METAMORPHOSES THROUGH LIE GROUP ACTION

ALAIN TROUVE AND LAURENT YOUNES

ABSTRACT. We formally analyze a computational problem which has important applications in
image understanding and shape analysis. The problem can be summarized as follows. Starting
from a group action on a Riemannian manifold M, we introduce a modification of the metric
by partly expressing displacements on M as an effect of the action of some group element.
The study of this new structure relates to evolutions on M under the combined effect of the
action and of residual displacements, called metamorphoses. This can and have been applied
to image processing problems, providing in particular diffeomorphic matching algorithms for
pattern recognition.
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1. NOTATION

Many situations in image analysis model a set of visual objets, like images, shapes, patterns of
points, which can be affected by “deformations”. Following the seminal approach of Grenander’s
deformable template theory [6, 7], we have designed during the last decade, theoretical and nu-
merical methods to analyze the action of diffeomorphisms on geometric structures, like landmarks,
shapes and images [16, 21, 22, 17, 13, 2, 18, 12]. The basic assumption of the theory of deformable
templates, observable objects are assumed to belong to the orbit of a fixed template, under the
action of a group which would here be a group of diffcomorphisms. Here, following [13, 2, 18],
the point of view is slightly different, because the basepoint of the deformation (the template) is
allowed to vary during a process called a metamorphosis (this term is borrowed from computer
graphics where it indicates a “morphing” process, generally on face images, but we use it here in
fairly larger framework). Metamorphoses therefore are deformable templates with varying tem-
plates. In this paper, we study their metric and geometric properties from an abstract, general
point of view, which has the advantage of embedding several apparently distinct situations into a
unifying framework.
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Here are the basic assumptions. The deformations belong to a Lie group G with Lie algebra
denoted g, acting on a Riemannian manifold M which contains visual objects. We assume that g
is a Hilbert space with norm || ; the metric on M at a given point m € M is denoted (., .),, and
the corresponding norm |. |, .

Notation 1. Assuming that action of G x M — M is C, for any g € G, the mapping A(g) :
m — gm is a diffeomorphism on M. Then, A : G — Diff(M) is an homomorphism of groups, so
that we can identify G with a subgroup of Diff(M). We will use the notation A(g) = g so that
g(m) = gm.

Moreover, since for m fized, the mapping R,, : g — gm is differentiable with respect to g at the
identity element e of G, then for any v € g, deRpm(v) € Ty M and m — d.Ry,(v) € x(M), the
set of continuous vector fields on M. Hence, g can be identified with a subspace of x(M) equipped
with a Hilbertian metric inherited from g. Using this identification, we will denote for any v € g,
v(m) = deRp,(v). It will sometime be convenient to also use the notation &, instead of d.R,, so
that

Omv = v(m).

If (g¢,t € [0,1]) is a differentiable curve on G, and R, is the right-multiplication in G (Ry(g') =

g'g), we define its velocity vy (which is a curve on g) by the relation:

dgt

dt = deRgt'Ut , (1)
or using the previous identification

d

o vees @

A metamorphosis on M is a pair of curves (g, 1) respectively on G and M, with gy = e.
Its image is the curve m; on M defined by m; = g;(ut). We call g; the deformation part of
the metamorphosis, and u; the template evolution part. When pu; is constant, we say that the
metamorphosis is a pure deformation. In the rest of the paper, we will study how metamorphoses
can be used to define a new metric on M, and obtain the corresponding geodesic equations. These
will be essentially abstract developments, but they will be illustrated by the following examples,
which correspond to useful situations in image analysis.

FEzample 1: Landmark matching with affine robustness. We here consider landmarks which are
collections of labeled points in IR*. Elements of M are N -tuples of points, so that M can be
identified to (le )V. Let the Riemannian metric on M be the usual Euclidean metric, so that, if
m=(m!,...,m"N)e Mand n=(n',...,n") € T,uM ~ (IRF)N, we have

N P12
i=1

The group G is the affine group on R*: elements of G are pairs (B, T) where B is an invertible
k x k matrix and T € IR*, with the (semi-direct) product (B,T)(B',T") = (BB', BT" +T). The
action of G on M is defined for g = (B,T) and m = (m?',--- ,m) by

g(m) = (Bm* +T,...,Bm"™ + 1)

The Lie algebra on G is equal to My (IR) x IR*. There are many possible definitions for the norm
on g, and we shall choose the simplest one, for which, letting v = (3,7) € g,

jo]5 = trace("B88) + || 7l[ 7
The velocity (0, 7¢) of a curve (By, T;) on G is characterized by the system
dB

t
=t _ BB

ar Bt By
dT;

—t= BBy + T

dt
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According to notation 1, G is identified with a subgroup of Diff(M) i.e. with a subgroup of
diffeomorphisms on the space of N-uple of points in R¥. More precisely, G is identified with a
subgroup of Aff(M), the group of affine transformations on M.

Ezxemple 2: Deformable landmarks on a manifold [8, 2, 19]. We here consider general deformations
acting on collections of points (y,...,yY), each y* being assumed to belong to an open and
bounded subset 2 of a smooth Riemannian manifold My (the preferred application being My =
IRF, but the general case also has some interest [5]). We therefore set M = QN and, like in
example 1, the metric on M is the product metric, setting, for m = (y',...,y"¥) € M and

n='....0N) € TnM ~ [T, T, Mo:

al 2
9 .
|T}|m = Z ’772 yi
i=1
The group G we consider here is a group of diffeomorphisms of €2, with action: g(y!,...,y") =
(g(y"),...,g9(y™)). Considering such an infinite dimensional group brings additional difficulties,

which will however be occulted in the forthcoming abstract derivations. The underlying construc-
tion we are assuming here has been proposed in [15] and [3]. The problem is that it is not possible
to obtain all together the Lie group properties and the (Riemannian) metric property which are
immediate in finite dimensions. Lie groups of diffeomorphisms on manifolds has been the subject
of intensive studies in the framework of global analysis (eg. [14, 4, 9]). Strictly enforcing the
Lie group properties comes at the cost of only considering smooth (C°°) diffeomorphisms, and of
the absence of any nice metric properties (like completeness and existence and geodesics) for the
kind of Riemannian metric one is likely to consider. This metric aspect is more important for
applications, since one ends up solving variational problems, for which it is important to know
that solutions exists. Trying to build a group of diffeomorphisms which has most of the properties
of a complete Riemannian manifold now implies relaxing some of the Lie group conditions. This
is the construction we now summarize.

This starts with selecting g, as a Hilbert space (not necessarily a Lie algebra), assuming that
it is continuously embedded into X!(Q2), the Banach space of continuously differentiable vector
fields on 2. We also assume that elements in g have null boundary conditions, in the sense that
X2 (£2) (the space of C*° vector fields with compact support on 2) is dense in g. A generic way for
building such a space is based on the Friedrich extension of an admissible operator [23]; a vector
field on €2 is square integrable if

1013 dv) < oo
Q

where 14 is the volume form on M. We denote L?(Q) the set of square integrable vector fields
on 2. We say that a symmetric operator L : X°(2) — L?*(Q) is admissible if for all y € €,
Lv(y) € T,yM and, for some constant K

(Lv,v) = /Q (Lo(y), o)), dvo(y) > K max { o) |2 +1Vyoll} o € 0}

Under this assumption, X5°(£2) and L can be completed into a Hilbert space g C X*(£2) and an
operator L : g — g* such that

lolly = (Lo, ).

If v, € L1([0,1],g), the differential equation % = v4(y+), Yo = z has solutions over [0, 1]. For

t € [0, 1], this solution is denoted g} (z), and the set G = {g¥,v € L*([0,1],9)} is a group (with
product gh = goh), which will be hereafter our group of diffeomorphisms of Q2. Note that, in this
setting (1) precisely gives

dgs
—7 — VtO Gt

dt
Here, note that for any g € G C Diff(Q2), g belongs to Diff(QM).
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Exzample 3: Deformable images [13, 18]. We consider, here again, a group G of diffeomorphisms of
, restricting, for simplicity, to the case My = Rk, and M is a set of square integrable functions
m:Q — IR. Welet G act on M by gm = m o ¢g~!, and use the L2 norm on the Hilbert space
L?(Q, IR*). Following Notation 1, i — gm defines an element g € L(L?) i.e. the linear group on
L?. Note that in example 1, g also belongs to a linear group (but on a finite dimensional vector
space), and we shall see that both examples share important structural properties.

2. A NEW METRIC ON M

2.1. General form. We return to the abstract setting to show how metamorphoses can be used
to place a new Riemannian metric on M, which will take the action of GG into account. A simple
motivation for this can be taken from the following situation in example 1: if m = (y!,...,y")
belongs to M, and (T%,...,TN) are randomly chosen unit vectors in IR®, m will be at equal
Euclidean distance, N, from the configurations (y' + 7%, ...,y + T1) and (y* +T*, ...,y +
T%). However, in situations when m represents a shape, it is natural to consider that the first
configuration, which is a translation of m, should be much closer to m than the second one. In
other terms, we want to assign a different cost to the variation in cases when it can be, at least
partially, explained by the action of G.

Metamorphoses, by the evolution of their image, provide a convenient representation of com-
binations of a group action and of a variation on M. Indeed, if ((gs, ut),¢ € [0,1]) is given (with
gt € G and py € M) and my = g¢(1¢) is its image, a straightforward computation yields, v; being
the velocity of g¢ (defined in equation (1)):

dmt d,U/t dgt

o dutgt(ﬁ) + E(“t)
e (5) + i) )
In particular, when ¢ = 0:
The A (o) (4)

dt o db =
This expression provides the decomposition of a generic element n € T,,M in terms of an
infinitesimal metamorphosis, represented by an element of g x T}, M. Indeed, for m € M, introduce
the map
S gxTyyM — T,M
(v,8) — v(m)+946

dmg g (A
dt \1:0_ mn dt \t:o7 0

Fix 02 > 0. Since ®,,, is surjective (®,,(0,5) = §), we can define a new metric on M by

so that (4) can be written

2 . 2 1 2
Il = nt { Il + 5 158,51 = @ (0,)}

(note that we are using double lines instead of simple to distinguish between the new metric and
the original one).

Define V,,, = ®,1(0). It is a linear subspace of g x T,,, M and ||77||72n is the norm of the linear
projection of (0,7) on V,,, for the Hilbert structure on g x T,, M defined by

2 2 1 9
[0, I = Ivlg + = 1615,
o

Thus |.||,,, = ll7v,, (0,m)|l.,, is associated to an inner product. Since it is a projection on a close
subspace, the infimum is attained and by definition, cannot vanish unless n = 0. This therefore
provides a new Riemannian metric on M.
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With this metric, the energy of a curve is
1
E(my) = / = inf
0 me

2
dt (5)
myg
the infimum being over all curves t — v; on g.
The distance between two elements m and m’ in M can therefore be computed by minimizing

U(ve,me) = /01

over all curves ((v, m¢),t € [0,1]) on g x M, with boundary conditions mg = m and m; = m/.
Introducing g;, the solution! of (1), and the metamorphosis (gy, 11 ), with g, = g5 *(my), equa-
tion (3) provides a second expression for the energy:
dt> (6)

L 1 A
E(m;) = inf / v dt—i——/
( t) o ‘ 25|g o2 0

2.2. Examples. We now specialize this computation to the 3 examples we are considering. This
essentially means computing d,, et v — v in these situations.

dm || dmt

dt

(m)

1 2
dmt

Vt(mt)

mg

d:ut) 2

dlttgt( dt

2.2.1. Ezample 1. If m = (m?',...,m"), differentiating
(B,T) + (Bm*+T,...,Bm" +T)

at (B,T) = (1d,0) gives for v=(8,7) € ¢

v(im) = (Bm' +7,...,6m"N +71) (7)
so that, letting m; = (m},...,m¥),
1 N i ; 2
1 dm? )
U(vg, my) = / (trace (tﬁtﬂt) + |Tt‘%%k)dt + = t— Bmi—T1
0 g im1 dt Rk
Similarly, for ¢ = (B, T) € G, differentiating y — g(u) with respect to u = (u!, ..., uV) yields
dug(n) = (Bn'...., By™)
where n = (n',--- ;7). so that, the alternate form of the energy, (6), is
N . 1 dﬂt
U(gt, Mt) = trace ( ﬂtﬂt) + ‘Tt|Rk dt + B dt
0 Rk

2.2.2. Ezample 2. Since g(m) = (g(m?'),...,g(m")), we have v(m) = (v(m?'),...,v(m")) for
v € g, so that

mt

and (6) may also be computed from the expression d.g(n) = (d,1g(nt),...,d,~g(nN)) for n =
(nt, -+ ,n™). The result of minimizing the geodesic energy between two sets of 100 hundred 2D
landmarks is provided in figure 1.

IThe existence of this solution when v € L2([0,1], g) is validated in the appendix
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FIGURE 1. An example of geodesic between landmarks. The first row pro-
vides the initial requirements (100 landmarks placed on a horizontal ellipse to be
displaced to a vertical ellipse), followed, in the second image by the geodesic tra-
jectories. The next two rows provide the intermediate positions of the landmarks
(red dots) and the effect of the underlying diffeomorphism on a grid.

2.2.3. Ezxample 3. This example is more problematic: m being a function on €2, we have for
g € G, g(m) = mo g 1; formal differentiation in the neighborhood of the identity would yield
v(m) = —(Vm, v) g for v € g. For m € L*(Q, IR), this is not necessarily defined in the strong
sense, and can be given a generalized meaning, 7 = v(m) being identified to the linear form,
defined, over all smooth functions ¢ on 2 with compact support, by

@H/{lm(w)divm(gov)dx.

This coincides with — [, (Vom, v(2)) pr () dx when m is C'. Note that, for the energy U (v¢, my)

to be finite, we still need the sum d;'zf —v(m) to be square integrable as a function of two variables
t and z.

The second form of the energy is simpler, since d,g(n) =no g *, so that (6) is

1 1 'd 2
/0 |vt\§dt+ g/o ’cgft og; ! drdt

which has a meaning whenever % is square integrable. However, it is now the boundary condition
Hi1ogy ! — m/ which may be hard to fulfill if m and m’ are simply assumed to belong to L2. This
implies that m; and v; can no more be treated as independent variables in the variational analysis
of this problem, which becomes, because of this, much more intricate.

To simplify computations, we will restrict, in the remaining of the paper, to the case when the
compared images are smooth (at least C1). Under these conditions, it may be assumed that m; is
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FIGURE 2. An example of geodesic between images (original images taken from
the Olivetti face database). The three intermediate images are generated by the
optimization algorithm.

C" at all times, because it can be shown to be so for the optimal path. More general situations are
taken into account in [18]. An example of geodesic obtained by minimizing this energy between
two given images is given in figure 2

3. GEODESIC EQUATIONS

3.1. General form. In this section, we compute the Euler-Lagrange equations for the energy

1 9 1 1
U(vt,mt):/ ] dt—l——/
0 g o? 0

These equations are important, because, on the first hand, they characterize geodesics on M for
the new metric, and, on the second hand, they also provide gradient increments which can be used
for the numerical computation of the geodesics.

To obtain the first equation, start with a variation vy — vi+ewy in g. Let f(e) = U(vs+ewy, my),
so that

2

dt

dm
i

myg

1 1
1 (0) = 2/0 (vg, we)gdt — 2/0 (2, wi(my)),,, dt,

where we have introduced the notation

dm d
02zt = Wt — vt(mt) = dﬂtgt(%) . (8)
Hence, we get for any w € g,
(ve w>g = (2, W(mt)>mt : (9)

When A is a continuous operator between two Hilbert spaces H and 3, the adjoint of A, denoted
At H' — I is uniquely defined by

(h, Av)ge = (A'h, Vg
Using this notation (with 5 = g and H’ = T,, M), and recalling the notation 6,, : g — T, M

for the continous linear operator defined by 4,,(v) = v(m), the identity f’(0) = 0 yields our first
Euler-Lagrange equation:

vy — 65, (z) =0 (10)
which gives (from the expression of z;)
d
% = vi(my) 4+ 0%z = (6,00, + 0%1d) 2, . (11)

Let HY, : T,,M — T,,M be equal to (5m5;fn + 021d). It is a symmetric and positive operator.
If T}, M has finite dimensions, or if §,,01, is compact, HZ, is invertible and equation (11) implies,

as shown below,
1
dmg _1dmy
E = —, (H? — dt . 12
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5| dne vt(mt)’fm =0%(2, 2),,,, we deduce from (9) and (11) that

dm dm dm
2 t t o\—1 t
= - =(—, (H — .
(2, vi(m) + 0 Zt>'mt <Zt, qt >m < L (H7,) di >

t mg
Equality (12) provides an intrinsic expression for the new metric. In other terms

05, = (ns (HZ) "), -

Indeed, since

2

1
2
|U|g+§ = vi(me)

dt

me

We pass to the variation with respect to the curve m on M. For this, we consider a variation
2
my. with myg = my, moe = mg and my . = my and let f(e) = G U (v, my,). We have, letting

2
! om
f’(o) = /(; <Zt, V%% <8t —Vt>> dt

1
om
/(; <zt,VaTaE—V%ygvt>mtdt

1

1
_/ <v87m2t, ’I’]t> dt —/ <Zt, vat)m dt
0 ot me 0 t

This implies that, for all ¢ and all n € T;,, M,

<Va@7?zt, 17> =—(2t, Vyvi) ., - (13)

mg

If we define VE by <sz, 77>m = (£, VyX),, (§&;m,x being vector fileds on M) this may be

written

_ dmy .

N = de

Vom 2 +Vivi=0 (14)
The following proposition summarizes the previous results

Proposition 1. The geodesic equations for the new Riemannian structure on M write

dgzt = vt(mt) = d“tgt(%) + 0'22t
V%nzt—l—VZtvt =0 (15)

V¢ = 5Jnt (Zt)

Note also that the previous computation provides the gradient of the energy U with respect to
v and m, which is given by

Grad,U = 2(vy — 5;rnt (21))
Grad,,U = —2 (VBTTZt + Vltvt)

3.2. Examples.

3.2.1. Ezample 1. Letting v; = (B¢, 1), ms = (mi,...,mY), we have z, = (2},...,2) with
0222 dtt — pmy —T

To explicit (10), we compute, for & = (¢1,...,&N), and m = (m?',...,m"), the element &} ¢ =
(8,7) € g. Tt is characterized by the identity: for (8',7') € g:
N

trace("B8") + (1, 7'V pr = Z (€, B'm" + 7">R,c

i=1

which immediately provides

N L N
B=> mir=3 ¢
i=1 i=1
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so that equation (10) is
N
B = Z 2t My
i=1

Moreover, we have

and

Bm' 1= (1+(m', ml) )¢
j=1
so that the matrix HZ, can be identified to the Nk x Nk block matrix, for which the (i,7) k x k
block is (14 (m’, m?) p )1 if i # j and (14 02 + || p)ld if i = j.
We now compute equation (14). Since M is Euclidean, we have V gm 2 = % and V,x = dxn.
For v = (8, 7), and x = v, as given by equation (7), this yields

vnv = (ﬂnla ey 5””)

so that
N N

(z, vnv>m = <Zi7 5772> k= <t/82ia ni> k
R R
i=1 i=1
Thus, equation (14) gives, in this case:
dz!

dt + Bz =0

e ¢ ¢

FiGURE 3. Comparison of geodesics under the new metric and the Fuclidean
one for landmarks in JR? under diffeomorphic action. The template is the central
ellipse and both evolutions are designed to coincide at time ¢ = 1. Images are
given at times ¢t = 0.5,1,1.7,2,2.4. The geodesics for the new metric progressively
deform the ellipse in a way which is consistent with the notion of deformation (first
column). Euclidean geodesics (second column) squeeze the initial ellipse, and then
invert it to start expanding again.
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3.2.2. Ezample 2. G now is a group of diffeomorphisms on 2 C My. We have
. dmi

2,0 t

0=

To compute &}, (z), which is characterized by

(2. 6 (@) = (0. 55,(2)),
we need to introduce the reproducing kernel, K, of g. It associates to (z,y) € Q2 a linear operator,
denoted K(z,y), from T, My to T, My which satisfies

e for all z € Q and for n € T, My, the vector field y — K(y,x)n, which is hereafter denoted
K.n, belongs to g
e forallz € Qand n € T,Q2

— Ut (mi)

(Kan, v)g = (n, v(2)),
Note that the kernel has the property K (z,y)" = K(y,
(K(z,y)n. 1), =, Ky, 2)n'),

x), ie

for n € T,My and 0’ € T, M.
Given this kernel, the product (£, 6,,(v)),, may be written
N N

(€, b)) = D (E 0l 0 = 3 (Kl 0),

i=1 i=1

so that &f (¢) = Zf\il K,,:£% and (10) is

N
vy = g Kz
i=1

We have also, 0, 0 85, (€) = (£1,...,€N) with
~ . N . . N . . .
= Kp(m)e =Y K(m/,m")¢
i=1 i=1
Thus, HS, : [, T, Mo — [T, Ton, My is defined by
N
(HRO)" =0+ K(m',m/)¢
j=1
It is a Nk x Nk block matrix, for which the (i,7) k x k block is K(m®,m7) if i # j and o%Id +
K(m®,m’) if i = j. Note that the previous example appears as a particular case, with K (z,y) =
(14 (z, y))Id.
We now explicit equation (14). We have for n = (p!,...,n") € T,,,M:
Vov = (Vyv,...,Vyno)
so that
Viv= (Vilv, cey ViNv)
and equation (14) becomes (for i = 1,..., N)
Vi zi + Vv =0

ddt

where the covariant derivative now is the one on My. When M, = IR¥, we have V,v = dv(n) and
this equation writes
dz}
dt
Figure 3 provides an example of geodesic for landmarks in IR? (obtained by solving the evolution
equation), with a comparison with the corresponding geodesic in the Euclidean space.

+ tdmivt(zf) =0
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3.2.3. Example 3. Here, §,,(v) = —(Vm, v) (recall that we restrict to the case when m is C1),
and, using the reproducing kernel of g,

Cotnli = = [ Aa)(Vam, o)) puda

= 7/ (K (2(2)Vem), v>gdx
Q

= —(K(xVm),v),

with the notation K f = / K, f(z)dz. Equation (10) therefore writes
Q

UV = fK(thmt)
We have 6,, 0 81 (n) = (Vi , K(nVm)) g, i.e.

(60 (@) ) = [ (T K1) V) o)
so that &,, o 81 is a kernel operator, therefore compact, which implies that HZ, is invertible and
expression (12) is well-defined.

Consider now equation (14). We have v(m) = d,,(v) = —(Vm, v), which is linear in m, so that
V,v =—(Vn, v) and

(z, Vypv),, = — /Q (Van, v(z))z(z)dx = /Qn(x)divz(zu)dx

which implies
d
% + div(zvr) =0

4. EVOLUTION EQUATIONS

4.1. Evolution in z. Equation (14) already provides an evolution equation for z. We now proceed
to an interpretation of it in terms of conservation of a certain quantity. For any vector field n on
M, we have, by equation (13), at all times ¢

<V%nzta 77> = —(2, Vth>mt

3Nt,5
Oe ‘5:0

Let pi;.c be a perturbation of y; along n i.e. p: o = pe and =1. Now, define,  and 3

being positive numbers,
ma,ﬁ,g = ga(/‘l’ﬁﬁ)
)

so that m; 9 = my. For % =5 + %, we have around (o, 8,¢) = (¢,¢,0)

d om om om
il 8s>mt - (V= as>mt e vi{?as>mt

: dm __ Om om om __ om
Since %t = G + 95 and V%g = V%%v we deduce that

d om om om om
dt<2t, 85>mt = <Vaf;?2?t, (96>mt + <Zt, Va@?aa>mt + <Zt, V?gag>mt

so that using equality (13) and the fact that v;(m;) = 2

ﬁ‘a:tﬂ:m:o, we get finally

d om om
dt<2t7 a&‘>mt :<Zt,V%7£a€>mt. (16)
Since B%\a:t,ﬁ7e:0 = du,gt(n(ps)) and %%\Q:B:t,ezo = 02z, we obtain
d
g\t Adg (), = (21, Vors Adg, (1)), (17)
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where Ad : G x g — g is the adjoint action defined by Ad,.w = d.®,w with ®,(h) = ghg™*, h € G,
and Adg the induced action on x(M) by the identification provided in Notation 1 (Adg(v) =
dg-1vVvo g~ 1. This equation receives an interesting interpretation if we consider the pull-back of
the metric by g;. Indeed, for any g € G, let (, )Y denote the pull-back of the metric on M by g
defined for any u,u’ € T,,M by

(u, ) = (dug(u). dug(u))y,
and let VY denote the associated Levi-Civita connection defined for any u € T),M and n € g by

(d,8)(Vin) = Va,gu)Adg(n) . (18)
Since 02z = dﬂtgt(d—’t‘), we get from (17) that
d d,u gt dlj/ g gt
iy — (e . 1
dt<dt’n> <dt’vifz’7 (19)
I e

We now introduce a new notion related to metamorphoses. We say that a vector field n on M
such that V%, n = 0, is morphoparallel along the metamorphosis. We therefore have obtained the

J%
fact that

d <du >9t

—( == n -0

dt \ dt e
whenever 7 is morphoparallel.

It can easily be checked from the chart representation that morphoparallelism only involves

the values of 7 along the curve ;. Moreover, as a first order linear differential equation on 7'M,
this has a unique solution starting from a tangent vector 79 at 7),,M. The solution at time ¢

of this ODE with value n; € T, M at time s can be called morphoparallel transport along the
metamorphosis and will be denoted 04ns. Thus, if  is morphoparallel along (g;, 1¢), we have

(Bt + Bor(m0))7 = (10 M0) g (20)

where fis = This implies that (z;, d,,g:(6o: (no))>mt = (o , 770>uo‘ Hence, since fig = zg

du

dt |t=s"
and pg = mg we get finally

2t = (dm,g: )" 0 Ol (20) - (21)

4.1.1. The affine case. In general, the morphoparallel transport equation cannot be solved analyt-
ically, so that little is gained, from a practical point of view, compared to the initial equation (14).
This will be illustrated in example 2 below. But, as shown in example 1 and 3, morphoparallel
translation may sometimes coincide with parallel transport along 1, in which case equation (21)
becomes quite useful. This arises when the metric VY coincides with V for all g € G as defined
more formally below.

Definition 1. Let g : M — M be a C? invertible mapping. We say that g let invariant the
Levi-Civita connezion, if for any X,Y € x'(M), we have

Adg(VxY) = Vaayx)Adg(Y).

When M is a flat space, it is a known fact that g let the connexion invariant iff g is affine as
stated in the following result (the proof is given for completeness in appendix B):

Proposition 2. Assume that M is an Hilbert space considered as a Riemannian manifold with
metric induced by the dot product. Let g : M — M be a C? invertible mapping. Then g let
invariant the Levi-Civita connezion iff i.e. for any u € M, we have g(u) = g(0) + dog(u).

Thus, in this case, the morphoparallel transport is the parallel transport which is simply a
translation. This implies that 6p; = Id and (21) becomes

2= (dm,8; ) (20) - (22)
As we have seen, this is the situation of examples 1 and 3 which can be equivalently derived as

arising from a semi-direct product G x M with G C L(M) [11]. So, the affine case, or semi-direct
product case, corresponds to some important situations as metamorphosis between fonctionnal
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data like grey-level images. However, example 2 cannot be handled in this framework and more
generally, when M is finite dimensional and the group acting on M is infinite dimensional, we leave
the affine framework and the morphoparallel transport is different from the parallel transport.

By extension, when M is non flat, the set of diffeomorphisms of M which leave the metric
invariant is still called the affine group of M, and denoted Aff(M). Thus, when G C Aff(M),
equation (21) becomes computationally trivialized.

When M is a compact manifold, it is known [20] that the connected components of the identity
in the affine group and in the group of isometries of M coincide. Note that, by definition of
the metamorphoses, we are only interested in diffeomorphisms g which belong to this connected
component. The group of isometries of a compact finite dimensional manifold is itself a compact
finite dimensional manifold. Thus, if M is compact, morphoparallel transport coincides with
parallel transport only in specific situations.

4.2. Evolution of the velocity. From (10) and (21), we get immediately

vy = 64 0 (dm,gi )" 0 0}y (20) - (23)
From (9), we get, for w € g 24 (z,, Adg, (W), = 4 (v, Ady, (w))g- Thus we deduce from (17)
that
d
dt <Ut ’ Adgt (w)>g = 02 <Zt ’ vzt Adgtw>mt (24)

This equation without second term only depends on the Lie group structure. It has the general
form of a geodesic equation on a Lie group with a right-invariant metric, as derived in [1]. The non-
vanishing left-hand term modifies this conservative evolution to account for the template evolution
part of the optimal metamorphosis. This part cannot vanish unless the the metamorphosis is
constant, since (9) and zg = 0 implies vg = 0 as initial condition. Thus, a pure metamorphosis
can only be obtained a the limit process for which ¢ — 0, while zy remains non zero.

If we let S, (w) = V,w, for w € g, we may finally write

@ ((Ady, Y (), w)y = ((Adg)! 0 S1,(20), ),

or

d
S (Ady Y — (Ady, )18, =0 (25)

g
Since, as we have seen (z;, Va%tAdgtW>mt = <gt, Vl%ttn> t, we get from (20) that
Ht

d
gt Adg, )y = (0. 0u0(VEew))
which yields,
t
(v, Adg,w)y, = (vo, w), + <z0, /0 HSO(Vf’-fsw)ds> (26)

Finally, we can reintroduce the expression of fi5; in function of fig = zq, yielding f1s = 9;[0 (z0) to
explicit the dependency of v; as a function of vy and zg.

4.3. Examples.

4.3.1. Ezample 1. This first example enters exactly in the setting of affine action on M. Here
M = (R¥)N with the usual dot product. If g = (B,T) € G, g can be represented as an affine
transformation on M whose differential is given by

de((Ula oo anN) = (Bnlv' o ?BnN)
so that (25) gives

i —1_4
zp = Bz
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and (23) gives

N
tp ~1 it i
By = "By E 20 My
i=1
N
_ tB -1 7
Tt = t ZO
i=1

4.3.2. Ezample 2. Here, the action of G is not affine. Let us verify this, assuming that M, = R*

to simplify. In this case, letting m = (m?!,...,m") and u’ = g~*(m?):

Adg(n)(m) = (dg(n*(uh)), -+ duv g™ (1))

As a consequence, working on the ith component, we have for & € T, M
(V&) = dpig™ (dmi(duigon’og™")(duig(€")))

= dpyig (diig(ni(ui), ) +duigo dmni({‘))
= duin' (&) + dmig™! (dfﬂg(ni(ui)afiﬁ :

Since Vi nt = dy; nt(£%), the matric is not conserved. Morphoparallel transport along (gz, pt¢) is
the solution of the equation

dn} —142 i dp’

at + (dp;'gt) dﬂigt(n E) =0.
4.3.3. Example 3. This is again (at least formally) an affine action: M is a linear space and
m — gm = mo g~ is linear in m. To explicit equation (21), we need to compute, according to
equation (22) z; = (dp,g; ) 20, which is characterized by

[ﬁ@mwwzéam@mmm=A%wfwwwmgw@

so that equation (21) is z(y) = |dyg; | 20 © g, ' (v)-

Figure 4 provides examples of solutions of this system with a fixed initial image (template). The
first two simply are reconstructions of precomputed geodesics, with two different target images.
The third one provides two ways for averaging the previous two: first by averaging the target
images, which clearly provides unsatisfactory results, then by by averaging the initial conditions
zop before solving the evolution equations, with a much more consistent result.

5. A LAST EXAMPLE: DEFORMING GEOMETRIC CURVES

We conclude this paper with the presentation of a fourth example of metamorphosis, in which
M is, as a set, a Hilbert space, but with a non-trivial metric. Indeed, we consider regular plane
curves in parametric form, that is functions m : [0, 1] — €, with  an open bounded subset of IR>.
We assume enough derivatives for the following formal computations, and we restrict to closed
curves, m(0) = m(1), together with all required derivatives.

On this “manifold” M, we will use the metric (with &, 7 : [0,1] — IR? having the same regularity
and periodicity condition)

! dm

€= [ @) | T o

¢ and 7 can in fact be considered as vector fields supported by the image of m in IR? and the

corresponding metric is with respect to arc-length integration on m. In the following, we will

denote ¢, () = |dm/dx| = ds/dz, s being the arc-length on m. This is a natural metric if one is

interested in the geometric aspects of the deformation. Recall that we restrict to regular curves
so that g, is non-vanishing on [0, 1].

We now consider the action of a group G of diffeomorphisms of Q on M, letting (gm)(z) =
gom(z). When G is defined like in examples 2 and 3, on the basis of a Hilbert space V of vector




METAMORPHOSES THROUGH LIE GROUP ACTION 15

FI1GURE 4. Solving the evolution equations with different initial conditions allows
to represent a large range of image varieties. The first line, with a single image, is
the template. The second line provides the initial zg, the true target (from which
zp is computed), and the reconstruction of the target by geodesic evolution. The
third line provides the same, with a different target. Finally, the last line compares
the naive averaging of the targets (second image) to the output of averaging the
initial zo before solving the geodesic equations.

fields on €, the infinitesimal action, defined for v € V' is v(m)(z) = v o m(z) and the energy of a
metamorphosis (gy, p1¢) is

2

me

The geodesic equations (10) and (13) require the computation of the dual evaluation function,
§f . and of the Levi-Civita connnection on M. Starting with 1, we have (K being the reproducible
kernel on V)

€. n(),, = / (@) (m () () de

- / (o) €(2) , ), G (2)dx
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so that

and equation (10) writes
() = [ Kgm@)) (e, (o) (1)

with 02z, = dmy/dt — vy o my.
The covariant derivative can be computed from the standard formula

2(C, Ven) =&, Q) +n(&, m) — ¢, m —([& ¢, m) — ([0, <], &) +([€,n], ¢)

which yields, after a simple computation,

Ven=&n+ % (n(fq) +&(nq) — pt"E)

where pf is defined by
1 f 1
| trh@n@ar = [ @) Com(a)da
0 0

Using the fact that g,,(x) = |dm/dz|, we have (Cq)m(x) = t%Tm () with 7y, (2) = (dm/dx)/ |dm/dz|
(the unit tangent) so that, using integration by parts,

d
A

and
1 e tdn d ,,
Ven=en+ o (10 0 + €0 P+ 4 (Cenr))
Introducing the arc-length derivative d/ds = (1/q)d/dx, this writes
1/ ‘tde tdy . d ,,
Ven=en-+ 3 (n )+ €00 + 7 (Cen)
In particular, adopting, for short, the notation @ = %1; and v’ = %, and using the fact that
(m) = 022 + dpur
1
Vaz = 343 <z(t(dv7')7') +o22(*2r) + () + ((tzm)f)’)
1
= i+ (2 (or)r) +20% (') + (') + (i) )

(v and dv being evaluated at m).
Since (¢, Ven) = <V1~77, €>, the same analysis provides

Vin=nic+ % (C(nq) —n(Cq) + pt”C)

with (¢, €) = (¢, &n), so that

1/ 'd td d
Vin=ric+ 5 (G - n( Gor) - 5 (Cn0m))

Applying this to ¢ = z and 7,, = v(m) = v om yields zfv = dvz and
Viv =tdvz + % (z(t(dm—)r) —v(Z'7) — ((tZ’U)T)I)
This yields the equation for z;
i4tdvz + (‘rdor)z + 022("2'1) = 0 (28)
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We therefore an summarize the geodesic equation for the studied action by
()" = 022" + dpvr
24 tdvz + (frdur)z + O'QZ(tZ/T> =0
1
v(y) = J, K(y,m)zds

APPENDIX A. EXISTENCE OF SOLUTIONS OF % = deRg,v¢

In this section, we consider, on G, the right invariant Riemannian structure associated to the
norm on g, and we assume that G is a complete Riemannian manifold. We will also assume that
there exists a constant C' such that |[v, w][; < C'[v]; |w|,, for v,w € g.

Our goal is to define solutions of equation (1), when v; satisfies

1
ol ::/0 el dt < oo

First note that, if v; is continuous in time, a solution exists at least in small time, and we now
show that it can be extended to [0,1]. Along such a solution, we have

t
dG(QSagt) S / |’US‘gd8

which implies that if [0, 7] is a maximal interval for the solution, a limit can be found for g; when
t tends to T (because G is complete), and the solution can be further extended beyond T', unless
of course T' = 1.

We now show that, for any h € G and u € g:

|Aduw, uly < exp (Cdg (e, wy)) Jul,

Indeed let h; be a geodesic between e and h (it exists because G is complete), and let 4; =

(deRm)’l"ld—}}t so that

d _ .
%Adhtu = ||y, Adp,u)] < C |u13|(g |Adhtu\g
9

and J
2 ~ 2
% |Adhtu|g S 2C |’Uq§|g |Adhtu|g .

By Gronwall’s lemma, this implies

t
|Adn,ul, < [u], exp (c/ |ﬁs|gds) = Jul, exp (Cda(e, b)) -
0

Now, consider the map v — g¥ which associates to (v : s — v;), assumed to be continuous

and belonging to L'([0,1], g), the solution of (1) at time t. If v,w € L'([0, 1], g), we have, letting
a = 9¢(9¢) "
dqe

(deRQt)ili dt

t
da(9¢,9¢") = da(e, qr) S/ pm
0 g

A straightforward computation shows that

dqs
Ps = (deRqs)f1 d(i = v — Adq;1w5

Sd
Vs — Wg — /0 %Adqf wsdu

Vg — Wy — / [pu,Adqglws]du
0

Since dale,q, ") = dalgs, 9%) < dale, ) + dole, g¢) < ol g + 1] 5, we have

S
ImbSWrW%+Cﬂp@Wﬂm+WMMDAImww%w
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and by Gronwall’s lemma again, there exists a continuous function K(||v||; ,,[lwl]; ;) such that

|pslg < K(l|v]ly g flwl

1) lw =l
so that
da(9¢.9¢") < K([[v]ly g |wlly ) llw—vlly 4

This implies that gf is uniformly continuous over bounded subsets of L!([0,1],g) N C°([0,1],g),
and can therefore be extended by continuity to L ([0, 1], g).

APPENDIX B. PROOF OF PROPOSITION 2

Proof. (=) Indeed, for any u € M, let u : M — M, be the constant vector field defined by

u(m) = u for any m € M. Let v = Ady(u). If z; = tu, then % = u and if y, = g(z), we have
dy dx
Y 1,005 = dyg(u) = Ady () () = v(o).
Then
Vo, W~ Ty @ d = e
2 W = v g (Van() = dug(V g o) = 0,

is constant and g(u) = y0_|_f1 dy g —

where (a) comes from the invariance property of g. Thus 0 dt

9(0) + dog(u).

dy
v dt

(«<): Assume that g : M — M is defined by g(u) = ¢(0) + B(u) where B is a continuous
invertible linear operateur on M. For any X and Y € y!(M), since in this flat case, VxY =
dY (X), we get

Ady(VxY)(m) = Body1mY(X(g ' (m))).
Now, dm(Adg(Y)) =Bo dg—l(m)Y o B~1, so that

Vad,(x)Adg(Y) = Body—1()Y (X (g7 (m))) = Ady(VxY)(m),

and the result is proved. a
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