Deformations, Warping and Object Comparison
A tutorial

Laurent Younes
CMLA, ENS de Cachan
61, avenue du président Wilson 94 235 Cachan CEDEX
e-mail: younes@cmla.ens-cachan.fr
homepage: www.cmla.ens-cachan.fryounes

July 7, 2000

Contents
1 Introduction

2 The size of diffeomorphisms

2.1 Definitions . . . . . . ..o
2.2 Standard functional norms . . . . . ... ...
2.3 Hpyperelasticmodels . . . . ... ... ... .o L.
2.4 Iterating small deformations: geodesic energies . . . ... ..
2.5 Learning energies from data-sets . . ... ... ... ... ..
2.5.1 Generalities . . . . . . ..o oo Lo Lo
2.5.2 Implementation . . . . . . ... ..o
2.5.3 Learning deformation energies . ... ... ... ...

Landmark-based matching

3.1 Splines . . . . . ..
3.2 Bookstein’s splines . . . .. ... ... oL
3.3 Joshi’s interpolation . . . . ... ... ... ... ...

Dense matching

4.1 Variational approaches . . . . . . ... .. ...
4.1.1 1D Matching . . . . ... .. o oL
4.1.2 Image and volume matching . . . . . . . ... ... ..
4.1.3 Numerical implementation . . . . . ... ... ... ..

13
14
16
18



5 Defining distances 35

5.1 Generalfacts . . ... ... .. ... ... ... 35
5.2 Infinitesimal approach . . . . .. ... .. ... 0L, 36
5.3 Invariant distances between landmarks . . . . . ... ... .. 37
5.4 Invariant distances on groups of diffcomorphisms . . . . . . . 40

5.5 Mixing deformations and object variations: landmark matching 41
5.6 Mixing deformations and object variations: image matching . 42

1 Introduction

When trying to compare objects which have different natures an essential
step consists in finding a common reference scale or common coordinates
to quantify them consistently. Most of the methods developed in this pre-
sentation are devoted to this purpose: compare visual objects after having
found a good common reference system to represent them; then, propose
some evaluation framework to quantify the discrepancies.

Probably, the simplest visual objects are families of labeled points, or
landmarks. They are ordered series of locations (in R? or R?), each of them
being associated to a specific, identifiable, feature of a surface or a volume.
Typical examples are face images (cf figure 1), in which landmarks may
represent the corner of the eyes, or of the mouth, the eyebrows, etc... It is
a rapidly obvious fact in experiments that the family of landmarks acquired
from different images or volumes are measured with different coordinate
systems, and can only be compared after being placed on a common reference
frame. In most applications, two sets of landmarks which can be deduced one
from another by a combination of a translation, rotation or scaling (affine
similitudes) have to be considered as equal. Comparison can only be made
after correctly registering them on a common grid, which must be correctly
selected.

For this purpose, Procrustean analysis starts from a quite natural sug-
gestion: select the most favorable grid, the one in which the landmarks are
closest. A rigorous formalization of this approach led to the beautiful theory
of shape initiated by D. Kendall and his collaborators, in which the manifolds
on which sets of landmarks of given cardinality lie are rigorously studied,
together with statistical tools designed for their analyses. A short incursion
into this theory will be the object of section 5.3, during our discussion on
the ways to define distances between objects like shapes.

However, our main interest concerns deformations more general than
affine similitudes, which can also be accounted for while comparing sets



Figure 1: Landmarks on a face (image taken from the Olivetti face database)

of landmarks. It is indeed quite common that objects have to be consid-
ered as close although they cannot be aligned by any affine transformation.
However, general deformations have under mild conditions the ability to
transform any set of landmarks into any other one, which implies in parti-
cular that the Procrustean approach can no longer be applied. Introducing
non-rigid variations requires the ability to quantify the size of the deforma-
tion: once done, one would say that two sets of landmarks are close is there
exists a small deformation which places them in similar positions.

We shall explore various approches to quantify deformations. From a
general point of view, one already can exhibit two classes: one which is
based on prior modeling of the image, and another which is based on a sta-
tistical learning of the variations in shape. The first class is loosely related
to elasticity theory (or sometimes fluid mechanics), and uses universal, con-
text independent, definitions of when deformations have to be considered
as large. The second point of view quantifies large deformations after per-
forming statistical analyses of observed variations within sets of landmarks
which should be considered as similar; deformations which might have been
considered as large from the first point of view may therefore be neglected
from the second one, because they are frequent in the considered class of
landmarks, and thus considered as non-significant. The latter approach,
initiated by Cootes et al. ([20]), is clearly more appealing, but requires the
observation of a large enough number of data to be able to make reliable



statistical conclusions. This will be addressed in section 2.5.

Sets of landmarks are indeed not the only types of objects which can be
compared in computer vision. Dealing with 1D objects, like curves, (outlines
of shapes), or 2D, like images of surfaces, or even 3D objects is routine.
Beside the non-negligible (and often dramatical) increasing of data size, the
complication induced by considering “continuous” objects is that, in most
cases, one cannot assume anymore that a labeling information is available, in
the sense that one does not explicitly know which part of an object should be
compared to a given part of the other. In fact, a matching problem appears
as an unavoidable part of comparison, leading to the generic class of “elastic
matching methods”, on which we essentially focus.

The rest of these notes is organized as follows. We first discuss how
deformations can be defined between objects and how their sizes can be
evaluated. We then discuss comparison methods, based on variational for-
mulations, placing them under the category of “elastic matching”, together
with some algorithms designed for this purpose. We then focus on the prob-
lem of finding true distances between objects, show how this can be plugged
into Kendall’s theory of shape, in the case of rigid deformations, and how
this leads to formulations reminiscent of fluid mechanics in a high dimen-
sional context.

2 The size of diffeomorphisms

2.1 Definitions

In this section, we provide various ways to quantify variations due to an
alteration of an object caused by the action of a diffeomorphism.
We shall mainly consider objects of two kinds:

e Landmarks. These are ordered collections of points in Euclidean space.
More precisely, let 2 C RF: the set £V (1) is by definition the set QY
composed with all N-uples (z1,... ,zy), with z; € Q. Thus £V (Q) is
the set of all collections of N landmarks in Q.

e Functions. Formally they consist in mappings I : © — R? from the
open set Q C R¥ into R?, possibly subject to boundary or smoothness
conditions. We denote F4(2) the set of such functions. We shall also
speak of images, by analogy with the 2D case, even if k # 2

Our purpose is essentially to compare elements of £V (), or F4(Q) for
a fized Q). For computer vision applications, elements of F4(€2) should be



considered as parametrized visual objects. In this context, we essentially
consider methods which permit to compare objects which are parametrized
by the same set 2. Very often, the choice of 2 is quite natural: images
can be represented as mappings from a rectangle in R* to R (grey-levels)
or R? (colors). Curves can be parametrized by arc-length, and represented
by their curvature functions, or their tangents. Sometimes, this choice is
less clear: plane representations of faces have varying boundaries, even for a
single individual, so that the interior grey-level variations are not naturally
defined on a unique set €2, independent of the face. However, is is possible
in this case to choose a rough, invariant Q (some kind of ellipse) which will
provide a reasonable approximation of the face contours.

With these definitions, we refer to 2 as the background space. For func-
tions, R? is the wvalue space, and for landmarks, the value space is the set
of labels, namely {1,... , N} in our formulation. We also define H(Q2), the
set of homeomorphisms on {2, that is the set of mappings 2 — 2 which
are continuous and have a continuous inverse. This is a group, in the sense
that, ig g,h € H(R), then go h~! € H(Q). A diffeomorphism is a differ-
entiable homeomorphism with differentiable inverse. In the following, we
will be considering subgroups G of #H(2) subject to various constraints of
smoothness and boundary conditions. The definition of such groups is by
no means an obvious matter, but we shall not enter into these details (see
[63] for a rigorous study).

Homeomorphisms of the background space alter landmarks and functions
in a natural manner. This defines two group actions, which we choose to
consider as left-actions in both cases:

Definition 1 Define the product gh of two diffeomorphisms by the (re-
versed) composition
gh=hog.

Let g be a homeomorphism of Q. If x = (z1,... ,zn) € LN(Q), define
gx= (97 (z1),... .9 (an))
and if I € Fq(Q), define g.I by
g-I(z) =Tog(z)

We shall return to these group actions later. For now on, we want to
be able to quantify the size of a homeomorphism g, that is, to attribute
to g a number E(g) which says how far G is from the identity. We start



reviewing a number of methods for this purpose. The finality of this study
is, of course, to enable the comparison between landmarks and functions by
evaluating how much distorsion is required to match two sets of landmarks
or two functions.

Any diffeomorphism g can be represented as g = id + u where id is the
identity. The reverse of course is false: if u is given, id 4w is not necessarily
a diffeomorphism, unless u is small. This is important when the matching
problem is formulated by a variational formula in u: the best u (according to
the variational formulation) may induce a non-bijective deformation (with,
for example, foldings).

2.2 Standard functional norms

To measure the size of ¢ = id + u, it is natural to quantify how far u is
from zero by using one of the numerous norms which can be derived from
functional analysis. It is clearly out of the scope of this tutorial to provide
any kind of panorama of available norms from this point of view. However,
from the computer-vision litterature, it seems that essentially two kinds of
approaches have been followed to define such norms: the first one is based
on a control of the derivatives of wu, yielding norms similar to Sobolev’s
norms, and the second one controls expansions of u over a suitably chosen
orthogonal basis of the space of functions defined on Q with value in RY.

For example, in one dimension, many authors simply measure the size
of a diffeomorphism by the £2 norm of its differential

Bo) = [ (3la) = 1.

More generally, E(g) can be something of the kind (in any dimension)

B(g) = lul” = /Q \Lufdz.

where L is a linear differential operator of dimension d and of degree m, in
other terms, |Lg|? is a sum of squared partial derivatives of components of
g, of order at most m. There are several theoretical and practical reasons,
related to Sobolev’s inclusion theorem, to advise that the order m should
increase with the dimension d.

To cite a few examples among many, the clasical Horn and Schunck
approach for motion estimation simply uses the £2 norm of u, so that m = 0.
Regularization of order 1 in 1D is the standard choice in curve matching.
For landmark matching with splines, m is typically 2 in dimensions 2 or 3.



Another way to express the norm of a function uses the coefficients
of its expansion over a suitably chosen orthonormal basis of £2(RF). If
fiy--+, fn,... is such a basis, and v is defined on {2, with values in R, the
kth coefficient of v is

wzéwnmmm

and, fixing a sequence of positive numbers ¢y, ... ,cg, ..., we may set
oo
2
loll = 3 eo?
k=1

This converges for all v provided the sequence (ci) is bounded, but in-
teresting sequences are in fact such that c; tends to infinity: in this case,
for a function v, the constraint that ||v|]| < oo generally corresponds to a
smoothness condition (because functions fj for large k generally carry high
frequency components of v, for more details, see [46]). The advantage of such
a decomposition is that it generally requires a smaller number of parameters
to represent a function, and therefore leads to faster numerical implementa-
tions. Moreover, because the functions fi; analyse higher frequencies when
k increases, this formulation leads naturally to multi-resolution algorithms.
The drawback is that the evaluation of the function v (ie, the computation
of v(z) for a given z) become costly, which can have some importance for
applications.

Both formulations are equivalent when the basis f; diagonalizes the
squared operator L*L where L* is defined by, for any v and v, C*° with

compact support in
/ u.Lvdx = / v.L*udz
Q Q

Assuming that L*L can be diagonalized in an orthonormal basis,!, then, if
L*Lfr = ¢ fr and (fr) is orthonormal, we have

oo
/ |Lo|*> = chv,%
Q k=1

This representation has been used to sample and estimate deformable tem-
plates in [4, 22, 1], [63].

'For example if L is an elliptic differential operator



2.3 Hyperelastic models

Elasticity theory starts with a series of universal principles, like material in-
difference, isotropy, to provide ways to quantify the amount of deformation
exercised on an object. From these principles (which retain some validity
for visual object models), and the assumptions that the elastic energy only
depends on the deformation gradient, one introduces the notion of hypere-
lastic materials: if g is, as above, a diffeomorphism defined on some open
set 2 in R?, and Dy is the derivative of g (a 3 X 3 matrix), the hyperelastic
assumptions states that the energy should have the form

E(g) :/QW(m,C)dm

where C = 'Dg.Dg is the Cauchy-Green tensor. If the material is homoge-
neous, W does not depend on z. For homogeneous, isotropic materials, W
only depends on the eigenvalues of C. In this last case, it is just only nec-
essary to define a function of two variables in 2D (three in 3D) to provides
W (C) in function of the 2 (or 3) eigenvalues of C.

To define such functions, many authors simply have borrowed standard
elasticity models, although one may argue about going so far in considering
an image, for example, as a rubber plate. The simplest non-linear model is
the Saint Venant-Kirchhoff material for which (letting E = (C' —I)/2)

wW(C) = % [trace(E)]? + utrace (E?)

A and p are the Lamé coefficients. These are used, for example, in [54].

Even more often, the linearized version of the model is used: if ¢ = id +u,
and u is small, the approximation F ~ (Du + 'Du)/2 is valid. Linear
elasticity consists in replacing E by this approximation, yielding an energy
which is quadratic in u, and linear Fuler equations.

Other kinds of energies have been proposed in [34], requiring, in partic-
ular that W(C) tends to infinity when C tends to infinity, but also when
det(C) tends to 0, which is not the case for Saint Venant-Kirchhoff materials.
For their application (face comparison), they used

W(C) =W(a,f) = (& + ) (1 + (af) ) (1)

where a and 3 are the eigenvalues of C.



2.4 TIterating small deformations: geodesic energies

In this section we define the cost of a deformation h as a sum of costs of
elementary, infinitesimally small, deformations, the composition of which
provides h.

Consider, for this purpose, the following situation: let vq,... , v, be small
displacements on (2, and let ¢; = id 4 v;. Incrementally build a deformation
by applying first ¢1, then ¢ and so on. The total deformation after k steps
is

gt = (id +vg)o---o(id +v1)

which yields

9k — 9k—1 = Uk © Gk—1 (2)

to which we add the constrain (boundary condition) that g, = h.

Assume that a cost ||v]| can be associated to any infinitesimal displace-
ment v, through a functional norm on v (such as the ones previously de-
scribed). Define the energy of the deformation process simply as the sum

L(v1,-.- vn) = [lo1]* + -+ [Jon]?

Now let n tend to infinity, and exchange the discrete indices k with a
continuous variable ¢ ~ k/n in [0, 1]. Introducing the time-indexed displace-
ments v(t,.) (which are seen as the limit of (v},)/n for large n), and letting
g(t,.) be the limits of gp,(.), equation (2) becomes

dg

D1, = vt g(t,.) 6

the boundary conditions being now ¢(0,.) = id and g(1,.) = h. The cost
becomes

P() = / Jot)|2dt

(recall that v(t) itself is a function defined on Q and that the norm is func-
tional).

This yields a new formulation for evaluating the energy of h: let V;, be
the set of all time-dependent displacements ¢ — v(t,.) in 2 such that the
solution of the ordinary differential equation

dy

a - U(ta y)



with initial condition y(0) = z satisfies y(1) = h(z). We let

- 1nf/ o(t)|2dt

At first sight, this seems quite an awkward way to define a cost function
associated to h. In particular, introducing a new variational problem seems
quite inefficient. Moreover, it is not obvious that the set V}, has any element
at all, and even less obvious is the problem of characterizing its elements.

However, this point of view has several advantages. First the difficulty of
characterizing the set V), can be overcome by working directly with v instead
of h. Indeed, in practice, h is not given per se, but rather as part of a problem
in which one must find the smallest h subject to some constraints. It suffices
to replace the problem by: finding the smallest v such that the solution
at time 1 of the previous ordinary differential equation satisfies the same
constraints. The consequence of this is to add an extra dimension to the
problem, but this is counter-balanced by the simplicity of the cost function
when expressed in terms of v. Also, the continuous time deformation process
which is obtained when integrating v can also be of some interest, for motion
interpolation, or to generate morphings in computer graphics.

Another advantage is that the obtained cost function is closely related to
a notion of distances between diffeomorphisms, which would in turn provide
distances between the compared objects (see section 5.4). Triangular in-
equality and symmetry is much harder to obtained with an elasticity theory
formulation.

A last advantage in formulating the problems in terms of v is that v
naturally belongs to a linear space. Linear combination of diffeomorphisms
are not necessarily diffeomorphisms, but linear combinations of time depen-
dent displacements remain time dependent displacements. This allows to
consider using methods of linear analysis, or gaussian statistical modeling
without harming the mathematical rigor.

2.5 Learning energies from data-sets
2.5.1 Generalities

We now pass to methods for energy definition based on a statistical analysis
of a data set composed with observed deformations. Although the presen-
tation is quite different, this is very close to the notion of principal warps
described in [15]. Principal component analysis has also been used in [20]
(among other works) to quantify variations of landmarks configurations (but
without considering diffeomorphisms, as we do here).

10



We start with an abstract description of principal component analysis,
which is more appropriate to handle infinite dimensions.

Let uq,... ,uny be elements of a vector space H, equipped with an in-
ner product (., .). One can see principal component analysis as a way to
represent the u; under the form

U :ﬂ+2akiei + Ry,
=1

with @ € H, ey,... ,e, being an orthonormal family and Ry being as small
as possible, more precisely minimizing the mean-square error

1 N
= < D IR
k=1

When % and the e; are given, > »_| ay,e; must be the orthogonal projection
of uy — @ on the space spanned by (ei,... ,ep), which implies that ax; =
(ur, — @, e;). Still fixing the e;, it is clear that one should set & = % Z,]cvzl Uk-
In the rest of the presentation, we assume that @ = 0 (or, more precisely,
we replace uy by ur — U without changing the notation). Thus, the family
(ex) must be selected to minimize

p
1=

N
1
= N E ||ulc E Uka €; ez”
k=1

1

which writes
P

1 N N
ZNEHWHQ ZZ (ug , €5)’
k=1 1 k=1

Introduce, on H, a new inner-product, (., .),, given by

u?

N
1
<$a y)u = NZ <uk7 x)(“ka y)
k=1
let || . ||l be the associated (semi-)norm: (e1,...,e,) must therefore maxi-
P
mize Z |leil|? and form an orthonormal family for the initial inner-product
i=1

of H.

11



The quadratic form ||.||2 can be diagonalized in an orthonormal basis
(fn,n > 0) of H?. Letting A\, = || fnllu, and assuming that they are ordered
in decreasing order, it is a standard fact that the optimal choice is to let
e; = f; fori =1 to p.

2.5.2 Implementation

In finite dimension, the points u1,... ,uny can be considered as vectors ex-
panded over a given orthonormal basis of H. If the selected inner-product
on H is associated to a definite positive symmetric matrix A (ie. (z, y) =
txAy), the semi-norm || . ||, is associated to the matrix

N
1
Qu = NA-(Z ug 'ug). A,
k=1

and the problem is to find a basis orthogonal for @, and orthonormal for A.
This can be obtained by diagonalizing the product

1 N
3 X
k=1

yielding eigenvectors f/, and eigenvalues );, and then setting e; = A~1f/.
In infinite dimension (which is the case of interest here, since we are
dealing with deformations), there are two options. The first one is to choose
from the beginning a finite dimensional representation, by projection on an
a priori finite dimensional basis (Fourier, wavelets, splines, ... ), and apply
the previous formulas. Another point of view is to look for e; under the form

N
€; = Z )\ikuk .
k=1

since it is clear that the optimal basis belongs to the vector space spanned
by (u1,...,un).

The solution is then to look for a common orthogonal basis for the N x N
matrices A and B, with a;; = (u;, u;) et bj; = (u;, u;),, which is also a
standard problem in matrix computation.

A

u?

>The problem is in fact finite dimensional, since [|.||., vanishes for any vector orthogonal
to the vector space spanned by u1,... ,ux

12



When the u; are functions, there are many choices for the inner-product
on H. The £2-product is the most standard, but there may be some interest
in selecting a product which controls more derivatives, for example

(u, u) :/ |Au + aul|?dz .
Q

2.5.3 Learning deformation energies

Principal component analysis is widely applied in image analysis. Cootes et
al. ([20]) have introduced this technique for shape detection and comparison,
by decomposing sets of landmarks over “eigenshapes”. It is also widely used
for face recognition, or facial expression synthesis ([14, 67, 35, 68]). Let us
rapidly describe how to use it to quantify deformations.

Consider a collection of images (I1,...,Iy) and a template Iy, and as-
sume that it has been possible to estimate a family of deformations u1,... ,uy
such that, for all k, Iy ~ Iy o (id + uy), for example by the landmark-spline
interpolation which will be described in the next section: this will form the
training set.

For any given inner-product on the space of deformations, it is then
possible to compute an orthonomal basis of deformations eq,... ,e,, which
is orthogonal for (, ), , taking eigenvalues A\; = (e;, €;),, in descending order.
One consistent choice for the size of a deformation u can then be

_ <u,ei>2
E(u) 27& .

i=1
3 Landmark-based matching

The issue in landmark-based matching, is to interpolate a discrete matching
between a finite set of landmarks in ) to obtain a dense diffeomorphism in
Q. In this sense, the associated techniques and solutions are closely related
to spline fitting.

So, let © be our background space, and (z1,... ,2Zn), (y1,--- ,YN), twWO
sets of N matched landmarks in 2. The problem is to find a diffeomorphism
g of Q, with minimal size, such that, for all i, g(z;) = vy; (ezact matching),
or, for all 4, g(z;) ~ y; (inexact matching), the latter case being generally
expressed as an error penalty incorporated into a variational setting.

Before exploring with more details the landmark matching methods, we
start with a few remarks on spline theory.

13



3.1 Splines

In an abstract setting, spline fitting can be considered a particular cases of
the following situation. We let H be a Hilbert space, and let f1,... , fnv € H,
and c¢q,... ,cy € R We can formulate two problems:

1. Minimize ||h|| over H subject to the constraints (f;, h) = ¢; for i =
1 N.

2. Fixing A > 0, minimize [|h]|> + AN, ((fi, h) — ¢;)?

The first problem corresponds to interpolation, or exact matching, the sec-
ond one to smoothing, or approximate matching, and both are solved by
elementary linear algebra. It is indeed clear that, in both cases, the con-
straints are not affected by if h is replaced by h + v where v is orthogonal to
all the f;, so that the solution must in fact be searched in the linear space
spanned by fi,..., fn.

So, introduce the N x N matrix S with S;; = (fi, f;), and express the
unknown h as a linear combination

N
h=> aif;
i=1

Problem 1 is to minimize ‘aSa subject to the constraint Sa = ¢ (where «
and ¢ are vectors with components «; and ¢; respectively), and problem 2
is to minimize

taSa + X(Sa — c)(Sa — ¢)

Assume, to simplify, that S in invertible, so that no linear constraint can
be deduced one others. The solution of problem 1 is in fact directly obtained
from the constraint: it is @ = S~ 1.c. For the second, it is @ = A(I +AS) l.c
(for which the invertibility of S is in fact not required).

The relation with splines is as follows: spline interpolation corresponds
to finding a real-valued function h (defined on ), as smooth as possible,
such that h(z;) = ¢;, with given z; € Q and ¢; € R. The smoothness of A is
evaluated through a norm of the kind

1Al = / \Lh|?ds
Q

where L is, say, a differential operator. This norm defines a Hilbert space
of functions H,, with the inner-product

(h, g)L:/Lthdm.
Q

14



The constraints h(z;) = ¢; are linear in h, and the issue, to fit in the abstract
setting, is whether there exists an element f;, in #, such that, forallh € H,

h(mz) = <f$z’ h)L

If this can be done?, the solution of the interpolation problem is given by
a linear combination of the f;,, which coefficients are simply obtained by
applying the inverse of the matrix of inner-products of the f,; to the values of
the constraints ¢;. A similar conclusion can be drawn if we replace this exact
interpolation problem by an inexact form, which consists in minimizing

N
IRl + XY (A(zi) — )
=1

It must be noted that the inner-products < fai s fzj> are, by construction,
given by fy,(z;) (f is self-reproducing), so that their computation is imme-
diate.

So everything boils down to the existence of the f;. The theoretical
arguments for proving this existence are linked to Sobolev’s inclusion theo-
rem, but, for practical purposes, it is also necessary to know an analytical
expression for them.

Introduce the dual operator L*, such that, for all g and A with compact

support in €2,
[@mg= [ @on
Q Q

and let K = L*.L. Since, for all z,

W) = (fo, hYy = /Q LfoLhdy = /Q foKhdy

the function (z,y) — fz(y) is, by definition, the Green kernel of the operator
K. So, the practical applicability of the spline interpolation in this setting
depends on whether the Green kernel of K is known or not, provided of
course it exists at all (there are other complications linked to boundary
conditions, which affect the Green kernel, but we here omit them).

A well-know case in which explicit expressions for Green functions are
available is when L is a variant of the Laplacian (with simple enough bound-
ary conditions). To get more generality, it is possible to start directly with
a function

(@,y) = fo(y)

3This is equivalent, by the Riesz representation theorem, to the continuity of the eval-
uation mapping h — h(z) for the norm ||.||z

15



since everything is in fact depending on it. Under some conditions, this
function is associated to some operator L (not necessarily differential), which
provides a variational basis to the interpolation method. A sufficient set of
conditions can be

o f is symmetric: f,(y) = fy(z)

e f is squared-integrable: for all z
[ et <

e f is continuous

e f induces a positive operator on £2: for all u € £2
| wtoyuto) ) dody

The last requirement is realized if f,(y) = F(z — y) where F is the fourier
transform of a positive, even function.

In [6], [5], the requirements are further specialized so as to take for f a
radial basis function: f;(y) = G(|z — y|), the simplest example being the

Gaussian
t2

3.2 Bookstein’s splines

Landmark-based matching differs from the previous context by the fact that
the unknown function is vector valued. In fact, if z1,... , oy and y1,... ,yn
are two matched sets of landmarks, one should find a diffeomorphism A :
Q — Q such that h(z;) = y; (equivalently, one searches a displacement
u = h —id such that u(z;) = yi — z;).

Bookstein (see [15]) proposes to apply spline interpolation to each com-
ponent of u. This is the simplest approach, and we will keep to this setting.
We now describe how this is implemented. Let U(r) = r?logr: this func-
tions is such that, for any smooth function f, one has

fla) = [ 0o = uDas )y

16



where A? is the iterated Laplacian. To retrieve the previous setting, one
must consider the inner-product

(7.9 = [ Aragds. (@

which is such that (f;, g) = g(z) where f,(y) = U(|z — y|). So let ¢; be
one of the components of y; — z;, so that the constraint h(z;) = ¢; writes
(h, fz;) = ci- We have

The direct application of the previous section would yield that the interpo-
lation, ~y, is given by

N
2(z) =Y oil(|z — zi)
=1

with @ = S7!c in the case of exact matching, and a = A1 + AS) l.c
for inexact matching. However, the situation is slightly more complicated,
because the inner-product (4) is degenerate: (f, f) = 0 when f is linear.*
To take this into account, the procedure must be slightly modified: since an
affine displacement is invisible for the inner product, it is “free” to replace
the assignments ¢;, for i = 1,... ,N by ¢; — ‘az; — b, for any given a € R?
and b € R. Thus, the interpolation problem becomes: minimize

taSa

with the constraint Sa + Qv = ¢ where v = !(ajazb) is a 3 x 1 matrix and

Q is a N x 3 matrix, given by, letting z; = (z},z?):

ri 2?1
1 2
Ty Ty 1

solving this problem in (a,7) yields

5= ('Qs'Q) " 'Qe

*One should be more precise (cf [45]): the Hilbert space H under consideration is the
Beppo-Levi space composed with all (generalized) functions with square integrable second
derivatives. Among these functions, it can be shown that (f, f) = 0 if and only if f is
linear.
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and @ = S~ (c — QF).

The smoothing problems requires minimizing
taSa+ M(Sa+taz; + b —c)(Sa+taz; + b—c)

and its solution is formally similar to the previous one, simply replacing S
by Sx =S5+ (1/A)] in the formulas.

When this is applied to both components of y; — z;, one obtains an
function u such that u(z;) = y; — z; for exact matching, which thus provides
a smooth interpolation of the landmark matching. However, there is no
constraint in this approach, which ensures that h(z) = z + u(z) is one-to-
one: folding is indeed possible. An example of this kind of interpolation
is provided in figure 2, together with an interpolation with a radial kernel

([6])-

3.3 Joshi’s interpolation

To guarantee diffeomorphisms, Joshi has applied the approach of section 2.4
to the landmark matching framework. Returning to this formalism leads to
introduce time-dependent displacements ¢ — v(¢,.) in 2, and the ordinary

differential equation

dy

E = IU(ta y)
Denote by hy,(t,z) the solution of this equation at time ¢ with initial condi-
tion h,(0,z) = z. The exact landmark matching problem, as formulated in
[39] is to find v which minimizes

E(v) :/OI/Q\Lv(t)Fd:cdt

subject to the constraint h,(1,z;) = y; for each pair (z;,y;) of matched
landmarks.

Denote by w;(t) = hy(t, z;) — z;, the trajectories of the displacements:
given these trajectories, the optimal v is, at each time ¢, an interpolating
spline of the previous kind, with the constraints v(¢, z; +u;(t)) = 1;(t) where
the dot refers to time derivative. If (z,y) — f.(y) = f(z,y) is the Green
function associated to the problem, let S(¢) be the matrix composed with
the s;; = f(z; +u;i(t),z; +u;(t)). Let u;(t) = (pi(t), ¢i(t)) € R?, and denote
by (v1,v2) the components of v. One has,

N
vi(t, ) =Y 0(t) fortus(n (@)
=1
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Figure 2: Spline interpolation of landmarks. First row: original images
with landmarks; second row: thin-plate (bookstein) interpolation (from the
first image to the second and vice-versa) ; third row: interpolation using
fo(y) = log(|z — y|? + ¢) (images taken from the Olivetti Face Database.
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Figure 4.1: Figure shows the grid test pattern used to study the deformation process.

Figure 3: Figure taken from [39]: point A will be matched to B and C to D
while corners are left unchanged

with a(t) = S(t)~1p(t) and

N
'U2(ta iE) = Z ﬁZ(t)sz—ul(t) (1")

i=1
with B(t) = S(t)~14(t). and the integrated energy is

1 1
B(v) = /0 (1) S(t) " p(t)dt + /0 LG(1)S (1) g(t)d

which is only expressed as a function of the N dimensional trajectories p and
g, which are subject to the constraints (p(0),¢(0)) = 0 and (p(1),q(1)) =
y — z. This can be minimized by gradient descent, and we refer to [39] for
details. Figures 3 and 4 show an example of large deformation in which the
introduction of the time variable yielded a significant improvement.

4 Dense matching

When landmarks are not available, or do not provide enough information
to ensure accurate matching, dense matching methods can be used, pro-
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Figure 4.4: Figure compares the classical thin plate landmark deformation (left pancl)
algorithm to the proposed algorithm {right pancl). The bottom left panel shows the
determinant of the Jacobian of the thin plate landmark deformation. The bottom
right panel shows the determinant of the Jacobian associated with the the diffeomor-
phic transformation. Notice that the determinant is negative in the region where the
grid lines in the thin plate landmark deformation cross over while the determinant of
the diffeormnorphic transformation is strictly positive everywhere.

Figure 4: Figure taken from [39]
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vided it is known that some quantity measured over the background space
is (approximately) conserved through the matching.

Let, as before, {2 be the background space, subject to deformations. Let
the conserved quantities be functions I defined on €2, possibly assuming
vector values. Let I and I’ be such functions: the issue is to find a diffeo-
morphism g such that I o g is close to I’ and g is as small as possible for
some measure of size.

4.1 Variational approaches

Many algorithms start from a variational problem of this kind: find a dif-
feomorphism g which minimizes

U(g) =S(g) + \D(Iog,I')

where A is a parameter, S(g) is one of the measures of size which have been
discussed in section 2, and D is a metric which measures the discrepancy
between I o g and I', thus after matching. The simplest choice for D is the
£? norm

D(Iog,['):/ ‘Iog—]'2d:c
Q

We now review a few examples from the literature.

4.1.1 1D Matching

One of the earliest problems in which warping solutions have emerged comes
from speech recognition: given two accoustic signals recorded during a pe-
riod of time by two different speakers the issue is to decide of their similarity
without being affected by the natural distortions and variations which can
be observed after recording a given spoken word. One of these distortions
are the variations of instantaneous speech speed, which can be modeled as a,
diffeomorphism acting on the signals, as we did before, a signal I becoming
Iog. For the first time in [55], an algorithm for “dynamic time warping” have

been devised. In a discrete settings, for two sampled signals I = (I1,... ,Iy)
and I' = (I3, ... ,I}y), the algorithms minimizes a functional of the kind
N
AL T) = d(Iy, Ty)
k=1

where 1(k) is the index for the homologous point of Iy. The minimization is
subject to the constraint that v is increasing, and, typically, a boundedness
constraint on the variations ¥ (k + 1) — (k).
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In [53], 1D speech signals I and I’ are matched by minimizing

U(g) = arccos [ /0 1 \/g_mdx] T /0 (@) — I'(2)) %

This energy arises in fact from the geodesic design of section 2.4 (we shall
return on it later).

In computer vision, 1D-matching is applied to track and compare con-
tours or shapes.

Contours can be modeled as planar (or 3D) curves, ie. functions de-
fined on an interval with values in R? (or R?). Their comparison can be
directly based on matching points as they are located in space, for example
by minimizing

1
A(ILT) = E(g) + )\/0 1I'(t) — I o g(t)|2dt

However, most of the applications imply comparing shapes, which are
contours seen up to translations, rotation and sometimes scaling. A natural
point of view, then, is to match invariant representations of the curves, like,
for example, the curvature function (invariant to rotation and translation),
the tangent angle (invariant to translation and scaling), both expressed in
function of arc-length, or higher order representations. For example, in
[19], the following energy is proposed: let I and J be curves, indexed by
arc-length, such that I has length 1 and J has length . the matching is
searched as a one-to-one mapping b : [0,1] — [0, a] by minimizing

d 2
d—(I(s) —Joh(s))| ds

S

Uh) = /Ol(m(s) — kg o h(s))2ds + ,\/O1

where 7 and k; are the curvatures of I and J. The energy can be rewrit-
ten in a different manner, introducing the unit tangents 7; and 77, and
expanding the second integral to get

1 1
1—|—/ h?ds—Z/ hs(tr, 770 h)(s)ds
0 0

If (s — J(s")) is reparametrized by s’ — s'/a and g(s) = f(s)/a, the
formula above is

1 1
1+ a2/ gfds — 2a/ gs(7r, 77 0g)(s)ds
0 0
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which is also

1 1
1+ a2/ §2ds — 2a/ (rrog™, 77)(s)ds.
0 0

This finally yields
1 1
Ulg) = Xa® [ st [ ral) = s 0 g(5)Pds
0 0
1
+A (1 - 20&/ <’T[ o g_1 , TJ>(S)dS>
0

which exhibits an elastic deformation term, and a comparison of both cur-
vatures and tangent angles.

In [12], an axiomatic approach led to a series of energies to match plane
curves on the basis of their curvatures; for example, one of them takes the
form

Ulg) = / 16— 1)ds + A / G+ D) (51 0.9) — flx)lds

where f(k) = ck — sign(k)e **

, OT

1 1
Ulg) = / 16— 1]ds + A / s 0 g — kylds
0 0

In [71], matching was performed using

1
Ulg) :arccosg/o VI {rrog, 7))ds

To match 3D curves, the authors in [11] have used a characterization
through the Frénet’s frame instantaneous rotation, which is a 3 by 3 matrix
depending in the curvature and the torsion of the curve. The final formula
takes the form

1 1
Ulg) = / 1§ — 1]ds + / |F1 — Fy o g||ds
0 0

where ||| is the Hilbert-Schmidt norm || A||? = trace(*A.A).

Most of the times, the energies so-defined can be very efficiently mini-
mized by dynamic programming algorithms (which yielded the term dynamic
time warping in the speech recognition literature). We shall not discuss dy-
namic programming issues here (see [64] for other details).
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4.1.2 Image and volume matching

From a theoretical point of view, 3D matching is not very different from 2D
problems (there are important peculiarities in 1D models). Obviously, the
main issue in the change of dimensionality from 2D to 3D is the dramatic
increase of the number of unknowns for numerical procedures.

Optical flow and stereo vision

2D matching has a long history in image analysis, since it is closely re-
lated to two essential issues, which are motion estimation and stereo-vision.
Although these problems are rarely written with an elastic matching formu-
lation, it is quite intesting to see how they fit in the general framework.

For motion estimation, a displacement field u has to be estimated be-
tween two consecutive images I and I’ so that I(z + u) ~ I'(z). There is
a huge litterature dealing with optical flow, and shall make no attempt to
give any account of it. However, a loose interpretation of the variational
methods which have been used in this context, yields an energy which takes
the form ([37]), letting ¢ = id + u,

Ulg) = [ ollu(o)du+ [ |1(g(o) ~ (o) Pda 9
Q Q
the last term being often linearized, assuming small u, as
I(z) — I'(z) + VI(z).u(z)

which induces the“optical flow equation”.

In stereo vision, matching two images induces knowledge of a depth map
in the visible scene recorded by two calibrated cameras. This case is more
peculiar, because there a geometric constraint must be taken into account,
which is that homologous points in images are known in advance to lie on
prescribed lines called epipolar. After an image transformation, it can be
assumed that the epipolar are horizontal lines, which implies that the dis-
placement which must be estimated has only one non-vanishing coordinates,
the first one. This fact apart, the same kind of techniques can be used as in
motion estimation.

Face comparison

Another range of application in which elastic matching have been extensively
applied if face comparison. There are mainly three factors of variations in

25



face images, for the same individual, namely illumination, pose, and facial
expression. Only the last one is related to the topic of this talk, but we
can refer to the recent book [34] to provide an extensive introduction to the
global problem.

The most popular approach to the problem, eigenfaces, does not ex-
plicitely take into account this deformation component. This approach is
essentially based on principal component analyses of face images, simply
registered by an affine (rigid) transformation.

Elastic matching, however, is extensively used by C. Von der Malsburg
school ([21, 69]), in which face comparison is performed with a discrete
counterpart of an elastic deformation energy, the compared quantities be-
ing Gabor transforms of the images rather than the plain intensities. The
matching process is interpreted as a neural network, and correlated to bio-
logical evidences.

In [34], the whole process of illumination variation, pose variation and
rigid deformations is addressed by a single (and quite complex) matching
energy. Among the important features of this energy, is the fact that the
elastic deformations are controled by a non-conventional term, given in equa-
tion (1), and that grey-level intensities and an edge map are simultaneously
matched.

Medical imaging

The widest range of application of elastic matching is probably provided by
medical images, in 2D and 3D. New imaging devices provide images in dif-
ferent modalities, and of increasing quality, with a strong need of processing
(construction of anatomic atlases, detection of variations in functional data,
registration of images taken from different patients, and/or different modal-
ities, help for surgery ... ). One of the most developped area is related to
brain imaging, and [62] can serve as a beautiful reference for this topic.

Viscous formulation

The geodesic deformation cost of section 2.4 is used in [63]. The problem is
to minimize

1
= ’1)2£E o I—’.’L‘QI
U(v)—/o /Q|L|ddt—|-)\/Q(I go(L,z) — I'(z))"d

in v, where, for all z € Q, g,(¢,z) is the value at time ¢ of the solution of
the ODE y = v(¢,y) with initial value y(0) = z. Since this computation is
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somewhat tricky, we here give the expression of the gradient (for the £2-
norm, see remarks below), and thus formally compute the variation U(v +
h) — U (v) for small h.

We thus consider the issue of minimizing

The first term in U is
1
/ / \Lv\2dxdt
0 Jo

This is a quadratic term in v. Once discretized, its differential can be very
easily computed, which is very important from a numerical point of view.
The analytical expression involves the dual operator L*, defined by, for all

5
//Lv wdxdt—// w)dzdt

v, w:
so that, at first order,

/ /|Lv+h|2dxdt / /|L'U| da:dt+2/ / (L*Lv, h)dzdt .

The differential of the second term is harder to compute, and we shall
not detail here the computation which has been led in [13], and give only the
results which require some additional notation. Let h,(t,.) be the inverse of
gv( ) and ]v(t .’L‘) = gv(l hy (t I)) Let S(tay) = ](tahv(tay)) et S’(t,y) =
I'(t, ju(t,y))- Let

q(v) = /Q (Iogy(l,z) — I'(m))de.

We have

g(v+h) = (v // J(y) , h(t,y))dtdy + o(h)

with
b’u(ta y) = _2det(Dh”U(ta y)) tDSI(tvy) (S(tvy) - Sl(ta y))

with the notation DF'(¢,y) for the matrix composed with the spatial deriva-
tives of a differentiable function F. Thus, the £2-gradient of U is

2L* Lv — 2\ det (Dh, (t,y)) 'DS'(t,y) (S(t,y) — 5 (t,))

Figure 5 provides an example of implementation of gradient-descent us-
ing this energy for shape matching.

SWe assume null boundary conditions on Q
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Figure 5: Matching upper right hippo-campus shape to upper left. Lower
image: deformation applied to a grid
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4.1.3 Numerical implementation
Discretization

The first remark concerns the representation of the unknown function g (or
u = id — g, or v for the geodesic approach) in numerical procedures. The
simplest point of view is to discretize €2 over a regular grid, and approximate
integrals by sums and derivatives by finite differences. This generally leads to
relatively simple expressions of the gradient, but also requires a minimization
over a huge quantity of parameters.

Another approach consists in decomposing g over a basis of functions; the
most popular representation is finite elements, and is studied, for example,
in [54]. Finite elements generate a smooth (generally piecewise polynomial)
basis of functions over which the deformation is expanded, yielding a fi-
nite number of coefficients on which the optimization is performed (see, for
example . It is also possible to define the operator L directly from the de-
compositions over an orthonormal basis. Typically, an orthonormal basis
€ly.-- ,€n,... of £L? being given, L can be defined as the operator which
associates to u =) ° | apep the function Lu = Y77 | ¢(n)ane, where c(n)
tends to infinity.

We can here also quote the interesting work of Pentland and Sclaroft
([51], [56]) in which the deformation dynamics (in the linear elastic formu-
lation) is expressed in function of a finite number of coordinates by finite-
element expansion. This expansions is then decomposed into vibration modes
which are used, in particular, to characterize the shape of an object.

Definition of the gradient

The second remark is a fundamental fact on gradient descent. Consider first
the finite dimensional case: when g — U(g) is a differentiable function on
RP, the first order expansion of U(g +h) is U(g+ h) ~ U(g) +d,U (h), with

p
ouU
dU(h) = 8—9@-

=1

Gradient descent algorithms are based on the following analysis: denote by
h.k = P | hik; the usual inner product on RP, and by |g| the associated
norm; to determine the optimal direction of descent for U starting from g,
minimize the first order expansion U(g) + d,U(h) with the constraint that
|h| = 1: it is easily shown that the optimal h has coordinates h; proportional

29



to —g—g, leading to the well-know gradient descent algorithm

oUu
gi(t+1) —gi(t) = _78_91-'

or, in vector form: .
g(t+1) —g(t) = Vg

However, it should be noted that this expression is deeply related to
the choice of the inner-product on RP. Any other choice, let’s say (h, k) =
thAk, where A is a p X p definite positive symmetric matrix, would yield
another “optimal” direction, namely A~! ‘3—U. One can go even further in the
generality, by letting the inner-product also depend on the current position,
g, introducing therefore a mapping

g Ay

which associates to every g € RP a positive definite matrix Ag6, and fix-
ing the optimal direction starting from g according to the inner-product
(h, k), = 'hAgk. This yields the general gradient descent algorithm, which
is given, in finite dimension, by

_,dUu
9t +1) —g(t) = —7VoU = —y4; 7.
the gradient being defined by

dgU(h) =(V,U, h)g.

This point of view is also valid, at least formally in infinite dimension,
as soon as an inner product is selected. However, this induces much deeper
consequences on the practical implementation of the algorithm.

Consider now the case when g is a function defined on €2, since this is our
case of interes here. Classical calculus of variations computes the gradient
(and the Euler equations) according to the £2 inner-product

(h, k), = / khdz
Q
therefore looking for a first order expansion of the kind

U(g+h)~Ul(g) + /ng.hdac

5Tn other terms, one defines a general Riemannian metric structure on R?
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with a certain function b, defined on {2, which represents the L? gradient,
and yield the ususal Euler equations. For example, if 2 =]0,1[ and

1
Ulg) = / (11 + V(g(x)))dz

for a positive potential V and ¢ : [0,1] — [0, 1] subject to boundary condi-
tions g(0) = 0 and ¢(1) = 1, standard computations yield

1 d29 ,
U(g+h)'zU(g)+/ (—@+V o g).hdz
0

which allows to write the L? gradient as
d’g
ng:_w‘FV,Og.

and the gradient-descent algorithm would write

However, there are other choices for the inner-product, which may prove
to be much more efficient to perform minimization. Return to the general
case, and consider the product

(h, k) = / kLhdz
Q

for some positive, symmetric, differential operator L. Still assuming that U
can be written as

Ulg+h) ~ U(g) +/ byhda
Q

one finds that the gradient of U at g, for the considered inner-product, should
be defined as the solution of the partial differential equation Lv = b,, which
yields the so-called semi-implicit scheme

d
% = o
Lv = b,
to which must be added posssible boundary conditions on 9f2.

Returning to the previous one-dimensional example, and considering the
inner-product

1 1
(k, h) = / fihdz = / kLhdz
0 0
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with Lh = —Z%_ we obtain the algorithm

dz2?
99 _ _
8_2t_ Udz
d—v:—ﬁﬁ-vlog

This algorithm (for the example and the general case), can be interpreted
as a two step procedure, of smoothed gradient computation. Indeed, if G is
the Green function for L (for the given boundary conditions), the solution
of Lv = by is given by

v= [ Glawbyi)dy
Q

In discrete time, the gradient descent corresponds to the following updating
procedure (g(t) is the current state of the algorithm):

1. Compute the differential (the £2-gradient) by()
2. Smooth by;) by applying the kernel G

3. Increment g(¢) by a multiple of the smoothed differential to obtain
g(t+1)

Even more interesting, as an illustration of the advantages of using a
“natural” gradient instead of the £? one, is the computation which has
been led in [63]. Consider the functional

Ulg) = /Q Tog(x) — J(z)| da

for two images I and J defined on €2, g being a diffeomorphism on 2. The
L?-gradient is readily computed, by computing the effects of the variation
g — g+ h, and is given by

by(z) = 2(I(g(x)) — J(2)) Dy (6)
An £? gradient descent would therefore write
gk+1 — gk = Y(I (g (z)) — J(2)) Dy, ()

This procedure is very unstable, and requires modifications (in particu-
lar, smoothing, see the Demon’s algorithm in the next paragraph). Another
drawback is that it works as if g was searched for in a Hilbert space, instead
of an infinite dimensional group. There is a high interest in incorporating
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the group structure in the framework. We shall return later on how to de-
vise invariant metrics on the group of diffeomorphisms. For the moment,

we take as a definition the following inner product, between two functions
h and k defined on 2:

(h, k), = /QL(h og N.L(kog Vdx

(the differential operator L is applied to the functions h o g~! and ko g™1).
We now try to express the approximation

Ulg+h) — Ulg) ~ /Q 21(g(x)) — J(2)) Dy(ay I-h(z)da

under the form
Ulg+h)—Ulg) =By, h),
We first make the change of variables y = g(z) in the integral, yielding

U(g+h) —Ul(g) ~ /92(1(?4) — J(g7" (¥)))DyI.h(g~ " (y))| det Dg~"(y)|dy

Introduce the operator L* such that

/k.Lh=/h.L*k
Q Q

(h, k), =/Q(hog_1).L*L(kog_1)dm

so that

We see that our “natural gradient” (as this is sometimes called) must be
such that g, o g~ ! is solution of the partial differential equation

L*L.u(y) = 2|det Dg~" (y)|(I(y) — J (g~ " (4))) Dy I

In other tems, gradient-descent for this inner-product must follows, at
each iteration, the following steps:

1. Compute ay(y) = 2|det Dgp ™ (y)|(I(y) — J(gx ™" (y))) Dy T

2. Solve the P.D.E L*L.u;, = oy

3. set gk+1 = gk + YOk © gk
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As remarked before, step 2 is a smoothing step, and can be very efficiently
performed if the inverse of L*L is known (the Green function).

Step 3. is even more interesting: it is a discretization of the continuous
time process

% — alt.gt,2)

which means that g is approximately equal to the solution of § = a(t,y).
It is thus a flow associated to the ODE, and thus, under mild conditions, a
diffeomorphism.

Demons algorithm

Among these techniques (although not quite exactly based on gradient com-
putation) an important one is Thirion’s demons method ([58, 59, 33]) which
can be interpreted as follows:

Consider, again, the energy

Ulg) = /Q 7(z) — I(g(a)) Pda

with £2-gradient is given by (6):

Consider now the inner-product

(h, k)y = /Q(IJ(x) — I(9(2))* + [V I (2)[*) h(z) k(z)dz
then, the gradient of U for this inner-product is

by(z)
| J(z) — I(g(z))]* + |V I (z)?

which is close to

J(z) — (=)
|[J(z) = I(g(2))]? + VI (2)]?

VJ(z)
The gradient descent algorithm can therefore be written (in discrete
time)

J(z) — I(x)
|7 (z) — I(g(t, 2))]> + [VJ(z)]

u(t+1) = u(t) — 5 VJ(z) (7)
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where ¢(t,z) = z + u(t,z). This is almost Thirion’s demons algorithm, the
only difference (which is important, since no regularization term has been
incorporated to the energy) is that the right-hand term of (7) is smoothed
by a Gaussian kernel before updating.

This smoothing step apart, it is interesting to try to understand the
influence of the new inner-product; the value of (h, h) o must be interpreted
as an a priori penalty for a variation ¢ — g + h; so, variations h which are
prefered are

e small when |J(z) — I(g(z))|> + |VJ(z)|? is large, which implies that
matching by g is wrong at z and J has large variations around z

e large when the grey-level values which are matched are similar, but J
is almost constant around z

Multiscale approaches

For these high dimensional, non convex minimization problems, good quality
results most of the time requires a multi-resolution, coarse to fine strategy,
both for increasing the speed of the algorithms, and to (hopefully) avoid
local minima. Given this choice, there are various strategies which can be
adopted. Coarsening procedures can be applied to the data (the matched
images), or to the unknown (the diffefomorphism), or, of course, to both.
Moreover, many variants are available in each case (pyramids, smoothing
and subsampling for data, decomposition over bases of increasing resolution
for the diffeomorphism, etc...). We shall not push further the details here,
and refer to [9, 26, 10].

5 Defining distances

5.1 General facts

We now focus on how to define distances to compare objets like curves,
shapes, 2D or 3D images, in a way which is related the action of defor-
mations. We start with a short algebraic section in which basic facts on
how inducing a distance from a group action are obtained, introducing in
particular a “least-action principle”

A distance on a set 7 is a mapping d : Z2 — R, such that, for all
LI'1" eI,

D) d(I,I"Y=0&T1=1T.

D2) d(1,I') =d(I',I)
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D3) d(I,1") < d(I,I') + d(I', I")

If D1) is not true and d(I,I) = 0 for all I, we use the term pseudo-
distance.

A group G is acting on Z if an operation is defined on G x Z with values
in Z such that id . = I and g.(h.I) = (gh).I for all I € 7 and all g, h € G.
If G is a group acting on Z, one says that a distance d on Z is G-equivariant
if and only if, for all g € G, for all I, I' € Z, d(g.1,9.I') = d(I,T').

A mapping d : Z? — R, is a G-invariant distance if and only if it satisfies
D2) and D3) and D1’) which is:

D) d(I,I')=0<3g€G,gl=1T.

The next proposition states that a G-equivariant distance induces, through
a least action minimization, a G-invariant (pseudo-)distance:

Proposition 1 Let d be G-equivariant on Z. Define d, by

d(I,I') = inf{d(g.1,¢'.I') : g,4' € G} = inf{d(g.I,I') : g € G}.

Then d is a G-invariant pseudo-distance.

It will also be interesting to consider another type of construction: we
still let G act on Z, but we now consider the product O = G xZ. The group
G also acts on O, simply letting, for k € G, o= (h,I) € O:

k.o = (kh,k.I).

For o = (h,I) € O, we let m(0) = h~!.I. Assume that do is a distance
on O, and let, for I,I' € T

d(I,I') = inf{dp(0,0'),0,0' € O,7(0) = I,7(d') = 1"} (8)
Then
Proposition 2 If dp is G-equivariant, then d in (8) is a pseudo-distance
onZT

5.2 Infinitesimal approach

A standard way for building distances on sets like O is to look for shortests
paths. Assume that we are able to give a meaning of the speed V,(t) = ‘fi—‘;
of a path o : t — o(t) over O, and that, for each o € O, we have a way

to quantify the speed of paths passing through o with the help of a norm
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V = ||[V|lo (the norm depends on o). Then, the associated path energy is
given by

1
B0) = [ 1Vt (9
and the geodesic distance on O is then defined by

do(0,0") = inf{y/E(0),0(0) = 0,0(1) = o'} (10)

When O is built as in the previous section, we have seen that there was
some interest in building G-equivariant distances. In fact, to build a G-
equivariant geodesic distance, to start with a family of norms (||.||,,0 € O)
which shares this property, in the sense that, if o is a path on O and h € G,
then the translated path h.o and o share the same speeds at the same times:
this writes

[Vio(®)lln.oty = [Vo(B)lloge) (11)

One can interpret this formula with the help of the differential of the action
of G on O, but the meaning and the consequences of (11) will always be
easily derived in the next examples, and we will not need to introduce the
usual machinery of differential geometry.

It is important to notice that this condition provides norms of velocities
at translated objects h.o as soon as these norms are known at o. In the
case when O = G x Z, it thus suffices to define ||.||, for 0 € O of the kind
o= (idg,I).

5.3 Invariant distances between landmarks

As a first illustration, we describe some aspects of the results of Kendall
([40]) concerning invariant distances between sets of landmarks, when these
sets are considered up to affine similitudes (translation, rotation and homo-
theties).

We shall limit ourselves to the simplest 2D case. Fix an integer N > 0
and denote by Py the set of all collections of N landmarks (z1,...,2y) €
(R2)N. Two sets of landmarks, (21,...,2zx) and (2},... , 2}) are considered
as equivalent if there exists an affine similitude g such that, for all i, 2z} =
g.z;. This yields an equivalence relation between sets of landmarks, and the
equivalence classes have been called N-shapes in [40].

To write simpler formulas, it will be better to identify the set R? to the
set @', a point z = (z,y) being associated to z = z + 4y. With this notation,
an affine similitude takes the form z — a.z + b, with a,b €@, a # 0.
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For Z = (z1,... ,2n) € Pn, let Z be the center of inertia

z=(21+--+2n)/N

and let S(Z Z |z — 2%

Let X n be the set of N-shapes. An element of YXn will be denoted as
[Z] which means Z € Py seen up to affine similitudes. To define a distance
between two classes [Z] and [Z'], we use proposition 1, letting G be the
group of similitudes and Z = Py, so that it suffices to build a G-equivariant
distance. This will be done via the infinitesimal approach.

According to the previous section, we must define a norm at each point
Z € Py, which satisfies (11) for every affine similitude g, and for every
paths O in Py. First remark that, since Py is a finite dimensional vector
space, the notion of velocity is trivially defined, and, since affine similitudes
are linear, one has V0 = aVp. This implies that condition (11) is in this
case equivalent to: for all V. = (v1,... ,uy) € @Y, for all Z € Py and for
all a,be,a # 0:

Vllz = lla-Vlla.z40

A consequence of this is that the norm has to be defined only for sets of
landmarks Z such that S(Z) =1 and z = 0, since, for all Z

1

Vlz = Hmv (12)

Z-bZ
5(2)

So, let us make the following choice: for z =0 and S(Z) =1,

N
Viiz=> vl
i=1

Translating the norms according (12), we can compute the energy of a path
t — W (t) € Pn, which is given by

/ “|W<>| »
S Wit) —w()?

To compute the distance between two sets of landmarks Z and Z' this energy
must be minimized over all paths W (.) with W(0) = Z and W(1) = Z'.
To perform this computation, introduce new variables v;(t) = (W;(t) —
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w(t))/|IW(t)]| and p(t) = S(W(t)). The path W(.) is uniquely determined
by the triple (v(.), p(.),w(.)). Moreover

aw;  dw dv e dp
at dt Par T

m=[3

which can be further simplifyed in”

s =n [ G3) [ Git) o [ 3L

The last term in this expression only involves v and can be explicitely
minimized, with the constraints > ,v; = 0 and ), |v;|> = 1: these con-
straints indeed imply that v belongs to a sphere of dimension N — 1, on
which the geodesic distances are given by the lengths of large circles, so that
the minimum of the last term is arccos({v(0), v(1)))2.

We thus obtain

WA 1 [ dp\?
D(Z,Z")? = inf N/ < +/ 4t ) dt
0 p 0 p

s (57 5 )

the first infimum being taken over all functions t — (w(t), p(t)) € @ %
[0, +00[, such that w(0) =z, w(1) = Z'(1), p(0) = S(Z), p(1) = S(Z").
The induced distance on X is now given by

d([Z],12')) = inf{D(Z,aZ' +b),a,b €T}

and the energy writes

1dw 1dp Z_{_@ &t
pdt pdt dt

alvZ

One can always cancel the terms in w and p by picking a and b such that
S(Z) = S(aZ'+b) and z = az’ + b: this fixes the values of b and of |a|. But
the term in arccos is only affected by the ratio a/|a| when Z' is replaced by
aZ' + b, and this ratio can be fixed independently of b and |a|; this implies
that one can write

iz, W) = _nt _ [arecos ((n'gpt 2 5))|

"One uses 3, vi =0 and Y, [vi|> = 1, and the derivatives of these formulas
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which yields, after a simple computation

S w

5.4 Invariant distances on groups of diffeomorphisms

d([Z],[W]) = arccos

We now deal with the particular case when O = @G, and G is a group of
diffeomorphisms of a set 2. We follow the lines of section 5.2 to build a
geodesic distance on G which is invariant by the action of G on itself. This
section has its own interest, but is also a motivation for the next section in
which the issue of comparing object acted on by groups of diffeomorphisms
is studied.

A rigorous exposition of the subject being beyond the scope of this tu-
torial (see [66]), we only provide formal, or heuristic arguments. We define
on G the product

gh="hog

If t — g(t) = g(t,.) is a time dependent diffeomorphism, V;(t) = % is a
vector field, ie. a function defined on Q with value in R¥. Following the lines
of section 5.2, we must define, for each g € G, a norm V +— ||V||, defined
for any vector fields V' on (2, such that, for any path ¢ — g(¢) on G and for
any h € G, identity (11) is true, that is

Vag @) llngeey = IV (&) llgce)

But we have, by definition of the group product, (hg)(t,z) = g(¢, h(x)) which
implies that the velocity at = € , Vj4(¢, z) is simply given by Vi (¢, h(z)).
The fact that (11) is true for all paths implies that, for all vector field V' on

Q, one has
IV o hllng = IVlg

which is equivalent to, for all g
Vilg =1V og™"[lia

This implies that only one norm has to be defined (the one indexed by the
identity), and that all other norms can be deduced from it. The energy of a
path ¢ — g(t,.) is given by

1
E(g) = | ||[Vy(t)og(t) |7 dt
0
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Set vy(t,y) = V4(t,g9(t)~'(y)), which is the velocity in Eulerian coordinates:
the energy simply writes

mm=AH%m%ﬁ

This is exactly the kind of energy which has been derived by different ar-
guments in section 2.4. It is interesting enough that minimizing this energy
with given boundary conditions for g(0) and g(1) provides a distance.

5.5 Mixing deformations and object variations: landmark
matching

We now return to the general point of view of section 5.1, in which we let G
be a group of diffeomorphisms of {2 and Z be the set of all collections of N
landmarks on . An element of Z is thus a N-uple I = (p1,... ,pn) € Q.
We still use on G the product gh = h o g and define the action of G on Z to
be

9-I=(9 " (p1),--- g "(pn))

which does provide a left-action: (gh).I = g.(h.I).

To build a distance on Z, we define a distance on O = G x Z which is
G-equivariant. This will be done again along the lines of section 5.2. A path
in O takes the form

O(t) = (g(ta')apl(t)a“- apN(t))

where ¢(t,.) is a time dependent diffeomorphism and p;(¢) is a curve in €2
fori =1,...,N. The velocity at o(t) is

Vo(t) = (Vy(t),p1(2), - ,pn(2))
and from (11), we must have
Vo) lloty = [[Vg-10(D)llg-1.0(2)

so that it is only necessary to define norms at elements o = (id, p1,... ,pn)-
We have, with the same notation as in the previous section,

Vo-10(t) = (vg(t), Dy, (g1 (2), - - - s Dy )9(t)p (1))

where D,g(t) is the differential of g(t,.) with respect to spatial coordinates,
evaluated at point p € Q. Making the change of variables ¢;(t) = g(¢,pi(t)),
this is written

Vo=10(t) = (0g(2), g1 (2) +vg(t, q1 (1)), - .., an () — vg(t, qn (2)))
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and the energy of the path o(t) takes the form

E(o) =/0 (v (2), 41 () — vy (t, a1 (1)), -, aiv (2) + vy (t, an (1)) |t

A simple example is to take

1 N 1
= v 2 T 1 —v ; 2
E(o) = /0 /Q o)t 3 /0 165(8) — vg(t, s (8))|2dt

To compute the distance between two elements of O, it suffices to minimize
the energy of the paths which link them. However, we are interested by the
distance between two sets of landmarks I and I’, which is given, according
to (8)

d(I,I') = inf{dp(0,0'),0,0' € O,7(0) = I,n(d) = I'}

where ﬂ-(gapla"' 7pN) = gil(pla"' 7pN) = (g(pl)a ag(pN)) It is not
difficult to check ([48]) that in fact, d(I,I’) is the infimum of

1 N 1
/0 /Q Lot dide + 3 /0 45(t) — vt gs(1)) [2dt

over all time dependent vector fields v on €, and over all curves ¢1 (.), ... ,gn(.)
such that I = (¢1(0),... ,gn(0)) and I' = (q1(1),... ,qn(1)). We thus ob-

tain a new landmark-based matching formula, which only involves the ve-

locity, and which, in the same time, provides a distance between sets of

landmarks. Note that, for fixed trajectories g;(.),7 = 1,... , N, the optimal

v can be explicitely computed at each time £, in function of the Green kernel

of L, as developped in section 3.3.

5.6 Mixing deformations and object variations: image match-
ing

Exactly the same approach can be applied when the set 7 is a set of mappings
(images) I : Q — R%. Now, the action is defined by g.I = I o g, and if
o(t) = (g(¢,.),I(t,.)) is a path on O = G x Z, we find that the energy of o
must take the form

E(o):/o1

2

oJ
(vg, ¥ + DJ.w) dt

id ,J
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Figure 6: Matching of two macaque brain slices with (14); up: left and right:
original images; down: deformed grid and application of the deformation to
the upper right image

with J(¢,5) = I(t,g(t)"*(y)). A particular example can be

E(o) :/01/9|Lu|2dxdt+A/01/Q

Moreover, it can be shown that the distance d(I,I') can be computed
by minimizing

1 1
/ /|Lv|2dmdt+)\/ /
0 JQ 0 JQ

in v and J with boundary conditions J(0,.) = I(.) and J(1,.) = I'(.). An
example of matching performed with this method is given in figure 6.

2
88—;] + DJw| dzdt

2
88_;] + DJw| dzdt (14)
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