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1 Introduction.

Let x = (X1;:::;Xn) denote a point in R", and dx = dxj dx; dx, denote the volume element in
R". Let u(x;t): G! R" be atime-dependent vector eld de ned on an open subset5 of x-t-space
with components u;;i = 1;:::;n. G will be called a domain for brevity, though we do not assume

that & is connected. Domains inx-space will be denotedG, in x-t-space they will be denoted.
A vector eld u(x;t) which is C! in x on an x-t-domain & is divergence freeif it satis es the
di erential equation @
. ] )
divu @x 0: (1.2)
Here and throughout this paper we use the summation conventin. There is also another charac-
terization of divergence free vector elds that does not inwlve derivatives. We say that a scalar
or vector-valued function v(x;t) on G belongs toclassN on & if and only if v O outside a
suitable compact subset of this region. The functions of thé class, thus vanish on a boundary strip
of G. The alternative characterization is as follows. A eld u(x;t) which is C* in x on G is called
divergence freeon G if 77
@hdx dt =0; 1.2)
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for any function h(x;t) of classN in G thatis C! in x on G. The equivalence of (1.1) and (1.2)
is a consquence of Gauss' Theorem (which is applicable becsaih 2 N in G) and because of the
fundamental lemma of the calculus of variations. If we introduce the scalar product of two vector
elds v(x;t) and w(x;t) on G as 27

viw; dx dt;

we can say that \a eld u which is C! in x is divergence-free inG" means that u is orthogonal in
G to the gradient of a function of classN that is C! in x. L.

1The formulation of these terms in  x-t-space rather than just in x-space is advantageous for our problem. Appli-
cations of Hilbert space theory can be found in the following  works: O. Nikodym , Sur un treoeme de M.S. Zaremba



The following counterpart of this fact is of interest here. A vector eld h°: & ! R" which is
continuous in x is a gradient eld (that is, h®= @h=@Xor someh : G Rthatis Clin x), if and
only if h®is orthogonal to every divergence-free vector eld that isC* in x in G.

Necessity is once more a consequence of the Integral TheoreiBu ciency is obtained as follows.
By consideringw(x;t) = ' (t)! (x) with scalar ' we reduce to the corresponding claim fox-regions
G. Thus, assume Z

w;h%dx =0 (1.3)
G
for any smooth divergence-free eldw(x) of classN in G. The claim follows if we can show that
the circulation of the eld h° z z
hodx; =  hlds; (1.4)
C C

vanishes along every closed pathC in G. It is easy to see that this needs to be shown only
for continuously curved paths without self-intersections We will obtain this vanishing through a
suitable choice of eldsw. For any given small" > 0, there is a vector eld w(x) which is smooth
and divergence-free inG and which has the following properties: w is non-zero only in a closed tube
around C of thickness< " . On any plane tube section that cuts C orthogonally, the vector w forms
an angle< ™ with the normal direction (i.e. the direction of Cin the section). The sectional ow of
w, which is independent of the exact shape of the section becaew is divergence-free, is equal to
1. This fact su ces to prove that the circulation along C vanishes. We consider such a eldw(x)
for xed (but suciently small) ". If we let dF denote the hypersurface element on these tube
sections and if we choose the arc lengtls along C as the parameter transverse to the sections, we
can write the volume element & in the tube as (x)dF ds, where we assume to be continuous
in a neighborhood ofC and equal to 1 onC. Then
Z Z

hdw; dx =  hQjwj dF ds:

If we replace the componenth?, by the componenth? taken at the intersection of C with the section,
jw(x)j by the componentws(x) taken in a direction normal to dF and by 1, then the right-hand
side integral becomes 7 7 7

h?  wsdF ds= hds;

i.e. the circulation. Based upon the properties of the eldw noted above, we can meanwhile easily
prove that that the error introduced by these approximations goes to zero with". The claim is
proven.
The basic equations of Navier-Stokes equations for the moweent of a homogeneous, incom-
pressible liquid are
@u,, @u_ @, Gu
@t @x @x @x@x’

where is a positive constant, namely thekinematic viscosity coe cient and

(1.5)

divu=0:

concernant les fonctions harmoniques. J. Math. pur appl.,, P aris, Sr. X, 12 (1933), 95{109; J. Leray , Sur le
mouvement d'un liquide visqueux emplissant l'espace. Acta math., Uppsala 63 (1934), 193{248; H. Weyl , The
method of orthogonal projection in potential theory. Duke m  ath J. 7 (1940), 411{444.




Let u(x;t); p(x;t) be a solution in an x-t-region G which we assume to be continuous along with
all the occurring derivatives ug, Uy, Uy . We now introduce a new time-dependent vector eld
a = a(x;t) which is divergence-free inG. The only requirements ona are that is of classN in G
and su ciently smooth: a and the derivatives a;; ay; ax should be continuous in&. Sincea 2 N

in G and
u @ = @w .
@x @x ’
we have the identities
zZ 2z
ai@dxdt = @ui dx dt;
zz ¢ Ot 726 @t
@u @a
au —dxdt = ——u u; dxdt;
& @x e @x
zz z zz
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Since diva=0 and a2 N, we also have
zZZ
@p
a—— dxdt =0:
s  @x
Therefore, we nd that the eld u(x;t) satis es the following condition
zz 2z zz
@a @a @a _Qn.
é@tu.dde G@u u; dx dt + é@X@xu.dxdt—o, (1.6)
for any su ciently smooth eld a(x;t) on G with the properties
diva=0in & a2N inG: 1.7)
In addition, we need to take into account that u is divergence-free, that is,
ZZ @h
—_ujdxdt=0; h2N in &: 1.8
s @x (1.8)

These identities hold for su ciently smooth functions in th e respective classes. We have thus
reduced the basic equations to the form of equations betwedimear functional operators of arbitrary
elds and functions a and h. The essential part of this is that the unknown eld u on which these
operators depend occurs without any derivatives.

We still need to convince ourselves that we may revert from egations (1.6) and (1.8) to the
di erential form (1.5) of the equations if we restrict ourselves to su ciently smooth solutions u. We
already know that under this assumption (1.8) implies divu = 0 in G. For a su ciently smooth u,
we may undo all the integrations-by-parts. It then follows that

Y4

, @, @u @y
é @t @x @x@x
holds for every su ciently smooth eld a(x;t) of the form (1.7). Using the theorem proved above,
we may conclude that the term in curly braces is the gradient é a uniquely determined function

dx dt



p(x;t). Thus, the di erential equations of motion (1.5) must hold in &. We see that this integral
form of the equations exactly expresses the physical demantthat the pressure be unique.

It is natural to build the general mathematical theory on the integral form of the equations.
But then it is appropriate to rid ourselves of the arti cial r estriction to smooth solution elds u.
The occurrence of the quadratic forms

z
u; u; dx; % % dx
in the energy equation leads us to base the problem on a Hilberspace of vector elds. Itis a
methodical advantage that in this broader framework the problem of regularity of solutions u can
be entirely separated from the problem of existencé.

The common initial value problem of the basic equations of hgrodynamics is the following. We
need to nd the solution u(x;t) in a prescribed, moving regionG(t) (t > 0) of x-space, whileu(0)
in G(0) is prescribed (together with a suitably formulated condition of continuous continuation for
t I 0) and the boundary values at the boundary ofG(t), t > 0 are also given (with a suitably
formulated sense of continuation). J. Leray dedicated three sizable works to this problem in the
early 19308. These inquiries had already forced Leray to use the methodsf Hilbert space and
the integral interpretation of the equations in three dimensions'. In his works, Leray solved the
question of existence for allt > 0 in the following cases, a)G = 2 under the added condition of
nite kinetic energy, b) G is a xed oval with zero boundary values, c) G = 2 under the added
condition of nite kinetic energy. The remarkable analysis that Leray dedicates to the question of
regularity point to a strange di erence between the dimensonsn =2 and n> 2. If G is the entire
plane, the proof of in nite di erentiability is successful , but the methods that one should view as
natural fail for n > 3. Even for arbitrary smoothness of all prescribed data, theproof of smoothness
of the solution did not work out. The other strange thing is th e failure of the uniqueness proof in
three dimensions. These questions are still not answered ssfactorily. It is hard to believe that
the initial value problem of viscous liquids for n = 3 should have more than one solution, and
more attention should be paid to the settling of the uniqueness question. However, recent research
indicates that for nonlinear partial di erential problems the number of independent variables has
signi cant in uence on the local properties of solutions.

The present work is dedicated to the initial value problem with the integral form of the equations
viewed as their primary form. We leave aside the questions ofegularity and uniqueness. We hope
to come back to these things as well as to the proof of the eneygequation (which is easy in our
context) in later memoranda. The main point of this work is th at the construction of approximate
solutions (that takes such broad space in Leray's work) may ke replaced by a simpler process,
applicable to a much broader classes of partial di erential problems. We also hope to come back
to this issue later. This method enables the solution of the mitial value problem for all t > 0
in substantial generality. However, in this article what matters more to us is the exposition of
the basic method, rather than the generality of the results. We restrict ourselves to the case that

2Compare the treatment of quadratic variation and linear di erential problems by methods of Hilbert spaces in
R. Courant and D. Hilbert , Methoden der mathematischen Physik, Volume 2, Berlin 1937 , Chapter VII.

3J. Leray , a) Etude de diverses equations inegrales non lireaires et de quelques probemes que pose
I'Hydrodyamique. J.Math.pur.appl. Paris, Sr. IX 12 (1933) 1{82; b) Essay sur les mouvements plans d'un liquide
visqueux que limitent des parois. c) loc. cit. in footnote 1.

4A long while before this, C.W. Oseen had based his well-known hydrodynamic inquiries on a form of the basic
equations that is free of second derivatives. However, he on ly succeeded in proving existence for su ciently small
times. Cf. his work Hydrodynamik (Leipzig 1927)



the x-region G is xed in time, but otherwise completely arbitrary, and whe re u has vanishing
boundary values. The boundary condition will be de ned in terms of Hilbert space{broad enough
to guarantee solvability, and narrow enough to guarantee tle uniqueness of the solution, at least in
two dimensions’. In pure existence theory, the space dimensiom will not play any role.

2 The function space H® Solutions of class H°

We de ne the classH with respect to an x-t-region G to mean the space of all measurable functions
f :G! Rwith nite norm 77

f 2 dx dt:
é

H is a real Hilbert space. We will mean weak and strong convergese in with respect to this norm
in what follows. Recall that a sequence of functiond 2 H converges weakly if rst, the norms of
all f remain below a xed value and second, if
zZ zZ
fg dx dt ! f gdxdt
€] €]

holds for any xed function g 2 H. While maintaining the rst condition, the second one may be
weakened to the e ect that the sequence of numbers
2z

fg dx dt
G

converges for any xedg in a set that is strongly dense inH. Then there exists one, and essentially
only one weak limit function f in G. Here we have used ax-t-region. We will also use the same
terms for a purely spatial x-region G. In this case, we will base our considerations on the norm
z
f 2 dx:
G
We remind the reader of that a sequence of functions with unibrmly bounded norms is weakly
compact (F. Riesz's Theorem). The following criterion for grong convergence, used extensively by
Leray, will also be necessary here. For a sequence of funati® that converges weakly inG to a limit
function f , we have 77 77
lim f2dxdt > (f )2dxdt;
€] €]
where equality holds if and only iff ! f in the strong sense. All these notions transfer to vector
elds u, v on G if we use the scalar product
zZZ

ujv; dx dt
é

and the corresponding norm.

5If G is the entire x-space, the boundary condition thus phrased becomes the con dition of nite kinetic energy
and nite dissipation integral.

The phrasing of the boundary condition is suggested by the wo rk of R. Courant and D. Hilbert , Methoden der
mathematischen Physik, Vol. 2, Berlin 1937, Chap. VII, 1, 3r d section.



Lemma 2.1 |If the vector elds u(x;t) converge weakly inG to a limit eld u (x;t), then
2z 2z
lim uju; dx dt > u; u; dx dt:
G G

Equality holds if and only if the convergence inG is strong.
Like Leray, we need generalized (purely spatial) derivaties of functionsf (x;t) and elds u(x;t).

De nition 2.1 A function f : & ! R belongs to the spaced © if and only if it has the following
properties: f belongs toH in G, and there existn functions denotedfo; in H such that
zz zz
hfo; dx dt = ghf dxdt;, i=1;2:::;n; (2.2)
4 ¢ @x

for every function h(x;t) which is continuous in & along with its derivatives and which belongs to
classN.

The classH° obviously contains any f that is C! in x such that f and all @f=@xbelong to
H in &. For such anf, we have @f=@x= foi. This follows from the integral theorem and the

demand that h must belong to N, that is that h vanishes outside a certain compact subset of.
Obviously, generalized derivativesf o in G are uniquely determined except for the values on arx-t
set of measure zero in the case d¢f 2 HC.

Lemma 2.2 If a sequence of functions inH° converge weakly tof and for all f in the sequence
the expressions 77 77

f2dx dt + fofo dx dt
é é

are uniformly bounded, thenf also belongs taH in G and everyx-derivative fo converges weakly
to the correspondingx-derivative fo.

Proof Every f satis es (2.1), where h is an arbitrary admissible function. The right hand sides
converge to 77
th dx dt:

a @x

For a xed h andi, the left hand sides converge along the sequence of tliés. The set of admissible
functions h is strongly dense in the Hilbert spaceH. Thus, for any xed i the sequence of thef o
is weakly convergent. If we letf, denote the limit function, then from (2.1), we conclude that

zZ 2z

hf; dxdt = th dx dt
é ¢ @x

holds for any admissibleh and i. By De nition 2.1, f belongs toH %in G, and because of uniquness
of the x-derivative, we havef; = f.

We say a vector eld is of classH®in & if this is the case for all components. There are no
derivatives on u in the integral form of the basic equations (1.6){(1.8). However, it is practical to



make a weak di erentiability assumption like membership in the classH ° on the solutionsu. We
may then write for the friction term in (1.6)
ZZ ZZ
ﬁui dx dt = ga

. @x@x . @x ui; dx dt (2.2)

Denition 2.2 A eld u: G ! R" is a solution of classH °© of the basic equations of hydrodynamics
if it satis es the following conditions:

a) u2 H%n G&.

b) Vanishing divergence: any function h which is of classN in G and C! in x satis es the relation
(1.8).

c) Equations of motion: any eld a(x;t) that is of classN in G, divergence-free and continuous
along with its derivatives a;, ax, axx satis es the relation (1.6).

Observe that under the condition a) the term in the basic equdions (1.6) which is nonlinear in
u is a valid Lebesgue integral for any admissible elda. This is already the case ifu 2 H in G.
The condition of incompressibility (b) is equivalent with

divu wuy =0

for a.e. (x;t) 2 G because of assumption (a).

We will de ne all integrands in the basic equations (1.6) outside of G to be zero. The integrals
can then be extended over allx-t-space. With this convention, the following theorem, which we
would like to prove here even though it is not needed in this paer, holds:

Theorem 2.1 A solution of class H ° satis es the equation

4 Z 7 Z Z ZZ

@a @a @a
iU dx = —u; dx dt + ——Uu ujdxdt ——u;. dx dt 2.3
t= a « @t l « @x l « @x b (2:3)

for a.e. value of .

Proof Observe that h(t)a(x;t) is also an admissible eld if h(t) is an arbitrary C* function of t.
If we replacea by ha in equation (1.6), which we abbreviate as,

zZZ zZ, Z
K[a;uldx dt = K[a;u] d =0;
1 t=
it follows that the equation
Z, z Z, Z
h( ) Kdx d + h9 ) auidx d =0 (2.4)
1 t= 1 t=

is also satis ed. The terms in curly braces are Lebesgue-igigrable functionsof on 1 < < 1
that vanish for all large j j. The validity of (2.4) for abritray h( ) with continuous h% ) is equivalent
to the fact that 7 Z, 7 7 7

ajuj dx = Kdx dt= K dx dt

t= 1 t xed t<



for a.e.

In (2.3), the left hand side is de ned for just a.e. , while the right hand side is an absolutely
continuous function of . In fact, one can prove that a solution of classH °®in & can be changed on a
set of x-t measure zero such that the newu satis es (2.3) without exception, i.e. for any admissible
a and any . But we will not elaborate further on this here.

3 The no-slip boundary condition. The initial value problem

The cross sectionst = const of the x-t-region G are x-regions G(t). By using only terms of the
Hilbert space, we need to get as close as possible to the bouag condition that a function g(x;t)
and a eld u(x;t) vanish on the boundary of G(t) for all t. This can be achieved by obtainingg
from functions of classN in G through a limit process. In doing so, it is necessary to use sciently
e ective bounds on the spatial x-derivatives (but not on the t-derivatives) of the approximating
functions, so that the \vanishing" remains intact along the boundaries of the x-regions G(t). We
express the boundary condition by membership in the followng function classH (N).

De nition 3.1 A function g(x;t) is said to be of classH(N) in & if it is the weak limit of a
sequence of functions (x;t), which are C! in x, belong toN in &, and for which the expressions
zZ ZZ

2 dx dt + o o dx dt (3.1)
€]

are uniformly bounded$

It follows from Lemma 2.2 that for a given x-t-region G the classH9YN) is contained in the
classH?®.

Lemma 3.1 Let & by a cylinder setx G, 0<t<T . Let g(x;t) be the weak limit in G of
a sequence of functions (x;t), C! in x, that are of the following kind. For each there is a
compact subset of thex-region G such that vanishes forx outside that set. The integrals (3.1)
are uniformly bounded for in the sequence. Therg belongs toHqN). ’

Proof Observe the di erence between the class of admissible in this lemma and the narrower
class of of De nition 3.1. Membership of in N in the x-t-region G in the present case requires
that vanishes suciently close to t = 0 and t = T. But since only x-derivatives occur in (3.1),

this di erence is inconsequential. If we replace the presein by functions ' (t) (x;t), where' is

continuous in (0; T) and

. 0 for O<t<™, T "<t<T,
1 for 2'<t<T 2%

6Cf. Courant-Hilbert , l.c. footnote 5, p. 218. The de nition of the boundary condi tion of vanishing given there
is only seemingly stronger than ours. By S. Saks' Theorem the sequence of arithmetic means of a weakly convergent
sequence has a strongly convergent subsequence. It follows from this theorem and from Lemma 2.2 that forany g in
HOY(N), there exists a sequence of functions  of the above-mentioned kind such that

g ol ooy
holds in the strong sense.

7If G is R", the class HYN) coincides with the class HPC. In this case the admissible  are strongly dense in the
function space H?in the sense of the norm (3.1).



and otherwise 0<'< 1 ("! 0), then De nition 3.1 applies to the new ~="' . Thus g belongs
to HYN).

Lemma 3.2 The relations
27 27

égoif dx dt = égfoi dx dt (i=1;2;:::;n)

are satis ed by any f of classH?in & and any g of classHY(N) in G.

Proof By De nition 2.1, the relations hold for any specied f and for any thatis C!in x and of
classN in &. By De nition 3.1, g is a weak limit of a sequence of such with uniformly bounded
integrals (3.1). In addition to ! g, we also have o ! g weakly in & by Lemma 2.2. The
relations that hold for f, thus also hold forf, g.

To facilitate a more convenient form of the initial conditio n, we also introduce the clasH (N ).
In doing so, we restrict ourselves tox-space and vector eldsu(x) that are de ned in an x-region
G. If we only consider functionsf (x) that belong to both the classesH and N, then it is clear that
the strong closure of these sets of functions is identical t¢1. The same is true of vector elds in
G. However, a di erence arises if we restrict ourselves to digrgence-free elds inG.

De nition 3.2 A divergence-free vector eld in G of classH is said to be of classH (N) if it is a
weak limit of C?, divergence-free vector elds that belong toN .8

One easily proves the following: If the eld u(x) is divergence-free and of clas$i (N) and if the
function ' (x) is of classH then z
Ui' ojdx =0:
G
Membership of a divergence-free eld inH (N) obviously replaces the boundary condition of van-
ishing on the normal component.
We may now state the existence theorem for the hydrodynamicnitial value problem.

Theorem 3.1 (Existence theorem)Let G be an open subset dR". Let the eld U(x) be divergence-
free in G and of classH (N), but otherwise arbitrary. Then there is a eld u(x;t) de ned for all
t> 0in G with the following properties:

A. In any x-t-cylinder region x G, 0<t<T , uis a solution of classH ° of the basic equations
of hydrodynamics (cf. De nition 2.2).

B. \Vanishing of the boundary values" for t > 0: u belongs toH(N) in every cylinder regions.

C. Initial condition: As t! 0, u(;t)! U strongly.

8By Saks' Theorem, it is then also the strong limit of just thes e vector elds.



4  Simpli cation of the problem. The approximation proce-
dure.

To construct solutions of the initial value problem for an x-region G constant in time, we start with
the equation

Z Z
a Uj dx aj Uj = (4.1)
©z.z%° ¢ 7z Z oz
0 0 0
@a @a @a
—uj dx dt+ ——Uu uj dx dt+ u dx dt:
G @t I G @x I G @xX@x

Lemma 4.1 Assumeu : G (0;1) ! R" belongs to classH in every cylinder set x G,
0<t<T . Let it satisfy equation (4.1) for all °> > 0 and for any C? vector eld a such that

a=a(x); diva=0in G; a2N in G: 4.2)

Then u satis es the basic equation(1.6) for the semi-in nite cylinder G: x G, t> 0 and for any
eld admissible there (c.f condition (c) in the de nition 2. 2 of a weak solution).

Proof If we write (4.1) in the abbreviated form
Z o

FC9 f()= a(t);

we see that the equation Z, Z,
CO)f (1) dt + "(Dg(t)dt =0
0

must be satis ed for any ' that is continuously di erentiable in (0 ;1 ) and which vanishes for all
su ciently small and large t. If we once more write the equation out in full, we recognize hat
equation (1.6) is satis ed in the semi-in nite cylinder by any eld a = "' (t)a(x), where a(x) is a
C? vector eld satisfying (4.2), and ' (t) is one of the arbitrary functions permitted above. But
now any a(x;t) permitted by condition (c) in the de nition 2.2 of a solutio n may be approximated
in the semi-in nite cylinder & by sums of elds of such special shape that in the basic equati
(1.6) integration and limit may be interchanged. For example, one could always arrange that the
convergence of the elds and their derivatives up to a presdbed order in G is uniform and that
the approximating elds all vanish outside a xed compact subset of G.

It is thereby clear that a eld u(x;t) which satis es (4.1) to the extent speci ed in the lemma,
and which is further divergence-free and which belongs to elssHin any cylinder section satis es
the full scope of the de nition 2.2 of a solution on any cylinder section.

The following lemma yields an even better basic equation.
Lemma 4.2 There is a sequencex of C?, linearly independent vector elds in G satisfying (4.2),
a=a(x); dva =0inG; a 2N in G; 4.3)

with the following property. An arbitrary C?2 vector eld eld in G of the form (4.2) is the uniform
limit in G of a sequence of nite linear combinations of the elda (x), with uniform convergence
of the derivatives up to second order inG. For a given a(x), only such linear combinations occur
in this approximation that have the value zero outside a ceaiin compact subset ofG which only
depends ona.

10



Based on this Lemma, it is clear that a vector eld u(x;t) which is of classH in each cylinder
section and which satis es the basic equation (4.1) for all °> > 0 and for any eld a of the
dense sequence automatically satis es (4.1) for all vectorelds a admitted above. In summary, the
basic equations (1.6) can be replaced by the equations (4.1yith (4.3).

Equations (4.1) and (4.3) yield an ane coordinate represertation of the basic equations of
hydrodynamics in the space of divergence-free vector eldsThe a ne system of coordinate vectors
(4.3) can be transformed into an orthogonal system in the sese of the bilinear form

z
Viw; dx
G
through a simple linear transformation. We may also assume lat the sequence (4.3) veri es the
condition Z

a4 dx= . : (4.4)
G

Lemma 4.3 The orthonormal systema (x) is complete in the space of divergence-free elddl(x)
of classH(N) in G.

The proof results from De nition 3.2 and Lemma 4.2.

The Approximation Procedure . The kth approximation step consists simply of considering
only the rst k equations of the in nitely many basic equations (4.1), (4.3,
a=ax) ( =1;2:::;k) (4.5)
and trying to solve those through the ansatz
X
u=uk(xt) = (Ha (x); (4.6)
=1
with scalar factors = X to be determined. This ansatz is automatically divergencefree and

satis es the non-slip boundary condition because of (4.3).That is,
divuk=0in G; uk2 N in G: (4.7

Since only di erentiable (t) need to be considered and since the admissible elda do not depend
ont, the rst k equations (4.1) may be written in the form
Z Z Z

@u . _ @a @a;

a—dx = ——u ujdx +

c Ot c @x c @x@x

By orthonormality (4.4), the k equations (4.8), (4.5) together with (4.6) yield a system ofordinary

di erential equations

uj dx: (4.8)

——=F (w0 (=1:2:05K) 4.9)

for the , in which the right hand sides F = F* are polynomials in  with constant coe cients.
The equations (4.5), (4.6), and (4.8), or the equivalent eqations (4.9), share with the strict hydro-
dynamic equations the important property that for their sol utions, the energy equation
z z
d1 Qu @u

aé GUiUi dx = G@@dx (410)
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holds. Namely, since the equations (4.8) hold for all elds @.5), they also hold for their linear
combinations (4.6) u = uX. The energy equation follows in the usual way (and without diculties
at the boundary) since because of (4.7)
Z
@u @K

1
G@u u; dx = G@u dx =0; K—iu.u.

and Z z

CIUR @u @u
s @x@x s @x @x
It follows from (4.10) that

z
uju; dx = §_+ + K (u: k)
G
never increases. From this we conclude that any solution offte di erential system (4.9) begun at
t =0 exists for all t > 0.

The approximation procedure may very easily be interpretedformally in the following manner.
We think of both sides of the Navie-Stokes di erential equations and the solutionu formally as if
they were expanded in the orthonormal system of the eldsa : u= a . We then obtain purely
formally a system of in nitely many di erential equations o f rst order for the in nitely many scalar
Fourier coe cients . Our kth step then simply consists of only considering the rst k of these
equations and setting all unknowns with indices >k to zero. The way in which we subsequently
prove our existence theorem simultaneously yields a stateemt regarding the convergence properties
of this simplest and most natural approximation method.

We choose the initial values of the (t) at t = 0 to be the Fourier coe cients of the expansion
of the given eld U(x) in the a . While the solutions (t) in the kth step generally depend on
k, these initial values are independent of them. By the assumiion that U 2 H(N) and by the
completeness lemma 4.3, we have

ug(;0)! U() strongly (k'1 ): (4.11)

5 Proof of the Existence Theorem.

We summarize the properties of the sequence of vector elds kich we will need in the following:
a) Eachu® is C2 in G and divergence-free fox G, t> 0.
b) uk(x;t) vanishes ifx lies outside a compact subset of thex-region G that only depends onk.

c) uk(x;t) satis es the equation (4.8) (t > 0) and the equation (4.1) (°> > 0) in the k cases
4.3)( =1;2;::5;k).
d) The integrals 7 7 7
uj u; dx; @uQu dxdt; (u= uk(x;t))
G 0 ¢ @x @x

are bounded independent ok, t,and T.
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e) The initial values u®(x; 0) satisfy the limit relationship (4.11).

Observe that the uniform bound, 5(d) above, follows immedidgely from the time-integrated
energy equation (4.10) and (4.11).

First step. Each eld a (x) is continuous in G and di erent from zero only in a compact subset
of G. If we apply the rst half of (d) to the right hand side of (4.8) (a = a ) by estimating the
term linear in u = u* by means of the Schwarz Inequality and the term quadratic inu by means
of an absolute bound for the derivatives ofa, we obtain the following: The right hand side of (4.8)
(a= a,u= uk k> )is uniformly bounded for xed for all k and t. The same is true of the
left hand side z

I Ga.-ui dx:

For xed , the functions of time Z
a, (X)uf(x; t) dx
G

satisfy a Lipschitz condition for all t > 0 that is independent of k. Furthermore, they remain
uniformly bounded for all t and k. So by a well-known selection (compactness) theorem therexests
for an arbitary, xed a sequence of integerk® such that

z

Am a (x)uf (x; ) dx (5.1)
exists for anyt > 0, in fact uniformly so in any nite t-interval. The sequence ofk® depends on
the index , but we may pick the sequence belonging to the index +1 as a subsequence of the
previous one. By means of a diagonal argument we may then forma xed sequence of integers
(which we will once again label ask% for which the limit statement above holds properly for any
xed =1;2;:::. Inthe sequel, we will operate on this sequence &°.

Second step. We will now prove that the sequence of elds u"o(x;t) converges weakly in the
x-region G for each xed t > 0. For the purposes of our proof, we now X an arbitrary value ty of t
and observe that by the rst half of 5(d) the sequence of theseelds (t = tp) is weakly compact in
G. The claim will be proven when we show the sequence has a uniqweak limit. Supposeu (x;to)
is a weak limit and k°a subsequence of th&® (this subsequence will depend orig) such that

z z

lim Wi (x)u!‘oo(x;to)dx = wi (X)u; (X;to) dx
koL g G
for each vector eld w(x) of classH . In the casew = a , the value of the right hand side is already
xed by the limit (5.1). If u andu are two weak limits and if v is their di erence, then
z
avidx=0
G
for each . By De nition 3.2 the elds u , u and thus alsov belong to classH (N). However, by
Lemma 4.3 the eldsa spanH (N). From this we conclude
z
vividx =0
G

and thus the claim.
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Consequently, there is a eldu which is well-de ned in G for all t > 0 such that
Z Z

lim Wi (x)ufo(x; t)ydx = wi (X)u; (x;t) dx (5.2)
KOl g G

for each eld w(x) (w2 H) and for eacht> 0. The eld u satis es condition (B) of the existence
theorem 3.1 at the end of Section 3. This follows from (b) and he second half of 5(d) by applying
Lemma 3.1. One easily proves thauk’ ! u also holds weakly inx andt (0O<t<T ).

Third step. Here we prove thatu (x;t) satis es condition (A) of the existence theorem. In each
cylinder regionx G, 0<t<T ,u belongs to classH? which is, as we remarked, a superclass of
HYN) (and because of (B)) it also belongs to the latter class). Bythe arguments in the rst half
of Section 4 we only need to show thau satis es the equations (4.1) for everya= a and for all

> > 0. Byc), u= u saties these equations for the same; °and for the rst k® elds a .
We now x , %and the index and pass to the limit k°!' 1 . It is clear that on the left hand
side of (4.1)u may be replaced byu . The same is true of the third integral on the right hand side
(the rst one is zero). Consider that in

Z o Z
wi (X)uk’(x;t) dx  dt
G

the inner integral is a uniformly bounded function with respect to k°because of the rst half of d)
and that we may apply Lebesgue's bounded convergence theareto the outer t-integral. It requires
some deeper thoughts that make use of the second half of d) teee that we may also interchange
the limit k%! 1 and the integration in the second integral on the right hand sde of (4.1). For
this, we need the following lemma which we will prove later.

Lemma 5.1 Consider a sequence of functiong ¥(x;t) which are C! in x for x G, 0<t<T
and have the following properties. For each xedt, f¥ belongs to classN. For each xed t, the
f¥(x;t) converge weakly inG to a function f (x;t). The integrals

z Z:2Z

f2(x;t)dx; fofo dx dt (f = %)
G 0 G

remain uniformly bounded with respect tot and k. Then the f* converge strongly tof on the
x-t-region x QG, 0<t<T , whereQ is an arbitrary nite cuboid in x-space. In particular, the
assertion holds forG itself if G is bounded.

We see that because of (a), (b), (d) and the result of the secahstep, the assumptions of the
lemma are satis ed for the components of the sequence of elsiu"o(x;t) for an arbitrary xed T.
Thus, it follows that 7 7

T

(U u)(ui o u)dxdt (u=u)

0 QG
goes to zero fork®! 1 if Q is an arbitry nite cuboid of x-space. We can thus justify passing to
the limit in the second integral on the right hand side of (4.1) (a= a, xed). Recall that the
factor a of the integrand vanishes outside a xed compact subseC of G. If we chooseQ C and
T > 9 then for the integral

Z oZ

(& )u)dx dt (a=a ;u=u~)
QG
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we have the following stuation. The rst factor converges wekly in the area of integration to
a:. u , while the second one converges strongly to; . As is well-known, this su ces for passage
to the limit under the integral sign. We have thus shown that the eld u satis es the equations
(4.1) for any eld a (x) and for all positive , ° The condition A) of the existence theorem is thus
veri ed except for the freedom from divergence. This latter property, however, is trivially true,
even for any xed t> 0.

To complete the proof of the existence theorem, we only needbtshow that the initial condition
C) is also satis ed. From the energy equation (4.10) follows

z z z.2

1 o1 : @u @u
=  ujuidxjo = =  ujujdxjr + ———— dx dt 5.3
2 G iYi Jo 2 G iYi T 0 G @X @X ( )
for each eld u of our sequence. The left hand side tends to
1Z
i . Ui Ui dx

for k°!'1  because of (4.11). Fott = T, the elds converge weakly tou in G. In an x-t-cylinder
set, we have .
Ko

u;.

u;

weakly because of Lemma 2.2 and (d). By applying Lemma 2.1, (3) implies the inequality
1 Z Z Z:Z

1 .
-  UUijdx > > u; u; dxjr + u;

2 s G o G et

u;
for an arbitrary T > 0. In particular,
z z
Iim  uju dx6  UUdx:
th o g G
If we once again apply Lemma 2.1 to this last inequality, we reognize that the initial condition (C)
is satis ed, which is what we wanted to show.

We will not go into detail on the question of strong convergerce for a xed t.

6 Proof of Lemma 5.1

The lemma is closely related to Rellich's Compactness The@m and has a similar proof®.
Let us note from the start that the lemma, just like Rellich's Theorem, need not hold for G
itself if G is in nite. A counterexample is given by the case whereG is R" and

9Cf. Courant-Hilbert , l.c. footnote 5, p. 218. In Rellich's Theorem, the boundedn ess of the x-integrals of
the squares of the derivatives is assumed. Our boundedness assumption merely concerns the x-t-integral and is thus
better adapted to the state of a airs in our problem.

Leray proves and uses a lemma even closer to Rellich's Theore m |.c. Footnote 1, p. 214, Lemma 2, which, like this
theorem, only works with the x-integral. Our convergence proof is more direct.
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with f belonging to H®and N in G. In this case,f = 0, but there is no strong covnergence to
zera©,

The proof of Lemma 5.1 arises from Friedrichs' Inequality: Let Q be a nite cuboid in R". For
any given" > 0, there exists a nite number of xed functions ! (x) which belong to H in Q such
that the inequality 7 « Z , 7

f2dx 6 fl dx +"  fgfodx
Q Q Q

is satis ed by any function f (x) belonging to Hin Q. For the proof of Lemma 5.1, we rst note
that for xed t the functions f kK(x;t) of the lemma are C' in G and of classN. If we de ne the
functions to be zero outsideG, then this statement remains valid if we relate it to the entire x-space
instead of to G. In particular, any of the functions on any nite cuboid Q of x-space belongs to
the classH® The extension of the functions and the last statement were rade possible by the
assumption of membership in classN. This is however the only place where this assumption is
used. We now x a cuboid Q and an arbitrary number " > 0 and pick the nitely many auxiliary
functions ! (x) such that Friedrichs' Inequality holds in Q. We apply it to the functions

fogt)= fXxt)  fl(xt); (6.1)

which surely belong toH%in Q, for xed t. By integration in t, we conclude that all the functions
(6.1) satisfy the inequality

f2 dx dt 6 fl dx dt+" fofo dx dt: (6.2)
0 Q 0 Q 0 Q
By assumption (weak convergence for xedt), we have
z
lim fl. dx=0

ki1 ;i Q

for each xed t. Moreover, because of the boundedness assumption ( rst h§l, the function of t

z
(F% £ dx
Q
remains uniformly bounded w.r.t. k, I. Thus the rst term on the right hand side in (6.2) tends
tozerofork!1 ,I1!1 . By assumption, the factor of" for the functions (6.1) remains below a
xed bound. But zZ .7
_ T
iMen (f< fH2 dx dt6 c"
0 Q

implies strong convergence of our sequence in thet-regionx Q,0<t<T , since" was arbitrary.
We easily obtain that the limit function is the function f (x;t) mentioned in the statement of the
lemma. Thus, Lemma 5.1 is proven.

10We may only conclude the strong convergence of the approxima te elds u(x;t)to u (x;t) in the cylinder sections
if G is bounded. However, strong convergence is clearly true for arbitrary G. Leray deduced it for his approximations
in the case where G is the entire x-space using complicated estimates of the distribution of e nergy over G. We hope
to come back to the stronger convergence properties of our ap proximations at some later date.

11The ! may be assumed to be orthogonal in Q. The inequality then represents an estimate of the dierenc e in
Bessel's inequality. You may nd the proof of the inequality in Courant-Hilbert , l.c. footnonte 5, p. 218, Chap.
VI, x3, Section 1. We may easily convince ourselves that the proof that is given there in 2 dimensions also works in
n dimensions. Friedrichs' Inequality does not hold for arbit  rary bounded regions.
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