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1 Theory
Given M — Riemannian manifold, P € M, v € Tp M, we define the exponential map (it is defined
in the neighborhood of point P)

€Xpp : TPM - Ma eXpp U = FY(pa’Ua 1)5

where v(p,v,t) is a geodesic starting at P, launched in the direction v. Note, we can always write
exp, tv = y(P,tv,1) = v(P,v,t) (for sufficiently small ¢).
The derivative of this map will look like
(dexpp)iy : Tro(TpM) =TpM — Ty)M,

ie. given w € TpM we will have (dexpp)w,w = 0/0slexpp tv(s)]s=o, where v(s) is a path in the
tangent space TpM such that v(0) = v, v,(0) = w.
The Jacobi field J(t) along the geodesic v(t) is defined as

J(t) = (dexpp)wtw,
and it satisfies the Jacobi equation
D}J — R(Y(t), J(t))Y (t) = 0, J(0) =0, J'(0) = w.

Here R(X,Y)Z is the Riemannian curvature tensor.
Nice Fact. We know that the Jacobi field J(¢) has a nice Taylor expansion, namely for ¢ — 0

3!

Here P' : T.)M — Ty M is parallel translation. (Easy to prove. REFERENCE)
Now we can claim: take 2 vectors v,w € TpM, s.t. ||v]| = ||w|| =1, (v, w) = 0, consider geodesic
~(t) = expp tv, then

J(t) = P! [wt + R(+/(0), w)”/(())ﬁ] +O(th).

eXpP)tvwa (d eXpP)tvw>'y(t)

expp(tv)(w,w)p = ((d

1 1

—J(t), > J(t)

¢ >'y(t)

t
t2

<
- <Pt [w A w)vﬁ] i [w A w)v;] >'y(t)
<

2 2

t
w + R(v,w)v—,w+ R(v, w)v—>
P

3! 3!



Here K (v,w) is a sectional curvature in the directions v, w.

2 Practice

2.1 Taylor expansion of ®(0,t)
Take v(0,t) such that
v(0,t) = wvo(0) +vi(O)t +uva(O) + ...
m(0,t) = mo(0) +my(0)t +ma(0)t* + ...

To make this path a geodesic we need to make sure that the velocity v(0,t) is such that it solves
the EPDIff, i.e.

my = —2mug — vmy, where m =Lv, v=Gx*xm = L™ 'm.

Plugging in the above expressions for v and m into EPDIiff we get

my +2tmg +3tPmgz + ... = —2(mo +tmy + t*ma + .. ) (v + Vit + vht? +..)
—(my +tmly + 2mb + .. ) (vo + vit + vat® +..).

Which yields the following relations:

Lv; = —2m006 — m600
= —2Lvg - v, — L] - vy, (2)
2Lvy = —2Lvov/1 — 2Lv106 — Lv601 — Lv/lvo.

In terms of the velocity field:
vy = —L7Y(2Lvg - v} + Lvg - vo),

1
vo = L' |Lvg-L7'(2Lvy - vy + Luj, - vo) + §Lv6 - L7Y(2Lwy - vy + Lv - vo)
1
+v(2Lvg - vy + Lvy - vo) + 500(2Lv0 vy + Lvg - v) | -

Take a geodesic W(6,t) € PSLy(R)\Diff (S*). Then the vector field w(6,t) is given by
\Ijt(‘ljil(oa t)a t) = ’LU(@, t)

If we instead consider ®(6,t) := ¥(0,t)~! € Diff (S')/PSLz(R) (inverse is taken in f-variable), then
we get
(I)t(oa t) = —’LU(H, t)(I)H (95 t)

Here vector field w(#, t) is the same as in the previous formula.
Consider ®(0,t) =0 +t- ®1(0) + t? - D2(0) + t3 - ®3(0) + .... We have

D,(0,1) = Dy +2Pot + 30512 + ...,
Dy(0,t) = 1+t + Oht* + OLt> + ...

Then to determine the geodesic path ®(0,t)

Oy + 2Bot + 3B3t> + ... = —(vo + it + vat?) (1 + Dt + Dht* +..)



Which yields

(I)l = —Yo,

2(1)2 = —’UO(I)/I — V1

= wovh + L™ (2Lwg - vy + Lvy - vg),
3(1)3 = —’UO(I)/Q - ’Ul(I)/l — U2

v
= —Eo[vové + LY (2Lwo - v} + Ly - vo)]' — vy L™ (2Lwg - v) + Luj - vo)
1

— L7 [Lvg - L™ (2L - v} + Lvp - vo) + ing - L™Y(2Lvg - v) + Lvp - vo)

1
+v((2Lvg - vh + Lug - vo) + 500(2Lv0 vy + Lo - vo)' |
So the geodesic ®(0,t) has the following expansion (substituting v for vg)
1
(0, t) =0 — vt + 5[1)1/ + L7 20w v + L' - 0)]t? + @3t + O(th).

2.2 Taylor expansion of ¥(0,t) € PSLy(R)\Diff(S!)
Given ®(0,t) :== ¥~1(0,t) = 0 + ®1(0)t + ®2(0)t? + O(t®). We have the following:

9 -1 _
5\11 (\Ij(oat)at) - Oa
\Pgl(\P(oa t)a t)\Ijt (95 t) + \IJ;I(\IJ(H’ t)a t) = Oa
U (w(0,t), ¢
\Ilt(t?,t) — _ 971( (a)a)'
\IJt (\Ij(oat)at)
U H0,t) Dy 4200t + 30582 + O(t%)
ULt 1+ Pyt + D12 + O(t?)

= (g +2Bot + 30512 + O(t)) (1 — @)t — OLt? + 22 + O(t?))
= B +1(20y — D1P)) + 1?(3B3 — 28] By — D1 DY + B, DY) + O().
Combining two expressions we have
Ty ' (U(6, 1), 1)
T (U(6, 1), 1)
= —[®1(0) +t(2®2(0) — ()P} (0)) + t*(3®3 — 20, Dy — O, D) + &1 D) + O(¢?)]
Therefore
U,(0,t =0) = v,
Uy (0,t = 0) = vovy — L™ (2Lwg - v)y + L - v),

U,(0,1) = —

0=T(0,t) "

U0 (0,t = 0) = vo(voup) — 2v0L " (2Lvg - vy + Lvp - vo) — vy L™ (2Lvg - vh + Lufy - vo) + 2va.  (4)

Using the series for ®(6,¢) we obtain series for ¥(6,t) € PSLy(R)\Diff (S!):

1
U(0,t) =60+ vt + 5[1)1/ —L7'2Lv - v + L' - 0)|t? + U3t + O(th),

1
where \Ijg = quttt-



2.3 Exponential maps

We have two exponential maps, right and left exponential maps:
expl —tv = U (6, —v,t) € Diff(S')/PSLy(R),
exp®tv = ®(6,v,t) € PSLy(R)\Diff (S').

We have explicit formulae for them:
1
exp’ —tv =0 — vt + 3 [v0' + L7 (2Lv v/ + Lo - )] 7 + D57, (5)
1
exp®tv =60+ vt + 3 [vv) — L7 (2Lv - o' + Lo - v)] 7 + Wst?,

where @3, U3 are defined as in (3) and (4).

3 Concise way

For any u,v € g we have the transpose of the adjoint map:
adfv:g—g,
v adlv,
(ad v, w) = (v, ad,w)
= (v, [u, w]).
We will derive the formula for the ad' using integration by parts:
(ad! v, w) = (v, [u, w])

= /Lv(uw/ —wu')dz
= / —Lv-v'w+ Lv - uw'dz
= /(—2Lv ‘' — Lv' - w)wdz.

Therefore:
adlv = —L7'(2Lv - v/ + Lv' - u).

(Notice, that adlv = B(v,u) in Arnold’s notation. )
In terms of the transpose of the adjoint map exponential maps (6) take the form (substituting v
for tv, with small ||v]]):

1
expfo=0+0v+ 3 [vv" + ad]v]

1
+5 [o(ov') + v'adlv + 2v(adfv)’ + ad(adfv) +ad! |, o] +O(||v]*),
expfv=0+v+ %[vv’ — adfv]
1
+5 [o(0v) = v(adfv)’ — 20'ad}v + ad](adfv) +ad! | o] +O(||v]*).



Now computing @ = D expZ u:

~ 1 1
U= Dexpfu=u+ 3 [(uwv) + adlv + adlu] + 8 u(vv') +v(u') + v(vu')
+v/adlv 4 o' (adlv + adlu) + 2u(adlv)’ + 2v(adlv + adlu)’

+ adladlv + ad] (adl v 4+ adlu) + adZdLeradLuv + ad:dzvu . (6)

Translating back u to the tangent space at the identity Tr4PSL2(R)\Diff (S') and keeping all the
terms upto O(||v]|?) we will get a rather long formula:

u(exp™(v)™h) = u(exp” (—v)) =

1 1 1
u—vu + 5[1}1/1/ —u/adlv + v?u"] + 3 [(w) + adlv + adlu] — 35 [(wo) + adl v + adlu]/
1
+ 8 u(v') 4 v(uv') + v(ou') +u'adlv + o' (adl v + adlu) + 2u(adiv) +

2v(ad! v+ adlu)’ + adl adlv + ad! (adl v + adlu) + abdldT

quradI,u’U + ad:dlvu ' (7>

After some simplification the formula turns into

1 1
texp®(v) ™) =u+ §[u, v] + 3 [adlv + adlu]
Iy
1
+ 8 [uv — uvv”” — vo'u’ + VU — 2u'adiv — v(adl v + adlu)’ + o' (adl v 4 adlu) + 2u(adlv)/]

1>

1
+ 8 uw(v') 4+ v(u') + vu') +u'adlv + o' (adl v + adlu) + 2u(adiv) +

20(adf v+ adlu)’ + adfadlv + ad! (adlv 4 adlu) + ad:dTeradTuv + ad:dfvu . (8

I3

One can check that

1 1 1
(L, ) = [Jull + lw, o]1” + Zlladle + adfull* + ([, o], adlv + adju),

4
1 1 1
<’U,, 12> = _6 <[ua ’U], adj/u> + g <adjtua adlv) - 6 <adj;ua adj;u + adjtv>a

1 1 1
(u, I3) = —6<[u, v],adlu + adfv) — E<adlu, adlv) — E(adlv, adiu + ad! v).



Combining the above one gets (again up to the terms quadratic in v):

(w(exp™(v) ™), ulexp™(v) 7))
= (I1, ) + 2{u, I + I3) = ||ul|® + %K(u, v)

1 1 1 1
I vl = 5 lladiv + adiull + =([u, o], adlv — adju) + 2 {adju, adjv). (9)

_ 2
= lull? + 5

Finally, the formula for the sectional curvature K (u,v) in the directions u, v has the form:

|

df df
1 LU T ad,u

2
1
+ §<[u, v],adlv — adlu> + <adLu, adlv>. (10)

The expression (10) coincides with Arnold’s formula in [?].



