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ABSTRACT. Non rigid deformations of patterns can be interpreted as the action
of an infinite dimensional group .A(n) on a given set P of patterns. Following Lie
group ideas, a small deformation can be well described by an element y of the
tangent space at identity T..A(n). Given a metric n on T..A(n), which brings the
cost of a small deformation, we show that we can define on A(n) a left invariant
distance d 4(,) which gives the distance between two arbitrary large deformations.
This allows to reformulate in a unified framework many pattern recognition tasks.
Finally, we propose a sub-optimal algorithm to solve three important classes of pat-
tern recognition problems through a gradient algorithm on A(n) whose convergence
is rigorously established.
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1. INTRODUCTION

During the last decade, the use of deformable models in pattern recognition and
in pattern matching have became more and more usual. However, the theoretical
framework of this approach is not yet fixed and much of the mathematical work is
still to be done. At a formal level, the problem can be formulated as follows. Assume
that you have a set of “patterns” P and a set of “actions” or “deformations” or also
“transformations” A such that for each a in A and each f € P we can define the
deformation of f by a as a new element of P denoted af. A natural assumption at
this level is that A has a group structure so that we can define the product of two
elements @ and a’ € A denoted aa’ and the inverse denoted ¢! of an element a € A.
We should also assume quite naturally that A is acting on P i.e. a(a’f) = (ad)f and
ef = f where e is the identity element of A. Such a situation is quite common, and
as a first example, we can choose for P the subsets of R? (binary shapes) and for A
the group of the isometries of R? or the group of the affine transformations. Actually,
one needs often a larger group allowing non rigid local transformations, to cover for
instance the huge variability of biological shape [4].

An important issue is to define an appropriate distance d4 on A inducing a distance

dp between the elements of P by
dp(f1, [2) = inf{ dale,a) | afi = fo }. (1)

This approach is quite natural since the distance between two patterns should be

a measure of the amount of “deformation” needed to go from f; to f;. However,
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the symmetry property of the distance dp (dp(fi,f2) = dp(f2, f1)) is fulfilled if
da(e,a) = da(e,a™") so that a property of left invariance d4(aay,aaz) = da(ar,az))
or right invariance (d4(aia,a2a) = da(ai,az)) of the distance d4 is natural and
attractive. Moreover, if d 4 is left invariant, then (a,b)—d4(a™", b7") is right invariant
so that we can focus on left invariant distances. If A is a finite dimensional Lie group
of transformations, then choosing a metric on the Lie algebra T..A and extending this
metric on A by left multiplication, we can define the associated geodesic distance
which is left invariant. In the framework of deformable model, this choice of a metric
on T, A corresponds to our a priori on the cost of the small deformations and should
be designed according to our precise application. This approach, applied on infinite
dimensional groups of transformations, has been suggested by R. Azencott in [2] for

shapes recognition.

However, for infinite dimensional group of transformations, two important difficul-
ties arise. The first one is to define a Lie group structure on a infinite dimensional
group of transformations and the second one is to equip this Lie group with a left
invariant metric for which we can define the associated geodesic distance [6, 10].
There is in fact a third difficulty which is that we should keep in mind that we want
at the very end to have an appropriate numerical scheme to solve various pattern

recognition problems in this framework.

In this paper, we will assume that P is the set of the measurable functions from
a finite dimensional Riemannian compact manifold M without boundary to a finite
dimensional manifold X. This definition matches numerous examples. For instance,
the closed curves in R? correspond to the case M = R/Z (1 dimensional torus)
and X = R? (see [12, 11]). The case of the periodic grey-level images correspond to
M = R?*/Z* (2 dimensional torus) and X = R. In both last case, X is a vector space.
However, more general situations arise if we work with images with bounded grey-
level values (X = R* or X = [a,b]) or with images where f(m) is an unitary vector
in R%i.e. X = S? representing for instance the direction in m of a some physical field.
The fact that M is without boundary is a bit restrictive. However, this restriction,
only technical, could certainly be relaxed and simplifies the results we will prove in
this paper.

As group of deformations A, a natural choice is to consider the group Hom(M) of
the homeomorphism on M with the action ¢f = fo ¢ for f € P and ¢ € Hom(M).

However, this choice may be too restrictive in some situations since the transformation
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does not affect the range of f. For instance, in the case of closed curves in R?, fo ¢
is only a change of variable which does not affect the geometric shape of the curve.
Hence, in order to modify the range of f, assume that there exists a finite dimensional
Lie group (G acting on X by the action (g, z)—gz. In the case of closed curves, one
can choose G = R? with the action (g,z)—¢ + z. In the case of positive images
X = R*, we can choose as (G the multiplicative group R} where gz denotes here
the multiplication in R. The case X = S? of images of unitary vector in R? is more
interesting since we can choose for ¢ various groups of matrices acting on S?. Now,
if C(M, () is the set of the continuous mapping from M to GG on which we have the
group product given by the pointwise multiplication in G (i.e. hh'(m) = h(m)h'(m)),
C(M, ) acts on P through the action (h, f)—hf where hf is defined by

hf(m) = h(m)f(m); me M.

Now, putting together both previous actions, we will assume that A = Hom(M) x
C(M,), and for any a = (¢, h) € A and f € P, the action of a on f will be defined
by

af =h(fo9),

where on A we have the group product

aa' = (¢ o ¢, h(h 0 ¢)),

with a = (¢, h) and o' = (¢', h’). At this point, we see that A is not a Lie group, even
infinite dimensional. We could have chosen for A the space Diff**(M) x C*(M, &)
where Diff**( M) is the set of smooth diffeomorphisms on M and C*(M, (7) the set of
smooth mappings from M to (i so that we could have seen A as an ILB (inverse limit
of Banach space) Lie group as defined in [8] with Lie algebra X(M) x C*(M, &)
where X(M) is the set of the smooth vector fields on M and C*°(M,®) the set
of the smooth mappings from M to the Lie algebra & of . However, we do not
want to restrict ourself to smooth transformations and we prefer to start with A4 =
Hom(M) x C'(M, ), which is in a sense the largest possible group of transformations
we can need, and to look for sub-groups of A. On the other side, we will consider the
space X(M) x C™(M,®) as the formal Lie algebra of A denoted T.A. This space
could seem to be too small to be the tangent space of A at identity, but our point
of view is that it is, in a sense, the largest tangent space which will be included

in all the tangent spaces at identity of the sub-groups we will consider. Now, start
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from a norm n on X(M) x C*°(M,®). The principle of our construction will be, for
any sufficiently smooth path t—Y; from [0,1] to X(M) x C*®°(M®), to define the

integrated path t—a; in A as the solution of the equation formally expressed as

da
- atYy (2)

where ay denotes the left translation of y € X(M) x C*(M,®) by the formal dif-
ferential of the left multiplication by a. Now, considering paths with finite length
according to n i.e. fj n(Ys)ds < oo, we will define the sub-group of transformations

A(n) as the ending points of all the integrated paths of finite length. Hence, formally,

A(n) 1nf{a1|/ d5<oo ap = e }. (3)

One should say here that the previous point of view is nothing but a generalisation
to infinite dimensional Lie algebra of the construction proposed by R. Palais in [9]
for the construction of finite dimensional Lie group of transformations from a finite
dimensional Lie sub-algebra f of X(M) x C*(M,®). Here, the condition a_l d“ €h
is replaced by the condition of finite length with respect to n. In our case, the sub-
group is parametrized by the choice of the norm n and the final sub-group is infinite
dimensional.

Then, we will define on A(n) the associated geodesic distance

da(ny(e, a) mf{/ d3|a0—e a; =a }. (4)

In part 2, we will precise the conditions on which we could give a rigorous meaning
to (2) and we will deduce conditions on the norm n such that paths of finite length
for n in the tangent space at identity can be integrated in A. We will then give a
precise definition of A(n) and of the distance of d4(,) and we will prove in theorem
2.15 that (A(n),d4(n)) is a complete metric space.

In part 3, we will show that even if A(n) has not a Lie group structure nor a
differentiable structure in the usual sense, A(n) can be equipped with a weak dif-
ferentiable structure modeled over a Banach space, but strong enough to define the
exponential mapping and a useful notion of differentiable real valued functions.

In part 4, we restrict ourself to the important case when n is an hilbertian norm.
In this case, the sub-group A(n) has a weak differentiable modeled over an Hilbert

space. We show then that given a differentiable real valued function K. one can
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define the gradient VFE and under some additional conditions on F. for every initial

deformation ag, the solution of the formal gradient evolution equation

da

—=-V,,FE. 5

kv, (5
In part 5, we apply this result to three important problems of pattern recognition:
Template fitting: Assume that we single out a pattern f € P called the template

pattern. Let L : X—R™ be a non negative function called the penalty function. The

problem of template fitting for the penalty function L is to find a € A(n) minimizing

J,, al)dp + duguy(e.a) (5

where e denotes the identity element in A, d 4, the left invariant distance on A(n)
and g is the normalized Riemannian measure on M. If a is a solution of the problem
(we do not discuss for the moment the existence of such a solution), then f =af will
be called the fit of f according to L.

Patterns classification: Assume here that we single out fy,---, f,, p patterns in P

as template patterns. Now consider a new pattern f € P. We define the similarity of

[ with f; by

S(J.f) = inf [ L(f(m),(af)(m))dp + dam(e, a)’. (7)
a€A(n) JM

The value of L(z,z') is usually a kind of distance between z and z’ which controls

the similarity between points of X. Now, considering the values of S(f, fi) for all

i € {l,---,p}, we can classify f into one of the classes defined by the f;’s.

Pattern matching: Keeping the notation introduced for the classification problem,
we denote a; the element of A(n) (if it exists) achieving the minimal value of S(f, fi)
for ¢ minimizing the values of the S(f, fi)’s. Indeed, if ¢EZ is the homeomorphism
corresponding to a;, i is a mapping from the points (m, f(m)) of the new pattern
to the points (qu(m), fo qu(m)) of the template f;.

We will propose in this last part a sub-optimal solution to these three problems
based on a gradient algorithm in A(n) for the function E(a) = f; L(af)du in the case
of template fitting and F(a) = [, L(f, af)du in the case of pattern classification and
pattern matching. This sub-optimal solution can be achieved numerically in various

situations as it will be shown in a forthcoming paper.
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2. THE ABSTRACT CONSTRUCTION OF A(n)

Let us recall briefly the framework and the notations. Let M and X be two finite
dimensional manifolds. We assume that M is compact, connected and Riemannian.
We denote P the set of all the measurable functions from M to X. The set P will be
called the space of patterns. Now, let G be a finite dimensional connected Lie group
and & be its Lie algebra. We assume that G acts on X and the action of g € G
on x € X will be denoted gz. Now, let C'(M, ) be the set of all the continuous
functions from M to GG and Hom(M) be the set of all the homeomorphisms on M.
One can define on C(M, ) a group product (h,h')—hh' for all h and A" in C(M,G)
where A" = hh' is defined by h”(m) = h(m)h'(m) and g¢’ denotes the product on G.
Moreover, C(M, ) acts on P through the following action

(hf)(m) = h(m)f(m) ; meM, heC(M,G), feP. (8)

Consider the set A = Hom(M) x C'(M, &) which will be called the set of the actions.
For each element ¢ € A we will denote ¢ its component on Hom(M) and h its
component on C'(M, ). We can define on A the product (a, a’)—ad’ for all a = (¢, h)
and o’ = (&', h') by

aa’ = (¢'0 ¢, h(h'0 ¢)) (9)

where o denotes the composition of functions. One verifies easily that for this product,

A is a group acting on P through the following action

af = h(foo), (10)

where a = (¢, h).

Let (, >% denotes the metric at point m € M and VM denotes the Riemannian
connection on M. Let 1¢ denotes the identity element in G and let ( | >i; be a scalar
product on & (people unfamiliar with Riemannian geometry and Lie group theory
could usefully refer to [3] and [5]). We extend this scalar product on each tangent
space T,G through left multiplication so that G becomes a Riemannian manifold. We

denote V& the Riemannian connection on G.
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Definition 2.1. (1) For all u € X(M), we define

Juloe = sup{ ((u(m), u(m));))"/* | m e M },

Vulo = sup{ [V} ulow | v € X(M), |v]o =11}
(2) For all z € C*(M,®), we define

zle = sup{ ((z(m), =(m))7 )/* | m € M },

Velo = sup{ |Vzlo [0 € (M), [v] =11},

where 2/ = V®z is defined by 2'(m) = d,,z(v(m)) and d,,z is the differential
of zat me M.

Throughout this work, for all Y € C*([0,1] x M,TM x &), we will denotes U
its component on T'M and 7 its component on & so that U € C*°([0,1] x M, TM)
and Z € C*([0,1] x M,®). As usual, for t € [0,1], ¥; denotes the function in
C®(M,TM x &) defined by Y;(m) = Y(t,m) for any m € M. Moreover, = denotes
the canonical projection of TM x & on M.

Definition 2.2. Let 7> be defined by

7> = {YeC®(0,1] x M,TM x &) | moY; =1dy Vt € [0,1]
and Y} is vanishing outside a compact set of |0, 1] }. (11)

To avoid ambiguities, let us say that Y; is vanishing if Y;(m) = (0,,,0g) for all m € M
where 0,,, (resp. Og) denotes the null vector in T, M (resp. in &).

Let e be the identity element of A. This element is defined by e(m) = (m, 1) for
all m € M. As said before in the introduction, we consider formally the space X(M) x
C>(M,®) as the tangent space at e of A so that this space will be denoted T.A. The
tilded notation recalls that 7.4 is not the tangent space as usually defined on Lie
groups. Throughout this work, y will usually denote an element of T.A and u (resp.
z) its component on X(M), (resp. its component on C*(M,®)). In order to define
the formal tangent space T, A for every a € A, we consider the left multiplication L,

on A defined by L,(a’) = aa’. We can easily compute formally its differential Je(La)
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at e given for any y = (u,z) € T.A by

do(La)(y)(m) = (uog(m),dry(Lngm))((z 0 $)(m))) | (12)

where a = (¢, h) and d;,(L,) denotes the usual differential at 1 of the left multipli-
cation by ¢ € G on G. In order the simplify the formulation, we will use the notation
ay to denote JS(LQ)(y) and h(z o ¢) to denote m—di,(Ly(m))((2 0 ¢)(m)) so that we

get the new definition

ay = (uod,h(zo04)). (13)

Hence, we define
T,A = {ay|yeT.A}. (14)

Let C([0,1] x M, M x () (resp. C*°([0,1] x M, M x (7)) be the set of the continuous
(resp. smooth) functions from [0, 1] x M to M x Gi. For any A € C([0,1] x M, M x (),
we denote @ its component on M and H its component on & so that ® € C([0,1] x
M, M) and H € C([0,1] x M,). From the classical theory of O.D.E. on smooth
manifolds, we deduce that for all Y € 7., there exists A € C*([0,1] x M, M x )
such that Ay = e and

0A

Fn AYs, (15)

that is &g = Idp;, Ho = 15 and
Se(t,m) = U(t, ®(t,m))
(16)
2l(t,m) = H(t,m)Z(t,®(t,m)),

where Y = (U, Z) and A = (&, H). We will now establish control lemmas on A as a

function of Y in order to define the solution of (15) on a larger set of Y.
2.1. Control lemmas on A.

Definition 2.3. Let dj; and dg denote the distances associated with the Riemannian
structure on M and GG. We define the distance d4 on A by

daa,a) = sup du(6(m),d/(m)) + sup da(h(m), b'(m)). (17)

meM meM
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where a = (¢, h) and @’ = (¢, k). Moreover, we define on C([0,1] x M, M x () the
distance D defined by

DAY = sup  du(@u(m), ¥ (m)) + sup da(H.(m), Hi(m)), (18)

s
s<1, meM s<1, meM

where A = (&, H) and A’ = (¢’ H").

From the completeness of M and G (in the topological sense), we deduce that
C([0,1] x M, M x () is a complete metric space for the distance D.

Lemma 2.4. Let Y € T and denote A = (®, H) the solution of (15). For all m,
m' in M and all t € [0,1], we have

da(®i(m), @4(m')) < dar(m, m’) exp(/ot |VU|sods), (19)

de(H,(m), Hy(m')) < dys(m,m’) /0 1V 2, expl /0 VU ds)ds. (20)

Proof. Let p € C*([0,1], M) be a smooth path such that p(0) = m and p(1) = m'.
Let A = (CT),E) € C>=([0,1] x [0,1], M x ) be defined by

Alt,s) = Alt,p(s)). (21)

Using covariant derivatives, we get

%(2_?) - %(%‘f) = D (008(Ls) = VULE(s). (22

ds

Hence, if r = <%, %)g, we get
or D [0®\ 8D
—_— = 2 —_— —_— el g < 2 ool 2
ol <dt(8s)’ gs e < 2V Uler (23)
so that applying the Gronwall’s lemma we get
t
r<rg exp(?/ |VUs|ds). (24)
0
Thus, we have finally
Bl dp t
il R
151 < 1L expl( | [V, eedu) (25)

and

I (B(t,m), 01, m')) = d(B(1,0),8(1,1)) < e 7=t [P g (o)
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Considering %, we get using covariant derivatives and the left invariance of the

metric on G

D (0H D (9H — .
— =] = — (== = HV :Z(t,®(s,1)). 2
dt(@s) ds(at) V% (1, @(s,1) (27)
Now, let r; = <%, %)G, we get from (27)
ar P
2 < 9pl/2 il
O <o vl 0| )
Since rg = 0, we deduce that
t 9

so that using (25) we get

t u 1
da(H (L), H(t,m) < [ 19 Zulccexp( [ [VUsldu’) [ | 1ds. (30)
0 0 0 S

Since (26) and (30) is true for an arbitrary smooth path on M from m to m’, we get

(19) and (20). Thus the proof is complete [

Lemma 2.5. Let Y = (U, Z) and Y' = (U', Z') be in T and let A = (®,H) (resp.
A" = (@', H")) be the solution of (15). Then for all t € [0,1] and all m € M, we have

dag (®4(m), ®)(m)) < K(1), (31)

da(Hm), Hi(m) < [ (7 = Z)uloo + (1970l + V(7' = 7)) K ()

(32)
where
t t ’ /
K(t) = / (U = U)o [P0 oo IV =T el gy (33)
0
Proof. Consider Y € C*([0,1] x [0,1] x M, TM x &) defined by
f/(s,t, m) = Y(t,m)+s(Y'(t,m)—Y(t,m)). (34)

As usual, we denote U its component on T M and Z its component on ®. There exists

Aon C([0,1] x [0,1] x M, M x &) such that

oA

e ALY, (35)
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We denote @ its component on M and H its component on . Using covariant

derivatives, we get

D (9% D (9% - -
- a— = — a— = (U/—U)toq)—l-(VagUt—l-Svag(U/—U)t)O(I)-
dt \ O0s ds \ Ot En Bs
(36)
Let ry = |83;;;f|2. We deduce from (36) and the equality 22 = 2(Z2 <8£) %%{ that
0
a_’t” < A|VU o + $(V(U' = U)|oo)r + 2]U" — Ulsor/7. (37)
Applying the Gronwall’s lemma to /r, we get finally
a_q’| < /t U — Ulsoeu TV o190 =Dles gy (38)
ds ' ~ Jo
so that
A (B(t,m), ¥(t,m) = da(B(0,t,m), B(1,0,m) < K().  (39)

Thus, (31) is proved. We turn now to the proof of (32). We have

%(%ﬁ) _ dﬁ(aa_ff) = D2+ (2 - 1)

_ 7 ((Z’ 20 b 4V 5 (Z+ (2 — 7))o &)t) . (40)

Let ry = |88_f?|2 We deduce from (40) that

9 0P
5 = 27 = Dl + IV(Z 4 5(Z' = 2l o] ) (41)
ot 0s
Hence, using the upper bound (38) of |%|, we get
| (s,t,m)| < / (7 o+ (IV(Z + 8(Z" — 7Z))ul|oo) K (u)du. (42)

Finally, we get
de(H(t,m), H'(t,m)) = dg(H(0,t,m), H(1,t,m))
< 107 = Z)alee + (9 Zuc + V(= Z))ulec) K (w)du, (43

so that the proof is complete. [
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2.2. Definition of A(n). In the definition below we characterize the norms n for

which we will define A(n).
Definition 2.6. Let n be a norm on X(M) x C*(M, ®). We say that n is admissible
if
(1) there exists K > 0 such that for all y = (u,z) € X(M) x C*(M, &) we have
|t + [Vuloo + [2|oc + [V2]oo < Kn(y), (44)
(2) the function y—n(y) from X(M) x C*°(M,®) to R is continuous for the C'*
topology on X(M) x C*(M, &).
Moreover, for all Y € 7.°, we define for t € [0, 1]
t
NY(Y) = / n(Y,)ds. (45)
0
The norm N' will be usually denoted N.
The condition on n is not restrictive and will be easily checked in most of the

particular cases (see for instance the discussion at the end of the paper). Moreover,

N defines a norm on 7.*°. From now, we consider a fixed admissible norm n

Proposition 2.7. Let A : T*—C([0,1] x M, M x ) be such that for all Y € T,
A(Y) is the solution of (15). Then,

(1) there exists K > 0 such that for all Y and Y' in T
sup dA(A(Y)t, A(Yl)t) S [(Nt(y o Yl)efx"(Nt(Y)-l-Nt(Y/)) (46)

s<t

(2) the application A is Lipschitz, uniformly on bounded set, for the norm N on
7.2 and the distance D on C([0,1] x M, M x G).

Proof. The proof is a straightforward consequence of lemma 2.5 [

Corollary 2.8. Since (C([0,1] x M, M x ), D) is a complete metric space, A has
an unique extension on the completion of T° for the norm N. This completion will

be denoted Ty .

Definition 2.9. From proposition 2.7 and corollary 2.8, one can define an application

a:Ty—C(M,M x G) such that for all Y € Ty
a(Y)im) = AY)(1l,m); me M. (47)
We can now define the set A(n)
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Definition 2.10. Let A(n) be the subset of A define by

An) = {alY)|Y ey }. (48)
Notation 2.11. (1) For all Y and Y’ in 7,>°, we define Y x Y’ € 7™ by

1
(Y * Y/)(t, m) 2 Y(Qt, m)ltSl/g + YI(Qt — 5, m)1t>1/2. (49)

= 2
Since N(Y «Y") = N(Y) + N(Y"), we define ¥ x Y’ by density on Ty x Tx.
(2) For all Y € T, we define S(V) € T by
S(Y)(t,m) = —Y(1—tm). (50)
Again, since N(S(Y)) = N(Y), we define S(Y) by density on Ty.

We obviously note that for Y € 7%, A(Y); € A. Hence, for Y € Ty, A; € A for

all t € [0, 1]. Moreover we have the lemma
Lemma 2.12. For all Y and Y' in Ty we have

a(YxY') = a(Y)a(Y’'), (51)

a(Y)a(S(Y)) = e. (52)

Proof. Using a density argument, if its sufficient to prove the result for Y and Y’ €
7. The proof of the first equality is then straightforward. For the second one, one
just have to check by derivation that

ASY)ANY) = AYV)e; te0,1] (53)
Hence, the proof is complete [

Proposition 2.13. The set A(n) is a sub-group of A.

Proof. From the previous lemma, we get that A(n) is stable for the product and the

inverse. Since e € A(n) we get the result. O
Definition 2.14. Let d4,) : A(n) x A(n)—R* defined by

damy(e,a) = inf{ N(Y)|Y €Ty, a(Y)=a }; a € An), (54)

d.A(n)(aa al) = d.A(’rL)(ea a_lal)7 (55)

where a~! is the inverse of a in A.
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Theorem 2.15. The application d g,y defines a left invariant distance on A(n) for
which (A(n),dagy) is complele.

Proof. Let us show that d 4, is a distance. From proposition 2.7, we get that
da(e,a) < KdA(n)(e,a)ehyd“‘(")(e’a) (56)

so that dy,(e,a) = 0 implies that a = e. Now, from (53), we deduce that for all
a, a’ € A(n) and all Y € Ty such that ¢’ = aa(Y'), we have a = a’a(S(Y)). Since
we have N(Y) = N(S(Y)) we deduce that dy,(a,a’) = dapy(a’,a) and dyg,y is
symmetric. Finally, let a, @’ and a” be three points in A(n) and let Y and Y’ be in
7n such that ¢’ = ea(Y) and a” = a’a(Y”). From (52) we get

a" = aa(Y)a(Y') = a(YxY'). (57)

Since N(Y xY') = N(Y) 4+ N(Y’), we deduce immediately that d4,) satisfies the
triangle inequality so that d4(,) is a distance.

We will prove now that A(n) is complete. Let us first introduce a family of operators
on 7Ty. Consider the sequence (¢3)ger defined by ¢ = 1 —27%. For all p, ¢ € N such
that 0 < p < ¢, we consider the application M, , : (7,°)! P =T >°

qg—1

M, (Y, Y, q) = 221““1@(2“1@—tk))ltkﬁqm. (58)

k=p

One easily verifies that for p < ¢ < r we have the following properties

a(Mpy(Yp, -+, Y41)) = a(¥y)---a(Yy), (59)

r—1
N(MPJ’()/ZM"' 7)/7’—1)_MP7Q()/Z)7"' 7)/q—1>) = ZN()/]C% (60)
k=q

so that we can extend by density M, , in an application from (7x)?"? to 7y for which
(59) and (60) remain true. Consider now a Cauchy sequence (a, )ner in A(n). We can
assume that 3,y da(m)(adn, any1) < 400. Thus, there exists a sequence (Y} )nen in
Tn such that 3, .y N(Y,) < 400 and a,41 = a,a(Y,). Since the sequence (ay,),en is
bounded in (A(n),d 4(n)), we deduce from proposition 2.7 (1) that there exists K’ > 0
such that da(an, dnyp) < K'd gy (an, dnyp). Hence (a,)nen is a Cauchy sequence in
(A,d4) so that there exists a., € A such that d4(as,a,)—0. From equality (60), the
limit in ¢ for fixed p in Ty of M, ,(Y,, -+ ,Y,_1) exists. Let §~/p be this limit. From
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equality (59) we deduce that a., = a,a(Y,). This last equality shows that a., € A(n)
and that d4(n)(@oo, @) < 3232, N(Y2). The proof is ended [

Proposition 2.16. There exists K > 0 such that for all a and o’ € A(n), we have
da(a,ad") < Kdaw)(a,a')exp(Kdamy(a,d)). (61)

Proof. From proposition 2.7 we get that

da(e,a) < Kdymy(e, a)exp(Kdam (e, a)). (62)
Moreover, since
da(a,d’) = sup dy(p(m),¢'(m)) + sup dg(h(m),h'(m)) (63)
meM meM
and
sup dM(¢)(m)7 gb/(m)) = sup dM(mv gb, 0 ¢_1(m))7
meM meM
(64)
sup da(h(m), K'(m)) = supda(la,h™ o g~ (m)h' o 67 (m)),
meM meM
we get that
dA(av a/) = dA(ev a_la/)a (65)

so that the proof is complete. [

3. A WEAK DIFFERENTIABLE STRUCTURE ON A(n)
3.1. Tangent spaces.

Definition 3.1. For all a € A(n)
(1) we define n* the norm on T, A defined by

n(y) = n(a”'y), (66)
(2) we denote TQA(n) the completion of T, A for the norm n®.

For all a € A(n), the Banach space TQ.A(n) will play the role of the tangent space
at a in A(n). However, as mention in the introduction, A(n) has not a structure of
differential manifold modeled over a Banach space so that we will avoid the notation
T, A(n). Furthermore, since the application y—ay from T.A to T, A is an isometry,
it can be extended to an application from TEA(n) to ffaA(n) so that we have

T,An) = {ay|yeT.An)}. (67)
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3.2. Exponential.
Definition 3.2. (1) Let j: T.A—Ty be defined by

i) (t,m) = y(m). (68)

Since, N(j(y)) = n(y), 7 can be uniquely extended from TE.A(n) to Tn.
(2) Let exp : TE.A(n)—>.A(n) be defined by

exp = aoj. (69)
(3) For all a € A(n), we define exp, : ffa.A(n)—nA(n) by
exp,(y) = aexp(a'y). (70)

Remark 1. The notation exp comes from the fact that for all y € T.A, for all m € M,
the application t— exp(ty)(m) € C*(R, G x M) satisfies

{ exp(Oy) = ¢

“exp(ty)(m)) = (exp(ty)y)(m),

(71)

so that t— exp(ty) is a morphism from R to A(n). More generally, for all a € A(n),
ally € T, A and all m € M, the application t— exp,(ty)(m) € C*(R, G x M) satisfies

{eXpa(Uy) = a

4 (exp,(ty)(m)) = (exp,(ty)y)(m),

(72)

3.3. Differentiable applications. In spite of we have only a weak notion of dif-

ferentiable structure on A(n), we will define the differentiability for functions on

A(n)

Definition 3.3. Let F be a function from A(n) to R

(1) We say that F is differentiable at a € A(n), if £ oexp, from the Banach space
ffaA(n) to R is differentiable at 0 € TQA(n) in the usual sense. We will use
the notation d, £ to denote do(E o exp).

(2) We say that E is differentiable on A(n) if F is differentiable at any point
a € An).
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3.4. Important examples. We are concerned here by a relevant example of diffe-

rentiable applications in the context of pattern recognition.

Definition 3.4. (1) Let R = M x (G on which we consider the metric defined for
all r = (ry,r2) € R by

<w7 w/>f = <w17 w;>i\14 + <w27 w/2>7(=;2 (73)

where w = (wy,ws) and w’ = (W], w}) are elements of T,R = T, M xT,,G.

(2) For all g € C*(R,R), we define

Vgl = sup{ |[Vig(r)| |r€ X xR}, (74)

ViV gl = sup{ [VV ()] | (r,w) € R x TR, |w| <1 }. (75)

Theorem 3.5. Assume that the action (g,z)—gx is C* and let f be a C? pattern
ie. feC*M,X).
(1) Let L € C*(X,R) such that
(VB + VAV < 400, (76)

where | € C*(R,R) is defined by I(r) = L(rof(r1)). Then, the function E :
A(n)—R defined by

Ela) = [ Liaf)dn (17)
is differentiable on A(n) and for all a € A(n) and all y € TQA(n)
LBy = [ (VM(a), y)"dp. (78)

(2) Let L € C*(X x X,R) such that

sup(|VF, ] + VIV 0) < +oc. (79)

reX

where [ € C*(X x R,R) is defined by l(z,1) = L(z,r2f(r1)) and I, by 1.(r) =
l(z,r). Let f € P such that f(M) is relatively compact. Then the function
E: A(n)—R defined by

Bla) = [ L(faf)dy (30)
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is differentiable on A(n) and for all a € A(n) and y € TQ.A(n)
_ Ry ¢ R
LEw) = [ (VRUT a), ) dp (81)

Remark 2. Note that for y € T,A, d,E(y) can be defined by (78) or (81), but should
be extended by density for y € TQA(n). In part (2), the assumption on the relative
compactness of f(M) is just to ensure that L(f, af) is integrable.

Proof. Since part (2) implies obviously part (1), we will proved only the second part.
Let a € A(n), y = (u,2) € T.A and m € M. Now, consider the applications
r = (ry,r2) € C*([0,1], R) and ¢ € C*([0,1],R) defined by r(s) = exp,(sy)(m) and

q(s) =1(f(m),r(s)). We have

dg r; dr\R
— [, — 2
U o Ty, (52)
and
d*q R wr, dr R r, DB [dr\ g
a9 _ R [
ds? <V%V 7d5> +{V " ds \ds ) (83)
where 1;)1_? is the covariant derivative on R. Since
D_R ary  _ % dry D_G dry (84)
ds \ds N ds ds |7 ds \ ds
and
dr
d—Sl = u(rl)a
(85)
dr
d—; = TQZ(Tl),
we get
DM dTl
E(E) Varulr),
(86)
DG d?"g &
a(a) r2Vin
so that
DE d
TN S (IVuloe + V2]l < ma(y) (87)
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Moreover we have |2|? = |ryz(m)|? + [u(r2)|* < n(y)?. Thus we deduce from (83)
that

d*q

—| < Mn"(y)* 88

29 < awe (59)
where

M = sup(|[VEl|w + [VFVEL|). (89)
z€X

Hence, by integration by parts we get

(1)~ a(0) ~ Do) < [0 - )DL jas < vm ()2 (90
Since 2(0) = y(m), 2(0) = (VFI, y(m))" and
[, (57 )] < sup |97 | (0) (o1)

we get the result. The proof of the theorem is complete O

4. HILBERT SUB-GROUPS

In this part, we are concerned by a interesting particular case of admissible norm

n.

Definition 4.1. Let n be an admissible norm. We say that A(n) is a Hilbert sub-

group of A if there exists a scalar product (, )_on T.A such that n(y) = ((y, y),)"/?

for all y € TGA.
Finally, defining the scalar product { , ), on T, A by

(v, 9", = (a7y, a™ly),, (92)
we get that for all y € TQA, n*(y) = ((y, y>a)1/2-

For Hilbert sub-groups A(n), the tangent spaces are separable Hilbert spaces so

that for any differentiable application £ : A(n)—R, one can define the gradient of
E.

Definition 4.2. Let A(n) be a Hilbert sub-group of A and let £ : A(n)—R be a
differentiable application. Then for any a € A(n), we denote V,E the unique element
of ffa.A(n) such that for all y € TQA(n) we have

dE(y) = (V.E, y),. (93)
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For pattern classification and recognition tasks, we will have to consider non linear
evolution equations on A(n) defined by 'fl—: = —V,FE. More generally, we have to look
for integrability conditions of vector fields on A(n).

4.1. Integration of vector fields on A(n).
Definition 4.3. Let F' be a vector fields on A(n) i.e. an application from A(n) to
f.A(n) such that F(a) € TQ.A(n) for all a € A(n).
(1) We say that F'is bounded if there exists K > 0 such that
sup n"(F(a)) < K. (94)
a€A(n)

(2) We say that F' is strongly Lipschitz if there exists K > 0 such that for all a

and a' in A(n) we have
n(a™'F(a)— (a')"F(a')) < Kda(a,a"). (95)

Since da(a,a’) < Kdygy(a,a’), if Fis strongly Lipschitz, then F' is Lipschitz in
the usual sense. We show in the next lemma that there exists a canonical imbedding

of C([0,1], T.A(n)) in Tx.

Lemma 4.4. Let V € C(]0, 1],T6.A(n)), then there exists a sequence (Vy,)nen in T,
such that [ n(V — V,)—0 when n lends lo infinily.

Proof. Let (y,)pen be a Hilbert basis of ﬂA(n). We denote (a,)yen the family of
component functions defined by «,(t) = (y,, Vi).. Since V € C(]0, 1],T6A(n)), we
deduce that a, € C([0,1],R) for all p € N. Hence, there exists a family (ozl;)hpeN of
elements of C*([0, 1], R) with compact supports in |0, 1] such that

1
/0 (a]; - ozp)Zdt < Q_k, (96)

so that N(V — 3 <, a7y,)—0 when n tends to infinity. The proof is complete if we
notice that by definition of 7.4, for each Yy € TG.A(n), there exists a sequence (y]l;)keN
in T.A such that o/;y;f € 7.°° and lim,— o n(y, — y]’;) =0.

We get from the last lemma the following important corollary.

Corollary 4.5. Assume that A(n) is a Hilbert sub-group of A and let F' be a bounded
and strongly Lipschilz vector field. Then, for all a € C([0,1], A(n)), a ' F(a) € Tn.
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Proof. 1t is sufficient to show that a™'F(a) € C([0, 1],T6A(n)). However, from pro-
position 2.16 and the fact that F' is strongly Lipschitz, we get that

n(a™ (1) F(a(t)) — a™ (') F(a(t')) < da(a(t),a(t)))
< ](dA(n) (a(t),a(t)) eXp(](dA(n) (a(t),a(t))), (97)
so that the proof is complete. [

Theorem 4.6. Assume that A(n) is a Hilbert sub-group of A and let F' be a bounded
and strongly Lipschilz vector field on A(n). Let B A(n)—ifefl(n) by defined by
F(a) = a"'F(a). Then there exists p € C([0,1], A(n)) such that

p = A(Fop) (9)
The equation (98) is nothing more than an integrated version of the formal evolution
equation

Ip

— = Fop. 99

5 op (99)

Moreover, from corollary 4.5, since p € C([0, 1], A(n)), Fope Ty and equality (98)
is well defined.

4.2. Proof of the theorem 4.6. We will use an iterative scheme. We will built a
a sequence of approximates p, € C([0,1],.A(n)) by induction:

(1) For all ¢t € [0,1], po(t) =€,

(2) puy1 = A(Y,,) where Y, = F(pn)
The sequence p, is not defined until we have proved that Y, € 7y. It is sufficient
to prove that if p € C([0,1], A(n)) then Fope C(lo, 1],ffeA(n)) and that A(Y) €
C([0,1], A(n)) for all Y = F o p. The first part is proved by the corollary 4.5. For the
second part, note that if Y € C/([0, 1],T6A(n)), then for all 0 < s <t <1 we have

Lu (AY)os AOYV)) < [ n(Vo)du. (100)

Since u—n(Y,,) is continuous on [0, 1] , we deduce that A(Y') € C'([0, 1], A(n)). Hence,
the sequence (p,)nen is well defined.

Lemma 4.7. The sequence (p,)nen converges in C([0,1] x M, M x ).
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Proof. Using proposition 2.7 and the fact that F' is bounded, we deduce that there
exists K > 0 such that

La(pesr (1, pa(0) < K [ 0B (o) — Fpor))ds. (101)

Hence, if we denote r,(t) = sup,c, da(pay1(s),pna(s)), we get that there exists K’
(independent of n) such that

r(t) < K [ e (s)ds, (102)
so that
ra(1) < ([Z)nrou), (103)

and the proof is complete. [

From the previous lemma, we get that there exists a., € C([0,1],.A) which is the
limit of a,. To prove that a., is the solution of our problem, we have to show that

ae € C([0,1], A(n)). The key argument is the following.
Lemma 4.8. The sequence (Y, )nen is a Cauchy sequence in Ty.

Proof. Since F' is strongly Lipschitz, we have N(Y, 11 —VY,) < Kr,(1) where r, is

defined in the previous proof. Hence the proof is complete. [

From the previous lemma, we can define Y, as the limit of Y, in 7y so that a., =
A(Y.). Moreover, using again the fact that F'is strongly Lipschitz, we get that there
exists K > 0 such that N(F 0o — Yoo) < KD(ay,as) so that we obtain that
Y., = F'oa.,. This complete the proof of the theorem.

4.3. Convergence of the Cauchy approximates. lLet 0 =1, <{; <--- <, =1
be a subdivision denoted o of the interval [0,1]. We define the Cauchy approximate
associated to o of a., by

e a’(0) =e,

o a7(1) = exp,oq, (1 — 1) F (a7 (1)) for ty <1<ty
The path a” is obtained through the approximation of F(a"(t)) by F(a“(tk)) for
L € [tr, tgs1[- We will show that there exists K > 0 such that

da(a’,ax) < Klo|, (104)

where |o| = supgcjc, (trt1 — ).
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Indeed, let Y7 = Y725 F(ag(tk))ltkgtdkH- We verifies easily that «” = A(Y7).
Hence, since F'is bounded, we get from the proposition 2.13 that there exists K > 0
such that

dalas(l),a’(t)) < K /Otn(F(aoo(s)) —Y7(s))ds

<K /Otn(ﬁ(aoo(s)) — F(a®(s)))ds + K/O n(F(a’(s)) — Y(s))ds. (105)

Now, since F' is strongly Lipschitz, we get first that there exists K > 0 (indepen-

A A

dent of o) such that n(F(a’(s)) — Y7(s)) < Klo| and n(F(aw(s)) — F(a"(s))) <
Kda(as(s),a’(s)). Then, using Gronwall’s lemma, we obtain the inequality (104).

4.4. Application to gradient algorithms. We come back the our important

examples of differentiable applications introduced in theorem 3.5.

Proposition 4.9. Assume that A(n) is a Hilbert sub-group of A and that the action
(g,2)—gz is C*. Let f be a C? pattern i.e. f € C*(M,X).
(1) Let L € C*(X,R) such that
(VB o + VAV < +o0, (106)
where | € C*(R,R) is defined by l(r) = L(rof(r1)). Let E : A(n)—R defined
by
E(a) = / L{af)du. (107)
M
Then the gradient field VE is bounded and strongly Lipschitz.
(2) Let L € C*(X x X,R) such that

sup(| VP, |oo + VAV o) < +o0. (108)

rzeX

where | € C*X x R,R) is defined by by l(z,r) = L(z,rof(r1)) and I, by
I.(r) = lz,r). Let f € P such that f(M) is relatively compact. Let F :
A(n)—R defined by

Bla) = [ L(J,af)d (109)

Then the gradient field VE is bounded and strongly Lipschitz.
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Proof. Part (2) obviously implies part (1) so that we will do the proof of the second
part. We use the notation of the proof of the theorem 3.5. Let a € A(n) and y €
fa.A(n). Since

4B <1 [ (VU a), y)dpl < sup [V7L]on(y), (110)

reX

we deduce that n*(V,E) < sup,cx |V?l|x so that VE is bounded. We want to
prove now that VE is strongly Lipschitz. Let a and o’ be in A(n), let m € M, let
y € TGA(n) and let p € C*([0,1], M x () such that p(0) = a(m) and p(1) = a'(m).

Let ¢ € CY([0,1],R) be defined by ¢(s) = (VEI(f(m),p(s)), p(s)y>R where p(s)y
denotes (u(pi(s)), p2(s)z(pi(s))) with p = (p1,p2) and y = (u, z). One computes

U= (O YRFm),p(s), pl))" + (T ). pls)), T (pls)) ™. (1)

Since
D )| = (9% pa(5) 9 2)] < () 2, (n2)

we get
1991 < n()| 2, (13)

so that

(VR F(m), a(m)), (ay)(m))™ — (VFI(f(m),a'(m)), (a'y)(m))"]
< Mn(y)da(a,a’), (114)

where

M = sup(|VFlL|w + |VEVFL|). (115)
reX

After integration under y, we obtain finally that for all y € 7,.A(n) we have
|d, E(ay) — do E(a'y)| < Mn(y)da(a,d) (116)
so that
n(a"'V,E — (a')"'V — d'E) < Mn(y)da(a,d'). (117)

Thus, VE is strongly Lipschitz and the proof is complete. [
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5. APPLICATION TO PATTERN RECOGNITION

5.1. Sub-optimal solutions. We turn back to the problem of pattern classification
and matching as set in the introduction. Let A(n) be a Hilbert sub-group of A and
assume that the action is C?. Let L € C*(X x X,R) be non negative. The value of
L(z, ') should be interpreted as a distance between x and z’. Let ( f;)1<i<, be a family
of C? patterns in P called the template patterns. Now, let f € P be the observed
pattern. For all 7 € {1,--- ,p}, we define F; : A(n)—R by and W; : A(n)—R by

Fi(a) = /M L(f, af)dp, (118)

and
Wila) = Ei(a) + dagne,a)’ (119)
Let S; = inf,ea(n Wi(a). We will say that [ belongs to the class of f; if 5; < S; for

all j # 1. The problem of classification is then connected to the computation of the
value of S;. This computation cannot be performed directly. Moreover, even if we
look for a local minimum of W; through a gradient algorithm on W;, one should have
to prove that a—d 4, (e, a)? is differentiable in the sense of definition 3.3 and that
the gradient field is bounded and strongly Lipschitz. This is not likely to be true in
general. However, concerning the function £;, we have proved in the previous part
that (cf definition 3.4 and theorem 3.5) if

su§(|VRli(:r;, oo + |VRVRZZ-(QZ, Ioo) < 00 (120)
re

where I; € C*(X x R,R) is given by Li(z,r) = L(z,rifi(ry)) for all z € X and
r = (r1,r2) € R, then E; is differentiable and the gradient field in bounded and
strongly continuous. Hence, there exists p; € C([0,1],. A(n)) with is the solution of
the formal gradient equation
dpi
dt

VB (121)
i.e.
p = A(Y)withY, = —pi(t)_lvpi(t)Ei. (122)

In fact, the gradient equation have a solution in [0, +oc[. We just have to define by

induction on n € N

pi(t+n) = pi(n)s.(t);t €]0,1], (123)
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where s,, is solution of
ds,
dt
and L, () denotes the left multiplication by s,. Now, let ¢; € C(Ry,R,) be defined
by

W) = Fp0)+ ([ (T Bds) (129

The function ¢; is in fact in C'*([0, +oo[, R) as shown in the following proposition.

Proposition 5.1. The function ¢; € C*([0, +oc[,R) and

dg; t

Ji - |Vp¢Ei|;29i + (2/0 |sz'Ei pid5)|vpz‘Ei pi* (126)
Proof. 1t is sufficient to prove that c¢(t) = E;(pi(t)) is C* for ¢ € [0,1] and that
de = —|V,iFil2. Let (Y")uen a sequence in 7. such that N(Y™ — Y)—0 where

Y, = pi(t)_lvpi(t)Ei. Let p* = A(Y"™) and ¢,(t) = Ei(p"(t)). Since Y™ € 7°, one
easily get that

t
en(t) —cn(0) = —/ {Vani,pnY”%nds
0
t
_ _/ (Vi iy Vo Ei), ds+ e, (127)
0 2
where
t t
e = [ (VB Vo, ds — [ (VB pY7) uds. (128)
0 0
However,

(Vpiboiy Vi i) o = (Vpn By p"YT) |
< |<Vp”Ei7 p"Y" — pnpi_lvpz‘Ei>pn - <pnpi_lvpz‘Ei - Vp"Eia pnpi_lvp,'Ei>
< |Vp”Ei|p”|Yn - pz’_lvpg‘Ei|e + |Vp¢Ei|pz‘

p”|

PV B = (p") T Vpn Bl (129)

Since VFE is bounded and strongly Lipschitz, there exists K > 0 such that
len] < KN(Y™ —Y)+ KD(p;,p") (130)

where D is defined in definition 2.3 so that ¢,—0 when n tends to infinity. Moreover,

cn(t) — ¢ (0)—c(t) — ¢(0) so that

() —c0) = — [ IV, BL, (131)
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and the proof is complete. [

Proposition 5.2. There exists {; € [0, +oc[ so that

q(t) = %Izlg q(t). (132)
Proof. We do the proof by contradiction. Assume that there exists an increasing
sequence (L, )nen such that lim¢, = +oo and ¢;(t,) > ¢i(tn41). Then, for all n > 0,
there exits t* €]t,, t,41] such that %(t;) <0i.e.

i
IV ey Ei| > 2/0 IV, Ei|ds. (133)

Assume that [;° |V, F;|ds > 0. Then considering eventually a subsequence of (£, )nen,
we can assume that there exists a > 0 such that 2f(§: |V, Eilds > a for all n > 0.
Since VF; is bounded, there exists K > 0 (cf proposition 2.16) such that for all
Lt <0, da(pi(t),pi(t) < K|t —t'|exp(K (|t — t|). Now, using the fact that VE; is
strongly Lipschitz, we get that there exists > 0 such that for all ¢ € [t* —n, ¢ + 7]

\Vpin) Ei| = . (134)

Thus, [5°|V,,E;|*ds = 400. Since we have proved that 4(F; o p;) = —|V,, E;|* we
deduce that F;(p;(t))— — oo which is in contradiction with the fact that £ is non
negative. Hence [;° |V,, F;|*ds = 0. However, we get in this case that p;(¢) = e for all
t > 0 so that ¢; is constant. This is again in contradiction with ¢;(¢,) > ¢;(t,+1). The
proof is ended. [

From the previous proposition, we define

S’z = q2(£2)7
(135)
ﬁz = pz(tz)
Since, one has
Wile) = 4i(0),
(136)
Wi(pi(1)) < ai(),
we get that
S; < 5. (137)

Definition 5.3. We will say that P = argmingi is the sub-optimal solution of the

classification problem and p: the the sub-optimal solution of the matching problem.
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The essential fact here, is that the sub-optimal solution of the classification problem
as well as the sub-optimal solution of the matching problem are well defined and can

be numerically computed, so that this approach seems very attractive.

5.2. Examples. In this subsection, we will present some applications of the previous

scheme to various tasks in images and signals processing.

5.2.1. Structural restoration of grey level images. In this framework, we say that a
grey level image is a measurable function from M = R?/Z? to X = R. One could
choose for M the unit square [0,1]* but we prefer the choice of the 2-dimensional
torus to have a compact manifold without boundary. This choice also allows to define
translated images f,(m) = f(m + u). We single out a C? template in P denoted f
and we consider an observed images f € P. The problem of structural restoration
of images as defined in [1] is described in the following way. We consider a Hilbert
space of vector fields on M and we define the solution of the structural restoration

problem by

@ = argmin /M(f(m) — f(m +u(m))dp + (u, u) 5. (138)

Given @, we have a complete matching between the points of f and those of f by
m—m + u(m) (note that m + u(m) should be interpreted as a sum mod 1). This
approach has been performed in the case of X-rays images of hands in [1]. However,
one of the main drawbacks of this approach is that the matching m—m +u(m) is not
onto nor injective on M. This problem is particularly visible when large deformations
are involved.

In our framework, the problem can be well-posed. It corresponds to the case G
reduced to {1g}. Then the tangent space T..A is isomorphic to X(M). Now, if we
define the norm n on T.A by

n(y) = (v, v)p)? (139)

and assuming that n is admissible (which is the case for the scalar product considered
in [1]), we can defined the Hilbert sub-group A(n) of A whose tangent space TEA(n)
is isomorphic to H. Then, it appears that

[ (Flm) = flom -+ u(m))dp + (u, w),y (140)
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is an approximation near e = Idas (u(m) = ¢(m) — m) to

[ (Fm) = F(0(m)du + dageye: 0)* (141)

Now, since (z,z2')—(xz — z’)* is C'* and since (& is compact, we can define the sub-
optimal solution <Z> of the recognition problem (in this case, we have only one tem-
plate). Since <Z> € Hom(M), the matching is invertible.

With our framework, we can also allows a simultaneous displacement of the points
of M and a variation of the grey levels. It is sufficient to consider G = R with
the action gz = ¢ + x. In this case, we have & = R and T.A is isomorphic to
C*(M,R? x R). The admissible norm can be given for y = (u, z) € T.A by

n(y) = ((u, )y + (2, 2)p)"%, (142)

where (, ), is a scalar product on C'*°(M,R) such that
2]oe + V2] < K (2, 2) "%, (143)

5.2.2. Structural restoration of displacement fields. We consider here that X = R?
that is the patterns are vectors fields in M. Then one can choose for G either G = {14}
or R? according the fact that we want or not to deform the values of f(m) for m € M.
A more unusual case is X = S*, that is f(m) is an unit vector, and G = S* with the
action given by the complex product (here we consider S* as the set of the complex
number with norm 1). Again in this case, T.A is isomorphic to C*(M,R x R) and

we can define the norm n by (142). For the function L, we can choose
L(z,2") = |z —2']% (144)

where = and 2’ are again considered as elements of C and |z| denotes the usual
norm on C. One verifies easily that L is C'*°. Since G is compact, the condition
for the differentiability of E(a) = [y, L(f, af)du is fulfilled and we can define the

sub-optimal solution p of the matching problem.

5.2.3. Active contours. We consider here closed curves living in R?, so that M = R/Z
and X = RP?. For (G, a natural choice is R? with the action gz = g + . Given a
admissible norm on 7.4 and a penalty function L € C*(X,R,), the solution p of the
formal gradient equation

dp

o= Wk (145)
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can be interpreted as a method of deformable contours as introduced in [7]. However,
in our framework, the solution of (145) is well defined for all ¢ > 0.

5.3. Choices of n. We will not go further in our examples, since the framework
is sufficiently general to be apply in many situations. We want here to show that
the condition of admissibility on n is weak. We will consider the case when M =
R?/Z? and the Lie algebra of GG is isomorphic to R? Then, T.A is isomorphic to
C®(M,R? x R?). Let y = (u,z) € T.A where u is the component on R and z on R®.
Since M is the p-dimensional torus, one can define for all p-uplet 7 € NP the Fourier

coefficient uffA (resp. ZS) of the k-th component of u (resp. z). Then let (a4)aeny be a

1/2
2)) . (146)

We get from the Sobolev imbeddings that n is an admissible norm if there exist
B>a>p+3, K>0and K’ > 0 such that for all n € N?

sequence of non negative numbers and define

n(y) = (E aq(lua)® + |za

neNP

A

K'(|a| 4+ 1) > a; > K(|

+ 1) (147)

where || = sup |n;|. For example, in the case curves in R% i.e. M = R/Z and X = R?

we can choose the norm
nlyf = [(Au)?+utdp+ [1822 + |2 dp (148)

where A is the Laplacian. The case of norm n defined with the Fourier coefficients is
particularly appealing for numerical reasons since one can use Fast Fourier Transform
on computer in the implementation. However, the norm should be chosen according

to the regularity expected on the elements of A(n).
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