LONG-TIME STABILITY OF MULTI-DIMENSIONAL
NONCHARACTERISTIC VISCOUS BOUNDARY LAYERS

TOAN NGUYEN AND KEVIN ZUMBRUN

ABSTRACT. We establish long-time stability of multi-dimensional noncharacteristic bound-
ary layers of a class of hyperbolic—parabolic systems including the compressible Navier—
Stokes equations with inflow [outflow] boundary conditions, under the assumption of strong
spectral, or uniform Evans, stability. Evans stability has been verified for small-amplitude
layers by Gues, Métivier, Williams, and Zumbrun. For large-amplitude layers, it may
be efficiently checked numerically, as done in the one-dimensional case by Costanzino,
Humpherys, Nguyen, and Zumbrun.
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1. INTRODUCTION

We consider a boundary layer, or stationary solution,

(1.1) U=0U(x), Zginoo U(z) =Uy, U(0) =10y

of a system of conservation laws on the quarter-space

(1.2) U+ Y FI(0)y, =Y (B*(0)Us,)a;, ©€RL={z1>0}, t>0,
J Jk

U,Fi € R*, B/* ¢ R"*", with initial data U(z,0) = Up(z) and Dirichlet type boundary
conditions specified in (1.5), (1.6) below. A fundamental question connected to the physical
motivations from aerodynamics is whether or not such boundary layer solutions are stable
in the sense of PDE, i.e., whether or not a sufficiently small perturbation of U remains
close to U, or converges time-asymptotically to U, under the evolution of (1.2). That is the
question we address here.

1.1. Equations and assumptions. We consider the general hyperbolic-parabolic system
of conservation laws (1.2) in conserved variable U, with

~ U 0 0
o= (2) = ),
u € R"7" and v € R", where

Ro Y b¢6 > 016 >0, V& € R™\{0}.
jk
Following [MaZ4, 73, Z4], we assume that equations (1.2) can be written, alternatively,
after a triangular change of coordinates

(1.3) W= W(0) = ( ' (@) >

@' (@, D)
in the quasilinear, partially symmetric hyperbolic-parabolic form
(1.4) AW, + 3 AW, = (B W, ), + G,
J Jk

where, defining W, := W (Uy),

(A1) AJ(W,), A%, AL, are symmetric, A° block diagonal, A > 6 > 0,

(A2) for each ¢ € R?\ {0}, no eigenvector of > &jAI (A%~ (W,) lies in the kernel of
3k GBI (AN T W),
8 b?k> SR, > 0|¢?, and G = <2> with G(Wa, Wa) = O(|Wa[?).

Along with the above structural assumptions, we make the following technical hypotheses:

(A3) Bik = (

(HO) F7,Bik A% Ai BI* W (.),§(-,-) € C%, with s > [(d — 1)/2] + 5 in our analysis of
linearized stability, and s > s(d) := [(d — 1)/2] + 7 in our analysis of nonlinear stability.
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(H1) fl%l is either strictly positive or strictly negative, that is, either fl%l >0, >0, or
A < —6; < 0. (We shall call these cases the inflow case or outflow case, correspondingly.)

(H2) The eigenvalues of dF'(U, ) are distinct and nonzero.

(H3) The eigenvalues of ), dF! iéj have constant multiplicity with respect to ¢ € R%,
£#0.

(H4) The set of branch points of the eigenvalues of (A')~1 (i A° + doi i&j AN, T ER,

€ € R is the (possibly intersecting) union of finitely many smooth curves 7 = n; (€), on
which the branching eigenvalue has constant multiplicity s, (by definition > 2).

Condition (H1) corresponds to hyperbolic—parabolic noncharacteristicity, while (H2) is the
condition for the hyperbolicity at U of the associated first-order hyperbolic system obtained
by dropping second-order terms. The assumptions (A1l)-(A3) and (HO)-(H2) are satisfied
for gas dynamics and MHD with van der Waals equation of state under inflow or outflow
conditions; see discussions in [MaZ4, CHNZ, GMWZ5, GMWZ6]. Condition (H3) holds
always for gas dynamics, but fails always for MHD in dimension d > 2. Condition (H4) is a
technical requirement of the analysis introduced in [Z2]. It is satisfied always in dimension
d = 2 or for rotationally invariant systems in dimensions d > 2, for which it serves only to
define notation; in particular, it holds always for gas dynamics.

We also assume:

(B) Dirichlet boundary conditions in W-coordinates:

(1.5) (!, w11)(0,%,t) = h(i,t) := (hy, ho)(Z, 1)
for the inflow case, and
(1.6) @' (0,2,t) = h(Z, 1)

for the outflow case, with = = (z1,#) € R%.

This is sufficient for the main physical applications; the situation of more general, Neu-
mann and mixed-type boundary conditions on the parabolic variable v can be treated as
discussed in [GMWZ5, GMWZ6].

Example 1.1. The main example we have in mind consists of laminar solutions (p,u, e)(x1,t)
of the compressible Navier—Stokes equations

Op + div(pu) =0

O (pu) + div(pu'u) + Vp = epAu + e(p + n)Vdivu

O (pE) + div((pE + p)u) = esAT + epdiv((u - V)u)
T e(u+ )V (u- diva),

(1.7)

x € R, on a half-space z1 > 0, where p denotes density, u € R? velocity, e specific internal

energy, £ = e + @ specific total energy, p = p(p,e) pressure, T = T(p, e) temperature,
w > 0 and |n| < p first and second coefficients of viscosity, k > 0 the coefficient of heat
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conduction, and € > 0 (typically small) the reciprocal of the Reynolds number, with no-slip
suction-type boundary conditions on the velocity,

uj(0,22,...,24) =0, j#1 and u1(0,22,...,24) = V(x) <0,

and prescribed temperature, T'(0, xa,...,2q) = Twa(Z). Under the standard assumptions
Pp, Te > 0, this can be seen to satisfy all of the hypotheses (A1)-(A3), (H0)-(H4), (B) in
the outflow case (1.6); indeed these are satisfied also under much weaker van der Waals gas
assumptions [MaZ4, Z3, CHNZ, GMWZ5, GMWZ6|. In particular, boundary-layer solutions
are of noncharacteristic type, scaling as (p,u,e) = (p, u, €)(x1/e), with layer thickness ~ ¢
as compared to the ~ /e thickness of the characteristic type found for an impermeable
boundary.

This corresponds to the situation of an airfoil with microscopic holes through which
gas is pumped from the surrounding flow, the microscopic suction imposing a fixed normal
velocity while the macroscopic surface imposes standard temperature conditions as in flow
past a (nonporous) plate. This configuration was suggested by Prandtl and tested experi-
mentally by G.I. Taylor as a means to reduce drag by stabilizing laminar flow; see [S, Bra].
It was implemented in the NASA F-16XL experimental aircraft program in the 1990’s with
reported 25% reduction in drag at supersonic speeds [Bra].! Possible mechanisms for this
reduction are smaller thickness ~ ¢ << /¢ of noncharacteristic boundary layers as com-
pared to characteristic type, and greater stability, delaying the transition from laminar to
turbulent flow. In particular, stability properties appear to be quite important for the
understanding of this phenomenon. For further discussion, including the related issues
of matched asymptotic expansion, multi-dimensional effects, and more general boundary
configurations, see [GMWZ5].

Example 1.2. Alternatively, we may consider the compressible Navier—Stokes equations
(1.7) with blowing-type boundary conditions

uj(0,22,...,24) =0, #1 and u1(0,22,...,24) = V(x) >0,
and prescribed temperature and pressure
T(O> Z2,. .. 7$d) = Twall(j)a p(O, Z2,. .. 7xd) = pwall(fﬁ)

(equivalently, prescribed temperature and density). Under the standard assumptions p,,
T. > 0 on the equation of state (alternatively, van der Waals gas assumptions), this can be
seen to satisfy hypotheses (A1)-(A3), (HO)-(H4), (B) in the inflow case (1.5).

Lemma 1.3 ([MaZ3, Z3, GMWZ5, NZ]). Given (A1)-(A3) and (H0)-(H2), a standing wave
solution (1.1) of (1.2), (B) satisfies

(1.8) (d/dx)*(U -UL)| < Ce ™1 0<k<s+1,

as x1 — 400, s as in (HO). Moreover, a solution, if it exists, is in the inflow or strictly
parabolic case unique; in the outflow case it is locally unique.

Proof. See Lemma 1.3, [NZ]. O

ISee also NASA site http://www.dfrc.nasa.gov/Gallery/photo/F-16XL2/index.html
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1.2. The Evans condition and strong spectral stability. The linearized equations of
(1.2), (B) about U are

(1.9) Up= LU =Y (B*Up, ), — Y _(AU),,
gk J
with initial data U(0) = Uy and boundary conditions in (linearized) W-coordinates of
W(0,%,t) = (w!,w)T(0,%,t) = h
for the inflow case, and
w!(0,%,t) = h

for the outflow case, with z = (1, %) € R?, where W := (OW /OU)(U)U.

A necessary condition for linearized stability is weak spectral stability, defined as nonexis-
tence of unstable spectra ®RA > 0 of the linearized operator L about the wave. As described
in Section 2.1.1, this is equivalent to nonvanishing for all £ € R4, R\ > 0 of the Fvans
function

DL(é’ )‘)

(defined in (2.8)), a Wronskian associated with the Fourier-transformed eigenvalue ODE.
Definition 1.4. We define strong spectral stability as uniform Evans stability:

(D) IDL(EN)] = 6(C) >0

for (£,A) on bounded subsets C' C {£ € R, ®A > 0} \ {0}.

For the class of equations we consider, this is equivalent to the uniform Evans condition of
[GMWZ5, GMWZ6], which includes an additional high-frequency condition that for these
equations is always satisfied (see Proposition 3.8, [GMWZ5]). A fundamental result proved
in [GMWZ5] is that small-amplitude noncharacteristic boundary-layers are always strongly
spectrally stable.?

Proposition 1.5 ([GMWZ5]). Assuming (A1)-(A3), (H0)-(H3), (B) for some fized end-
state (or compact set of endstates) Uy, boundary layers with amplitude

1U — Uyl oo [0, 4]
sufficiently small satisfy the strong spectral stability condition (D).

As demonstrated in [SZ], stability of large-amplitude boundary layers may fail for the
class of equations considered here, even in a single space dimension, so there is no such
general theorem in the large-amplitude case. Stability of large-amplitude boundary-layers
may be checked efficiently by numerical Evans computations as in [BDG, Brl, Br2, BrZ,
HuZ, BHRZ, HLZ, CHNZ, HLyZ1, HLyZ2].

2The result of [GMWYZ5] applies also to more general types of boundary conditions and in some situations
to systems with variable multiplicity characteristics, including, in some parameter ranges, MHD.
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1.3. Main results. Our main results are as follows.

Theorem 1.6 (Linearized stability). Assuming (A1)-(A3), (HO)-(H4), (B), and strong
spectral stability (D), we obtain asymptotic L' N HI(@=D/2+5 1P stability of (1.9) in
dimension d > 2, and any 2 < p < oo, with rate of decay

_d—-1

U@ < CA+ )" % (|Uolprnms + Eo),

(1.10)
\U(t)|r < C(1+ t)_g(l_l/p)ﬂﬂp(\Uo’leH[<d—1>/2]+5 + Ey),

provided that the initial perturbations Uy are in L' N H? for p = 2, or in L' N HI(d-1)/2+5
for p > 2, and boundary perturbations h satisfy

\h(t)] 2 < Eo(1 4 t)~(d+D/4
(L1 |h(t)| L < Eo(1+1)~%2
|Dh(t)|L1~mHL(d*1)/2]+5 < Eo(1+ t)—d/Q—e’

where Dp(t) := |he| + | hz| + |hzz|, Eo is some positive constant, and € > 0 is arbitrary small
for the case d =2 and e =0 for d > 3.

Theorem 1.7 (Nonlinear stability). Assuming (A1)-(A3), (HO0)-(H4), (B), and strong
spectral stability (D), we obtain asymptotic L' N H® — LP N H* stability of U as a solution
of (1.2) in dimension d > 2, for s > s(d) as defined in (HO), and any 2 < p < oo, with rate
of decay
(112) 0(0) = Ol < €+ 020 DUy 3 . + o)

: ~ _ d—1
U@) =Ulas <CA+8)" 7 (|Uolpinms + Eo),

provided that the initial perturbations Uy := Uo — U are sufficiently small in L* N H® and
boundary perturbations h(t) := h(t) — W (Uyp) satisfy (1.11) and

(1.13) Bi(t) < Bo(1+4)~°7,
with sufficiently small Ey, where the boundary measure By, is defined as
[(s+1)/2]
(1.14) But) = M+ > 10ihliae
i=0
for the outflow case, and similarly
[(s+1)/2] s
(1.15) Bu(t) = bl + Y |0holiz@) + > 10ihal e
i=0 i=0

for the inflow case.

Combining Theorem 1.7 and Proposition 1.5, we obtain the following small-amplitude
stability result, applying in particular to the motivating situation of Example 1.1.
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Corollary 1.8. Assuming (A1)-(A3), (H0)-(H4), (B) for some fized endstate (or compact
set of endstates) Uy, boundary layers with amplitude

1U — Uyl oo [0, 4+o0]
sufficiently small are linearly and nonlinearly stable in the sense of Theorems 1.6 and 1.7.

Remark 1.9. The obtained rate of decay in L? may be recognized as that of a (d — 1)-
dimensional heat kernel, and the obtained rate of decay in L°° as that of a d-dimensional
heat kernel. We believe that the sharp rate of decay in L? is rather that of a d-dimensional
heat kernel and the sharp rate of decay in L> dependent on the characteristic structure of
the associated inviscid equations, as in the constant-coefficient case [HoZ1, HoZ2].

Remark 1.10. In one dimension, strong spectral stability is necessary for linearized as-
ymptotic stability; see Theorem 1.6, [NZ]. However, in multi-dimensions, it appears likely
that, as in the shock case [Z3], there are intermediate possibilities between strong and weak
spectral stability for which linearized stability might hold with degraded rates of decay. In
any case, the gap between the necessary weak spectral and the sufficient strong spectral
stability conditions concerns only pure imaginary spectra ®A = 0 on the boundary between
strictly stable and unstable half-planes, so this should not interfere with investigation of
physical stability regions.

1.4. Discussion and open problems. Asymptotic stability, without rates of decay, has
been shown for small amplitude noncharacteristic “normal” boundary layers of the isen-
tropic compressible Navier—Stokes equations with outflow boundary conditions and vanish-
ing transverse velocity in [KK], using energy estimates. Corollary 1.8 recovers this existing
result and extends it to the general arbitrary transverse velocity, outflow or inflow, and
isentropic or nonisentropic (full compressible Navier—Stokes) case, in addition giving as-
ymptotic rates of decay. Moreover, we treat perturbations of boundary as well as initial
data, as previous time-asymptotic investigations (with the exception of direct predecessors
[YZ, NZ]) do not. As discussed in Appendix A, the type of boundary layer relevant to the
drag-reduction strategy discussed in Examples 1.1-1.2 is a noncharacteristic “transverse”
type with constant normal velocity, complementary to the normal type considered in [KK].

The large-amplitude asymptotic stability result of Theorem 1.7 extends to multi dimen-
sions corresponding one-dimensional results of [YZ, NZ], reducing the problem of stability to
verification of a numerically checkable Evans condition. See also the related, but technically
rather different, work on the small viscosity limit in [MZ, GMWZ5, GMWZ6|. By a combi-
nation of numerical Evans function computations and asymptotic ODE estimates, spectral
stability has been checked for arbitrary amplitude noncharacteristic boundary layers of the
one-dimensional isentropic compressible Navier—Stokes equations in [CHNZ]. Extensions to
the nonisentropic and multi-dimensional case should be possible by the methods used in
[HLyZ1] and [HLyZ2] respectively to treat the related shock stability problem.

This (investigation of large-amplitude spectral stability) would be a very interesting di-
rection for further investigation. In particular, note that it is large-amplitude stability that
is relevant to drag-reduction at flight speeds, since the transverse relative velocity (i.e.,
velocity parallel to the airfoil) is zero at the wing surface and flight speed outside a thin
boundary layer, so that variation across the boundary layer is substantial. We discuss this
problem further in Appendix A for the model isentropic case.
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Our method of analysis follows the basic approach introduced in [Z2, Z3, Z4] for the
study of multi-dimensional shock stability and we are able to make use of much of that
analysis without modification. However, there are some new difficulties to be overcome in
the boundary-layer case.

The main new difficulty is that the boundary-layer case is analogous to the undercom-
pressive shock case rather than the more favorable Lax shock case emphasized in [Z3], in
that Gy, o t~/2G as in the Lax shock case but rather Gy, ~ (e”/Wl +¢=1/2)G, 6 > 0, as in
the undercompressive case. This is a significant difficulty; indeed, for this reason, the un-
dercompressive shock analysis was carried out in [Z3] only in nonphysical dimensions d > 4.
On the other hand, there is no translational invariance in the boundary layer problem, so
no zero-eigenvalue and no pole of the resolvent kernel at the origin for the one-dimensional
operator, and in this sense G is somewhat better in the boundary layer than in the shock
case.

Thus, the difficulty of the present problem is roughly intermediate to that of the Lax
and undercompressive shock cases. Though the undercompressive shock case is still open in
multi-dimensions for d < 3, the slight advantage afforded by lack of pole terms allows us to
close the argument in the boundary-layer case. Specifically, thanks to the absence of pole
terms, we are able to get a slightly improved rate of decay in L°(z1) norms, though our
L?(x1) estimates remain the same as in the shock case. By keeping track of these improved
sup norm bounds throughout the proof, we are able to close the argument without using
detailed pointwise bounds as in the one-dimensional analyses of [HZ, RZ].

Other difficulties include the appearance of boundary terms in integrations by parts,
which makes the auxiliary energy estimates by which we control high-frequency effects
considerably more difficult in the boundary-layer than in the shock-layer case, and the
treatment of boundary perturbations. In terms of the homogeneous Green function G,
boundary perturbations lead by a standard duality argument to contributions consisting of
integrals on the boundary of perturbations against various derivatives of G, and these are
a bit too singular as time goes to zero to be absolutely integrable. Following the strategy
introduced in [YZ, NZ], we instead use duality to convert these to less singular integrals
over the whole space, that are absolutely integrable in time. However, we make a key
improvement here over the treatment in [YZ, NZ|, integrating against an exponentially
decaying test function to obtain terms of exactly the same form already treated for the
homogeneous problem. This is necessary for us in the multi-dimensional case, for which
we have insufficient information about individual parts of the solution operator to estimate
them separately as in [YZ, NZ], but makes things much more transparent also in the one-
dimensional case.

Among physical systems, our hypotheses appear to apply to and essentially only to the
case of compressible Navier—Stokes equations with inflow or outflow boundary conditions.
However, the method of analysis should apply, with suitable modifications, to more general
situations such as MHD; see for example the recent results on the related small-viscosity
problem in [GMWZ5, GMWZ6]. The extension to MHD is a very interesting open problem.

Finally, as pointed out in Remark 1.10, the strong spectral stability condition does not
appear to be necessary for asymptotic stability. It would be interesting to develop a refined
stability condition similarly as was done in [SZ, Z2, Z3, Z4] for the shock case.
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2. RESOLVENT KERNEL: CONSTRUCTION AND LOW-FREQUENCY BOUNDS
In this section, we briefly recal the construction of resolvent kernel and then establish
the pointwise low-frequency bounds on G& y» by appropriately modifying the proof in [Z3]
in the boundary layer context [YZ, NZJ.

2.1. Construction. We construct a representation for the family of elliptic Green distri-
butions G¢ , (z1,91),

(2.1) Gg,,\('ayl) = (Lg - /\)_15141(')7

associated with the ordinary differential operators (Lg~ — A), i.e. the resolvent kernel of
the Fourier transform Lg of the linearized operator L of (1.9). To do so, we study the
homogeneous eigenvalue equation (L — A)U = 0, or

LoU
(BMU'Y — (A'U) =iy AU +iYy _ BIGU
(2:2) #1 i#1
+iy (BYGU) - > BRGGU - AU =0,
k#1 kA1
with boundary conditions (translated from those in W-coordinates)
1 1 (pl1y—1p11
(2.3) <A11 B Alé(l% )" bgl> U(0) = <;>
where * = 0 for the inflow case and is arbitrary for the outflow case.

Define .
A= (AT
j=1

where Aj(é) denote the open sets bounded on the left by the algebraic curves Aj(gl,é)
determined by the eigenvalues of the symbols —¢2B, — €A, of the limiting constant-
coefficient operators

Lg w:= Biw" — Ajw
as £ is varied along the real axis, with §~ held fixed. The curves )\j(,é) comprise the
essential spectrum of operators Lz, . Let A denote the set of (€,\) such that \ € AS.

For (é JA) € AS , introduce locally analytically chosen (in 3 A) matrices

(24) <I>+ = (gbf? 7¢;)’ (I)O = (¢2+1;"' >¢9L+7")7
and
(25 &= (a8,

whose columns span the subspaces of solutions of (2.2) that, respectively, decay at = 400
and satisfy the prescribed boundary conditions at x = 0, and locally analytically chosen
matrices

(26) \IIO = (w?7 o 7¢]9;)’ ‘1}+ = (wzfq_l) o 7¢7t+7")
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and
(2.7) T = (V0 o).

whose columns span complementary subspaces. The existence of such matrices is guaranteed
by the general Evans function framework of [AGJ, GZ, MaZ3]; see in particular [Z3, NZ].
That dimensions sum to n + r follows by a general result of [GMWZ5]; see also [SZ].

2.1.1. The Evans function. Following [AGJ, GZ, SZ], we define on A the Fvans function
(2.8) Dp(€,A) := det(D°, @ 1), .

Evidently, eigenfunctions decaying at +o0o and satisfying the prescribed boundary conditions
at £y = 0 occur precisely when the subspaces span ®° and span ®* intersect, i.e., at zeros
of the Evans function

DL (ga >\) =0.

The Evans function as constructed here is locally analytic in (5 , A), which is all that we
need for our analysis; we prescribe different versions of the Evans function as needed on
different neighborhoods of A. Note that A includes all of {£ € R“™1, R > 0} \ {0}, so that
Definition 1.4 is well-defined and equivalent to simple nonvanishing, away from the origin
(€,)\) = (0,0). To make sense of this definition near the origin, we must insist that the
matrices ®/ in (2.8) remain uniformly bounded, a condition that can always be achieved by
limiting the neighborhood of definition.

For the class of equations we consider, the Evans function may in fact be extended
continuously along rays through the origin [R2, MZ, GMWZ5, GMWZ6].

2.1.2. Basic representation formulae. Define the solution operator from y; to z; of ODE
(Lg = A)U = 0, denoted by F¥171, as

FHTE = (I)(xh)‘)q)_l(yl?)‘)

and the projections 1‘[291,1'[;'1 on the stable manifolds at 0, 400 as

I, = (@t () 0)d'(y), T = (0 @°(y1)) @~ (y1).

We define also the dual subspaces of solutions of (LZ — M)W = 0. We denote growing

solutions
(2-9) o0 = (45(1)7 T ng)? ot = (qgkt,-l’ T ,ngl_,_r),
$ := (0, &) and decaying solutions
(210) @O = (1[}?7 71;2_% @Jr = <’l/~]]:—+17”' 71;;_-1-7’)7
and U := (U9, ¥t), satisfying the relations
(2.11) (U @)y, S (¥ @), =1
where
: : 0
. _ Al o spl€ 4 s pél

(2.12) 36 A +iB*% +iB <Ir>

(@~ ~L) 0
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With these preparations, the construction of the Resolvent kernel goes exactly as in the
construction performed in [ZH, MaZ3, Z3] on the whole line and [YZ, NZ] on the half line,
yielding the following basic representation formulae; for a proof, see [MaZ3, NZ].

Proposition 2.1. We have the following representation

(L, O)FV =1L (S) "L (yn) (10, 0, for a1 >y,

—(In,0).7-"91%“1'[21(55)*1(311)([”,O)“", for x1 <.

Proposition 2.2. The resolvent kernel may alternatively be expressed as
Gey(onm) = {(In,o)@+(:v1;A)M*(A)\iff*(yl; NI, 07 x>y,

: — (I, 0) D% (@1; ) MON) T (Y13 ) (1, 0)F" 21 < w1,

(213)  Ggyleny) = {

where
(2.14) M(N) = diag(M*(\), MO(\) = &1 (2 \)(S8) 1 (2) T (2; ).

2.1.3. Scattering decomposition. From Propositions 2.1 and 2.2, we obtain the following
scattering decomposition, generalizing the Fourier transform representation in the constant-
coefficient case, from which we will obtain pointwise bounds in the low-frequency regime.

Corollary 2.3. On ASN p(L~),
(215) 3:1,3/1 Z k¢+ xl; djk y17 +Z¢k ZL‘1, ¢k (y17 )

for 0 <y < x1, and

(2.16) RGN Z I CTEPN IR (D) Zwk (@1; N (y1; A)*

for 0 < x1 < w1, where

0,+ —1
(2.17) djim(\) = (1,0) (2T @°) 7w
Proof. For 0 < x1 < y1, we obtain the preliminary representation

5)\ ‘Tlayl Z ¢+ xlv wk y1> +Z k;w+ xla wk (y17 )

from which, together w1th duality (2.11), representatlon (2.13), and the fact that Iy =
I —1I,, we have

d° S s
<€0> =— (o UH) Al

(2.18) —— (@t ) I-(@* o) (et @) ! |t

_ <_Ojk) + <I"O’“ 8) (et @°) ' ut,

Similarly, for 0 < y; < x1, we obtain the preliminary representation

5)\ xl;yl Zd;_k ¢+ wlv )¢k y17 +Ze k¢+ mla )¢k (y17 )
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from which, together with duality (2.11) and representation (2.13), we have
+ ~
) ermte o

— (@) (@ 0)(a* @) (@ o)
— (I 0)(e+ @) ' (vt oF)

Lok O\ it sov-lgs . (O 0) (0 I
(0 0>(¢ ) o) Lo 0)

Remark 2.4. In the constant-coefficient case, with a choice of common bases U0+ = &+0
at 0, +o00, the above representation reduces to the simple formula

N T 4*
ik O (@ N (s A) >y,
k T4
=2 U (e VYT (yis A <
2.2. Pointwise low-frequency bounds. We obtain pointwise low-frequency bounds on

the resolvent kernel Gg y(z1,91) by appealing to the detailed analysis of [Z2, Z3, GMWZ1]
in the viscous shock case. Restrict attention to the surface

(2.21) T€ = {\ : Red = —01(€2 + [SmA[D)},
for 6; > 0 sufficiently small.

(2.19)

0

(2.20) Gg,)\(lﬂl,yl) = {

Proposition 2.5 ([Z3]). Under the hypotheses of Theorem 1.7, for \ € ¢ and p = (€, )],
01 > 0, and 0 > 0 sufficiently small, there hold:

(2.22) |G\ (w1,31)] < Cryge= 00 lz1=ml
and
(2.23) lafng,A(ml,yl)\ < Cya(pP + Betm)e= 00" ler-uil
where
_ ~ 1/s;—1
(2.24) =143 [ smA—nf @ +p]
J

and sj,n;-r(é) are as defined in (H/).

Proof. This follows by a simplified version of the analysis of [Z3], Section 5 in the viscous
shock case, replacing ®~, ¥~ with ®°, W0 omitting the refined derivative bounds of Lem-
mas 5.23 and 5.27 describing special properties of the Lax and overcompressive shock case
(not relevant here), and setting ¢ = 0, or ¥ = 1 in definition (5.128). Here, ¢ is the mul-
tiplicity to which the Evans function vanishes at the origin, (§~ ,A) = (0,0), evidently zero
under assumption (D). The key modes ®*, T at plus spatial infinity are the same for the
boundary-layer as for the shock case.

This leads to the pointwise bounds (5.37)—(5.38) given in Proposition 5.10 of [Z3] in case
a = 1, 1 = 1 corresponding to the uniformly stable undercompressive shock case, but
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without the first O(p~!), or “pole”, terms appearing on the righthand side, which derive
from cases 7 ~ p~! not arising here. But, these are exactly the claimed bounds (2.22)-
(2.24).

We omit the (substantial) details of this computation, referring the reader to [Z3]. How-
ever, the basic idea is, starting with the scattering decomposition of Corollary 2.1.3, to note,
first, that the normal modes ®7, W/, &I, U/ can be approximated up to an exponentially
trivial coordinate change by solutions of the constant-coefficient limiting system at @ — 400
(the conjugation lemma of [MZ]) and, second, that the coefficients Mjj, dj; may be well-
estimated through formulae (2.14) and (2.17) using Kramer’s rule and the assumed lower
bound on th Evans function |D| appearing in the denominator. This is relatively straight-
forward away from the branch points S\ = nj(g) or “glancing set” of hyperbolic theory;
the treatment near these points involves some delicate matrix perturbation theory applied
to the limiting constant-coefficient system at x — 400 followed by careful bookkeeping in
the application of Kramer’s rule. ]

3. LINEARIZED ESTIMATES

We next establish estimates on the linearized inhomogeneous problem

(3.1) U —-LU=f

with initial data U(0) = Uy and Dirichlet boundary conditions as usual in W-coordinates:
(3.2) W(0,%,t) = (w!, wHT(0,2,t) = h

for the inflow case, and

(3.3) wl(0,2,t) = h

for the outflow case, with = (z1,%) € R%

3.1. Resolvent bounds. Our first step is to estimate solutions of the resolvent equation
with homogeneous boundary data h = 0.

Proposition 3.1 (High-frequency bounds). Given (A1)-(A2), (H0)-(H2), and homoge-
neous boundary conditions (B), for some R, C sufficiently large and 6 > 0 sufficiently small,

(3-4) |(Lg - /\)_1f|ﬁ1(m) < C|f|g1(zl)a
and
(35) (L = N Flise < —51fl

£ L2(z1) = ‘)\‘1/2 Al(z1)

for all |(€,\)| > R and 3?63\ > —0, where f is the Fourier transform of f in variable & and
i @y = 1+ 10, [+ 16D flL2(2)-

Proof. First observe that a Laplace-Fourier transformed version with respect to variables
(A, Z) of the nonlinear energy estimate in Section 4.1 with s = 1, carried out on the linearized
equations written in W-coordinates, yields

(8.6)  (ReA+00)|(1+[€] + 0n NWP < C(IWP + (1+ [EP)IWILFI+ [0, W12, 1)
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for some C big and 0; > 0 sufficiently small, where |.| denotes |.|r2(,,). Applying Young’s
inequality, we obtain

(3.7) (ReA +1)|(1 + €] + 102, )W I* < CIW? + CI(L + [E] + |0, ]).f17-

On the other hand, taking the imaginary part of the L? inner product of U against
AU = f + LU, we have also the standard estimate

(3.5) [SmAU < CJU + CIf e,

and thus, taking the Fourier transform in Z, we obtain

(3.9) [SmAW[* < CIfI* + CI(1+ €] + |00, )W 2.
Therefore, taking 6 = 61 /2, we obtain from (3.7) and (3.9)

(3.10) (1 + N2+ 1] + 10, )W * < CIW P + CI(1+ €] + 102, D FI7,

for any ReX > —0. Now take R sufficiently large such that |W|? on the right hand side
of the above can be absorbed into the left hand side, and thus, for all [(§,\)| > R and
e > —0,

(3.11) (L4 A2+ €]+ 10 )W < C(1+ €] + 100, ) I,
for some large C' > 0, which gives the result. O
We next have the following:

Proposition 3.2 (Mid-frequency bounds). Given (A1)-(A2), (H0)-(H2), and strong spec-
tral stability (D),

(3.12) (Lg =N ey SC for R < ()] < R and Red > 4,

for any R and C = C(R) sufficiently large and 8 = 6(R) > 0 sufficiently small, where
\f|ﬁ1(z1) is defined as in Proposition 3.1.

Proof. Immediate, by compactness of the set of frequencies under consideration together
with the fact that the resolvent (A — Lg)*1 is analytic with respect to H' in (£, )); see
Proposition 4.8, [Z4]. O

We next obtain the following resolvent bound for low-frequency regions as a direct con-
sequence of pointwise bounds on the resolvent kernel, obtained in Proposition 2.5.

Proposition 3.3 (Low-frequency bounds). Under the hypotheses of Theorem 1.7, for A €
I¢ and p :=|(€, )], 01 sufficiently small, there holds the resolvent bound

(3.13) (Lg = N0 Fliogen) < Crap™ P 0% flii () + ﬁ\f|Lm(x1)}
forall2 <p<oo, f=0,1, where v2 is as defined in (2.24).
Proof. Using the convolution inequality |g * h|rr < |g|zr|h|;1 and noticing that
_ 02|z —
|851G£~7/\(x1,y1)| < Cya(pP + Be 01 )e 0P ler—ul,
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we obtain

‘(If - A)_laﬁ f|LP (z1)
= )/ Ge \(@1,91) f(y1,€) dyl‘m(zl)
| [ €t + petme e gy )l |, + O8I0, D)l e

< O™ [P flprany + Bl o)

as claimed. OJ

+ B1Ge (1,00 £(0,€) | Lr (@)

Remark 3.4. The above LP bounds may alternatively be obtained directly by the argu-
ment of Section 12, [GMWZ1], using quite different Kreiss symmetrizer techniques, again
omitting pole terms arising from vanishing of the Evans function at the origin, and also the
auxiliary problem construction of Section 12.6 used to obtain sharpened bounds in the Lax
or overcompressive shock case (not relevant here).

3.2. Estimates on homogeneous solution operators. Define low- and high-frequency
parts of the linearized solution operator S(t) of the linearized problem with homogeneous
boundary and forcing data, f h=0, as

(3.14) Si(t AHM(L —\)"landé
|€]<r F5ﬁ{|/\|<r}

and

(3.15) So(t) := el — Sy (2).

Then we obtain the following:

Proposition 3.5 (Low-frequency estimate). Under the hypotheses of Theorem 1.7, for
ﬁ = (Blaﬁ/) with ﬁl = Oa 17

[S1 (007 flzg <CL+ )7 ARy 4 CB A+ T ]
(3.16) SO0 s SCO+ 07N fly 4 OB+ ]y
$1(007 flug,, <CO+ 87 RIf| 1y + CHA+ 8| f| e
where | - |L§’,Z;1 denotes the norm in LP(Z; L9(x1)).

Proof. The proof will follow closely the treatment of the shock case in [Z3]. Let d(x1, £,\)
denote the solution of (Lg — A)i = f, where f(z1,£) denotes Fourier transform of f, and

1 . . - .
u(z,t) = Si1(t)f = ——3 / 7{ TET(Lg = A7 f (w1, €)dAdE.
2mi)* Jig<r Jréngai<r)
Recalling the resolvent estimates in Proposition 3.3, we have

(21, &, Mio@y) < Cr20” I flLi ey < Crap™PIf 1010y
where 72 is as defined in (2.24).
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Therefore, using Parseval’s identity, Fubini’s theorem, and the triangle inequality, we
may estimate

2
[ulfa(er.0)(8) = Gy /m/‘ﬁ&mmm}e (a1, €0 d)\‘ dédz,
e u(x1, &, A d¢
(27T) / ém{wq} a1, ) L2(x1) :
2
ReAt |~ & =
e w(xy, &, A 2 dA| d
(2“)%/5‘?{“%“)49} (21, &, A)|L2(2y) ‘ £

2 .
= CWE(@ﬂf G%M’sz_ld)\‘ dé.
¢ Jréngn<n

Specifically, parametrizing ¢ by
ANEK) =ik — 01 (K2 + €%, keR,
and observing that by (2.24),

1™ < (k] + [€))" [1+Z(’k 1y
< (k] + I€)- [1+Z('k Oy,

(0 < € < 1 chosen arbitrarily if there are no singularities), we estimate

IN

(3.17)

1

max; Sj

/)jé eReX ) 1dA‘ d£</’/ LRHER)L, 1dk’ dé
rén{|a|<r}

§/6_291|€|2t|§’_26 /6—91k2t|k’e—1dk‘2dg
3 R
— €12t F|—2€ — €—
#37 frer g [ oo - @) el ag
J

</6291|§~|2t|g’26 /691k2t|k|61dk’2d5
> : .

where € :

Likewise, we have

s (1) ‘% £ d/\‘ -
ML?E o1 (2m Qd/ F&ﬂ{|)\\<r}e i1, Loo(a1) dg
~ 2 -
: W /5 ‘ fi“éﬂ{lA@} e%mm(wl’g’A)‘L“’(“’“)dk‘ d

2 .
SC‘f‘%l(x)/‘f_ 6%6)\157261)\’ df
€ Jren{|A|<r}
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where

2 . = 2
/‘%~ e%e)\t,de)\‘ dgé /6—201|§2t‘/6—01k2tdk‘ df
¢1Jren{a<r} 3 R
+Z/e—2ﬂlg|2t|£|2—25/ —0, k2 t|k‘ ( |e ldk‘ df
P43

< Ct_(d+1)/2+C/€_291g|2t‘£|2_26
3

2 .
/ 6_61k2t|]{7|6_1dk" d§
R

Similarly, we estimate

lulree (

Z,rq

Ma(rn, &, )\d)\‘ dé

TEN{|A|<r} Loo(z1)

(27r)d /éjgém{xm} "1, € V)| (ar) AN

< C|flp1(a) /7{ "Ny dAdE
€ JTEN{A|<r}
where as above we have

& Jréngin<r} : .

) e R G

< Ct‘d/2 +C[e‘91|§|2t|5|1_6/ e O kL dRd€
£ R

< Ot 92,

IN

The z1-derivative bounds follow similarly by using the resolvent bounds in Proposition

3.3 with 81 = 1. The Z-derivative bounds are straightforward by the fact that 8}? = (z{~ )5 f.
Finally, each of the above integrals is bounded by C|f[11(,) as the product of |f[z1(y)

times the integral quantities yop~!, 72 over a bounded domain, hence we may replace t by
(1+¢) in the above estimates. O

Next, we obtain estimates on the high-frequency part S2(t) of the linearized solution
operator. Recall that Sy(t) = S(t) — S1(t), where

_ ; 153: L;t
5 = (2mi)d /Rd 1 “de

1 .
Si(t) = / f eMHIET (1 \)TLgNdE.
W)= Gy E<r Jréngini<r) te= :

and
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Then according to [Z4, Corollary 4.11], we can write

01+ic0
S:t)f = / /Rd1 X|E2+|SmAR>01+0

61 —100

(3.18)
X elf“*”(A — Lg) ™" f(w1,§)dgdA.
Proposition 3.6 (High-frequency estimate). Given (A1)-(A2), (HO0)-(H2), (D), and ho-
mogeneous boundary conditions (B), for 0 < |a| <s—3, s as in (HO),
[Sa(t) flr2 < Ce™ ™| f| s,

(3.19) | Y
10252(8) flr2 < Ce ™[ f] jal+a-

Proof. The proof starts with the following resolvent identity, using analyticity on the resol-
vent set p(Lg) of the resolvent (A — Lg)_l, for all f € D(Lg),
(3.20) A=La) ' f =2 A= Ly ' Lef + A7

Using this identity and (3.18) we estimate
—01+i00

()f_ (27m PV /Ql_ioo /Rdl X‘g|2+|gm)\|2291+92

A~

x CEFNATI A — L) L f (w1, €)dEd

(321) 01 +ic0
GV o L Xz

01 —ioco
x eETHNNTF (1 E)dEdN
=: 51+ 59,
where, by Plancherel’s identity and Propositions 3.6 and 3.2, we have
—01+ico .
Stliaan <€ [T ITHNIO - 2 Ll (el

91 —100

—01+i00 B R
< ce—elt/ W—s/z’(l + €D ILef b1 o) L2(§)|d)\|

—01—1ic0

< Ce M| flgs

and
1 01+i00 N ~ ~
Solra < 7’9\/. AleMan / L (2, €)d
Sz < eglPV- [, VD [ o e,
(3.22) 1 ‘ /91“7" Y / &8 EVdE
—_|P.V. A d\ i d
+ @) i e i © f(z1,8)dE L

< Ceielt’fh/%u

by direct computations, noting that the integral in A in the first term is identically zero.
This completes the proof of the first inequality stated in the proposition. Derivative bounds
follow similarly. O
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Remark 3.7. Here, we have used the \'/2 improvement in (3.5) over (3.4) together with
modifications introduced in [KZ] to greatly simplify the original high-frequency argument
given in [Z3] for the shock case.

3.3. Boundary estimates. For the purpose of studying the nonzero boundary perturba-
tion, we need the following proposition. For h := h(Z,t), define

(3.23) Di(t) := ([hel + |hi| + [haz|)(#),

and
t

(3.24) Th(t) := / /d ) <§:C¥ykl3k”1 + GA1>(m,t —5;0,9)h(7, s) dyds,
0 Jra-1 N

where G(x,t;y) is the Green function of 9, — L. This boundary term will appear when we
write down the Duhamel formulas for the linearized and nonlinear equations (see (3.36) and
(4.55)). Noting that for the outflow case, the fact that G(z,t;0,7) = 0 simplifies T'h to

t
(3.25) Th(t) = / Gy, (x,t — 5;0,7) B h djds.
0 JRd-1

Therefore when dealing with the outflow case, instead of putting assumptions on h itself
as in the inflow case, we make assumptions on B''h, matching with the hypotheses on
W-coordinates.

Proposition 3.8. Assume that h = h(Z,t) satisfies
B2 < Eo(1 + 1)~ @D/,
(3.26) ()| < Bo(1+1)~%/2
IDr(O)] 1 pyiies < Eo(1 + t) 2,
for some positive constant Eg; here |y| = [(d —1)/2] + 2, and € > 0 is arbitrary small for

d=2and e =0 for d > 3. For the outflow case, we replace these assumptions on h by
those on B h. Then we obtain

ITh(t)|2 < CEo(1 + t)~ @D/,
(3.27) IDh(t)] 200 < CEg(1+ t)~@+D/4)
z,rq

ITh(t)| g < CEo(1 +t)~%2,
and derivative bounds

0. Th(t)] 200 < CEg(1+ 1)~ @D/
Z,Tq

3.28
. |02Th(t)| 200 < CEp(1+ )™/,

T,

for all t > 0.
Proof. We first recall that G(x,t — s;y) is a solution of (0s — L,)*G* = 0, that is,

(3.29) —Gy =Y (GAY)y, + > GA] = (G, BY),,.
J J

ik
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Integrating this on R‘fr x [0,t] against

(3.30) 9(y1,9,8) = eV h(g, s),

and integrating by parts twice, we obtain
¢
T'h = —/ / (Z Gy, BY + ZGAJ>gyjdyds

0 Rf_i‘_ - -

J J

t .

_ _ J

/0 /IRi ( Gs + Z Gij)g(y, s)dyds

J

where, recalling that

S(t)f(x) = » Gz, t;y)f(y)dy,

we get
t
B L A
/O /Ri %: (G B + ;GAJ)gyjdyds
=— /tS(t - s)< - Z(Bkjgx].)xk + ZAjng)ds
0 ik j
and

oy

( —Gs+ Z GAZj)g(y, s)dyds

d
+ J

t .
== [ (=) + X 4,0)ds + g(e.1) S0 (2.0,
J
Therefore combining all these estimates yields
t
(3.31) Th = g(at) = S(go — | S(t = 5)(g. - Lag(o,5))ds
0

with go(x) := g(z,0) and Lyg = — Zj(Ajg)xj + ij(Bjkgxk)xj.
Now we are ready to employ estimates obtained in the previous section on the solution
operator S(t) = Si(t) + Sa(t). Noting that

lglpr < CWL%
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we estimate
IThlr2 < |glr2 + |S1(t)golr2 + S2(t)gol 2

+ /Ot S1(t — 5)(gs — Lg)|r2 + [Sa(t — 5)(gs — Lg)|2ds
<|h(t)] gz + CU+)7"T |gol 1+ Ce™|go| s

b [t g gl + e g+ gl
< [h(t)] g2 + COL+ )™ |hol s

+ /0 e 8) "Dy (5)[ 11 + eI |Dy(s)] rads

d—1
<CEo(1+t)~ =

and similarly we also obtain

_d+1
Chl 2 < BBz +CL+ )% |hol sz

(3:32) +C / (1L+ = )" CDADY(3)] 1y + e |Di(s)  pads

< CEp(1+ t)
and

d
IThlzee < |h(t)|Lee + C(L+1)"2]hol ;1 yies
(3.33) e / £ ) V2Dy(5)] 1 + eI Dy (8)]ypsads
< CEo(1+1)"¢.
Similar bounds hold for derivatives.
This completes the proof of the proposition. ]

3.4. Duhamel formula. The following integral representation formula expresses the solu-
tion of the inhomogeneous equation (3.1) in terms of the homogeneous solution operator S

for f, h=0.

Lemma 3.9 (Integral formulation). Solutions U of (3.1) may be expressed as

(3.34) Uz, t) =S(t)Up + /Ot S(t—s)f(-,s)+TU(0,z,t)

where U(x,0) = Up(x),

(3.35) TU(0,%,t) := /Ot /Rdl(z Gy, B + GAY)(z,t — 5,0, §)U(0,7, s) dids,
J

and G(-,t;y) = S(t)0y(-) is the Green function of Oy —
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Proof. Integrating on R‘i the linearized equations
(0s = Ly)U = f
against G(z,t — s;y) and using the fact that by duality
(0 — L) G (a,t — 5i9) = 0,

we easily obtain the lemma as in the one-dimensional case (see [YZ, NZ]), recalling that

SWf = [, Glawtin) flo)dy

3.5. Proof of linearized stability.

Proof of Theorem 1.6. Writing the Duhamel formula for the linearized equations

(3.36) U(zx,t) =S(t)Uy + T'h(z, ),

with T'h defined in (3.24), where U(z,0) = Up(x) and U(0,Z,t) = h(Z,t), and applying

estimates on low- and high-frequency operators Si(t) and Sa2(t), we obtain
[U@)|z2 < [S1(8)Uo| 2 + [S2(t)Uol 2 + Th(t)[ 2
(3.37) <O +8) T |Up|pr + Ce ™|Up| s + CEo(1 + t)~(-D/4
< CU+ 07T (Uolpsnms + Eo)
and
U (8) Lo < [81(8)Uo Lo + [S2(t)Uolzoe + [Th(t)[ 100
< C(L+ )72 [Uol s + ClS2(O)Us iy jase + CEo(1+1)~1/
< O(1+)"2 Ul + Ce™ Ul gican a5 + CEo(1+t)~%?
<C(l1+ t)_%(|U0|L1mH[(d—l)/2]+5 + Ep).

These prove the bounds as stated in the theorem for p = 2 and p = co. For 2 < p < 0o, we
use the interpolation inequality between L? and L. O

(3.38)

4. NONLINEAR STABILITY

4.1. Auxiliary energy estimates. For the analysis of nonlinear stability, we need the
following energy estimate adapted from [MaZ4, NZ, Z4]. Define the nonlinear perturbation
variables U = (u,v) by

(4.1) Uz, t) == Ul(x,t) — U(zy).

Proposition 4.1. Under the hypotheses of Theorem 1.7, let Uy € H® and U = (u, U)T be a
solution of (1.2) and (4.1). Suppose that, for 0 <t < T, the W2 norm of the solution U
remains bounded by a sufficiently small constant { > 0. Then

t
(4.2) Ut)|Hs < Ce Ul + C / e 0=7) (\U(T)PLQ + th(T)|2)dT
0

for all 0 <t < T, where the boundary term By, is defined as in Theorem 1.7.
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Proof. Observe that a straightforward calculation shows that |U|gr ~ |W/|gr,
(4.3) W=W—-W:=W(U)-W({U),

for 0 < r <'s, provided |Ul|y 2. remains bounded, hence it is sufficient to prove a corre-
sponding bound in the special variable W. We first carry out a complete proof in the more
straightforward case with conditions (A1)-(A3) replaced by the following global versions,
indicating afterward by a few brief remarks the changes needed to carry out the proof in
the general case.

(A1) AI(W), A%, AL, are symmetric, A > 6 > 0,
(A2’) Same as (A2),

N ! . . 0 0 - ~
(A3) W = (w”) , Bk =pk = <o Eﬂ'k> ;&R > 6|¢)?, and G = 0.
Substituting (4.3) into (1.4), we obtain the quasilinear perturbation equation

(4.4) AW, Y AW, = (B Wa, )y + MiWa, + Y (MIWa, ),
J Jk J

where A := A°(W + W) is symmetric positive definite, A7 := A/(W + W) are symmetric,

1
My = AYW + W) — AL (W) = (/ dA' (W + 0W)dg) 7,

0
. . _ B 0 0
M = it _ pit = - .
2 W +W) (W) (0 (Jo dbP (W + 9W)d9)W>
As shown in [MaZ4], we have bounds
(4.5) A% <O, A < CWi| < C(IWa| + Jwgg]) < O,
2
(4.6) 0. A +[054° < CY_ [OEW | + Wy |) < C(C+ W),
k=1
We have the same bounds for A7, B/* and also due to the form of M, My,
(4.7) M, [Ma| < C(C+ [Wa, )W,

Note that thanks to Lemma 1.3 we have the bound on the profile: |W,,| < Ce 1l as
xr1 — +00.

The following results assert that hyperbolic effects can compensate for degenerate vis-
cosity B, as revealed by the existence of a compensating matrix K.

Lemma 4.2 ([KSh]). Assuming (A1’), condition (A2’) is equivalent to the following:
(K1) There exist smooth skew-symmetric “compensating matrices” K (&), homogeneous
degree one in &, such that

(4.8) Re (D &&B™ — K(©A) Y 6A") (Wa) = afef > 0
Ik k

for all € € RT\ {0}.
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Define o by the ODE

(4.9) gy = —sign(A})c|[We, o, a(0) =1
where ¢, > 0 is a large constant to be chosen later. Note that we have
(4.10) (o, J) AL, < =01 W, | =1 —w(z1)

and

(4.11) g Ja| < e Wy | = 07 tw(zy).

In what follows, we shall use (,-) as the a-weighted L? inner product defined as
<f7 g> = <afa g>L2(Ri)

and

1l =3 3 (arsoes)”

1=0 |a|=t
as the norm in weighted H® space. Note that for any symmetric operator .S,
1 .
<Sf$j7f>:_§<5x]’faf>a j?él
1 1
<Sf1‘1a f> = _§<(S$1 + (Ole/Oé)S)f, f> - §<Sfa f>[)7

where (-, -), denotes the integration on Rd := {z1 = 0} x R?~1. Also we define

- /
I£l0s = Iy = 3 3 (027,080)

i=0 |a|=i

Note that in what follows, we shall pay attention to keeping track of c,. For constants
independent of c¢,, we simply write them as C. Also, for simplicity, the sum symbol will
sometimes be dropped where it is no confusion. We write |[fz|| = >_; [|fz,[| and |0k f|| =

2=k 102 -

4.1.1. Zeroth order “Friedrichs-type” estimate. First, by integration by parts and estimates

(4.5), (4.6), and then (4.10), we obtain for j # 1,

‘ 1 . _
—( AWy, W) = S (AL, W, W) < C((C+ W, w, w’) + Cllw™ |3

and for j =1,
—(AYW,, , W) = %<(A;1 + (g, JQ) AW, W) + %<A1W, W),
< %<(ax1/a)z4hw],w]> + C((C+ Way DIW |+ w(zn) ], [W]) +
< —1<w(x)wl, w!) + C((¢+ W, o', w') + Cle) w15 + 5,

2
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where J denotes the boundary term 1(A'W,W),. The term (|Wj, |w’, w’) may be easily
absorbed into the first term of the right-hand side, since for c, sufficiently large,

(4.12) (Way o, 0"y < (e06) (e )w! w!) <

Also, integration by parts yields

<(BjkaCk>$j7 W> - _<BjkW$k7 WSC]'> - <<a$1 /a>BlkW$k7 W> - <BlkW$k7 W>0

< —Ollwy I + Clwla)wy’, wl) — (0w, w'h)
II II k, II  II
< =Ollw I + Clenllw 1§ — (b Fwg, w'),.

where we used the fact that B/*W,-W = b/kw!!.w!! noting that B has block-diagonal form
with the first block identical to zero. Similarly, recalling that Mj = B/Y(W +W) — BIL(W),
we have
<(M5V_Vx1)xjv W> = *(M%le ) WIj> - <(a$1 /a)M%Wmv W> - <M21W9317 W>0

< C(Wa [[W], [wg ) + Clo (@)W, — (maWay , w!h),

< w3 + € (e(wlww!, w) + Clen) [w!F) = (m3Wa,, w'h),
for any small £, e. Note that C is independent of ¢,. Therefore, for £ = 6/2 and ¢, sufficiently
large, combining all above estimates, we obtain

(4.13)

1 1
S LAOWLIY = (AW W)+ AT W)

, . _ - 1
= (AW, + (B*Wo )a, + MiWy, + (M3Wy, e, , W) + 5<A§W, 140)
1

< = llw@)w’, wh) + 0w 5] + CCllw' (1§ + Clea) w15+ 1)

where the boundary term
1 -
(4'14) Il? = §<A1W7 W)O - <b1kwalc£7wn>0 B <m%W$17wH>O

which, in the outflow case (thanks to the negative definiteness of A},), is estimated as

61
(4.15) 1 <~ B + O[30 + ot ool loo).
and similarly in the inflow case, estimated as
(4.16) Iy < C(IWII5 0 + llwz lloollwlo.)-

Here we recall that || - |[os := || - HHs(Rg)-
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4.1.2. First order “Friedrichs-type” estimate. Similarly as above, we need the following key
estimate, computing by the use of integration by parts, (4.12), and ¢, being sufficiently
large,

- Z(chz ) Al Wl‘izj >
J

1 . 1
(4.17) =3 Z<Wz“ AL W)
J

+ o (W,

1
2 i) (am/a)AlWIi) + §<W$i7A1Wxi>0

< — @yl wh) + OClullld + Cllull I + 5 (Way, AT ),
We deal with the boundary term later. Now let us compute
(418) SO AW, W) = (Way, (APWA).,) — (Wa, AL W) + S ADW, W),
We control each term in turn. By (4.5) and (4.6), we first have
(AL Way, W) < CC|Wall3
(1),
(Wi, AL W) | SC{(C+ [Way DIWal, (Wl + lwgg| + W)
<Ellwgzll§ + CUC + Wiy wgs wz) + C((C + Wy !, ') + Cllu |7,

where the term (|[W,, |wl,wl) may be treated in the same way as was {|W,,|w!,w!) in
(4.12). Using (4.4), we write the first term in the right-hand side of (4. 18)

(Wa, (AW 0,) =Wy, [FAT W, + (B* Wy )u, + MWy, + ( Way)a;la:)
— (Way, AWo0) + (Way, = AL Wo, + (M) ) N
— (Wasay [(B*FWa, ), + (MZ Wy ), ])
— (e, J) W, [(B¥Wo, ), + (My Wy )z, ])
— (W, (B Wy ), + (Ma Wy )i

[yl wly + 0wl 3]

+C [l + Clen) [wh I + Wy ! w')] + 13

and by multiplying (A4%)~! into

< -

where Il} denotes the boundary terms

1 _
Il} L= §<W$i7A1WCCi>O - <WJ»‘¢7 [(BlkWCCk)JEL + (M21WJ»‘1)961]>0
(4.19) . i
- §<Wmi7A1W96i>0 - < [(blk II) + (m%Wm)MD

wk 0’

7

jk J

and we have used (A3) for each fixed i and §; = (Wy, )., to get
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and estimates (4.17),(4.12) for w!,w!, and Young’s inequality to obtain:
(Wa, = ALWo + (MiWa, )o) < C{(C + [Wa, DIWal, [Wal + [W1).
~(Waa + (0, /@)W, (BT W,),) <
~Ollwggll§ + C{lwag] + w(@)lwg'|, (¢ + W, ) wy")
—(Wa + (g )W, (MEWo,)) <
O{jwyg] +w (@) wg], (€ + [Way ) (W] + [W])).
Putting these estimates together into (4.18), we have obtained

1d 1 I,
th 4< (xl)wmvw:v>

(4.21) < c[cnwfu% (W ! wh) + Ol 2] + 1

(AW, W) + 9Hw 25+

Let us now treat the boundary term. First observe that using the parabolic equations,
noting that A° is the diagonal-block form, we can estimate

(422) (b*wll )2, (0,3,6) < C(Jwf | + [Wa, | + W) (0,2,1)
and thus for i # 1
<w9[0{’ [(blkwii)xl + (m%Wm)zZDO

w.2) < [ hoth 1w+ )

0

<c [ (WP pllP+ub?)
0

and for i = 1, using b'* = b*, (4.22), and recalling here that we always use the sum

convention,
1 ,
Z(blk Ii) 25((b1k Ii) (bylwll) + bty H bﬂ )
k
1
(4.24) :§<(ka H) + btk 11 b?pl Z (7w ii) )
JFL k#1
O (|l | + W1+ [Wa | + ik |).
Therefore

< xla[(blk II) +(m2W€E1 $1]>
/ w]? +c/ (LG

For the first term in [ l}’ we consider each inflow/outflow case separately. For the outflow
case, since A}; < —6; < 0, we get

6
AW, - W, < —51|w£|2 + Clwll?,
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Therefore

0
(4:25) B [P [ (WP P P ).
2 Iy Ry

Meanwhile, for the inflow case, since A}; > 6; > 0, we have
|AYW, - W, | < CIW,|2.
In this case, the invertibility of Al; allows us to use the hyperbolic equation to derive
wi, | < O(wi |+ [w] + lwg).
Therefore we get
(4:26) < [ (WP + W + [l + ol P+ ol ).

0

Now apply the standard Sobolev inequality
(4.27) w(0)]* < Cllwl| 2@y (lwa | L2y + 1wl L2 (w)

to control the term |wl!(0)? in I} in both cases. We get

(1.25) [, Wi < ki + 1B

0

Using this with ¢’ = 6/8, (4.19), and (4.25), the estimate (4.21) reads

d
(4.29) AW, W) + [l 5 + (w(@)ws, ;)

< (w3 + (Way [ wT) + Clen) |l |3) + 13

where the (new) boundary term I} satisfies

0
@) p=- [ lPao [ (WPl P o )
R{ L
for the outflow case, and
(431) < [ (WP WP+ WP + k)
RO

for the inflow case.

4.1.3. Higher order “Friedrichs-type” estimate. For any fixed multi-index o = (g, - -+ , ),
a1 =0,1, |a] =k = 2,..., s, by computing %(AOE?;“VV, 0¢W) and following the same spirit
as the above subsection, we easily obtain

d
Z(APRW, 00 W ) + 010w} + (wlan)dw!, 5 w)
(4.32) k=1 ' '

< C(Clen) W I+ Clw' |7 + (W 0w, iwh) ) + I
=1

=
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where

O =0 0, OXT = YO 00, D= O O

J |8|=i
and the boundary term I} satisfies
0 (k+1)/2] k=1 koo
@33 g9 [ jetPac [ (03 0P Yl 3 k)
RS Rg i=1 =0 i=0

for the outflow case, and

koo [(k+1)/2] koo
(4.34) Iy < /d (Z@U)IIQ + Z B w!!|? +Z|3§W|2>
R =0 i=1 i=0

for the inflow case.

Now for o with a; = 2, ..., s we observe that the estimate (4.32) still holds. Indeed, using
integration by parts and computing %(AOQ‘;VV, 0%W) as above leaves the boundary terms
as

1 _
(4.35) Iy = (W, ALOTW ) — (5w, 82[(b wg) + (myWoy )]) -
Then we can use the parabolic equations to solve
wglc{xl = (bu)_l (Agwtll + A%WCL‘J - (bjkwll)xj - bﬂwglc{ - Mle - (m%WM )%)

T

Using this we can reduce the order of derivative with respect to z; in 0% to one, with the
same spirit as (4.23) and (4.24). Finally we use the Sobolev embedding similar to (4.28) to
obtain the estimate for the normal derivative J,,, and get the estimate for I}* as claimed in
(4.33) and (4.34).

We recall next the following Kawashima-type estimate, presented in [Z3], to bound the
term ||w!||7 appearing on the left hand side of (4.32).

4.1.4. “Kawashima-type” estimate. Let K () be the skew-symmetry in (4.8). Using Plancherel’s
identity and the equations (4.4), we compute

1d v 1d
§%<K(aw)axm Oy) = 5%@[((5)(1:5) w, (ZF) W)
(436) = (1K (&) (i)W, (i§)"Wy)
' = (i)W, =K ()(A) " > AL (#)W)
J
+ (K (&)(i€)"W, (i€)"H),
where
H =" ((A)7 4], = (A0 A )W,
(4.37) 7

+ (A% ( S (B W e, + MiWa, + Z(Mngl)gcj).
i ;
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By using the fact that ](Ag)*lAi — (ANTLAT| = O(¢ + |[Wy,|), we can easily obtain

r+1
|05 Hl5 < Cllw 120+ C D (¢ + [Wa, )0k, 05w").
k=0

Meanwhile, applying (4.8) into the first term of the last line in (4.36), we get
(i)W, — K(©)(A9) ™ Y &A% (i) W)
J
> 0[] WG — el a3
= 0l|0; " w'|[§ — Clloy .

Putting these estimates together into (4.36), we have obtained the high order “Kawashima-
type” estimate:

d 7T T T
77 B (02) 0 W, 0, W) < — 010, w5 + Cllw™ |17,
(4.38) r+1 B 4 4
+CY (€ + Wy |)Ohw, D)
1=0

4.1.5. Final estimates. We are ready to conclude our result. First combining the estimate
(4.29) with (4.13), we easily obtain

1d

2dt
<~ (Dpot2 + Lotanywl, wh
> g Max 0 4 W1 )Wy, Wy

+ C (¢l I 4+ ([ Way o ") + Cle) o ) + 13
M

- (wlow!,w') + 0wl ) + CMCllw” I + MC(e.)lw |3 + M1}

By choosing M sufficiently large such that M6 > C(c.), and noting that c.6:|W,,| <
w(xy1), we get

((AOWI, W) + M (AW, W))

1d
2di
(4.30) < = (B3 + (wanw! w') + @wl,wl))

((AOWx, W) + M{AW, W))

+ (¢l |3 + Clen) ' I3) + 1 + M.

We shall treat the boundary terms later. Now we use the estimate (4.38) (for r = 0) to
absorb the term ||@,w!||p into the left hand side. Indeed, fixing c. large as above, adding
(4.39) with (4.38) times €, and choosing €, ¢ sufficiently small such that eC(c,) < 0,e < 1
and ¢ < efly, we obtain
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/N

% (AW, W) + M(AW, W) + (KW, W))
< — (B + wiaw’,wh) + (o)l wh))

| =

Os¢
2
+ Ce(Jl™ I + Cllw |3 + (wlww!, w’) + (wlzn)wh,wh)) + 1} + M1
1
< = 5 (0113 + Gaelwl ) + )W IR+ 1,

where [ 1= Ibl + MII?.

In view of boundary terms I{ and I}, we treat the term I, in each inflow /outflow case
separately. Recall the inequality (4.28), |wll|oo < C|lw’!||o>. Thus, using this, for the
inflow case we have

(4.40) I < C(W 50 + llwz loollw lloo) < CUWIIE o + llwi' 5,0 + elw [3)

+ (w2 + Clen) ! I3) = 25 w3

and for the outflow case,

91 I II 11 II
Iy < —5 lw 15,0 + CUlw" 150 + llwg lloollw]lo,0)
(4.41) .
1 I II II II
< =5l 5.0 + CUlw" 1§ 0 + lwg 13,0 + €llw!113).

Therefore these together with (4.30) and (4.31), using the good estimate of || wlL||2, yield
0
(442)  h<—o | (WPl 40 [ (Pl P+ w2+ ol ?)
2 Iy Ry
for the outflow case, and

(4.43) < [ (WP WP+ W + [ ?)
Rg

for the inflow case.
Now by Cauchy-Schwarz’s inequality, | K (£)| < C|£|, and positive definiteness of A, it is
easy to see that

(444) &= (AW, W) + M{A'W, W) + (K (8:)W, W) ~ [[W|5 ~ [[W ][5
The last equivalence is due to the fact that « is bounded above and below away from zero.
Thus the above yields

d

SEW)(E) < —0:EW)(1) + Clea) (IW O + B (1)),

for some positive constant #3, which by the Gronwall inequality implies

t
(145) WO < C P Wold + Cle) [ (IW)Bs + 1Bi(r)) dr
0



32 T. NGUYEN AND K. ZUMBRUN

where W (x,0) = Wy(z) and

(4.46) Bir) = [ (IWE+ W2 4+ Wel? + )
RO
for the inflow case, and
(4.47) Bur)R = [ (TP o+ fudl P+ fofP o+ ot
R§

for the outflow case.
Similarly, by induction, we can derive the same estimates for W in H®. To do that, let
us define

EL(W) = (AW, W,) + M(A"W, W) + e(KW,, W)
En(W) := (AYOFW, 0E W) + ME,_ (W) + e(KO*W, 08 'W),  k<s.

Then similarly by the Cauchy-Schwarz inequality, E(W) ~ ||[W|%., and by induction,
we obtain

%ES(W)(t) < —03E(W)(t) + Cle)(IW (D172 + [Br()]?),

for some positive constant 63, which by the Gronwall inequality yields
¢
(4.48) IW(O7e < Ce™®([Wollfs + C(C*)/ eI (W ()72 + 1Br(7))dr,
0

where W (xz,0) = Wy(x), and By, are defined as in (1.14) and (1.15).

4.1.6. The general case. Following [MaZ4, Z3], the general case that hypotheses (A1)-(A3)
hold can easily be covered via following simple observations. First, we may express matrix
Ain (4.4) as

(4‘49) AJ(W + V_V) = Aj + (C + ’le‘) (O(()l) 8%3) ’

where Al is a symmetric matrix obeying the same derivative bounds as described for A7,
Al identical to A' in the 11 block and obtained in other blocks kl by
AW+ W) = Ag(W) + Ay (W + W) — Ay (W)
(4.50) = A(Wy) + O(|We| + [Wa, |)
= A (Wi) + O(C + [Wa, )
and meanwhile, A7, j # 1, obtained by A7 = AJ(W )+ O(C + | Wy, |), similarly as in (4.50).

Replacing A’ by AJ in the k™ order Friedrichs-type bounds above, we find that the
resulting error terms may be expressed as

<8§O(C + ‘V_VQH ’)‘W|7 ’8’;+1w11‘>7

plus lower order terms, easily absorbed using Young’s inequality, and boundary terms

k
o) 195w (0)]|05w! (0)])
=0
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resulting from the use of integration by parts as we deal with the 12-block. However these
boundary terms were already treated somewhere as before. Hence we can recover the same
Friedrichs-type estimates obtained above. Thus we may relax (A1l’) to (Al).

Next, to relax (A3') to (A3), first we show that the symmetry condition B/* = B* is
not necessary. Indeed, by writing

; 1, . 1 . _
k _ k k k k
S (B W), =Y (5(33 +B J)ka)xj 5 2B = By, W,
jk Jk jk
we can just replace B/* by Bk .= %(Bjk + BM), satisfying the same (A3'), and thus still
obtain the energy estimates as before, with a harmless error term (last term in the above

identity). Next notice that the term g(W,) — g(W5,) in the perturbation equation may be
Taylor expanded as

<91(Wx,Wx1) _?'gl(Wml,Wx)> i <0(|V0Vx|2)>

The first term, since it vanishes in the first component and since |W,| decays at plus spatial
infinity, yields by Young’s inequality the estimate

< (m(WgE,Wm) ‘?‘gl(Wml,Wx)> ) <$§I> > < C(<(C + [Wa, wg, wh) + IIwiIH%>

which can be treated in the Friedrichs-type estimates. The (0, O(|W,|?)T nonlinear term
may be treated as other source terms in the energy estimates. Specifically, the worst-case

term
(02wt (ogmpm))

= — (O w0 O(We ) — 95w (0)0y O(IWel*)(0)
may be bounded by
105w | 2 Wz [ W | g1 — 85w (0)05 1 O(|W ) (0).

The boundary term will contribute to energy estimates in the form (4.35) of I, and thus
we may use the parabolic equations to get rid of this term as we did in (4.23), (4.24). Thus,
we may relax (A3') to (A3), completing the proof of the general case (A1) — (A3) and the
proposition. ]

4.2. Proof of nonlinear stability. Defining the perturbation variable U := U—U, we
obtain the nonlinear perturbation equations

(4.51) U= LU = QU Uy)ay,
J
where
Q' (U,U;) = O(|U|Us| + |U?)
(4.52) Q(U,Uy)z; = O(U||Us| + |U|Usa| + [Us]?)
Q' (U, Up)zjar, = O(UUsa| + Ul |Usa| + [Usl* + |U]|Usaz|)
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so long as |U| remains bounded.
For boundary conditions written in U-coordinates, (B) gives

(4.53) h= =W (UﬁL U) —W( ~))(O,yi,t) o
= (OW /oU)(Uo)U (0,7, 1) + O(U(0,Z,t)[*).
in inflow case, where (0 W/ U)(Up) is constant and invertible, and
h= = @"U+0)-a"(0))0,,¢)
= (5wn/5U)(Uo)U(0 &,t) + O(|U(0,2,)[)
(4.54) -
=m (b1 b2) (Uo)U(0,2,t) + O(|U(0,,)[)
= mB(Uy)U(0,%,t) + O(|U(0, %,1)|?)
for some invertible constant matrix m.
Applying Lemma 3.9 to (4.51), we obtain
(4.55) U(z,t) =S(t)Up + /0 S(t—s) Z (%ij(U, U;)ds +TU(0,z,t)
J
where U(z,0) = Up(x),
456)  TU0,71) = /0 /R dl(; Gy B+ GAY (2,1 — 5,0,§)U (0, §, ) dijds,

and G is the Green function of 9; —

Proof of Theorem 1.7. Define
d—
(1) o= sup (JU(5) 13 (1 + ) + U (8) (1 + )

+([U(s)] + [T (5)] + 02U ()] 2w (14 )5 ).

1:1:1

e,

(4.57)

We shall prove here that for all ¢ > 0 for which a solution exists with ((¢) uniformly
bounded by some fixed, sufficiently small constant, there holds

(4.58) ¢() < C(|Vol s + Eo+((1)?*).
This bound together with continuity of {(¢) implies that
(4.59) ¢(t) < 2C(|Uo|prnp= + Eo)

for ¢ > 0, provided that |Up|p1nps + Eo < 1/4C2. This would complete the proof of the
bounds as claimed in the theorem, and thus give the main theorem.

By standard short-time theory/local well-posedness in H*, and the standard principle
of continuation, there exists a solution U € H*® on the open time-interval for which |U|gs
remains bounded, and on this interval (¢) is well-defined and continuous. Now, let [0,7)
be the maximal interval on which |U|gs remains strictly bounded by some fixed, sufficiently
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small constant § > 0. By Proposition 4.1, and the Sobolev embeding inequality |U|y2.00 <
C|U|gs, we have

t
2 < et U 2. —0(t—7) 2 2
e +c/0 e ([U() s +1Bu(r)P ) dr

< C(|Uo|%s + EZ2 4 ¢()*)(1 4 t)~d=D/2,

and so the solution continues so long as ¢ remains small, with bound (4.59), yielding exis-
tence and the claimed bounds.
Thus, it remains to prove the claim (4.58). First by (4.55), we obtain

t .
U (#)] 12 <[S(#)Uo] 2 +/0 |S1(t = 5)05,Q (5)[ 2ds

t
(4.61) . / |Sa(t — 5)0, Q7 (s)| 12ds + [TU (0,7, 1) 2
0

<Ii + I, + I3+ |[TU(0, &, t)| 12
where

d—1
I : = ‘S(t)U0’L2 < C(l +t)_T’U0|L1ﬁH3a

t .
L= /0 1S1(t — 5)0,, QY (5)] 2dls

d—1_

t
<c / (1t — )T 3]QI () 11 + (14 8) T |QI(5)] 1o ds
0 T,T1

t d—1 d—1
<C [(ae— sy T AU + 1t 97 (R + Ul )ds
0 T,xq T,xq

d—1

< Ol + <) [ [1+t=97FH0 4077

da+1

+(1+t— s)*%(l + s)fT}ds

<O+~ T (U3 + C(1))
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and

Iy — /Ot 8ot — 5)00, @ (s) | 2ds
<[ 0091, QI () s
<c /0 eI (U | oo + Uy o0) U | ol
< C/Dt e =9 % ds

t —_
< O(Uolie +<(6)%) /0 e (1 4 5)~ T ds

d—1

< CA+1t)72 (|Uolhs +¢(1)%).
Meanwhile, for the boundary term |[T'U(0, &

the inflow case, then by (4.53) we have

U(0,2, )] < Clh(@,8)] + O(lU(0, 2, 1)),

and thus |U (0, z,t)| < C|h(,t)|, provided that |h| is sufficiently small. Therefore under the
hypotheses on h in Theorem 1.7, Proposition 3.8 yields

ITU(0, -, )|z < CEo(1+1) 7.
Now for the outflow case, recall that in this case G(x,t;0,7) = 0. Thus (4.56) simplifies

, )12, we treat two cases separately. First for

to
t
(4.62) TU(0,,t) = / Gy, (z,t — 5;0,5) B U(0, 9, s) dijds.
0 Rd-1
To deal with this term, we shall use Proposition 3.8 as in the inflow case. In view of (4.54),

|B'U(0,,s)| < C|h(g,t)| + O(U(0,7, )%,

and assumptions on h are imposed as in Theorem 1.6, so that (3.26) is satisfied. To check
the last term O(|U(0)|?), using the definition (4.57) of ((t), we have
d+1

lO(|U(0, 7, 3)‘2)‘L2 < C’U‘LOO’U‘Lg,oo < CCQ(t)(l + s)_%_ 1
T,xq
10U (0,7, 5)*) |1 < ClU[3 < CC()(1+5)7°
and for the term Dy, with h replaced by O(|U (0, §, 5)|?), using the standard Holder inequality
to get
Dulpy < CU s + sl + [Usal2o) < CCH(A +5)"F
’Dh’H[(d—l)/2]+5 S C’U‘Loo’U‘Hs S ng(w(l —+ 3)_d/2_(d_1)/4.

We remark here that Sobolev bounds (4.60) are not good enough for estimates of Dy, in L!,
requiring a decay at rate (1 + t)*d/ 2=¢ for the two-dimensional case (see Proposition 3.8).
This is exactly why we have to keep track of Uzz in L** norm in ((t) as well, to gain a
bound as above for Dy,.
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Therefore applying Proposition 3.8, we also obtain (4.62) for the outflow case. Combining
these above estimates yields

(4.63) U(#)]22(1+8)T < C(|Uol 1 + Eo +C(H)?).

Next, we estimate

U2 <ISOVolyz + /|&tsw P (5)] o ds

T,rq

(4.64) +/ Salt = )00, Q(5)] p20x ds + [PU(0,,)] 2x
0 III

<Ji+ Jo+J35+ |FU(0,SE, t)|L%,oo

Z,xq

where

d+1
=wm%mwfcu+w%ﬂ%mmﬂ

,,,,,

- /Ot Si(t = )00, @ ()] 2 ds

<0 [t T HQ I + 0+ T Q)]

< C/(]t(1+t—s)T§|U]§{1 +(1+t—s)*%(!U\i;z + \Ux!i;ﬁ)ds

< (Ul + <) [ (11— b )
F(l+t—s) T (1+s) T ds

< L+ 8- (Vo + ()

and (by Moser’s inequality)
J3 = /t |Sa(t — S)aijj(S”Lﬁ:ii ds
<0 [ 0, Q6 s
<0 [N s

t
< CUfe + 0P [ I (145 T s
0

<O+ T (Ul + (1)),

These estimates together with similar treatment for the boundary term yield

(4.65) Ut !LZw(1+t) " < C|Uolpinas + Eo+ (1)),
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Similarly, we have the same estimate for |Uy ()], 2 . Indeed, we have

T,rq

t
Ua()] 20 <|06S()0] 20 + / 10251 (t — )0, QI ()] 2. ds
Z,xq Z,x1 0

T,xq

t
(4.66) + / 10282t — $)00, Q7 (5)| 2w ds + |0,TU (0, 7, 1) 2
0 T,xq

T,Tq

<K;+ Ky + K3+ 10,I'U(0, z, t)‘L%,oo

T,xq

where Ky and K3 are treated exactly in the same way as the treatment of Js, J3, yet in
the first term of Ky it is a bit better by a factor t~/2. Similar bounds hold for |Uszz| in
L% noting that there are no higher derivatives in z1 involved and thus similar to those
in (4.64).

Finally, we estimate the L® norm of U. By Duhamel’s formula (4.55), we obtain

t
U ()| Lo <|S(#)UolL +/0 [S1(t — 8)05,Q7 (s)| 1 ds

4.67 ! : i
(4.67) + / |S2(t — 8)0z,Q(8)|Lods + |TU(0, Z,t)| Lo
0
<Li+ Lo+ L3+ ’FU(O,.%,t)‘Loo
where the boundary term is treated in the same way as above, and for |y| = [(d —1)/2] + 2,

d
Li:= |S(t)U()‘Loo < C(l +t)7§‘UO|leH|W‘+37

t -
Ly:= /0 |S1(t — 8)0x, Q7 (5)| Lo ds

1

t
<c / (11— 8) 5 5(QI(8) 1 + (1+ ) 5(QI(8)] 1 ds
0 T,Tq
d
2

t
< C/ (I4t—s) 22U + (1 +t—s)" (|in2,00 + yUx|2LQ,m)ds
0 T,T1 T,r]

d d—1
2

§0(1U0|%Is+c(t)2)/o (4t-9 83019
+(1+t—5)_g(1+8)_%]ds

< C(+1)"2(|Up|%s + C(1)2)
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and (again by Moser’s inequality),
Ly: = /Ot ot — 500, @ (s) | ds
< [ 15alt = 90, Qs
< /0 e~ 00)10,Q (5) | v o

t
< C/ 6_9(t_8)‘U‘LDO‘U|HhI+5dS
0

t
< C(|Uol%. +<(t)2)/ e =91 4 §)"2(1 + 5)~ T ds
0
< C(1L+ 1) 2 (|Uo[%- + C(1)?).
Therefore we have obtained
(4.68) U ()15 (1 +8)% < C(\Uo|pins + Eo + C(t)?)

and thus completed the proof of claim (4.58), and the main theorem. O

APPENDIX A. PHYSICAL DISCUSSION IN THE ISENTROPIC CASE

In this appendix, we revisit in slightly more detail the drag-reduction problem sketched in
Examples 1.1-1.2, in the simplified context of the two-dimensional isentropic case. Following
the notation of [GMWZ5], consider the two-dimensional isentropic compressible Navier—
Stokes equations

(A1) pr + (pu)e + (pv)y =0,
(A.2) (pu)e + (pu?)z + (puv)y + pa = (241 + N)tiae + pttyy + (1 + 1) Vay,
(A'3) (Pv)t + (Puv)m + (PUQ)y + Dy = PUzx + (2,u + n)vyy + (M + W)ny

on the half-space y > 0, where p is density, u and v are velocities in z and y directions,
and p = p(p) is pressure, and g > |n| > 0 are coefficients of first (“dynamic”) and second
viscosity, making the standard monotone pressure assumption p’(p) > 0.

We imagine a porous airfoil lying along the z-axis, with constant imposed normal velocity
v(0) = V and zero transverse relative velocity u(0) = 0 imposed at the airfoil surface, and
seek a laminar boundary-layer flow (p,u,v)(y) with transverse relative velocity us a short
distance away the airfoil, with |V'| much less than the sound speed ¢ and |uo| of an order
roughly comparable to cso.

A.1. Existence. The possible boundary-layer solutions have been completely categorized
in this case in Section 5.1 of [GMWZ5]. We here cite the relevant conclusions, referring to
[GMWZ5] for the (straightforward) justifying computations.
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A.1.1. Outflow case (V < 0). In the outflow case, the scenario described above corresponds
to case (5.15) of [GMWZ5], in which it is found that the only solutions are purely transverse
flows

(A4) (ps0) = (p0, V), uly) = uoo(1 — V¥,

varying only in the tranverse velocity u. The drag force per unit length at the airfoil, by
Newton’s law of viscosity, is

(A-5> /“jy‘yio = uoopoo,v|7

since momentum m := pgV = pooV is constant throughout the layer, so that (peo, uso being
imposed by ambient conditions away from the wing) drag is proportional to the speed |V|
of the imposed normal velocity.

A.1.2. Inflow case (V > 0). Consulting again [GMWZ5] (p. 61), we find for V > 0 with
specified (p,u,v)(0) of the orders described above, the only solutions are purely normal
flows,

(A.6) u=u(0), (p,v) = (p,0)(y),

varying only in the normal velocity v. Thus, it is not possible to reconcile the velocity u(0)
at the airfoil with the velocity uso >> ¢ some distance away.

As discussed in [MN], the expected behavior in such a case consists rather of a combi-
nation of a boundary-layer at y = 0 and one or more elementary planar shock, rarefaction,
or contact waves moving away from y = 0: in this case a shear wave moving with normal
fluid velocity V into the half-space, across which the transverse velocity changes from zero
to uso. That is, a characteristic layer analogous to the solid-boundary case detaches from
the airfoil and travels outward into the flow field. In this case, one would not expect drag
reduction compared to the solid-boundary case, but rather some increase.

A.2. Stability. If we consider one-dimensional stability, or stability with respect to per-
turbations depending only on y, we find that the linearized eigenvalue equations decouple
into the constant-coefficient linearized eigenvalue equations for (p, v) about a constant layer
(p,v) = (po, V), and the scalar linearized eigenvalue equation

(A7) APU + My = [y,

associated with the constant-coefficient convection-diffusion equation pu; + mu = pay,,
m := pv = poV, p = po. As the constant layer (pg, V') is stable by Corollary 1.5 or direct
calculation (Fourier transform), and (A.7) is stable by direct calculation, we may thus
conclude that purely transverse layers are one-dimensionally stable.

Considered with respect to general perturbations, the equations do not decouple, nor do
they reduce to constant-coefficient form, but to a second order system whose coefficients are
quadratic polynomials in e”V¥. It would be very interesting to try to resolve the question
of spectral stability by direct solution using this special form, or, alternatively, to perform
a numerical study as done in [HLyZ2] for the multi-dimensional shock wave case.

Remark A.1. For general laminar boundary layers (p, u,?)(y), the one-dimensional sta-
bility problem, now variable-coefficient, does not completely decouple, but has triangular
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form, breaking into a system in (p,v) alone and an equation in u forced by (p,v). Stabil-
ity with respect to general perturbations, therefore, is equivalent to stability with respect
to perturbations of form (p,0,v) or (0,u,0). For perturbations (p,u,v) = (0,u,0), the u
equation again becomes (A.7), with u, m still constant, but p varying in y. Taking the real
part of the complex L? inner product of u against (A.7) gives

RA||ullZ2 + uy 12 =0,

hence for /A > 0, u = constant = 0. Thus, the layer is one-dimensionally stable if and only
if the normal part (p, v) is stable with respect to perturbations (p,v). Stability of normal
layers was studied in [CHNZ]| for a y-law gas p(p) = ap?, 1 < v < 3, with the conclusion
that all layers are one-dimensionally stable, independent of amplitude, in the general inflow
and compressive outflow cases. Hence, we can make the same conclusion for full layers
(p,u,v). In the present context, this includes all cases except for suction with supersonic
velocity |V| > ¢, which in the notation of [CHNZ] is of ezpansive outflow type, since || is
decreasing with y, so that density p (since m = pv = constant) is increasing.

A.3. Discussion. Note that we do not achieve by subsonic boundary suction an exact
laminar flow connecting the values (u,v) = (0,V') at the wing to the values (uq,0) of the
ambient flow at infinity, but rather to an intermediate value (uoo, V). That is, we trade
a large variation u, in shear for a possibly small variation V in normal velocity, which
appears now as a boundary condition for the outer, approximately Euler flow away from
the boundary layer. Whether the full solution is stable appears to be a question concerning
also nonstationary Euler flow. It is not clear either what is the optimal outflux velocity
V. From (A.5) and the discussion just above, it appears desirable to minimize |V, since
this minimizes both drag and the imbalance between flow v, just outside the boundary
layer and the ambient flow at infinity. On the other hand, we expect that stability becomes
more delicate in the characteristic limit V' — 07, in the sense that the size of the basin of
attraction of the boundary layer shrinks to zero (recall, we have ignored throughout our
analysis the size of the basin of attraction, taking perturbations as small as needed without
keeping track of constants). These would be quite interesting issues for further investigation.
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