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Abstract

A class of strongly coupled degenerate parabolic system is considered. Sufficient
conditions will be given to show that bounded weak solutions are Hoélder continuous
everywhere. The general theory will be applied to a generalized porous media type
Shigesada-Kawasaki-Teramoto model in population dynamics.

1 Introduction

In the present paper we study the Holder continuity of bounded weak solutions to nonlinear
parabolic systems of m equations (m > 2) given by

up = div(a(z, t,u)Vu) + f(x,t,u), (1.1)

in a domain Q = Q x (0,T) C IRV, with Q being an open subset of IRY, N > 1. The
vector valued functions u, f take values in IR™, m > 1. Vu denotes the spatial derivative of
u. Here, a(x,t,u) = (A%’G) is a tensor in Hom(IR™",IR™™).

A weak solution u to (1.1) is a function u € W, °(Q,IR™) such that
[ o+ atatwvuve) de = [ pata)o az
Q Q

for all ¢ € CH(Q,IR™). Here, we write dz = dxdt.

The problem of regularity of bounded solutions to such systems is a long-standing prob-
lem, which has just been intensively studied in recent years. For systems with regqular
diffusion part a(z,t,u), partial regularity results were established by Giaquinta and Struwe
in [4]. However, the question of whether bounded weak solutions are Holder continuous
everywhere was only answered in very few situations under either a severe restriction on the
dimension N of the domain Q, N < 2, as in [6], or special structural conditions on a(z,t, u)
for arbitrary N (see [10, 13]).

To the best of our knowledge, such questions have not been addressed for systems
like (1.1) having certain degeneracy in the tensor a. Important examples include cross
diffusion systems modelling phenomena in porous media. In contrast to the single equation
case (see [9]), one cannot expect in general that bounded weak solutions of (1.1) will be
Hélder continuous everywhere. In a recent work [11], we investigated the question of partial
regularity of (1.1) having the following structure conditions.
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(A.1) There exists a C! map g : R™ — IR™, with ®(u) = V,g(u), such that for some
positive constants A\, A > 0 there hold

a(u)Vu-Vu > NVg(u)?,  [a(w)Vul < Al@(w)|[Vg(u)l.
(A.2) (Degeneracy condition) ®(0) = 0. There exist positive constants C7, Cs such that

Ci(|®(w)] + [@(0))]u = v| < |g(u) — g(v)] < Ca(|®(w)| + [®(v)])]u — v].

(A.3) (Comparability condition) For any € (0,1), there exist constants C1(53),C2(f)
such that if u,v € IR™ and fSlu| < |v| < |ul, then C1(8)|®(u)| < |®(v)] < Ca2(B)|P(u)|.

4 ontinuity condition u) 18 1nvertible for u . e map a(u w)~ 18 contin-
(A.4) (Continuity condition) ®(u) is i ible for u # 0. The map a(u)®(u)" i i

uous on IR™\{0}. Moreover, there exists a monotone nondecreasing concave function
w : [0,00) — [0, 00) such that w(0) = 0, w is continuous at 0, and

la(v)@(0) ™" = a(u)@(u) "] < (|(w)] + |@(v) o (lu - vf?), (1.2)

() = @(v)] < (|2(u)] + [@(v) w(|u — v[*) (1.3)

for all u,v € IR™.

Introducing the so called A-heat approximation method, we were able to extend the
partial regularity results in [4] to the degenerate system (1.1). The main result of [11] is
the following characterization of the regular sets of bounded weak solutions.

Theorem 1.1 ([11]) Let u be a bounded weak solution to (1.1) satisfying (A.1)-(A.4). Set
Reg(u) = {(z,t) € @ x (0,T) : w is Holder continuous in a neighborhood of (z,t)}

and Sing(u) = Q x (0, T)\Reg(u). Then Sing(u) C 31 X2, where

¥ ={(z,t) e Q2 x (0, T) : li}%nigﬂ(u)QR(w’t) =0},

RETI )
Yo ={(z,t) e 2 x(0,T): hgl_lf)lfﬁéla [u — (u)Qp(p|” dz > 0}.

Here, for each R >0, Qgr(z,t) = Br(x) x (t — R*,t) and (u)g,(z1) :]6[ u dz.
QR(xvt)

Moreover, H"(X2) = 0, where H" is the n-dimensional Hausdorff measure.

Obviously, whether bounded weak solutions are Holder continuous everywhere, that is
Sing(u) = (), is an important question and still remains open. There are no previous results
concerning everywhere regularity for general systems of the form (1.1). The results and
methods in aforementioned works [6, 10, 13] for regular systems cannot apply here. New



techniques and additional structure conditions will be needed. This will be the main goal
of this paper.

We begin our paper, in Section 3, by considering systems like (1.1) of m equations (m >
2) and giving sufficient conditions (in addition to (A.1)-(A.4)) that guarantee everywhere
regularity of bounded weak solutions. Roughly speaking, our method relies on the key
assumption on the existence of a function H(u). This function links the structures of the
equations in a way that we can derive certain regularity of H (u), which is regarded as a
function in (z,t). Such regularity of H(u) will be exploited later to study that of u. This
technique was first introduced by us in [10] to handle the regular cases. Here, we make
use of the scaled parabolic cylinders in order to reflect the degeneracy ®(u). This idea was
originally introduced in [1] to deal with scalar p-Laplacian equations. However, the case
of degenerate systems needs much more sophisticated techniques. Another difficulty arises
as the L? estimate for Vu, derived by Giaquinta and Struwe in [4, page 443] for regular
cases, is no longer available here to obtain the smallness of the average of the deviation
|u— (u)g,|* on Qr. Direct estimates of these quantities must be rediscovered. In addition,
we must also show that the system is averagely not too degenerate in certain scaled cylinder
so that the component ¥y of the singular set is empty.

We demonstrate our general theory by considering a degenerate Shigesada-Kawasaki-
Teramoto (SKT) model arising in population dynamics. Here, we incorporate the porous
media type diffusion into the well studied regular (SKT) systems. We will give sufficient
conditions on the parameters of this system such that a function H can be found; and
the results of Section 3 are applicable. The existence of a function H for general regular
(SKT) systems were studied in [10]. Our degenerate system (SKT) obviously necessitates
a different H, but some calculations in [10] are reusable here. The new choice of H in this
work also greatly simplifies many complicated calculations in [10].

We would like to remark that we assume no presence of Vu in the lower order term f
in (1.1) for the sake of simplicity. In fact, in [11] and this present work, we could allow f
to depend on Vu, and to have growth like ¢|®(u)|?|Vu|? for sufficiently small ¢ > 0. The
proof for this case is similar, with an exception of some minor technical modifications.

The paper is organized as follows. In Section 2, we introduce our notations, hypotheses
and main theorems. We study the general system (1.1) in Section 3. Section 4 is devoted
to the degenerate (SKT) system and concludes our paper.

Acknowledgement: The authors would like to thank the referees for their comments
and suggestions.

2 Notations and main results

Throughout this paper, Q is a bounded domain in IRY. For a scalar function h(z,t), with
(z,t) € RV*L, its spatial (resp. temporal) derivative with respect to the z (resp. t)variable
is denoted by Vh (resp. Oh/0t or hy). If u = (u1,...,un) is a vector valued function, then
Vu= (Vuy,...,Vuy). If H is a function in u, then H, = V,H = (0y, H, ..., 04, H).

For a given set X C IR™ we denote by |X]| its n dimensional Lebesgue measure. We
write Br(zo) = {x € IR" : |x — x| < R}, the ball centered at zp with radius R. For a
measurable bounded X, we denote the average of a given measurable function h over X by



hyx = \71| [y h(z)dz.

In our proof, C,C1,... will denote various constants whose values change from line to
line but are independent of the solutions in question. For a,b > 0, we also write a ~ b if
there are positive constants C7, Cs such that Cra < b < Csa.

In the sequel, we first consider a bounded weak solution u to (1.1) on 2 x (0,7") and the
following conditions.

(H.1) There exists a C? real function H(u) defined on a neighborhood of the range of the
solution u. Moreover, for some vy > 2 and |u| small, we have H(u) ~ |ul|”.

(H.2) There are positive constants A1, Ag, and A3 such that

Hla(u)VuVH > \|®(uw)]*|VH|?,
VH a(u)Vu > Aa|Vg(u)|?,
|HI a(u)Vu| < As|®(w)|*|VH]|.

We are now in a position to state our first theorem on the everywhere regularity.

Theorem 2.1 Given the conditions (A.1)-(A.4) and (H.1)-(H.2), bounded weak solutions
to (1.1) are Hélder continuous on Q x (0,7T).

To illustrate this general result, we then study a system of 2 equations

w = V(Py(u,0)Vu+ Py(u,0) V) + Flu,v),

vy = V(Qu(u,v)Vu+ Qu(u,v)Vv) + G(u,v), (2.1)
with the following degenerate structure for some o > 0:
P, = anu® + appv®, P, =bpu®, (2.2)

Qv = a21u™ + axv®, @ = bav®.

In this form, (2.1) is a generalized version of the well known Shigesada-Kawasaki-Teramoto
model in population dynamics (see [12]). By allowing the presence of powers of u,v and
dropping random diffusion terms, we take into account porous media type diffusion effects.
The system becomes degenerate and has not been ever discussed in existing literature.

In applications, u,v represent population densities of the species under investigation,
and thus only positive solutions are of interest. Our second result deals with the regularity
of these positive weak solutions.

Theorem 2.2 Assume o > 1/2 and the following conditions on the coefficients of (2.1)

air > ag1, a2 > a2, (ain — ag1)(age — aiz2) > biibao, (2.3)
min{2a12a22, 2&11&21} 2 max{bn(an — (121), b22(a22 — alg)}. (2.4)

If (u,v) is a positive bounded weak solution to (2.1), then (u,v) is Hélder continuous
everywhere.



3 The general case

We give the proof of Theorem 2.1 in this section. For the sake of simplicity, we will assume
throughout that f(z,t,u) = 0. The presence of this term would cause no major difficulties.

By translation, we will assume that (xo,%y) = (0,0). Fix an € € (0,2) and sufficiently
small Ry > 0. We consider the cylinder

Q(2Ro, R§™) = B, (0) x [-R§ ™, 0] C Q.

Given p > 0, we will determine the positive constants 6 and 6 € (0, 1) and construct the
following sequences:

R, = %, po=  sup  H(u(z,t)), pni1 = max{dpun, 0K},
Q(2Ro,R5™°)

©,,, = sup{|@(u)| : H(u) < pn}, Qn = Br,(0) x [~®, R, 0].

We also define the following function on Q,:

w(z,t) = log <1\%) , with N(u) = ;(Mn — H(u)).

For each n, let Q¥ = {(z,t) € Q, : w(z,t)+ = 0}. We consider the following two
alternatives.

(A) For all integers n, we have

|Qnl > p|Qunl. (3.1)

(B) For some integer n, we have

QY] < p|Qnl- (3.2)

Let us briefly explain how Theorem 2.1 follows from these two alternatives.

Given any ¢ > 0, we will show that p = p(e) > 0 can be chosen such that if (3.2) holds
for some (fixed) n, then there are fixed constants u, 3 > 0 such that

sup |u| < p, ]9[ lu —ugpl? dz < ep? and |ug,| > Bu, R = R,/2. (3.3)
Qr

R

The Holder continuity of w then follows immediately from (3.3) and Theorem 1.1.

Otherwise, for such p, we suppose that (3.1) holds for all integers n. We will show that
the followings are true for all integers n.

H(u(z,t)) < pn V(z,t) € Qn, (3.4)

Qn+1 C Qn- (3.5)



Arguing as in the proof of [7, Lemma 5.8], we can see that the sequence {uy,} satisfies
tn < C(Ry/Ro)* for some o > 0 and some constant C' depending only on 6, Ry, 119. Due
o (3.4), H(u(z,t)) is Holder continuous. The assumption (H.1) then gives the Holder
continuity of u(x,t).

Remark 3.1 If H(u) > op, for some o > 0, then there is constant C' = C(g) > 0 such
that |®(u)| > C®,,. Indeed, let ¢, = |®(ug)| for some ug such that H(ug) < pp. (H.1)
implies that |u|Y > Ci(o)u, and |ug|” < Capy. Hence, |ug] < C3(o)|u| for some Cs(o).
This and (A.3) give ¢, < C(0)|®(u)|.

Alternative (A): First of all, by scaling and assuming that ®,, > CRj, we can make
Qo € Q(2Ry, RZ™°) so that (3.4) and (3.5) are verified for n = 0. Moreover, we can also
assume that p, <1 for all n.

Assume that (3.4) holds for some integer n. Let R = R, /4 and n be a function with
compact support in Qr = Br x [—@;31%2, 0].

We test the equation of u; by H,,n/N and add the results to get

T T T
/ 87107} dr + / H, a(u)Vuvn n VH, a(u)Vun N H, a(u)VuVHn dz=0. (3.6)
o Ot Q N N2

If n > 0, then (H.2) and the above imply

HT
n do +/ HyawVug, 4. <. (3.7)

We first show that ||w||s,g, can be estimated in terms of ||wl|2,Q,,. By (H.2), we have

T T
< | (w) 2|V, Mvw _ w > Ay |®(w)[2[ V|2

N N

Hla(u)Vu
N

We then see that the assumptions of [9, Lemma 3.3] are satisfied. Moreover, on the
set wt > 0 we have H > (1 — p)pp,. Remark 3.1 asserts that |®(u)| > C®,, on the set
* > 0. Furthermore, since H(u(z,t)) < p, on @, by (3.4), we have |®(u(z,t)| < @,
on Q,. Hence, the comparability property (3.12) of [9, Lemma 3.4] is verified too. The
iteration argument of [9, Lemma 3.5] then gives a constant C' independent of R and ® such
that

sup w<C(1+ —// (wy)? dz). (3.8)
Brx[-®,2R2,0] |QrlJJQr

Next, we replace 1 by n? in (3.6) and use (H.2) to get

772 dx+/ W) 2 V|22 da:<C/ (1@ (w) 2| Vel V| de.



Having established that |®(u)| ~ ®,, on the set w™ > 0 and meas({w® = 0}) =
meas(Q%) > p|Qn| by (3.1), we can follow the proof of [9, Lemma 3.6] to show that

IQilR\// (wy)? dz can be bounded by a constant independent of R and ®. By (3.8),
Qr

SUPp (a2 R2 0] W is also bounded by a constant, denoted by In(C'), independent of R and
®. From the definition of w, we easily get

H(u(xvt)) < 5Mna V(m,t) € QR’ (39)

with 6 = % < 1 and depends only on p.
We now show that (3.5) is verified by a suitable choice of 6.

To proceed, we claim that there is a constant Cp = C(0) such that ®,, < Co®,, ;.
Indeed, let u; be such that ®,, = |®(u)| and H(u1) < p. Since pn < finy1/6, we have
lur|" < C1(8)pin+1. Hence, for some Cs(0), we have ug = C2(0)u; satisfying H (uz) < pp1.
This gives that |®(u1)| < C3(0)[®(u2)| < Co(6) Py, ., due to (A.3). Our claim then follows.

We then determine 6 such that Q,+1 C Qr. This is to say, R,+1 < R = R,/4 and
2, 2 R2+1 <o, 2R2 To this end, we need 0 > 4 and ®,, 6/4. We then choose

0 = max{4 400( )}

Therefore, Qn+1 C Qr C @, and (3.9) holds on @,4+1. This shows that (3.4) continues
to hold for n + 1. By induction, we conclude that (3.4) and (3.5) hold for all integers n.
Our proof is complete in this case.

Alternative B: We now have (3.2) for some n. Denote R = R,,/4 and

D

Qir = @Qn, Qr=Brx[-®,’R* 0]
It is easy to see that (3.2) yields
@Qnl = H{(2,t) € Qur + H < (1= p)un}| < plQurl. (3.10)
We first derive L estimates for |Vg|. Test (1.1) with H,n to get
/ T dx +/ (VH,)  a(u)Vun dx +/ HTa(u)Vn dz = 0. (3.11)

Let H = (H(u(x,t)) — k)*. Replacing 7 in (3.11) by H; n?, we easily obtain
k k

O(H,n)* T + 2 T +,2
dz + [H, a(u)VuVH, n*+ VH, a(u)VuH, n"] dz
QT QT

IN

A [HY a(u)VuH, 0V + (H;5 )] de.
T

By (H.2), this implies

J[ MIR@PIVHE + 3l Ve H ) de <[] 1) PPV + 1 P dz
T T



We now take n to be a cut-off function with respect to the scaled cylinders Qr, Q4Rr-
We have that [Vn| < % and || < 55

We then take k = (1 — 2p)u, and note that H,j < 2pun, on Qur. Moreover, because
H(u(z,t)) < pn on Qur, we have [®(u(z,t))| < ®,,,. Using the fact that [Qg| ~ ©,2RN 12,
we obtain

J Vet dz < Clonn)?RY.
R

Let Ag := {(z,t) € Qr|H > (1 — p)un,}. Then (H — k)4 > puy on Ag. So,

//A |Vg(u)|* dz < Cpu, RY. (3.12)
0

Since H(u) ~ |ul” (y > 2) and H(u) < p, < 1 on Qg, we can find C such that if
= (Cun)'/" then

sup |u(z)| < p and p, < Cp’. (3.13)

Qr

By testing (1.1) with wun, it is standard to show that

//Q |Vg(u)|? dz < C®RYN. (3.14)

For any subset A of Qr, Holder’s inequality gives

// V|t dz < (// Vi dz>2 A4, (3.15)
A A

Taking ¢ = N7+1 <2, A= Ap and using (3.12), we obtain

=2 2

[ e dz < pparY) ¥ T RN (2pp,) 0T R YR,
Ao

Similarly, we take A = Qgr\ Ap in (3.15). Using (3.14) and also the fact that |A| < p|Qg|
by (3.10), we have
2

// Vg(u)|? dz < (Cp2RN )™+ (p@, 2RV T2) W51 = Cpmr @ it RV i,
Qr\Ao

The above inequalities give us the following estimate for |Vg|:

1

// Vg(w)|? de < Cl(ppn) P51 + pir i in |01 RN+ (3.16)
R

We now try to estimate the deviation |u — ug,|. We recall the following inequality ([8,
(2.10), p.45]), with r =1, p = 2 and m = 2N/(N + 1), for functions u with ug =0



/ u® dr < C’/ |Vu|¥+T dx </ |u d;v) :
Q Q Q

Let V (t) be a vector such that g(V (t)) = gp,(u) = |371R‘ J5,, 9(u)dz. The above yields

JI o —ovinPas < cff 9ot |‘1dzsgp(/3 o |g<u>—gBR<u>|dm)N2“

2N

< C[(pun)NL _i_p?uNiN}@N‘FlRN‘FN*FI ((Dunﬂ)ﬁRNH-

IN

Hence,

//Q lg(u) — g(V (1)) dz < e(p, pin, ) RN T2,

2N 2

with £(p, fins 1) = Cl(ppin) F5T + p¥FT R+ |55,
As |g(u) —g(V(#))| = C(12(u)| + [V (1)) )]u — V(#)] and H(u) > (1 = p)pn on Ao, we
have |®(u)| ~ ®,, on the set Ay (see Remark 3.1). Thus,

// lu— V(O dz < Ce(p, pin, 1) RNF2.

Let up, = ﬁ /B, udz. Because / lu —up,|?* de < C’/B lu —V(t)|? dz, we have

@Zn// \u—uBR\Q dz
Qr

P2 // u— V() dz+ @2 // = V() dz
This gives @in//Q lu — uBR|2 dz < C(e(p, fin, 1) + p2p) RN T2,
R

IN

Ce(p, pins )RN”Jr‘I)2 12p|Qr|-

IN

On the other hand, for G = // lup, —ugy|* dz, we have
Qr

][ u(x,t) / 7[ u(z, s) dxds
Bgr |IR’ Ir/BRr 9

/ [u(z,t) —u(z,s)] dx
Br

G < |Qrlsupey,

IN

|Qr||Br|? SUD¢ selp

From the equation of u, we have

sup
t,s€lr

/BR [u(z,t) —u(z,s)] de| < //Qm w)VuVn| dz < C “"// IVg(u)| dz.

Using the inequality [, u < /[, u?|A], we argue the same way as in (3.16) to get



I Wa@ldz < 2o RNRZRN2 4 \[(Cr2RY) (0P RN)
Q2r
= C(VEn + 1)/p®, RN TL,

Thus, G < C(u, + 12)p|Qr|. Putting these together and using (3.13), we have
]%2 u—uq,[* dz < C(e(p, s 1) + 112 p) + Cln + 1*)p < 0(p)i°.
R
Given any ¢ > 0, we can choose p such that
]9[ lu — ugy|* dz < ep®. (3.17)
Qr
We finally show that ug,, is not small. Clearly, (3.17) yields
2 2 2
J[ e < + lugul)@al (3.18)
R

Because |H| > (1 — p)py, implies |u|? > Cu? (= (Cun)'/7), we see that |u| > Cu on Ag.
Since |Qr\Ao| < Cp|Qr|, we also have |Ag| > (1 — Cp)|Qr|. Hence,

//Q w'ds2 //A u? dz > C*p*(1 = Cp)|Qnl. (3.19)

For ¢ and p sufficiently small, (3.18) and (3.19) show that |ug,| > Sp for some constant
B > 0. This, (3.13) and (3.17) give (3.3). Thus, our proof for the alternative B is complete.

4 The degenerate (SKT) system

We prove Theorem 2.2 in this section. Let us recall the system

up = V(Iz’u(u, v)Vu + P, (u,v)Vv) + F(u,v),

K 4.1
v = V(Qu(u,v)Vu+ Qy(u,v)Vv) + G(u,v), (4.1)
with _ _
Py = anu®+ apv®, P, = bnu®, (4.2)
Qv = a2u® + axnv®, Q, = byv®. '
We also recall the following conditions stated in Theorem 2.2.
(P.1) a>1/2, a11 > a1, and agy > ajz. Moreover,
(a11 — ag1)(aze — aiz) > byibos. (4.3)
(P.2) We also assume that
min{2a12a22, 2a11021} > max{bi1(ai1 — a21), baz(aze — ai2)}. (4.4)

10



Let (u,v) be a positive solution to (4.1). We denote by I' C IR? the range of this
solution. Our goal is to find a suitable function H that satisfies the condition (H.1), (H.2)
such that Theorem 2.1 can apply here.

To begin, we set A(u,v) = deta(u,v) = P,Q, — P,Q, and

Au,v) = \}Zd(u,v) = ( gz gz ) : (4.5)

We also take g = V/Aly(u,v), where I is the 2 x 2 identity matrix. Thanks to (P.1), it is
easy to see that A is a regular matrix, and that (A.1)-(A.4) are satisfied here.

We first observe that the condition (H.2) is verified if we can find a function H that
satisfies the following conditions.

HIA(uw)VuVH > )\ |VH|?, (4.6)
VHI A(u)Vu > \o|Vul?, (4.7)
|HI A(u)Vu| < \3|VH|. (4.8)

These conditions amount to the positivity of the following quadratics in U,V € IRV :

A = ((PuHut QuH) Hu = MH)U? + (PH+ QuH) Hy = MH2)VE o
+ ((PyHy + QuHy) Hy + (PyHy + QuHy) Hy — 2X HyH,) VU, :
A2 = (QuHuv + PuHyu — )‘2> U? + (PUHuv — A2+ Qvva) V2 (4 10)
+ (PyHuu + PuHuy + QuHuy 4+ QuHyy) VU, :
and
Ay = (NaH® = (Puly + QuH)*) U? + (NaH? = (PoHu + QuEL)) V2 () )

+ (2\sH,H,, — 2 (P,H, + Q,H,) (P, H, + Q. H,)) VU.

Following [10], the discriminants of A;, A3 will be nonpositive if the following first order
equation is satisfied.

H, = f(u,v)H,, (4.12)

where f is the solution to

_Pvf2+(Pu_Qv)f+Qu =0. (4‘13)

Because P,Q., > 0, (4.13) has two solutions fy, f, with f;f, < 0. In what follows, we
denote by f = f(u,v) the positive solution of (4.13).

We first have the following simple lemma.

Lemma 4.1 Assume that H satisfies (4.12). There exist positive numbers A1, A3 such that
Ay, Az are positive definite.

11



Proof: Following the proof of [10, Lemma 3.2], we need only choose Aj, A3 such that
the coefficients of U2, V2 in Aj, A3 can be positive. By (4.13) and (4.12), these coefficients
in Ay can be written as

Hng(Pvf"’_Qv_)\l), Hg(Pvf'i_Qv_Al)
Similarly, for As, they are
H2Z(A3 — (Pof +Qu)%),  HZ(As— (Pof +Qu)?).

Since f > 0, we can take \; = %ian(PUf—FQU) and A3 = 2supp(P, f + Q,)?. These are
finite positive numbers because of (4.5) and the fact that u,v are bounded. B

Thus, we are left with the positivity of As. The rest of this section will be devoted to
finding H that solves (4.12) and makes Ay positive definite. This is also the crucial step in
proving Theorem 2.2.

To proceed, we pick a solution g of the first order equation

gu — f(u,v)gy =0, (4.14)

and let G be any C? differentiable function on IR. Notice that H(u,v) = G(g(u,v)) is also
a solution to (4.12).

Following the calculations of [10] (where we assumed no specification on P,, Py, Qu, Qy
and the choice of g, G) we introduce the following quantities.

Qy = 4(Qupv - PuQU)(fu - fvf)a
@3 = [(fu + [Fo)Po + fo(Qu = Pu)* + 4(PuQu — QuPy) 7,
/82 = 4(f2 + 1)(Pvf + QU)7 /83 = 4(Qufv + Pu(fu + ffv) + Pva)a

and
012 = (Quf + Puf2) Gov + Qufvgo + Py (fugv + ffvgv) )

021 = (Pof + Qu) guo + Pofogu,
511 = 522 = gvz(Qu + Puf) = 9112(Pvf2 + Qvf)
We recall the following elementary results that were derived in [10, Lemma 3.5]. We

state this without a proof.

Lemma 4.2 Let H = G(g) and H = KH, where K is a constant. The discriminant of Ay
s given by N _
@2 = —4/\% + KOq11M + K2@2, (4.15)

where
_ _ _ _ Q"
O11 = (BeHyy + B3H,), O3 = (G')? @QEGQ + (guogva + g2az)| - (4.16)

Furthermore, the coefficients of U2, V? in Ay are given by 81 — A2, 62 — Ao with

Gq" G" 599
_ = — !
(51—KG(G/f(511+512)7 02 KG( G'f

+ d21)- (4.17)

12



Concerning these quantities, we compute and get

_8quuf2 _fauPu+f8uQv _auQu f _ _avPva_faqu‘i‘fanv _8qu
Tt o(u,v) '

fu:

o(u,v)

Here o(u,v) := (2P, f — Py + Qu) = /(Pu — Qu)? + 4P, Qu.
We first have the following simple facts about f.

Lemma 4.3 i) Setting fi = —22— and fo = =2t we have fi < f < fa.

azg—ai2’

ii) fu >0 and f, <O.

iii) fuu+ fov =0.

Proof: i) By substituting fi, f2 into the quadratic —P,X? + (P, — Q)X + Q, and
simplifying, we easily find that this quadratic is positive (resp. negative) at fi (resp. f2)
thanks to (P.1). Since fi, f2 and f are positive and —P, < 0, the claim follows.

ii) We note that f also satisfies (4.13) with P, Q being replaced by P, Q so that

_OuPyf? = fOuPy + fO.Qu a—1011 — a21 — b f

Ju= 7 (u,v) = Jau 7 (u,v) ’

f _ _favpu + fauQv — auQu _ a—1 f(a22 — a12) — bao

v = — — =—au — .
a(u,v) o(u,v)

From i), ii) follows.
iii) Direct calculation shows fyu + fov = (=P, f? + (Py — Qu)f + Qu)/5(u,v), which is
zero by (4.13). The proof is complete. 1

Our next step is to determine g from the (4.14), which can be solved by characteristic
methods. From [2, pp. 97-99], we know that Z(t) = (u(t),v(t)), z(t) = g(£(¢t)) and p(t) =
(pu(t),pu(t)) = Vg(Z(t)) solve the following system:

7)) = (1,-f),
ﬁ(t) = (fupva fvpv)a (4.18)
Z(t) = pu—fp,=0.

We choose the initial data for z, 7 on the line T = {(u,v) : © = v > 0}, which is nonchar-

acteristic, to be
f(O) = (u’u)§ pu(o) = f(uvu)v pv(o) =1 (4.19)

A smooth solution g of (4.14) can be found by setting g to be constant along each flow
line Z(t). In fact, we will define g on the line Y by

u
g(u,v) = / f(s,8)ds +v.
0
The following lemma provides useful properties of the solution g of the above system.

13



Lemma 4.4 The followings hold for (4.18) and (4.19).

i) g is defined on the first quadrant {(u,v) : u,v > 0}.
ii) There exist Cy,Co > 0 such that Cy < g, < Cs.

iii) There are positive constants C1,Co such that C(fu +v) < g(u,v) < Co(fu +v).

iV) Guv = _gvj}}

Proof: i) Because f is bounded by Lemma 4.3, Z(t) exists for all ¢ € IR. It is trivial to
show that the flow lines cross every point in the first quadrant so that g is well defined on
this set.

ii) Consider a characteristic curve emanating from a point (ug,vg) on Y. From the first
equation of (4.18) and the fact that f is bounded, we easily see that there is a constant C
such that —ug < ¢ < Cvg for u(t),v(t) to be positive. From the equation for p'in (4.18), we
have p,(t) = exp([f§ fo(u(s),v(s))ds. We will estimate the last integral.

Consider the case t > 0. We have u(t) > ug. The proof of ii) of Lemma 4.3 reveals that

Clva—l Clva—l 02,004/2—1

< <
5(u,v) = V/4bi1byoucv® T Ug/2

[l = 152

For t < 0, we use the fact that f,v = — f,u to get

/Ot | fulds < /Olt| fj}—“

In both cases, we find g, = exp([3 f,(u(s),v(s))ds is bounded from above and below by
positive constants, and conclude the proof of ii).

[ fo(u(t),v(t))] <

Thus,

Cug ,UOC/Q 1
/ iz ——dv < (4.

Ug

uo uOé/2
dSSCg,/O /2+1du<06

iii) Using the fact that f is homogeneous, we have
1 1
g(u,v) = / g (tu, tv)dt = / gu(tu, tv)u + g, (tu, tv)vdt
0 0

1 1
= / (f (tu, tv)u + v) gy (tu, tv)dt = (fu + U)/ go(tu, tv)dt.
0 0

This and ii) give the assertion.
iv) From the fact that g, = exp(fy f,(u(s),v(s))ds, we obtain

aat L f
s = vy = exp( [ ulu(s),o(s)ds)fule) o)~ = o2

This concludes our proof of the lemma. §

Using the above lemmas, we can tremendously simplify the quantities in Lemma 4.2. In
fact, we have

14



Lemma 4.5 Let g be the solution to (4.18) and (4.19). Then,

a2 = A(fu— fuf). oz =(fuPst? ”f“f Laf?, (4.20)
512 = Pufu.gm (521 — _Q%?(-vaa (4'21)
O11 = (46, + 48, /K. (4.22)

Proof: The first identity of (4.20) holds trivially due to the fact that P,Q, — P,Qy = 1.
We then use (4.13) and get

0o = [fuPy + FolPof = (Pu= QP + 4f} = (fuPy + 2247 1 af?
Using iv) of Lemma 4.4, we obtain
12 = ~0, 2 (Quf + Pu?) + Quiu+ PuFagu + £ 00) = Pufu,
ot = ~0, 7 (Puf +Qu) + Pufug, = - 20,
Next, we note that
Bagus + Bage = g, [(£2+ DS + Q) — @t + PG+ 10~ o)
= g, [FAA(Pof + Q)+ Pufi+ @ — £(Qut Puf) = Pufu = Puf]
— 4P, fugy — 4@1,?9@ = 4815 + 4091

We also observe that 41611 + 452% = B2g%. Therefore,

_ el
O = G’[@ﬂagﬁ + Baguw + B3g] = (461 +402) /K.
This gives (4.22) and finishes up the proof. }

We now investigate the quantity O,. We first prove the following lemma.
Lemma 4.6 g,,9,02 + ggag < 0.

Proof: By iv) of Lemma 4.4, we see that this quantity can be written as

GuvGv Q2 + 912;053 = gg (4W + (fupv + fvaU)Q + 4](5)

2
_ % (4 Fulu+ (F1uPy + 1,Qu)?)
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92

- A;‘Z (4Affvfu - qufU'U(fblluo‘_l _ bQQUa_l)Q)
gQ

= U fuf (48 —un(fhuut ™ — b))

Since f,f, < 0, we need only to show that 4A f —uv(fby1u® ! —bypv* )2 > 0. This means
that the following quadratic is negative in the range of f.

Af? —2Bf+C <0, (4.23)

where A = b%lea—l’ B = 2(&11]@‘& + alg)(aglk““ + CL22) — b11bgk®, C = 532/{, and k = U/U.
Set B’ := 2a11a21k** + 2ag2a12. By (4.3) it is clear that B > B’. Thus, we need only to
show that
Af? —2B'f +C <. (4.24)

Because

B/2 — AC = (2@11&21]€2a + 20,22&12)2 — b%lbggkza Z k20‘(4a11a21a22a12 — b%lb%2> Z 0
due to (4.4) and (4.3), we see that the quadratic in (4.24) has two solutions fi, fo.

By considering the cases k > 1 or 0 < k < 1 and using (4.4), we easily see that

~ _ B' 2a11a01k* + 2a2a12 _ a11 — an

o>y = b2, ka1 > b

and

~ C b2,k b
h<—== 22 <2

B’ 2a11a21k?** + 2a2a12  az — a2
Thus, (4.24) holds for all f in its range. The proof is complete. Il

< f.

We are ready to give the main lemma of this section.

Lemma 4.7 Let G(g) = ¢?. For K sufficiently large and Ay sufficiently small we have
0, < 0.

Proof: By Lemma 4.6, we have
@2 = —4)\% =+ K(ﬁgﬁ[vy + ﬂgﬁv))\g + K2(:)2 < —4)\3 + 4((51 + 52)/\2 + KQG’G”ggag.

We consider the term 4(d1 + 82) A2 + K2G'G" g3az. By the choice of G, this term is
4K | 022 3 _ 022
2(fo11 + 29612 + N +2g621) + Kgg,aa| = 4K [Xo(fo11 + 7) + 1|, (4.25)
where I := g{2612\2 + 2021 X2 + K g2 }. We observe that
Qv fogv
f

= gfugs |2Ps — K| — 9fo00 [2

1= [P 2900 acgis )

)\2 Qv
f

—ngﬁ] :
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Since gy, f are bounded from below by positive constants and P,, Q, are bounded, we
easily see that the expressions in the last two brackets are bounded by negative constants
if K is sufficiently large. Furthermore, because

uafl Uafl

g~ (futv), fur~ 5 Jo~ 5

we have [ ~ —@ < —C for some positive constant C'. On the other hand, it is clear

that 011, d22 are bounded. Consequently, the quantity in (4.25) is negative if A2 is small.
Our claim then follows. il

Lemma 4.8 §1,02 are bounded from below by positive constants.

Proof: Since f, > 0 and f, < 0, we see from (4.21) that d;2, J21 are positive. By (4.17)
and the choice of GG, the lemma follows. Il

We conclude our paper by giving

The proof of Theorem 2.2: We now choose H(u,v) = Kg?(u,v), with g being the
solution to (4.18), (4.19). iii) of Lemma 4.4 asserts that the condition (H.1) is satisfied
with v = 2. Lemma 4.1 shows that A, A3 are positive definite. From Lemma 4.7 and
Lemma 4.8, we conclude that As is also positive definite if we choose K large and Ay small.
Thus, (H.2) is verified and Theorem 2.1 applies here to conclude our proof. il
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