Regularity and Coexistence Problems for
Strongly Coupled Elliptic Systems
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ABSTRACT. Boundedness and Hélder regularity of solutions to
a class of strongly coupled elliptic systems are investigated. The
Holder estimates for the gradients of solutions are also established.
Finally, the fixed point theory is applied to prove existence of pos-
itive solution(s) for general cross diffusion elliptic systems.

1. INTRODUCTION

In this paper, we study the boundedness and regularity of weak solutions and the
coexistence problems of the following strongly coupled elliptic system:

(1.1) {_div[P“(u,v)Vu+P“(u,va]=f(”’”)’

—div[Q%*(u,v)Vu + Q¥ (u,v)Vv] = g(u,v),

on a bounded domain Q of R" (for any n = 1) with smooth boundary 0Q.

The system above arises in many important applications. For instance, it can
be used to describe cross diffusion systems modeling the random movements of
species under investigation, their interaction with each other as well as with the
culture they live in. Here, the functions f, g are the so-called reaction terms that
model the interaction among the species. In the higher order part, P*, QV are
the self diffusion rates, while PV, Q" are the cross diffusion rates describing the
gradient effect of the species on the movement of the other. In particular, PV < 0
implies that the species u is moving toward the high density concentration region
of v, whereas one may also consider the case PY > 0 which describes the move-
ment of u in the opposite direction. The introduction of cross diffusion terms
PV, Q" into classical reaction diffusion systems allows the mathematical models
to capture much more realistic features of important phenomena in physics, bi-
ology, ecology, and engineering sciences. Obviously, this strong coupling causes
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enormous difficulties in the analytical treatment. Many fundamental questions are
left open; and techniques which worked successfully for reaction-diffusion (weakly
coupled) systems are no longer applicable.

In applications, we also have to specify the behavior of solutions to (1.1) on
the smooth boundary 0Q. Most prominently, one can consider the ’influx’ Robin
boundary conditions

(1.2) a_u +71r(x)u = a_v +1(x)v =0, onoQ.
ov ov

where 71(x), 2(x) = 0 are two bounded functions given on 0Q. No-flux condi-
tions, or Neumann type when #; = 7, = 0, are also of much interest. Prescribed
value conditions, or Dirichlet type, are also investigated, that is,

(1.3) u(x) =up(x) and v(x)=vp(x), forx coQ,

where 19, Vg are smooth bounded functions given on 0.

In fact, we can as well consider mixed boundary conditions, where the Robin
or Neumann conditions are given on 0Q;, a union of components 0Q, and the
Dirichlet conditions are assumed on the remaining part 90Qg = 0Q\ 0Q;. In order
to have a unified presentation, we introduce a function € assuming only the two
values 0 and 1 such that Claq, = 1 and Clag, = 0. We then put

ou
ov

By (v) = (Z—’v’ +rz(x)v> C+(1-0)(v— ).

Bo(u) = ( +mx>u) T+ (1-0)(u - uo),

(1.4)

Then the following conditions combine the aforementioned ones
(1.5) Bu(u) = By(v) =0, onoQ.

That weak solutions to weakly coupled elliptic systems are bounded has been
well established using standard methods such as maximum principles, barrier
functions, etc. However, these techniques are not available for (1.1). On the
other hand, that bounded weak solutions to (1.1) are also classical solutions is still
generally unknown. In fact, counterexamples in [8] confirmed that this is not the
case for some strongly coupled systems, and that their bounded solution (u,v)
can only be partially regular. That is, there exists an open subset Qy C Q such
that (u,v) is Hélder continuous in Q. The Lebesgue measure of the singular
set Q \ Q is zero, and its Hausdorfl dimension can be estimated (e.g., see [8]). It
is now well known that, partial regularity is the best one can expect for general
strongly coupled systems. Finding structural conditions for everywhere regularity
is then an important problem.
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Our work is inspired by the following strongly coupled elliptic system

—A[(61 +anju +apv)ul =ula; — biu —civ),

(1.6) (SKT) {

—A[(62 +ayiu +anv)v]l =v(a, — bou — cav),

which was proposed by Shigesada, Kawasaki and Teramoto in [27] to study spatial
segregation of two competing species. The Neumann boundary conditions were
assumed.

Here, the constants 0, aij, ai, bi, ¢; are positive. When a;;’s are all zero,
(1.6) reduces to the well-studied Lotka-Voltera diffusion system. By introducing
the self diffusion rates a11, a2 and the cross diffusion rates a2, a1, we take into
account the diffusion pressures of each species creates on itself and the other. This
system has drawn much attention recently (see e.g. [4,12,19-21, 24]) since an
interesting pattern formation of coexistence may happen in contrast to the weakly
coupled case.

System (1.6) is just a special case of (1.1) when P¥, PV, Q", QV are simply
the partial derivatives of P = §1u + ajouv + anu?, Q = 85,0 + axuv + anv?
with respect to u, v. One of the main vehicles in the aforementioned works is an
a priori estimate of the L® norms of u, v. As one could reduce (1.6) to a weakly
coupled system by making a change of variables U = P and V = Q (see e.g.
(19, 24]), maximum principles were used to achieve the desired L estimates for
U, V. Once the regularity of U, V is established, the boundedness and regularity
of u, v follow immediately.

Unfortunately, this convenient change of variables is no longer available when
system (1.1) is considered with P*, PY, Q%, QY being arbitrary functions in u
and v. Maximum principles or Harnack type inequalities, the key ingredients
of the aforementioned works, are no longer available in this case. Recently, an
elementary proof in [5] establishes L* bounds for positive solutions to systems
similar to (1.1). Unfortunately, their proof, using straightforward integrations,
only works when the domain Q is a one-dimensional interval and the boundary
condition is of Neumann type.

The first goal of this paper is to show that nonnegative weak solutions to (1.1)
are bounded and Hélder continuous everywhere. This will be done in Section
2, where we impose very general assumptions (see (A.1)—(A.3)) on the structure
of the system and give a unified proof for all boundary condition types, including
mixed boundary conditions (1.5). Our main idea is to construct a diffeomorphism
H(u,v), being defined along the solution (u, v), which links the structures of the
two equations in a way that we can establish the boundedness and regularity of
H(u,v). The boundedness and regularity of H then infer those of u and v.

It is now known (see [8]) that Hélder continuous weak solutions of (1.1) also
have Holder continuous first derivatives. However, no estimates for their gradi-
ents have been discussed. In Section 2.2, we go further to estimate the Holder
norms of the gradients of the solutions. To achieve this, we will make use of the
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Morrey-Sobolev imbedding inequalities. Precisely, we shall prove in Section 2.2
that under the general assumptions (P1), (P2) (see Section 2) Hélder continuous
weak solutions of (1.1) belong to CH(Q) for some pu > 1 (and are classical). More-
over, the norms [[ullcu(q), 1V Ilcrq) can be controlled by a constant depending
only on the parameters of the system. We also give a fairly general (easily verified
in applications) condition (YYY) under which the discussed regularity properties
and a priori estimates hold.

The estimate above is a crucial step that enables us to employ the fixed point
theory to prove the existence of nonnegative solutions in the rest of this paper.
In Section 3, we consider the existence of nonnegative solutions of (1.1), with
nonhomaogeneous mixed boundary conditions. The cornerstone of the proof is the
existence of a compact operator mapping the positive cone of an ordered Banach
space into itself, and its fixed points are classical solutions of (1.1). Under some
general structure conditions for (1.1), see (YYY’), the existence of such an oper-
ator is guaranteed. Using fixed point index theories, we establish the solvability
of (1.1) in Corollary 3.2. To the best of our knowledge, this kind of result for
nonhomogeneous mixed boundary conditions has never been addressed in the
literature.

When the boundary conditions are homogeneous and the reaction terms are
of some special forms, (1.1) possesses some “trivial” or “semi-trivial” solutions,
which are not mathematically interesting. In applications, these solutions repre-
sent the washout (or wiped-out) states that are not desirable either. Whether there
exists at least one non-trivial solution, or coexistence state, of (1.1) should be an
interesting investigation.

Inspired by the pioneering works [19, 24], several papers have been devoted
to the positive steady states of (1.6). Due to the non-variational nature of the sys-
tem, degree theories (see [4, 5,26]), bifurcation techniques (see [10, 11,28,29]),
and lower-upper solutions (see [23]) have been used to study (1.6). A common
feature of these works (except [5]) is a rather tricky use of certain Harnack type
inequality, which is available only for the special form (1.6) as in [19], to establish
positive lower bounds for nontrivial solutions so that they are positive. The argu-
ment in [5, Lemma 1], using elementary ODE techniques, applies only for one
dimensional domains. We should remark that none of these works discusses the
mixed boundary conditions. The paper [20] also analyzes the Robin case but its
argument makes use of the special structure of (1.6). Thus, all the aforementioned
tools so far are neither available nor workable in our general settings.

To overcome such shortfalls, we will make use of the index apparatus devel-
oped in [15] (see also [7]) to compute the indices of semi-trivial solutions and shed
light on the coexistence problem. Not only does our argument work for such set-
ting, but it also unifies the treatments for different types of boundary conditions.
Theorem 3.5 and Corollary 3.6 provide sufficient conditions in terms of certain
principal eigenvalue problems for coexistence. Even though our method can han-
dle much more general situations (see Remark 4.17), for comparison purposes, we
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will content ourself in Section 4 with the following case

P”=61+a11u+a12v, PV = by u,
(1.7)

QY =6, +anu+anv, Q" =byv,

which generalizes (1.6) when a1, = by; and az; = ba,.

Robin type conditions will be discussed in Section 4.1 while Neumann con-
ditions will be the main topic of Section 4.2. For the Neumann case, we will
discuss the effects of several types of self or cross diffusions on the coexistence.
Noticeably, since we allow ai;j # bj;, for i # j, we can introduce different types of
cross diffusions. For example, one may refer to a2, which goes with v, as the den-
sity cross diffusion; and by, which goes with Vv, as the gradient (or motility) cross
diffusion. Our results then reveal interesting phenomena where these two kinds
of cross diffusions can be very different. The analysis in Section 4.2 can apply
to many other more general and interesting cases where different types of nonlin-
ear dispersive forces due to the inter- and intra-specific interactions may give rise
to a spatial segregation. Via the examples in Theorem 4.10, we provide a useful
method to study such problems.

We conclude this work with some applications of our method to other prob-
lems. In Section 5, certain prey-predator and cooperative models in biology and
ecology will be analyzed to demonstrate the generality of our results in Section 3
and Section 4.2.

Finally, we refer the reader who is interested in the parabolic counterpart of
(1.1) to the works [16—18] for recent developments.

2. A PRIORI ESTIMATES

2.1. Boundedness and Holder regularity. In this section, we will extend
the ideas in [16,17] (for parabolic systems) to obtain the boundedness and Hélder
continuity of the elliptic system (1.1). Following [16], for a given function h €
C'(R2), we first consider the following first order partial differential equation

(2.1) H, — h(u,v)H, =0, (u,v) € R2.

This equation for H can be solved by the characteristic method (see [2, pp 97-99])
by considering the ODE system

(22) xX'(t)=(1,-h), p'(t)=(hy,h)py, Z'(t)=pu—hpy =0,
where X(t) = (u(t),v (1)), p(t) = (pu(t),pu(t)) = (Hu(X(1)), Hy (X(1))),

z(t) = H(X(t)).
The following result is elementary but useful.



1754 DUNG LE, LINH V. NGUYEN ¢ TOAN T. NGUYEN

Lemma 2.1. Assume that h € C1(R2) and that there exist positive constants c1,
C2, €3 > 0 such that

(2.3) c<h(u,v)<c, wv)eR?,

t
(2.4) ' L hy(u(s),v(s))ds| < cs,

along the solution (u(t), v (t)) of (2.2). Then there is a C' function H satisfying
(2.1) such that H is defined on R% and Hy, Hy are positive, bounded from above and
away from zero on RA.

Proof. We shall choose the initial data for X, p on the line Y = {(u,v) €
R2 :u = v}, which is non-characteristic, to be

xX(0) = (u,u), pu(0) =h(u,u), pu0)=1,

and H(u,v) = Juh(s,s)ds + .
0

The argument in [16] then shows that H(u(s),v(s)) is well defined by being
constant on the characteristic curves of (2.2). However, by (2.3), the characteristic
curves defined by the first equation of (2.2) fill the first quadrant R2. Thus, H is
defined on R%. Concerning the last assertion, from the second equation of (2.2),
we have

pv(t) = exp (Jot hy (u(s),v(s)) ds).

This and (2.4) give the boundedness of Hy, Hy . O

We now go back to the system (1.1) and consider the following assumptions.

(A.1) P%, PV, Q%, QV are C! functions in (u,v) € R2. There is a 5o > 0 such
that P*QV — PVQY%, P%, QY = §.

(A.2) There exists a constant k > 0 such that the function h defined by h(u,v) =
(kP* + Q%) /(kPY + QV) satisfies the conditions in Lemma 2.1.

(A.3) f, g are continuous functions in u, v and there exists a Ky > 0 such that
kf(u,v) + glu,v) < 0 whenever u > Ky or v > Ky. Here, k is the
constant in (A.2).

Theorem 2.2. Suppose that (A.1)—(A.3) hold. Then nonnegative solutions for
(1.1), with the mixed boundary condition (1.5), are bounded by a constant depending
on Ko and the diffusion parameters of the system.

Moreover, if (A.2) also holds for another positive constant k # k, then u, v are
also Holder continuous. Furthermore, for every 0 < u < 1, |[ullcu(qy, |Vlicuq) are
bounded by a constant depending on Y and the parameters of the system.
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Proof. We assume the Robin boundary condition (1.2) and leave the general
case to Remark 2.3. Multiplying the first equation by k and adding the second
equation, we get

(2.5) VI(kP* + Q*)Vu + (kPY + Q¥")Vv] = kf + g.

Thanks to (A.2), we can use Lemma 2.1 to have a function H = H(u,v) asa
solution of (2.1). That is,

(2.6) (kPY + QY)H, = H, (kP* + Q").
Let ax(u,v) = (kP% + Q%)/H,. From (2.5) and (2.6), we have
2.7) —V(ax(u,v)VH) = F

for F = kf + g. Testing this equation with (H — K), for any K > 0, we obtain

J ak(u,v)IV(H—Khlde—J ak(u,v)a—H(H—K)+dU
Q 20 ov
=J F(H - K), dx.
Q

From (A.1) and (A.2), it is easy to see that kP* + Q" > 0. As Hy, > 0, we
have that ax(u, v) > 0. On the other hand, from the boundary conditions for u,
v, we have

OH _oHou oHov _  JoH . o ¥ <o
ov _ ouodv ovaov " ou 29 -

Hence,
2.8) 0< J F(H - K), dx.
Q

Since Hy, Hy are bounded from above and away from zero, we have H(u, v)
— 400 iff (u,v) — . Therefore, there exists a K; > 0 such that H(u,v) > K;
implies that u or v > Ky. We choose K = K in (2.8). Thanks to (A.3), we have
F(u,v) = kf(u,v) + g(u,v) < 0 when H > K,. Hence, F(H-K;); <0
at (u(x),v(x)) for all x € Q. This implies that the integral of the nonpositive
function F(H — K1)+ in (2.8) is zero. Thus, F(H — K;)+ = 0. Again, since
F(H - K;)+ < 0if H > K;, we must have that H(u(x),v(x)) < K;. Clearly,
{(u,v) : Hu,v) < K;} is a bounded set. Hence, u(x) and v (x) are bounded
by a constant K, depending on K; for all x € Q. This constant K, obviously
depends on Ky and the parameters of the system defining the function H.
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We turn to the regularity assertion. Let us regard W(x) := H(u(x),v(x))
as a bounded weak solution to (2.7). Since u(x), v (x) are now bounded, kP* +
QY, Hy are bounded from above and away from zero and so is the coeflicient
A(x) = ax(u(x),v(x)). Therefore, Equation (2.7) is uniformly elliptic. H also
satisfies the same type of boundary conditions for u, v. In fact, we can write
0H/0v + R(x)H = 0, where

R(x) := (1’1 (X)Z—Hu(x) +1’2(x)a—Hv(x)) JH(u,v).
u ov

Here, by adding a constant to H, we can assume that H is bounded away from
zZero.

The well-known regularity theory of elliptic equations ([9, 13]) gives us the
Holder regularity of W. That is, W € C*(Q) for some « € (0,1). Moreover, as
ag is continuous in U, v, we have that A(x) = ax(u(x),v(x)) is continuous in
x. Again, the regularity theory of elliptic equations shows that W € C*(Q) for a//
ae (0,1). ]

If (A.2) holds for some k > 0, the argument above shows that the correspond-
ing function H is also Hélder continuous. Let H = (H,H). Using (2.6), we
compute its Jacobian

HyH, (k — k)(P*QV — PYQY)
(kPV + QV)(kPY + Qv)

|JH| = Hqu - HvHu =

Thanks to (A.1), (A.2) and Lemma 2.1, |Jj| is bounded from above and
away from zero. Therefore, H:R? -~ R2isa diffeomorphism. Since H and H
are Holder continuous, so is (u, V). O

Remark 2.3. The proof above also works for the mixed boundary condition
case. In fact, if we also require that K be larger than maxaq, H (1o, Vo), where uy,
Vg are the (bounded) boundary values of u, v, then (H — K;) |30, = 0 and the
boundary integral resulting in the integration by parts of the proof is still negative.
The proof then goes on as before, if we also assume that u, v are C! functions
on 0Q. Note also that H satisfies a similar mixed boundary condition.

We conclude this section by a simple application of Theorem 2.2. Apparently,
the conditions (A.1), (A.2) seem to be the most important ones to be verified. We
consider the following situation, which is inspired by and generalizes the Shige-
sada, Kawasaki and Teramoto system (1.6).

(YYY) For some integer N > 1, assume that P*, PV, Q%, QV are polynomials of
order N of the form

(2.9) > ajulvd,

i+j<N
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where a;j are nonnegative constants. Furthermore, we assume that the
coefficients ago, aon, ano of P* and QV are positive, and P*QV -PV Q" >
8o > 0 on RZ.
Obviously, this condition guarantees (A.1). Let us verify (A.2). To this end,
let k > 0 be given. We consider the function

_ kP"+Q"  R(u,v)
- kPv+QV  S(u,v)’

(2.10) h(u,v)

where R, S are polynomials of order N in (u,v) with nonnegative coefficients.
Moreover, the free constants and the coefficients of u"V, vV in these polynomials
are positive. A simple use of Young’s inequality shows that h(u, v) is bounded
from above and away from zero. Thus, (2.3) of Lemma 2.1 is verified.

We now turn our attention to (2.4). First of all, we have

T(u,v)
- S2(u,v)’

RyS — RS
(a0 = | RS

where T(u,v) is a polynomial of order 2N — 1. Hence, (1 + u + v)T(u,v) is
a polynomial of order 2N. Since S? is of order 2N and its coefficients for uN,
V2N as well as the free constant, are positive, it is easy to see that there is a positive
constant C, such that

(1+u+v)T(u,v)
S2(u,v)

G
l+u+v’

<G = |lhy(u,v)| <

Let (U, V) bea pointon Y. We consider the characteristic curve (u(t), v (t))
emanating from this point. From (2.3) and the first equation in (2.2), there must
be some constant Cy > 0 so that if (1 (t), v (t)) stays in R2, then |t| < Couy and
either u(t) = us or v(t) = vy = Uy, along this characteristic curve. Putting
these together, we have

. It] e
‘ JO hv(u(s),v(s))ds‘ < thl mds

C()‘I/t* 5
< J ds < C4
0 1+ u*

for some constant C4 depending only on k and the coefficients a;; in (2.9). This
shows that (YYY) verifies (A.1) and (A.2).

The argument above gives the following result.

Theorem 2.4. Assume that (1.1), with the mixed boundary condition (1.5), sat-
isfies the structural conditions (A.3) and (YYY). Let (W, V) be a nonnegative solution
to (1.1). Then, for every 0 < p < 1, [ullcu(y, 1V lcuq) are bounded by a constant
depending on U and the parameters of the system.
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Remark 2.5. From the argument above, it is clear that the assumption a;; >
0in (YYY) can be relaxed. Theorem 2.4 remains valid if one can find two positive
reals k, k such that the polynomials R(u,v), S(u,v) (defined in (2.10)) are
positive on R%, and their coefficients of u¥, vV and the free constants are also
positive.

Remark 2.6. Several works concern a simplified version of the (SKT) system
(1.6) where a11 = a2, = 0. This system is a special case of (1.1) where P*, Q%
(respectively, PV, QV) are functions in v (respectively, 1) only. In this case, the
assumption (2.3) on h of Lemma 2.1 does not hold as

_ kP*(v) + Q*(v)

R v) = v + Qv (w)

is no longer bounded on R2Z. However, the the function H in the proof of The-
orem 2.4 is now easy to find and the proof can be repeated with minor modifica-
tions. In fact, in order to verify (2.6), we need only take

ds ds

Huv) = Jo kP (s) +Qv(s) Jo kP (s) +Qu(s)’

The only assumptions we need for the boundedness of u, v are:

(1) ax(u,v) = (kP*(v) + Q*(v))/Hy = 0;

(2) H(u,v) — oo iff (u,v) — .

The first condition holds if (kP%(v) + Q*(v))/(kPV(u) + QY (u)) = 0 for u,
v = 0. The second condition holds, at least, for the case when P*, PV, Q%, QV are
linear functions with positive coefficients and satisfy (A.1). Indeed, we then have
H(u,v) = alog(a + bu) + Blog(c + du), with «, B, a, b, ¢, d being positive.
Thus, u, v are bounded in this case. Once this boundedness is established, the
proof of Hélder continuity goes on as before.

2.2, Uniform Holder bounds for the gradients. 1n this section we estimate
the Hélder norm of the gradients of the solutions for (1.1). These estimates pro-
vide the compactness of the fixed point maps in the study of coexistence solutions.
In fact, we will be able to consider much more general systems of the form

(2.11) —div(a(i) Vi) = F(ii),

where 11 = (U1, Uz, ..., Um) Is a Vector_valued function and a(#i) isa m X m
matrix. Let 7;(x)’s be C! functions on Q. We also assume the Robin boundary

condition
aui

ov

and leave the mixed boundary condition (1.5) case to Remark 2.13.
We consider the following structural conditions:

+ri(x)u; =0,



Strongly Coupled Elliptic Systems 1759

(P1) There exists a positive constant A such that
(2.12) AlE1? <a(i)&Ej, forany&e R™.
(P2) Tllere exists a continuous function Cy (1) such that: |a(ii)], |la; ()],
[F(u)| < Co(lu]).
Theorem 2.7. Assume (P1) and (P2). Let i be a solution for (2.11). Suppose
that U is Holder continuous and there exists a constant Cy such that:

11 ||ce < Cy, forall x € (0,1).

Then there exist & < 1 and a positive constant C (U, A, Cx, Co(llUtllw)), for any
u € (1,2), such that vi € CH(Q) and

1 llen) < C(u, A, Co, Colll Ul o))

This general result and Theorem 2.4 immediately give us a stronger result.

Corollary 2.8. Assume that (1.1), with the mixed boundary condition (1.5),
satisfies the structural conditions (A.3) and (YYY). Let (W, V) be a nonnegative solu-
tion to (1.1). For any p € (1,2), |ullcu), 1Vlicuq) are bounded by a constant
depending on [ and the parameters of the system.

In the proof below, we will only deal with the Neumann boundary condition
(r(x) = 0), and leave the Robin case to Remark 2.12.

The main idea of the proof of this theorem is to use the imbedding results for
Morrey’s spaces. We recall the definitions of the Morrey space M PA(Q) and the
Sobolev-Morrey space WLPA) et Br(x) be a ball centered at x with radius R
in R™,

We say that f € MPA(Q) if f € LP(Q) and

||f||f4,,.,\ = sup p~A - Qlfl’”dy<oo.

xXEQ,p>0 By (x)n

Moreover, f is in Sobolev-Morrey space WhPA) if f € WP (Q) and

1 e = Il + 19 F 1 < oo

IfA<n-p,p=1,and pr = p(n —A)/(n — A — p), we then have the
following imbedding result (see Theorem 2.5 in [6])

(2.13) Wl‘(p‘A)(B) c MpA‘A(B)
andif A>n-pandoy = (A - (n-p))/p,

(2.14) wh®A(B) c cO*\(B).
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We then proceed by proving some estimates for the Morrey norms of the
gradients of the solutions. From now on, let us fix a point x € Q. As far as no
ambiguity can arise, we write B = Bg(x) and Qg = Q N Bg.

We first have the following technical lemma.

Lemma 2.9. Assume the conditions of Theorem 2.7. For sufficiently small R > 0,
we have the following estimate

j Vi |2 dx +j [A | dx < C(Cy)R™ 2728,
QR QR

for e =20 — 1. Here Ati = (Auy, AUy, ..., AUp).

In the proof below, we will need the following useful result by Ladyzhenskaja
et al. [14]. The result was stated for the scalar function u but the same proof
applies for vector-valued functions. Note also that the condition un = 0 on 0Q in
(14, Lemma I1.5.4] can be replaced by (0u/0v)n = 0 in order that the calculation
in the proof of that lemma, using integration by parts, may continue.

Lemma 2.10 ([14, Lemma 11.5.4]). For any function 1 in W1>St2(Q, R™)
and smooth real-valued function n such that either 1in or (01 /0v)n vanishes on 0,
we have

(2.15) J Vi |2 2n? dx
Q

< oscz{ﬁ,Q}Cont.J (IV4 1272 |A1 12n? + |V 25| Vn)?) dx.
Q

Proof of Lemma 2.9. Let n(x) be a cut-off function for Bg and Bg, that is,
n =1 on B and n = 0 outside of Byg.
We first test the i*" equation of (2.11) with (7i —tig)in?. Integrating by parts
and summing the results, we easily derive (thanks to (2.12))

A |Vﬁ|2n2dxsj [(i —ig)Ta(i)Vunvn + (i —1ig) TF(1i )n?] dx.

Qg Qor

Since 1 is Holder continuous, |1 — tig] < C4R*. Using Young’s inequality
and the facts that |a(1i )|, |F(1i)| < C, |Dn| < 1/R, we obtain (for small R)

(216) J |V1/_i|2dxﬁ %J |1’Z_1/_’:R|2dX+CRn§CRn72+20(_
Qr R Qo

Rewrite (2.11) as

—a()AU = ayz(W)Viie Vi + F(ii),
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and test this with —A1in? to get
(2.17) | laappax<c| iviiintax+crn.
Bar Bar

Here, we have just used (P.1), (P2) and Young’s inequality. We apply Lemma 2.10,
with s = 1, to the integral on the right hand side of (2.17) to get

J |A |2n?dx < CRMJ
Qor

|Ati |2n? dx + CR?*¢ J
9353

Q)

|V |2|Vn|?dx + CR™.
R

Choosing R sufficiently small in this inequality and using the estimate (2.16),
we obtain

J |ATi |2 dx < CR" 4+
Br

Let € = 2cx — 1. The estimate above and (2.16) give the lemma. O

We are now ready to give the following proof:

Proof of Theorem 2.7. We proved, for any R small and € = 2o — 1, that
J |V1i |2 dx, J |ATi | dx < CR"272¢,
Qr Qg

We now apply [22, Lemma 4.1] to assert that the norms of Vu in W2V (Qp),
A =n — 2 + 2¢ are bounded. Therefore, by the imbedding inequality (2.14), we
obtain the boundedness of || Vi || cuq), 4 = €. Since « can be close to 1, we can
make p close to 1. The proof is then completed. o

Remark 2.11. It is easy to see that the same proof applies to the system
—div(a(i)Vi) = Fi, Vi),

where F (i, V1i ) satisfies |F (1i, Vi )| < Co(|1i |)(1+]|V1i |2) for some continuous
function Cj.

Remark 2.12. The case of Robin boundary conditions can be reduced to the
Neumann case by a simple change of variables. First of all, since our proof is based
on the local estimate of Lemma 2.9, we need only to study the inequalities of its
proof near the boundary. As 0Q is smooth, we can locally flatten the boundary
and assume that 0Q is the plane {x,, = 0}. Furthermore, we can take Qg =
{(x",xn) :xn >0, |(x’,xn)| <R}. The boundary conditions become

aui
0xn

+ fi(x')ui =0.
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We then introduce U (X', x5) = (Ui (X', xn), ..., Un(x’, xn)) with
Ui(x', xn) = exp(xXnTi (X" )ui(x’, xn).

Obviously, U satisfies the Neumann boundary condition on x;, = 0. Simple
calculations also show that U verifies a system similar to that for u, and the condi-
tions (P.1) and (P.2) are still valid. In fact, there will be some extra terms occurring
in the divergence parts of the equations for U, but these terms can be handled by
a simple use of Young’s inequality so that our proofis still in force. Thus Theorem
2.7 applies to U, and the estimates for u then follow.

Remark 2.13. Concerning the nonhomogeneous mixed boundary conditions
(1.5), Theorem 2.7 holds if we assume that i |50, is the trace on 0Q of some
@ € C*(Q,R™) and @ satisfies the same boundary conditions. To see this, we
first reduce the nonhomogeneous boundary conditions to the homogeneous ones
by considering U = 1 — @. From (2.11), the system for U is

—div(a()VU) =a(i);VUVQ + a; (U)VeVe +a(ti )Ap + F(i).

Noticing that the right-hand side satisfies the condition in Remark 2.11, we
can repeat the proof above. In fact, we need only rework the proof of Lemma
2.9 for the case B intersects the boundary 0Q. From Remark 2.12, we can also
assume the 7; = 0. We keep in mind that Lemma 2.10 is still available as Ulaq =
0 or (3U/dv)n = 0. In this case, we test the above system with Un?. Since
[U(x)| = C4R* for x € Bg, simple uses of Young’s inequality will show that
similar estimates to (2.16), (2.17) for Vi, Ati hold for VU, AU as well. Thus,
the proof above can go on as before.

We conclude this section by presenting a simple application of Corollary 2.8
to the generalized version of the (SKT) system (1.6) (see also Remark 2.6). We

consider

PY =61 +ayu+anv,

PV = b u, fu,v) =ula; - hyu - c1v),
QV =6, +au+anv, . {g(u,v) =v(a; — bou — cv).
Q" = by,

(2.18)

Estimates for the L® norm of u, v for the case a1 = by; and az; = by, (and
Neumann boundary conditions) were done in [19, Lemma 2.3] via maximum
principle arguments and a simple change of variables. In [19], due to the special
structure of (1.6), such L* estimates are sufficient for their analysis. Of course,
the techniques in [10, 19,24, 25,29] cannot apply here because such a change of
variables is no longer possible. In the present work, we need only to assume that
(Bl) 51’) ai, bi,ci >0 and ajj = 0 such that aii, aiz + by, a1 + b1, a > 0.

Furthermore, (anay + Janas )2 = b]]bzz.
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For any (u,v) € R2, simple calculations show that

min{dy,di1, a2 + ba} _ R, v) = P" + Q" _ max{di,ai, a1 + by}
max {6z, dz,az + b1} T PY+QV T min{dy,an,an + b}’

and

PuQv _pv Qu

2 2
> 0102 +anaxu’ + (anan + ana)uv + andnv: — biibpuv

> 816, + [(Vanaxn + anas )? — bubpluv = §16,.

Thus, (B.1) verifies Remark 2.5 with k = 1. It is easy to see that the same
claim holds for some k sufficiently close to 1. The condition (A.3) is trivially
satisfied by such choice of f, g. We see that Corollary 2.8 applies in this case. We
would like to remark that negative b;;’s are allowed here.

Corollary 2.14. Assume that (1.1), with the mixed boundary condition (1.5),
satisfies the structural conditions (2.18) and (B.1). Let (u,v) be a nonnegative so-
lution to (1.1). There exists 4 > 1 such that |ullcu(y, 1VIcuq) are bounded by a
constant depending on the parameters of the system.

Obviously, Corollary 2.8 is general enough to cover several important appli-
cations, and its a-priori estimates for higher norms will play a crucial role in other
investigations of (1.1). In the next section, our analysis of the coexistence problem
for the generalized (SKT) systems above will rely heavily on this result.

3. THE FIXED POINT MAP AND ITS INDICES

In this section, we study the solvability for the general system (1.1) with the non-
homogeneous mixed boundary condition (1.5). Since this system is not varia-
tional, index theory will be employed here. We refer the reader to [1, Section 11]
for the definition and basic properties of the fixed point index theory. On the
other hand, as we will study in Section 4 the existence of positive solutions when
(1.1) satisfies (YYY") below, we also prepare some index results for that problem.

In certain cases, trivial (or washout) solutions may already exist. Thus, we
will seek other (or coexistence) solutions. The main tools of our investigation
are the fixed point index-theoretic apparatus devised in [15]. To proceed, we first
construct a compact map T in an ordered Banach space X such that its fixed points
are solutions for (1.1). Then, we compute the fixed-point index of T in a subset U
of the positive cone X of X, and the sum of fixed-point indices of the “trivial” and
“semi-trivial” fixed points of T in U. If the two computed numbers are different,
then there exists at least one more fixed point of T inside U, which is a positive
solution for (1.1).

For triangular systems (see [15]) or the original (SKT) (1.6) (see [19, 24]),
it is quite easy and natural to define the map T, on the space C° of continuous
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functions, such that the scheme above is applicable. This, however, is not the case
for the general system (1.1) considered in this paper. Throughout this section, we
will assume the following structure, which is a little more restrictive than (YYY)
regarding the forms of the cross diffusions PV, Q*.

(YYY’) The functions P¥%, PV, Q%, QV satisfy (YYY) and (A.3). Furthermore, we
assume that

(3.1) PV (u,v) = ubP’(u,v), Q%u,v)=v0%(u,v),

where PV, Q% are polynomials. Moreover, we suppose that f(u,

v) =
uf(u,v) and g(u,v) = ug(u,v) for some continuous functions f, J
such that f, g satisfy (A.3).

Under this assumption, via Corollary 2.8, the C* norms (1 € (1,2)) of the
nonnegative solutions of (1.1) are uniformly bounded. Our main task is to deter-
mine a suitable fixed-point map T and the working functional space X.

3.1. Construction of the compact operator. The system (1.1) can be rewrit-
ten as:

—(P“Au + PVAv) — (P¥|Vul? + PY|Vv|?)
— (P + PYYVuVv + yu = f(u,v) + yu,
(3.2)
—(Q"Au + QVAV) — (QYIVVI? + Q%4 |Vul?)

- Q% +QY)Vuvv + yv = g(u,v) + yv,

where we just added yu, yv, with y € [0, 1], to both sides of the equations. The
introduction of this parameter y will be clear later, when we discuss the fixed-point
index results.

Let us denote

(3.3) 0:= (g; gf,) d(ii) = det(®) = P*QV — PVQY.

Let k be a positive constant, which is to be determined later. We multiply
d(11)07! to (3.2) and then add ku, kv to the equations. We obtain

(3 ) —d(ﬁ)Au—dn(ﬁ)Vu+(dlz(ﬁ)+c1,y+k)u=F(11),
—d(U)AV —dy (W) VY + (do (i) + c2y + k)V = G(1h),
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where (notice (3.1))

'dn(ﬁ) = (PQV —P'Q¥)Vu + (P} +PL)Q'Vv — (Q% + Q)P Vv,
da (i) = (QYP* — Q“PY)VU + (Q¥ + QY)P*Vu — (P¥ + PY)Q"Vu,
dip(ii) = (QYPY — QVPY) Vv,

| cy() = (QY — PYv)y,

dy (i) = (PEQY - P*QY)|Vul?,

(C2y (1) = (P* = QUu)y,

3.5

and

with

Fai)y _ o . oo (fu,v) +yu
<G(1Z)) =d@)e (g(u,v) +yv>'

For i € {1,2}, we define X! = C'(Q). X' is then a Banach space with the
norm |[ullxi := |lullci). We see that X!, X? are ordered Banach spaces with
the positive cones Xt ={fueX :ux) =0, Vx € Q}. Let X = X! x X2
and [[(u,v)llx = lullx: + llvlx2. Then X is an ordered Banach space with the
positive cone X; = X! x X2.

Let 4 > 1 be as in Corollary 2.14. From this result, there is Ry > 0 depend-
ing only on the parameters of (1.1) such that the C¥ norms of its nonnegative
solutions are bounded by Rg. Let Ry = 2R + 1. We consider the set

U:={,@) € X (w,@)lx <Ri}.
For each (, @) € U and for sufficiently large k, we define
(3.6) Kiy(y,p)
= { =AW, @)Ae — dia (g, @) Ve + (dio (W, @) + Ciry (Y, @) + k),
B0}

where By = B, and B, = By. Then K,y is a compact map from C'(Q) (or even
CY%(Q)) into itself. In fact, if h is a function in C'(Q), then u = Ky, (h) is just
the solution of
Ay, )Au —dii (¢, P)Vu + (dp (@, @) + ciy (P, @) + k)u = h,
Bi(u) = 0.
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We also put K; = Kj, that is

(3.7) Ki(W, @) = {~d(w, @)Ae —dir (0, @) Vo + (dir (@, @) + ), Bi(o)] .

The operators above are well defined if k is sufficiently large. In fact, since
(¢, @) € U, the C' norms of y, @ are bounded. The coefficients d(y, @),
dij(y, @), ciy (@, ), which are polynomials in ¢/, @ and their derivatives, are
also bounded by some constant C(R;). Note also that d(y, @) is bounded from
below by a positive constant. Thus, we can choose a sufficiently large k = k(R;)
such that the K;, Kj,, above are well defined. Furthermore, maximum princi-
ples for elliptic equations give that K;, (g, @) is a positive operator. That is,
Kiy (@, @) maps X1 into itself.

On the other hand, we can write

F(u,v) = (QY(f +yu) —P¥(g + yv)) + ku = [F(u,v,y) + klu,
G(u,v) = (P(g +yv) — Q“(f + yu)) + kv = [G(u,v,y) + k]v,

where F, G are some continuous functions in (u, v). Clearly, we can choose k > 0
large enough such that F(y, @), G(y, @) = 0 for (¢, ) € U.
The discussion above allows us to define the maps Ty, T from U into X, by

Ty(®) = (K1,y (®)[F(®)], K2,y (®)[G(P)]), T(®) = To(®), where ® = (¢, ).

From (3.4), it is clear that (u,v) € X is a solution for (1.1) if and only if it is a
fixed point of T (or Ty).

3.2. Fixed point index of T. We proceed to compute the fixed-point index
of the operator T. Our goal is to establish the following result.

Theorem 3.1. There exists a Ry > O depending on the parameters of (1.1) such
that for every R > Ry, we have
(1) i(T,Ug) =1, w/oe;fe Ur:={x € X, :llxllx <R}. ' '
(ii) Ifuo = vo =0, X% is invariant under T cmdi(TIXi, Ug) =1, where Ujy :=
Ur N X_l,_

An immediate consequence of (i) of this theorem is the following solvability
result.

Corollary 3.2. Assume that (1.1) satisfies (YYY') and that wo, vo are nonneg-
ative on 0Q). There exists a solution (u,v) to (1.1) with mixed boundary conditions

(1.5).

Proof of Theorem 3.1. We first fix a y > 0 in [0, 1] and consider T, (recall
that T = Tp). Foreacht € [0,1]and ® = (g, @), we define the map T;, U - X,
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by T}E(d)) = (u,v), with (u, V) being the unique solution to

~d(®)Au — di1 (®)VU + (di2(®) + 1,y (@) + k)u = tF(®) + ky,
—A(®)AV — da1 (®)VV + (da(®) + 2y (@) + K)V = LG (D) + ke,

and B, (u) = BL (v) = 0 on the boundary. Here,

B (u) = (giv‘ 700 €+ (1-0) (u—tug),
BL(v) = (g—z + rz(x)v) C+ (1-0)(v—-tvo).

Let 1 be a fixed point of T}t,. Multiplying the system ((u, v) = (y, @)) above

by the matrix (1/d(u, v))® and simplifying the result, we easily see that (compare
with (3.4))

(3.8) —div[P*(u,v)Vu + PV (u,v)vVv] = tf(u,v) + (t — yu,
—div[Q*(u,v)Vu + Q¥ (u,v)Vv] = tg(u,v) + (t — 1) yv.

Fort € [0, 1], the right-hand sides of (3.8) are negative if f(u,v), g(u,v) <
0 and u, v > 0. Theorem 2.2 asserts that, for any nonnegative solution (u, v)
of (3.8), lullw and || V]|« are bounded by the same bound K« for the L norms
of solutions of (1.1). Thus, the right-hand sides of (3.8) are bounded by some
constant depending on K and the parameters of our original system (1.1), but
not on t, k, y. Furthermore, Theorem 2.7 asserts that || (u, v) || x is bounded by a
constant Ry depending only on Ko and the parameters of (1.1) (without k in it).
We then redefine R; such that R, < R;. Note that the new Ry may affect k but
not Ry. Therefore, solutions of (3.8) satisfy || (u,v)[lx < R;.

The argument above shows that Tf, has no fixed point on the boundary {1
X, : |l llx = R1} of U. Hence, we can consider the homotopy H(t, ) = T}E(O).
We have

H:[0,11xU - X,

is a compact map and H(t,1) # i forall (t,1) € [0,1] x 0U.

Applying the homotopy invariance principle (see [1, Theorem 11.1]), we have
(3.9) i(Ty,U) =i(H(1,e),U) = i(H(0,¢),U) = i(T2,U).

Let us study T}g. Clearly, a fixed point (u, v) of T;,) satisfies

—div[P*(u,v)Vu + PY(u,v)Vv] + yu = 0,
—div[Q%*(u,v)Vu + QV(u,v)Vv] + yv = 0,
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with homogeneous Robin or Dirichlet boundary conditions on parts of 0Q.

We test the equations above for u, v respectively by u, v and sum up the
results. As y > 0, we easily see that u = v = 0 (as the boundary conditions
are homogeneous). Thus, (0,0) is the unique fixed point of T}(,) in U. Note that
this is true even for y = 0 if the mixed boundary condition is considered. This
is the only place where we need to introduce the parameter y > 0 to handle the
Neumann boundary condition case.

Let T;}(ﬁ) = (¥, ®). We have

—d(u)AY — d]l(ll )YVY + (dlz(‘l/i) + Cl,y(’li) + k)Y = ku,
—d(U)AP —dr (U)VP + (d(Ui) +c1,y(1) + k)P = kv.

Linearizing this system at the fixed point (0,0) along the direction (¢, @),
we derive the following system for (e, ) = (T3)"(0,0) (¢, @):

-d(0,0)Ax —d11(0,0)Vax + di2(0,0)x + ¢1,,(0,0) x + kx = ky,
—d(0,0)AB — d21(0,0) VB + d2(0,0) + ¢2,,(0,0)B + kB = k.

If (@, @) is an eigenvector corresponding to an eigenvalue A for (T7)'(0,0),
then (&,B) = A(y, @) and the system above gives (with d;;(0,0) = 0, and
€1,y(0,0) = y62, ¢2,,(0,0) = y61)

-d(0,0)Ay + ydop = (A1 = Dky,
-d(0,0)0A@ +y5; @ = (A1 = k.

Since y > 0 and every eigenvalue of —d(0,0)A + y ;I is positive, the above
gives A < 1. Using [1, Lemma 13.1], we have i(T}, (0,0)) = 1. As we al-
ready showed that (0,0) is the only fixed point of T} on U, we have i(T},U) =
i(T9, (0,0) = 1.

Thus, from (3.9), i(T,,U) = 1. If the mixed boundary condition (1.5) is
considered and 0Qy # @, then the above has no constant eigenvector and we
observe that the argument above still holds for y = 0. Because T = T, we proved
(i) of Theorem 3.1 in this case.

Otherwise, if only the Neumann condition is assumed, we then consider the
homotopyI:I(y, e) = Ty(e),y € [0, 1]. From the definition of Ty, we see that the
fixed points (u,v) of H(y,e) are exactly the solutions of (1.1); see (3.2). Thus,
l(w,v)llx <Ry and i(T,U) = i(Tp,U) = i(T1,U) = 1 by homotopy invariance.

For (ii), since F(0, ) = G(y,0) = 0 forall ¢, € C'(Q) and the boundary
conditions are now homogeneous, the invariance property follows easily. Finally, a
similar (and much simpler) argument as the above establishes the index result for
T| Xi- O
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3.3. Some index results. It is easy to see that if (1.1) satisfies (YYY’) and
homogeneous boundary conditions (ug = vy = 0), then (0, 0) is one of its solu-
tions. In this case, the conclusion of Corollary 3.2 is not so interesting. To study
the existence of positive solutions, we will go further and consider the restrictions
of T on the “edges” Xt,i=1, 2, which are regarded as subsets of X;. We now
recall some results in [15] that allow us to compute the fixed-point indices of T
on the “edges” (or “faces”) X L of X,. Let B be any subset of {1,2}. We consider
the following sets of fixed points of T.

Zg:={ueX,:Ti) =1, u;>0ifi € B, u; = 0 if otherwise }.

Roughly speaking, Zg is the set of fixed points of T on the face X5 = P;cp Xt
and Zg = (0,0). Z = Up{1,2) Zp is the set of all trivial and semitrival fixed points
of T on X,.

Following [15, Section 3.1], we set

(3.10) Bi(1):=K;(1i) o 0,F(1i), By(u):=Ky(1i)o0,G(u).

For sufficiently large k and W € Z, 0,F (1), 0,G(1i) are positive so that
B;(1i )’s are positive operators. We consider the following conditions:

(B) The largest eigenvalue of B;(0) is not equal to 1 fori = 1, 2.
(Ei) The largest eigenvalue of B;(0) is greater than 1.
(E) (E;) holds forall i € {1,2}.

Using Theorem 3.1, we have the following result, whose proof is similar to
that of [15, Corollary 3.6].

Lemma 3.3. Assume that (B) holds. If for some i € B, (E;) holds, then i(T| XE’O) =
0 and i(T|x:,Zp) = 1.

8

Let @ = {1,2} \ B. Assuming that & # &, we denote By = (B;)ica. If Zg is
not empty, we consider the following conditions.
(Dé) The largest eigenvalue of By (1) is smaller than 1 for all 1 € Zg;
(D[j) The largest eigenvalue of By (i) is greater than 1 for all 1 € Zg.

We say that (D) (or (D-)) holds if (Df) (or (D) respectively) holds for

B =1{1}, {2}.
We then set

1 if (D?) holds,

0 O hotds, "¢ A =Ty Zp).

(3.11) o(B) ={

Because By (1) is strongly positive, by the Krein-Rutman theorem [1], either
(Dy) or (D-) implies that 1 is not an eigenvalue of B (1) corresponding to a
positive eigenvector. The following is a restatement of [15, Theorem 3.1].
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Lemma 3.4. Suppose that either (DE) or (Dé) holds. Then we have i(T, Zg) =
o(B)i(B).

Applying this to our case, we have the following result.

Theorem 3.5. Assume that (E) holds. We have the following:
() if (D) holds, then

> AT, iy) = 2.
NxeZ

(i) if (D) holds, then
> i(T,1ix) = 0.
UsEZ

Proof- Since (E) implies (B), we can apply Lemma 3.3 here. For f = {1}
or {2}, we apply Lemma 3.3 to have i(f) = i(T|X§,Zﬁ) = 1. Lemma 3.4 then
gives i(T,Zg) = o(B)i(B) = o(B). For B = {1,2}, Lemma 3.3 gives i(T,0) =
i(T|xs,0) = 0. As Zg = {0}, we have i(T, Zz) = 0.

Therefore,
> UT, i) = (T, Zg) + i(T, Z)) + i(T, Z2)
NyEZ
B ~ (2 if (D4) holds,
= ot rotizh) = {o if (D) holds,
which completes the proof. O

The following result is a direct consequence of (i) of Theorem 3.1 and Theorem

3.5.

Corollary 3.6. Assume that (E) holds, and either (D) or (D_) holds. System
(1.1) has at least one solution (w,v) withu, v > 0.

4. THE COEXISTENCE PROBLEM

Corollary 3.6 gives sufficient conditions for the existence of a positive solution to
(1.1). In this section, we will present a deeper study on (1.1) satisfying (2.18),
which says

P4 = 51 +anu+ anv,
PV = byu, {f(u,v) =u(a; — byu — cv),

4.1
(4.1) QV =06+ anu+anv, gu,v) =v(a; — bu—cv).

Q% = byv,

Our main goal is to determine the range of the parameters in (4.1) such that
the hypotheses of Corollary 3.6 are realized. These hypotheses center on the eigen-
value problems of the operators B;’s.
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First of all, we see that for each 1i € Z, the set of all trivial and semitrival
fixed points of T on X, the eigenvalue problem B; (1)@ = A@ (see (3.10)) is
equivalent to

~d(W)AQ —di )V + (din(ii) + k)@ = A ()@, inQ,
(4.2) o

(52 +ne)C+1-01p =0, ondn,
where Fy (1) = F, (u,v), F(1i) = Gy (u,v).

The conditions (E), (D), (D-) then simply read as follows:

(E4) For each i = 1, 2, the largest eigenvalue of (4.2) is greater than 1 when
1 =0.

(D) Foreachi=1,2andforany 1 € Zj;, i # j, the largest eigenvalue of (4.2)
is less than 1.

(D-) Foreachi=1,2andforany i € Zj;, i # j, the largest eigenvalue of (4.2)
is greater than 1.

Roughly speaking, (E) says that (0, 0) is unstable in the u, v directions; and
(Dy) (respectively, (D-)) requires that a semi-trivial steady state on an edge, e.g.
u-axis, is stable (respectively, unstable) in its complementary direction, e.g. v-
direction.

Corollary 3.6 then gives sufficient conditions for coexistence. This general
result greatly generalizes [26, Theorem 3.4]. In the sequel, assuming various types
of boundary conditions, we will concentrate on the structure (4.1) and find con-

ditions for Corollary 3.6 to be applicable.

4.1. The Robin boundary condition In this section, for the simplicity of
stating the results and proofs, we will scale the constants in (1.1) to make 6, =
02 = 6 and assume also that 7 = 7, = 7 in the boundary conditions.

Setting u = 0 or v = 0 in (1.1), we consider the following scalar equations

V(6 +anu)Vu) =ula, — byu),
(4.3a) ou

— +r(x)u=0, xe€oQ,

on
and

-V ((6 +anv)Vv) =v(a, - cv),
(4.3b) ov

— +r(x)v =0, x €.

on

Let p; be the principal eigenvalue of —A on

E={ueC1(Q):Z—Z+T(X)u:O}.
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By [3, Corollary 3.2], it is now known that the equation for u, for example, has
a unique positive solution if u; < a;/d. Clearly, (u,0) and (0, v) constitute the
semi-trivial solutions of (1.1).

Our main result in this section is the following.

Theorem 4.1. We suppose i < min{ai/6,a,/d}. Let u, v be positive so-
lutions to (4.3). Then, system (1.1) with (4.1) has at least one positive solution if
either

(1) by = ayi, b1y = ar, ﬂndfor allx € Q

((11 — blu(x))(é + a21u(x)) — (5 + allu(x))(az — bzu(X)) > 0,

(az — v (x)) (6 +apv(x)) — (0 +anvix))(a; —civ(x)) = 0.
(ll) by, < min{as,ai1}, by1 < min{az,an}, amiﬁ)r allx € Q

(a1 — biu(x)) (26 + 2au(x)) — (6 + ajju(x))(a; — bhu(x)) <0,
(a2 — c2v(x)) (20 + 2a12v(x)) — (0 + anv(x))(ar —civ(x)) <0.

Proof. Using Lemma 3.6, we need only to verify (E) and either (D) or (D_).
Condition (E). When 1 = 0, (4.2) is equivalent to

(4.4)
ai +7r(x)p =0.

1—62A<p +kp =A"a;s + ko,
ov

From the condition p; < min;j{a;/&} we have A := (Sa; +k)/ (1162 +k) > 1
is an eigenvalue of (4.4) corresponding to e; (the eigenvector of —A associated
with the eigenvalue ;). So (E) holds.

Conditions (D) and (D_). Consider i = 2 and 1 = (u,0) € Zi, the set of
semitrivial solutions in the u-axis. Let A be the largest eigenvalue of B, (10 ). It is
well known (see [1]) that there exists @ > 0 such that B, (7i )¢p = A@. From (4.2)
and (3.5), we have the equation

—PYQVA@ — (Q% + QY)P*VuVe + (PLXQ%|Vul?> + k)@
=A"'(PYg, - QU f + k).

Here and throughout this section, the functions P¥, P¥, Q%, QV, f, g and their
derivatives are evaluated at 1 = (u,0).
The equation above is equivalent to

- V[P*Q'V@] - (QUP" — Q'PYH)VUV@ + (PLQY|Vul* + k)@
=A" N (P'gy - QUf + k).
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Testing this equation with ¥ = ¥ (u) > 0, which will be determined later, and
taking integration by parts, we have

LQ PYQVYr(x)pdo + JQ[P“Q“‘I’M —(Q¥P* - Q'PHY]IVpVudx

+ J (PEQUIVul? + k)Y@ dx = A™! J (P gy — QUf + k)Y@ dx.
Q Q

Let N := J (P*gy — QU f + k)Y@ dx. A little rearrangement of the above
Q
shows that (A™! — 1)N is equal to

(4.5) LQ PUQ'Y¥Yr(x)pdo + J;)[P“Q”‘I’u —(Q¥P* - QVPHY Ve Vudx

+J Py E‘I’QDIVuIzdx—J (P*gy — QU )Y@ dx.
Q Q

By choosing k sufficiently large, we have (P*g, — Q% f + k) > 0 and N > 0.
Hence, the sign of (A~! — 1) is that of the quantity above, which will be our focus
below. Our first task is to get rid of the term involving VuV@. Since (u,0) is a
fixed point of T, it satisfies system (1.1). From the first equation of (1.1), we have

(4.6) —div[P*(u,0)Vul] = f(u,0).
Test this with P, in which

QUPYY

P=Q"Y, - QUY + P

to derive
J PUPVuvVedx = —J PP, @|Vul|*dx + J fPpdx — J PUPrugpdo.
Q Q Q 20
The left integral of the above is nothing but the second term in (4.5). There-

fore, by substituting this equality into (4.5) and then grouping the result, we
obtain

(4.7) (A1 = 1)N=J Iar<pdcr+j Ig(pIVulzdx+j Irp dx,
0Q Q Q
where
Iy = (P*QVY — P“Pu),
Io = (PQYY — P"Py),
Ig = (fP — P%g, Y + QU fY).
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We further simplify these terms by using the definition of P, (4.1), and

_ QUPM‘I’—I— Q'UP’I/L\I] Q‘U\I{(Pu)z
Pu:QZ\Yu"‘Qv‘Ijuu_Qg‘Yu“‘ e pu u (Pu)?

We get

Iy = uP“(Q4Y — QV¥,) + QVY(P* — Plu),

Y(Py)?

i = Py~ Pfj“l’u] :

Io = (Qy — Q) (PY + P"Yy) + QY [

v
=t 1? (PY¥,, + PYY) — PUg, ¥
Since @ > 0 and N > 0, as we mentioned earlier, (4.7) shows that A > 1
(respectively, A < 1) if I3, Io and I are negative (respectively, positive) altogether.
Let us consider these two cases.

The case (D) (A < 1). In this case, we shall choose ¥ = u/P". Noting that

1 pY
Y, = -Pt—— Yyu =

Pu u (P“)z’ +2(P’b£)2

(P”)2 (P“)3'

we compute and get
I = Qyu?,
P"/L v
lo=(QY - QY + L

Ig = P%(Qvf—P“gvu).

Therefore, these terms will be positive if Q% —QY, = 0 and QV f—P*gyu = 0,
or

bzz > a1 and (a1 — blu)(é + a21u) — (5 + anu)(az — bzu) > 0.
The case (D_) (A > 1). We now choose ¥ = u and find that
I = (Q¥ — Q)Pyu’ + (QF — P)du?,

oQVPH
pu

va u u u v u
Iz = (P" + P¥u) — P*g,u <2fQ" — P*gyu.

Io = (Qy — Q) (Pju +P") —
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They are nonpositive if Q¥ —Q}, < 0, Q% —PY < 0and 2fQY —P*g,u <0,
or

bzz < min{a21,a11} and (al—blu)(26+2a21u)—(6+a11u)(a2—b2u) <0.

By symmetry, we require the same conditions for the semitrivial solution
(0,v) in each case. It is clear that those are the stated conditions in the theo-
rem. We finish the proof for Theorem 4.1. o

Remark 4.2. It is not too difficult to substantiate the conditions (i) of The-
orem 4.1. For example, large cross diffusions will be enough for (i) in the strong
competition case where we are given that by /b, < a1/a, < c¢1/cz. In fact, let us
consider the first inequality in (i).

(a1 — biu(x)) (6 + azu(x)) — (8§ + anu(x))(az — bru(x)) = 0.

It is well known that u, the positive solution to (4.3), satisfies 0 < n < u(x) <
ai/b; forall x € Q. If u(x) = a,/b,, then the inequality above is trivial. Other-
wise, (a1 —biu(x)) = (a; —braz/by) > 0 and we can choose a,; = C(a;, bi, n)
sufficiently large so that the inequality above holds. This is possible because n,
the positive lower bound for u, does not depend on a,;. Similarly, large a1, will
give the second inequality in (i). Thus, strong cross diffusions will be sufficient
for this case. Nevertheless, the verification of the condition (ii) seems to be more
subtle as we may need to have a better understanding on the minimum values of
the solutions u, v of (4.3) on Q. The Dirichlet boundary condition case can be
treated similarly but also requires more technicalities concerning the semitrivial
solutions. Results such as those just outlined will appear in a forthcoming paper.

4.2. The Neumann boundary condition. In this section we consider (1.1)
with (4.1) and Neumann boundary conditions (see, however, Remark 4.17 for
possible generalizations). We will mainly focus on the so called “weak” or “strong”
competition cases:

(S) (Strong competition: ) by /by < a1/a, < c1/ca.

(W) (Weak competition: ) by /by > ai/a; > c1/ca.

The existence of a positive solution for (1.1) in these cases is trivial since (uy, Vy) =
((a1c2 —6l2C1)/(b1C2 — szl ), (hlaz — bz&ll )/(b]Cz — bZCI )) isa pOSitiVC solution
for the problem. Of course, this constant solution is not interesting both math-
ematically and biologically. The purpose of this section is to find the conditions
on the parameters of (1.1) that guarantee the existence of a positive nonconstant
solution (or, in biological terms, pattern formation). Throughout this section, we
will assume the condition (B.1) so that the index results of Theorem 3.1 hold.

We denote by pi, i = 0, 1, ..., the eigenvalues of —A with Neumann’s bound-
ary condition. Note that gy = 0. We also denote by m(p;) the algebraic multi-
plicity of pj.

Concerning the fixed point indices of the trivial and semitrivial solutions, we
have the following result.
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Proposition 4.3. Let Z be the set of all the trivial and semitrivial fixed points of
T.
(i) If (S) holds, then Y jcz i(T, 1) = 2.
(i) If (X) holds, then Y ez i(T, 1) = 0.

Proof. (i) We will verify the conditions (E), (D4). When 1 = 0, (4.2) (see
also (4.4)) reads
op

(48) _5%A(p + k(p = )\71(61,1'51' + k)(p, W = 0.

Clearly, A = (a;6; + k) /k > 1 is an eigenvalue of this system with respect to
@ = 1> 0. Hence, (E) holds fori = 1, 2.

Next, the semitrivial fixed points of T are (u,0) = (a1/b;,0) and (0,v) =
(0,az/c3). Let us look at (1, 0). The eigenvalue problem for B, (u,0) in (4.2) is

o
ov

G(u,0), P =0,

—d(u,0)A@ —da; (1,0) Ve + (da(u,0) +k)p = A™! N

or
-d(u,0)Ap + ke = A5 + anu)(ar — byu) + klp.

Thanks to (S), az — bou < 0 (u = a/b1). So, if k is sufficiently large we see
that @ = 1 is the positive eigenfunction corresponding to the eigenvalue

(01 +anu)(as —bou) +k

The same argument applies to the semitrivial solution (0,v). Therefore, (D)
holds. Using (i) of Theorem 3.5, we proved (i). Similar computations establish
(ii) by verifying (D_). |

One of the key ingredients of our analysis in this section is to compute the index
i(T,1i4) at the positive (constant) fixed point of T. The following result provides
the formula.

A 1.

Theorem 4.4. Suppose that the matrix

_ (Fuliy) Fyi)
M= (Gu(ﬁ*) Gv(u*))

has two distinct eigenvalues. Let Ni := I — (1/(d(tis) i + k)M, where I is the
2 X 2 identity matrix. Suppose that the matrices Ni are non-singular for all i = 0.
Then

i(T,10y) = (-DX,

where
k= > mu).

detj\fi<0
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To proceed, we first compute T’ (1i4) (@, @), the directional derivative of T
at Uiy along the direction ® = (y, @). Let (U,V) = T'(1i+) (¢, @). Linearizing
the system

d(ﬁ)Au - dn(ﬁ)Vu + (dlz(ﬁ) + k)'bL = F(ll),
—d(ﬁ)A’U — d21(11)Vv + (dzz(ﬁ) + k)U = G(I/_i),

we easily get

~d(15)AU — dy (i) VU + (d12 (i) + k)U = F,
—d(U)AV — dy1 (1) VV + (dp (tix) + k)V = G.

Here,

F=—[-Vidis) - ®PAus — Vydi (is) - ®Vus + Vidia (1) - Pyl

+ VaF(iy) - @,
G

—[-Vad (i) - PAVy — Vydo (i) - PV UL + Viido (Tiy) - PUk]

Because i is constant, the above system reduces to

—d(U)AU + kU = V3F (ti) - (@, @),
—Ad(Ux)AV +kV = VG (uiy) - (P, ).

Recall that (U, V) = T’ (ti+) (y, @). The above says that T’ (1i4) is a compact
linear map from X into itself with

T (1)@ = [—d(1iy) diag(A,A) + kI1' M, & = (p,p)".

Here, —d (1i) diag(A, A) + kI is armed with the Neumann boundary condi-

tion. We now apply the Leray index theorem to compute the fixed point index of
T at ’l/_i* .

Proposition 4.5 ([1, Theorem 11.4]). Assume that 1 is not an eigenvalue of
T (tis). Then

i(T,(lix) = (=)™, m=> ny.
A>1

Here ny is the algebraic multiplicity of the eigenvalue A of T' (vis). That is

ny = dim | | ker(AI - T/ (1i4))" |
p=1
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Let us consider the Hilbert space £ = H'(Q). Let 7 be the extension of
T’ (tix) on X = E x E. From the regularity theory of Laplacian equations, we
see that the eigenvectors of T in X are smooth so that generalized eigenspaces
ker(AI-T'(1i4))? coincide with ker(AI—7)?. Thus we will study the eigenspaces
of T on the Hilbert space X. The following result, which is a little more general
than what we need, will serve our purpose.

Lemma 4.6. Suppose thar M is a n X N matrix. Let E be a Hilbert space and
L :E — E be a self adjoint compact operator. We define

T:F"— ",
T = LM,

where L = LXLX -+ XL:E" — E" and M is regarded as a linear map E" into
isself. Let {pi}3 |, {ei}i2, (respectively, {yi}]\, (Wil ,) be the sequences of distinct
eigenvalues and eigenvectors of L (respectively, M). We then have
(i) ker(AI —T) = span{uie;: Mu; = yu;, and Lej = pej, with A = yu}.
(i) Ifny, = Xy, for all eigenvalues yi of M (here, X,, is the geometric multiplicity of
the eigenvalue'y), then we have ny = X, for every eigenvalue A of T . Moreover,

(4.9) Xp = dim[ker(AI - T)] = > nyny,

where the summation is taken over all yj, Ui such that A = yjp;.

This result may be known, but we could not find the reference. Hence, we
give a sketch of its proof.

Proof. Let x # 0 be in ker(AI—T). Since {e;};>, forms a basis for Z, we can
write X = 2, «;e; for «; € R™. From T x = Ax, we have >, Max;jpiej = A > x;e;
or Y (MiMx; —Axi)ej = 0. This implies that yiM; = Ae; for all i. Since x # 0,
there is an i such that «; is an eigenvector of M with eigenvalue A/p;. Thus, x is
a (finite) linear combination of u;e;. Furthermore, since {u;} and {e;} are linear
independent sets, we easily see that {u;e;} is also a linear independent set. This
shows that the set {u;e; : Mu; = yu;, and Le; = pej, with A = yu} forms a
basis for ker(AI — 7). This proves (i).

We now recall [30, Proposition 8.18] which states that

ny =x, < det({x/,x;)) #0,
where {x1,...,xn} and {x{,...,x}} are the bases of N = ker(AI — T) and
N* = ker(AI — T*), respectively. Since T* = M* L* = M* L, similar argument

as above shows that

N* =span{uje;: M*u’ = yu/, and Le; = pej, with A = yuj}.
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We can assume that {e;} is an orthonormal basis for . Note that (uje;, uxe;) =
(uj,uk){ei,ej). It is easy to see that we can rearrange the bases of N, N* such
that the matrix ((x/, x;)) is a block diagonal matrix whose diagonal blocks are
just the matrices ((uj,um)), which are formed from the eigenvectors of M,
M* corresponding the same eigenvalue A/p;. Apply [30, Proposition 8.18] to
the matrix M to see that the determinants of these matrices are nonzero, so is
det({x[,x;)). This establishes (ii). Since L is self adjoint, ny, = x,,, (see [30]).
(4.9) then follows from (i). O

We are now ready to give the proof of Theorem 4.4.

Proof. We apply Lemma 4.6 to L = (—d(tix)A + kI)~! and M defined in
the theorem. The eigenvalues of the self adjoint operator L are 1/(d(1i4)pu; + k)
with the multiplicities m(p;). Supposing that M has two different eigenvalues
Y1 < y2, we have n,, = Xy, =1 fori =1, 2. From (4.9), we have

ny = > m(u;) + > m(u;).

A=y1/(d(tis)pi+k) A=y2/(d () pi+k)

Therefore,
m=> = > mu)+ > mu,
A>1 Al>1 AF>1

Al — Y1
oodi)pi + K

Cod@i)p + Kk

Let7 = {i: /\l1 <1< )\%}. We then have

m = (Z m(ui)) (mod 2)
i€l
= ( > m(ui)) (mod 2).

(1-a1)(1-22)<0

Noting that (1 — All) and (1 — ?\%) are the eigenvalues of the space N; =
I—(1/(dis)p; + k)M, we have 7 = {i : det N; < 0}. Therefore,

m=( > mu)) (mod2)=k* (mod2),

det N; <0

which, together with Proposition 4.5, gives us the proof of the theorem. O
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We now combine the results of Theorem 4.4 and Proposition 4.3 to find sufficient
conditions for the existence of a positive nonconstant solution to system (1.1).
To apply Theorem 4.4, let us consider N;. We have

p— ; Qv -pv b1u* Cl1U« ' R
(5 ) 5 52) ]

B 1 Qv -pv biuyx ciux L pw pv
AW + k \-Q* P* byvy vy Hilgw qv ) |-

Since the determinant of the first matrix is positive, we have

(4.10) det(N;) <0

o biuyx ciuy (P* PV
e o (2 ) s (52 20 <o

A simple calculation gives
(4.11) D(u) = d(us, Vi) U + di (Us, Vi) 1 + do (U, Vs,
where

d(ﬁ*) = Pu(ﬁ*)Qv(ﬁ*) _Pv(ﬁ*)Qu(ﬁ*)s
di(liy) = P*(li4)covy — Q" (Ui )C1us + QY (M) biusy — PV (1) bovy,

dr(tiy) = (b1cy — baci)Us V.

Let us first assume that D (i) can attain negative values on R (see Remark 4.8
below). We have the following result.

Theorem 4.7. Suppose that D(ui) + 0 for all i = 0 and the set O := {i = 1:
D(u;) < 0} is nonempty. Let ip = min O and i, = max O. Assume also thar

(4.12) > m(u;) s odd,

i=1ip

and either (S) or (W); then system (1.1) with (4.1) has at least one positive nonconstant
solution.

Proof. We first note that the condition © # @ implies that there exists an i
such that NV; has two distinct eigenvalues ?\l1 <0< /\%. So, the matrix M also has
two distinct eigenvalues. Moreover, since D (u;) # 0, N; is non-singular for all i.
Therefore, all the conditions of Proposition 4.3 are satisfied. Also note that, since
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D(u) is a quadratic function of p with d(1ix) > 0 and limj_. pi = %, O must
be finiteand @ = {i:ip <1i <1i;}.
(i) Assuming (S), we have D(uo) = D(0) = (bicy — baci)usvy < 0. From

Theorem 4.4, with k* = m () +Zi1 i, m(ui) being even, we have i(T, 1) = 1.

Therefore, combining with Proposition 4.3, we have

> (T, 1s) =3

Zu{uy}

Meanwhile i(T,U) = 1, so there must be at least one more fixed point of T in U
which is a nonconstant positive solution for the considered system.

(ii) For the “weak” competition case, b1/b, > ai/a, > ci/c2, we have
D(po) > 0. The proof is similar if one notes that k* = 2%121-0 m(u;i) is odd
so that X7y, 1(T,1y) = —1. O

Remark 4.8. 1f D(u) = 0 forall u > 0, then Theorem 4.4 and (4.10) say that
i(T,1i4) = 1if D(ug) > 0 (or (W) holds) and i(T,7i«) = —1 if D(ug) < 0 (or
(S) holds). Comparing with Proposition 4.3, we see that > 7,1 (T, 1s) = 1,
and that the above argument does not apply to give a conclusive answer.

The above theorem is stated in its most generality but its main assumption
(4.12) is not easy to be verified in practice. However, if there exists an i > 1 such
that m(u;) is odd, then one can take k to be the smallest of such i’s to have that
Z’le m(u;) is odd. The following special version of Theorem 4.7, when iy = 1
and i; = k, could be more practical.

Corollary 4.9. Suppose that either (S) or (W) holds, and that there exists k = 1
such that Z’i<=1 m(u;) is odd. If

(4.13) D(u1) <0, D(up) <0, D(upsr) >0,

then (1.1) with (4.1) has at least one positive nonconstant solution.

In the rest of this paper, we will explore several consequences of this result.
Before doing so, we would like to point out that the analysis in this subsection has
not used much of the structural condition (4.1) but the results in Section 2 and
Section 3, which hold for much more general settings (see (YYY)). This generality
would allow us to venture into other more general models.

However, for the sake of easy comparison with available literature, we will
concentrate on (1.1) with (4.1). The analysis below also provides ways to study the
effect of some parameters of the system on the existence of a nonconstant positive
solution. Roughly speaking, no matter what competition situation (“strong” or
“weak”) is considered, the following theorem shows that suitably large (self or
cross) diffusions will force the existence of such solutions. The main idea is to
parameterize the diffusion matrix ® by introducing a parameter t in different
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coefficients of P*, PV, Q", QY, and then vary t so that the condition (4.13)
is fulfilled. One can see that this method can apply to many other interesting
situations too. However, we restrain ourself to present only a few to illuminate the
use of Corollary 4.9.

Theorem 4.10. Suppose that either (S) or (W) holds, and that there exists k = 1
such that Z’le m ;) is odd. We consider the following cases.

O - (51 +anu+tappv thi1u )

hzzv (52 +anu + axpv
a=anv(02 + anuyx + anvs) — biibnus vy,
[P = (@12C2V% = b11bauy ) V.

D y

O — (51 +anu+ anpv b11u )

tbzzv (52 +ta)u+ anv
a=anux(61 +anux + anvs) —biibnusvy,
(b = (b1axusx — bpciVs) Usx.

0 01 +taju+ anv thi1u
hzzv 52 +ad)yu + axpv ’

(II) 1
a=anux(6z +anux + anvs) —biibnusvy,

(b = (anc2 — biib)usvs.
O — 51 +anu+ anpv b11u
B tbzzv (52 +axu+tanyv ’

Ir)
a = anv(61 + anux + anvs) —biibpusvy,

b = (b1ay — bync)usvy.
Suppose that appnaz = bi1bay;

B 01 +anu+tanv thi1u
0= ( thyv 0y + tayu + (1221}) ’
a=anvx(6z +anvs) + anux(dr + anusx),
b = blazlui — (baby1 + c1bp) U V4 + Czalzvi.

(111)

For each case, suppose that a > 0 and px < —b/a < Pii1; then there exists ty
such that system (1.1) has at least one positive nonconstant solution for all t > to.
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Proof: We only prove the case (I) because the same argument applies to the
other cases. From (4.11), a simple calculation gives

(4.14) D(u) = (ap + b)ut + (Au? + Bu + C),

where A, B, C are independent of t and a, b are defined as in the theorem.

Sincea > 0and 0 < u; < pux < —b/a, we see that (ap; + b)u; < 0 and
(apk + b)uk < 0. Hence, from (4.14), for t large enough we have D (u;) < 0 and
D () < 0.

Similarly, because @ > 0 and px+1 > —b/a, we have (api+1 + b)pg+1 > 0.
Hence, D (px+1) > 0 for t sufficiently large.

Therefore, there exists ty > 0 such that (4.13) holds for t > t,. Applymg
Corollary 4.9, we prove (I).

Several remarks should follow to discuss the conditions of this theorem as well as
its biological interpretation.

Remark 4.11. From Definition (4.10) and Equation (4.14), it is easy to see
that det(®) = (at +A). Hence, the condition a > 0 is necessary here to guarantee
the ellipticity condition of (1.1) that requires det(®) > 0 when ¢ is positively large.

Remark 4.12. The case (I') (respectively, (I')) is just the counterpart of (I)
(respectively, (I)), where we interchange the roles of u, v. We only state them
here for later references. These cases indicate that while diffusion and self diffusion
tend to suppress pattern formation, cross-diffusion seems to help create patterns.

Remark 4.13. Case (I) implies that pattern formation can occur if one cross
diffusion pressure is strong enough (while the other cross diffusion pressure stays
fixed). On the other hand, since we allow a1, # b1; we can refer to aj,, which
goes with v, as the density cross diffusion; and by;, which goes with Vv, as the
gradient cross diffusion. Case (II) then concerns an interesting phenomenon where
these two kinds of cross diffusions can be very different. We find that spatial
segregation can also occur if the self diffusion and gradient cross diffusion pressures
of one species are strong enough. Of course, one can try to introduce large t only
in front of the self diffusion 81 or the densizy diffusion a1, (or both). In these
cases, however, D(;) > 0 for all i = 1 when t is large; and our method does not
provide the desired coexistence (see Remark 4.8). It could be interesting to ask
whether strong density cross diffusion alone would prevent pattern formation.

Remark 4.14. The case (IlI) positively answers a question in [19, page 83],
where they consider a1z = b1y and ax1 = baa, that “whether the nonconstant
solution of the original SKT system exists when both cross-diffusion pressures are strong
but qualitatively similar.” Here, the ratios between the cross diffusion pressures are
b11/by; or a12/az1, which need not be very small or large. Note also that we only
require ajppaz = bllbzz.

Next, we will see that some main coexistence results in [19] are just conse-
quences of our above discussion. The following is a (more precise) restatement of
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[19, Theorem 1.3] concerning the “weak” competition case (W). Indeed, a careful
inspection of the proof of [19, Theorem 1.3] reveals that the constants C;’s in the
statement below should depend on the eigenvalues pix, ti+1.

Corollary 4.15. Suppose that b1y = arz, by = azi. Assume that (W) holds

and there exists k > 1 such that Zle m ;) is odd. Then the system (1.1) has at least
one positive nonconstant solution in the following situations.

(l) ai/ax > %(b]/bz + c1/¢c2) and 52 + anvy € (C1, () fb}’ some positz've
constants C1 < C, depending on ai, bi, ci, Uk, Uk+1. The cross diffusion
a1y = by is sufficiently large.

(i) ai/ay < %(bl/bz + c1/c2) and 81 + anuy € (Cs,Cy) for some positive
constants C3 < Cy4 depending on ai, bi, Ci, Uk, Mk+1. The cross diffusion
az1 = by is sufficiently large.

Proof: We only give here the proof of the case (i). We consider the case
(I) (case (I') for (ii)) of Theorem 4.10. Since b1 = a2, by = az;, we have
a=anvx(6s+anvy), b = anv« (v — buy). As

_ ajcy —axc; blaz—bzal)
(u*,v*) B <b1C2—b2C1’ b]Cz—bzcl ’
we have
__b _ bzu*—sz* _ C*
a h 6+a22u* _6+a22u*’
2asb,c5la/as — S(by /by + ¢ /c
where Cy = 2brerlar/as — 5(by/by + c1/ 2)]>0.
b]Cz—bzcl

Let C = Cy [Uk+1s C, = Cy [ Uk. When & + anvsy € (C1,C), we have M <
—b/a < prs1. Applying Theorem 4.10, with t being large, we complete the
proof. O

For the “strong” competition case, the following strengthens [19, Theorem 1.4] in
the sense that the intrinsic self diffusions 6; do 7or have to be large. We will not
present the proof here since it is similar to the above proof.

Corollary 4.16. Suppose that by = arz, by = az. Assume that (S) holds and

there exists k > 1 such that 21-{:1 m(u;) is odd. Then the system (1.1) has at least one
positive nonconstant solution in the following situations.

(1) ar/ar < %(bl/bz + c1/c2) and 8 + anvy € (Cs,Cs) for some positive
constants Cs < Cg depending on ai, bi, ci, Uk, Hk+1. The cross diffusion
vy = by is sufficiently large.

(ll) ai/ax > %(b]/bz + c1/cp) and 51 + AUk € (C7,C8) ﬁ)r some positz've
constants C; < Cg depending on ai, bi, ci, Uk, HUk+1. The cross diffusion
az1 = by is sufficiently large.
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Remark 4.17. The results in this sub-section continue to hold if a much
more general structural condition on the diffusion matrix like (YYY’) is in place.
One would easily see that Theorem 4.10 is the only place where we consider
the structure condition (4.1). In addition, we could only require that the partial

derivatives of f, g (f = uf, g = vg) are negative.

5. OTHER MODELS

We conclude our paper by some examples concerning some other applications of
our previous results. In particular, we will assume the structure (YYY’) on the
diffusion matrix ® whose entries can be negative. Obviously, such a generalization
would open a wealth of interesting investigations on the effect of different kinds
of nonlinear dispersive forces in the spatial segregation question. The uniform
bounds in Section 2, the fixed point index results in Section 3, and the Theorem
4.4 are the key ingredients for such explorations.

For the sake of brevity, we will restrict ourself to the Neumann boundary
conditions and the following structure on the reaction terms.

(F) Assume that f(u,v) = uf(u,v) and g(u,v) = vg(u,v). Moreover,

fa,v) = fUu) + fU ), gu,v) = g“wm) +g* (),

for some functions f*, fV, g, gV that satisfy

(5.1) f%(0), g"(0) >0, fY(0)=g"(0)=0,
and 1liirolof”(u) = ngv(v) = —oo.

There is a unique positive solution (U, V) to

(5.2) fr )+ ffv)=0, g“u) +g’w)=0.

Here, f%, gV are respectively the birth-death rates of u, v, whereas fV, g*
describe the reaction between the species. The assumption (5.1) is very common
in the context of biology.

Define the operator T as in Section 3. Following the calculation in Proposi-
tion 4.3 (see (4.8)) and using the facts that f*(0), g¥(0) > 0, fV(0) = g*(0) =
0, we easily see that (E) holds and i(T,0) = 0.

Clearly, the solution (ux,vs) of (5.2) is the positive constant solution to
(1.1). We then compute the fixed point index of T at (U4, V). It is easy to see
that Theorem 4.4 in Section 4.2 is still valid. Following the calculation in that
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section we see that

o 1 Qv _Pv
Ni= d(is)pi +k (—Q“ p )

d of

U s vous L, vou, pu pv
« | - ou ov +H'< )

~ ~ 1 u v

a—g(u Vi)V a—g(u Vi)V QQ

ou ky U ) Ux v ky U ) Ux

and (see (4.10))

biuy, ciuy p% pv
D(u;) := det [(bzv* sz*) + Hi <Qu QU)] ,

with
of of

b, = —a—f(u*,v*), c1 = ——f(u*,v*),
(5.3) ou 39

b, = —%(u*.v*), C = —%(u*,v*).

From Theorem 4.4, we then have
(5.4) i(Tis) = (D%, wichk*= > m(u).
det D (u;)<0

From (5.1) the equations f*(u) = 0 and g¥(v) = 0 have positive roots
which are the semitrivial solutions on the u, v axes. In the sequel, we will study
the fixed point indices of T at these solutions and derive sufficient conditions for
the existence of nonconstant solutions.

5.1. The prey-predator case We consider the case where the prey u is de-
prived by and tries to avoid the predator v, whereas v benefits from u and moves
toward high concentration areas of u. Mathematically, this can be modeled by
assuming that

(5.5) PY(u,v) >0, Q*(u,v) <0, fY(v) <0, g*(u) >0, VYu,v>0.

For k large, we easily see that kP* + Q" > 0. Thus, (A.2) is verified. For

(A.3), we need to assume that ku f (u,v) + vg(u,v) is negative when either u
or v is large. Thanks to (F) this means

ku(f*“(u) + fY(v)) +v(g“(u) + g¥(v)) <0, when either u or v is large.
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This condition will be satisfied if the functions f*, fV, g, gV are polynomials
of the same order. This can be seen by choosing k sufficiently large and a simple
use of Young’s inequality.

We then study the semitrivial solutions, which can be found by solving f*(u) =
Oorg?(v) =0. Letu > 0 be aroot of f*(u) = 0. Proceed as in Proposition 4.3
and consider the eigenvalue problem

—-d(u,0)Ap + ko = A‘1%G(u,0)cp.

We see that @ = 1 is an eigenvector corresponding to the eigenvalue

_ P*(u,0)g(u,0) +k _ P"(u,0)(g"(u) +g"(0)) + k

A k k

which is greater than 1 because g% (u) + gV (0) > 0, thanks to (5.5). Thus, (D-)
holds and i(T, Z;) = 0.

On the other hand, if v > 0 is a root of gV (v) = 0, then we need to look at
the eigenvalue problem

—-d(u,0)Ap + ke = A*I%F(O,v)(p,
whose principal eigenvalue is

_QUO)FO0,v) +k _ QU0 ) (W) +f(0) + k

A k k

Thus, A > 1 (respectively, A < 1) if fY(v) + f“(0) is positive (respectively,
negative).
The above calculation leads to the following result.

Theorem 5.1. Assume (F) and (5.5). The system (1.1) has a positive nonconstant
solution if for all positive root v of g¥ (v) = 0 we have either

@) fY)+ f*0) <0, o0r
(i) fY(v) + f%(0) > 0 and k* in (5.4) is odd.

Proof. For (i), the above calculation shows that i(T, Z;) = 1 and i(T, Z;) =
0. Since i(T,U) = 1 and i(T, 1iy) = *1, Suczopa., i(T,10) # i(T,U).

In case (ii), we now have i(T,Z;) = 0 and i(T,1is) = —1 (because k* is
odd). Thus, > jczopi,y i(T, %) # i(T,U).

In both cases, from the property of fixed point index, the nonconstant coexis-
tence follows. O
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5.2. The Cooperative case We now consider the case when u, v mutually
benefit each other and strive to move toward the other’s high concentration areas.
The mathematical assumptions then read

(5.6) PY(u,v), Q*“(u,v) <0, fY(v), g*(u)>0, Vu,v>0.

To justify (A.2), we need to find k such that kP* +Q" > 0 and kPV +Q" > 0.
In general, it is not easy to find such k. However, for diffusion matrices of the
form (4.1) (with b1y, bay < 0) we can see that any k that satisfies —by1 /a2 > k >
—by, /a2 would serve our purpose.

For (A.3), we need to assume that

ku(f*u) + f* ) +v(g“(u) + g*(v)) <0, when either u or v is large.
Again, from Young’s inequality, this condition will be satisfied if the functions
S fY, g%, g¥ are polynomials of the same order and with suitable coefficients.
Notice that we can no longer choose k arbitrarily large in this case.

Concerning the semitrivial solutions, for u > 0 being a root of f*(u) = 0,
we also consider the eigenvalue problem

—-d(u,0)A@ + ko = A_I%G(M,O)Cp.

The principal eigenvalue

A

CPY(u,00§(u,0) +k  P¥(u,0)(g*(u) + g¥(0)) + k
N k N k :

which is now greater than 1 because g (u) + g¥(0) > 0, thanks to (5.6). Thus,
(D-) holds and i(T, Z;) = 0. The same argument applies to the semitrivial solu-
tion (0,v), with v > 0 being a root of gV (v) = 0. Thus, > ;e i(T,%) = 0. To
guarantee the nonconstant coexistence, we need i(T,1i4) = —1 or k* to be odd.
We leave the statement of the theorems to interested readers but note that
sufficient conditions for the oddness of k* can be derived in a similar manner as
in Theorem 4.10. We should also point out that it is also possible to have more
than one positive solution to (5.2) and the analysis can be done at each of these
solutions to obtain several other sufficient conditions for pattern formation.
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