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FAST COMMUNICA TION

DIFFUSIVE SLO WDO WN IN MISCIBLE VISCOUS FINGER ING "

GOVIND MENON   AND FELIX OTTO à

Abstract. We prove a reÞned upper bound on the size of the mixing layer in a simpliÞed model
of gravit y driv en miscible Þngering that quantiÞes di!usiv e slowdown. Mathematically , the system
we study is a multi-dimensional system of conservation laws that admits an exact one-dimensional
closure for which the Lax entrop y condition is not physically appropriate.

Key words. viscous Þngering, dynamic scaling, coarsening, hyperbolic conservation laws, Burg-
ers equation, turbulen t transp ort.
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1. In tro duction
Gravit y driven ßows in a porous medium may be modeled by the system

! t s+ u á! s= " s, s# [0,1] (1.1)

! áu = 0 (1.2)

u = $ m(s)[! p$ sez ]. (1.3)

Heres# [0,1] denotesthe concentration of a solute which is transported by convection
and di!usion. The domain is x = (y,z) # [0,L ]n # 1 %R, n = 2,3 with periodic boundary
conditions in y. Equation (1.3) is DarcyÕslaw: the velocity is linearly proportional
to the driving force which comprisesa pressuregradient and buoyancy $ sez . We
assumethe mobilit y m > 0 is a thermodynamically admissible function. L is called
the Peclet number. It is the only external parameter, and measuresthe strength of
di!usion. Our interest is in the limit of small di!usion (L & ' ).

We consider initial conditions closeto the unstable stratiÞcation

s0(z) =
{

1, z ( 0,
0, z < 0.

(1.4)

In the absenceof di!usion, this is the classicalSa!man-Taylor instabilit y for a ßat
interface [1, 8]. Studieswith miscibilit y are more recent [3, 9]. For typical initial data,
the instabilit y developsas follows. For short times (t ) 1 in the scalingof (1.1)Ð(1.3))
one observes the exponential growth of the maximally unstable mode (determined
by L). In the late stage, t * 1, these sinusoidal perturbations evolve into a mixing
layer with a complex mesoscopicnetwork of elongatedÞngers. The mixing layer has
two characteristic scales,a typical Þnger height, a(t), in the z-direction, and typical
Þngerwidth, b(t), in the y direction. In experiments, oneobservesrobust scaling laws
a(t) + ct and b(t) = O(

,
t) [5, 9]. Thesereferencesalso contain vivid photographs and

simulations of Þngering.
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We studied this dynamic scaling in a recent article [6] for m - 1. A surprising
feature is that the rate of growth of the mixing layer is sharply a!ected by di!usion,
even in the limit L & ' . This diffusive slowdown is an experimentally important
manifestation of the subtle interplay betweennonlinear e!ects that drive the formation
of sharp gradients, and the regularizing e!ect of di!usion. In this note we reiterate
the argument for slowdown in [6] in greater generality to indicate its mathematical
interest in the theory of hyperbolic conservation laws. The caseof constant mobilit y
m - 1 is simpler to analyze, but arises in applications only when one considers a
single phase,and small concentrations of a solute (for example, Wooding considered
a dilute solution of dye in water [9]). The mobilit y typically varies strongly with
concentration. The assumptionm(s) = c1exp($ c2s) for constants c1,c2 > 0 is common
in applications [3]. We show herethat modest changesin our methods cover this case.
Our argument has also been adapted to injection driven spreading by Yortsos and
Salin [10].

2. Di!usiv e slowdo wn
Our results for di!usiv e slowdown only apply to the simpliÞed model

! t s+ u á! s= " s, s# [0,1] (2.1)

! áu = 0 (2.2)

u = (v,w), w = " (s)(s$ s), (2.3)

wheres(z) = L 1# n
∫
[0,L ]n ! 1 s(y,z) dy is the transverseaverage,and " (s) is the modiÞed

mobilit y

" (s) =
mh ml

mh s+ ml (1$ s)
. (2.4)

The connection to the mobilit y m(s) in (1.3) is m(0) = ml > 0 and m(1) = mh > 0 (the
subscripts denote light and heavy respectively). This system was formally derived
from (1.1)Ð(1.3) for the casem - 1 by Wooding [9]. The underlying assumption is a
separation of length scalesin the y and z directions. The caseof generalmobilities is
not much di!eren t. A derivation is outlined at the end of this article. Theseequations
retain two key featuresof (1.1)Ð(1.3): (i) the stratiÞcation s0 is unstable, (ii) they yield
the samebulk estimates for dissipation of potential energy (see[6, 7]). In particular,
the sizeof the mixing layer for both (1.1)Ð(1.3)and (2.1)Ð(2.3)is bounded in a weak,
energetic senseby the rarefaction wave solution to a Riemman problem described
below.

We will prove the following bound on the size of the mixing layer. We abuse
notation here: s(t, x),x = (y,z) is the sameas s(t, y,z).

Theorem 2.1. Let s(t, x) be a classical solution to (2.1)–(2.3) with continuous initial
data s(0,x) : [0,L ]n # 1 %R & [0,1] such that

lim
z$#%

s(0,y,z) = 0, lim
z$%

s(0,y,z) = 1. (2.5)

Then for any ch > mh / 2 and cl > ml / 2 we have

lim
t $%

s(t, y,$ ch t) = 0, lim
t $%

s(t, y,cl t) = 1. (2.6)
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Let us explain how this theorem quantiÞes di!usiv e slowdown by a factor of 2.
To put things in a familiar form, we consider the hyperbolic rescaling

t = Löt, x = L öx, ös(öt, öx) = s(t, x), öu(öt, öx) = u(t, x), L öp(öt, öx) = p(t, x). (2.7)

This rescalingleavesall terms of (1.1)Ð(1.3)and (2.1)Ð(2.3)unchangedexcept for the
di!usion. We then have

! t̂ ös+ öu á! x̂ ös=
1
L

" x̂ ös, (2.8)

! x̂ áöu = 0 (2.9)

öu = (öv, öw), öw = " (ös)( ös$ ös). (2.10)

The rescaling has the following e!ect on initial data as L & ' . Assumption (2.5)
implies ös(0, öy, öz) & s0(öz) pointwise for every öz .= 0.

In the formal limit L = ' , system(2.8)Ð(2.10)hasan important closure property .
If initially ös# { 0,1} a.e, this constraint is preserved, and we have s2 = s. We average
(2.8) to obtain a closedscalar conservation law

! t ös+ ! z
(
f (ös)

)
= 0, f (ös) = " (ös)ös(1$ ös). (2.11)

One may use (2.4) to check that f is strictly concave. Thus, the L & ' limit leads
naturally to a Riemann problem: solve (2.11) with initial data s0. This problem has
inÞnitely many weaksolutions. It is traditional (motiv ated by gasdynamics) to single
out the rarefaction wave (seefor example [2, 4]),

ös(z) = s! (
z
t
), #= f &(s! (#)) ,

as the physically appropriate solution. The spread of the rarefaction wave is deter-
mined by f &(0) = $ mh and f &(1) = ml , and we have 0< s! (#) < 1 for ## ($ mh ,ml ).
This solution is physically appropriate in gas dynamics as it is the L & ' limit of
solutions sL (t, z) to

! t sL + ! z (f (sL )) =
1
L

! 2
z sL , sL (0,z) = s0(z). (2.12)

However, di!usion has quite a distinct e!ect on the system (2.8)Ð(2.10).

Cor ollar y 2.2. Let sk be a sequence of solutions to (2.1)–(2.3) with initial data
satisfying (2.5), and Peclet numbers L k & ' . If ös is a subsequential limit of { ösk } %

k=1
in the weak-* topology in L % ((0,' ) %[0,1]n # 1 %R),

ös(öt, öy, öz) =
{

1, a.e in 2öz > ml öt,
0, a.e in 2öz < $ mh öt.

(2.13)

In particular, ös cannot be a rarefaction wave.

Proof. Let $ be a contin uous test function with compact support in 2öz > ml öt.
Denote a convergent subsequenceof the rescaledsolutions ösk by the sameindex k.
We then have

∫ %

0

∫

Q
$(öt, öx)ös(öt, öx)dötdöx = lim

k$%

∫ %

0

∫

Q
$(öt, öx)sk (Lk öt, L k öx)dötdöx,
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and limk$% sk (L k öt, L k öt, L k öz) = 1 in 2öz > ml öt by (2.6). Since 0/ sk / 1, the bounded
convergencetheorem allows us to interchange limits. The proof for 2öz < $ mh öt is
similar.

Of course,it is more desirable to prove this for a sequenceof solutions to (1.1)Ð
(1.3), but wehavebeenunable to do this. Finally, let usnote that there is a self-similar
solution s(t, z) = s" (z/t ) to the Riemann problem (2.11) that is not incompatible with
Corollary (2.2). It consistsof two shocks (inadmissible under the entropy condition):

s" (#) =






1, ml < 2#,
m l

m h +m l
, $ mh < 2#< ml ,

0, 2#< $ mh .

3. Pro ofs

3.1. Motiv ation. As in [6] weconstruct comparisonfunctions that areviscous
shock proÞlesof BurgerÕsequation. What is perhaps surprising is that our method
works with no essential changefor a more complicated mobilit y (2.3). The key heuris-
tic idea is that there must be sharp gradients at the tips of Þngers,and di!usion must
act here. To derive a comparison function for downward spreading,considera Þnger
at the leading edgewheres0 0. Then (2.3) yields w 0 $ " (0)s= $ mh s. This suggests
comparisonwith the one-dimensionalequation

! t s" $ mh s" ! zs" = ! 2
z s" . (3.1)

This is BurgerÕsequation with concave ßux $ mh s2
" / 2. It admits downward moving

viscousshocks s" (t, z) = s" (z+ c" t) = s" (%) connectingthe states&> 0 and 1+ &at 1'
respectively. The speedc" is determined by the Rankine-Hugoniot condition

c" =
mh

2

(
(1+ &)2 $ &2

1+ &$ &

)
= mh (

1
2

+ &), (3.2)

and the shock proÞlessolve the di!eren tial equation

ds"

d%
=

mh

2
(1+ &$ s" )(s" $ &). (3.3)

Thus, s" is strictly increasing,and given explicitly by

s" (%) = &+
1
2

(
1+ tanh

(
mh (%$ z0)

4

))
, (3.4)

where z0 is an arbitrary constant reßecting translation invariance. An analogous
calculation yields a comparisonfunction for upward spreading. If we considera Þnger
at the upper edgewhere s0 1 we have w 0 " (1)(1 $ s) = ml (1$ s), and we are led to

! t ÷s" + ml (1$ ÷s" )! z ÷s" = ! 2
z ÷s" . (3.5)

As before, for any &> 0 we construct strictly increasing viscous shocks connnecting
$ &and 1$ &at 1' . Thesehave speedml (1/ 2+ &).
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3.2. Pro of of Theorem 2.1.
Lemma 3.1. Assume s(t, x) is a classical solution to (2.1)–(2.3) with continuous
initial data s(0,x). There exists &" > 0 such that for every &# (0,&" ) the following
comparison principles hold.

1. If s(0,y,z) < s" (0,z) then s(t, y,z) < s" (t, z) for all t ( 0.
2. Similarly, if s(0,y,z) > ÷s" (0,z) then s(t, y,z) > ÷s" (t, z) for all t ( 0.

Proof. [Proof of Theorem 2.1] Fix c> mh / 2. Let &be arbitrary with

0< &/ min
(

1
1+ mh

(
c$

mh

2

)
,&"

)
.

Then, by (3.2)

c$ c" ( &> 0. (3.6)

Sincelimz$#% maxy s(0,y,z) = 1, we may choosez0 in (3.4) such that s(0,x) < s" (0,x)
for all x. By Lemma 3.1 we then have

s(t, y,$ ct) < s" (t, $ ct) = s" ((c" $ c)t).

In view of (3.6) and (3.4), this yields

lim sup
t $%

max
y

s(t, y,$ ct) / &.

Since&was arbitrary , we obtain as desired

lim
t $%

max
y

s(t, y,$ ct) = 0.

The proof of the lower estimate in (2.6) is similar, and is omitted.

3.3. Pro of of Lemma 3.1.
Proof. The proof is a direct application of the maximum principle. We write (2.1)

in non-divergenceform

! t s+ v! y s+ w! zs$ " s= 0, (3.7)

and compare it with (3.1) rewritten as

! t s" + v! y s" + w! zs" $ " s" = (w+ mh s" )! zs" . (3.8)

Let ' = s" $ s. We subtract (3.7) from (3.8), to obtain

! t ' + v! y ' + w! z ' $ " ' = (w+ mh s" )! zs" . (3.9)

Sincew = " (s)(s$ s) the coe"cien t of ! zs" is

" (s)(s$ s) + mh s" = " (s)s+ " (s)' + (mh $ " (s))s" , (3.10)

so that we may write (3.9) in the form

! t ' + v! y ' + w! z ' $ " ' $ " (s)! zs" '

= (" (s)s+ (mh $ " (s))s" ) ! zs" . (3.11)
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We claim that the right hand side of (3.11) is strictly positive for su"cien tly small
&> 0. First, by the strong maximum principle for (2.1) we have s> 0 for t > 0 and
thus also s> 0 for t > 0. Next, ! zs" > 0 as can be seenfrom (3.4). Finally, we usethe
deÞnition of " (s) in (2.4) to calculate

" (s)s+ (mh $ " (s))s" = mh s
mh s" + ml (1$ s" )
mh s+ ml (1$ s)

. (3.12)

We only need check the sign of the numerator for s" # [&,1+ &]. If mh ( ml this is
clearly positive for every &> 0. If mh < ml , then

mh s" + ml (1$ s" ) ( mh (1+ &) $ ml &> 0,

for 0< &< mh / (ml $ mh ) := &" . In either case,

(" (s)s+ (mh $ " (s))s" ) ! zs" > 0 for t > 0. (3.13)

We now argueby the maximum principle. Assume' ( 0 wasnot true. Since' (0,x) ( 0
and limz$±% ' (t, y,z) = & uniformly in (t, y), there exists a (t" ,x" ) # (0,' ) %R2 such
that

' (t " ,x" ) = 0 and ' (t, x) ( 0 2(t, x) # (0,t" ) %R2.

In particular,

! t ' (t " ,x" ) = ! y ' (t " ,x" ) = ! z ' (t " ,x" ) = 0 and " ' (t " ,x" ) ( 0. (3.14)

Henceby (3.9) we would obtain

(" (s)s+ (mh $ " (s))s" ) ! zs" / 0,

contradicting (3.13). The proof of the lower estimate is similar, and is omitted.

3.4. Deriv ation of reduced mo del. The elliptic system (2.2)Ð(2.3) is ob-
tained from (1.2)Ð(1.3)basedon two assumptions: (i) s# { 0,1} a.e; (ii) p(y,z) = p(z).
Let us Þrst verify this, and then comment on the assumptions.

Incompressibility (1.2), and the assumption that the ßuid is at rest at inÞnity
imply w = 0. We average(1.3) to obtain $ m(s)! zp= sm(s) = mh s by assumption (i).
Now useassumption (ii), and m(s) = mh s+ ml (1$ s) to deduce

! zp= ! zp= $
mh s

mh s+ ml (1$ s)
.

Substitution of this expressionin (1.3) yields (2.3).
Heuristically, assumptions(i) and (ii) are motivated by an ideal limit where we

have a parallel array of ascending(s= 0) and descending(s= 1) Þngerswith a sharp
interface in between. Both assumptionsare common in applications [10]. Formally, if
we neglect di!usion, (1.1) is

! t s+ u á! s= 0. (3.15)

If s# { 0,1} a.e, this equation may be interpreted in the senseof distributions as the
evolution of the region { s= 1} . However, the assumption that s# { 0,1} a.e is incom-
patible with the presenceof di!usion (L < ' in (2.1)). Ideally, one would like to
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prove that suitably rescaledsolutions to (1.1)Ð(1.3)convergeasymptotically to solu-
tions of (2.2)Ð(2.3) and (3.15) along with s# { 0,1} a.e thus providing a notion of an
Ôentropy solutionÕof the sharp interface problem. We have beenunable to formulate
a rigorous theorem to this e!ect. However, some evidencethat a limiting solution
must satisfy s# { 0,1} a.e is provided by an argument from [6]. We considereda bulk
ÔmixingentropyÕH (t) = L 1# n

∫
[0,L ]n ! 1 ' R s(1$ s) dx. Observe that H vanishesif and

only if s# { 0,1} a.e. Heuristically, H measuresthe size of Ômushy zonesÕor Ôtransi-
tion layersÕaround the Þngers. These mushy zonesact as a drag on bulk transport,
and the existenceof a lower bound lim inf t $% t# 1H (t) ( c> 0 implies di!usiv e slow-
down in an energeticsenseas rigorously shown in [6]. Nontrivial analysis is required
only when limt $% t# 1H (t) = 0. This suggestswe may assumes# { 0,1} a.e as a Þrst
approximation.

REFERENCES

[1] R. Chouke, P. van Meurs and C. van der Poel, The instability of slow, immiscible, viscous
liquid-liquid displacements, Trans. AIME, 216, 188-194, 1958.

[2] C. M. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, Springer-V erlag, New
York, 2000.

[3] G. M. Homsy, Viscous Þngering in porous media, Ann. Rev. Fluid Mech., 19, 271-311, 1987.
[4] P. D. Lax, Hyperbolic systems of conservation laws and the mathematic al theory of shock waves,

SIAM, Philadelphia, MR 50, 2709, 1973.
[5] O. Manic kam and G. M. Homsy, Fingering instabilities in vertic al displacement ßows in porous

media, J. Fluid. Mech., 288, 75-102, 1995.
[6] G. Menon and F. Otto, Dynamic scaling in miscible viscous Þngering, Comm. Math. Phys.,

257, 303-317, 2005.
[7] F. Otto, Evolution of micr ostructur e: an example, in Ergodic Theory , Analysis, and E"cien t

Simulation of Dynamical Systems, Springer, Berlin, 501-522, 2001.
[8] P. G. Sa!man and G. Taylor, The penetration of a ßuid into a porous medium or Hele-Shaw cell

containing a more viscous liquid , Pro c. Roy. Soc. London. Ser. A, 2 plates, 245, 312-329,
1958.

[9] R. A. Wooding, Growth of Þngers at an unstable di!using interfac e in a porous medium or
Hele-Shaw cell, J. Fluid Mech., 39, 477-495, 1969.

[10] Y. C. Yortsos and D. Salin, On the selection principle for viscous Þngering in porous media,
J. Fluid Mech., to appear.


