ON ASYMPTOTIC STABILITY OF NONCHARACTERISTIC VISCOUS

BOUNDARY LAYERS

TOAN NGUYEN

ABSTRACT. We extend our recent work with K. Zumbrun on long-time stability of multi-
dimensional noncharacteristic viscous boundary layers of a class of symmetrizable hyperbolic-
parabolic systems. Our main improvements are (i) to establish the stability for a larger
class of systems in dimensions d > 2, yielding the result for certain magnetohydrodynam-
ics (MHD) layers; (ii) to drop a technical assumption on the so—called glancing set which
was used in previous works. We also provide a different proof of low-frequency estimates
by employing the method of Kreiss’ symmetrizers, replacing the one relying on detailed
derivation of pointwise bounds on the resolvent kernel.
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1. INTRODUCTION

Boundary layers occur in many physical settings, such as gas dynamics and magneto-
hydrodynamics (MHD) with inflow or outflow boundary conditions, for example the flow
around an airfoil with micro-suction or blowing. Layers satisfying such boundary conditions
are called noncharacteristic layers; see, for example, the physical discussion in [S, SGKO].
See also [GMWZ5, YZ, NZ1, NZ2, Z5] for further discussion.

In this paper, we study the stability of boundary layers assuming that the layer is non-
characteristic. Specifically, we consider a boundary layer, or stationary solution, connecting
the endstate U, :

(1.1) U=U(zy), lim U(zy) =Uy.

r1—-+00

of a general system of viscous conservation laws on the quarter-space

(1.2) U+ FI(U); =Y (B*U)Us,)e;, z€R], >0,

J ik
U,Fi € R", Bi* ¢ R™", with initial data U(z,0) = Up(x) and boundary conditions as
specified in (B) below.

An fundamental question is to establish asymptotic stability of these solutions under
perturbation of the initial or boundary data. This question has been investigated in [GR,
MeZ1, GMWZ5, GMWZ6, YZ, NZ1, NZ2] for arbitrary-amplitude boundary-layers using
Evans function techniques, with the result that linearized and nonlinear stability reduce to
a generalized spectral stability, or Evans stability, condition. See also the small-amplitude
results of [GG, R3, MN, KNZ, KaK] obtained by energy methods.

In the current paper, as in [N1] for the shock cases, we apply the method of Kreiss’
symmetrizers to provide a different proof of estimates on low-frequency part of the solution
operator, which allows us to extend the existing stability result in [NZ2] to a larger class
of symmetrizable systems including MHD equations, yielding the result for certain MHD
layers. We are also able to drop a technical assumption (H4) that was required in previous
analysis of [Z2, Z3, Z4, GMWZ1, NZ2].

1.1. Equations and assumptions. We consider the general hyperbolic-parabolic system
of conservation laws (1.2) in conserved variable U, with

. al 0 O
U= <an) , B= <bj1k b%k> ,
il e R, @l € R", and

Ro Y biree > 016 >0, vg e R™\ {0},
ik

Following [MaZ3, MaZ4, Z3, Z4], we assume that equations (1.2) can be written, alter-
natively, after a triangular change of coordinates

(1.3) W= W(0) = (J?’W)H)) ,
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in the quasilinear, partially symmetric hyperbolic-parabolic form
(1.4) AW+ 3T AIW,, =Y (B, ), + G,
J Jk

where, defining W, := W (Uy),

(A1) flj(WJr),flo,flh are symmetric, A% block diagonal, A% > 6, > 0,

(A2) f0~rAea(3h € € ~Rd \ {0}, no eigenvector of >, ;AT (A%)~1(W,) lies in the kernel of
>k &€k BIF(AY) 7L (W),
0 0
0 ¥

(A3) Bk = < ) STbRE €, > 0|¢)?, and G = (2) with §(W,, W) = O(|W,[?).

Along with the above structural assumptions, we make the following technical hypotheses:

(HO) Fi,B7% A% A7 Bik W (.),§(-,-) € C*T', with s > [(d — 1)/2] + 4 in our analysis of
linearized stability, and s > s(d) := [(d — 1)/2] 4+ 7 in our analysis of nonlinear stability.

(H1) fl%l is either strictly positive or strictly negative, that is, either fl%l >0 >0, or
Al < —6; < 0. (We shall call these cases the inflow case or outflow case, correspondingly.)

(H2) The eigenvalues of dF''(U,) are distinct and nonzero.

(H3) The eigenvalues of }_; {;dF’ (U, ) have constant multiplicity with respect to £ € RY,
£#0.

Alternative Hypothesis H3'. The constant multiplicity condition in Hypothesis (H3)
holds for the compressible Navier Stokes equations whenever is hyperbolic. We are able
to treat symmetric dissipative systems like the equations of viscous MHD, for which the
constant multiplicity condition fails, under the following relaxed hypothesis.

(H3') The eigenvalues of 3 ¢;dFI(Uy) are either semisimple and of constant multiplicity
or totally nonglancing in the sense of [GMWZ6]|, Definition 4.3.

Additional Hypothesis H4' (in 3D). In the treatment of the three-dimensional case,
the analysis turns out to be quite delicate and we are able to establish the stability under the
following additional (generic) hypothesis (see Remark 3.4 and Appendix A for discussions
of this condition):

(H4') In the case the eigenvalue \gx(€) of > &;dF J(Uy) is semisimple and of constant
multiplicity, we assume further that Vg)\k # 0 when 0¢, A\, =0, £ # 0.

Remark 1.1. Here we stress that we are able to drop the following structural assumption,
which is needed for the earlier analyses of [Z2, Z3, Z4, NZ2].

(H4) The set of branch points of the eigenvalues of (A')~! (it A? + doi1 i€ Ay, T ER,
£ e R s the (possibly intersecting) union of finitely many smooth curves 7 = n;(é), on
which the branching eigenvalue has constant multiplicity s, (by definition > 2).
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We also assume: B
(B) Dirichlet boundary conditions in W-coordinates:

(1.5) (!, W) (0,%,t) = h(&,t) := (hy, he)(Z, 1)
for the inflow case, and
(1.6) @' (0,%,t) = h(Z, 1)
for the outflow case, with z = (z1,%) € R%
This is sufficient for the main physical applications; the situation of more general, Neu-

mann and mixed-type boundary conditions on the parabolic variable @w!! can be treated as
discussed in [GMWZ5, GMWZ6].

1.2. The Evans condition and strong spectral stability. A necessary condition for
linearized stability is weak spectral stability, defined as nonexistence of unstable spectra
RA > 0 of the linearized operator L about the wave. As described in [Z2, 73], this is
equivalent to nonvanishing for all £ € R, R\ > 0 of the Evans function

DL(SJ >\)7

a Wronskian associated with the family of eigenvalue ODE obtained by Fourier transform in
the directions Z := (z2,...,xq). See [22, Z3, GMWZ5, GMWZ6, NZ2] for further discussion.

Definition 1.2. We define strong spectral stability as uniform Evans stability:
(D) IDL(E, M) > 0(C) >0
for (£,A) on bounded subsets C' C {€ € R %A >0} \ {0}.

For the class of equations we consider, this is equivalent to the uniform Evans condition of
[GMWZ5, GMWZ6], which includes an additional high-frequency condition that for these
equations is always satisfied (see Proposition 3.8, [GMWZ5]). A fundamental result proved
in [GMWZ5] is that small-amplitude noncharacteristic boundary-layers are always strongly
spectrally stable.

Proposition 1.3 ([(GMWZ5]). Assuming (A1)-(A3), (H0)-(H2), (H3'), (B) for some fized

endstate (or compact set of endstates) U, boundary layers with amplitude

1U = Uy | oo [0,400]
sufficiently small satisfy the strong spectral stability condition (D).

As demonstrated in [SZ, Z5], stability of large-amplitude boundary layers may fail for
the class of equations considered here, even in a single space dimension, so there is no
such general theorem in the large-amplitude case. Stability of large-amplitude boundary-
layers may be checked efficiently by numerical Evans computations; see, e.g., [HLZ, CHNZ,
HLyZ1, HLyZ2].
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1.3. Main results. Our main results are as follows.

Theorem 1.4 (Linearized stability). Assuming (A1)-(A3), (H0)-(H2), (HY), (H4'), (B),
and (D), we obtain the asymptotic L' N H@=1/2+5 _, rp stability in dimensions d > 3,
and any 2 < p < oo, with rates of decay

d—2
W U(#)| g2 < CA+ )T |Up|inges
N d—1 1
U < COA+1) 2 TP 27900 v aes,s

or some € > 0, provided that the initial perturbations Uy are in L' N H@=D/245 " ond zero
I ;D p )
boundary perturbations.

Theorem 1.5 (Nonlinear stability). Assuming (A1)-(A3), (H0)-(H2), (H3), (H{'), (B),
and (D), we obtain the asymptotic L' N H® — LP N H* stability in dimensions d > 3, for
s > s(d) as defined in (HO), and any 2 < p < oo, with rates of decay

T (t) = Ul < CO+) 7 VP55 1

(1.8) R - s
() = Ulae < CA+ 6T ~[Uol 1

for some € > 0, provided that the initial perturbations Uy := Uy — U are sufficiently small
in L' N H?® and zero boundary perturbations.

Remark 1.6. As will be seen in the proof, the assumption (H4’) can be dropped in the
case d > 4, though we then lose the factor ¢ in the decay rate.

Our final main result gives the stability for the two—dimensional case that is not covered
by the above theorems. We remark here that as shown in [Z2, Z3], Hypothesis (H4) is
automatically satisfied in dimensions d = 1, 2 and in any dimension for rotationally invariant
problems. Thus, in treating the two—dimensional case, we assume this hypothesis without
making any further restriction on structure of the systems. Also since the proof does not
depend on dimension d, we state the theorem in a general form as follows.

Theorem 1.7 (Two-dimensional case or cases with (H4)). Assume (A1)-(A3), (HO)-(H2),
(H3), (H}), (B), and (D). We obtain asymptotic L' N H® — LP N H* stability of U as a
solution of (1.2) in dimension d > 2, for s > s(d) as defined in (H0O), and any 2 < p < oo,
with rates of decay

U(t) = Ulze < C(1+8) 20 1PH20100

(1.9) ’ 3 s
T(t) = Ulae < O+ )5 [Uol e,

provided that the initial perturbations Uy := Uy — U are sufficiently small in L* N H® and
zero boundary perturbations. Similar statement holds for linearized stability.

Remark 1.8. The same results can be also obtained for nonzero boundary perturbations
as treated in [NZ2]. In fact, in [NZ2], though a bit of tricky, it has been already shown that
estimates on solution operator (see Proposition 2.1) for homogenous boundary conditions
are enough to treat nonzero boundary perturbations. Thus for sake of simplicity, we only
treat zero boundary perturbations in the current paper.
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Combining Theorems 1.4, 1.5, 1.7 and Proposition 1.3, we obtain the following small-
amplitude stability result.

Corollary 1.9. Assuming (A1)-(A3), (H0)-(H2), (H3'), (B) for some fized endstate (or
compact set of endstates) Uy, boundary layers with amplitude

1U — Uyl o0, 4+o0]

sufficiently small are linearly and nonlinearly stable in the sense of Theorems 1.4, 1.5, and
1.7.

2. NONLINEAR STABILITY

The linearized equations of (1.2) about the profile U are

(2.1) Up=LU := Y (B"Up)e, — Y (AU),,

Jsk J

with initial data U(0) = Up. Then, we obtain the following proposition, extending Propo-
sition 3.5 of [NZ2] under our weaker assumptions.

Proposition 2.1. Under the hypotheses of Theorem 1.5, the solution operator S(t) := elt
of the linearized equations may be decomposed into low frequency and high frequency parts
(see below) as S(t) = S1(t) + Sa(t) satisfying

|81()02102 flz <C(1L+ 1)@ DA=2-I8V2 f 1 4 (1 + I VP
(22)  ISUBOZ O I 200 <O )~ VAP f| ) 4 O £) DA £ e

S1 0007 fl1ge <C(L+ 1)V 1y 4 O(1 4 ) D2 o

for some € >0 and 3 = (81, 3) with 51 = 0,1, and
(2.3) 0210382()f |12 < Ce™ ™| f] giaisiates,
forv=(n,%) with n =0,1.

We shall give a proof of Proposition 2.1 in Section 3. For the rest of this section, we give
a rather straightforward proof of the first two main theorems using estimates of the solution
operator stated in Proposition 2.1, following nonlinear arguments of [Z3, NZ2].

2.1. Proof of linearized stability. Applying estimates on low- and high-frequency oper-
ators S;(t) and Sa(t) obtained in Proposition 2.1, we obtain

[U®)|z2 < [81(8)Vo] 2 + |S2(8) Vol 2

d—2 €
(2.4) <SCA+t) 7 2[|Uglpr + |Uol e ] + Ce™™ Ul s
T,xq

d—2 €
S C(l + t)iTiﬁ |U0‘L1QH3
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and (together with Sobolev embedding)
U)o < [S1(8)Uo| Lo + [S2(t)Uo| oo
d—1 €
<C(4+t)" 2 " 2[|Up|pr + ‘Uo’L{,oo] + C|S2(t)Uo| gr1ca-1)/21+2
T,xq
(2-5) _d=1_¢ —nt
<CA+1t)" 2 “2[|Up|pr + [Uo| 100 ] + Ce™™Uo| grica—1) /2145
T,Tq
_d—-1_ e
< CAH+1t)" 2 “2|Uol pinpie-1/2+5-

These prove the bounds as stated in the theorem for p = 2 and p = co. For 2 < p < o0, we
use the interpolation inequality between L? and L.

2.2. Proof of nonlinear stability. Defining the perturbation variable U := U — U, we
obtain the nonlinear perturbation equations

(2.6) U= LU = QU Us)ay,
J
where
QY (U,U,) = O(U||Uy| + U )
(2.7) Q/(U,Uy)a; = O(|U||Us| + |U|Usal + [Us]?)
Q' (U, Us)zjar, = O(UUsa| + |Us||Usa| + [Unl* + |U||Usaz|)

so long as |U| remains bounded.
Applying the Duhamel principle to (2.6), we obtain

(2.8) Uz, t) =S(t)Up + /0 S(t— )Y 0, @ (U, U,)ds
J

where U(x,0) = Up(x).
Proof of Theorem 1.5. Define

o) €(1) 1= sup (JU(3)] 2 (14 ) T 4 [U(5) e (14 5) 7+
2.9 s
(U + U6z (1455 5).

We shall prove here that for all ¢ > 0 for which a solution exists with ((¢) uniformly
bounded by some fixed, sufficiently small constant, there holds

(2.10) ¢(t) < C(Uolprnms + <)),
This bound together with continuity of ((¢) implies that
(2.11) ¢(t) < 2C|Uo|prnms

for t > 0, provided that |Up|;1ngs < 1/4C2. This would complete the proof of the bounds
as claimed in the theorem, and thus give the main theorem.

By standard short-time theory/local well-posedness in H®, and the standard principle
of continuation, there exists a solution U € H*® on the open time-interval for which |U|gs
remains bounded, and on this interval ((¢) is well-defined and continuous. Now, let [0,T)
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be the maximal interval on which |U|gs remains strictly bounded by some fixed, sufficiently
small constant § > 0. Recalling the following energy estimate (see Proposition 4.1 of [NZ2])
and the Sobolev embeding inequality |Uly2.c < C|U|gs, we have

t
U#)|Fs < Ce U3 + C / e U (1) dr
(2.12) 0
< C(|UolFs + C(0)*) (14 ) @222,
and so the solution continues so long as ¢ remains small, with bound (2.11), yielding exis-

tence and the claimed bounds.
Thus, it remains to prove the claim (2.10). First by (2.8), we obtain

U ()| 2 <IS)Uo 2 + / S1(t — )00, Q7 (s)2ds
(2.13) 0

t
+/ Sa(t — 8)0x, Q7 (5)|2ds
0
where |S(t)Up|p2 < C(1+ )~ T ~<|Up|p1qps and
t
| 1510 90,,Q15)|pads
0

¢
<C | (1+t-— s)*d%*%*ﬂQj(s)],p +(1+ 8)7%76\Qj(8)|ﬁ,oo ds

0 T,rq
¢ _d2_ 1 _d=2_ (o 2
<C [ Q4t—s) " T qUR + (1 +t—s)"" <\U|L2,W+IU$\L2,m>ds
0 T,rq T,Tq

t
< C(|UO‘%IS +C(t)2)/ |:(1+t_8)7%7%76(1+8)*(12;2*26
0
b (14t—s) T 1+ S)f%fze}ds

<O+~ T (U4 +C(1)?)

and

[ 18200 - 900,02
< | 000, QI (s) | ods
<c /0 T2, s
< C(|Uf3s +¢(8)?) /0 e 0= (1 4 5)7 T 2 ds
< CO+1)~2 2 (Uolhs + C(1)2).

Therefore, combining these above estimates yields

d—2

(2.14) U®)]2(1+1) T < C(|Uolp1nms +C(8)%).
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Similarly, we can obtain estimates for other norms of U in definition of (, and finish the
proof of claim (2.10) and thus the main theorem. O

Remark 2.2. The decaying factor ¢~¢ is crucial in above analysis when d = 3. In fact, the
main difficulty here comparing with the shock cases in [N1] is to obtain a refined bound of
solutions in L*. See further discussion in Section 3 below.

3. LINEARIZED ESTIMATES

In this section, we shall give a proof of Proposition 2.1 or bounds on S;(¢) and Sx(t),
where we use the same decomposition of solution operator S(t) = S1(t)+Sa(t) as in [Z2, Z3].

3.1. High—frequency estimate. We first observe that our relaxed Hypothesis (H3') and
the dropped Hypothesis (H4) only play a role in low—frequency regimes. Thus, in course of
obtaining the high—frequency estimate (2.3), we make here the same assumptions as were
made in [NZ2], and therefore the same estimate remains valid as claimed in (2.3) under our
current assumptions. We omit to repeat its proof here, and refer the reader to the paper
[NZ2], Proposition 3.6.

In the remaining of this section, we shall focus on proving the bounds on low-frequency
part Si(t) of linearized solution operator.

Taking the Fourier transform in Z := (z9,...,x4) of linearized equation (2.1), we obtain
a family of eigenvalue ODE

LoU
AU = LU = (BulU') — (AiU) =i Y Aj&U +i»  Bu&U’
(3.1) j#£1 j#£1
+i ) (BukU) — Y Bip&i&rU.
k#£1 §.k#£1

3.2. The GMWZ’s L? stability estimate. Let U = (u,u’!)T be a solution of resolvent
equation (Lg — AU = f. Following [Z3, GMWZ6], consider the variable W as usual

w!

W= | w!!

11
Wy,

with w! := Al w!ll = bilu! + bitull) A, = Al — AL, (b31)~1bit. Then we can write
equations of W as a first order system
8361W = g(xl, >‘a 5)W + F

(3.2)
I'W =0on x; =0.

For small or bounded frequencies (A, £), we use the MZ conjugation lemma (see [MeZ1,
MeZ3]). That is, given any (), §) € R4*+1 | there is a smooth invertible matrix ®(xz1, A, €) for
z1 > 0 and (), €) in a small neighborhood of (), g), such that (3.2) is equivalent to
(3.3) 00, Y =GL(NEY +F, T(\EY =0
where G, (A, €) := G(4+00,\,&),W =®Y,F =® 'F and ['Y :=T'dY.
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Next, there are smooth matrices V' (A, €) such that

(3.4) VGV = <}01 g)

with blocks H(\,€) and P(\, €) satisfying the eigenvalues p of P in {|Reu| > ¢ > 0} and

d
Ho(A &) - = (A (i +7)AY + 3 igA7 ),
j=2

with A\ = v + i7. We later often use the polar coordinate notation { = (T,’}/,é),c = pC,
where ¢ = (#,4,€) and { € S4. B

Define variables Z = (up,up)” as W = ®Y = ®VZ, TZ := I'®V Z, and (fu, fp)" =
V~1F. We have

(3.5) Oa, (Z’;) = (ﬁl g) (Zi) + (*’}i) , Tz=o.

Then the maximal stability estimate for the low frequency regimes in [GMWZ6] states
that

(3.6) (v + P2 um [tz + luplF2 + lum (0)° + [up(0)1* < (| ful. lurl) + (| fpl, lupl).

We note that in the final step there in [GMWZ1], the standard Young’s inequality has
been used to absorb all terms of (uy,up) into the left-hand side, leaving the L? norm of F
alone in the right hand side. For our purpose, we shall keep it as stated in (3.6). Here, by
f < g, we mean f < (g, for some C independent of parameter p.

We remark also that as shown in [GMWZ1], all of coordinate transformation matrices are
uniformly bounded. Thus a bound on Z = (ug,up)’ would yield a corresponding bound
on the solution U.

3.3. L? and L™ resolvent bounds. Changing variables as above and taking the inner
product of each equation in (3.5) against ugy and up, respectively, and integrating the

results over [0, z1], for z; > 0, we obtain
1 1 7 X
§IUH(961)|2 = i\uH(0)|2 + §R€/ (H\, Qun - up + fu - un)dz,
(3.7) 0

1 1 @1 -

§|up(x1)|2 = §‘uP(O)|2 + ?Re/ (PN, Qup -up+ fp-up)dz.
0

This together with the facts that |[H| < Cp and |P| < C yields

(38) urfoo (@) S lur(0) + plun iz + (|ful, luml),

|up|Foo ey S lup(0)] + up|Zs + (| fol, [up]),

and thus in view of (3.6) gives

(3.9)  (v+ ) |unliz + lupliz + (3 + p)lunlie + |uplie S (fulslual) + (| fpl, lup]).
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Now applying the Young’s inequality, we get

. Ce
(1l lural) -+ {1 el Jupl) < (elupli + Celfplta) + (63 + p)lunlie + 2= 1l )
and thus for e sufficiently small, together with (3.9),

5 1
(3.10) (v +p)|unltz + Jup[e + (3 + p)lunlte + luplte S = fulfs + |fp[7:

Y+p
Therefore in term of Z = (ug,up)?,

(3.11) |Z| ooy < CG+ ) flp and  [Z]p2y) < CH +p) 72 f|r-

Unfortunately, unlike the shock cases (see [N1]), bounds (3.11) are not enough for our
need to close the analysis in dimension d = 3. See Remark 2.2. In the following subsection,
we shall derive better bounds for Z in both L> and L? norms.

3.4. Refined L? and L™ resolvent bounds. With the same notations as above, we prove
in this subsection that there hold refined resolvent bounds:

|Z] o) S (3 + )7 f e + 1 flze)

12120y S G+ 2) 725l + | fln)
for some small € > 0. We stress here that a refined factor p¢ in L* is crucial in our analysis
for three-dimensional case. See Remark 2.2.

Assumption (H3') implies the following block structure (see [MeZ3, GMWZ6)).
Proposition 3.1 (Block structure; [GMWZ6]). For allé with 4 > 0 there is a neighborhood

w of (g, 0) in S% x Ry and there are C°° matrices T(C,p) on w such that T~ *HyT has the
block diagonal structure

(3.12)

(3.13) T~'HyT = Hp((, p) = pH(C, p)
with
Q1 0
(3.14) Hp(p)=1] 0 . o0 <, p)
0 @

with diagonal blocks Qy, of size v X vy such that:
(i) (Elliptic modes) RQy, is either positive definite or negative definite.
(it) (Hyperbolic modes) v, =1, RQy = 0 when 4 = p =0, and 05(NQk)0,(RQy) > 0.
(iii) (Glancing modes) v > 1, Qi has the following form:

A~

(3.15) Qk((,p) = i(p Jd+ J) +i0Q} () + O + p),
where o = |€ — €],
0 1 0 o 0 0
(3.16) e e A e I
0 o0 w0 - 0
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Q. # 0, and the lower left hand corner a of Qy, satisfies 05(Ra)0d,(Ra) > 0.
(iv) (Totally nonglancing modes) vy > 1, eigenvalue of Qk, when ¥ = p = 0, is totally
nonglancing, see Definition 4.3, [GMWZ6).

Proof. For a proof, see for example [Met], Theorem 8.3.1. It is also straightforward to see
that for the case (iii),

4 (€) = IVeDR(C.E,)] = el VAu(©)],

where ¢ is a nonzero constant, Dy((,&1) is defined as det(iQg(C) + &11d), and Ak(§) is the
zero of Dy((,&1) (recalling ¢ = (), €)) satisfying

Oe o= =N =0, N A0 at (£€)

Thus, assumption (H4’) guarantees the nonvanishing of ¢,,. We skip the proof of other
facts. g

We shall treat each mode in turn. The following simple lemma may be found useful.

Lemma 3.2. Let U be a solution of 0,U = QU + F with U(+o00) = 0. Assume that there
is a positive [resp., negative] symmetric matriz S such that

(3.17) RSQ = %(SQ +Q*S*) > 01d

for some 0 >0, and S > Id [resp., —S > Id]. Then there holds
U2 +0|U[72 S 1FI7

~

(3.18)
[resp., [U[fe + 01U 72 S |UO)] +|F[7, ]

Proof. Taking the inner product of the equation of U against SU and integrating the result
over [z, 00] for the first case [resp., [0, z1] for the second case|, we easily obtain the lemma.

0

Thanks to Proposition 3.1, we can decompose U as follows
(3.19) U=up+ug, +un, +uy, +un,,

corresponding to parabolic, elliptic, hyperbolic, glancing, or totally nonglancing modes.

3.4.1. Parabolic modes. Since spectrum of P is away from the imaginary axis, we can assume

that
~ _ (P+ 0
r0d= (" p)
with £RPy > ¢ > 0. Therefore applying Lemma 3.2 with S = Id or —Id yields

’uP+|%°° + |’LLP+|%2 5 |FP+’%1a

(3.20)
up_[foe + [up_ |72 S lup_ (0)* + | Fp_|7:.
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3.4.2. Elliptic modes. This is case (i) in Proposition 3.1 when the spectrum of @y, lies in
{Rep > 6} [resp., {Reu < —d}].
R In this case, there are positive symmetric matrices Sk(ﬁ ,p), C° on a neighborhood w of
(¢,0) and such that
RSEQF > cId  [resp., — RS*Q* > cId]
for ¢ > 0. Thus, Lemma 3.2 again yields

(3 21) |/U’He+|%°° + p|uHs+|%2 S ’FHe+’%17
lurr, (i + plum, |72 S lum,_ () + | Fa, |71

3.4.3. Hyperbolic modes. This is case (ii) in Proposition 3.1. In this case, as shown in [Met]
we can write

(3.22) Q"((,p) = " (O)1d+ pR¥((, p)

where ¢F is purely imaginary when 4 = 0, ¢* := &;?Reqk(f) does not vanish, and the
spectrum of ¢*RF((,0) is contained in the half space {Reu > 0}. Therefore, when ¢* > 0
[resp., ¢* < 0] and thus for (¢,4) sufficiently close to ((,0)

Req® > 5, [resp., Req® < —cA],
we have positive symmetric matrices S’“(@ , p) satisfying
RS*QF > c(4 + p)Id  [resp., — RS*Q® > ¢(4 + p)Id]
for ¢ > 0. Thus, again by Lemma 3.2, we obtain

lur, [Toe + (v + ) um, |72 S [P |70,

(3.23)
|uHh— ’%OO + (’7 + pQ)IUHh_ ‘%2 5 |uHh— (0)|2

+ |FHh_ |%1

3.4.4. Totally nonglancing modes. This is case (iv) in Proposition 3.1. As constructed in
[GMWZ6], there exist symmetrizers S* that are positive [resp. negative] definite when the
mode is totally incoming [resp. outgoing]. Denote up,, [resp., up, ] associated with totally
incoming [resp. outgoing] modes. Then similarly as in above, we also have

(3 24) ‘thJr‘%Oo + ('7 + p2)‘th+‘%2 5 |FHt+|%17
‘thf ’%"O =+ (7 + p2)’th7‘%2 5 |th7 (0)’2 + ’FHtf‘%l'

Thus, putting these estimates together with noting that the stability estimate (3.6) al-
ready gives a bound on |u(0)|, we easily obtain sharp bounds on u in L> and L? for all
above cases:

(3.25) |uk|Toe + (v + 07 urlT> SIFI20 + lum, Lol flLe,
for all k = P, H., Hp,, H;.
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3.4.5. Glancing modes. Hence, we remain to consider the final case: case (iii) in Proposition
3.1. Recall (3.15)

~

(3.26) Qk(Cop) = il Jd + ) +i0QL(E) + O(F +p)
on a neighborhood of (é ,0), where o = ]g — g |. We consider two cases.

Case a. 0 < (5 + p)¢ for some small ¢ > 0. Recall that we consider the reduced sys-
tem:

with Qk(é,p) having a form as in (3.26). It is clear that the LP norm of uy remains
unchanged under the transformation uy to uge™ ““+*'. Thus, we can assume that By = 0.
Note that we have the following bounds by (3.11)
(3.28) k] L@y S A +0) Ul and  Jukl 2@ S G+ )Y If |-
To prove the refined bounds (3.12), we first observe that
Oy uk|Loe S pluklree + [feloee S 1flp 4 | flree,

where the last inequality is due to (3.28). Now, write up = (ug1,- - , Uk, ). Thanks to the
special form of @ in (3.26), we have

(3.29) Oy Uk, = 1po Q) (E)ur, + O(y + p*)ug, + f.

Taking inner product of the equation (3.29) against 0., uy ,, , we easily obtain by applying
the standard Young’s inequality:

(3:30) [0y b |72 S P23 + p)*Junlte + | ful 11 10m, whp | Lo S (7 + )72 fIT0 + [ fl7oe

Similarly, for uy,,, —1 satisfying

Oy Uk -1 = 1p0Q(E)uk + i, + O(y + p*)ur + fr,
we have
(3'31) |621uk,l/k—1|%2 5 :02(’3/ + p)26|uk|%2 + p| < Uk, v a:vluk'ﬂlk—l > | + ‘fk|L1 |az1uk,uk Lo°-
Here, integration by parts and Young’s inequality yield

pl < Uk Oy Uk -1 > | S plOs Uk | L2 Uk 0112 + P’Uk(0)|2-

Thus, using the refined bound (3.30) and noting that

luk(0) S| < foug > [ Sflpluslee S 5+ p)7Hf17s,
we obtain

pl < Uk, O k1 > | S p(3 4 p) 2 f 70 + | fl7)
Therefore, applying this estimate into (3.31), we get

(3.32) 1Oy tik—1172 S G+ p) ST+ [ fFoe)-
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Using this refined bound, we can estimate the same for uy,, —2, uy,, -3, and so on. Thus,
we obtain a refined bound for uy:

(3.33) 0 urlzz S p (I + | fl7)

where € may be changed in each finite step and smaller than the original one. This and the
standard Sobolev imbedding yield

(3.34) urlfoe S lukl 20y url 2 S (5 + p) (I f 170 + |fI70)

which proves the L* refined bound in (3.12) for Z. Using (3.34) into (3.9), we also obtain
the refined bound in L? as claimed in (3.12):

(3.35) ulFs S B+ p) U f 1 + | f1E),
for some € > 0.

Case b. ¢ = (¥ + p)¢ for some small € in (0,1/2). We shall diagonalize this block.
Recall that

0 1 0
A . ) 0O . 0
(3.36) Qu(C,p) = ip, Td+i +O(0).
. o1
oqu, 0 O

Following [Z2, Z3, GMWZ1], we diagonalize this glancing block by
u}lg = T}}glqu,
where uy, = upg, + upg, . Here upg,, are defined as the projections of up, onto the

growing (resp. decaying) eigenspaces of Qk(f ,p) in (3.36). We recall the following whose
proof can be found in [Z2, Z3] or Lemma 12.1, [GMWZ1].

Lemma 3.3 (Lemma 12.1, [GMWZ1]). The diagonalizing transformation Ty, may be cho-
sen so that

(3.37) Tu,| <C, [Ty | <CB, [Ty, | < Ca

where a, B are defined as

(3.38) B = o 1/ o = oIl D)/2D /v

and T};91|H denotes the restriction of TI}gl to subspace H,_. In particular, fa=2 > 1.
.

Simple calculations show that eigenvalues of Q) are
(3.39) apj = ipg + g  +o(@/), =015 1

Here, 7, ; = eji(q,,ka)l/”k, with e = 11/%¢. We can further change of coordinates if necessary
to assume that

(3.40) Q= TﬁngkTHg = diag(ag,1, Ok, Qhiq1, s Q)
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with
—Re ag; >0, j=1,..,1,
(3.41) 7 _
Re a; >0, j=I1+1,..,1.
Hence, applying Lemma 3.2 to equations of u}{g with S = Id or S = —Id, we easily

obtain

[y, [T + pmin e arjllup,, 72 S 1Fh,, |70
(3.42)

[, [T + pmin [Jte o[, 172 < u, (O)F + | Fy, |71

The diagonalized boundary condition I' := I';Tp,. By computing, we observe that

—1|u/ |

_ Hy- 1

Ty, | =[Tup, | > C  um, | > ﬁ >C™ra uly, |.
Hglm,_

Thus,

(3.43) \u}lgj < C’a\F'u’HgJ < Ca(I'd| + Tl ]) < Calu,|.

Using this estimate, (3.37), and (3.25), the estimate (3.42) yields
’ un, |72 S 61170

Recalling that «, 3 are defined as in (3.38) and the fact that we are in the case of o > p©
for some small € > 0, we get

(3.45) lu, | oo < Cof|flp < C(F + p) "% fl1r,

from which we obtain the refined bounds (3.12) for this case as well.

(3.44) 04—2|UH9|%90 + pa” mjin [Re oy,

Remark 3.4. In case b) above, we use the nonvanishing of ¢, to make sure that og,, is
order of ¢ in the neighborhood w of (é ,0) so that the lower left hand entry of @} dominates
and thus we can be sure to diagonalize the block. Otherwise, the other entries of @}, in
(3.36) may dominate and the behavior is not clear. The nonvanishing of ¢,, is guaranteed
by our additional Hypothesis (H4') as shown in the proof of Proposition 3.1. This is only
place in the paper where the assumption (H4') is used.

3.5. L' — LP estimates. We establish the L' — LP resolvent bounds for low frequency
regime, restricting our attention to the surface

(3.46) T€ = (X @ Red = —01(1€]2 + [SmA[D)},

for §; > 0. Taking 6 to be sufficiently small such that all earlier resolvent estimates are
still valid on I'¢, with p := |(£, \)| being sufficiently small. Thus, we obtain the following:

Proposition 3.5 (Low-frequency bounds). Under the hypotheses of Theorem 1.5, for A €
I¢ and p == |(€, )], 01 sufficiently small, there holds the resolvent bound

(347) ‘(Lé - A)_la:glf’Lp(xl) < Cp_l_l/p+e[p5’f’L1($1) + ’f’L‘X’(xﬂ]y
forall2 <p<oo, 6=0,1, and € > 0.
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Proof. Following [Z2, 73], define the curves

(N (0,6, 7) = (pE, pit — 0197,

where £ € R¥! 7 € R and (£,7) € §% |€]> +|7]> = 1. As (p,,7) range in the compact set
[0,8] x S%, (€, A) traces out the portion of the surface I’ contained in the set |€]2 + |2 < 4.
Thus, using L? and L> estimates obtained in previous sections with 4 = 0 and applying
the interpolation inequality between L? and L> spaces, we obtain the proposition in the
case 3 = 0.

Now, recalling that W = ®V Z and all coordinate transformation matrices are uniformly
bounded, the refined bounds of Z therefore imply improved bounds for W and thus U.
Bounds for LP, 2 < p < oo, are obtained by interpolation inequality between L? and L.
Hence, we have proved the bounds for 8 = 0 as claimed.

For § =1, we expect that 0., f plays a role as “pf” forcing. Recall that the eigenvalue
equations (Lg — A)U = 0y, f read

LoU
(BHle)m - (AlU)m —1 Z Ajij +i Z leijm
(3.48) j#1 #1
+iY (BY¥GU)., — Y B*GGU — U = 0, f.
k#1 5. k#1

Now modifying the nice argument of Kreiss-Kreiss presented in [KK, GMWZ1], we write
U =V 4 Uy, where V satisfies

(3.49) (Lo~ NV =8y, f, a1 €R.

Noting that A' and B! depend on x; only, we thus obtain by one-dimensional results (see
[MaZ3, Z3]) the following pointwise bounds on Green kernel G of A — Ly,

(3.50) 0, G 1, 1)| < CePruil(p 4 ¢~ Olnl),
Hence, employing Hausdorff-Young’s inequality, we obtain

(3.51) WV o(en) + Var o) < CoYPlol flirien) + 1l Lo (o)

forall 1 <p < oo.
Now from U; = U — V and equations of U and V', we observe that Uy satisfies

(3.52) (Le = NUL = L(V, Vi),

where L(V, Vy,) = pO(|V] + Vi, [).
Therefore applying the result which we just proved for 8 = 0 to the equations (3.52), we
obtain

Uil < Cp™ P LV V) oy + 1LV, Vi)l o)
(3:53) < Com ) V] 1 4 Vi 14

< Cp P flpigey) + 0 F 1 no(an)-
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Bounds on V' and Uj clearly give our claimed bounds on U by triangle inequality:
‘U’Lp < ‘V‘LP + ’U1|Lp.

We obtain the proposition for the case 8 = 1, and thus complete the proof.
O

3.6. Estimates on the solution operator. In this subsection, we complete the proof of
Proposition 2.1. As mentioned earlier it suffices to prove the bounds for Si(t), where the
low frequency solution operator 81 ) is defined as

3.54 Si(t) == / f M“éw —A*ldxdi
(3.54) 1( 27” e b ) 3

Proof of bounds on Si(t). Let @(x1,€, ) denote the solution of (Lg=A)t = f, where f(x1,6)
denotes Fourier transform of f, and

u(w,t) == S1(t)f = (%le)d /|£ - 7€ . e””g'j(Lg — N7 (2, £)dNdE.

Using Parseval’s identity, Fubini’s theorem, the triangle inequality, and Proposition 3.5,
we may estimate

2
220, ) (®) 27T /xl/)é&e a(an, €\ d)\’ déda
- ?Re)\t
(27-[-)2d/g 755 (21, &, )| 2 Il)d)\‘ dé
2 .
< Cllflu + s l? [ § R s2ran] de
T,rq 5 Tré

IN

Specifically, parametrizing ré by
ANEK) =ik — 01 (K2 + €%, keR,

we estimate

/’f Ret 73/2+6d)\‘ d§< /)/ k2+‘§| )t 73/2+6dk’ df
glJre
2 2 2 .
§/6291|£ t’é“l‘/eelk t‘k|671dk‘ df
3 R

noting that [pa . e~e* | z|~*dz is finite, provided a < d — 1.
Similarly, we estimate

1 ) . 2 .
[l ) < s /g IRV

T,
2 .
< Cllflu + e[| § emNp ] dé

T, £ Té
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where, parametrizing I'¢ as above, we have

2 . z 2
ﬁ’f~e%6Atpl+ﬁd)\‘ dé < /~6915|2t’ / 6791k2t|k\671dk dé
¢hJre 3 R

Finally, we estimate

1 ReAt| c e
i, ) < a1 € N oG

< Cll oy + ] e ] / 7{ RNyl i
T,Tq 5 F£

where, parametrizing I'¢ as above, we have

/%~€§?e}\tp1+ed)\dg < /691|§|2t/ 6701k2t|k_’efldkd5
€Jré 3 R

The 1 —derivative bounds follow similarly by using the version of the L' — LP estimates

for 81 = 1. The Z—derivative bounds are straightforward by the fact that 85 f= (zg )B f. O

4. TWO—-DIMENSIONAL CASE OR CASES WITH (H4)

In this section, we give an immediate proof of Theorem 1.7. Notice that the only assump-
tion we make here that differs from those in [NZ2] is the relaxed Hypothesis (H3'), treating
the case of totally nonglancing characteristic roots, which is only involved in low—frequency
estimates. That is to say, we only need to establish the L' — L? bounds in low-frequency
regimes for this new case.

Proposition 4.1 (Low-frequency bounds; [NZ2], Proposition 3.3). Under the hypotheses

of Theorem 1.7, for A\ € T¢ (see (3.46)) and p := |(€,\)|, 01 sufficiently small, there holds
the resolvent bound

(4.1) (Lg = N) 710 flio(e) < Crap™ P [p/8|f|L1(x1) + ﬂ|f|L°°(ac1)]7
for all2 <p<oo, 3=0,1, and 2 is the diagonalization error (see [Z3], (5.40)) defined as
_ ~ 1/s;—1
(4.2) =143 [ SmA —nE @) +p]
.+

with n;t,sj as in (H4).

Proof. We only need to treat the new case: the totally nonglancing blocks QF. But this is
already treated in our previous subsection, Subsection 3.4.4, yielding

2 2 2 2
|th+ |L°° +p |th+ |L2 5 ‘FHH- ’L17

(4.3)
un, (o + p*|um, |72 S lum, (0) + [Fi,_ |71,
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where the boundary term |ug, (0)|? can be treated by applying the L? stability estimate

(3.6). Thus, together with a use of the standard interpolation inequality, we have obtained

(44) |th|LP(J:1) < 072p_1‘f|L1(:p1))

for all 2 < p < oo and 72 defined as in (4.2), yielding (4.1) for § = 0. For § = 1, we can
follow the Kreiss—Kreiss trick as done in the proof of Proposition 3.5, completing the proof
of Proposition 4.1. O

Proof of Theorem 1.7. Proposition 4.1 is Proposition 3.3 in [NZ2] with an extension to the
totally nonglancing cases. Thus, we can now follow word by word the proof in [NZ2],
yielding the theorem. O

APPENDIX A. GENERICITY OF (H4')

Genericity of our additional structural assumption (H4’) is clear. Indeed, violation of the
condition would require d equations: 0O, M:(§) =0 forall j =1,---,d, whereas only d — 1

parameters in £ € R?\ {0} are varied as & may be constrained in the unit sphere S¢ by
homogeneity of A(§) in &.

Finally, we give the following counterexample of Kevin Zumbrun in the two—dimensional
case for which the hypothesis (H4') fails.

Counterexample A.1. Let

(A1) A= ((1) é) Ay = (8 (1))

Then both A; and As are clearly symmetric and do not commute. However, at & = 0, the
matrix §1 41 + £242 has an eigenvalue (A(§) = 0) such that VX = 0, violating (H4').

Counterexamples for higher—-dimensional cases can be constructed similarly.
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