)) = ¢ + \O16, (5.65)
where a(z) := f(0) — A — Av; 0,1 and the forcing term

Cim = (0 — v )1 + 0, (F(0) — f(04))0;

by derivative estimate df /do < Co~! together with the Mean Value Theorem is

uniformly exponentially decaying:

IC| < Clo— vy ] < Cre™™, n > 0. (5.66)

Initializing (L) = 0, we obtain by Duhamel’s Principle/Variation of Constants

the representation (supressing the argument \)
S(x) / " 5v=n(C 1 AB18)(y) dy, (5.67)
L
where SY~7 is the solution operator for the homogeneous equation
0 —O(al — A\(J +v:16,)) =0,

or, explicitly,
§U—T — oly ey = A(J+v 104 ) (z—y)

For |A| bounded and v, sufficiently small, we have by matrix perturbation theory

that the eigenvalues of —A(J + v, 16, ) are small and the entries are bounded, hence

|6—A(J+U+119+)z| < Clet?

for z > 0. Recalling the uniform spectral gap Re(a) = f(0) — Red < —1/2 for
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ReX > 0, we thus have
|SY7F < Ce ==Y (5.68)

for some C, n > 0. Combining (5.66) and (5.68), we obtain

‘/ Sy_’xC(y) dy‘ S/ 026—77(27—11)6—(?7/2)ydy
L L

(5.69)
— 036—(77/2)1’_
Defining O(z) =: f(z)e~/?* and recalling (5.67) we thus have
0(x) = f+ e(n/z)x/ SY=TeT NN (y) dy, (5.70)
L

where f := /27 [¥ S¥=2((y) dy is uniformly bounded, | f| < C5, and e®/2* [/ Sv=re= W16 (y) dy
is contractive with arbitrarily small contraction constant ¢ > 0 in L*[L,+o0) for
0| < 2C; for L sufficiently large, by the calculation

’e(n/@fﬁ/ SY=Te NG, 16, () —e("/z)x/ Syﬁx@_ny)\éz]léz(y)‘
. L

<

6(':7/2)x/ Ce_”(’”_y)e—"ydy‘lx\||\§1—9~2Hoomjcitx||9~j||oo

L

< e / Ce /2 dy M) — Bl o max 1
L

= CaeDEIN (10, — 0| s max [0} -
J

It follows by the Contraction Mapping Principle that there exists a unique solution 6
of fixed point equation (5.70) with |f(x)| < 2Cs for 2 > L, or, equivalently (redefining
the unspecified constant 7), (5.64). O

5.4.3 Fast/Slow dynamics

Making now the further change of coordinates

Z=1LY
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and computing
(LYY =LY'+ L'Y = (LA, + LY,
= (LALR+L'R)Z,

we find that we have converted (5.61) to a block-triangular system

(5.71)

PR PR PCATES TS ) Al V2
0 F(0) — A= yf,1 — \O1L

related to the original eigenvalue system (5.34) by

I I
W=LZ R:=R,R= O, L:=R"'= 0 : (5.72)
0 1 -0 1

where

©=0+uv.0,. (5.73)

Since it is triangular, (5.71) may be solved completely if we can solve the compo-

nent systems associated with its diagonal blocks. The fast system
z:(ﬂm—A—AmaJ—Aé@z

associated to the lower righthand block features rapidly-varying coefficients. However,
because it is scalar, it can be solved explicitly by exponentiation.
The slow system
2 =AJ + v, 10, +10)z (5.74)

associated to the upper lefthand block, on the other hand, by (5.64), is an exponen-

tially decaying perturbation of a constant-coefficient system
2= NJ +v 16,)z (5.75)

that can be explicitly solved by exponentiation, and thus can be well-estimated by
comparison with (5.75). A rigorous version of this statement is given by the conju-

gation lemma of [42]:

Proposition 5.4.3 ([42]). Let M(xz,\) = M, (\) + O(x, \), with M, continuous in
A and |O(z, \)| < Ce ™, for X\ in some compact set A. Then, there ezists a globally
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invertible matriz P(x,\) = I 4+ Q(x,\) such that the coordinate change z = Pv

converts the variable-coefficient ODE z' = M(xz, \)z to a constant-coefficient equation

satisfying for any L, 0 < 1 <n a uniform bound
|Q(x, \)| < C(L, A, m, max | (M, )], dim M, )e™™  for x > L. (5.76)
Proof. See [42, 59|, or Appendix C, [24]. ]
By Proposition 5.4.3, the solution operator for (5.74) is given by
P(y, )\)eA(J+v+19+(A,v+))(:c—y)p(m’ AL (5.77)
where P is a uniformly small perturbation of the identity for > L and L > 0

sufficiently large.

5.5 Proof of the main theorems

With these preparations, we turn now to the proofs of the main theorems.

5.5.1 Boundary estimate

We begin by recalling the following estimates established in [24] on Wfr (L +0), that
is, the value of the dual mode Wf“ appearing in (5.42) at the boundary x = L + 0
between regular and singular regions. For completeness, and because we shall need

the details in further computations, we repeat the proof in full.

Lemma 5.5.1 ([24]). For X\ on any compact subset of ReA > 0, and L > 0 sufficiently
large, with Wfr normalized as in [14, 49, 3],

(Wi (L+68) — V4| < Ce (5.78)
as vy — 0, uniformly in X\, where C', n > 0 are independent of L and
‘,71 = (O, _]-7 S‘/ﬁ)T
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is the limiting direction vector (5.53) appearing in the definition of DY

Corollary 5.5.2 ([24]). Under the hypotheses of Lemma 5.5.1,
IWOH(L+68) — V4| < Cet (5.79)

and
(Wi (L +68) — WOH (L +68)| < Ce " (5.80)

as vy — 0, uniformly in X\, where C', n > 0 are independent of L and W{H is the
solution of the limiting adjoint eigenvalue system appearing in definition (5.52) of
DO,

Proof of Lemma 5.5.1. First, make the independent coordinate change x — x—4 nor-
malizing the background wave to match the shock-wave case. Making the dependent

coordinate-change

7 = R'W, (5.81)
R as in (5.72), reduces the adjoint equation W' = —A*W to block lower-triangular
form,
7' = —A"Z =
“MJT + v, 16, + 16)* 0 2 (5.82)
AT —f(®) + A+ Av b 1 +01)*)
with “7” denoting complex conjugate.

Denoting by ‘71+ a suitably normalized element of the one-dimensional (slow)
stable subspace of — A%, we find readily (see [24] for further discussion) that, without
loss of generality,

Vit = (0, LA(y + )T (5.83)

as v, — 0, while the associated eigenvalue jiy — 0, uniformly for A on an compact
subset of ReA > 0. The dual mode va = R*Wf“ is uniquely determined by the
property that it is asymptotic as * — +oo to the corresponding constant-coefficient
solution e ?V;* (the standard normalization of [14, 49, 3]).

By lower block-triangular form (5.82), the equations for the slow variable zT :=
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(Z1, Z3) decouples as a slow system
F = —(MJ + 0,10, + 11(:)))*5 (5.84)
dual to (5.74), with solution operator
Pz, \) e M 1000 @) py 3) (5.85)
dual to (5.77), i.e. (fixing y = L, say), solutions of general form
Z(\, z) = P*(z, \) e A 100 )5 (5.86)
0 € C? arbitrary.

Denoting by
Zf (L) = RW (L),

therefore, the unique (up to constant factor) decaying solution at +oo, and o] :=
((‘71+)17 (‘71+)2)T, we thus have evidently

5?(% )\) P*(x /\) 1 —)\ (JHvp164)* )m@fr,
which, as vy — 0, is uniformly bounded by
|2 (2, \)| < Ce” (5.87)

for arbitrarily small € > 0 and, by (5.83), converges for z less than or equal to X —§
for any fixed X simply to

lim (2, \) = P*(2, \)71(0,1)7. (5.88)

vy —0
Defining by G := (Z; )3 the fast coordinate of Z;, we have, by (5.82),

7+ (0) = X = (s, 14+ 281)" ) = M5,
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whence, by Duhamel’s principle, any decaying solution is given by
too B
(j(l', )\) _ / efy a(z,)\,v+)d2)\]lTZis—<y) dy,
x

where

aly, A, vy) = — (f(@) A= Owlf, 1+ )\(:)Il)*).

Recalling, for ReX > 0, that Rea > 1/2, combining (5.87) and (5.88), and noting that

a converges uniformly on y <Y as v, — 0 for any Y > 0 to

ao(y, A) = — fo(0) + A + (AG,1)*
=(1+X\)+0(e™)

we obtain by the Lebesgue Dominated Convergence Theorem that

oo L _
Q(L, )\) N / efy ao(z,)\)dz)\]lT(O’ 1)T dy
L

|
>~

0 e L 0(e%)d
/ N L) [ O )iz g
L

ML+ NN+ 0(e ™).

Recalling, finally, (5.88), and the fact that
|P — Id|(L,\), |R— Id|(L,\) < Ce "

for v, sufficiently small, we obtain (5.78) as claimed. O

Proof of Corollary 5.5.2. Again, make the coordinate change x — x — § normalizing
the background wave to match the shock-wave case. Applying Proposition 5.4.3 to

the limiting adjoint system

0 0 0
W =—(AYW=|-x 0 0 |W+oEe™W,
A =X 142

we find that, up to an Id + O(e~"*) coordinate change, WIOJ’ (z) is given by the exact
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solution W = Vi of the limiting, constant-coefficient system

0 O 0
W=—-AD)W=]-x 0 0 [W
A=A 1+
This yields immediately (5.79), which, together with (5.78), yields (5.80). O

5.5.2 Convergence to D"

The rest of our analysis is standard.

Lemma 5.5.3. On x < L — ¢ for any fized L > 0, there exists a coordinate-change
W =TZ conjugating (5.34) to the limiting equations (5.50), T'= T(x, \,vy), satis-
fying a uniform bound

|T — Id| < C(L)vy (5.89)
for all vy > 0 sufficiently small.

Proof. Make the coordinate change + — x — d normalizing the background profile.
For x € (—o0, 0], this is a consequence of the Convergence Lemma of [49], a variation
on Proposition 5.4.3, together with uniform convergence of the profile and eigenvalue
equations. For z € [0, L], it is essentially continuous dependence; more precisely,
observing that |[A — A% < Cy(L)v, for z € [0, L], setting S := T — Id, and writing

the homological equation expressing conjugacy of (5.34) and (5.50), we obtain
S — (AS — SAY) = (A - AY),

which, considered as an inhomogeneous linear matrix-valued equation, yields an ex-

ponential growth bound
S(z) < e“*(S(0) 4+ C1Cy(L)vy)

for some C' > 0, giving the result. O

Proof of Theorem 5.3.2: inflow case. Make the coordinate change + — x — ¢ normal-
izing the background profile. Lemma 5.5.3, together with convergence as v, — 0 of

the unstable subspace of A_ to the unstable subspace of A° at the same rate O(v,) (as
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follows by spectral separation of the unstable eigenvalue of A° and standard matrix

perturbation theory) yields
[W(0,2) = W0, 0)] < C(L)vs. (5.90)
Likewise, Lemma 5.5.3 gives

W (0, 0) — WO (0,))] < C(L)oy [W;H(0,\)]

L—0| |11/ + 70+ (5.91)
+|SO ||W1 (L7>\)_W1 (L,)\)’,

where S§™* denotes the solution operator of the limiting adjoint eigenvalue equation

W' = —(AS’F)*/V\V/. Applying Proposition 5.4.3 to the limiting system, we obtain
557 < Cale™ | < GoLIN]

by direct computation of e~ AL , where () is independent of L > 0. Together with
(5.80) and (5.91), this gives

Wi (0,0) = WPH(0, 0)] < CL)us W (0, 0)] + LA CaCe,
hence, for |A| bounded and v, sufficiently small relative to C'(L),

W0, X) = WO (0, \)] < Cy(L)vy [W (0, \)] + LCye ™™

5.92
< C5(L)U+ + LC4€777L. ( )

Taking first L — oo and then v, — 0, we obtain therefore convergence of (0, \)
and W;(o, A) to W°(0,\) and W{H(O, A), yielding convergence by definitions (5.42)
and (5.52).

This convergence, however, is between Evans functions with profiles shifted by
9 = d(vy). This shift changes the initializing asymptotic behavior at +oo of Wf ,
modifying the value of the Evans function by a nonvanishing factor e %1 where
f1 () is the decay rate associated with mode Wfr ; for similar computations, see the
proof of Theorem 5.3.3. In particular, the value of D° is unaffected by a shift, since
i1 = 0. Noting that d(vy) is uniformly bounded as vy — 0 (indeed, it approaches
a limit 6° as v, — 0, determined by 9°(6°) = v_/2 = 1/2, as follows by continuous

dependence of solutions of ODE), while fi;(A) — 0 uniformly on compact subsets
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of R\ > 0, we thus find that both shifted and unshifted versions of D(\) approach
D°()) as vy — 0, uniformly on compact subsets of R\ > 0. O

Proof of Theorem 5.3.2: outflow case. Straightforward, following the previous argu-

ment in the regular region only. O

5.5.3 Convergence to the shock case

Proof of Theorem 5.3.3: inflow case. First make the coordinate change © — x — ¢
normalizing the background profile location to that of the shock wave case, where

0 — +00 as vg — 1. By standard duality properties,
Dy, = Wfr : Wlo|x=20

is independent of zy, so we may evaluate at x = 0 as in the shock case. Denote by

Wy, Wf the corresponding modes in the shock case, and
D =W/ W oo

the resulting Evans function.

Noting that 17\/1 and Wi are asymptotic to the unique stable mode at +oco of the
(same) adjoint eigenvalue equation, but with translated decay rates, we see immedi-
ately that Wfr = /ine*‘mf. On the other hand, W7} is initialized at at x = —§ (in the

new coordinates & = x — J) as
Wlo(_é) = (L 07 O)Ta

whereas W, is the unique unstable mode at —oo decaying as et “V;~, where V|~ is

the unstable right eigenvector of

Denote by ‘71’ the associated dual unstable left eigenvector and
Iy = Vi (V)"
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the eigenprojection onto the stable vector V;~. By direct computation,

Vi =M1+ Mg )t eV #0,
yielding
;WY =: B(A) =c(N\) #0 (5.93)

for ’'A > 0, on which ®u; > 0.

Once we know (5.93), we may finish by a standard argument, concluding by
exponential attraction in the positive z-direction of the unstable mode that other
modes decay exponentially as x — 0, leaving the contribution from F(\)V," plus
a negligible O(e=™) error, n > 0, from which we may conclude that W, |,—¢ ~

e W|,—o. Collecting information, we find that
D(A) = BA) e 0 HEDN D (X)) + O(e™™),

n > 0, yielding the claimed convergence C(\, ) Dy, (A) — D(A) as vg — 1, 6 — 400,
with C(\, §) := B(\)~Te-dE +iDO) £ . -

Proof of Theorem 5.3.3: outflow case. For X\ uniformly bounded from zero, Wlo =

(0, —1,=X/(A = 2'(0)))T converges uniformly as vy — 0 to
(0,1, ~1)",
whereas the shock Evans function D is initiated by Wfr proportional to
Vi =(0,-1,-1-\7

agreeing in the first two coordinates with Wlo By the boundary-layer analysis of
Section 5.5.1, the backward (i.e., decreasing z) evolution of the adjoint eigenvalue

ODE reduces in the asymptotic limit v, — 0 (forced by vy — 0) to a decoupled slow

0 0
o= w, w e C?
-\ 0

in the first two coordinates, driving an exponentially slaved fast flow in the third

flow

coordinate. From this, we may conclude that solutions agreeing in the first two
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coordinates converge exponentially as x decreases. Performing an appropriate nor-
malization, as in the inflow case just treated, we thus obtain the result. We omit the

details, which follow what has already been done in previous cases. O]

5.5.4 The stability index

Following [54, 19], we note that Dj,()) is real for real A, and nonvanishing for real
A sufficiently large, hence sgnDj,(+00) is well-defined and constant on the entire
(connected) parameter range. The number of roots of D;, on RA > 0 is therefore

even or odd depending on the stability index
5@ [Di (0)Din (+00)].

Similarly, recalling that Dy (0) = 0, we find that the number of roots of Doy on
R > 0 is even or odd depending on

Sgn[D;ut(O)Dout (400)].

Proof of Lemma 5.3.5: inflow case. Examining the adjoint equation at A = 0,

00 —b
W' =AW, —A'@0)=|0o0 —& |,
00 —f(d)

—f(vy) > 0, we find by explicit computation that the only solutions that are bounded
as  — +oo are the constant solutions W = (a,b,0)T. Taking the limit V;*(0) as
A — 0T along the real axis of the unique stable eigenvector of —A% (\), we find (see,
e.g., [59]) that it lies in the direction (1,24 a;,0)", where a] > 0 is the positive char-
acteristic speed of the hyperbolic convection matrix L _1> ,i.e., 171+ =
h(o) T 1
c(vo,v4)(1,2 + a;,0)7, c(vo,v4) # 0. Thus, Diy(0) = Vi (1,0,0)7 = &(vg,v) # 0
as claimed. On the other hand, the same computation carried out for D} (0) yields

DY (0) = 0. (Note: aj ~ 0;1/2 — 400 as vy — 0.) Similarly, as vy — 0,

Dy (N) = (0,-1,%)" - (1,0,0)" = 0.
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Finally, note D;,(0) # 0 implies that the stability index, since continuously varying
so long as it doesn’t vanish and taking discrete values 1, must be constant on the
connected set of parameter values. Since inflow boundary layers are known to be
stable on some part of the parameter regime by energy estimates (Theorem 5.3.4),
we may conclude that the stability index is identically one and therefore there are an
even number of unstable roots for all 1 > vy > vy > 0.

To establish that (D?)(0) # 0, we compute

D}, (0) = Wi - (03 W°) + (.W7F) - W, (5.94)

Since W° = (1,0, 0) is independent of A, this reduces to

DY '(0) = AWt |amo, (5.95)

so we need only show that the first component of 8;\Wlo+ is nonzero. Note that 8;\/1/171(”

solves the limiting adjoint variational equations

(DAIVPF)(0) + (A%)" (2, 000 W)* = b(w) (5.96)

with b(z) := —05(A%)*(z, 0)W (2, 0), W2t (z,0) = (0,—1,0)7,

00 o 00 O
(A (z,00=[0 0 o |, oA"Y (z,00=]1 0 0
0 0 fo9 11 -1

Thus b(z) = (0,0,1)7. By (5.53), and the fact that 950" = 0, ;W " (z) is chosen
so that asymptotically at © = +o0 it lies in the direction of (9;\‘71 = (0,0,1). Set
WO = (8;\/1/17107? 8;\/1/[710745, 05\%1072)? Then the third component solves

(OsWPR) + fO(@°) W =1,
where f0(¢%) = 20° — 1. Define Z(z) := e‘xGX/WﬁJg(x, 0). Then Z solves

7'+ 207 =e7", Z(4+00) = 0,

193



which has solution

Z(x) = —/ Sy e Vdy

where
Yy—T 2 [Y9(2)dz
Sy P =e Jz (@)=

denoting the solution operator of Z’' + 2¢°Z = 0. Integrating the equation (5.96) for
the first component of 85 W with 8;\WR+1 (+00) = 0 yields

O3 () = O3 T2 (+00) + / ()W () dy
= —/ ﬁo(y)ey/ S% Ve Fdzdy
z y

and thus - -
8;\/WVRJ§]IZO = —/ ﬁo(y)ey/ S7 Ve Fdzdy.
0 y

Finally, note that for all y, 1°(y), S5, ¥ > 0. Therefore by (5.95),

Dion,(o) = 3XW10,+1\x=0 # 0.

]

Remark 5.5.4. The result Di,(0) # 0 at first sight appears to contradict that of
Theorem 5.3.3, since D(0) = 0 for the shock wave case. This apparent contradiction
1s explained by the fact that the normalizing factor e =0 +A7) g exponentially decaying
in & for A =0, since jif (0) = 0, while Ruy > 0. Recalling that § — +00 as vy — 1,

we recover the result of Theorem 5.3.3.

Proof of Lemma 5.3.5: outflow case. Similarly, we compute

/
D out

(0) = WP : 3,\W1_ + 8Z\WP : Wl_v

where 0, W, |a=o satisfies the variational equation LO\U; (0) = d\A(x,0)U; ,or, writ-

ten as a first-order system,

Uy 0 0
OW) — A, 000y = | 4 |, A0 =0 0 ,
—b, oo f(0)



which may be solved exactly for the unique solution decaying at —oo of

~

(OW)(0)= | 00— v:

*

o O

Wl_(o) =

=

Recalling from (5.47) that W2(A) = (0, —1, —=X/(X — #/(0)))7, hence
WY0) = (0.-1,0)",  &W(0) = (0,0,1/2/(0))"

we thus find that

/
D out

(0) = WP(0) - WY (0) + O WL(0) - Wy (0)
= —(0(0)—1)+1=2—vy #0

as claimed. The proof that (DY

out) (0) # 0 goes similarly.

Finally, as in the proof of the inflow case, we note that nonvanishing implies that
the stability index is constant across the entire (connected) parameter range, hence we
may conclude that it is identically one by existence of a stable case (Corollary 5.3.9),

and therefore that the number of nonzero unstable roots is even, as claimed. O

5.5.5 Stability in the shock limit

Proof of Corollary 5.5.9: inflow case. By Proposition 5.3.6 we find that D;, has at
most a single zero in A\ > 0. However, by our stability index results, Theorem 5.3.5,
the number of eigenvalues in R\ > 0 is even. Thus, it must be zero, giving the
result. O

Proof of Corollary 5.3.9: outflow case. By Theorem 5.3.3, Doy, suitably renormal-
ized, converges as vy — 0 to the Evans function for the (unintegrated) shock wave
case. But, the shock Evans function by the results of [3, 24] has just a single zero
at A = 0 on R\ > 0, already accounted for in D,,; by the spurious root at A\ = 0

introduced by recoordinatization to “good unknown”. O]
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5.5.6 Stability for small vy

Finally, we treat the remaining, “corner case” as v, vy simultaneously approach zero.
The fact (Lemma 5.3.5) that

lim lim D;,(A) =0

vo—0v4+—0

shows that this limit is quite delicate; indeed, this is the most delicate part of our

analysis.

Proof of Theorem 5.3.4: inflow case. Consider again the adjoint system

>

—

W = —A*(x, \WW,  A*(z,)\) =

> > O
> o O

By the boundary analysis of Section 5.5.1,

s o ala_j\(a—i_l) T 6—n|x—6|
W= (a1, o ) +ol ),

At
A+’
perturbation calculation)

where « :=

and fi is the unique stable eigenvalue of A%, satisfying (by matrix

i =AY+ 0(vy))

and thus o = viﬂ + O(vy) as vg — 0 (hence vy — 0) on bounded subsets of RA > 0.

Combining these expansions, we have
Wi(+00) = v}*(1+0(1)), Wy = —ra L He)

for vy sufficiently small.
From the W; equation W{ = 0Wjs, we thus obtain

—~

Wi(0) = Wi(oo) - | " W) dy

= (1+0(1)) x (Uiﬂ + /;OO %

o)+ X(y) dy).
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Observing, finally, that, for RA > 0, the ratio of real to imaginary parts of #(y)
is uniformly positive, we find that §Rf/l71(0) # 0 for vy sufficiently small, which yields

nonvanishing of Dj,(A) on RA > 0 as claimed. O

5.6 Numerical computations

In this section, we show, through a systematic numerical Evans function study, that

there are no unstable eigenvalues for

(’77”-&-) € [173] X (07 1]7

in either inflow or outflow cases. As defined in Section 5.2.6, the Evans function is
analytic in the right-half plane and reports a value of zero precisely at the eigenval-
ues of the linearized operator (5.20). Hence we can use the argument principle to
determine if there are any unstable eigenvalues for this system. Our approach closely
follows that of [3, 24] for the shock case with only two major differences. First, our
shooting algorithm is only one sided as we have the boundary conditions (5.41) and
(5.47) for the inflow and outflow cases, respectfully. Second, we “correct” for the
displacement in the boundary layer when vy &~ 1 in the inflow case and vy &~ 0 in
the outflow case so that the Evans function converges to the shock case as studied in
3, 24] (see discussion in Section 5.6.3).

The profiles were generated using Matlab’s bvp4c routine, which is an adaptive
Lobatto quadrature scheme. The shooting portion of the Evans function computa-
tion was performed using Matlab’s ode45 package, which is the standard 4th order
adaptive Runge-Kutta-Fehlberg method (RKF45). The error tolerances for both the
profiles and the shooting were set to AbsTol=1e-6 and RelTol=1e-8. We remark
that Kato’s ODE (see Section 5.2.6 and [32, 27| for details) is used to analytically
choose the initial eigenbasis for the stable/unstable manifolds at the numerical values
of infinity at L = £18. Finally in Section 5.6.4, we carry out a numerical convergence

study similar to that in [3].

5.6.1 Winding number computations

The high-frequency estimates in Proposition 5.2.3 restrict the set of admissible un-

stable eigenvalues to a fixed compact triangle A in the right-half plane (see (5.31) and
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Figure 5.1: Typical examples of the inflow case, showing convergence to the limiting
Evans function as v, — 0 for a monatomic gas, v = 5/3, with (a) vo = 0.1, (b)
vo = 0.2, (¢) vg = 0.4, and (d) vg = 0.7. The contours depicted, going from inner to
outer, are images of the semicircle ¢ under D for v, = le—2,1e—3, le—4, 1le—5, le—6,
with the outer-most contour given by the image of ¢ under D°, that is, when v, = 0.
Each contour consists of 60 points in .

(5.32) for the inflow and outflow cases, respectively). We reiterate the remarkable
property that A does not depend on the choice of v, or vy. Hence, to demonstrate
stability for a given v, v, and wvg, it suffices to show that the winding number of
the Evans function along a contour containing A is zero. Note that in our region of

interest, v € [1, 3], the semi-circular contour given by
¢ = O({\ [ ReX > 0} N {A | [A| < 10}),

contains A in both the inflow and outflow cases. Hence, for consistency we use this
same semicircle for all of our winding number computations.

A remarkable feature of the Evans function for this system, and one that is shared
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Figure 5.2: Typical examples of the outflow case, showing convergence to the limiting
Evans function as v; — 0 for a monatomic gas, v = 5/3, with (a) vo = 0.2, (b)
vg = 0.4, (¢) vo = 0.6, and (d) vg = 0.8. The contours depicted are images of the
semicircle ¢ under D for v, = le—2,1e—3,1le—4,1le—>5,1e—6, and the limiting case
vy = 0. Interestingly the contours are essentially (visually) indistinguishable in this
parameter range. Each contour consists of 60 points in A

with the shock case in [3, 24], is that the Evans function has limiting behavior as
the amplitude increases, Section 5.3.2. For the inflow case, we see in Figure 5.1, the
mapping of the contour ¢ for the monatomic case (y = 5/3), for several different
choices of vy, as v, — 0. We remark that the winding numbers for 0 < v, <1 are
all zero, and the limiting contour touches zero due to the emergence of a zero root in
the limit. Note that the limiting case contains the contours of all other amplitudes.
Hence, we have spectral stability for all amplitudes.

The outflow case likewise has a limiting behavior, however, all contours cross
through zero due to the eigenvalue at the origin. Nonetheless, since the contours only
wind around once, we can likewise conclude that these profiles are spectrally stable.

We remark that the outflow case converges to the limiting case faster than the inflow
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Figure 5.3: Typical examples of the Evans function evaluated along the positive real
axis. The (a) inflow case is computed for vy = 0.7 and vy = 0 and (b) the outflow
case is computed for vg = 0.3 and vy = 0.001. Not the transversality at the origin in
both cases. Both graphs consist of 50 points in A.

case as is clear from Figure 5.2. Indeed, v, = 1le—2 and the limiting case v, = 0, as
well as all of the values of v, in between, are virtually indistinguishable.

In our study, we systematically varied vy in the interval [.01,.99] and took the
vy — 0 limit at each step, starting from a v, = .9 (or some other appropriate value,
for example when vy < .9) on the small-amplitude end and decreased vy steadily
to 107 for k = 1,2,3,...,6, followed by evaluation at v, = 0. For both inflow and
outflow cases, over 2000 contours were computed. We remark that in the v, — 0 limit,
the system becomes pressureless, and thus all of the contours in the large-amplitude

limit look the same regardless of the value of v chosen.

5.6.2 Nonexistence of unstable real eigenvalues

As an additional verification of stability, we computed the Evans function along the
unstable real axis on the interval [0, 15] for varying parameters to show that there are
no real unstable eigenvalues. Since the Evans function has a root at the origin in the
limiting system for the inflow case, and for all values of v, in the outflow case, we
can perform in these cases a sort of numerical stability index analysis to verify that
the Evans function cuts transversely through the origin and is otherwise nonzero,
indicating that there are no unstable real eigenvalues as expected. In Figure 5.3,
we see a typical example of (a) the inflow and (b) outflow cases. Note that in both

images, the Evans function cuts transversally through the origin and is otherwise
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Figure 5.4: Shock limit for (a) inflow and (b) outflow cases, both for v = 5/3. Note
that the images look very similar to those of [3, 24].

nonzero as A increases.

5.6.3 The shock limit

When vy is far from the midpoint (1 —wvy)/2 of the end states, the the Evans function
of the boundary layer is similar to the Evans function of the shock case evaluated
at the displacement point zy. Hence, when we compute the boundary layer Evans
function near the shock limits, vy & 1 for the inflow case and vy & 0 for the outflow
case, we multiply for the correction factor ¢(\) so that our output looks close to that

of the shock case studied in [3, 24]. The correction factors are
c(N) = el=#" =R w0

for the inflow case and

c(\) = e(*ﬁﬁ*u_):vo’

for the outflow case, where p~ is the growth mode of A_(\) and u* is the decay
mode of A, (A). In Figure 5.4, we see that these highly displaced profiles appear to
be very similar to the shock cases with one notable difference. These images have a
small dimple near A\ = 0 to account for the eigenvalue there, whereas those in the
shock case [3, 24] were computed in integrated coordinates and thus have no root at

the origin.

201



Inflow Case

L v=12 =14 v=1666 =20 ~v=25 =30
8 7.8(-1) 8.4(-1) 9.2(-1) 1.0(0)  1.2(0)  1.3(0)
10 1.4(-1) 1.2(-1) 9.2(-2) 6.8(-2) 4.4(-2) 2.8(-2)
12 1.4(-2) 7.9(-3) 3.6(-3) 1.3(-3) 3.1(-4) 7.3(-5)
14 1.3(-3) 4.9(-4) 1.3(-4) 2.4(-5) 8.7(-6)  8.2(-6)
16 1.2(-4) 3.0(-5) 4.7(-6) 2.8(-6) 2.7(-6) 2.6(-6)
18 1.1(-5) 5.8(-6) 8.0(-6) 8.1(-6) 8.0(-6) 8.0(-6)
Outflow Case
L =12 =14 v=1666 =20 =25 ~v=30
8 5.4(-3) 5.4(-3) 5.4(-3) 5.4(-3) 5.4(-3) 5.4(-3)
10 9.2(-4) 9.1(-4) 9.1(-4) 9.1(-4) 9.1(-4) 9.1(-4)
12 1.5(-4) 1.5(-4) 1.5(-4) 1.5(-4) 1.5(-4) 1.5(-4)
14 2.5(-5) 2.7(-5) 2.0(-5) 2.0(-5) 2.0(-5) 2.0(-5)
16 2.3(-6) 2.6(-6) 2.6(-6) 2.5(-6) 2.5(-6) 2.5(-6)
18 6.6(-6) 3.6(-6) 8.7(-6) 8.7(-6) 8.7(-6) 8.7(-6)

Table 5.1: Relative errors in D(A) for the inflow and outflow cases are computed by
taking the maximum relative error for 60 contour points evaluated along the semicircle
¢. Samples were taken for varying L and v, leaving v, fixed at v, = 10~* and vy = 0.6.
We used L = §8,10,12,14,16, 18,20 and v = 1.2,1.4,1.666, 2.0. Relative errors were
computed using the next value of L as the baseline.

5.6.4 Numerical convergence study

As in [3], we carry out a numerical convergence study to show that our results are
accurate. We varied the absolute and relative error tolerances, as well as the length
of the numerical domain [—L, L]. In Tables 1-2, we demonstrate that our choices of
L = 18, AbsTol=1e-6 and RelTol=1e-8 provide accurate results.
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Inflow Case

Abs/Rel =12 =14 ~r=1666 v=20 =25 =30
1073/10°  5.4(-4) 4.1(-4) 4.0(-4) 5.0(-4) 3.4(-4) 8.6(-4)
1074/107¢  3.1(-5) 4.6(-5) 3.4(-5) 3.3(-5)  3.3(-5) 3.2(-H)
1075/1077  2.9(-6)  3.6(-6) 3.9(-6) 6.8(-6) 2.7(-6) 2.5(-6)
1075/107%  4.6(-7) 9.9(-7) 1.1(-6) 6.0(-7) 2.9(-7) 3.2(-7)

Outflow Case

Abs/Rel =12 =14 ~r=1666 yv=20 =25 =30
1073/10™>  9.2(-4)  9.2(-4) 9.1(-4) 9.1(-4) 9.1(-4) 9.2(-4)
1074/107¢  5.3(-5) 4.9(-5) 5.3(-5) 5.3(-5) 5.3(-5) 5.3(-H)
1075/1077  6.7(-5) 6.7(-5) 6.7(-5) 6.7(-5) 6.7(-5)  6.7(-5)
1075/107%  2.9(-6) 2.9(-6) 2.9(-6) 2.9(-6) 2.9(-6) 2.9(-6)

Table 5.2: Relative errors in D(A) for the inflow and outflow cases are computed by
taking the maximum relative error for 60 contour points evaluated along the semicircle
¢. Samples were taken for varying the absolute and relative error tolerances and -y
in the ODE solver, leaving L = 18 and v = 1.666, v, = 107, and vy = 0.6 fixed.
Relative errors were computed using the next run as the baseline.
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Appendix A

Appendix to Chapter 2

A.1 Profiles

Lemma A.1.1 ([36, 59, 19]). Given (A1)-(A3) and (H0)-(H2), a standing wave
solution (2.1) of (2.2), (B) satisfies

(d/dx)(U -U)| < Ce™™, k=0,..,4, (A1)

as © — +oo. Moreover, a solution, if it exists, is in the inflow or strictly parabolic

case unique; in the outflow case it is locally unique.

Proof. As in the shock case [37, 59], (A.1) follows by the observation that, under
hypotheses (A1)-(A3) and (H0)-(H2), U, is a hyperbolic rest point of the layer profile
ODE; see also [19].

Uniqueness follows by the observation [36] that the standing-wave ODE may be

integrated from = to 400 and rearranged to yield

F1<U) = Fl(U+)7

(A.2)
(51752)(U)U/ = O<U7 U+),

and thereby the first-order ODE

(-G8 (eatn) *
(% bl b2 C(U,U+)

In the strictly parabolic or inflow case, U(0) is specified by the boundary conditions

204



at x = 0, thus determining a unique solution for all x > 0 through (A.3). In the
outflow case, we observe, comparing U and W equations, that (A.2) can be rewritten
alternatively as

A4
(’LUH>/:D(U)I,’LUH), ( )

where the first equation may by the Implicit Function Theorem be locally solved

I as a function of w!’.

for w Substituting in the second equation, and noting that
w!(0) is specified by the boundary conditions at z; = 0, we again obtain uniqueness,
this time only local, by uniqueness of solutions of the initial-value problem for ODE
(w') = D(w!,w'). We omit the details. (Local uniqueness is here essentially a
remark, as it is a consequence, by Rousset’s Lemma [51, 42, 19, 18], of our later

assumption (D1) of Evans stability.) O

A.2 Convolution estimates

For sake of completeness, in this section we recall the proof of the convolution es-
timates given in [23, 22, 50] which were used in Section 2.5.2. First, let us recall

notations defined in Chapter 2:

O(w,t) = Y (1+t) W2elomey P/, (A.5)
a;">0
G, t) = x(@, ) > (L4 [a| + 672 (1+ o — o t]) 7172, (A.6)
a;r>0
and
Ya(2,t) = (1= x(,1)) (L + |z — aft] + %)%, (A7)
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where x(x,t) = 1 for x € [0,a,t] and x(z,t) = 0 otherwise and M > 0 is a sufficiently

large constant. Recall also Green’s function bounds (2.29):
000G, ty)| < Celiel+

+ Ot UelHhD/2 4 g el 4 |7|€—n|x|)<Zt—l/%—(z—y—aﬁt?ﬂ%t
k=1

~1/2,~(a—a} (t—ly/a [))* /Mt
D Xapuzant e * )

+ +
ay, <0,aj >0

(A.8)

0 < |al,|y] <1, for some n, C';, M > 0, where indicator function X{jazzyly 18 1 for
laft] > |y| and 0 otherwise.

Lemma A.2.1 (Linear estimates I). Under the assumptions of Theorem 2.1.4,

/+OO G, t;y)|(1+ [y) ™ dy < C(0 + 1 + o) (2, 1),
0 (A.9)

“+o0o
/ Gt )| (L4 [y) 2 dy < C(0 + b1 + o) (s 1),
0

for 0 <t < +o0 and some C > 0.

Proof. In view of (A.8), we shall give only a proof of the first estimate in (A.9). In
addition, the fast-decaying term e "(=¥*) will be neglected in our computations

below.

Convection estimate. We first estimate
IR ~3/2
2% e (14 Jy|)~ *dy. (A.10)
0

In what follows we shall often obtain estimates by first writing

r—y—ait=(x—at)—vy

and then deriving a so—called balance estimate by considering y linearly close to or

away from |z — aft], ie., y € (3|z — aft], 3|z — aft|) or otherwise,

(z—y—a;:t)2

e

(A.11)

(zfyfazt)2

+
< Ot~V (1 +y) B Ct Ve (1 | — aft]) 7Y
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For the first term, by integrability of (1 + |y|)~*/2, we have the integral (A.10) is
bounded by

\x—a:t@

C(l41t) Ve —mi -

which is subsumed into Cf(x,t) in case a; > 0 and into C (11 +109)(z, t) in case a; < 0.
(We remark that the possible blow-up of (A.11) as ¢t — 0 is treated by integrating the

Gaussian kernel e a7 in y, yielding an extra factor t'/2). Meanwhile, for the
second term, (noting that y € (3|z — at], 2|z — at])), by integrating the Gaussian

kernel, we get
2 ‘xiak t‘ (zfyfazt)Q
/ 12 S (L )3 2dy < OF V(1 + o — att]) " ming e — ate], 62},
1

which is then bounded by (1+ |z —ajt])™%/2 < C(¥; +1b2)(z,t) when |z —a}t| > OVt
and by (1 +¢)72 < CO(x,t) when |z — at| < CV/1.

Reflection estimate. We estimate

a .
(z——Ly—atft)?

oo W j
/ t e (L fy) Ry, (4.12)
0

by first applying a change of variable y := —a;ry /a; and then treating the resulting

integral as above, yielding the estimate (A.9) as claimed. O

We next give a proof of Lemma 2.5.5 ([23, Lemma 4]). The proof is quite lengthy,

and thus we divide the task into three following lemmas.

Lemma A.2.2 (Nonlinearity 6?). Under the assumptions of Theorem 2.1.4,

t —+o0
[ [ 1Gutat = si)l6, ) duds < O+ + v, 1), (A13)
0 0

for 0 <t < +o0, some C > 0.
Proof. We shall give an estimate involving the convection term in 8yC~¥:

(zfyfa:t)Q

Y2V ey e (A.14)
The other terms can be estimated similarly. By completing the appropriate square,
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we first estimate the integral

troo | _(mmymag o) | wmafo?
(t—s) e M= (14 s) e~ Ms dyds,
0 Jo

t o (zfa+(t—s)—a+5)2 zsf(a+—a+)s(t75)
— I I e t _ k__J 2
= / / (t — 8) 1(1 + 5) 16 Mt e J\ls(tfs)(y Mt ) dyds
0 0
t

(zfaf(tfs)fa+s)2
< Ct_l/Q/ (t—s) (14 5) Y2e "  ds.
0

(A.15)

First observe that for x > at, by writing
r—ay(t—s)—ajs=(r—at)+ (af —a))s
for a; > aj or
T —ay(t—s)—afs=(r—ajt)—(af —a)(t—s)

for af < aj, there is no cancellation in these expressions and thus we can estimate

)2/ Mt (J:—ajt)

the Gaussian kernel by e~(@—ay ore- B/t Hence, in this case, the integral

(A.15) is estimated by

(z—az_t)2

t
t Y2 /(t—s)_l/2(1+3)_1/2ds§C’(1+t)_1/26_ M
0

which is subsumed into CO(x,t).
To estimate the integral for z < aft, we divide the analysis into two cases: s €
[0,¢/2] and s € [t/2,t]. For s € [0,t/2], by writing

T —af(t—s)—afs=(x—aft)+ (af —a])s.

and thus deriving a balance estimate

(@=af H+(a)f —at)s)?

(14s)" 126~ g

(w=af H+(af —a)s)? (z—aj )2

< C’[(l +|o —at]) V2 Mt + (1 +s) V2 0
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we can estimate

t/2 (zfa,+(tfs)7a<.~»s)2

— - = kG

t 1/ (14s)" Y% Mt ds
0

(@=ay D+(af —a)s)? (2= t)?

t/2
<ct! / [(1 +|o —at]) V2 77 + (1 +s) V2w |ds
0

(zfa+t)2
<Ct? [tm(l oz —aft)) V2 4 (1 + )2 ]

(zfa,z»t)2

<CA+t)V2A 4|z —aft) 2+ CA+t) Ve i

where the first term in the last inequality above is bounded by Ci(x,t) and the
second term is clearly subsumed in CO(x,t).

For s € [t/2,t], we can argue similarly, beginning with the relation
r—a(t—s)—afs=(r—aft)— (af —a])(t—s)
and the balance estimate

(@—aft)—(af —al)(t—s))?
_ _ J k J
(t _ S) 1/26 T

(e=afH)—(af —af)(t-9))? (e—af)?

<C [|x — ajt|_1/26_ Mt + (t — s)_1/2(2_T

Next, we estimate the integral which involves the decaying term e~ in (A.14):
t poo (e—y—a} (t=9))? (y—a9)?
/ / (t —s) Y2 e M= (14 s8) " te” #s  dyds, (A.16)
0o Jo
for which we observe the inequality
(y—a] s)2

e W™ is < Ce MY,

We can now proceed similarly as above to yield a desired estimate for (A.16), taking
advantage of the integrability of e™¥ in y and the integrability of e™® in s. This

concludes the analysis of the nonlinearity 6. ]

Lemma A.2.3 (Nonlinearity ¥?). Under the assumptions of Theorem 2.1.4,

t “+o0 N
/ / Gy (st — 53 )2y, 8) dyds < C(0+ by + ) (a1), (A17)
0 0

209



for 0 <t < 400, some C' > 0.

Proof. We consider convolutions of the form

(z—y—a} (t—s))?

t 00
/ / (t—s) V2 (t—s) V24 e ™)e mu=s pldyds. (A.18)
0 Jo

We first estimate

t azs 7(zfy7a;(t75))2
L[ e T ) 1 - afs) s, (429)
0 0

In following estimates, we always integrate (1 + |y — ajs\)_l/Q in y in the case s €

_w-a)?®
(0,t/2) and the Gaussian kernel e 3G9 in the case s € (t/2,t), yielding an extra
factor (14 s)"/2 or (t — s)'/2, respectively, and give bounds to other remaining terms.

Let us first consider the case z > a,}ft. By writing
r—y—ai(t—s)=(r—a,t)+ (=(y—ays)) + (=(af —a;)(t—s)),  (A.20)

we observe that in this case values in each bracket on the right hand side of (A.20)
have the same sign and thus there is no cancellation in this expression. Hence, we
get an estimate of (A.18) by

\m—azt|2 t/2 t
e~ [/ t711 + 5)"Vds + / (t—s)7 Y21 + t)flds]
0 t/2
z—a |

< C(14t) Ve

Now consider the case x < a,ft. By writing

r—y—ap(t—s)=(r—ajt)—(af —a)(t—s)—(y—a;s)

. . . . + .
and deriving a balance estimate with (y — a; s) linearly close to or away from (z —
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ait) — (af —a])(t — s), we estimate (A.19) by

t a:{s
L[ a9 as ety - ash
0 JO

(z—y—a} (t—s))2

x [+ o = af (£ = 5) — afs]) V2™ T (A.21)

@=af t=9)=af9)?  (@—y—af (1-s))?

+(1+|y— CL;FS|)71/267 M=) e M(t=s) dyds.

Again, as before, we integrate (1+|y—a; s|)™'/? in y on the interval s € [0,¢/2], while
on the interval s € [t/2,t] we integrate the Gaussian kernel. For the second piece of

the integral (A.21), we obtain an estimate

t/2 (rfaz(tfs)fa;rs)Q t (rfaz(tfs)fa;rs)Q
C/ t7 V14 s) Ve T ds + O/ (1+8) Mt —s)V2e — Wao  ds
0 t/2
(zfaz(tfs)fajs)2

t
< Ot—1/2/ (t—s) Y214 s)" V2% wm ds,
0

which is identical to (A.15) whose estimate is given above. Meanwhile, for the first

piece of the integral (A.21), we estimate in a same way, yielding

t/2
o/ FUL 4 8) V(14 o — af (- ) — ats]) "V 2ds
0

t
+C [ 1+ t—s)"PA+ v —af (t —s) —af )"/ ?ds.
t/2

(A.22)

In the case s € [0,t/2], by writing
r—ay(t—s)—ajs=(r—at)—(af —aj)s,

and deriving a balance estimate with (a; — a;r)s linearly close to or away from (z —

aft):

(1+ 3)_1/2(1 +lz—af(t—s)— a;LsD_I/Q
<C(+|o = aft) 214+ 5) 24 (1t fo - af (L= 5) — af s) 72
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we easily estimate the first term in (A.22) by
CO+DT+ |z - aft) ™,

which is subsumed into C¥(z,t), noting that we are in the case x < a,'t.

In the case s € [t/2,t], we write
v —af(t—s)—afs=(r—at)— (af —a])(t—s),
for which we have a balance estimate
(t — s)_1/2(1 +lz—af(t—s)— a;Ls|)_1/2
< Cllo =gt 21+ o = af (t = s) = af s) V2 (L= 5) 21+ o — )2
Thus, we easily estimate the second term in (A.22) by

COL+)72| [z —aft| /2 + (1 + |o — a;rt\)’m],

which is again subsumed into Ct(x,t). We remark that the apparent blow-up at
T = a]-*t is an artifact of the approach and can be removed by the observation that
for |z — ajt! < Cv/t, we can proceed by alternative estimates to get decay of form
O(x,t).

Now consider the integral involving the term e~ in (A.18):

t CL;‘;S (zfy7a+(tfs))2
/ / (t—s) M2t (14 |y|+ )" (1+ |y — ats)) " dyds.
0 Jo
(A.23)

We observe here the inequality
e+ ly—afs) < C[e””ye’m’s +e (14 s5)7H.

We can now proceed similarly as in the analysis of the above case. This concludes

the analysis for the nonlinearity ?. O

Lemma A.2.4 (Nonlinearity v3). Under the assumptions of Theorem 2.1.4,

t “+o0 N
/ / Gy (st — 53 9)W2(y, s) dyds < C(0 + thy + o) (a,0), (A.24)
0 0
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for 0 <t < 400, some C' > 0.

Proof. We consider convolutions of the form

t o0 B (Ifyfa;(tfs))Q
/ / (t—s) Y2t —5) 2 e e M= h3dyds. (A.25)
0o Jo
We first estimate
t oo _(a—y=—af (t=5))?
/ / (t—s)"te = (14 |y — ats| + sV 3dyds. (A.26)
0 a:{s

We derive an estimate for (A.26) in a same way as done in previous lemma for the
case of nonlinearity 7. First, the case x > a,'t is now easily analyzed by considering
the relation (A.20) with no cancellation, yielding an estimate which will be subsumed
into CO(x,t).

For the case = < at, by writing
v —y—af(t—s)= (@ —at(t—s) —ats) — (y - als),

we derive a balance estimate

zfyfa?;(tfs))Q

(
(14 |y — als| + sY3)™32e w09

(z—y—af (t—5))2

<O+ |z —af (t—s) —als| 4+ s/%) 32 W09 (A.27)
(z—a+(t—s)—a;'{s)2 (z— —a+(t—s))2
1+ y—ats|+sY2) e W e i ]

Again, we estimate (A.26) by integrating (1+ |y —as| +5'/2)73/2 in y on the interval
s € [0,t/2] and the Gaussian kernel on the interval s € [t/2,¢]. For the second piece

of (A.27), we obtain an estimate

(zfa: (1&*5)*&?{5)2

t/2
C/ tfl(l+Sl/2)71/2<1_|_81/2>73/2€*st
0

t (zfa:(tfs)fa,,ts)2
+ C (1 + t1/2)_3/2<t - 8)_1/2€_Wd8
t/2

(ac—a;:(t—s)—axs)z

t
< Ct—1/2/ (t — S)—1/2(1 + S)—l/Ze——M/ufs) ds,
0
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which is identical to (A.15) whose estimate is given above. Meanwhile, for the first

piece of (A.27), we estimate in a same way, yielding

12
C’/ t 14 sV 4 o —af (t— s) —als| 4+ s1/2)732ds
0

t
+ C/ (1 + Y32 — )" V2 (1 + o — af (t — ) — a s| + s'/%) 73 2ds.
t

/2
(A.28)
We further estimate this as follows. In the case s € [0,¢/2], by writing

r—af(t—s)—als=(xr—alt)+ (af —a)s,
and thus deriving a balance estimate:

(14 |z—a) (t — s) —als| +s/%)73/2
<O+ |x —aft] + )32 4 (14 |z — aft|V/? + s1/2) 732

< C(l + ’3: . az—t|1/2 + 81/2)_3/2,
we easily give an estimate of the first integral in (A.28) by

t/2

ct! / (1+ |z — cL/}:t|1/2 + sY2)732(1 + 51/2)_1/2d3
0
12
<Ct'Y1+|z— a;t|)_1/2/ (1+ sYH712(1 4 sY2) 712
0

< C(1+ )21+ o — aft]) 2
For s € [t/2,t], by writing

r—ai(t—s)—als=(x—a't)—(af —a})(t—s),
and deriving a balance estimate:

-3/2
(t — 5)71/2(1 +|r—af(t—s)—as|+ 51/2)
~3/2
< C’[[x — a:t|’1/2(1 +lz—af(t—s)—als|+ 51/2>

_3/2
+(t—s)’1/2(1+|x—a:[t]—|—51/2) }

214



we easily give an estimate of the second integral in (A.28) by
t
C(A+tY2) 732 ||z — a:t\l/Q/ (14 |z —a) (t — s) —ats|+t/%)73/ds
t/2

t
+ (1 + |z —att]+ t1/2)3/2/ (t —s)"Y2ds
t/2
SCA+6)7V2(1+ |z —aft) P+ C(1+ |z — aft] + /)73,

which can be subsumed into C);(z, ).
This concludes the analysis for (A.26). For an estimate of (A.19) which involves
the term e, we proceed similarly as in previous lemma (see (A.23)), completing

the analysis for the nonlinearity 3. O

Lemma A.2.5 (Nonlinear estimates II). Under the assumptions of Theorem 2.1.4,

t +oo
/ / |Go(z,t — s;9)|Y(y, s) dyds < C'(¢y + ) (x, t) (A.29)
t—1J0
forall1 <t < +o0, some C > 0, where

T(y,s) = s 0+ 91 +¢2)(y, ) (A-30)
Proof. We first observe that
Galast = si)| < Ot — )2 (= 9) 2 4 e i (A3
for t — 1 < s <'t; indeed, this is clear by (A.8) and
o~y —af(t—s)| =z -yl = Clt—s| > |z —y| -

ja} |
|w@wmwmm_W~w\wﬂwmmwwme

for all s such that t —1 < s <t.
Now, using (A.31) and following the treatments as were done in the previous
lemmas corresponding to nonlinearities 0(z,t), v (x,t),1s(x,t), we easily obtain the

lemma, omitting further details of the proof. O]
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Appendix B

Appendix to Chapter 3

B.1 Physical discussion in the isentropic case

In this appendix, we revisit in slightly more detail the drag-reduction problem sketched
in Examples 1.2.1-1.2.2, in the simplified context of the two-dimensional isentropic
case. Following the notation of [19], consider the two-dimensional isentropic com-

pressible Navier—Stokes equations

pe+ (pu)s + (pv)y =0, (B.1)
(pu) + (pu?)s + (puv)y + pe = (20 + N)tse + ity + (1 + 1) Vay, (B.2)
(p)e + (puv)z + (p0%)y + Py = (02 + (240 + 1)y + (1 + 1) ttys (B.3)

on the half-space y > 0, where p is density, u and v are velocities in x and y directions,
and p = p(p) is pressure, and pu > |n| > 0 are coefficients of first (“dynamic”) and
second viscosity, making the standard monotone pressure assumption p’(p) > 0.

We imagine a porous airfoil lying along the z-axis, with constant imposed normal
velocity v(0) = V and zero transverse relative velocity u(0) = 0 imposed at the airfoil
surface, and seek a laminar boundary-layer flow (p,u,v)(y) with transverse relative
velocity u., a short distance away the airfoil, with |V| much less than the sound speed

Coo and |u| of an order roughly comparable to ..
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B.1.1 Existence

The possible boundary-layer solutions have been completely categorized in this case
in Section 5.1 of [19]. We here cite the relevant conclusions, referring to [19] for the

(straightforward) justifying computations.

Outflow case (V < 0)

In the outflow case, the scenario described above corresponds to case (5.15) of [19],

in which it is found that the only solutions are purely transverse flows

(p,0) = (p0, V), u(y) = uco(l —e™V¥/m), (B.4)

varying only in the tranverse velocity u. The drag force per unit length at the airfoil,

by Newton’s law of viscosity, is
,Uay‘y=0 = UsoPoo |V, (B.5)

since momentum m = poV = p,,V is constant throughout the layer, so that (peo, Uso
being imposed by ambient conditions away from the wing) drag is proportional to the

speed |V'| of the imposed normal velocity.

Inflow case (V' > 0)

Consulting again [19] (p. 61), we find for V' > 0 with specified (p,u,v)(0) of the

orders described above, the only solutions are purely normal flows,

u=u(0), (p,v) = (p,v)(y), (B.6)

varying only in the normal velocity v. Thus, it is not possible to reconcile the velocity
u(0) at the airfoil with the velocity u. >> ¢ some distance away.

As discussed in [38], the expected behavior in such a case consists rather of a
combination of a boundary-layer at y = 0 and one or more elementary planar shock,
rarefaction, or contact waves moving away from y = 0: in this case a shear wave
moving with normal fluid velocity V' into the half-space, across which the transverse
velocity changes from zero to u.,. That is, a characteristic layer analogous to the

solid-boundary case detaches from the airfoil and travels outward into the flow field.
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In this case, one would not expect drag reduction compared to the solid-boundary

case, but rather some increase.

B.1.2 Stability

If we consider one-dimensional stability, or stability with respect to perturbations
depending only on y, we find that the linearized eigenvalue equations decouple into
the constant-coefficient linearized eigenvalue equations for (p,v) about a constant

layer (p,v) = (po, V'), and the scalar linearized eigenvalue equation
ADU + MUy = [y, (B.7)

associated with the constant-coefficient convection-diffusion equation pu; + mu =
Py, mi= pv = poV, p = po. As the constant layer (po, V') is stable by Corollary 3.1.2
or direct calculation (Fourier transform), and (B.7) is stable by direct calculation, we
may thus conclude that purely transverse layers are one-dimensionally stable.
Considered with respect to general perturbations, the equations do not decouple,
nor do they reduce to constant-coefficient form, but to a second order system whose
coefficients are quadratic polynomials in e”V¥. It would be very interesting to try to
resolve the question of spectral stability by direct solution using this special form, or,
alternatively, to perform a numerical study as done in [25] for the multi-dimensional

shock wave case.

Remark B.1.1. For general laminar boundary layers (p, @, v)(y), the one-dimensional
stability problem, now variable-coefficient, does not completely decouple, but has tri-
angular form, breaking into a system in (p,v) alone and an equation in u forced by
(p,v). Stability with respect to general perturbations, therefore, is equivalent to sta-
bility with respect to perturbations of form (p,0,v) or (0,u,0). For perturbations
(p,u,v) = (0,u,0), the u equation again becomes (B.7), with p, m still constant, but
p varying in y. Taking the real part of the complex L? inner product of u against
(B.7) gives
A2 + |22 = 0.

hence for ®A > 0, u = constant = 0. Thus, the layer is one-dimensionally stable if and
only if the normal part (p,v) is stable with respect to perturbations (p,v). Stability
of normal layers was studied in [9] for a y-law gas p(p) = ap?, 1 < v < 3, with the

218



conclusion that all layers are one-dimensionally stable, independent of amplitude,
in the general inflow and compressive outflow cases. Hence, we can make the same
conclusion for full layers (p,u,v). In the present context, this includes all cases
except for suction with supersonic velocity |V| > ¢, which in the notation of [9]
is of expansive outflow type, since |0| is decreasing with y, so that density p (since

m = pv = constant) is increasing.

B.1.3 Discussion

Note that we do not achieve by subsonic boundary suction an exact laminar flow
connecting the values (u,v) = (0,V') at the wing to the values (us, 0) of the ambient
flow at infinity, but rather to an intermediate value (u, V). That is, we trade a
large variation u., in shear for a possibly small variation V' in normal velocity, which
appears now as a boundary condition for the outer, approximately Euler flow away
from the boundary layer. Whether the full solution is stable appears to be a question
concerning also nonstationary Euler flow. It is not clear either what is the optimal
outflux velocity V. From (B.5) and the discussion just above, it appears desirable
to minimize |V, since this minimizes both drag and the imbalance between flow v,
just outside the boundary layer and the ambient flow at infinity. On the other hand,
we expect that stability becomes more delicate in the characteristic limit V' — 07, in
the sense that the size of the basin of attraction of the boundary layer shrinks to zero
(recall, we have ignored throughout our analysis the size of the basin of attraction,
taking perturbations as small as needed without keeping track of constants). These

would be quite interesting issues for further investigation.
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Appendix C

Appendix to Chapter 5

C.1 Proof of preliminary estimate: inflow case

Our starting point is Remark 5.2.4, in which we observed that the first-order eigen-
system (5.34) in variable W = (w,u — v,v)T may be converted by the rescaling
W — W= (w,u — v, )T to a system identical to that of the integrated equations

in the shock case; see [49]. Artificially defining (@, 9, ?")? := W, we obtain a system

Xo+ 3 — il =0, (C.1a)
N TO
A+ 1 — ol = (C.1b)

identical to that in the integrated shock case [3], but with boundary conditions
v(0) =2'(0) =a'(0) =0 (C.2)

imposed at = 0. This new eigenvalue problem differs spectrally from (5.22) only
at A = 0, hence spectral stability of (5.22) is implied by spectral stability of (C.1).
Hereafter, we drop the tildes, and refer simply to u, v.

With these coordinates, we may establish (5.31) by exactly the same argument

used in the shock case in [3, 24], for completeness reproduced here.

220



Lemma C.1.1. The following inequality holds for ReX > 0:

Re) +13m) [ aluf+ [ o
<va [ MWl va [ ol e

oY

Proof. We multiply (C.1b) by vu and integrate along z. This yields

hii
)\/ @|u|2+/ @u'ﬂ—i—/ |u'|2:/ ) .
R+ R+ R+ r+ U7

We get (C.3) by taking the real and imaginary parts and adding them together, and
noting that |Re(2)| + |Sm(2)| < v2|z|. O

Lemma C.1.2. The following identity holds for ReX > 0:

, W1 [, @],
o= [ ey [ R4 D [ RREL S e (e

Proof. We multiply (C.1b) by ¢" and integrate along x. This yields

h(v 1 1
A/ uv’+/ u’v’—/ A(U2|v’|2:/ 7u”v’:/ (M + ")
R+ R+ g+ 07 R+ U R+ U

Using (C.1a) on the right-hand side, integrating by parts, and taking the real part

h(o) o
—/ =1 x
e [A/wuv —f-/ﬂwuv} —/]R+ [®7+1+2@2

The right hand side can be rewritten as

. ] 1 h(®)  av |, o]
Re {)\/wuv +/R+uv1 _2/R+ {fﬂ“—i_m“} |V +§Re(A)/R+ P (C.5)

gives

/2
]|U'|2+§R6(A)/ '“@' |

R+
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Now we manipulate the left-hand side. Note that

A/ uz‘/+/ u’@’:(AJr/\)/ u@’—/ u( M + ")
R+ R+ R+ R+

=—2§R6<>\)/ u’T)—/ ua
R+ R+

— —2Re(\) /W(M + oo+ /[R+

Hence, by taking the real part we get

Re [)\/ m‘/—l—/ u’z‘/] :/ |u’\2—2§Re(>\)2/
R+ R+ R+ R+

This combines with (C.5) to give (C.4). O
Lemma C.1.3 ([3]). For h(v) as in (5.21), we have
sup hg) = 71 — Zz <7, (C.6)
where U is the profile solution to (5.18).
Proof. Defining
g(0) :==h(0)0" = =0 +a(ly—1)07"7" 4+ (a+1), (C.7)
we have ¢'(0) = —1 —ay(y — 1)o7t < 0 for 0 < v, <o < v_ = 1, hence the

maximum of g on ¥ € [vy,v_] is achieved at © = v,. Substituting (5.19) into (C.7)

and simplifying yields (C.6).

]

Proof of Proposition 5.2.3. Using Young’s inequality twice on right-hand side of (C.3)
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together with (C.6), we get
(Re(X) + [Sm(V)]) / il + [
/ MO 1) + 2 oy
e/R %W‘Q"‘ (\g)g /R+ héf)ﬁlu\z—i—e/wﬁlu'F—i-%ﬁ/w

h() 2 Y 1 / N
0 112 i s 2‘
<o f 7+1|v|+e/R+|u|+[29+2€ [ i

Assuming that 0 < e < 1 and 6 = (1 — ¢)/2, this simplifies to

I/\

IN

Re)+13m) [ ol + (=0 [

l—e h() /2 gl 1 A1002
< — — .
2 /R+ el + 20 " 2 /R+U|u|

Applying (C.4) yields

Re) 189m0 [ ol < |12k ] [ ol

or equivalently,

(Re(N) + |Sm(N)]) <

Setting € = 1/(2,/7 + 1) gives (5.31).

C.2 Proof of preliminary estimate: outflow case

Similarly as in the inflow case, we can convert the eigenvalue equations into the

integrated equations as in the shock case; see [49]. Artificially defining (1, ,0")? :=

—

W, we obtain a system

AN+ — @ =0,
h(®) ., _

ANi+a — ——=
* o+

=&
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identical to that in the integrated shock case [3], but with boundary conditions

7(0) = 5(0), @(0) = ad'(0) (C.9)

a—1

imposed at = 0. We shall write wy for w(0), for any function w. This new eigenvalue
problem differs spectrally from (5.22) only at A = 0, hence spectral stability of (5.22)
is implied by spectral stability of (C.8). Hereafter, we drop the tildes, and refer

simply to u, v.

Lemma C.2.1. The following inequality holds for eX > 0:
1 1
Re()+ mD [ ol =5 [ aufuP+ [P+ Gduluol
(o
<2 [ i+ [ oluliul + Valalldlu.  (C.10)
R— VY R-
Proof. We multiply (C.8b) by vu and integrate along z. This yields

b
A/ @\u|2+/ @u’a+/ WP:/ Es)v’wrugao.
- = - - v

We get (C.10) by taking the real and imaginary parts and adding them together, and
noting that |Re(2)| + [Sm(z)] < V22| O

Lemma C.2.2. The following inequality holds for eX > 0:

1 ho)  ay "2 / P, vl 2/ 2
2 o+ — 2
Q/R {fﬂ*l +m+1} U7+ Re(A) | = g T Re(A)® [ ol

g/ |u'|? + Do|uo . (C.11)
.

Proof. We multiply (C.8b) by ¢’ and integrate along x. This yields

h(v 1 1
)\/ uvl+/ u/U/_/ A(U)|U,|2 :/ Tu//U/:/ 7(/\1}/_’_1}//)@/‘
_ _ R- /U’Y+1 R- v R- v

Using (C.8a) on the right-hand side, integrating by parts, and taking the real part

gives

) ) o)
Re [A/_m/—k/_u’v’] :/R_ [fﬂ“ + 503
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The right hand side can be rewritten as

§R€|: / uv —|-/ 1—)}
- h( "2 AR
= §/R_ |:U'y+1 + U'y+1:| | | +§R ( )/_ o + 2{)0 . (012)

Now we manipulate the left-hand side. Note that

/uv+/uv )\—i-)\/uv—l—/ /\uv

= —2Re(N) / u'v + 2ReAugty + / u' (v + A\0) — Mgt

= —2Re(N) / (Ao +0")o + / [u/|? + 2ReAugty — Auglo.
Hence, by taking the real part and noting that
Re(2ReAugty — Mugty) = ReARe(ugty) — SmAIm(uety) = Re(Augty)

we get

Re [)\/ uz‘/—i—/ u'@'} :/ ]u’|2—23%e()\)2/ [v]> — ReA|vo|® + Re(Augty).
_ _ . B

This combines with (C.12) to give

1 h(0) 2 LA G 2 2
§/R_|:fﬂ+1+ 7+1]| ’+§R()/_ B 20, e(A) /_|U|

+ ReA|vo|* = / [u')? + Re(Augty).
B

We get (C.11) by observing that (C.9) and Young’s inequality yield

Ul 2 .
|Re(Augto)] < |a — 1||vguo| < |vgue| < ‘4% + D |uol?.
0
Here we used | — 1] = |/\|j‘1‘3,0‘ < 1. Note that ReA > 0 and 7; < 0. O

Proof of Proposition 5.2.3. Using Young’s inequality twice on right-hand side of (C.10)
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together with (C.6), and denoting the boundary term on the right by ,, we get

1 1
(m(x)ﬂsm(w)/ 27|u|2——/ @x|u|2+/ 2 + 0o 2
R— 2 R— R— 2

h@), o 1 [ h@®). e Lo
g@/RmH]v]—l—%/R pom O|ul —l—e/Rv|u]+E/Rv\u]+[b
<9/ h—@)|v’|2+6/ I / Sl + I

R—1A17+1 R— 20 4e R-

Here we treat the boundary term by

0 vol”

I, < V2|alvg||uo| < 5=
2 Vo

Lo 2

— || *0g|ug|*.
+ 6’| |*0o|uol
Therefore using (C.11), we simply obtain from the above estimates

(%e(x)ﬂgm(xm/R@|u|2+(1—e> /R |u’|2+%ﬁ0|u0|2

h(o) ol [y 1 |
<[ MYy Pll” W / S R 2a g2
/R_ V5t ag T ae| [ Ol glalTolul

1 i
<29/|u'|2+{%+4—6] /v|u|2+Jb

where J, := (3]a|* 4 20)0g|uo|*. Assuming that e + 26 < 1, this simplifies to

. 1. 1 .
(Re(N) + [Sm(N)]) /_ Dlul?® + §v0|u0|2 < [;—0 + E} /R_ Olul® + J.

Note that |a] < —lTv‘E) < ﬁ. Therefore for [A| > 45, we get |a] < 6 and J, <

3000|uo|?. For sake of simplicity, choose # = 1/6 and ¢ = 2/3. This shows that J, can
be absorbed into the left by the term $0o|uo|* and thus we get

(Re(\) + |%m()\)|)/f)|u|2 < [% + ﬂ /R@W - {37+ g} /73|u|2,

provided that |A| > 1/(40) = 3/2.
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This shows

(Re(N) 4+ |Sm(N)]) < max{¥,3v + g}

C.3 Nonvanishing of D!

Working in (0, @) variables as in (C.1), the limiting eigenvalue system and boundary

conditions take the form

AO+ 0 — i =0, (C.13a)

1— ~ /1
Vg =4 (C.13b)

i+ —
corresponding to a pressureless gas, v = 0, with
(a,a,v,0")(0) = (d,0,0,0), (u,d',0,7")(+o0) = (c,0,0,0). (C.14)

Hereafter, we drop the tildes.

Proof of Proposition 5.3.6. Multiplying (C.13b) by ou/(1 — 0) and integrating on
[0,b] C RT, we obtain

b ~ b ~ b b 1=
)\/ v A|u]2dx+/ ! Au’ﬂd:c—/ v’ﬂd:v:/ .
o 1—70 o 1—20 0 o 1 =1

Integrating the third and fourth terms by parts yields

A/b @!Pd +/b 0 (2 N waa
u|“dx uudx

b ‘u/‘Q b
—I—/ —Ada:—l—/ v(Av +v')dz

[ u’u] b
= |vu + — ’
1—7] 1o

Integrating the second term by parts and taking the real part, we have
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b O b b |u/|2
§Re()\)/ Juf? + [o]? dx+/ g(®)|u|2dx+/ e
o \1—20 0 0o 1—7

b

= Re |vu + AN + Ly |ul|? il (C.15)

- 1—o 2|1—0 \1=¢) "™ =27 |y ‘
where . .

. 1 ) 1
0 =-3|(:25) + (i) |

Note that

d (1N (1-9 b, om-1) 0

de \1-9) (1-0)2 (1-9)2 (1-9)2 1-9

Thus, ¢g(0) = 0 and the third term on the right-hand side vanishes, leaving

b O b |u/|2
mem/ (1_A]u|2—|—|v|2> d:z:+/ 1
0 v 0 v

=5 2 |l
_ [?Re(vﬂ) 4 %f(_“/g) g] ()

We show finally that the right-hand side goes to zero in the limit as b — oco. By
Proposition 5.4.3, the behavior of u, v near o0 is governed by the limiting constant—
coefficient systems W’ = AL (N\)W, where W = (u,v,v")T and AY = A°(+o0,\). In
particular, solutions W asymptotic to (1,0,0) at x = +oo decay exponentially in
(u/,v,v") and are bounded in coordinate u as © — 400. Observing that 1 —0 — 1 as
xr — 400, we thus see immediately that the boundary contribution at b vanishes as
b — +o0.

Thus, in the limit as b — +o0,

oo v 2 2 e |UI|2
%e(/\)/ (1 Ul + ol > dx+/ =0 (C.16)
0 v 0 v

But, for ReA > 0, this implies v’ = 0, or u = constant, which, by u(0) = 1, implies
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u = 1. This reduces (C.13a) to v' = \v, yielding the explicit solution v = Ce?*. By
v(0) = 0, therefore, v = 0 for e > 0. Substituting into (C.13b), we obtain A = 0.
It follows that there are no nontrivial solutions of (C.13), (C.14) for ReX > 0 except
at A = 0. O]

Remark C.3.1. The above energy estimate is essentially identical to that used in
[24] to treat the limiting shock case.

C.4 Nonvanishing of DY

out

Working in (0, @) variables as in (C.1), the limiting eigenvalue system and boundary

conditions take the form

AT+ — @ =0, (C.17a)

1 N ~1
N4+ — = (C.17b)

0 )

corresponding to a pressureless gas, v = 0, with

(@, @, 9,7)(—o00) = (0,0,0,0), (C.18)
7(0) = - A 0(0),i(0) = o (0) (C.19)

In particular, \
i(0) = — _0‘117(0) = (0)5(0) = (vy — 1)33(0). (C.20)

Hereafter, we drop the tildes.

Proof of Proposition 5.3.6. Multiplying (C.17b) by ou/(1 — v) and integrating on
la,0] C R™, we obtain

0 ~ 0 ~ 0 0 1y
0 0 u'u

A ~|ul|*dx + —u/'tudr — viadr = —dx.
o 1—10 o 1—0 a o 1—0
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Integrating the third and fourth terms by parts yields

0 - 0 ~ /
0 9 U 1 ,
)\/a 1_ﬁ|u|dw—l—/a [1_ﬁ+(1_@)}uud1’
0 |u/’2 0
+/ mdasjt/ v(Av + v )dx

- u'u
= |vu
1—2

0

a

Taking the real part, we have

~

0 O 0 0 ‘U/P
é)’%e()\)/ (1_@|u]2—|—\v|2) dx+/ g(@)\u|2dx—|—/ da

1—90

va 1 D IR v]?
— Re |va — - 2L
6[”“”1—@ 2[1—@+<1—@)}|U| 2
1 /I/}/ 1 "
0 —— =0
0= |(75) + () |

and the third term on the right-hand side vanishes, as shown in Section C.3, leaving

0

, (C.21)

a

where

0 {) ) ) 0 |ul|2
%e(/\)/ (1_@|u| +|v|)dx+/ L

- [reeny+ B2 1]

0

1—20 2

a

A boundary analysis similar to that of Section C.3 shows that the contribution at

a on the righthand side vanishes as a — —o0o; see [24] for details. Thus, in the limit
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as a — —oo we obtain

0 D ) ) 0 |u1‘2
Re(N) 1_@|u| + |v|* | dz + T{)d:p

— | Re(vn) + %f(_“;‘) - %] (0)
= | (1 — vo)Re(vu) — %1 (0),
< [a=wil - 5] 0

where the second equality follows by (C.20) and the final line by Young’s inequality.

0 0

Next, observe the Sobolev-type bound
|u/|2 0
(2)dx / (1 )(x)dz,

o < ([ i)' < [

—00 —0o0 —0o0

together with

/0 (1—8)(x)da = /0 —i(x)dx:/o (log 1Y (z)da = log v,

—00 —00 v —0o0

hence fi)oo(l —0)(z)dzr < ﬁ for vy > v,, where v, < ™2 is the unique solution of
v, = e 2/(1=v)", (C.22)

Thus, for vy > v,

0 D 0 |u/|2
§Re()\)/ (1_@|u|2+|7}’2) dm—i—e/ 1_@d:v <0, (C.23)

—0o0 —0o0

for e := 1 — @f?m(l — 0)(x)dz > 0. For ReX > 0, this implies ' = 0, or
u = constant, which, by u(—oc) = 0, implies u = 0. This reduces (C.17a) to v" = Av,
yielding the explicit solution v = Ce**. By v(0) = 0, therefore, v = 0 for ReX > 0. It
follows that there are no nontrivial solutions of (C.17), (C.18) for e > 0 except at
A =0.

By iteration, starting with v, ~ 0, we obtain first v, < ¢ 2 ~ 0.14 then v, >
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e/ (=19 ~ 067, then v, < €100 ~ 10, then v, > €/(0=10% ~ 085, then
v, < e2/(70%9) ~ 091 and v, > €2/(17:09) x~ (889, terminating with v, ~.0899. [

Remark C.4.1. Our FEvans function results show that the case vy small not treated
corresponds to the shock limit for which stability is already known by [24]. This sug-
gests that a more sophisticated energy estimate combining the above with a boundary-
layer analysis from x = 0 back to x = L + § might yield nonvanishing for all
1>wvy>0.

C.5 The characteristic limit: outflow case

We now show stability of compressive outflow boundary layers in the characteristic
limit v, — 1, by essentially the same energy estimate used in [38] to show stability
of small-amplitude shock waves.

As in the above section on the outflow case, we obtain a system

Xo+ 3 — i =0, (C.24a)
NG ~
N+ @ — m(fz i = % (C.24b)

identical to that in the integrated shock case [3], but with boundary conditions

7(0) = 5(0), @ (0) = a®'(0). (C.25)

In particular,

@(0) = Of‘la(()) = ¥ (0)5(0). (C.26)

This new eigenvalue problem differs spectrally from (5.22) only at A = 0, hence
spectral stability of (5.22) is implied by spectral stability of (C.24). Hereafter, we
drop the tildes, and refer simply to u, v.

Proof of Proposition 5.3.7. We note that h(v) > 0. By multiplying (C.24b) by both

the conjugate @ and 97 /h(9) and integrating along z from —oo to 0, we have
0 = 0 15575 0 0 1550
b v+1 7+1 ¥
/ A g / 2 dr— / v'udr = / v g
oo P(D) oo (D) oo oo (D)
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Integrating the last two terms by parts and appropriately using (C.24a) to substitute

for «/ in the third term gives us
0 257+1 0 17 ay+l 0 0 Avyl2
AMul*07* w7t S 07|
—d d A "d d
/_ h(o) x—l—/_oo o) :v—l—/_oov(v—l—v)x—i—/_oo h(o) x

0 07 I"d _ o vda
“/;(Mm)““x+P”+mm}

We take the real part and appropriately integrate by parts to get

z:O‘

Re () /0 [ZZ;WHUP] dx+/_iog(@)|u|2d:c+/_io h?z;)|u’|2d:c:G(O), (C.27)

o0 =3 (i) * (3t

ow--4 553w 5] 4

evaluated at x = 0. Here, the boundary term appearing on the righthand side is the

—00

where

and

only difference from the corresponding estimate appearing in the treatment of the
shock case in [38, 3]. We shall show that as v, — 1, the boundary term G(0) is

nonpositive. Observe that boundary conditions yield

=0 x:O‘

= Re(v(0)u(0)) [1 +

(K }

P“*Umm} h(0)

h(0)

We first note, as established in [38, 3], that ¢g(0) > 0 on [vy,1], under certain

conditions including the case vy — 1. Straightforward computation gives identities:

Yh(D) — oR' (D) = ay(y — 1) + 7™ and (C.28)
Y, = ay — h(D). (C.29)

0
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Using (C.28) and (C.29), we abbreviate a few intermediate steps below:

o {(7 + DOTh(D) — (D) |, d Pmlh(@) — (D) H
@ x

9(0) = =3 102 o h()2
_ 0 [0 (( + DA(0) —0K'(2) | d [yh() — k()
o2 { h(o)? T { @ hl ))H
=~ Sy

[ (v + D7 = 2(a + 1)y(v? = DO 4 (a+ 1)*P(y = 1)o7
+ay(y +2)(v* = 1)0 —ala + 1)7*(y* = 1)]

= —%M F DT 4y —1) (7 + 1) — (a+ 1)7)? (C.30)
+ay(y? = 1)(y +2)0 — ala + 1)y (4* - 1)]
_a;;f;; (v + D) + ay(v* = 1) (v +2)0 — a(a + 1)7*(y* — 1)]
> _72‘;212@82; 1) (vj::)Q +2(y—1) (v:il) (- 1)] . (C.31)

This verifies g(v) > 0 as v, — 1.

Second, examine

G(0) = —% {;’:(; + ( hqz:)))} u(0)[? + {1 + ZZZ}’)] Re(v(0)a(0)) — @

Applying Young’s inequality to the middle term, we easily get

G(0) < —% [1;;(; + (hz))l - (1 + ZZS;)QI [u(0)]* =: —%I|u(0)|2.

Now observe that I can be written as

1+
[=——1
n(o) +[

Using (C.28) and (C.29), we get

L2 M) L, DR (D)
h®)  h(o)  h2(D)

O (= D)+ ok
ho) h(0)

>
SN—
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and thus

PO e Vo W N L DO 1 )
= - — - o — .

h(0) h(o) — h()  h*(0) h?(0)
Now since A'(0) = —(y + D)0 + (a + D)y, as vy — 1, [ ~ =9 > 0.

( >
Therefore, as vy is close to 1, G(0) < 39/(0)|u(0)|* < 0. This, g(¢) > 0, and (C.27)
give, as v, is close enough to 1,

Oofortt 2 A
A d dr < .32
afee<)/_oo[h@)|u| —i—]v@ vt | qhiP <o (©.32)
which evidently gives stability as claimed. O]

C.6 Nonvanishing of D;,: expansive inflow case

For completeness, we recall the argument of [39] in the expansive inflow case.
Profile equation. Note that, in the expansive inflow case, we assume vy < v,.

Therefore we can still follow the scaling (5.12) to get
0< Vg < V4 = 1.

Then the stationary boundary layer (0, 4) satisfies (5.15) with vy < v, = 1. Now
by integrating (5.16) from x to +o00 with noting that o(+o00) = 1 and ¢'(+00) = 0,

we get the profile equation
V=00 —1+a(077 —1)).

Note that ¢’ > 0. We now follow the same method for compressive inflow case to

get the following eigenvalue system

Av+v —u =0, (C.33a)
u\’
Au+u' = (fv) = (5) (C.33b)
with boundary conditions
u(0) = v(0) =0, (C.34)



where f(0) = %
Proof of Proposition 5.3.8. Multiply the equation (C.33b) by u and integrate along
x. By integration by parts, we get

ju'|?

0]

A/ yu\Qd:ch/ u'u+ fou + dx = 0.
0 0

Using (C.33a) and taking the real part of the above yield

o] 1 0 o] /|12
§Re)\/ lul® + flv|*dx — 5/ f'lv]Pdz +/ ] dx = 0. (C.35)
0 0 0

0

Note that

@2

2_1 o
f/=(1+a+a<vw )) > <0
(%

which together with (C.35) gives el < 0, the proposition is proved. O]
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