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FAST COMMUNICA TION

DIFFUSIVE SLOWDO WN IN MISCIBLE VISCOUS FINGER ING *

GOVIND MENON AND FELIX OTTO 2

Abstract.  We prove a rebPned upper bound on the size of the mixing layer in a simpliped model
of gravity driven miscible Pngering that quantibes dilusiv e slowdown. Mathematically , the system
we study is a multi-dimensional system of conservation laws that admits an exact one-dimensional
closure for which the Lax entropy condition is not physically appropriate.
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1. Intro duction
Gravity driven Bows in a porous medium may be modeled by the system

lys+ud s="s, s#][0,1] (1.1)
l &1=0 (1.2)
u=$m(s)[! p$ se,]. (1.3)

Here s# [0, 1] denotesthe concerration of a solute which is transported by convection
and dilusion. The domainis x = (y,z) #[0,L]"* ' %R, n= 2,3 with periodic boundary
conditions in y. Equation (1.3) is DarcyOdaw: the velocity is linearly proportional
to the driving force which comprisesa pressuregradient and buoyancy $se,. We
assumethe mobility m> 0 is a thermodynamically admissible function. L is called
the Peclet number. It is the only external parameter, and measuresthe strength of
dilusion. Our interestis in the limit of small dilusion (L& ' ).
We considerinitial conditions closeto the unstable stratibcation

s {§ 28 =
In the absenceof dilusion, this is the classical Salman-Taylor instability for a Rat
interface[1, 8]. Studieswith miscibility are more recert [3, 9]. For typical initial data,
the instabilit y developsasfollows. For short times (t) 1 in the scalingof (1.1)D(1.3))
one obsenes the exponertial growth of the maximally unstable mode (determined
by L). In the late stage,t* 1, these sinusoidal perturbations ewlve into a mixing
layer with a complex mesoscopicnetwork of elongated bngers. The mixing layer has
two characteristic scales,a typical bngerheight, a(t), in the z-direction, and typical
Pngerwidth, b(t), in the y direction. In experiments, one obsenesrobust scalinglaws
a(t) + ct and b(t) = O(’ 1) [5, 9]. Thesereferencesalso cortain vivid photographsand
simulations of bngering.
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268 DIFFUSIVE SLOWDO WN IN MISCIBLE VISCOUS FINGERING

We studied this dynamic scaling in a recert article [6] for m- 1. A surprising
feature is that the rate of growth of the mixing layer is sharply alected by dilusion,
even in the limit L& ' . This diffusive slowdown is an experimentally important
manifestation of the subtle interplay betweennonlinear elects that drivethe formation
of sharp gradients, and the regularizing elect of dilusion. In this note we reiterate
the argumert for slovwdown in [6] in greater generality to indicate its mathematical
interest in the theory of hyperbolic consenation laws. The caseof constart mobility
m- 1 is simpler to analyze, but arisesin applications only when one considersa
single phase,and small concerrations of a solute (for example, Wooding considered
a dilute solution of dye in water [9]). The mobility typically varies strongly with
conceriration. The assumptionm(s) = ¢; exp($ c,s) for constarts ¢;,c; > 0is common
in applications [3]. We show herethat modest changesin our methods cover this case.
Our argumert has also been adapted to injection driven spreading by Yortsos and
Salin [10].

2. Dilusiv e slowdown
Our results for dilusiv e slowdown only apply to the simplibed model

lts+ud s="s, s#][0,1] (2.1)
lai=0 (2.2)
u=(v,w), w="(3)(s%59), (2.3)

wheres(z) = L#n f[o,L]”! 1 S(y,2) dy is the transverseaverage,and " (S) is the modibed
mobility

Mpm
mpS+ m(1$3) .

" ()= (2.4)
The connectionto the mobility m(s) in (1.3) is m(0) = m; > 0 and m(1) = my > O (the
subscripts denote light and heavy respectively). This system was formally derived
from (1.1)D(1.3)for the casem- 1 by Wooding [9]. The underlying assumptionis a
separation of length scalesin the y and z directions. The caseof generalmobilities is
not much dilerent. A derivation is outlined at the end of this article. Theseequations
retain two key featuresof (1.1)D(1.3): (i) the stratibcation s is unstable, (ii) they yield
the samebulk estimatesfor dissipation of potential energy (see[6, 7]). In particular,
the sizeof the mixing layer for both (1.1)D(1.3)and (2.1)D(2.3)is boundedin a weak,
energetic senseby the rarefaction wave solution to a Riemman problem described
below.

We will prove the following bound on the size of the mixing layer. We abuse
notation here: s(t, x),x = (y,z) is the sameas s(t, y, z).

Theorem 2.1. Let s(t,X) be a classical solution to (2.1)-(2.8) with continuous initial
data s(0,x) :[0,L]"* 1 %R & [0,1] such that

Zs!jl#r;g s(0,y,z) =0, lelsg/rg s(0,y,z)= 1. (2.5)

Then for any ¢, > Mmy/ 2 and ¢ > my/ 2 we have

tlggg/p s(t,y,$cnt) =0, tlsgg/? s(t,y,qt)= 1. (2.6)
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Let us explain how this theorem quartibes dilusiv e slovdown by a factor of 2.
To put things in a familiar form, we considerthe hyperbolic rescaling

t=L® x=L% &0 =s(tx), 6(08)=u(tx), LPO®)=p(t x). (2.7)

This rescalingleavesall terms of (1.1)D(1.3)and (2.1)D(2.3)unchangedexceptfor the
dilusion. We then have

1
16+ 08 6= f" %8, (2.8)
I c&=0 (2.9)
o= (6,W), W="(8)(8$8). (2.10)
The rescaling has the following elect on initial data asL & ' . Assumption (2.5)
implies §(0,9,9) & so(B) pointwise for every = 0.
In the formal limit L =", system(2.8)D(2.10)hasan important closure property.

If initially &%# {0,1} a.e, this constraint is presened, and we have s2=5. We average
(2.8) to obtain a closedscalar consenation law

18+ 1,(f(§)=0, f(B="(551$ 9. (2.11)

One may use (2.4) to ched that f is strictly concave. Thus,the L& ' limit leads
naturally to a Riemann problem: solve (2.11) with initial data sy. This problem has
inbnitely many weak solutions. It is traditional (motivated by gasdynamics)to single
out the rarefaction wave (seefor example[2, 4]),

§2)=s(D.  #=11s M),

as the physically appropriate solution. The spread of the rarefaction wave is deter-
mined by f40)=$my, and f §1)= m;, and we have 0< s'(#) < 1 for ## ($ mp,m,).
This solution is physically appropriate in gasdynamics asit is the L& ' limit of
solutions s (t,z) to

Lesp +1,(f(sL)) = %! 2., st (0,2) = so(2). (2.12)

Howevwer, dilusion has quite a distinct elect on the system (2.8)D(2.10).

Cor ollar 'y 2.2. Let s be a sequence of solutions to (2.1)—(2.3) with initial data
satisfying (2.5), and Peclet numbers Ly & ' . If 8 is a subsequential limit of {8},

in the weak-* topology in L% ((0," )%][0,1]"# 1 %R),

a. . [1, ae in 2p>m#b
s(@,ym)—{o' a.e in 2p<$mub

In particular, ® cannot be a rarefaction wave.

(2.13)

Proof. Let $ be a corntinuous test function with compact support in 26> m,
Denote a corvergen subsequenceof the rescaledsolutions 8§ by the sameindex k.
We then have

% %
/ /$(fét‘>)§(t3,ﬁ)d€'dﬁ= lim / /$(t’?ﬁ)sk(th'5,kas)d€axs,
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and limygo, Sk(Lk®Lx®LB)=1in 26> mOby (2.6). Since0/ s¢/ 1, the bounded
convergencetheorem allows us to interchange limits. The proof for 2#< $mp is
similar. d

Of course, it is more desirableto prove this for a sequenceof solutions to (1.1)B
(1.3), but we have beenunableto do this. Finally, let usnote that there is a self-similar
solution s(t,z) = s’ (z/t ) to the Riemann problem (2.11) that is not incompatible with
Corollary (2.2). It consistsof two shocks (inadmissible under the entropy condition):

1, m <24
S (#H=1 mim $Smh<2#<my,

0, 2#<$mp.

3. Pro ofs

3.1. Motiv ation.  Asin [6] we construct comparisonfunctions that areviscous
shock problesof BurgerOsequation. What is perhaps surprising is that our method
works with no essetial changefor a more complicated mobility (2.3). The key heuris-
tic ideais that there must be sharp gradierts at the tips of bngers,and dilusion must
act here. To derive a comparisonfunction for downward spreading, considera bnger
at the leading edgewheres0 0. Then (2.3) yieldsw0 $" (0)s= $ mys. This suggests
comparisonwith the one-dimensionalequation

s $mpse !, =125, (3.1)

This is BurgerOsequation with concave Rux $ m,s?/2. It admits downward moving
viscousshocks s« (t, z) = s+ (z+ ¢ t) = s (% connectingthe states&> O and 1+ &at 1'
respectively. The speedc: is determined by the Rankine-Hugoniot condition

2

and the shock problessolve the dilerential equation

ds: _ mjp
T%)— 7(1"‘ &$S")(S"$&. (33)

Thus, s« is strictly increasing,and given explicitly by

s (%= &+ % <1+ tanh ("“((sz(’))) , (3.4)

where z; is an arbitrary constart ref3ecting translation invariance. An analogous
calculation yields a comparisonfunction for upward spreading. If we considera bPnger
at the upper edgewheres0 1 we havew0 " (1)(1$ s)= m;(1$ s), and we are led to

s+ m(1$s)! .8 =125, (3.5)

As before, for any &> 0 we construct strictly increasing viscous shacks connnecting
$&and 1$ &at 1' . Thesehave speedm,(1/2+ &).
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3.2. Pro of of Theorem 2.1.
Lemma 3.1. Assume S(t,X) is a classical solution to (2.1)-(2.3) with continuous
initial data S(0,X). There exists & > 0 such that for every &# (0,&) the following
comparison principles hold.
1. Ifs(0,y,2) < s+ (0,2) then s(t,y,z) < s (t,2) for allt( O.
2. Similarly, if 5(0,y,2) > s (0,2) then S(t,y,z)> s (t,2) for all t( O.

Proof. [Proof of Theorem 2.1] Fix ¢> my/ 2. Let &be arbitrary with

0< & min <1+1mh (c$ %) ,&> .

Then, by (3.2)
c$c (&0 (3.6)

Sincelimgu, maxy s(0,y,z) = 1, we may choosez, in (3.4) sud that s(0,x) < s+ (0,x)
for all x. By Lemma 3.1 we then have

s(t,y,$ct)< s (t,$ct)=s((c $ O)t).
In view of (3.6) and (3.4), this yields

lim supmaxs(t,y,$ct)/ &.
t$% Y

Since & was arbitrary , we obtain as desired
tgg/p m}gxs(t,y,$ ct)=0.

The proof of the lower estimate in (2.6) is similar, and is omitted. d

3.3. Proof of Lemma 3.1.
Proof. The proof is a direct application of the maximum principle. We write (2.1)
in non-divergenceform

lis+vlys+w!,s$" s=0, (3.7)
and compareit with (3.1) rewritten as
lise+vlys +wl,;s: 8" 5o = (W+ mps)! ;s (3.8)
Let ' = s $s. We subtract (3.7) from (3.8), to obtain
vy +wl, " = (Wt mps)! ;s (3.9)
Sincew="(3)(5% s) the coe"cient of ! ;s is
"(3)(3% s)+ mps =" (5)5+" (35)' + (Mh$ " (3)s, (3.10)
sothat we may write (3.9) in the form

vy +wl, 8" "8 (5)! s
=("@EsS+t(Mr$"(3)s)! ;s . (3.11)
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We claim that the right hand side of (3.11) is strictly positive for su"ciently small
&> 0. First, by the strong maximum principle for (2.1) we have s> 0 for t> 0 and
thus alsos> 0 for t > 0. Next, ! ;s- > 0 ascan be seenfrom (3.4). Finally, we usethe
dePbnition of " (3) in (2.4) to calculate

mps- + m;(1$s)
mpS+ m(1$53) °

"(5)s+ (Mp$ " (5))s = mpS (3.12)

We only need ched the sign of the numerator for s- #[&1+ &. If my ( m; this is
clearly positive for every &> 0. If m, < m,, then
mps+ m(1$s)( mp(l+ &% m& 0,
for 0< & my/ (M $ my):= &. In either case,
"33+ (Mp$ " (3)s)! ;>0 fort> 0. (3.13)

We now argueby the maximum principle. Assume' ( Owasnot true. Since' (0,x)( O
and lim,g:0o ' (t,y,2) = &uniformly in (t,y), there exists a (t-,x-)# (0," )%R? suc
that

"(t,x-)=0 and ' (t,x)( 02(t x)# (0,t-) %R>.
In particular,
Pe' (b, xe) =1y (e, xe) =1, (t,x:)=0 and " ' (t,x)( O. (3.14)
Henceby (3.9) we would obtain
"(®5+(Mp$"(3)s)! s/ 0,

cortradicting (3.13). The proof of the lower estimate is similar, and is omitted. |

3.4. Deriv ation of reduced model. The elliptic system (2.2)D(2.3)is ob-
tained from (1.2)D(1.3)basedon two assumptions: (i) s#{0,1} a.e; (i) p(y,z) = p(2).
Let us brst verify this, and then commert on the assumptions.

Incompressibility (1.2), and the assumption that the Ruid is at rest at inPnity
imply w= 0. We average(1.3) to obtain $ m(s)! ;p= sm(s)= mxs by assumption (i).
Now useassumption (i), and m(s)= m,5+ m;(1$ 3) to deduce

_ mpS
'2p=12p=$ mpS+ mi(1$s)°
Substitution of this expressionin (1.3) yields (2.3).

Heuristically, assumptions (i) and (ii) are motivated by an ideal limit where we
have a parallel array of ascending(s= 0) and descending(s= 1) bngerswith a sharp
interface in between. Both assumptionsare commonin applications [10]. Formally, if
we neglectdilusion, (1.1) is

lystud s=0. (3.15)

If s#{0,1} a.e, this equation may be interpreted in the senseof distributions as the
ewlution of the region {s= 1}. Howewer, the assumptionthat s# {0,1} a.e is incom-
patible with the presenceof dilusion (L<' in (2.1)). Ideally, one would like to
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prove that suitably rescaledsolutions to (1.1)D(1.3) corverge asymptotically to solu-

tions of (2.2)b(2. 3) and (3.15) along with s# {0,1} a.e thus providing a notion of an

Oetmopy solution®of the sharp interface problem. We have beenunable to formulate

a rigorous theorem to this elect. However, some evidencethat a limiting solution

must satisfy s#{O 1} a.e is provided by an argumert from [6]. We considereda bulk

OmixingertropyOH (t) = L# " f[()L a1 g S(1$ s)dx. Obsene that H vanishesif and

only if s#{0,1} a.e. Heuristically, H measuresthe size of Omshy zones®r Otransi-
tion layersCaround the Pngers. These mushy zonesact as a drag on bulk transport,

and the existenceof a lower bound liminfygy, t#H(t) ( c¢> 0 implies dilusiv e slow-

down in an energetic senseas rigorously showvn in [6]. Nontrivial analysisis required

only when limyg, t* 'H (t) = 0. This suggestswe may assumes# {0,1} a.e as a brst
approximation.
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