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Fault Detection in a Class of Stochastic Hybrid Systems

Eugenio Cinquemani, Mario Micheli and Giorgio Picci

Abstract—We consider the problem offault detectionfor a  is comparable to the rate of possible abrupt changes (e.g.
Stochastic Hybrid System described by a state-space model ruptures) in the plant.

with the following properties: the state equation evolves con- The paper is organized as follows. In section Il we

tinuously in time according to a linear stochastic differential . - . . .
equation; noisy measurements of the continuous state are made Intreduce the generatontinuoustime dynamicsdiscrete
available at discrete deterministic times, by a static linear time measuremenstochastic hybrid modednd formalize
equation; the parameters of both the state evolution and the the state estimation problems of our concern. We then
measurement equation depend on a discrete state described asfocus on the special case of fault detection and introduce
a continuous-time Markov chain. This model is particularly e switching timet* and the final discrete statg® as
suitable for those applications where the frequency of measure- . o .
ments is comparable to the “rate of change” of the Markov an (_allternatlve Ch.aracterlzatlc_)n of thf“{_t) trajectory. In
chain, and allows the discrete state to switch in between Section lll we derive a statistically equivalent model based
measurements. We solve the problem of estimating both the on system discretization along fixed trajectorieg oBased
continuous and the discrete state, given the measurements up on this result, the interpretation of the estimation sof
to a certain time, in an on-line manner. We also provide the 55 averaging otonditional Kalman filters- i.e. ordinary
results of significant numerical simulations. - " N . )
Kalman filters conditioned om* and ¢* — is discussed in
section IV. Section V presents methods for the efficient
computation of the posteriorijoint probability distribution
The problem of fault detection for Stochastic Hybridof t* andg*, and shows its connection with the computation
Systems has often been formulated in terms of state esf the a posterioridensity ofz for arbitrary valuesof ¢*
timation of discrete-time Jump Markov Linear Systemsand ¢*. The latter problem is studied in section VI, and
There is already a rich literature on this topic; for exampleis solved by way of an optimal algorithm for the update
see Tugnait [23][24], Bar-Shalom [2], Elliottt al. [9], of the conditional Kalman recursion as a function 6f
Murphy [21], Logothetis & Krishnamurthy [19], Chen & and ¢*. Numerical results are shown and briefly discussed
Liu [3], Lerner et al. [18], Koutsoukoset al. [16][17], in section VII, whereas final comments and perspectives of
Doucet et al. [7][8], Hofbaur & Williams [12], Costa our work are reported in Section VIII.
et al. [5][6], and Germaniet al. [10]. Others have worked  For reasons of space, all proofs will be omitted; we refer
on the continuous-time version of the problem (both in th¢he reader to [4] for details.
state dynamic&nd the measurement process). To hame a
few, see for instance Miller & Runggaldier [20], Hibey & Il. PROBLEM FORMULATION
Charalambous [11], Het al. [13], and Zhang [25]. Let 7 = {tx}ren, be thedeterministictime sequence
In the present paper we study the problem of state: = k7', where T > 0 is a given constant and
estimation for a model where the continuous statwolves No = {0,1,2,...}. Consider a finitestate spaceQ =
in time described by a linear stochadiferential equation  {0,1,2,..., N — 1} and letq denote its generic element.
and noisy measurements are acquired periodically at fixétfsume that we are given matrix functiods: Q — R"*",
deterministic time instants The parameters of both the G : @ — R™™™, H : Q — RP*", and K : Q — RP*",
state equation and the measurement equation depend owhich assign to each valug € Q a 4-tuple of matrices
discrete statg which evolves in time as aontinuous-time (¥4, Gq, Hy, Kq).

I. INTRODUCTION

Markov chain The goal is estimating the pair;, ¢), given Consider the following dynamical modeél:
the available measurements. Note that the discrete state may . _
. ; L t) = F, t)+G t
switch (in principle, even more than oncbptweentwo T va(k) _ If(t)mgc()t:) +q}t{)u( )'Uk , teR, t, €T,
different measurements. In this work we will restrict our a(te) a(te) 1)

attention to a typicafault detectionsetting, where all but whereu(t) is continuous-time white Gaussian noisg, is

one discrete states are absorbing (see, e.g. Nikiforov [Z,Za'rscrete-time white Gaussian noise arity) ~ N(Mo, Zo)-
Such model is particularly well-suited for industrial appli-g\rthermore q(t), t € R is a continuous-time, homoge-

cations where measurements are taken at a frequency thahysmarkov chainwith assigned transition probabilities
_ _ _ T;;(A) £ Plg(t + A) = j|q(t) = i] and initial probabili-
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equation and the measurement equation. Our problem fir ¢ > 0, and is undefined fot < 0. In particular, when

the following: given measurements up to timg that is
k A

y* = {yo,. ..

for the joint state(x, ¢). More precisely, forj, k € Ny we

wish to compute the least squares estimate ottrinuous

statex(t;):

&y = arg min B [||z - 2(t;)[* [y"] = Ee(t;) |4"],
2

and at the same time tlaeposterioriprobability distribution
of the discretestate:

pie(a) £ Pla(t;) =q|y"]. ®3)

We will mostly restrict our attention to the casg¢s= k
(filtering) andj = k + 1 (prediction).

po = 1 we have that* ~ £(A). We shall compute the

, Uk + we wish to compute the “best” estimatea posteriori probabilities

P[t* <t q" =q|y"] (5)

from which probabilities (3) follow immediately:

pj\k(Q) = {

In practice, this will be done by computing and integrating

Pit* > t; | y*] for g=0
Plt* <t;,q* = q|y*] for q¢#0

A d
fregr (tqly®) & @ (6)

with an abuse of notation we shall indicate the latter

P[t* <t ¢ =q|y"];

According to our model the discrete state can switClynction by f(t*, ¢*|y*). Observe that

between different values i@ betweentwo successive
measurements — in principle, even more than once: this

FEa1yF) o< FORIE q) - F(E,q)

makes the exact computation of the above estimates a
formidable task. In the present paper, however, we shaihere

limit ourselves to afault detectionsetting. That is, we

will assume the state® \ {0} to be absorbing for given
positive parameter$)\, ..., \y—_1}, the generator matrix

G = [$%] ,_, of processy(t) shall be [15]:
_()\1+---+>\N—1)"" /\j
0
G= (4)
: 0
0

that corresponds to a transition probability matfl; (A)]
of the form:

efAA ‘
0

=)

T(A) =
: In_1
0

("¢ =q) = f(t") Plg" = q]

(with f(t*) = Ae=™" for t* > 0 andP[¢* = ¢] = \,/A)

can be easily computed from the system’s parameters. Part
of the paper, as we shall see, will be devoted to the
iterative computation of factof(y* |t*, ¢*). Thea posteriori
probability density of the switch time also follows:

N-—1
FE ) =" ft.q* = qlyb).
q=1

For the sake of clarity, the assumptipp = 1 will be
maintained throughout the rest of the paper.

IIl. THE CONDITIONED SYSTEM

Despite the stochastic nature of switching, one may fix
the values oft* and ¢*, i.e. the whole trajectoryy(t),

whereA 2 "' \;. The graphical representation of suchand study the system associated to it. What is obtained

Markov process is shown in Figure 1.

Fig. 1. Graphical representation of Markov Process (4).

In this setting, there can keg mostone switching of the

is a standard linear time-varying Gaussian system with all
the parameters determined byt). Such a system can be
discretized i.e. one may define theampled stater;, £
z(ty) and thediscrete-time time-varying linear Gaussian
system,

Tk+1 =

Yk =

with u, ~ N(0, Qx(t*, ¢*)) being a white process indepen-
dent of {v; } andx, so that the joint statistical description

of x;, and y, is identical to that of the original system
givent* and¢*. The equivalence is guaranteed by a suitable

Ap(t*,¢") e +  up

,* * * ) 7
Colt Y ar + Dpltt,q) e )

discrete state from state 0 to any of the absorbing stat680ice of the parameters (1%, ¢*), Qi (t*, ¢*), Cr (1, ¢7),

{1,...,N — 1}. Hence, trajectory,(t) is characterizedby

the switching timet* (i.e. the time at which the event takes

place) and thenew discrete state* (i.e. the value ofy(t)
for ¢ > t*). The probability distribution function of* is

Fu(t)=(1—e)py+ (1 — po)

Dy (t*, ¢*), which will be discussed below. Clearly, (7) is
a state-space representation of the random variahlesd

yi conditioned ont* andg*. Moreover, for changing values
of t* andg*, it describes a family of models corresponding
to the different possible realizations gft). In the sequel
we will refer to (7) as theconditioned system



A. Computation of the Conditioned System parameters where mean and variance may be interpreted as the mini-

In this section we will assume that is fixed and* takes Mum error variance estimate of giveny" and the associ-
value in a certain intervdky,, t1), with t),, t, 1 € 7. The ated error covariance matrix for the conditioned system (see

interval is assumed to be open without loss of generality.for instance [14]). In particular,

Lemma 1l:Let ¢ € Q. If F, and —F, have disjoint Tkt %) (10)
spectra, theLyapunov equatiorfy, J, + J,F = —G,GT Frar it q%) (11)
admits a unique solution id, (see [1], pp. 203-204). O

Based on this technical result, the parameters of (7) ¢
easily be computed.

are the conditional Kalman filter and the conditional
Khiman predictorfor the corresponding conditioned system,

and
Proposition 1: Assume thatF, and —F;, have disjoint .
spectrag € Q. Then: P (t*, q%) (12)
Fork # h (i.e.t* ¢ (ty,tps1)), Progin(t*, 4%) (13)
At q*) = A Qu(t*,q*) = J, — Ay J,AT are the respective error covariance matrices. These may be
AU q kL7, q q qvq41q ", .
Cw(t,q*) = H,  Dy(t*,q") = K, computed by aonditional Kalman recursion
where A, £ ef«T andq=0if k < h, ¢ =q¢* if k> h; Measurement update:
Eo kol * * * *\ 4
Fork = h (i.e. t* € (ty, ter1)), Tpie = Tpip—1 + L, ¢")[ye — Cr(t*, ) Tpjp—1]
~ ~ P = Prp—1 — Le(t*, ¢")Cr(t*, ¢*) Pjp—1
Ak (t*a q*) - Ak (t*7 q*)Ak (t*a 0) . (14)
Qk(t*a q*) = Sk(t*a q*) - Ak(t*7 q*)Sk(t*, O)Ag(t*a q*) Time Update:
Cr(t*,q¢*) = H, N A
Drtee o) gtk = AeltL € ) 1s)

Pii1 = Ap(t*, ¢*) Pop AL (%, ¢%) + Qr(t*, ¢*)

where the (conditional) Kalman gaih(t*, ¢*) depends
on Ci(t*, q*), Di(t*,q*) and Py,_,. In general, as all the
Sk(t*,q) = Jy — Azf(t*,q*)qu;T(t*aq*)- [ System parameters that appear in the recursion depend on
) t* and ¢*, so do (103(13). By equation (8), estimate (2)
Remark 1.If the assumption on the spectrum @, s therefore equal to the conditional average
fails to hold, Lemma 1 cannot be applied. For arbitrary
matrices Fy, less convenient expressions fQr, and Sy ) Foo &
(where matrices/, appear) can still be found. Bjk= ) /0 (", q") f (", ¢"y")dt™.  (16)
*=1
Remark 2For k # h, Ak(t*,q*) and Qx(t*, ¢*) do not .q . ,
depend on thepecificvalue oft*. In fact, they depend oft Hence, forj = k (or k+1), we have a natural interpretation

only throughh. The same holds fof, (¢*, ¢*), Dx(t*,¢q*),  ©f £, @saveraging of Kalman filters (or predictorsNote
for any k. that (8) is an average of Gaussian densities — parameterized

y t* andg* — weighted byf (t*, ¢*|y*). What is obtained

n general is not at all Gaussian iy, hence there is no
hope to compute:;,, in a linear recursive manner [14].

It is now evident that the probability densities (9) and
&8+, ¢*|v*) play a fundamental role in the estimation
process. Hence, with the computation of integral (16) in

where A, (t*, ¢*) £ eFar (ter=t") - 4, (¢%,0) £ Folt"—tx)
and, for everyg € Q,

N-1

Remark 3At this stage, all parameters of the conditione
system are expressed as explicit functiong*fy*. Notice
that J,, ¢ € Q may be computedffline with arbitrary
precision using standard numerical techniques. Paramet
Ag, Qr, k # h can be computed offline as well.

IV. THE FILTERING PROBLEM AS AVERAGING OF mind, the attention shifts to derivingxplicit expressions
KALMAN FILTERS for (9) (Section Vl) andf(t*, q*|yk) (sections V and Vl)
We shall now take a deeper look at the estimation V. SWITCHING TIME ESTIMATION

problems we stated in section Il. For any indgxconsider
the computation of ; ;. Application of the Total Probability
Law to the probability density of; given y* yields

In this section we shall present a technique for the com-
putation of thea posterioriprobability densityf (t*, ¢* |y*)
of the switching time and the final discrete state.
N-1 rtoo The a posterioridensity f(t*|y*) is simply given by:
Flal) = 30 [ st )1l dre. @ o
= FEI) =D F a ly*);
We recognizef (z;|t*, ¢*, y*) to be thea posterioridensity gr=1
of the stater; giveny* of the conditioned system (7).
In the light of the discussion of section Ifior any fixed
value oft* and everyg* it must hold that

analogously, a suitable integration pft*, ¢*|y*) yields the

a posterioridistribution (3). On the other hand, as discussed
in the previous section, densitf(t*, ¢*|y*) is involved in
Fl@j|t, q y%) ~ N (&%, ¢%), Pi(t*,q%)),  (9) the computation of the estimate oft;) as well.



St q%) 2 diag{Qr—1(t*, ¢*), Qe-2(t*,¢"), ..., Qo(t*, ¢*), To } € REFInx(k+ln (hlock diagonal matrix) (17)

[ Apy ApqAp—o - Ap1Ap_o.. AdAT Ap 1 Ap_o.. A1Ap T
0 0 I Aoy o ApoAis.. AgAy ApoAps... AjAg
0 0 0 I coo Ap_3Ap_4...AsA1 Ap_3Ai_4...A1Ag
| | ERETDT Ot g) & | L : : :
0 0 0 0 s Ay A1Ag
™ 0 0 0 o I Ao
| 0 0 0 0 I ]
(18)

We will obtain f(t*,q*|y*) by first computing B. Iterative formulation for the computation ¢ty*|t*, ¢*).
f(yhlt*d q? aﬂd then applying Bayesrule. Two dn‘fer((ajnt The above computation may look somewhat cumber-
methods for the computation gf(y"(t*, ¢*) are presented, ¢ . however it only requires the computation of the

both making use of the results of section Ill. For the timeconditioned system's parameters (see section I1l)

being, fix particular values for r.v’¢* and ¢*; keeping N h : P AP
A . ’ we may Wri nsi impl
this in mind, sometimes we shall drap and¢* from our ote that we may write density (y”[¢*, ¢") simply as

. follows:
notation.
A. Direct computation off (y*|t*, ¢*). FOEIE,a%) = Flul .0" 9" F" e ) (19)

Define vectors and matrices (17) and (18) (note that afhis formula provides an iterative method for computing
the A;’s are functions of* andq*); also define: f(y*|t*,¢*). Sincey* is a givenvector of data, for fixed
* * k=1|p%x %) ic i

ER(t*,0%) 2 [Apo | Ap1Apa| - [ Ar—1 A2 ... Ao], values oft* and ¢* we have thatf(y"~*[t*,¢*) is just a

o A L s . . number that we carry on from the previous computation.
Ti(t",¢7) = diag{Cy(t",q"),- .., Co(t™, ¢")} Such number has to be multiplied f(yx|t*, ¢*, y*~1),

N

Aw(t",q%)
The following proposition holds:

diag{ Dy (t*,q*), ..., Do(t*, q")}. whose value is easily obtainable frofifz|t*, ¢*,y*~1).
The latter quantity plays a fundamental role in the esti-
mation of continuous state, as we saw in section 1V; in
Proposition 2: With an abuse of notation, let section VI we will show a precise technique for computing
AT T T e RF+1)xp it._ H_owgver, if one is just interes_ted in the_ joir_1t posterior
distribution of t* and ¢* and not in the estimation of the
be the vector of all measurements up to time Theny*  continuous state, the formulation given by Proposition 2

conditioned ont* and¢* has the following density: may be sufficient. Otherwise, onc&(zy|t*, ¢*,y*!) is
Fr tq*) ~ N (uyk(t*,q*), (8, q*)) : known, the application of (19) is more appropriate.
where C. Application of Bayes’ rule.
Ag—1--- Ao The posterior density of* and¢* is given by:
e OGS
pyr (87, 0°) = YOy i = T, : Hos FE ) = —— ocy ;q 4 (20)
4, S I Sl ) £t a) de
I

_ where f(t*,¢* =q) = Ae‘At*]P’[q* =gq| for t* > 0. Since
St q*) = Yi0p 50 YT + ApAf . f(y*|t*, ¢*) is independent of the specific value assumed

The above covariance matrix may be computed by thttl.\y £ for t* > t, the denominator of (20) is given by

following iteration onk: N=1T
« 3,+(t*,¢*) is obtained by adding rows and columns > [/ FPE, ) f(t*, q*) dt*+
to ¥, x-1(t*, ¢*) as follows: gr=1 /%o

S, = {‘I’; Y } + FWRE > te, ) Pl > 4 Pl*] . (21)
T Sy

where matricesp;, and ¥ are given by: In general, the above integral needs to be evaluated numer-
o), = Ck(Ekik—lEg + Qk—l)CkT + kala ically. By exploiting the explicit expression of(y*|t*, ¢*)
U = =S of T (either computed by the direct method or by the iterative
k FERSE=1 1 Sk method, see section VI), this can be don&l(k?) time by
with initialization: ¥, = CoXoCT + Dy DY O standard quadrature methods.



VI. CONDITIONAL KALMAN FILTERING Proposition 5: Assume thatCy« is full row rank. Let

T T T\—1 _ T T -1
Following section 1V, for any fixed values af and ¢* Cor = Cq- (CqCge) ™ Agr = C (D Dy ) g and

one may compute the a posteriori densities AT A—*TAq*
Zq* = 4 -T 1 -T
f(xk|t*v q*a yk) (22) Qq* Aq* Aq* + Qq* Aq* Aq*
flzelt*, g%, v%) (23) For k > h, definé
. . " . _ k—F
at once by simply running the conditional Kalman recursion I, = (_Zq*) TL7 .
corresponding ta*, ¢*. In principle, the procedure allows Pp1 = diag Ay, Age) Zg-T1y,

to compute (22) an_d (23) foany vaIL_le of t* qnd every and the recursions

possibleg*. In practice, however, it is not suited for the J— L ot
computation of integrals such as (8) and (21) (see also (19)  Nik+1 = [Ag Il — 117 C?*yk+1 + Ng,
and relevant comments), where (22) and (23) need to be M1 = [ALIL?, — 17 Cloyiyr + M,
known for each of the absorbing statgs and eitherfor . ..

all t* or at least for a relatively large set of valuestof ~ Nitializeéd by Ny, = 0, M, = 0. Then, fork > 1 + 1,
It turns out that the dependence onh and ¢* can be Bapp = it _|_1-\’16-,2Ph+1|h]—T

singled out by a suitable restatement of (14) and (15). Fix [ LN+ P My]

¢* and an indexh € Ny, and lett* assumeany valuein hettlh 7 STk T St 1R ATk

the interval(ty,, t,+1). We observe that: )T | AL Wiy AT ) A sl S SRTIN
() (10), (12) and (11), (13) arendependent of the —A QRALT,
specifict*,¢* for £ < h andk < h, respectively; Brrale = [Hbl + Hllc’QPhH\h]_T

(i) for k> h+ 1, (10)+-(13) depend or* only through
their new initializationg, 1|5 (t*, ¢*), Ph41jn(t*, ¢*).

Indeed, the parameters of the conditioned system are cohk+1/k =
stant w.r.t.t* and ¢* as long ast;, < t;, sinceq(t) = 0
for all ¢ < t,. Similarly, they are constant w.rt* for all
tr > th+1! Sinceq(t) = q* for all ¢+ > th+1- Therefore' Remark 1.0bserv.e. thaﬂ_[k-, Nk, Mk and Fk do not
for any t* € (tn, tni1), (14) and (15)evolve independently depend on the specific value 6f. Hence, &y, Pyx and
of t* beforet, and aftert,,, whereas the role of* is  Zx+1k» Pri1x depend one* only throughzy iy (%, )
concentrated in the time update at step= h, with ¢* and P, (t*, ¢*). Notice that the time update step of the
selecting the new system parameters. Point (i) is easi§POve proposition also holds fér= h.
formalized. Letf,’?lk andP]Q‘k, with j = k, k+1, denote the Remark 2.In practice, Hk(h7q*) and Fk(h, q*) can
Kalman estimates associated to the conditj¢f) = 0 (i.,e. be computedoffline for every possibleg*. Notice that
switch never occurring). g (h,q*) = k—pn(0,q*) and T'x(h,q*) = Tk_1n(0,q%),
hence it suffices to carry out their computation fot= 0.

Entrin + N+ BPugrn M),
M0+ 0 Py =" - [+ T P ]

superscript®/) indicates the(i, j)-th matrix block. [

Proposition 3: It holds that
Propositions 3-5 provide an algorithm for the recursive

Tie (T, ¢*) = fgw P (t*,q%) = PISUQ update of the conditional estimates (3@)3) for every
possibleg* and everyt* in the interval(t, t541). Extension
for k < h, and to arbitrary values oft* is immediate: at any timek,

the (piecewise) expressions of (:@L3) are found by
considering their restrictions (w.r£*) to each of the: + 2

for k < h. 0 intervals
The expressions afy, 14 (t*, ¢*), Pri1n(t*, ¢*) follow. (tost1)y - (thytna1), oy (b, thg1), (Fpsr, +00).

Proposition 4: In the same hypotheses of Proposition 1,Finally, the expressions of (22), (23) follow from Equa-
. L. e e tion (9). The procedure requires the offline computa-
Tpian(t™,q7) = An(t", ¢")Zp), tion of II;(0,¢*), I't(0,¢*) and the online computation
Pran(t*,4%) = T + An(t*,q") (o = Jp )AL () OF Nilhoq") Mith,q) for each h < k (restrictions

. w0 Tre x to (tn,tn+1), Propositions 4 and 5), plus the iteration

+AR(t".q )(Phlh = Jo) Ay (%, q7).- O of a standard Kalman recursion up to step(restriction

to (tx+1,+00), Proposition 3). In sums, we get the follow-
é'ng recursive algorithm:

Tppe(t™, q") = j2+1\k, Pogan(t*,¢%) = Plg+1|k'

Recall that A, (t*,¢*) and A, (t*,¢*) are known ex-
ponential matrices. Hence, new initial conditions for th
recursion steps: > h + 1 are given in terms of explicit Offline computelly (0,¢*), T« (0,¢"), Py, Pylj_10 k= 0;
functions oft*. It only remains to show how;, 1, (t*, ¢*),

Pin(t*,q*) affect (10%-(13) for & > h + 1. This 2t is in fact Iy = I (h,q*), Ni = Ni(h,q*), My = My (h,q*),

- ; - Ty = I'x(h,¢*). For notational conciseness, their dependencé @amd
constitutes the main result of the section. g* and the dependence 6f;, P, ont* andg* is not reported here.



Initialization: setZo_; = po; 0.8f
Iteration (& > 0): as measuremeny, arrives,
1) computezy, from @y, . Po, i 0-7r
2) forh=0,...,k— 1, computeNy(h, ¢*), My(h,q*)
from Ny_1(h,q*), My— 1(h q*); setNk(k; q*) =0,

My (k,q*) = 0; compute:ckHlk from xk‘k __osf

Of course, the initialization step gives the parameters tha’?‘ |
are needed to represeff(zo|-,y '), whereas points 1 =

and 2 of the iteration step yield the parameters to repre- o3|
sentf(zx|-,y*) and f(zp11] -, y*), respectivelyWith this
scheme, a complete, explicit representation of(2ft) and 02

(23) up to indexk is computed with complexit§ (k?).
0.1

A. Application to switching time estimation

Based on expressions (19) and (20) of section V we get o 3 6 9
the following result. t
Proposition 6: The a posterioridensity f (t*, ¢*|y*) can

Fig. 2. Density functionf (t*|y*) plotted fork = 0,6, 12 and 18. The

be computed as follows: dash-dotted vertical line marks tlaetual switching time.
k j—1 * ok
[li—o flyilt* a9~ 1) f (", q¥)
Ft gt ly") = == ;
where

1 the character of the system from stable to oscillatory or
_ F—1\T[* unstable, with the spectrum df, (for ¢ = 0,1, 2) given
(..)= { L1 F sl >t a7 =PI > 0] + by o(Fo) = {—0.4, —0.5}, o(F}) — {—0.45 + i1.0943},
o1 o(Fz) = {-1,0.1}. The Markov chain underlying the
Z H >t gy ) - evolution of ¢(t) is set to start fromy(0) = 0, i.e.py = 1;
(v WY it is also assumed to privilege jumps towargs- 2: \; =
0.06, while A, = 0.08. With this choice P[¢* = 1] ~ 0.43,

tht1 ) Plg* = 2] ~ 0.57. Moreover,E[t*] ~ 7.14.
/ nyg\t,q Y 1)(,q)dt” [ ] 2
j=h+1 In the simulations, we started off the system from

In fact, all factors of the typef (y;]t*,¢*,%’~') may  z(0) =0. We then randomly generated and y up to
trivially be deduced from the correspondmg densitiesime kmax - 7', With knax = 20, for a jump of¢(¢) from 0

f(z;]t*,q*,3~"). By considering their restrictions to the to ¢* = 1 occurring att* = 3.5, i.e. considerably before
relevant mterval of integration, one may then apply thehe expected time. The values of and ¢* have been
algorithm presented above and suitable numerical quadighosen manually by the programmer, i.e. they have not
ture so to obtain an efficient evaluation of all integrals, i.epeen simulated as random variables. This does not affect
of the normalization factor. Similarly, this representationthe application of the proposed method. Note the exiguity
of f(t*,q*|y*) is extremely well suited for a piecewise of measurements, in accordance with the motivations for
computation of integral (16) as well as of the pfObab"ltYmodeI (1). The algorithm of Section VI is then applied to

function (3) and of the conditional expectatifift*|y* } the the datayy, k =0, ..., kmax along with Simpson’s adaptive
latter being of course the best estimatetdigiven y*. method for the numerical integrations.

E

qg*=1

JZO

>

VII. N UMERICAL EXAMPLE Figure 2 shows for different values &fthe a posteriori

In this section we will show numerical results concerninglensity oft* giveny* computed by suitable application of
a specific example of Stochastic Hybrid System. Due tBroposition 6. Its evolution from the exponential prior to
limitations in space, we will only pursue a qualitativea density roughly concentrated around the true switching
analysis, restricting our attention on the computation dhstant may be observed. Also notice the exponential tail
f(t*,q*|y ) with the method outlined in Section VI-A of f(t*|y*) for t* > t;. The evolution of the conditional
(E[t*]y*] andpk‘k( ) easily follow). expectation oft* and of the conditional probability function

Let © = {0,1,2}. Consider system (1) with parametersof ¢(t;) giveny* are reported in Figure 3. After the switch
T =0.5, po =0, X9 = 0.1 Isx2. We chose all 4-tuples occurs and new measurements are collected;thstimates

(Fy,Gq,Hy, Ky) to be become significant and tend to correctly detect the switching
event. Of course, the quality of the estimates strongly relates
—-04 0.6 0.02 10 0.02 0 -
({ o _0'5] {0.02} [0 1} [ 0 0.02}) to the nature of the systent$,, G, Hy, K,), ¢ = 0,1,2

In the present case, the effectiveness of the estimates is
wherecg = 0, ¢ = —2, co = 0.5. That is, only certainly favored by the change in the stability of the system
the state evolution matrix changes wiih This modifies determined by the switch.
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Fig. 3. Evolution of the expectatiof[t*|y*] (above) and of the
probability functionpy,, (¢) (below; left bar:py,;, (0), center barpy,; (1); [
right bar:py(2)). The dash-dotted lines mark taetual switching time.

L

[10]

VIII. CONCLUSIONS
[11]

In this paper we have presented an on-line method for
estimating the joint statéz,q) of a class of Stochastic 12
Hybrid Systems, characterized by a state-space model Whéré
the continuous state evolves according to a linear SDE, the
discrete state is a Markov process, while noisy measurg=!
ments of the continuous state are discrete and periodic in
time. Such class is suitable for applications where discrete
state jumps may occur at a rate that is comparable to tig!
frequency at which measurements are taken. We focused g
the problem offault detection

For a given trajectory of the discrete statg(t) the
problem is solvable by applying ordinary Kalman filtering.
In order to solve our problem, however, we must average
these Kalman filters against the posteriori joint distri-
bution of (¢t*, ¢*). This averaging operation eliminates the
Gaussian nature of the estimate, which cannot therefore
be described in a parametric way. However, we manag
to formulate an on-line algorithm that is exaap to the
numerical averaging operation. Note, e.g., that any approx-
imation (due to the numerical computation of integral (8)119]
that is introduced for the calculation ¢f(x|y*) doesnot
influence the degree of approximationfdfr,|y*) for ¢ > k,
since the latter density is not computed directly from th&0l
former. We also provided a numerical example that shows
the effectiveness of our method. [21]

A future direction for our research will be to extend ourz]
algorithm to models where the Markov chain, instead of
having all (but one) absorbing states, is allowed multiplftzS]
switches between two consecutive measurements. Also,
studying the convergence of densities suchf@g|y*) as
k — oo is of utmost interest; such rate would certainly[24]
depend on theelative dynamics (stability, modes of con- [25)
vergence or divergence, etc.) of the continuous-time systems
that correspond to different values of the discrete state.

[16]
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