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Abstract— We consider the problem of fault detection for a
Stochastic Hybrid System described by a state-space model
with the following properties: the state equation evolves con-
tinuously in time according to a linear stochastic differential
equation; noisy measurements of the continuous state are made
available at discrete deterministic times, by a static linear
equation; the parameters of both the state evolution and the
measurement equation depend on a discrete state described as
a continuous-time Markov chain. This model is particularly
suitable for those applications where the frequency of measure-
ments is comparable to the “rate of change” of the Markov
chain, and allows the discrete state to switch in between
measurements. We solve the problem of estimating both the
continuous and the discrete state, given the measurements up
to a certain time, in an on-line manner. We also provide the
results of significant numerical simulations.

I. I NTRODUCTION

The problem of fault detection for Stochastic Hybrid
Systems has often been formulated in terms of state es-
timation of discrete-time Jump Markov Linear Systems.
There is already a rich literature on this topic; for example,
see Tugnait [23][24], Bar-Shalom [2], Elliottet al. [9],
Murphy [21], Logothetis & Krishnamurthy [19], Chen &
Liu [3], Lerner et al. [18], Koutsoukoset al. [16][17],
Doucet et al. [7][8], Hofbaur & Williams [12], Costa
et al. [5][6], and Germaniet al. [10]. Others have worked
on the continuous-time version of the problem (both in the
state dynamicsand the measurement process). To name a
few, see for instance Miller & Runggaldier [20], Hibey &
Charalambous [11], Huet al. [13], and Zhang [25].

In the present paper we study the problem of state
estimation for a model where the continuous statex evolves
in time described by a linear stochasticdifferential equation,
and noisy measurements are acquired periodically at fixed
deterministic time instants. The parameters of both the
state equation and the measurement equation depend on a
discrete stateq which evolves in time as acontinuous-time
Markov chain. The goal is estimating the pair(x, q), given
the available measurements. Note that the discrete state may
switch (in principle, even more than once)betweentwo
different measurements. In this work we will restrict our
attention to a typicalfault detectionsetting, where all but
one discrete states are absorbing (see, e.g., Nikiforov [22]).
Such model is particularly well-suited for industrial appli-
cations where measurements are taken at a frequency that

This work was supported in part by the European Community through
the project RECSYS of the V Framework Program. We wish to thank
Professor Augusto Ferrante for his precious advice.

Eugenio Cinquemani and Giorgio Picci are with the
Department of Information Engineering, University of Padova, I-
35131 Padova, Italy eugenio.cinquemani@unipd.it
giorgio.picci@unipd.it

Mario Micheli is with the Division of Applied Mathematics, Brown
University, Providence RI 02912, USAmariom@dam.brown.edu

is comparable to the rate of possible abrupt changes (e.g.
ruptures) in the plant.

The paper is organized as follows. In section II we
introduce the generalcontinuous-time dynamics,discrete-
time measurementstochastic hybrid modeland formalize
the state estimation problems of our concern. We then
focus on the special case of fault detection and introduce
the switching timet? and the final discrete stateq? as
an alternative characterization of theq(t) trajectory. In
section III we derive a statistically equivalent model based
on system discretization along fixed trajectories ofq. Based
on this result, the interpretation of the estimation ofx
as averaging ofconditional Kalman filters– i.e. ordinary
Kalman filters conditioned ont? and q? – is discussed in
section IV. Section V presents methods for the efficient
computation of thea posteriorijoint probability distribution
of t? andq?, and shows its connection with the computation
of the a posteriori density ofx for arbitrary valuesof t?

and q?. The latter problem is studied in section VI, and
is solved by way of an optimal algorithm for the update
of the conditional Kalman recursion as a function oft?

and q?. Numerical results are shown and briefly discussed
in section VII, whereas final comments and perspectives of
our work are reported in Section VIII.

For reasons of space, all proofs will be omitted; we refer
the reader to [4] for details.

II. PROBLEM FORMULATION

Let T = {tk}k∈N0 be thedeterministictime sequence
tk = kT , where T > 0 is a given constant and
N0 = {0, 1, 2, . . .}. Consider a finitestate spaceQ =
{0, 1, 2, . . . , N − 1} and letq denote its generic element.
Assume that we are given matrix functions:F : Q → Rn×n,
G : Q → Rn×m, H : Q → Rp×n, and K : Q → Rp×r,
which assign to each valueq ∈ Q a 4-tuple of matrices
(Fq, Gq,Hq,Kq).

Consider the following dynamical model:1

{
ẋ(t) = Fq(t)x(t) + Gq(t)u(t)
yk = Hq(tk)x(tk) + Kq(tk)vk

, t ∈ R, tk ∈ T ,

(1)
whereu(t) is continuous-time white Gaussian noise,vk is
discrete-time white Gaussian noise andx(t0) ∼ N (

µ0, Σ0

)
.

Furthermore,q(t), t ∈ R is a continuous-time, homoge-
neousMarkov chainwith assigned transition probabilities
Tij(∆) , P[q(t + ∆) = j | q(t) = i] and initial probabili-
ties pi , P[q(t0) = i], i ∈ Q. We shall assumeu, v, x0

andq to be mutually independent.
Processq(t) switches in time between different states

in Q, thus changing the parameters of both the state

1We will refer to the first equation in (1) asstate equation, and the
second one asmeasurement equation.
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equation and the measurement equation. Our problem is
the following: given measurements up to timetk, that is
yk , {y0, . . . , yk} we wish to compute the “best” estimate
for the joint state(x, q). More precisely, forj, k ∈ N0 we
wish to compute the least squares estimate of thecontinuous
statex(tj):

x̂j|k , arg min
z∈Rn

E
[||z − x(tj)||2

∣∣ yk
]

= E
[
x(tj)

∣∣ yk
]
,

(2)
and at the same time thea posterioriprobability distribution
of the discretestate:

pj|k(q) , P
[
q(tj) = q

∣∣ yk
]
. (3)

We will mostly restrict our attention to the casesj = k
(filtering) andj = k + 1 (prediction).

According to our model the discrete state can switch
between different values inQ between two successive
measurements – in principle, even more than once: this
makes the exact computation of the above estimates a
formidable task. In the present paper, however, we shall
limit ourselves to afault detectionsetting. That is, we
will assume the statesQ \ {0} to be absorbing: for given
positive parameters{λ1, . . . , λN−1}, the generator matrix
G =

[
dT
d∆

]
∆=0

of processq(t) shall be [15]:

G =




−(λ1 + . . . + λN−1) · · · λj · · ·
0
... 0
0


 (4)

that corresponds to a transition probability matrix[Tij(∆)]
of the form:

T (∆) =




e−Λ∆ · · · λj

Λ

(
1− e−Λ∆

) · · ·
0
... IN−1

0




whereΛ ,
∑N−1

i=1 λi. The graphical representation of such
Markov process is shown in Figure 1.
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Fig. 1. Graphical representation of Markov Process (4).

In this setting, there can beat mostone switching of the
discrete state from state 0 to any of the absorbing states
{1, . . . , N − 1}. Hence, trajectoryq(t) is characterizedby
the switching timet? (i.e. the time at which the event takes
place) and thenew discrete stateq? (i.e. the value ofq(t)
for t > t?). The probability distribution function oft? is

Ft?(t) = (1− e−Λt)p0 + (1− p0)

for t ≥ 0, and is undefined fort < 0. In particular, when
p0 = 1 we have thatt? ∼ E(Λ). We shall compute the
a posterioriprobabilities

P
[
t? ≤ t, q? = q

∣∣ yk
]

(5)

from which probabilities (3) follow immediately:

pj|k(q) =
{
P[t? > tj | yk] for q = 0
P[t? ≤ tj , q

? = q | yk] for q 6= 0 .

In practice, this will be done by computing and integrating

ft?,q?(t, q|yk) , d
dt
P
[
t? ≤ t, q? = q

∣∣ yk
]
; (6)

with an abuse of notation we shall indicate the latter
function byf(t?, q?|yk). Observe that

f(t?, q?|yk) ∝ f(yk|t?, q?) · f(t?, q?)

where

f(t?, q? = q) = f(t?)P[q? = q]

(with f(t?) = Λe−Λt?

for t? > 0 andP[q? = q] = λq/Λ)
can be easily computed from the system’s parameters. Part
of the paper, as we shall see, will be devoted to the
iterative computation of factorf(yk|t?, q?). Thea posteriori
probability density of the switch time also follows:

f(t?|yk) =
N−1∑
q=1

f(t?, q? = q|yk).

For the sake of clarity, the assumptionp0 = 1 will be
maintained throughout the rest of the paper.

III. T HE CONDITIONED SYSTEM

Despite the stochastic nature of switching, one may fix
the values oft? and q?, i.e. the whole trajectoryq(t),
and study the system associated to it. What is obtained
is a standard linear time-varying Gaussian system with all
the parameters determined byq(t). Such a system can be
discretized, i.e. one may define thesampled statexk ,
x(tk) and thediscrete-time, time-varying linear Gaussian
system,

{
xk+1 = Ak(t?, q?) xk + uk

yk = Ck(t?, q?) xk + Dk(t?, q?) vk
, (7)

with uk ∼ N (0, Qk(t?, q?)) being a white process indepen-
dent of{vk} andx0, so that the joint statistical description
of xk and yk is identical to that of the original system
givent? andq?. The equivalence is guaranteed by a suitable
choice of the parametersAk(t?, q?), Qk(t?, q?), Ck(t?, q?),
Dk(t?, q?), which will be discussed below. Clearly, (7) is
a state-space representation of the random variablesxk and
yk conditioned ont? andq?. Moreover, for changing values
of t? andq?, it describes a family of models corresponding
to the different possible realizations ofq(t). In the sequel
we will refer to (7) as theconditioned system.



A. Computation of the Conditioned System parameters

In this section we will assume thatq? is fixed andt? takes
value in a certain interval(th, th+1), with th, th+1 ∈ T . The
interval is assumed to be open without loss of generality.

Lemma 1:Let q ∈ Q. If Fq and −Fq have disjoint
spectra, theLyapunov equationFqJq + JqF

T
q = −GqG

T
q

admits a unique solution inJq (see [1], pp. 203-204). ¤
Based on this technical result, the parameters of (7) can

easily be computed.

Proposition 1: Assume thatFq and −Fq have disjoint
spectra,q ∈ Q. Then:

For k 6= h (i.e. t? /∈ (tk, tk+1)),

Ak(t?, q?) = Aq Qk(t?, q?) = Jq −AqJqA
T
q

Ck(t?, q?) = Hq Dk(t?, q?) = Kq

whereAq , eFqT , andq = 0 if k < h, q = q? if k > h;

For k = h (i.e. t? ∈ (tk, tk+1)),

Ak(t?, q?) = Ãk(t?, q?)Ãk(t?, 0)
Qk(t?, q?) = Sk(t?, q?)−Ak(t?, q?)Sk(t?, 0)AT

k (t?, q?)
Ck(t?, q?) = H0

Dk(t?, q?) = K0

where Ãk(t?, q?) , eFq? (tk+1−t?), Ãk(t?, 0) , eF0(t
?−tk)

and, for everyq ∈ Q,

Sk(t?, q) = Jq − Ã−1
k (t?, q?)JqÃ

−T
k (t?, q?). ¤

Remark 1. If the assumption on the spectrum ofFq

fails to hold, Lemma 1 cannot be applied. For arbitrary
matricesFq, less convenient expressions forQk and Sk

(where matricesJq appear) can still be found.

Remark 2.For k 6= h, Ak(t?, q?) andQk(t?, q?) do not
depend on thespecificvalue oft?. In fact, they depend ont?

only throughh. The same holds forCk(t?, q?), Dk(t?, q?),
for any k.

Remark 3.At this stage, all parameters of the conditioned
system are expressed as explicit functions oft?, q?. Notice
that Jq, q ∈ Q may be computedoffline with arbitrary
precision using standard numerical techniques. Parameters
Ak, Qk, k 6= h can be computed offline as well.

IV. T HE FILTERING PROBLEM AS AVERAGING OF

KALMAN FILTERS

We shall now take a deeper look at the estimation
problems we stated in section II. For any indexj, consider
the computation of̂xj|k. Application of the Total Probability
Law to the probability density ofxj given yk yields

f(xj |yk) =
N−1∑
q?=1

∫ +∞

0

f(xj |t?, q?, yk)f(t?, q?|yk) dt?. (8)

We recognizef(xj |t?, q?, yk) to be thea posterioridensity
of the statexj given yk of the conditioned system (7).

In the light of the discussion of section III,for any fixed
value oft? and everyq? it must hold that

f(xj |t?, q?, yk) ∼ N (
x̂j|k(t?, q?), Pj|k(t?, q?)

)
, (9)

where mean and variance may be interpreted as the mini-
mum error variance estimate ofxj givenyk and the associ-
ated error covariance matrix for the conditioned system (see
for instance [14]). In particular,

x̂k|k(t?, q?) (10)

x̂k+1|k(t?, q?) (11)

are the conditional Kalman filter and the conditional
Kalman predictorfor the corresponding conditioned system,
and

Pk|k(t?, q?) (12)

Pk+1|k(t?, q?) (13)

are the respective error covariance matrices. These may be
computed by aconditional Kalman recursion:

Measurement update:

x̂k|k = x̂k|k−1 + Lk(t?, q?)[yk − Ck(t?, q?)x̂k|k−1]
Pk|k = Pk|k−1 − Lk(t?, q?)Ck(t?, q?)Pk|k−1

(14)
Time update:

x̂k+1|k = Ak(t?, q?)x̂k|k
Pk+1|k = Ak(t?, q?)Pk|kAT

k (t?, q?) + Qk(t?, q?) (15)

where the (conditional) Kalman gainLk(t?, q?) depends
on Ck(t?, q?), Dk(t?, q?) andPk|k−1. In general, as all the
system parameters that appear in the recursion depend on
t? and q?, so do (10)÷(13). By equation (8), estimate (2)
is therefore equal to the conditional average

x̂j|k =
N−1∑
q?=1

∫ +∞

0

x̂j|k(t?, q?)f(t?, q?|yk)dt?. (16)

Hence, forj = k (or k+1), we have a natural interpretation
of x̂j|k asaveraging of Kalman filters (or predictors). Note
that (8) is an average of Gaussian densities – parameterized
by t? andq? – weighted byf(t?, q?|yk). What is obtained
in general is not at all Gaussian inxj , hence there is no
hope to computêxj|k in a linear recursive manner [14].

It is now evident that the probability densities (9) and
f(t?, q?|yk) play a fundamental role in the estimation
process. Hence, with the computation of integral (16) in
mind, the attention shifts to derivingexplicit expressions
for (9) (section VI) andf(t?, q?|yk) (sections V and VI).

V. SWITCHING TIME ESTIMATION

In this section we shall present a technique for the com-
putation of thea posterioriprobability densityf(t?, q?|yk)
of the switching time and the final discrete state.

The a posterioridensityf(t?|yk) is simply given by:

f(t?|yk) =
N−1∑
q?=1

f(t?, q?|yk);

analogously, a suitable integration off(t?, q?|yk) yields the
a posterioridistribution (3). On the other hand, as discussed
in the previous section, densityf(t?, q?|yk) is involved in
the computation of the estimate ofx(tj) as well.



Σ̃k(t?, q?) , diag
{
Qk−1(t?, q?), Qk−2(t?, q?), . . . , Q0(t?, q?), Σ0

} ∈ R(k+1)n×(k+1)n (block diagonal matrix) (17)

µ̃k ,




0
0
...
0
µ0



∈ R(k+1)n, Θk(t?, q?) ,




I Ak−1 Ak−1Ak−2 · · · Ak−1Ak−2 . . . A2A1 Ak−1Ak−2 . . . A1A0

0 I Ak−2 · · · Ak−2Ak−3 . . . A2A1 Ak−2Ak−3 . . . A1A0

0 0 I · · · Ak−3Ak−4 . . . A2A1 Ak−3Ak−4 . . . A1A0

...
...

...
. . .

...
...

0 0 0 · · · A1 A1A0

0 0 0 · · · I A0

0 0 0 · · · 0 I




(18)

We will obtain f(t?, q?|yk) by first computing
f(yk|t?, q?) and then applying Bayes’rule. Two different
methods for the computation off(yk|t?, q?) are presented,
both making use of the results of section III. For the time
being, fix particular values for r.v.’st? and q?; keeping
this in mind, sometimes we shall dropt? and q? from our
notation.

A. Direct computation off(yk|t?, q?).
Define vectors and matrices (17) and (18) (note that all

the Ai’s are functions oft? andq?); also define:

Ξk(t?, q?) ,
[
Ak−1

∣∣Ak−1Ak−2

∣∣ · · · ∣∣Ak−1Ak−2 . . . A0

]
,

Υk(t?, q?) , diag{Ck(t?, q?), . . . , C0(t?, q?)}
Λk(t?, q?) , diag{Dk(t?, q?), . . . , D0(t?, q?)}.
The following proposition holds:

Proposition 2: With an abuse of notation, let

yk , [yT
k , yT

k−1, . . . , y
T
0 ]T ∈ R(k+1)×p

be the vector of all measurements up to timetk. Thenyk

conditioned ont? andq? has the following density:

f(yk| t?, q?) ∼ N (
µyk(t?, q?), Σyk(t?, q?)

)
,

where

µyk(t?, q?) = ΥkΘk µ̃k = Υk




Ak−1 · · ·A0

Ak−2 · · ·A0

...
A0

I




µ0,

Σyk(t?, q?) = ΥkΘk Σ̃kΘT
k ΥT

k + ΛkΛT
k .

The above covariance matrix may be computed by the
following iteration onk:
• Σyk(t?, q?) is obtained by addingn rows and columns

to Σyk−1(t?, q?) as follows:

Σyk =
[

Φk Ψk

ΨT
k Σyk−1

]

where matricesΦk andΨk are given by:

Φk = Ck(ΞkΣ̃k−1ΞT
k + Qk−1)CT

k + DkDT
k ,

Ψk = CkΞkΣ̃k−1ΘT
k−1Υ

T
k−1,

with initialization: Σy0 = C0Σ0C
T
0 + D0D

T
0 . ¤

B. Iterative formulation for the computation off(yk|t?, q?).

The above computation may look somewhat cumber-
some: however it only requires the computation of the
conditioned system’s parameters (see section III).

Note that we may write densityf(yk|t?, q?) simply as
follows:

f(yk| t?, q?) = f(yk| t?, q?, yk−1) f(yk−1| t?, q?); (19)

this formula provides an iterative method for computing
f(yk|t?, q?). Sinceyk is a given vector of data, for fixed
values oft? and q? we have thatf(yk−1|t?, q?) is just a
number that we carry on from the previous computation.
Such number has to be multiplied byf(yk| t?, q?, yk−1),
whose value is easily obtainable fromf(xk| t?, q?, yk−1).
The latter quantity plays a fundamental role in the esti-
mation of continuous statex, as we saw in section IV; in
section VI we will show a precise technique for computing
it. However, if one is just interested in the joint posterior
distribution of t? and q? and not in the estimation of the
continuous state, the formulation given by Proposition 2
may be sufficient. Otherwise, oncef(xk| t?, q?, yk−1) is
known, the application of (19) is more appropriate.

C. Application of Bayes’ rule.

The posterior density oft? andq? is given by:

f(t?, q?|yk) =
f(yk|t?, q?)f(t?, q?)∑N−1

q?=1

∫∞
0

f(yk|t?, q?)f(t?, q?) dt?
(20)

wheref(t?, q? = q) = Λe−Λt?P[q? = q] for t? > 0. Since
f(yk|t?, q?) is independent of the specific value assumed
by t? for t? > tk, the denominator of (20) is given by

N−1∑
q?=1

[∫ tk

t0

f(yk|t?, q?)f(t?, q?) dt?+

+ f(yk|t? > tk, q?)P[t? > tk]P[q?]

]
. (21)

In general, the above integral needs to be evaluated numer-
ically. By exploiting the explicit expression off(yk|t?, q?)
(either computed by the direct method or by the iterative
method, see section VI), this can be done inO(k2) time by
standard quadrature methods.



VI. CONDITIONAL KALMAN FILTERING

Following section IV, for any fixed values oft? and q?

one may compute the a posteriori densities

f(xk|t?, q?, yk) (22)

f(xk+1|t?, q?, yk) (23)

at once by simply running the conditional Kalman recursion
corresponding tot?, q?. In principle, the procedure allows
to compute (22) and (23) forany value of t? and every
possibleq?. In practice, however, it is not suited for the
computation of integrals such as (8) and (21) (see also (19)
and relevant comments), where (22) and (23) need to be
known for each of the absorbing statesq? and eitherfor
all t? or at least for a relatively large set of values oft?.

It turns out that the dependence ont? and q? can be
singled out by a suitable restatement of (14) and (15). Fix
q? and an indexh ∈ N0, and lett? assumeany valuein
the interval(th, th+1). We observe that:

(i) (10), (12) and (11), (13) areindependent of the
specifict?,q? for k ≤ h andk < h, respectively;

(ii) for k ≥ h + 1, (10)÷(13) depend ont? only through
their new initializationx̂h+1|h(t?, q?), Ph+1|h(t?, q?).

Indeed, the parameters of the conditioned system are con-
stant w.r.t.t? and q? as long astk < th, sinceq(t) ≡ 0
for all t < th. Similarly, they are constant w.r.t.t? for all
tk > th+1, since q(t) ≡ q? for all t > th+1. Therefore,
for any t? ∈ (th, th+1), (14) and (15)evolve independently
of t? before th and afterth+1, whereas the role oft? is
concentrated in the time update at stepk = h, with q?

selecting the new system parameters. Point (i) is easily
formalized. Letx̂0

j|k andP 0
j|k, with j = k, k+1, denote the

Kalman estimates associated to the conditionq(t) ≡ 0 (i.e.
switch never occurring).

Proposition 3: It holds that

x̂k|k(t?, q?) = x̂0
k|k, Pk|k(t?, q?) = P 0

k|k

for k ≤ h, and

x̂k+1|k(t?, q?) = x̂0
k+1|k, Pk+1|k(t?, q?) = P 0

k+1|k

for k < h. ¤
The expressions of̂xh+1|h(t?, q?), Ph+1|h(t?, q?) follow.

Proposition 4: In the same hypotheses of Proposition 1,

x̂h+1|h(t?, q?) = Ah(t?, q?)x̂0
h|h,

Ph+1|h(t?, q?) = Jq? + Ãh(t?, q?)(J0 − Jq?)ÃT
h (t?, q?)

+Ah(t?, q?)(P 0
h|h − J0)AT

h (t?, q?). ¤
Recall that Ah(t?, q?) and Ãh(t?, q?) are known ex-

ponential matrices. Hence, new initial conditions for the
recursion stepsk ≥ h + 1 are given in terms of explicit
functions oft?. It only remains to show hoŵxh+1|h(t?, q?),
Ph+1|h(t?, q?) affect (10)÷(13) for k ≥ h + 1. This
constitutes the main result of the section.

Proposition 5: Assume thatCq? is full row rank. Let
C†q? = CT

q?(Cq?CT
q?)−1, ∆q? = CT

q?(Dq?DT
q?)−1Cq? and

Zq? =
[

A−T
q? A−T

q? ∆q?

Qq?A−T
q? Aq? + Qq?A−T

q? ∆q?

]
.

For k ≥ h, define2

Πk = (Zq?)k−h,
Γk+1 = diag(AT

q? , AT
q?)Zq?Πk

and the recursions

Nk+1 = [AT
q?Π1,1

k+1 −Π1,1
k ]T C†q?yk+1 + Nk,

Mk+1 = [AT
q?Π1,2

k+1 −Π1,2
k ]T C†q?yk+1 + Mk

initialized by Nh = 0, Mh = 0. Then, fork ≥ h + 1,

x̂k|k = [Γ1,1
k + Γ1,2

k Ph+1|h]−T ·
·[x̂h+1|h + Nk + Ph+1|hMk],

Pk|k = [Γ1,1
k + Γ1,2

k Ph+1|h]−T · [Γ2,1
k + Γ2,2

k Ph+1|h]T

−A−1
k QkA−T

k ,

x̂k+1|k = [Π1,1
k + Π1,2

k Ph+1|h]−T ·
·[x̂h+1|h + Nk + Ph+1|hMk],

Pk+1|k = [Π1,1
k + Π1,2

k Ph+1|h]−T · [Π2,1
k + Π2,2

k Ph+1|h]T ;

superscript(i,j) indicates the(i, j)-th matrix block. ¤
Remark 1.Observe thatΠk, Nk, Mk and Γk do not

depend on the specific value oft?. Hence,x̂k|k, Pk|k and
x̂k+1|k, Pk+1|k depend ont? only throughx̂h+1|h(t?, q?)
andPh+1|h(t?, q?). Notice that the time update step of the
above proposition also holds fork = h.

Remark 2. In practice, Πk(h, q?) and Γk(h, q?) can
be computedoffline for every possibleq?. Notice that
Πk(h, q?) = Πk−h(0, q?) and Γk(h, q?) = Γk−h(0, q?),
hence it suffices to carry out their computation forh = 0.

Propositions 3÷5 provide an algorithm for the recursive
update of the conditional estimates (10)÷(13) for every
possibleq? and everyt? in the interval(th, th+1). Extension
to arbitrary values oft? is immediate: at any timek,
the (piecewise) expressions of (10)÷(13) are found by
considering their restrictions (w.r.t.t?) to each of thek + 2
intervals

(t0, t1), . . . , (th, th+1), . . . , (tk, tk+1), (tk+1, +∞).

Finally, the expressions of (22), (23) follow from Equa-
tion (9). The procedure requires the offline computa-
tion of Πk(0, q?), Γk(0, q?) and the online computation
of Nk(h, q?), Mk(h, q?) for each h ≤ k (restrictions
to (th, th+1), Propositions 4 and 5), plus the iteration
of a standard Kalman recursion up to stepk (restriction
to (tk+1,+∞), Proposition 3). In sums, we get the follow-
ing recursive algorithm:

Offline: computeΠk(0, q?), Γk(0, q?), P 0
k|k, P 0

k|k−1, k ≥ 0;

2It is in fact Πk = Πk(h, q?), Nk = Nk(h, q?), Mk = Mk(h, q?),
Γk = Γk(h, q?). For notational conciseness, their dependence onh and
q? and the dependence ofx̂·|k, P·|k on t? andq? is not reported here.



Initialization: set x̂0|−1 = µ0;
Iteration (k ≥ 0): as measurementyk arrives,

1) computex̂0
k|k from x̂0

k|k−1, P 0
k|k−1;

2) for h = 0, . . . , k − 1, computeNk(h, q?), Mk(h, q?)
from Nk−1(h, q?), Mk−1(h, q?); set Nk(k, q?) = 0,
Mk(k, q?) = 0; computex̂0

k+1|k from x̂0
k|k.

Of course, the initialization step gives the parameters that
are needed to representf(x0| · , y−1), whereas points 1
and 2 of the iteration step yield the parameters to repre-
sentf(xk| · , yk) andf(xk+1| · , yk), respectively.With this
scheme, a complete, explicit representation of all(22) and
(23) up to indexk is computed with complexityO(k2).

A. Application to switching time estimation

Based on expressions (19) and (20) of section V we get
the following result.

Proposition 6: The a posterioridensityf(t?, q?|yk) can
be computed as follows:

f(t?, q?|yk) =

∏k
j=0 f(yj |t?, q?, yj−1)f(t?, q?)

(. . . )
,

where

(. . . ) =
N−1∑
q?=1

{
k∏

j=0

f(yj |t? > tk, q?, yj−1)P[t? > tk] +

+
k−1∑

h=0

[ h∏

j=0

f(yj |t? > th, q?, yj−1) ·

·
∫ th+1

th

k∏

j=h+1

f(yj |t?, q?, yj−1)f(t?, q?)dt?
]}

.

In fact, all factors of the typef(yj |t?, q?, yj−1) may
trivially be deduced from the corresponding densities
f(xj |t?, q?, yj−1). By considering their restrictions to the
relevant interval of integration, one may then apply the
algorithm presented above and suitable numerical quadra-
ture so to obtain an efficient evaluation of all integrals, i.e.
of the normalization factor. Similarly, this representation
of f(t?, q?|yk) is extremely well suited for a piecewise
computation of integral (16) as well as of the probability
function (3) and of the conditional expectationE[t?|yk], the
latter being of course the best estimate oft? given yk.

VII. N UMERICAL EXAMPLE

In this section we will show numerical results concerning
a specific example of Stochastic Hybrid System. Due to
limitations in space, we will only pursue a qualitative
analysis, restricting our attention on the computation of
f(t?, q?|yk) with the method outlined in Section VI-A
(E[t?|yk] andpk|k(·) easily follow).

Let Q = {0, 1, 2}. Consider system (1) with parameters
T = 0.5, µ0 = 0, Σ0 = 0.1 · I2×2. We chose all 4-tuples
(Fq, Gq,Hq,Kq) to be

([−0.4 0.6
cq −0.5

]
,

[
0.02
0.02

]
,

[
1 0
0 1

]
,

[
0.02 0
0 0.02

])

where c0 = 0, c1 = −2, c2 = 0.5. That is, only
the state evolution matrix changes withq. This modifies
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Fig. 2. Density functionf(t?|yk) plotted fork = 0, 6, 12 and18. The
dash-dotted vertical line marks theactual switching time.

the character of the system from stable to oscillatory or
unstable, with the spectrum ofFq (for q = 0, 1, 2) given
by σ(F0) = {−0.4,−0.5}, σ(F1) = {−0.45 ± i1.0943},
σ(F2) = {−1, 0.1}. The Markov chain underlying the
evolution ofq(t) is set to start fromq(0) = 0, i.e. p0 = 1;
it is also assumed to privilege jumps towardsq = 2: λ1 =
0.06, while λ2 = 0.08. With this choice,P[q? = 1] ' 0.43,
P[q? = 2] ' 0.57. Moreover,E[t?] ' 7.14.

In the simulations, we started off the system from
x(0) = 0. We then randomly generatedx and y up to
time kmax · T , with kmax = 20, for a jump of q(t) from 0
to q? = 1 occurring att? = 3.5, i.e. considerably before
the expected time. The values oft? and q? have been
chosen manually by the programmer, i.e. they have not
been simulated as random variables. This does not affect
the application of the proposed method. Note the exiguity
of measurements, in accordance with the motivations for
model (1). The algorithm of Section VI is then applied to
the datayk, k = 0, . . . , kmax, along with Simpson’s adaptive
method for the numerical integrations.

Figure 2 shows for different values ofk the a posteriori
density oft? given yk computed by suitable application of
Proposition 6. Its evolution from the exponential prior to
a density roughly concentrated around the true switching
instant may be observed. Also notice the exponential tail
of f(t?|yk) for t? > tk. The evolution of the conditional
expectation oft? and of the conditional probability function
of q(tk) givenyk are reported in Figure 3. After the switch
occurs and new measurements are collected, thet? estimates
become significant and tend to correctly detect the switching
event. Of course, the quality of the estimates strongly relates
to the nature of the systems(Fq, Gq,Hq,Kq), q = 0, 1, 2.
In the present case, the effectiveness of the estimates is
certainly favored by the change in the stability of the system
determined by the switch.
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Fig. 3. Evolution of the expectationE[t?|yk] (above) and of the
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VIII. C ONCLUSIONS

In this paper we have presented an on-line method for
estimating the joint state(x, q) of a class of Stochastic
Hybrid Systems, characterized by a state-space model where
the continuous state evolves according to a linear SDE, the
discrete state is a Markov process, while noisy measure-
ments of the continuous state are discrete and periodic in
time. Such class is suitable for applications where discrete
state jumps may occur at a rate that is comparable to the
frequency at which measurements are taken. We focused on
the problem offault detection.

For a given trajectory of the discrete stateq(t) the
problem is solvable by applying ordinary Kalman filtering.
In order to solve our problem, however, we must average
these Kalman filters against thea posteriori joint distri-
bution of (t?, q?). This averaging operation eliminates the
Gaussian nature of the estimate, which cannot therefore
be described in a parametric way. However, we managed
to formulate an on-line algorithm that is exactup to the
numerical averaging operation. Note, e.g., that any approx-
imation (due to the numerical computation of integral (8))
that is introduced for the calculation off(xk|yk) doesnot
influence the degree of approximation off(x`|y`) for ` > k,
since the latter density is not computed directly from the
former. We also provided a numerical example that shows
the effectiveness of our method.

A future direction for our research will be to extend our
algorithm to models where the Markov chain, instead of
having all (but one) absorbing states, is allowed multiple
switches between two consecutive measurements. Also,
studying the convergence of densities such asf(t?|yk) as
k → ∞ is of utmost interest; such rate would certainly
depend on therelative dynamics (stability, modes of con-
vergence or divergence, etc.) of the continuous-time systems
that correspond to different values of the discrete state.
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