LOCAL GEOMETRY OF DEFORMABLE TEMPLATES

ALAIN TROUVE AND LAURENT YOUNES

ABsTrRACT. In this paper, we discuss a geometrical model of a space of deformable images or
shapes, in which infinitesimal variations are combinations of elastic deformations (warping) and
of photometric variations. Geodesics in this space are related to velocity-based image warping
methods, which have proved to yield efficient and robust estimations of diffeomorphisms in the
case of large deformation. Here, we provide a rigourous and general construction of this infinite
dimensional “shape manifold”, on which we place a Riemannian metric. We then obtain the
geodesic equations, for which we show the existence and uniqueness of solutions for all times.
We finally use this to provide a geometrically-founded linear approximation of the deformations
of shapes in the neighbourhood of a given template.
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1. INTRODUCTION

The theoretical developments which are addressed in this paper are motivated by the theory of
deformable templates, as it emerged from the work of U. Grenander and his collaborators in the 80s
([15, 17, 18, 16]), to handle image processing problems. This theory has an abstract formulation,
in which the purpose is to represent the variability within an object class by the variations in
shape, or color, etc. of a single object, submitted to the action of "deformations". For instance,
a model designed to describe a picture of a human face should be able to explain inter-individual
variations, but also variations caused by the change of expression of a given individual, and by
the changing of imaging conditions, such as lighting, occultations etc. The interesting feature
in Grenander’s constructions is that it assigns a large part, sometimes all, of the variations to a
fixed structure, describing the deformation, which is independent of the particular instance of the
observed image. This structure most of the times belongs to a group, the group of deformations,
which is acting on the set of objects. The specific choice of the group depends on the application,
and on the type of visual features which are modeled, like pixelized images [14], discretized shapes
[16, 23, 19]... In such discrete settings, the group action is used to generate variations of the
constituting generators of the object (pixels for an image, segments for polygons), and therefore
are modeled as finite dimensional groups, generally products of linear of affine groups. In the simple
example of labeled collections of points (landmarks), the deformation may simply correspond to
independent translations of each point, but when the question is raised of the similarity of two
collections of landmarks, one would like to figure out the amount of deformation which is required
to transform one of the into the other. When evaluating this deformation, it is clear that the
lengths of the induced translations should have some impact, but that this is not the only factor,
and often not even the main factor. One would like to also draw conclusions on the smoothness
of the deformation, based on the fact that, in the context of large deformations of shapes, a
lower similarity must be associated to a collection of translations which point to erratic directions,
compared to a more homogeneous displacement. We see that, in this case, that a global point of
view on the displacements is needed. Spline-based landmark matching [7, 20] specifically addresses
this issue by seeking the smoothest function which interpolates the considered displacements.

When dealing with image deformation, the need to pass to the continuum is even more obvi-
ous. In this case, deformations, which should provide non-ambiguous point displacements, must
be diffeomorphisms on the image support. This non-ambiguity constraint, however, has been re-
laxed in most of the early attempts to deal with this issue, working preferably with linear spaces
of deformations ([4, 5, 6, 2, 1, 11]), which can be seen as first order approximations. Dealing
explicitely with true deformations, ie. diffeomorphisms acting on the support of images, was rig-
orously formalized, by Riemannian metric arguments on the groups of diffeomorphisms, in [26],
for 1 dimensional problems, and in [25] in full generality (see also [24]). Stemming from the simple
representation of right invariant metrics on groups of diffeomorphisms, along a path in this space,
ie. time-dependent deformations, in terms of the Eulerian velocity, this last reference built diffeo-
morphisms as flows associated to ordinary differential equations (a construction which was already
present in [3]), and transferred the modeling effort to the linear space of velocities, ie. of vector

fields defined on the image support. Under suitable Banach space structures on these linear spaces,
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the extension of the ODE solutions for infinite time, and the existence of minimizers to general
variational problems in this space can be ensured, providing rigorous sufficient conditions for the
well-posedness of many practical problems in template matching. This analysis rejoined the line
of work of M. Miller and his collaborators on the estimation of large deformation diffeomorphisms
(10, 20]), in which velocity-based models have been introduced, and variational properties studied
in [13]. In [21], the interest in considering a lifted group action, on the cross product of the group
itself and of the image space, was demonstrated in a wide variety of applications. The final metric
on the image space was obtained by projecting a right-invariant Riemannian distance designed on
the product space.

The approach we follow in this paper addresses the same kind of construction as in [21], which
however restricted on the metric aspects, but from a different point of view. Our purpose is
to start from the infinitesimal analysis of small deformations of images, in order to model and
measure image variations, and define differentiable and geodesic curves in the image space. We
shall accept conditions which ensure enough smoothness on the diffeomorphisms, but try, as far
as we can go, to avoid placing such smoothness assumptions for the images themselves. Such a
choice, which is very important given the discontinuous nature of images, is made at the cost of
increasing technicalities and notation, as will be seen in section 3, in which the basic geometry of
the model is presented. Here, we define the tangent space at a given square integrable image 1,
as an equivalent class for all possible variations resulting from an infinitesimal combination of a
deformation (geometry) and of the addition of a square integrable function (photometry), yielding
what can be called a morphometrical variation. We then equip it with an inner product, and
define from it lengths and energies of curves. This metric is based on the best trade-off between
geometrical and photometrical variations. Still in this general setting, we show the existence of
minimizing geodesics (curves of minimal energy) between any two images.

The rest of the paper is devoted to the study of geodesics and their generation from initial
conditions. The motivation in this study is the possibilities it offers for prototype-based image
representation, and the generation of image variations and deformations from initial conditions
belonging to a vector space. In this context, the geodesic equations are derived under the assump-
tion that the deformed prototype is smooth (H*'), but with no restriction on the other end-point.
This is done in section 5.2.2). The obtained evolution equations are then generalized, to a form
which does not require the smoothness of the initial position, and that we conjecture to represent
a comprehensive class of image evolutions. The equations, under this form, are studied in section
7, where we prove that they have a unique solution over arbitrary finite time intervals. Our last
result shows the local non-ambiguity of this representation, at least in the smooth case: from a
smooth prototype, the solutions of the geodesic equations in small time cannot coincide if they
have been generated from distinct smooth initial conditions. This is done in section 9. The last
section,10, presents numerical experiments, which illustrate the feasibility of retrieving a target

from the initial conditions associated to the minimizing geodesic starting from the template.
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2. NOTATION

For further reference, we present in a single definition some of the main functional spaces we

use in throughout the paper.

Definition 1. Let k,p € IN,, | € IN and Q be a bounded domain of IR* with C* boundary.
(1) We denote C°(Q, IRP), the space of smooth compactly supported IRP-valued functions on
Q.
(2) We denote C'(Q, IR?) the set of the restrictions to Q of the | times continuously differen-
tiable IRP-valued functions on IRk,
Let f € CY(Q, IR?). We define the norm |f|;.0o b

a ala\f
|f|l7OO - Z SU.p |ax(111 . 3%3% I

where for any o 2 (o, - -+, aq) € INY, we denote |o 2 Y o

(3) We denote CL(Q2, IR”), the completion of C°(S2, IR?) for the norm | |; 0o.

(4) We denote L?(Q2, IR?), the Hilbert space of square integrable functions in IR with dot
product defined for f,g € L?(Q, IR?) by

(f.g)s 2 / (@), g(x)) o

(5) We denote H(2, IRP), the Hilbert space of square integrable IR”-valued functions with
square integrable first partial (generalized) derivatives. The dot product is defined for any
f.g € HY(Q, R”)

of o
(o) 2 (f.9) 2+28§ 29),.

3. MEASURING DISTANCES ON THE IMAGE SPACE

3.1. Infinitesimal transformations. Let us consider a space Jy of functions defined on 2, and
taking values on IR?, which will be explicitly defined later. To somewhat fix the ideas, we shall
speak of elements of Jy as “images”, and use the corresponding photometric vocabulary, although
our constructions apply to generic graphs of vector-valued functions.

We want to build a distance, denoted thereafter dj,,, on Jw through a Riemannian analysis.

Let j € Jw and h € IR, and consider a small perturbation j, of j such that
gn(x) = j(xz — hv(z)) + ha’z(x) + o(h) ,

where v is a displacement field and z a IR%-valued function on Q. Here and in the following, 02 is a
fixed positive parameter. The transformation from j to jj is therefore divided in two complemen-
tary processes. The first, which we call the “geometric transformation” is a pure deformation of
the support for which a point located at x in the first image is pushed to location x + hv(z). The
second process, called the “photometric transformation”; is the residual, obtained by the addition
of 02hz. Both transformations are the main ingredients of any morphing process between two
images. When j is smooth, we have

9j T [

— 2. _ i
8h\h:0_hli% noo 0" 4i(v)- (1)
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The usual geometric interpretation is that v £ %‘ h—o 18 an element of the tangent space T;dw,
and, given our representation, it is sensible to let the length |vy|; depend on w £ (z,v), and let
w vary in some chosen vector space W. The solution cannot merely be to set |y|; = |w|w where
| lw is a norm on W, because the representation (z,v) — ~ is not one-to-one: if w’ = (v/,2’) is
such that

(2 —2)—dj(v' —v) =0, (2)
then the transformations along w and w’ of j are infinitesimally equivalent. Hence, looking for the
best tradeoff between geometric and photometric transformations, we can choose for the metric

on the tangent space T;Jw:

|’y|j:inf{|w|w | w=(v,2), v=0%%—dj(v) } : (3)
Now, we can define formally
1 8J
dg (o, 1) = inf / 5 j path from jy to j1 p . (4)
o |91,

3.2. Differentiable structure. The previous construction is now made rigorous, for Jy =

L2(Q, RY).

Remark 1. Since LQ(Q,]Rd) is an Hilbert space, it has a natural structure of smooth infinite
dimensional manifold. However, the differential structure we need consider here is different from
the standard L? structure. To see this, consider the following example: Q =]0,1[%, and jj,(z) =
jo(x — hv(z)) where:

- Jo(x) £ 14,512

- v e CX(9, Rk) is such that the first coordinate, v1, of v is strictly positive at the center

c=(1/2,---,1/2) of Q.

Then, |jn — jol2/h — 400 so that j, is not differentiable at h = 0 for the usual L? differentiable
structure, whereas, by the construction above, it will be so for the differential structure on Jw (this

is a justification for keeping the non-standard notation Jw for the image space).

Our construction starts with the definition of C' paths on Jy,. We first need to specify the

allowed geometric as well as grey-level infinitesimal transformations.
3.2.1. Infinitesimal transformation spaces.

Geometric transformation. We denote B, the space of the displacement fields underlying the infin-
itesimal geometric transformation. We assume that B is a Hilbert space with dot product denoted
by (, ) and norm denoted by | |5. We assume throughout this paper that B is continuously
embedded in Cf (9, R* ), where at least p = 1, but may be larger if specified. As a reminder, we
recall that B is continuously embedded in some Banach space B’ (with norm | |5,) of functions if
and only if each element v of B can be considered as an element of B’ and there exists a constant
C such that, for all v € B:
vl < Cloly .
Moreover, B is compactly embedded in B’ if it is continuously embedded and any bounded set

for the norm on B is relatively compact in the B’ topology.
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We shall also assume that C°(Q, IR¥) is dense in B.

Photometric transformation. Grey-level transformations are assumed to belong to the space L?(f2, Rd).
Finally, we denote W £ B x L?(€2, R%) on which we place the dot product defined for w = (v, 2)
and w' = (v/, 2') by
<U), wl>W £ <Ua UI>3 + O'2<Z, ZI>2 .
3.2.2. Differentiable curves and tangent space. For any smooth image j, we have, for any u €
C>(Q, R and any w = (v,z) € W
(0%2 = dj(v),u)s = 0*(z,u)2 + (j,div(u ® v))a, ()

where div(u ® v) € Co(€, R?) is defined by div(u ® v); = div(u;v). The right hand side of the
equality is well defined for arbitrary j € Jy, which leads us to the definition:

Definition 2 (C! curves in Jw). Let I be an interval in IR. We say that j : I — Jw is a
continuously differentiable curve if there exists w = (v,z) € C(I, W) such that

(1) je C(I, L%, RY)) for the usual L? topology,

(2) for any u € CX(Q,RY), t — (j,u)s is a continuously differentiable real-valued function

and %(jt,u)g = 02(z¢,u)2 + (je, div(u @ v¢))2 .

If we define as usual tangent vectors via classes of first-order equivalent curves, we can identify

the tangent bundle of Jy from the definition of C' path on Jy as follows.

Definition 3. (1) For any j € dw and any u € C(Q,RY), we denote ., the continuous
linear form on W (the continuity stems from the continuous embedding of B in C3 (£, Rk) )
defined for any w = (v,z) € W by

Lu(w) £ 0%(z,u)s + (j, div(u © v))s . (6)
(2) We define
E; 2 {weW|lj,(w)=0, Yuec CX(QRY) }, (7)
and
Tidw 2 {j} x W/E;., (8)

where W/E; is the quotient space, the elements of which are denoted .

Remark 2. The use of a quotient space is a consequence of the non-uniqueness of the represen-

tation of the derivative by an element w € W as explained by equation (2).

We consider T;Jw as a vector space where for any v = (j,w) and v’ = (j/,w’) € T;dw, we have
v+ XNy £ (j, W+ w). Now, if we define
JE€Iw

T3dw plays the role of the tangent bundle of the manifold Jyy.

Definition 4. (1) We denote 7 : Tdw — dw the canonical projection defined by () = j for
any v = (5,W) € Tjdw-
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(2) Lety = (j,w) € Tdw and w = (z,v) € w. For any u € C(2,R?Y), we denote
<77 u> £ 02<Z7u>2 + <.]a le(u ® U)>2 .

(Note that the right hand side does not depend on the choice of w € W).

(3) For any function v : I — Tdw where I is a real interval, we say that ~ is measurable if
7 0y is measurable from I to Jy and for any u € C(,RY), (v;, u) is measurable from
I to R.

Returning to Definition 2, we see that C! curves j admit a lifting t — ~; = (j;, W) to Tdw
such that for all v € C°(Q, R?)
d .
EG“ u)y = Ve, u),

so that it is natural to define %t 2 ¢ € T;, dw leading to the formula
dt Jt

d . djy
dt<Jt7u>2 <dt 7U’> ( )
The next step, for our Riemannian construction, is to place a metric on T;Jw for all j € Jw .

3.3. Riemannian structure.

Definition 5. For any j € Jw, we define on T;dw the norm
;£ inf{ [wlw | (j,w) €7}
The infimum is attained at a unique point, as stated in the following proposition.

Proposition 1. For any j € Jw and any v = (§,W) € T;dw, since W is a closed subspace of W,

there exists a unique w € W, denoted p(~y) such that

_ A .
() £ argmin |w|w .
wEeW

Hence, |v|; = [p(7)|lw Moreover, b is linear from T;dw to W.

Proof. Since W is a close subspace of W, it is sufficient to note that if p is the orthogonal projection
from W to EjL, then p(w) = 0 for any w € Ej; so that p can be factorized as a linear map 7 from

W/E; to EJl Now, one easily checks that p(v) € w and that p(v) minimizes the norm. O

We can now define the geodesic distance between arbitrary points jg, j1 in Jw by

L4
dgyy (jo, j1) = inf /
0

4
dt

dt |J GCéW([O, 1])3W)7 j0:j07 jl :]l} 9 (10)
Jt

where CJ_([0,1], Jw ) is the set of piecewise C' curves in Jy which are straightforwardly defined
from the definition of C' curves. This definition is the usual definition for finite dimensional
Riemannian manifolds. There is, however, a measurability issue, since it is not obvious from our
definition of a measurable path in Ty, that ¢ — |v¢|r(,,) is measurable. This issue is addressed

in the next proposition 2, the proof of which being provided in appendix A.

Proposition 2. Let v : [0,1] — Tdw be a measurable path in Tdw . Then, P o~y is a measurable

path in W and |Y|roy s a measurable real-valued function.
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4. GROUPS OF DIFFEOMORPHISMS

Curves in W naturally generate diffeomorphisms on €2 by integration of their first component,
which is a time-dependent vector field on {2 which vanishes at 0€2. The relations between the
Hilbert structure on B and the class of diffeomorphisms which can be generated in that way have
been investigated, in particular, in [24] and [13], in which sufficient smoothness conditions on the
vector field are derived to ensure existence, uniqueness and smoothness of the flow for all time.

For T > 0, define the set L' ([0, T], B) as the Banach space of measurable functions v : [0, 7] — B
such that

T
|V|1,Té/0 [vlg dt < oo.

Similarly, L?([0, 7], B) denotes the Hilbert space of square integrable functions defined on [0, T']

and taking values in B, with the norm

T
2
|V|2,T = </o Vg dt)

For v € L*(]0,T],B), consider the ODE
d
=), (11)

A global flow solution of this equation is a time-dependent family of functions ¢ — ¢; such that,

1/2

for all x € Q, po(x) = x and

t
Qot:/ Vso(Psta
0

When the dependence of this flow on v must be emphasized, it is denoted by V.
Results in [24, 13] essentially relate the existence and smoothness of such flows to embedding
conditions of B into standard sets of continuous functions. We quote these results in the next

theorem.

Theorem 1 (Trouvé). If B is continuously embedded in CJ (2, IR®), then for all T > 0 and all
v € LY([0,T),B), the ODE (11) can be integrated over [0,T), and its associated flow " is such

that at all time x — ¢} is a homeomorphism of ).

*), and introduce the map

“)

Notation 1. Assume that B is continuously embedded C} (2,
Ar: LY[0,T],B) — C(Q,
vV o= or

Then, the set A1(L'([0,1],B)) will be denoted G.

R
R

The fact that G3 is a group is proved in [24]. Further results on these groups and on Ar can
be found in appendix C.

5. GEODESICS ON Jw

5.1. Minimizing geodesics. The space of C! curves is not well-suited to deal with proofs of the
existence of curves of minimal length between two images jo and ji, i.e. minimizing geodesics.

We introduce below the more tractable space of curves with square integrable speed.
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We need first a preliminary proposition saying that square integrable paths in T'Jy are uniquely
identified by their trace on smooth space-time vector fields in IR?. The proof of this proposition

is postponed to appendix A.

Proposition 3. Let vy : [0,1] — TJw be a measurable path in Tdw . Then, if fol |*yt|727(%)dt < 400
and for any u € C(02x]0,1[,RY), we have fol (v, u)dt =0 then vy =0 a.e.

We can now introduce the space H'([0,1],Jw ) of regular curves.

Definition 6. We say that a path j € C([0,1], L>(, IR?)) is regular if there exists a measurable
path v : [0,1] — TJdw such that ©(y) = j, fol |7¢|2dt < oo and for any u € C(]0, 1[xQ,RY), w
have — fo Jts at Yodt = fo Yt , up)dt. From proposition 3, the path v is uniquely defined; using the

notation ‘93 £ 4, we get the integration by parts formula:

L ou dj
/0 <‘]t,5>2dt— —A <E,ut>dt. (12)

We denote H'([0,1],dw) the set of all the regular paths in C([0,1], L*(Q2, RY)).
Proposition 4. We have C*([0,1],dJw) C H*([0,1],dJw) and both definitions of gJ coincide.

Proof. Let j € C'([0,1],dw). There exists w = (v,z) € C([0,1], W) such that for any u €
C®(Q,RY), t — (js,u)z is C and
9
ot
Certainly, w € L2([0,1],W). Moreover, for any u € C2°(Q, R) and any f € C2°(]0,1[, R), we

have by integration by part (we denote f’(t) £ Z—Ji)

/1 (e, / F(#) (e u / f(t) dt (jt;u

so that (12) is true for v ® f € C2°(]0,1[xQ, IR?). The complete proof follows by usual density

(e w2 = 0 (2, w2 + (jr, div(u @ ve))2 -

arguments. O

We carry on with an important result which characterizes regular paths in Jy. For a path v
in L1([0,1], B), we define for any s,t € [0, 1]
Pla 2 eio(pf)h

Theorem 2. A path j : [0,1] — Jw is regular (resp. is in C([0,1],dw)) iff there exists w =
(v,z) € L3([0,1],W) (resp. € C([0,1],W)) such that
t

Jjt=Jooyio+ 02/ zs 0 @y yds,

0

Proof. The proof is postponed to appendix B ad

Theorem 3. Let jo and j1 be in Jw. Then we have

1
dgoy Gos 1) = inf{ /
0

dt | je H'([0,1],dw), jo = jo. j1 = J1 } . (13)

<
at|;,
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Proof. Let j € H([0,1],dJw) be a regular path from jo to j; and let w € L?([0, 1], W) such that
= ﬁjt(g;) for any t. There exists a sequence (w" = (v",z") € C([0,1],W), n € IN) such that
fo |wy — wi Wdt — 0. Define
t
i =dnowly+o* [ o gtids.
0
We get from theorem 2 that j° € C'([0,1],dw). Now, considering w" & (¥",z") with 7z} =
Z' 4 (j1 —j7) o (p‘s'nl and V" £ v we get from theorem 9 (see appendix C) that " € C([0, 1], W).
Using theorem 2, we deduce that if j” is defined by
¢
7 =dvoly+ot [ ogtids,
0

then j* € C1([0,1],dw) and j} = j1. However,

1] o~
871
/ d dtﬁ/ |~nwdt—>/ |thwdt
0 it

ot
when n — oo. Therefore we deduce that dy,, (jo,j1) < fol |%|jtdt for any regular path from jy to
j1- Finally, since C*([0,1],dw) € H'([0,1],Jw) we get the result. o

Definition 7. Let jo,j1 € dw. We say that j € C([0,1], L2(Q,R%))) is a minimizing geodesic path

(/

We denote Gy, (jo,j1) the set of the minimizing geodesic paths from jo to ji.

from jo to j1 if j is reqular and

o)

ot

2
dt) = dgy, (Jo, J1) -
jt

5.2. Characterization of geodesics.
5.2.1. Photometric optimality.

Theorem 4. Let jo,j1 € Jw and j € Ggw(jo,jl) be a minimizing geodesic path from jo to j1. Let
w = (v,2) € L2([0,1], W) be defined by w; £ B(Z) for any t € [0,1]. Then z € C([0,1], L*(Q, R?))
and for any t € [0,1] we have
7t =200 ¢), ‘d(p%’}o‘ . (14)

Proof. Let j € H'([0,1],Jw) be a minimizing geodesic from j, to j; and let w = (v,z) €
L?([0,1], W) such that for any t € [0,1], w; = ]‘9(%). For any u € C°(]0,1[xQ, R?), and any
¢ € IR, define

5 : v 2 ! auS

Jt=Joopigto / (zs +e—— Os OWsl)OQPtst

0

Since t — (v, 2t + a% opyy) € L*([0,1],W), we get from Theorem 2 that j € H'([0,1],Jw).
Moreover, j, = jo and j; = j; so that

2

) .

1 2 1 d]
/ dt:/ (|Vt|§3 + 02 |zt|§) dt < ¢
0 it 0 d

1 |2 1
iy dtg/ vl + 02
s, 0
Since ¢ is arbitrary, we get

1 aUt Y 1
0= <Zta8— OSDt,1>2dt: <Zt°<P1t |d901 t| 2dt
0 t 0

djs

Z +88 o
dt t ot @tl
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Choosing arbitrary u € C2°(]0,1[x, R?), we get that there exists Z; € L2(€2, IR?) such that t-a.e.
we have z; 0 oY, |deY ,| = z1. Hence, if z, = £1 0 ¢}, |dp} |, we have z € C([0,1), L2([0, 1], IR%))

and z; = % t-a.e. Note that %y o ¢} o |de} | =71 so that
7 = (ZO o 90\1’,0 |d90\1,,0‘) o SDZ,l ‘dQPZ,1| =1zpo0 SDZ,O ‘dQPZ,O‘ )
and the proof is ended. ad

This leads to the definition

Definition 8. A regular path j € H*([0,1],Jw) is called a pre-geodesic path if and only if the

following equations are satisfied almost everywhere in t:
t
jt = jO © ()0;,,0 + 0-2 / Zs O (p;’,sds )
0
Zt =700 (PZ,O |d90¥,0‘ ) (15)

(vi,zt) =D <%> :

5.2.2. Study of the Geodesic equation.

Directional derivatives in L?. In this section, we try to clarify the last equation of system (15),
at least in some situations of interest. The difficulty comes from the fact that, unless j; is smooth
enough, this equation does not, in general, specify a unique correspondence z; — v;.

To be more precise, let us analyze the condition that for all ¢:

(Vi,2¢) =D (%) .

For this purpose, we first introduce a weak version of the directional derivative dj.v when j € Jyw

and v € B.
Definition 9. Let j € Jw .
(1) We define the operator Dj : D; — L*(Q, R?) by
D;2{veB|3C, st YueCQ,RY), |(j,diviu®@v)),| < Clul, },
and for any v € D;, Dj.v is the unique element in L*(Q, R) such that
(Do, )y =, diviu @),

for any u € C>(Q, RY).
(2) We define the adjoint operator Dj* : D} — B where

Di£{uce L2(Q,RY) | 3C, st. Yo € D; [(Djw, u)y| < Clo|g },
and, for any u € D3, Dj* is the unique element in 'D_j (closure of D;) such that
(Dj*u, v)g = (u, Djv), (16)

for any v € D;.
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Remark 3. The existence of Dj.v comes from the extension of the linear form u — (j, div(u ® v))
for smooth u into a continuous linear form on L2(Q,Rd) for v € D;. For the definition of the
adjoint Dj*, the adjoint is uniquely defined as an element of D; by equation (16) (D; is not

necessarily dense in B).

Fix j € Jw. We may characterize elements v € D; as follows (we denote hereafter ¢V the flow

associated with the constant speed v = v for any ¢ € [0, 1].)

Theorem 5. The vector field v € B belongs to D; if and only if there exists a square integrable

function € : Q@ — R® such that
-1

ds. (17)

t
ot = (@) ldsetal 7+ [ €0 talo) [dey ot
We have, in such a case: Djv =& — jdiv(v).
Proof. We first notice that, if v € B,
~ div(w ), = £ [ (G0) woelo@) ldaptol do = 1 [ (G0 ebe(a) . ulw)de

Assuming that (17) holds, the last expression yields

4
dEQ

dx

. v - d N v v
o), wle)) o] ot L [ [ (goet u@)]dy st
QJOo

== [ ) u@)aivto)dn + [ (6w ulads = (6 = jdiv(w) ),
which implies that v € D; and Djv = & — jdiv(v).

Conversely, let v € D; and £ = Djv + jdiv(v). Fix u € C’l(Q,Rd). Consider the function
f, defined on [0,1] by f(t) = (jo¢f,,u),- Denote by j(t) the left hand term of (17), and
g(t) = (;, u),. We have

t
gt = —(3, udivgy, @ ldagt, |7 ) + (€0t u), - /0 <£w873

dey ot udiv%tv> ds
' /2
= <§ o ‘Pg,t - jtdivs%”tvv U>2
Since f(t + E) = <j o @g,t—i—s , o (p}f),() ‘dngODQ, we ha‘ve
F(t) = (Djv, uwog}y|deyol), = ((Djv) ol u),
Therefore, computing the integral of the difference and using the definition of ¢:
t t
Got=Tuudy = [ (5o, —T udivg,v) ds <lulylols [ 1706, Gl ds
0 0
Taking the supremum of the left-hand term over continuously differentiable u with L? norm equal

to 1 yields .
7000, = Tely < vl /0 |7060,s = Js|, ds
which implies |j o ¢§, —J,|, = 0 for all . O
An interesting consequence of this is:

Lemma 1. For any j € L*(Q, IRY), one has j € D3 and, for v € Dj,

1
(Djv. )y = =5 (1il, dive) .
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Proof. Indeed, let v € D;. Consider the function
R 2
10 = [ Jio g o) da

Since f(t) = (|j]?, |dgot70|>2 we have f/(0) = —<|j|27 divv>2. Using, on the other hand expression
(17) yields f'(0) =2(Djv, j),. 0

Interpretation of the pre-geodesic equations. The property that w = (v,z) € W belongs to Ej,
which states that for all u € C°(Q, R?),

o2 (z,u)e + (j,div(u @ v))2 =0,

is equivalent to v € D; and 0%z — Dj.v = 0. Consider now some tangent vector v € T;Jw, and
study the property that, for some w = (v,2) € W, one has p(y) = w. This implies in particular
that, for all (v',2) € Ej,

o+ 0|5 + 02 |2+ 22 > [v] + 0% |22,

which is in turn equivalent to: for all v’ € D, (v, v')g +(z, Dj.v’), = 0. This implies that z € D}
and that (v, v')gz + (Dj*z, v')y = 0, so that v = —Dj*z + v, , where 7, is the projection of v
onto @f. Note that this orthogonal component does not depend on the choice of (v, z) from the
equivalence class defining + (hence the notation). We thus may conclude that (v, z) = p(7) if and
only if z € D} and

v=—-Dj*z 4+, .

The first conclusion we may draw from this is that, whenever D, is dense in B, v, is uniquely
determined by z; and the condition (v¢,z;) =D (%). It is given by v = —Dj;z;. This is true, for
example, when j; € H'(Q, Rd) at all times, since, in this case Dj, = B (notice that, by theorem
4, this is true along a geodesic as soon as jo and j; belong to H'(Q, R?)).

However, this is not the general situation. As an example, consider the case when j is the
indicator function of a subdomain Q; of 2 with smooth boundary. If v is a vector field on 2 and

u is a smooth function on 2, we have

(7, divuv) = / u(v, v1) prdor

where v is the outward normal to 9€2; and oy is the surface measure on 0€2;. This implies that
djv may be identified to a singular measure supported to 9, which does not belong to L? unless
it vanishes. Thus, D; consists exactly of vector fields on Q2 which belong to B and have vanishing
normal components on 9Q;. For a € R¥ and = € R, denote by K,a the element of B such that
(Kya, u)g = (u(x), a) gr. Then, K, v(x) belongs to DjL for any z € 99, and so does any linear
combination of these vector fields. We see that in this case, Dj- is non trivial.

This discussion implies that the pre-geodesic condition for a path may be written

t
Jt=lJoowio+ 02/ zs 0 @y Jds,
0

1
Zt =200 ‘PZ,O |d90¥70} ) (18)

7y € D; and v¢ — Djfz; € Djlt.
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These equations are not complete yet (in the sense that they cannot be solved from the initial
values (jo, vo, 20)) since they provide no information on the choice of v — Djfz; at time ¢ (unless of
course Dj-t = {0}). We need to specify the mode of propagation of this singular component along

a geodesic. The following computation provides a hint on possible ways to achieve this. Assume

d
that j is pre-geodesic and (v¢,z;) =P <d—‘i> In such a case, we have

a2 = / 120 0 @Y o 2ldi? o2z = / 2ol gy |ty
Q Q
and
L . ! 1
sala) = 5 (o @b (@) — o) [ 1dgf | s
0
Thus
|2

H 1 710081 — Jo
zslpds = — | 47— —
0 " Ja [y ldeg |~ ds

Making the change of variables y = ¢ ; () yields

. . 2

b 1 |71 = Jo © Y |
|zs|2d5 =2 1 v -1 v ) s
0 7" Ja fo |dap{,0(w)‘P0,s| |depY o(x)~tds
ie.

1 . . L

2 1 ‘jl —joO<P1,o|
|Z5|2 dS = 3 S B ——

0 ot Jo T gyl s

and the geodesic energy is given by

1 . ) v 12
9 1 J1—Jo°¥io
/ |Vs|3 d8+—2 |1—‘ (19)
0 7 Jo 1ot - ds
We can obtain more precise information on the geodesic by studying variations of this expression
with respect to v. This will be handled below, under a smoothness assumption on jj,. Before this,

we need some notation for the reproducing kernel on B. They will be useful throughout the paper.
Kernels for the inner-product on B.

Proposition 5. There exists a continuous operator K (resp. Ky ) on L' (Q, R") (resp. L'(Q, R)),
with values in B such that, for all u € LY(Q, R®) (resp. w € LY(Q, IR)), for all v € B:

(Ku, v)g = (u,v)s,
and

(Kvu, v)g = —(u,divo)s .

Proof of proposition 5. Let u € L'(Q, R"). Since we assume that B is continuously embedded
in CJ, the linear form, defined on B by v — (u,v)s is continuous, because |{u,v)s| < |u|, |v]_, -
Therefore, there exists a unique element in B, denoted Ku, such that, for all v € B: (Ku, v)y =
(u,v)2 and continuity comes from the inequality (Ku, v)g < |ul, |v| < cst |ul; [v]g-

The same proof holds for Ky, since |divv|_ is also controlled by |v]. O

It can be remarked that, for smooth u, Kyu = K(Vu).
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Remark 4. When j is smooth (eg. j € H'(Q, IRY)), the operator Dj* introduced in the previous
paragraph is given by Dj*z = K(dj*.z), in which dj* is the standard matriz adjoint of dj. Indeed,

we have in this case
(2, Djw)y = (z, djv)y, = (dj*.z, v)y = (K(dj*.2), v) gy .

Characterization with a smooth endpoint. We study the effect of small variations in v on the geo-

desic energy (19), under the additional hypothesis that jo € H'(Q, IR?). Thus, fix h € L2([0,1], B),

and consider a perturbation v + eh of v. We compute the corresponding variation of the geodesic

energy. The variation of the first term being 2 fol (ve, hi)pdt, we can focus on the second term,
namely

a1l |j0 ° <P\1',JBEh -7

o [y ldptt s

The variations of U are given in lemma 2, which is proved in appendix E.

‘ 2

Lemma 2. We have, at ¢ = 0,

dU* ! Vg2 20 v Ve o
— =" / (K 2o’y + K (1> Vo)) + 2K (e o oy ize) he ) dt, (20)

t
with q;’:/ |dey | "ds .
0

We can deduce from this our additional condition for a regular path to be a minimizing geodesic:

for almost all ¢ € [0, 1],
Vi + % (KD} + KvCy)n =0.
where
Dy 2 6% |z Vgy + 2[dyy o] dyy  do2t
and
Cy 2 o%q) |z]* .
It may be interesting to check that this condition boils down to the one we have obtained before
for smooth trajectories, namely
vi + K(djfz:) =0.
It suffices for this to notice that, for pre-geodesic trajectories, j: = jo o ¢} + 0?z:qY and that,
when z; is smooth
KD} + KvCY = K(Dy +VCY).

We now define geodesic paths (not necessarily minimizing).

Definition 10. Let jo € H'(Q, R"). A regular path j € H*([0,1],dw) starting at jo is called a

geodesic path if and only if there exists w = (v,z) € L?([0,1], W) such that the following equations

are satisfied almost everywhere in t:

t
it =Jo ol +02/ 20 Y ds
0

Zt = 7o © 902’70 |d90¥,0‘ ) (21)
o2

2

v+ K(delo] doy jom) + 5 (Kvlar (") + K (jal* Va?)) =0,
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t
with ¢ = / |ldey | 'ds.
0

These equations are complete: it will be shown in section 7 that initial conditions (jo, 20)
uniquely specify the solutions. It is interesting to check that geodesics, as defined in (21) also are
pre-geodesics. For this, we first show that, for all times ¢, z: € Dj,. Noting that the first equation

in (21) may also be written
Jt=Joopiot o*24q1

it is clear that D;, = D.,, and z; € D}, is proved in lemma 1. The same lemma also provides the
fact that, for w € D,,,

. . o? .
(21, Djrw)y = (=1, dljo o wlo)w), +o* (ol Var, w) = - (Jadl?, div(giw) )

and this is equal to — (v , w)4 by definition of K and Kv. We thus obtain the fact that v,+Dj; 2 €
Dj. as required.

We shall prove existence of solutions for a broader class of evolution equations, extending the
range of initial values vo. Consider the term w; = K([do]"dyy j570 0 97 |de¥ o|) which appears

in the third equation of (21). We have, letting wy = —dj§z0, and, for w € B,

L2

= <d¢;0on0 o9y |deol, d‘PtV,ow>L2

(e why = ([def o] oy yomo © 1o |dielg

= <w0 ) (dSD\077t)71w © 9087t>L2

We know, by appendix C, that ¢y, belongs to C? () as soon as B is continuously embedded in
CP(Q, IR¥), which implies, in this case (with p > 1) that

|(d9057t)_1w o 906715} 1o < Const |w|B
p—1,

the constant depending on |v], 5. But this implies, in turn, that, if the L? inner product is replaced

by the action of any continuous functional, wg, on C¥ 71((2, Bk), which will be denoted
(WOa (d%,t)*lw o @g,t)
there exists an element of B, that we shall still denote u; such that
(ug w>3 = (WOa (dﬁpg,t)ilw © SOEJ,,t)

With these notation, we may formulate

Definition 11. Let jo € L?(Q, R?). Let wy be a continous linear functional on CP~(Q, R*) and
20 € L2(Q, RY). A regular path j € H'([0,1],dw) starting at jo with initial direction (wo, zo) is

called a generalized geodesic if and only, for all u € Dj,, one has

(OJ(),U) + <ZOa D]0U> = Oa
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and there ezists w = (v,z) € L?([0,1], W) such that the following equations are satisfied almost

everywhere in t:

t
Jt ZJOOQPZ,O"'Jz/ zs 0 py (s,
0

7t =700 P{ o |d90;5/,0‘ ’ (22)
o2

2

vt—u;’—i—

(Kolay ) + Kl Vay)) =0,

Vw € B (0}, w)g = (wo, (dgg )~ wo p )
¢

with qz':/ |d90;”5|71ds.
0

Recall that when jy is smooth, the only choice is wy = djjzo, and if, 2y is also smooth, the

system may be written under the simple form

t
jt = jO © ()0:5],0 + 0-2 / Zs O wz,sds )
0

Zy =170 © @2’,0 |d90¥,0‘ ) (23)
v + UgK(de‘Zt) =0.

As an example of the non-smooth applications we have in mind, assume that jj is a binary,
plane image, which is the indicator function of the interior of a connected open subset, 2; of 2
with smooth boundary 0€Q;. We have seen that any element w € D;, should be tangent to 921,
and that in this case, Djow = 0 and D} = L?(2, IR). We therefore may choose zy arbitrarily in

L?, and (wg, w) should vanish for w € D;,, which is true, for example, when wy is defined by

Jo>
(wo, w) 2/ (w, v1)doy ,
o0

where v; is the outward normal to 9Q); and o; the surface measure on 09;.

6. EXISTENCE OF MINIMIZING GEODESICS

The next theorem states that minimizing geodesics always exist between two elements of Jy .

Theorem 6. Assume that B is compactly embedded in C§(Q, R"), and let jo,j1 € Jw. Then
Gy (jo,71) is mon empty.

Proof. Let (j")nen be a minimizing family of paths in H'([0, 1], Jw ) from jo to ji; for any n € IV,
let wp £ 1‘9(%) so that (w"),ey is a bounded sequence in L2([0,1],W). Up to the extraction
of a subsequence, we can assume that w" converges weakly to a w* in L2([0,1],W). By lower

semi-continuity, we have

1
[ il < dy o).
0
By a time change argument (which is classical in the proof that minimizing geodesics travel at

constant speed, see [9]), we may furthermore assume that |w}|;,, is uniformly bounded by, say,

o0

dgy (jo,j1) + 1. Denoting w™ = (v",2z"), consider j; £ jo o ¢§% + o2 fot 2 0 pP%ds, where o>

is the flow associated to v*°. Since j’ is a regular path, it is sufficient to prove that j; = j.
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However, if ¢™ denotes the flow associated with v", we know, from theorem 9, that ¢}, converges
uniformly to ¢7% so that jo o v’y — Jjo o 5% in L2(Q,RY). Now, let u € CX(Q,R%). We
have fol (2% 0 @F 5, u)ads = fol (20, uo @ |del|)2ds. Since u has bounded derivatives, and using
theorem 9 implies the uniform convergence of ¢?7; to ¢%, and the pointwise convergence of the

derivatives (because of the uniform boundedness of |[v}|4), we have

1 1
/ (w0 gy |dgty [)ads — / (w0 o |d [)ads — 0. (24)
0 0

Moreover, from the weak convergence of z" to z°°, we get
b b

1 1
/0 (w0 o3 |dp )ads — / (2°, 00 03 |de |)ads, (25)

so that finally (j; — j},u)2 = 0 for any u € C2°(,R%). Hence j’ € H'([0,1],dw ) and the result is
proved. a

7. INITIAL VALUE PROBLEM FOR THE GEODESIC EQUATION

We have:

Theorem 7. Assume that B is continuously embedded in C§(Q, R?) for p > 3, then, for all
T > 0, there exists a unique solution (v,j,z) of (21) over [0, T] with initial values jo € H (2, R?),
2o € L2(Q, RY) and wy € CP~1([0,1],R*) (where CP~1([0, 1], R*)" denotes the topological dual of
CP=1([0,1],R¥) with the norm |w| = SUp|y|,_, .<1(w,v)) , which continuously depends on these

initial conditions.

Continuity of the solution (v,j,z) as a function of (jo, z9) is meant according to H' (2, Rd) X
L2(Q, IRY) norms for the initial conditions, L?([0, T], W)-norm for (v, z) and C([0, 1], L?(, R%))-

norm for j.

8. PROOF OF THEOREM 7

To prove Theorem 7, we show the existence of solutions for short time, and then extend them
to all time. Fix T > 0. For a given v € L*([0,T], B), let ¥(v) € L?([0,T], B) be defined by

0.2

v v, vi|2 v|2 v
v(v)e =y = T (Kot 1) + K (%] V)
v \'% \% 26
Zt =720°¥to }dQPt,0| (26)

(uf, w)y = (wo, (dey ) wo ey )
To estimate the Lipschitz coefficient of ¥, we introduce v,v’ € L'([0,7],B) and compute the
variation of each term in ¥(v); — U(v');. Fix w € B with |w|g4 = 1. We have

0'2 . 02 v v vo\— v
(U)e, w)y == (|27, qidiv(w) ) — —([21*, dgfw))_+ (wo, (dey ;) wo ol ;)
2 2 2 2

v o\ — v 02 2 v |71 v voo1: v
=(w07 (dwoﬂ:) 'wo 900,15) + 7<|ZO| ) d@o,t‘ q; © @o,tle(w) © 9007t>2 (27)
2

(o 2 —1
= (10l [dis | " dys w0 95,
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We have
t
v r‘/’o t‘
Qt © 4,00 t / ‘dgao (w)@t s dS - /O dgogys(m)@s,t }dwspo .
etting €7, = 52224 and A} (w) = (A w0,
(W), w)y =-——j/ 20l (Jdigo| " div(w) o 03, — [digh, | (V€L L A () Yls+(wo, N ()

(28)
This implies

t
\'% 71 : \'% Vl
(|d900,s‘ div(w) o ¥o,t — ‘d@ms

0

2
g 2 v
+ o |Zo|25up{/0 (|d900 t‘ st7 A w)> - ‘déoo,t
) - A <w>\ July =1
p—1,00

The problem is thus reduced to the estimation of variations, with respect to v, of A} (w), V&Y, and

02
() = U(v)ely < = |2ol3sup
2

+ |wol bup{

of |d905”5|71 div(w)o g} ,. They involve differentials of ¢¥, ¢V and w up to the second degree. The
inclusion of B in C3([0, 1], ]Rk) and an application of lemmas 7 and 11 in the appendix directly

lead to the estimate

C’ max(|v v’
W) = U)ol < C (0 203 + o] ) v = V'], e o r ) (29)
and finally
|\IJ(V) —\I/(V/)|27T < O\/T (0_2 |ZO|§+ |w0|) |V_V/|1)T eC’maX(|V\1,T’|v’|LT)
< CT (0,2 |ZO|§ + |<.d0|) v — V/|2,T eclﬁmax(\V\Q,T7|V/|2,T) . (30)

Therefore, ¥ is ¢-Lipschitz with ¢ < 1 for T small enough, and its unique fixed point yields a

unique solution of (21). This is stated below:

Lemma 3. There exists a time T > 0 depending only on |zo|, and |jo|y: such that a unique
solution of (21) exists on [0,T]

We now show that this solution can be extended to all times. For this, we prove that there
exists a unique fixed point for ¥ at all times. Denote by ¥ this mapping when defined on
L3([0,T],B). Clearly, if v is a fixed point of ¥, its restriction to [0, 5] is a fixed point of ¥g.
Thus, if T is the largest 7' such that g has a unique fixed point v° in L2([0, 5], B) for any S < T,
then each v7 for T < T, is an extension of v° whenever S < T. We can show that Ty = oo by
showing that, if Tp < oo, then, there exists € > 0 (depending only on T and the initial conditions)
such that, for all T' < Ty, there exists a unique extension of v’ to [T, T + ¢]. Fix such a T'; the
issue of extending a fixed point of 1 on [T,T + ¢] can be rephrased as a fixed point problem
for small time with the following notation. For v € L?([0,7],B) and v € L?([0,¢], B), define
vV v’ e L?([0,T +¢€],B), equal to v on [0,7] and equal to (¢ — v'(t —T)) on [T, T + ¢]. Introduce
the function W€ : L2([0,¢], B) — L?([0,¢], B) defined by

VEW)(t) = Ui (VI VV)(E = T).

div(w) o 905:1:) ds: |wly = 1}

(Ve A W) ) ds ol —1
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For ¢t > T:
T T
qz, YV = QI, + q:tLTﬂ
7t = 21 0 P |dp¥| 71, and that
(u,w)g = (WOa (dﬁpg,t)ilw o ‘Pg,t)

(wo. (s 1) (A, £50) 0 0 93 0 957

= (wr,dory) T wo o)
with (wr,w) = (wo, (def p)'wo QDB')T). It is clear that the study of ¥ can follow exactly the lines
of the study of ¥, yielding a unique fixed point if € is small enough, the size of admissible ¢ being

controlled by the L?-norms of zr and the norm of wr as a linear form on C} 1, R*). These

norms can in turn be bounded by the L2-norms of z; and the norm of wy, respectively, multiplied

by a continuous function of max <‘cp5§p}l 0 @}fo‘l Oo). Proving that this is uniformly bounded
for T' < Ty, is therefore sufficient to get the contradiction we aim at, that is that the solution can
be uniquely extended beyond Tj.

So, everything relies on proving the uniform boundedness of %’)TT, (p%’TO and their derivatives
over {). By lemmas 7 and 9, these quantities are bounded by functions of }VT}LT, so that we have
to prove that these can be bounded uniformly in 7. It however suffices to use the fact that v7
satisfies a geodesic equation, and that geodesics travel at constant speed. More precisely, defining,

fort <T < To,
2
Wy = ‘V?|B + o2 |Zt|§ .
we have (recall that this does not depend on T as soon as T > t): ¢, = ¢(0) so that

‘VT|17T < Ty(0)

for all T'. Tt is well-known that minimizing geodesics have constant speed, but we must check that
this property remains true for all the solutions of (22). This is proved in the appendix, and stated,

for further reference, in the next lemma:

Lemma 4. If (j,v,2) is a solution of system (22) on [0,T], then \Ut|293 +0? |zt|§ is constant with

respect to time.

To prove the continuity of the solution, let (v,7,2) and (v/,j’,2") be two solutions of system
(22) with initial conditions (wy, z0) and (w(, () respectively. Using, in particular the computation
leading from (28) to (29), it is not to difficult to obtain the estimate

2
lop —vply < C (|w0 —wp| + % ‘|Zo|2 _ |z6|2D Ol r

C|v’|
LT |

+C (02 bl + bl ) Iv = v/l e

As we just have shown, |v|, ; = T |vo|y, and this is smaller (up to a universal multiplicative

constant) than |wg| so that

IN

2
g 2
o —vlls < O (lon =1+ 5 [Jal? = 357 ) 70

+C (0 12613 + il ) Iv = ], 7 €714
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Gronwall’s lemma now allows us to conclude that, for some constant C' which may now depend

on T, |(.U0| ) |w6| ) |ZO|2 and |Zé|27
2
o 2
ot = otk < € (Joo = whl + G [lof - 4P (3)
9. NORMAL COORDINATES IN Hl

We now consider the question, which motivated this paper, of whether the previous construction
could be used as an indexing device for characterizing the deformations and variations of an object
relatively to a prototype.

Fix an image jo € H 1(Q,Rd). The computationally simplest way to describe an image j
in a neighborhood of jy is by the difference j — jo. However, one cannot be satisfied with this
representation which takes no account of the metric we have placed on Jy,. Among local charts
related to the metric, normal coordinates on a Riemannian manifold are radial flatenings of this
manifold onto its tangent space, in the sense that radial lines in this space corresponds to geodesics
on the manifold. They provide a very efficient linear representation of the manifold, and of its
metric. Existence of such coordinates is a standard theorem in finite dimensions, and our purpose
is to check how much of this result remains valid in our infinite dimensional framework.

In the previous sections, another candidate for local coordinates has emerged, which turns out
to be closely related (it is in fact dual) to normal coordinates. We have proved that, for a fixed
jo € H'(Q, R"), one can associate to any zy € L?(€2, R%) a unique solution of system (21). We
introduce the function: Mj, : L? — L2, which assigns to zo € L? the “image” j; where j; is the
solution of (21) at time .

The following theorem shows that M}, shares some features of local coordinates on gy .

Theorem 8. Let By (0,¢) denote the open ball in H'(Q, RY) containing all zy € H'(Q, R?)
such that |20 ;1 < €. Then, for dall jo € H'(, IRY), there exists ¢ > 0 such that M;, restricted to

B (0,¢) is continuous and one-to-one onto its image, equipped with the L*-topology.

Proof of theorem 8. Continuity of Mj, : L3(Q, R?) — L?*(Q,R?Y) is a consequence of theorem 7,
and it trivially implies the continuity of the restriction: M;, : H'(Q, RY) — L*(Q, R?) for the
H(Q, Rd) topology. We show that this map is one to one in a neighborhood of 0. We first have

Lemma 5. Let jo, 20, 20 € H'(Q, R?), with max(|20| 1 , |Z0| ;1) < 1. Denote ¥ the time-dependent
vector field along the solution of (21) with initial condition (jo,Zo). Then, there exist a constant

C and a function € which only depend on jo, such that, for t > 0:
|(Mjy (t20) — Mj, (t20)) © 954 — t[o* (20 — 20) + djo K (djg (20 — 20))]], < Ct |20 — 20l5 () ,
and lime(t) = 0.
t—0
The proof of lemma 5 if given in appendix G. To prove theorem 8, we first remark that
|o® (20 — 20) + djo K (djs (0 — 20))|, = 0% [Z0 — 20l5
so that

~ < - c .
| (M, (t20) — Mjj, (t20)) 0 @5 4|, > to? |20 — 2ol (1 — —2¢clio 1)),

and the lower bound is non-vanishing as soon as ¢ is small enough. O
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Remark that we have, for ji,j2 € HY(Q, Bd), the inequality

. 1. .
d(j1,j2) < — |1 = jols

since the right hand side is an upper bound of the length of the curve j: = (1 — t)j; + tj2 (since
choosing v = 0 and 02z = jo — j1, we have w; £ (vy, ) € %t and o2 fol |22 = |2 — 715 /o2). So
continuity of M;, for the d-topology on its image is also true.

According to lemma 5, normal coordinates (which are time derivatives at ¢ = 0 of geodesics)

are related to M by the relation (we use the standard exponential notation)
exp;, (Sz0) = Mj,(20) ,
where S is defined by
Sz 2 0?2+ DjoK(Djiz).
This indicates that a good approximation of the metric in terms of the z-coordinate would be
|z1 — z2|§0 = (21 — 22, S(21 — 22))5,

which satisfies
|21];, = d(jo, M, (21))

in a neighborhood of 0.

10. EXPERIMENTS

In this section, we propose a preliminary set of experiments to illustrate the information con-
tained in the z-coordinate described above. Experiment in figures 1, 2 and 3 were conducted in
two steps: given two images jo and j;, we first computed the minimizing geodesic between them,
yielding a trajectory (j:,z,vi), and the corresponding flow ¢;. Then, using jo again, and the
obtained value zy on the minimizing geodesic, we computed the solution of (21) until time ¢ = 1.
The obtained values (j},z},v};) could then be compared with those which have been computed
along the geodesics. In figure 4, the initial j, is the same as in figures 2 and 3, but the z( is the
average of the two, so that it does not correspond to any precomputed geodesic in the image space.
The result is quite interesting, because it still possesses characteristics of a human face, and can
be compared to the result of a simple linear combination of the target images in figures 2 and 3.

The numerical implementation of both operations (minimization of the geodesic energy and
integration of (21)) must be done with some care, in order, in particular, to avoid instabilities due

to the conservation part of the energy. Details will be provided in a forthcoming paper.

APPENDIX A. PROOF OF PROPOSITION 2 AND PROPOSITION 3

A.1. Proof of proposition 2. The proof relies on a sequence of standard measurability argu-
ments, of which we only sketch the main steps. First let (wy,)nen be a Hilbert basis of 1. Since,
for any u € C°(,R?) and w = (v,2) € W, j — 1, ,(w) (which has been defined in equation (6)
by 02(z,u)s + (j,div(u ® v))2) is continuous from L2(Q, R?) to IR, the map

J w2 Z L u(wn)wnp,
n>0
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5

.

FIGURE 1. From up to down and from left to right: initial image, target image,
z-coordinate, reconstructed target image

is measurable from L?(2, Rd) to W. By construction, we have, for w € W:

(W, Wiu)y, = Z Liw(wn) (W, wn)yy = liu(w) .
n>0

Thus, for v € T;dw, we have
p(y) = argmin {|wly, : (w, wj) = (v, u), for all u € CCOO(Q,Rd)}

Introducing a family (uy,)nen in C°(Q, R?) which is dense in H{ (€2, R?), the previous expression
may be replaced by

p(y) = argmin {|w|y, : (W, wju,) = (7, un), for all n >0} .
For N € IN and X\ > 0, we define

al 2
PV (7) = argmin {|w|€v + /\Z ((w, W), ) — (7, un)) } (32)

n=0

Clearly, we must have p™V*(y) = Zf\il T;wju, where

N
/
E xnu}jsun
n=0

For \ > 0, the optimal x is given by z = (A +I/)\) "'y, where y € RN 1! is such that y; = (v, u;)
and Ais a (N + 1) x (N + 1) matrix with coefficients given by an v = (wju,, , wj_un>w. This
implies that, if v; is a measurable path, the function ¢ — p™*(;) is measurable. The measurability

2

N /N 2 1
. + /\Z <Z Lo (W > Wi, )y — (7 UL>> + X|x/|2

n=0 \n’'=1

T = argmin
x/€RN+1
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1
w
1

FIGURE 2. From up to down and from left to right: initial image, target image,
z-coordinate, reconstructed target image

of B(v;) is a consequence of the pointwise convergence of 77" (;) to B(7:), which comes from the
following argument: for all N and A, we have [p" ’>‘(7)|W < |B(7)|w, since the last term in (32)

vanishes for w = p(v). For the same reason,

Z (<]3N7>\(’7)? wj,un> - <7? un>)2 <

which implies that for all n, (V'™ (v), wj.u,) — (7, un) when N tends to infinity. Moreover, for

PN w

>| =

any weakly converging subsequence extracted from "™V () (which forms a weakly compact set
in W), we have, and denoting w* its limit, |w*|,;, < liminf 5"V (7)|,,, < [B()l,y, and, for all n,
(w*, wju,) = (7, un) by weak convergence, which is only possible when w* = p(v).

Hence ¢ — P(y:) is measurable is 7; if measurable and the proof of proposition 2 is ended.

A.2. Proof of proposition 3. We deduce from proposition 2 that it is sufficient to prove the

next proposition.
Proposition 6. Let w € L?(Q, W) such that for any u € C>(2x]0, 1[,R?) we have

/0 (0 (21, g2 + (o, div(uy ® v))2) di = 0. (33)
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FIGURE 3. From up to down and from left to right: initial image, target image,
z-coordinate, reconstructed target image

Then almost everywhere in t, w; € Ej,.

Proof. Let (u,)nen be a family in C2°(Q,RY) dense in C2°(Q, R?) for the H' (2, R?) norm. If we
prove that for any n € N, the function ¢, defined by c,(t) £ 02 (2, un)2 + (s, div(u, ® vy))e is
vanishing a.e., then by density, there exists a negligible set N such that for any ¢ € [0,1] \ N and

any u € C°(Q,R%)

o?{z,u)a + (i, div(u @ v;))a =0,
so that the lemma is proved. Hence, let us consider n € N. For any f € C>([0,1],R), if
u(t,z) £ f(t)u,(z), we have from (33) that

1
| enttrrerar=o.
0
so that, by standard arguments, we get ¢, = 0 a.e.

APPENDIX B. PROOF OF THEOREM 2

We start the (<) part in the case L2([0,1], W).



26 ALAIN TROUVE AND LAURENT YOUNES

FIGURE 4. From up to down and from left to right: initial image, target im-
age, z-coordinate, obtained by averaging the z-coordinate in figures 2 and 3, and
obtained target image

Lemma 6. Let w = (z,v) € L?([0,1], W). Let us define for any t € [0,1]:
jt £ oo pro +0? /OtZs o @ sds,

where @ is the flow at time t associated with v. Then j is regular.

Proof. Let us notice first that

t+h
Jt+n =Jt 0 Qeqnt + o? / Zs O Pith,sdt. (34)
t

From equality (34), the continuity in Jyw of j is straightforward.

It is sufficient to prove that for any u € C°(2x]0, 1[, R?), we have

1 1
_/O <jt7 %>2dt = A (02 <Zt, ut>2 + <jt7 diV(Ut ® Vt)>2) dt. (35)

Indeed, if (35) is proved, if for any ¢ € [0, 1] we denote ¢ = (j;, W;), we have for any u € C°(Q, R9),
t— (v, u) = 0%z, u)2 + (ji, div(u @ v¢))2 measurable, and |v|;, < |wew so that fol |ye|2dt <
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fol |w¢|%,dt < +oo and the lemma is proved.

We have
1< 9y dt = — lim 1<' ey i [ A
Jts ot 2 Py Jts A 2 b h y Ut )20t ,

so that

1L o 1t . , [t
—/ (jt 8_>2 = lim — / (jt © Prant — jesus)odt + 0 / (25 0 Prih,s, ut)ads | dt.
0 t h=0h Jo t

. . h
However, (j: 0 @iyn,e —je, ue)2 = J, s (jt © ps,t, div(us ® vs))ads so that

h—0

1 8U 1 1 t+h ) )
_/ (it Eh dt = lim 7 / (je o Ps,ts div(us ® vs))a + 0% (zs 0 Pt+h,ss u)ods | dt.
0 0 t

1 t+h
. 1 .
=hm g (/ (jt, div(us ® v5) © @t s|dipr,s[)2 + 0% (25, ur 0 Ws,t+h|d<ﬂs,t+h|>2d8> dt.
0 t

Since j; is uniformly bounded on L? and |¢; s — I|, . = €(|t—s]|) (since B is continuously embedded
in C1(Q, R¥)), there exists C' > 0 such that

t+h 1
[ [ tdivn @) o (ouldona] = Dyadsat| < Celh) [ o, (36)

< Ce(h)( /O wil2odt)2. (37)

Now, using again the fact that j; is uniformly bounded in L? and fact that C([0,1], L2(Q2,R¥)) is
dense in L2([0, 1], L?(Q2, R¥)), we get

(e, div(ug @ vs) — div(ug ® vi)))adsdt

o
< C’/ 7 / |div(us @ vs) — div(us @ vi)|2dsdt
0 t
— 0 when h — 0. (38)

At this point we have proved that

1
}111110 h / .]t O Pt+h,t — Jt, U,t> dt = / <jt7 div(ut X Vt)>2dt . (39)
- 0

Still using the fact that |pr,s — I|; . = €(|t — s]), and the fact that [w|, . is uniformly bounded,

we have

1 1 +h 1
52 / . / 2oy © (9o p4nldpssin] — ) dsdt < Co®e(h) / 174 ]ads (40)
0 t 0

1
< Coe(h)( / w2V @)

Finally, since |u|., is uniformly bounded, we get

1 [t+h t+h
/ E/ — 2, ug)odsdt| < hm C/ / Zs — Zt|o dsdt = 0.
0 t

Hence the proof of the lemma is ended. ad

lim
h—0
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Let us consider the (=) part of Theorem 2 for H'([0, 1], Jw ). Let j € H*([0, 1], Jw ) be a regular
path and let w; = ]‘9(%) for any t € [0, 1]. We get from proposition 2 that w € L2([0, 1], W). Hence,
let us define the new path j’ by

t
J; = jO O Pt,0 + 02/ Zg O Sﬁt,st,
0

where ¢ is the flow associated with v. From the (<) part, we get that j’ is regular and that
%—jt/ = %. Now let up € C°(Q,R?). For any f € C2°(]0, 1], R) if u(t,z) = ug(x)f(t) for any x € Q
and t € [0, 1], we have from the integration by part formula for regular path:

/1 r(t)f'(t)dt =0,
0

where 7(t) = (ji, u)2 — (j}, u)2. Since r is continuous and 7(0) = 0, we get » = 0. Considering
arbitrary ug, we get finally j; = j; for any ¢ € [0, 1].

Since the (=) part for C*([0, 1], dw) is an straightforward consequence of the definition of C*
curves and of the (=) part for H'([0,1],dw), we consider the (<) part for w € C([0, 1], W). We
get from the corresponding part for L2([0, 1], W) that (35) is still true. For any f € C2°([0,1], IR)
and any u € C°(Q, R?) we have

t 1
—/fﬁmmmwz/f@&ﬂ%m»+mAMmmmgﬁ.
0 0

One easily checks that t — 02 (zs, u¢)2 + (jt, div(u @ v¢))o is continuous as well as t — (j;, u)2 so

that, considering smooth approximates of step functions, we deduce that
S
(s, u)2 = (o, u)2 + / (0% (z¢,ue)2 + (e, div(u @ v))2) dt
0

and the result is proved.

APPENDIX C. REGULARITY RESULTS FOR A

In this section, we collect a few useful results on how the regularity of the diffeomorphism
A7 (v) = ¢¥ may be related to the norm on B, provided this norm can in turn control a sufficient
number of derivatives; the first result deals with boundedness. In the following, we assume at least
that B is continuously embedded in C} (2, IR*), so that Ap is well-defined for all T In this case,

T
or(r) =z +/0 vs(py(z))ds.

If v had p space derivatives for all s, a formal differentiation of this equality yields
T
dP Y. = dPid +/ dP(vs o py)ds. (42)
0

This can be proved rigorously from rather standard arguments in the study of ODEs, and is
stated in the next lemma, for which we provide a proof for completeness, and because of the small
complication due to the fact that we only have a L' control with respect to the ¢ variable, instead

of the usual uniform one.

Lemma 7. Ifp > 1 and B is embedded in CF(Q, R¥), then, for all v € L'([0,T],Q), ¢ is p times

differentiable and for all ¢ < p
8 \'% \'%
19t = d1(vi o).
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Moreover, there exist constants C,C’, such that, for all v € L'([0,T],9):

sup |45, 00 < CeC M (43)
s€[0,T]

Proof. For further reference, we first state Gronwall’s lemma;:

Lemma 8 (Gronwall). Asume that o and 3 are two positive, continuous functions on the interval
[0,c], and that

w(t) < at) +/0 B(s)w(s)ds .
Then, .
w(t) < aft) + / a(s)B(s)els Pwdugg
0

The continuity of x — ¢ ,(x) is a direct consequence of this lemma, since for z,y € €,
y Po,t

re [ ) vl )

loo.e(®) —wo (W) =

IN

t
o~y + / 1Vallt oo 8o (2) — 8o (1)|ds
0

and Gronwall’s lemma implies

[00,6(2) — 0, (W) < & = ylexp(C |v]y 1), (44)

Assume p = 1 and pass now to the differential of 7 ,. Fix z € Q and introduce the linear
differential equation, formally obtained in (42) for p = 1,

oW,

ot

with initial condition W (0) = § € IR*. We skip the argument ensuring the existence and unique-

= dyy ,(2)ViWs (45)

ness of a solution of this equation on [0, 1], and proceed to identifying it as W; = dzpy 0. Denote
ae(t) = (@g,t(f +&d) — @g,t(f)) [e =W,
For a > 0, introduce
pe(a) = max {|dyve — dyve| 1,y € Q, |z —y| < a}

The function d,v; € CZ(£) being uniformly continuous on the compact set 2, we have lim,, o i (a) =

0. We may write

1 t t
oet) = 2 [ (oalbfo+ e) = valeb (@) ds = [ dgg oeaWids
t
:/O dyy (2)Vsae(s)ds
1 t
2 [ (ol 26) = a0 (0) — ey v (8000 + 20) = 63,(2)) ) ds
0

Since for all y,y’ € Q:

Ve(y') = vi(y) —dyve(y' —v)| < ps(ly" —yl) Iy — v
we may write

t 1
lac(t)] < / Valy oo lae(s)] ds + C(v) 3] / 1a(C(v) [6])ds
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for some constant C(v) which only depends on v. The fact that a.(t) tends to 0 when ¢ — 0 now

is a direct consequence of Gronwall’s lemma and of the fact that
1
lim [ ps(a)ds =0
a—0 0

which is true by the dominated convergence theorem, since s pointwise converges to 0 and
ps(a) < 2[v|; .. This proves lemma 7 in the case p = 1. The rest of the proof goes by induction:

let go < p, go > 1 and assume that the result is proved for all ¢ < go:

8 \% \%
adq% =d(viopy).
This implies that for d1,...,d, € R*, we may write
P q
o701 (01,1 0g) = digy Vid "} (B, 6g) + S dvie,. e

1=2

each vector 5,(;) being a linear combination (with universal coefficients) of terms of the kind

dl/gpg)t(éil, ..., 0;,) with I’ < ¢ + 1 — [ (this result on the differentials of the composition of

two functions can be easily proved by induction). This is a linear equation in d9¢} (d1,...,dq),

which is valid for ¢ = gp — 1 and the proof of its validity for gy follows exactly the same lines as
for p=1.

This expression also shows (using Gronwall’s lemma) that |d?¢}|. may be bounded by an

expression of the kind
Vg C (1d9} g - -+ A Y| ) exp (C |V|1,T)

where C' is a polynomial, which in turn implies (43).

The same estimate is true for (p¥)~!:

Lemma 9. If p > 1 and B is continuously embedded in C(S2, Rk), there exist constants C,C’,
such that, for all v € L*([0,T],Q):
sup. [(p2) 7], . < Ce M.
s€[0,T] ’

Lemma 9 is a consequence of lemma, 7 and of the fact that (¢})~*

[0, ¢].
We now pass to sufficient conditions for Lipschitz continuity of Ap. For this, let v,v/ €
LY([0,T],B). For ¢ € [0,1] denote v& = (1 — &)v + &v/ and ¢ = ¥,

= ¢} with wy = —v;_; on

Lemma 10.
0 oty = [ d v (! v (2)d 46
8_5(105,15(3:) - . Sagfu(w)(put (Vu - VU) © (ps,u(x) U ( )
Proof. Let us first start with a formal differentiation of

3
8gps,t _ Ué o v
8t t (ps7t

with respect to &, which yields
0 0 e

\'%

vE d ve
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which naturally leads to introduce the solution of the differential equation

0

EWt (v Ut)o%t +d fvt (47)
with initial condition W = 0. Noting that we have already encountered this equation without the
constant term in (45), the solution of which being of the form dznpgid, a standard argument by
variation of the constant shows that the solution of (47) is given by the right hand term of (46).
Therefore, the proof boils down to show that the interversion of derivatives underlying the formal
argument above can be made rigorous.

For this, it clearly suffices to consider the problem in the vicinity of £ = 0. The proof follows

in fact the same lines as the proof of lemma 7: letting W; be the solution of (47), we let

ae(t) = (p5(@) — ¢2u@)) /6= Wi

and express it under the form, letting h,, = v/, — v,
t t
V§ v
t) = / dgy , Vuag(u)du +/ (hu @y () = hulpy , (2)))du
1 ’ V5 v V5 \%
g [ (@) = vl @) = s v (91l0) — (@)

The proof can proceed exactly as in lemma 7, provided it has been shown that

3
(@) = 9L (@)|
tends to 0 with £ which is again a direct consequence of Gronwall’s lemma and of the inequality

t
VE v
P = 22 @)] < [ ol
S

t
P = b dur e [ Il du

This lemma implies, in particular, that

V, V£
PYh(@) - ot (o / / s (Pt (Ve = Vi) 0 15 ()b (48)
which almost immediately leads to the result (by computing differentials and applying lemma 7)

Lemma 11. Assume that B is continuously embedded in C%(Q). If v,v' € L'([0,T7],B), we have,
fort<T

_90;,/ < Cp|V—VI|1teCp(‘V‘l"HV/'lvf)

s

for some constant C,, which only depends on p.

The same results apply on L?([0,1],B), since |v|1)T < \/T|v|2)T, but, in this space, weak

continuity is true under more general conditions:

Theorem 9 (Trouvé, Dupuis et al). Assume that B is continuously embedded in C¥(Q, R*). Then
the map

Ar: L*([0,T)],B) C?([0,T) x Q, R")

¢’ ()
is continuous, for the weak topology on L*([0,1], B), and the norm |. l7.p—1.00 00 CP([0,T] x 0, R")
defined by |¢|, ; o, = ess.sup (|<p,5|p_1,DO ,t €10, ])

—
—
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n

Moreover, assume that the embedding is compact, that v converges weakly to v, and that there

ezists a constant A such that, for all n, and almost all s € [0,1], [vI'|5 < A. Then, for all z €
and t € (0,7
gy — dip}

Recall that v, converges to v in the weak topology on L?([0,1],B) if and only if, for all w €

L*([0,1],B), ) X
Tim_ /0 /Q (Vi (t), W(t)) gt = /O /Q (v(t), w(t))pdt.

Proof. The proof of this theorem, which is sketched here for completeness, relies on the remark
that, since v,, weakly converges, it is bounded in L?([0,1],B), and lemma 7 readily implies that
(¢¥™) and their space derivatives up to order p— 1 are equicontinuous sequences in space. Equicon-

tinuity in time comes by applying the Cauchy-Schwartz inequality to

t
oY — iy = / 0 (v, 0 %) du

Ascoli’s theorem imply compactness of (¢~ ) for the [.[;. ,_, . -topology, and it remains to identify

a limit of any converging subsequence as V. Denoting this limit by 1, one deduces from

t
() = / vy () ds

and the convergence of %’; to ¢ the fact that

i) = / VP (a(2))ds + o(n)

and the conclusion comes after the remark that w — fg ws(1s(x))ds is a continuous linear func-

tional on L?([0, 1], B), so that, the weak convergence of v" to v implies that

bilz) = / Va(tha(z))ds

and ¢ = pp 4.
We now prove the pointwise convergence of the pth derivative. We know that

d
%dggpt =d VdeSDt +Q ()

where @} (z) depends on the derivatives of v evaluated at ¢} (z), and on the p — 1 first space

derivatives of ¢;. We may therefore write
t t

-l = [ttt — e s+ [ (v - dp s [ Qi) - @) @i
0 0

The first integral may be bounded by C(|v"|; 1) f(f |d§cp‘s’ — dgcp‘s’n| ds, and the result will be a
consequence of Gronwall’s lemma, provided we show that the remaining terms tend to 0. Consider

the second integral, which may be written

t t
/ (dpyv — dpyv™)db i ds + / (dgva V"™ = d v v")dypids .
0 0

The first term tends to 0 because

w»—»/ v(z)ywdhpgds
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is a continuous linear functional on L?([0,¢],B) and v" weakly converges to v in this space. To
estimate the second one, introduce, for A, e > 0, the number

C(A,e) = max{|dyw —dyw| : z,,y € Q, |z —y| < ¢, |w|y < A} .

The compact embedding assumption implies that, A being fixed, C(A, <) tends to 0 when ¢ tends

to 0. Using this notation, we have
t t
[ o = dpiyigras < [ €y lot - oL et ds
0 0

t
< / C (A, 1¢Y — ¥ | ) vl ds
0

where A = ess.sup {|v}|5,n > 0,s € [0,1]}. The last upper bound now tends to 0, by dominated
convergence.

Finally, a generic term of @)y being
dgka‘t’(r)vt (dil QOZ) SRR dik @Z)

we can use the same argument to prove its pointwise convergence.

APPENDIX D. ACTION OF DIFFEOMORPHISMS ON IMAGES

The next theorem provides results concerning the regularity of the action of diffeomorphisms
on L*(Q, RY) and H'(Q, R%).

Theorem 10.

i) Let ¢ be a diffeomorphism of Q such that ¢ and ¢~ ' have uniformly bounded first deriva-
tives on Q. Then, if i € L*(Q, R?) (resp. i € H'(Q,IRY)), also i o o € L*(Q, R?) (resp.
iope HY QR and dy(io¢) = dyryi-dep).

ii) Moreover, for all M > 0 and for all i € L*(2, RY), there exists a function £y (i,n) such
that, for all p, ¢’ such that

sa’_l‘ )< M,

max(|<p|17ooa“P_1|1)Ooa|§0/|17ooa L) S

we have

liow —iogpl, <emlilp — ¢l o)
and e3(i,n) — 0 when n — 0. The same statement is true for i € H'(Q, R?), the
L%(Q, R?) norm being replaced by the H'(Q, R?) norm.

Proof. We start with i) and give the proof for H!(2, Rd), since it contains exactly the arguments
which are valid for L?(Q, R?). Fix ¢ and let L, be defined by L, (i) = i o ¢. The vector space
CP =C>(Q, IRY) of restrictions to Q of infinitely differentiable functions on IR taking values in
R? is dense in H'(Q, R?) ([8]). The linear map L, is continuous from C5° (with the topology
induced by H'(Q, R?)) to H*(Q, IR?): indeed, for i € C5°

N2 . . . _ . _ 2
|Lo(i)n = liowls + |dpidels < il |de™ "] + |dif3ldel2|de™" oo < Clil 3 -

since the first derivatives of ¢ and ¢! are bounded. Thus, L, restricted to C5° can be extended

to a continuous function L, on H'(Q, R?). Tf i € HY(Q, R"), and i, is a sequence of elements
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of C3° which converges to i when n tends to infinity (so that i, o ¢ — L, (i) in H'(Q, R%)),
then, because convergence in H'(Q, R?) implies convergence in L?(Q, R?), a subsequence of i,
can be extracted which converges almost everywhere to 7, and such that i,, o ¢ converges almost
everywhere to L, (i). If N C Q has null Lebesgue measure then it is also the case for ¢~ () (by
boundedness of |d<p_1 |), so that i, oy also converges almost everywhere to i o, yielding Iiw =Ly.
Now, since the map i — di is obviously continuous from H' to L?, so is i — d(L(i)). But, since
this map coincides with i — d,idy on C5°, and this last map is also continuous on H' (£, Rd)
(by the previous computation) we get equality over all H'(Q, IR?), again by density of C°.

For the second part, ii), we first consider the L2(Q, IR?) case. Let i, ¢, and M be like in the
theorem, and fix s € C>(Q, R?); we have

lioy' —ioply<liop —so¢,+]sop—so@,+licp—soyl|,.
First notice that

|Z'o<p/—so<p’|§ = / ‘d(p/_l‘|i—8|2d$§0‘<p/_l‘ |Z'—S|§ ,
Q 1,00

for some constant C. For the middle term, we have

1
lsop—so¢|, < /O‘dwﬂ(w—@)s(@/_@”zdt

1
< ¢ —<p|oo/0 | Ao~y o At
< C(M)ldsly |¢" = ¢l -

We thus get

io@' —iopl, < C(M)(Ji—sly + ldsl, |¢" —¢l) -
Letting

enm(in) = C(M) _inf - (Ji sly + |ds|ym)

yields the conclusion of the theorem in the L2(Q, RY) case, the H'(Q, R?) case being handled

similarly. ad

APPENDIX E. PROOF OF LEMMA 2

We must compute the derivative at ¢ = 0 of

1 [ liooers -l

2 1 _
0% Ja [y ey | ds

yS

First, we notice the equation
Jiowiis —Joow
0P u(r) = —1 - ——
fo |d90t7s|7 dS

which implies that (differentiating at ¢ = 0)

due . d vteh 2 ! 2 d vteh|—1
i = —2<2’17 d«piojod—8<ﬁ1,o€ >2_U /0 |21] ' Ie ‘d<ﬂ1,s€ | ‘ 2d3-
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Starting with the first term, and using lemma 10, we have

d .
<Z1, dsﬁ Ojod @1%€h> = /0 < (24 0]021’ ‘Plt(pt Oht O(plt> dt
2
1
= / < oy 0J0Z10<Pt1|d<ﬂt1| depy, oht> dt
0
< dSDtO sot OJOZtv ht>2d

:/01
L

because of the identity z; = 21 0 ©}; |dey;]-

d‘ﬂt 0 «p ,ojgzt) ) ht>3dt

[}

We now pass to the second term, for which we use the equality

t
|y, ViR —exp [/ div(vy + €hy) o @ +5hdu}

which is a consequence of lemma 7 and standard computations on the derivative of the determinant.
This implies that

d v —1 vt [t v
= (aest ™) = Jagr] ™ [ divi) o e
t u
+ Jdgy | / dyy div(vy) / dps @Y hr 0 Y drdu
s ’ t

¢
= ‘dgpz,s‘_l/ div(hy) o ¢} ,du

t T
\dey | / / dyy AV (vi)dgy, 9%, hr 0 o}, dudr

We may notice that:

(Vidgr ™€) = e [ dpy, (diven)dgt, (€)du

to identify the last term as

t
bl ™ [ ldos ol (Ve a2l hoo gl )ar

so that
t
(|d v+6h ) — |d(pz’s|_1/ div(hu) O@Z,Udu

t
- / |d§D¥T|71 <v§0¥.,. |d(p¥s|71 ) hy o (PZT>dT

Therefore

/01<|Z1|2 _|d V+sh| 1|>2 = //<|2’1| oY, |~ div(h )o<p1u> duds
- /01 1<IZ1| ldeY, | <v¢¥u|d<pgs|—1,huo<p;u>>2dud5
(
{

1/1
)
oy

|ZU| |d90u1| |dga;’d§0‘1/s‘71 dlv(hu)>2duds

[zl (V1dgil ™ ) duds
2
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Introducing
ii 2 [ lagt.lds
0

this may be written

1 d V& — 1 v : 1 v
bty s = [ (gl i) du [ (e (90 )

- _/01 <Kv(QZ|zu|2), h“>9sdu_/01 <K(|zu|2 vay), h">3du

Now, defining functions
CY £ %] |zl (50)
and
Dy £ 0% |2 Vg + 2[dey o] dyy G52 (51)
proposition 5 implies
aue
de

which is the conclusion of lemma 2.

1
:/ (he, KDY + K Cy) it
0

APPENDIX F. PROOF OF LEMMA 4

We prove that solutions of system (22) travel at constant speed, and therefore compute the
derivative of |U,5|§3 + 02 |zt|§ for such a solution. Starting with the second term, we have z; =

200 i |dgo;{70| which implies, after a change of variables:

v -1
s = | el g | o
Q
Using the identity
t
gt = ([ div(o)o o uau ) (52)

we obtain
d

v -1 3 v
Gl == [ el ] " divon) o i (59)

To study the variation of |vt|33, we start with the computation of the derivative of (v;, w) for

a fixed w € B. Applying formula (28) for a solution of (22) yields
(e, w)g = 5 / (I20f*, (|deet | " diviw) o 0, = |dio | ™ (VEL,, A (w))) s + (wo, AY (w)
with &), = |dgy | / |del 5| and A} (w) = (dgy ;)" w o ¢f ,. From formula (52), we have

t
st = exp (/ (divw,,) o Qf%udu)

which implies that
t
dﬁ:,t = €§t dsagu (divoy, )dpy, du
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so that

ey = (N w)+ G /t<|zO|2 al ! diviw) o g, s

_ _// lz0]%, ‘d<p05| v (divoy, )deg )\X(w)>dud$

= (w0, N (w ))+7/ <|ZO|
N _// |20]%, ‘d%s‘ d ey (dive,)deg, N (w )>dsdu

‘71 div(w) o cpz)"t>ds

We now compute the time differential of each term which appears in this expression. Denote

Vv

Ay (w) = LAY (w). We have

d v o\— v o\— v o\—
A (w) = 2 ((d5,) ™ w o po.) = =(digg o) digy viw o o0 + (dp) ™ gy, woe © o

Next, we have

d [ L
gt J, (ol et |7 divtw) o b )ds = (Jaof” s [diety| ™ diviw) ot )
t
e [l | Vi vt o g5, s
and

d v |—1 . vV oV
d_/ / |z0|2, |dcp07s} dy (divey)dpg, Ay (w)>dsdu

/ <|zo| 5o ™ d, (v N () Vs

e

Putting everything together,

‘_ dlvvu)dgaOu/\ (w )>dsdu

d
dt<Vt,w>93 = (wo, )+—<|zo| ‘dgoOt| div( )090‘0’7t>
t
b 2 [ ol ™ v o e
2 t
—_ %/ <|Z0|2 ‘—1d (le’Ut)d(pg)t/\Z(w)>deu
g

2
- 7// |l20|%, |deg o Yd dlvvu)dgo()u)\( )>d8du

A little care must be taken in writing, as we did above, % (wo, A} (w)) = (wo,X:(w)), since this
requires proving that (A/, . (w) — A/ (w))/e converges to X (w) for the (p — 1,00) norm. This is
indeed true in our case, because the fact that w € B allows to control the uniform norm of its
differentials up to order p, and the differentials of ¢} up to the same order are solution of a linear
differential equation which ensures their uniform continuity.

We now use the following identity, which is justified below

E |Vt|2‘B = 2;2% <Vt+5 — V¢, Vt>3/€ (54)
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which implies that, to compute the time differential of |Vt|%, it suffices to use the obtained ex-
pression for the derivative of (v, w), with w = v¢, and multiply it by 2. Since XZ(vt) =0, and
because of (53), we see that all terms cancel, yielding 4 (|v,5|33 + 02 |zt|§) =0.

To show (54), one writes
(|Vt|§3 - |Vt|293 — (Vige = Vi, Vi) /e = [Vie — Vt|33 /€
and the result is obtained by proving that, for w € B
[(Vere = Vi, w)g| = O(e) [wlg

which can be done by a direct estimation of & (v;, w)y.

APPENDIX G. PROOF OF LEMMA 5

It suffices to prove this result for smooth zg, Zo, jo. It is straightforward that M, (tz0) = js
where j is the solution of (21) with initial conditions (jo, 20). Let j, = M, (tZo). Introduce also
the corresponding (v, z;) and (V¢,Zt).

Introduce the notation n =j—j, ( =%z —z and a = v — v. Since we have assumed smooth

trajectories, we may write

o
% =0’ 7t — djevi
and
% = —div(z: ® v¢) ,

and similar equations for the trajectory with initial condition (jo, Zp). Computing the differences
along both trajectories yields
(%t + dnve = 062G — djroy
(55)
84’5 +div(¢ @ V) = —div(z: ® o),
Since,
9 v v v | %
ot [|d§007t| Gto 90071:] ‘d% t| vy + div(¢; ® Vt)) o g = — ‘dSD07t| div(z: ® o) o g 4
the second term yields:

CS O(p&s = |d(p87s|71( 20 — ZO (/ }dgps u}dlv Zy, ®au) O‘)Os udu) O@Os’

and the first one implies

t t
N o Pyt = 02/ (s 0 g sds — / [djsas] o ¢p sds -
0 0

Replacing ¢ in the last equation gives
t S
ot = 110 Gol) = s0l) ~dinio — )] ~0? [ ([l vz, © ) ol udu) o f s
0 0
t ~ t o
_ / {[djscxs] o @ s — djo(To — vo) } ds +/ (\d@g,s| — 1) (%0 — z0)ds . (56)
0 0

so that lemma 5 reduces to evaluating the L2 norm of the last three integrals. We shall use the
fact that, for a function f € L2([0,1] x ©, RY)

t
s/ il ds
2 0

t
fsds
0
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For t € [0, 1], we also have, from equation (31), with wy = djiz0 and wj = djiz{ (here and in the

following, we denote by const any quantity which depends only on jg, 2o and Zp)

|| < const |zo — Zo), - (57)

t s
!
t s
oy
t s
const // |div(zy ® au)l, duds
0 Jo

t s
const / / |Zu| g1 || duds
o Jo

The relation z; = zg 0 ¢} |dg} o | implies that |z, |, < const |z, so that

t S
‘/(/\MiJﬁﬂm®awo@Mm>w%ﬂs
0 0

A similar estimate is valid for the last integral in (56), since ‘ |dg05’)5‘

This implies that

t s
[ ([ 1agtal aivim s a ot uan) o s
0 0

A

dapgysw.‘;u diV(Zu ® O[u) © 908711,

duds
2

ds

}dcpgjs}_l div(z, ® ay,) ,

IN

IN

< const t* |z — 20, -
2

- 1‘ < const s. We finally

consider the second integral in this equation.

Since
S
js=Joo 90\5',0 +o?z0 90\5,,0 / |deprol © ap;"udu,
0
we have, letting v, = ¢ © ¢
dps Jsopy s =dyjodys 5000wy s+ R,

and it is easy to check that |R;|, < const ¢ |2o] 41 |20 — 20|5- We need to estimate

t
/ (d%jo dsog SWZ,O Qs 0 g5 — djoao) ds =
0 ,
t

t
/ (d')’sjo(dgag Pa0 s 0Py g — ao)) ds + / (dy,jo o — djo o) ds . (58)
0 . 0
Start with the first term, for which we must bound, for the L*>° norm, the difference dwg Py oQo
©y.s — (o or, equivalently,
dipy gaus — g 0 9 g -

It is simple to check, from equation (57) and estimates we have used several times on the variations
of the diffeomorphisms, that (dyy, — I)as and ag o @Y o — g are bounded by const s |Zg — 2|,
We now proceed to an upper-bound for as — g, for which we need to return to the expression
obtained in (28), which yields

02 * v - : v v 71 v v
m—wwm=74<mﬁwmuﬂmwomfwmA<ww&meu
+ (20, djo(Ay (w) —w)),
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so that

o2 (%) . 7 5
(0 —ao, w)y = = / (120, (ldibu| ™" diviw) o 05, — [def | (V€L AL(w))) )du

= 2 [l it i) o, | (Ve A ) e

+ <Z()7 dJO(As (’LU) - UJ)>2 - <ZOa dJO(As (U)) - w)>2

The difference of the first two integrals takes the form
0.2 s ~ . )
74 (<z07 Qus(w)> - <Zo, Qus(w)>) du (59)

with QY (w) = |dgy,| " div(w) 0Py s — |dcp57s‘ (Ver., AY(w)). From lemmas 7 and 11, and from
(57), we obtain the fact that |QY,(w) — Q}(w)| < const |Z) — 20|, [w|4, so that the quantity in
(59) is bounded by const s |z — zq|,. Writing

(20, djo(Xi(w) —w)), — (20, djo(AY(w) —w))y = (%0 — 20, djo(A](w) —w)),
+ (20, djo(A (w) — XY (w))),
and using |AY(w) — w‘oo < const s (which is deduced from lemma 7 and a computation of the
differential of A\Y(w) with respect to s) and |A(w) — )\‘S’(w)‘oo < const s|Zp — zo|y (from lemma

11 and equation (57)), we finally conclude that
‘dwg@@;’,o ao @8)5 - ao‘m < const 5|2y — 20l

which implies that the first integral in the right hand term of (58) is bounded by const t* |Zo — 2|,

Consider now the last term of (58), namely

t
/ (djo 0 vs — djo) cvods .
0

Since |ag|,, < C'|Zo — 204, we must estimate |d,, jo — djo|,. By theorem 10, this is a function of
the kind

enr(djo, |vs —1d| ) = enr(djo, |7 (s) — " ()] ) s
where M only depends on |jo| ;1 ,|20]5,|%0],. Since |¢f , — 905',5|OO = O(s), we get (with another

function ¢)
t
/ (djo 0 vs — djo) cvods < (jo, )t |20 — 205 -
0
We need finally to consider the last line of equation (56) which can be easily bounded from above

by €(jo, t)t |20 — z0|5. We now can collect the estimates we have obtained to conclude the proof of

lemma 5.
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