A NOTE ON THE LADYZENSKAJA-BABUSKA-BREZZI CONDITION
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ABSTRACT. The analysis of finite-element-like Galerkin discretization techniques for the station-
ary Stokes problem relies on the so-called LBB condition. In this work we discuss equivalent
formulations of the LBB condition.

1. INTRODUCTION

The well known Ladyzenskaja-Babuska-Brezzi (LBB) condition is a particular instance of the so-
called discrete inf-sup condition which is necessary and sufficient for the well-posedness of discrete
saddle point problems arising from discretization via Galerkin methods. If X} denotes the discrete
velocity space and M}, the discrete pressure space, then the LBB condition for the Stokes problem
states that there is a constant ¢ independent of the discretization parameter h such that

v.
(LBB) lanlle < sup Jal¥o)a

th € My,
vh EXp HUhHH1 ’

The reader is referred to [6] for the basic theory on saddle point problems on Banach spaces and
their numerical analysis. Simply put, this condition sets a structural restriction on the discrete
spaces so that the continuous level property that the divergence operator is closed and surjective,
see [1L [], is preserved uniformly with respect to the discretization parameter.

In the literature the following condition, which we shall denote the generalized LBB condition,
is also assumed

V-
(GLBB) I Vanlie < sup JalTU) e

Van € My
onex, lvnllLe ’

here and throughout we assume M, C H*(2). By properly defining a discrete gradient operator, the
case of discontinuous pressure spaces can be analyzed with similar arguments to those that we shall
present. Condition , for example, was used by Guermond ([8,[9]) to show that approximate
solutions to the three-dimensional Navier Stokes equations constructed using the Faedo-Galerkin
method converge to a suitable, in the sense of Scheffer, weak solution. On the basis of , the
same author has also built ([I0]) an H*-approximation theory for the Stokes problem, 0 < s < 1.
Olshanskii, in [12], under the assumption that the spaces satisfy carries out a multigrid
analysis for the Stokes problem. Finally, Mardal et al., [T1], use a weighted inf-sup condition to
analyze preconditioning techniques for singularly perturbed Stokes problems (see Section 5| below).
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It is not difficult to show that, on quasi-uniform meshes, implies , see [§]. We
include the proof of this result below for completeness. The question that naturally arises is whether
the converse holds. Recall that a well-known result of Fortin [2] shows that the inf-sup condition
(LBBJ) is equivalent to the existence of a so-called Fortin projection that is stable in H}(£2). In this
work, under the assumption that the mesh is shape regular and quasi-uniform, we will show that
(GLBB) is equivalent to the existence of a Fortin projection that has L?-approximation properties.
Moreover, when the domain is such that the solution to the Stokes problem possesses H2-regularity,
we will prove that is in fact equivalent to , again on quasi-uniform meshes.

The work by Girault and Scott ([7]) must be mentioned when dealing with the construction
of Fortin projection operators with LZ-approximation properties. They have constructed such
operators for many commonly used inf-sup stable spaces, one notable exception being the lowest
order Taylor-Hood element in three dimensions. However, has been shown to hold for
the lowest order Taylor-Hood element directly [8]. Our results then can be applied to show that,
is satisfied by almost all inf-sup stable finite element spaces, regardless of the smoothness
of the domain.

This work is organized as follows. Section [2] introduces the notation and assumptions we shall
work with. Condition is discussed in Section [3| In Section [4| we actually show the equiv-
alence of conditions (LBB|) and (GLBB), provided the domain is smooth enough. A weighted
inf-sup condition related to uniform preconditioning of the time-dependent Stokes problem is pre-
sented in Section [5] where we show that implies it. Some concluding remarks are provided
in Section

2. PRELIMINARIES

Throughout this work, we will denote by Q € R? with d = 2 or 3 an open bounded domain with
Lipschitz boundary. If additional smoothness of the domain is needed, it will be specified explicitly.
L3(Q), HY(Q) and H{(2) denote, respectively, the usual Lebesgue and Sobolev spaces. We denote
by L7 ,(€) the set of functions in L?(Q) with mean zero. Vector valued spaces will be denoted by
bold characters.

We introduce a conforming triangulation 7; of  which we assume shape-regular and quasi-
uniform in the sense of [2]. The size of the cells in the triangulation is characterized by h > 0. We
introduce finite dimensional spaces X, C Hy(Q) and M), C L7, (2) N H'(Q) which are constructed,
for instance using finite elements, on the triangulation 7;. For these spaces, the inverse inequalities

(2.1) th”Hl < Ch_1||7]h||1127 Vvh S X}“
and
(2.2) lanllmr < ch™Hanllze,  Van € My,

hold, see [2]. Here and in what follows we denote by ¢ will a constant that is independent of h.
We shall denote by Cp, : H5(Q) — X, the so-called Scott-Zhang interpolation operator ([13])
onto the velocity space and we recall that

(2.3) lv — Chvllrz + hlIChv|le < ch|v|lar, Yo € H(Q).
and
(2.4) v — Chollgr < chlv]lge, Yo € HY(Q)NH?(Q)

The Scott-Zhang interpolation operator onto the pressure space Zy, : LfZO(Q) — Mp, can be defined
analogously and satisfies similar stability and approximation properties. We shall denote by my, :



LBB 3

L?(Q) — X; the L2-projection onto X; and by Iy : L?(Q2) — L?(2) the L2-projection operator
onto the space of piecewise constant functions, i.e.,

1
TETh

For one result below we shall require full H2-regularity of the solution to the Stokes problem:

Assumption 1. The domain ) is such that for any f € L%(Q), the solution (¢,0) € H}(Q) x
L2 ,(Q) to the Stokes problem

—AY+VO=Ff inQ,
(2.5) Vap =0, in €,

P =0, on 0X),
satisfies the following estimate:

(2.6) 19l + 101l < cll flle>-

Assumption [Ifis known to hold in two and three dimensions (d = 2, 3) whenever € is convex or
of class C1!, see [3, Theorem 6.3].

By suitably defining a discrete gradient operator acting on the pressure space, the proofs for
discontinuous pressure spaces can be carried out with similar arguments.

We introduce the definition of a Fortin projection.

Definition 2.7. An operator F;, : H}(2) — X, is called a Fortin projection if F? = F, and

(2.8) / V-(v — Fpv)gn =0, Vv € HY(Q), Vg, € Mp,.
Q
We shall be interested in Fortin projections JFj, that satisfy the condition:
(FH1) | Frolla: < cljvllm, Yo € Hi(Q),
or
(FL2) v — FrollLe < chl|v|lgr, Yo e HY(Q).

Let us remark that the approximation property (FL2) implies H!-stability.

Lemma 2.9. If an operator F, : H}(Q) — X, satisfies (FL2)) then it is H!-stable, i.e., (FHI)) is
satisfied.

Proof. The proof relies on the stability and approximation properties of the Scott-Zhang
operator and on the inverse estimate (2.1, for if v € H}(Q),
|1 Frvllen < [1Fnv = Crollen + cllvlle < ch™ | Fhv = Choflez + clfv]m
< ch™Hw = Frollee + ch v — Chollre + cl|v]|an-
Conclude using the L2-approximation properties of the operators 7, and Cj. ]

Remark 2.10. Girault and Scott, [7], explicitly constructed a Fortin projection that satisfies (FH1))
and (FL2) for many commonly used spaces. In fact, they showed that the approximation is local,
ie.,

||]:hU — U”LQ(T) + hTH]:h’U — UHH1(T) < ChT”vHHl(N(T))a Yv € H(l)(Q) and VT € Ty,
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where NV(T) is a patch containing 7. In particular, they have shown the existence of this projection
for the Taylor-Hood elements in two dimensions. In three dimensions they proved this result for all
the Taylor-Hood elements except the lowest order case.

In this work we shall prove the implications

<—— JF;, s.t. and

ﬂ

(GLBB) <= 3F; s.t. (2.8) and (FL2) <— (LBB) and Assumption []

thus showing that, in our setting, all these conditions are indeed equivalent. The top equivalence
is well-known, see [2] [6, B]. The left implication is also known (see [§]), for completeness we show
this in Theorem [3.3] The bottom implications, although simple to prove, seem to be new.

3. THE GENERALIZED LBB CONDITION

Let us begin by noticing that the generalized LBB condition (GLBB)) is actually a statement
about coercivity of the L2-projection on gradients of functions in the pressure space. Namely,

(GLBBY) is equivalent to
(3.1) [mnVanlLe = ¢l Vanlre,  Van € Mp.

It is well known that (GLBBJ) implies (LBB|). For completeness we present the proof. We begin
with a perturbation result.

Lemma 3.2. There exists a constant ¢ independent of A such that, for all ¢, € M}, the following

holds:
(Von) qn
lanller < sup 2L g

vneXy  ||Von[lL2

Proof. The proof relies on the properties (2.3)) of the Scott-Zhang interpolation operator Cp,

\% V-C V-(v-C
cllgnllz < sup Jo(V0) < JalV-Cro)an up Jo (V00— Cu) Jan
veri(e) [IVv[Le veri(@) IVCro)llLe  veni(o) [Vl
V- —Cpv) -V
< sup Jal Uh)Qh+ Jo (v —Chv) -V
wex, [IVonlL:  veni(o) [Vvllre
conclude using (2.3)). O

On the basis of Lemma we can readily show that (GLBB)) implies (LBBJ|). Again, this result

is not new and we only include the proof for completeness.

Theorem 3.3. (GLBB)) implies (LBB)).
Proof. Since we assumed that M, C L, (€2) N H' (), the proof is straightforward:

Vv vp-V mTmVaqn-V T Van||?
sup fQ( 1) qh — sup fQ h*Vdqhn > fQ hV4h VQn _ kg qh”L2 > ch||mhVan Lz
vnexn IVorlLe  wiexn [[Voulle = IV Vanlee  [VmaVan||re
where, in the last step, we used the inverse inequality (2.1). This, in conjunction with Lemma
and the characterization (3.1]), implies the result. O
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Let us now show that the generalized LBB condition (GLBB]) is equivalent to the existence of a
Fortin operator satisfying (FL2|). We begin with a modification of a classical result.

Lemma 3.4. For all p € H'(Q) there is v € H}(Q2) such that
Vv = p —Ilpp, vlor =0 VT € T,
and
1/2
[vllLe < ¢ ( > hlVolla ) :
TeTh
Proof. Let p € H*(Q) and T € Tj,. Clearly,

/p—HOPZO-
T

A classical result ([1, 14 [6, 4]) implies that there is a vy € Hy(T) with Voo = p — Igp in T and

(3.5) IVur L2y < cllp — op|l 2 (1)
Given that the mesh is assumed to be shape regular, by mapping to the reference element it is seen

that the constant in the last inequality does not depend on T' € T},
Let v € H}(Q) be defined as v|r = vy for all T in 7j,. By construction,

Vv =p—TIlpp, a.e. in .
Moreover,
Wtz = D liey < e Y bFIVollfemy <c > hilp —Topllizy < ¢ Y hpIVpliee-
TeT TeT TeTh TeTh

The first equality is by definition; then we applied the Poincaré-Friedrichs inequality (since v|r =
vy € H(T)); next we used the properties of the function vy and the approximation properties of
the projector Ilp. O

With this result at hand we can prove the following.
Theorem 3.6. If there exists a Fortin operator Fy, that satisfies (FL2|), then (GLBBJ|) holds.

Proof. Let qn € M},. Using the properties of the operator Il and the local analogue of the inverse
inequality (2.2)), we get
2
IVanlE = 3 IV (@~ Hoan)IEacry < 3 han = TomlEacry < s lan — Toanl o
TET TETh
From Lemma we know there exists v € H(Q) with Viv = ¢, — gy, and
[vllee < ch?|[Van|Lz,
hence

c Cc
IVanli < gz lon ~Toanlie = 75 | (%) (@~ Toan) = 35 [ (Fo)an

where the last inequality follows from integration by parts over each T and using the fact that

v|or = 0 (see Lemma .

Using the existence of the operator Fy,

(Vwr) qn
Ve < 5 [ (% Fan < ( sy Ja(Vun) an

C
| Fnpe-
B T )h?” wlles
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It remains to show that
[ FnvllLe < ch?(|Vanl|Le-
For this purpose, we use the approximation property (FL2)) and Lemma
[Frvllee < |1Fho = vllee + [vllee < ch[|[VollLe + ch®|[Van Lz < eh?|[Van |z,

where the last inequality holds because of (3.5]). O

The converse of Theorem is given in the following.
Theorem 3.7. If (GLBB|) holds, then there exists a Fortin projector Fy, that satisfies (FL2]).

Proof. Let v € H}(Q). Define (25, pn) € X X My, as the solution of

/Zh'wh*/phv'wh:/v'wm Ywy € Xp,
Q Q Q

(3.8)
/th»Zh = / thv, th € My,
Q Q

Notice that provides precisely necessary and sufficient conditions for this problem to have
a unique solution.

Define Fpv := 2z, we claim that this is indeed a Fortin projection that satisfies (FL2)). By
construction, holds (see the second equation in ) To show that this is indeed a projection,
assume that v = v, € X}, in , setting wy, = 2 — vy we readily obtain that

llzn — vallf. =0.

It remains to show the approximation properties of this operator. We begin by noticing that

(GLBBJ) implies
Vw v — Fpv)-w
(39 | Vprle < sup 222V o g JaC = T)wn
wneX, NwnllLe — w,ex, l|[wn L2

where we used (3.8). To obtain the approximation property (FL2) we use the Scott-Zhang inter-
polation operator Cp,

| Fnv — v||%2 = / (Crv — v)(Frv—v) + / (Frv — Cpov)-(Fpv —v)
Q Q
< ||IChv — v||lL2|| Frv — v|lL2 + / (Frv — Cpv)-(Frv — v).
Q

We bound the first term using the approximation property (2.3)) of C;. To bound the second term
we use problem (3.8) with wy = Fpv — Cpv, then

/Q(]-'hv — Cpv)-(Fpv —v) = /Qphv-(]:hv —Cpv) = /QphV(v —Cpv) = — /Q V(v — Cpv),

we conclude applying the Cauchy-Schwarz inequality and using (3.9). (]
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4. SMOOTH DOMAINS

Here we show that, provided (LBB)) holds and, moreover, the domain 2 is such that Assumption
is satisfied, then (FL2|) holds and hence (GLBB)|) holds as well. This is shown in the following.

Theorem 4.1. Assume the domain §Q is such that the solution to (2.5)) possesses H?-elliptic regu-
larity, i.e., Assumption holds. Then (LBBY|) implies that there is a Fortin operator Fy, that satisfies
(FL2).

Proof. Let v € HY(Q2). Define (21, pn) € Xp, x M}, as the solution to the discrete Stokes problem

/Vzh:th—/pthh:/Vv:th, Ywp, € Xy,
(4.2) Q Q Q

/th'zh = / qn Vv, Yan € My,
Q Q

where, in 7 the colon is used to denote the tensor product of matrices. Notice that
implies that this problem always has a unique solution.

Set Fjv := zj,. Proceeding as in the proof of Theorem [3.7] we see that this is indeed a projection.
Moreover, holds by construction. It remains to show that is satisfied. To this end,
analogously to the proof of Theorem we notice that implies

IpnllL2 < | V(Fnv — v)|lLe.

We now argue by duality. Let 1 and ¢ solve with f = Fjv—v. Assumption then implies
IFiw ol = | (Fuo—o)(~Aw+ V)
— [ 9 =): V(- )~ [ (0-Tu8) % (Fiw - 0)
+ [ V=) View) - [ @) v(Fw-v)

Notice that since Z,0 € My, [o(Zn0) V-(Frv —v) = 0. Since V-¢p = 0, using (4.2)), the estimate for
Ph, (2.4) and (2.6),

/ V(Fhv — 1)) : V(Ch'L/)) = / phV-(Chw — ’L/J) < ChHU — fh@HHl ||’U — ]:hUHLz.
Q Q
A direct application of of (2.4)), (2.3) and (2.6) allows us to obtain the following estimates:
/ (0 —Z,0) V-(Frv — v) + / V(Frv —v): V(¢ — Cpp) < ch||Fpv — v||rz||v||m
Q Q

We conclude using a stability estimate for (4.2))
| Frv — vl < ch||Fpv — vljm < chljv||m:,

which, given (LBB), is uniform in h. O
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5. THE WEIGHTED LBB CONDITION

In relation to the construction of uniform preconditioners for discretizations of the time dependent
Stokes problem, Mardal, Schéberl and Winther, [T1]], consider the following inf-sup condition,

Jo V-uran

Van € My,.
vh”LzﬁeHl ’ n h

(5.1) cllanllgrye—rr2 < sup
vp €Xp

where
lalifgesze = it (a3 +e2lals)

and
[vllE2neen = lvlEe + €[lolFn-

By constructing a Fortin projection operator that is L2-bounded they have showed, on quasi-
uniform meshes, that the inf-sup condition holds for the lowest order Taylor-Hood element
in two dimension. In addition, they proved the same result, on shape regular meshes, for the mini-
element. Here, we show that holds if we assume (GLBB). A simple consequence of this result
is that, on quasi-uniform meshes, holds for any order Taylor-Hood elements in two and three
dimensions.

Theorem 5.2. Let §) be star shaped with respect to ball. If the spaces Xy and My, are such that
(GLBBY) is satisfied, then the inf-sup condition (5.1)) holds with a constant that does not depend on

€ or h.

Proof. We consider two cases: € > h and € < h.
Given that the domain  is star shaped with respect to a ball, we can conclude ([I1]) that the
following continuous inf-sup condition holds,

Vv
(53) laliseizs < sup 322

— Vg€ LfZO(Q),
vEHL(Q) [v|lL2neme

with a constant ¢ independent of e.
We first assume that € > h. Using (5.3)) for ¢, € M}, we have,

cllgpllgipe—1rz < sup 7‘[ hVy _ sU f” G V-(F30) | Znv]lLnem
— < =
vEHL(Q) [v]|L2nem vEHL(Q) [FrvllLznear  [v|lL2nean

< Jo an Vun [FrvllL2nem
< sup H—— Lo R
VR EXp ||Uh||L2ﬁeH1 vEH(l)(Q) H’U”LQI"WeH1

where we used that, since (GLBBJ) holds, Theorem shows that there exists a Fortin operator Fj,
that satisfies (2.8]). By Lemma and the approximation properties (FL2|) of the Fortin operator,

[Fnvlleznern < ¢ ([ Favllee + el Frollar) < e(loflee + llv = Favllee + €llollar)
< c(llvllee + (e +R)f|vfler) < e(follee + 2¢f|vllar) < cllvllLznen,

b

where we used that h < e.
On the other hand, if € < h we use ¢; = ¢p, and g2 = 0 in the definition of the weighted norm for
the pressure space. Condition (GLBB]|) then implies
fQ qn V-up i} fsz an V-un lvn |lL2nern

llanllmiye—1r2 < ¢|[Van|lz < ¢ sup “2——— <c¢ sup
wneX, lvnllLe oneXy, vnllenc vex,  llvnllLe
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By the inverse inequality (2.1)),

l[vallLznem

e S c+en™)

Conclude using that € < h. |

6. CONCLUDING REMARKS

There seems to be one main drawback to our methods of proof. Namely, all our results rely
heavily on the fact that we have a quasi-uniform mesh. However, at the present moment we do not
know whether this condition can be removed. Finally, it will be interesting to see if (LBB) is in
fact equivalent to on domains that do not satisfy the regularity assumption . non
convex polyhedral domains).

On the other hand, it seems to us that condition must be regarded as the most important
one. Our results show that, under the sole assumption that the mesh is quasi-uniform, this condition

implies the classical condition (LBB|) (Theorem [3.3)). Moreover, as shown in Theorem this
condition implies the weighted inf-sup condition (5.1)) on quasi-uniform meshes.
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