A FAMILY OF NON-CONFORMING ELEMENTS FOR THE
BRINKMAN PROBLEM
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ABSTRACT. We propose and analyze a new family of nonconforming elements for the
Brinkman problem of porous media flow. The corresponding finite element methods are
robust with respect to the limiting case of Darcy flow, and the discretely divergence-free
functions are in fact divergence-free. Therefore, in the absence of sources and sinks, the
method is strongly mass conservative. We also show how the proposed elements are part
of a discrete de Rham complex.

1. INTRODUCTION

Let © ¢ R? (d = 2,3) be a bounded, connected, polyhedral domain. We consider the
following Brinkman model of porous flow:

(1.1a) —div (vgrad u) + au + gradp = f in Q,
(1.1b) divu=g in Q,
(1.1c) u=0 on 0f).

Here, u is the velocity, p is the pressue, a > 0 is the dynamic viscosity divided by the
permeability, v > 0 is the effective viscosity, and f € L?(Q) := L*(Q)?% and g € L?(Q) are
two forcing terms. Problem (1.1) models creeping flow in a highly porous media, and arise
in various physical models, e.g., subsurface flow problems [16, 31|, heat & mass transfer
in pipes [24, 28], liquid composite molding [21], the behavior and influence of osteonal
structures [30], and computational fuel cell dynamics [39].

To simplify the mathematical analysis, we assume that the coefficients in (1.1) are con-
stant. Furthermore, we assume that g satisfies the following compatibility criterion through-

out the paper:
/ gdx = 0.
Q

Defining the velocity space and pressure space, respectively, as

V =H{(Q):=Hj(Q)"* and W =L}Q):={we L*Q): (w,1)=0},
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a pair of functions (u,p) € V x W are defined to be a solution to (1.1) if for all (v,w) €
V' x W there holds

(1.22) a(u, v) — b(w,p) = (f, ),

(1.2b) b(u,w) = (g,w).

Here the bilinear forms a(-,-) : V x V — R and b(-,-) : V. x W — R are defined as
(1.3) a(v,w) = (vgrad v, grad w) + (av, w),

(1.4) b(v, w) = (div v, w),

and (-,-) := (+,-)q denotes the L? inner product over (.

As the inf-sup condition

(1.5) sup ) a2

vev [Vl a1
is known to hold [19], it follows from standard theory from saddle point problems [10] that
there exists a unique solution (u,p) € V- x W to problem (1.2).

For v of moderate size and g = 0, equation (1.1) is a standard Stokes problem with an
additional (non-harmful) positive zero—th order term. Thus, to compute the solution, it
is quite natural to apply any of the standard Stokes finite elements (e.g. [14, 38, 1]) for
problem (1.1). Unfortunately, as the effective viscosity v tends to zero (the Darcy limit), and
for f =0, the model tends to a mixed formulation of Poisson’s equation with homogeneous
Neumann boundary conditions. As a result, many of the popular Stokes elements are not
robust with respect to the parameter v [29].

To make this last statement more precise, we state the framework given in [39] giving
necessary and sufficient conditions to ensure robustness (with respect to v) of finite element
methods of the Brinkman problem (1.1) using stable finite element pairs. To this end,
assume that the finite element method for (1.1) takes the following form: find (wy,pp) €
Vi, x Wy, such that

(1.6a) an(un, v) = bu(v,pp) = (f,v) Yo eV,
(1.6b) bp(up, w) = (g, w) Yw € W,
Here, ap(-,-) and by(+, -) are the discrete analogues of the bilinear forms (1.3)—(1.4) given by

ap(v,w) = Z (vgradv, grad w) g + (av, w),
KeQy

bp(v,w) = Z (divo, w)g,

KeQy

and V), € L*(Q) and W), C L%(Q) are a pair of finite element spaces (not necessarily
conforming) assumed to satisfy the following inf-sup condition:

bp(v, w
(1.7) sup bn(v, w) > Cllwl| 20 Yw € W,
vev,, lvllin
where || - ||%h = keq, I ||§{1( K) denotes the piecewise H! norm. The precise definition of

the notation used is given below.
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Defining the discretely divergence-free space Zj, as
(1.8) Zh:{'vEVh: bp(v,w) =0 VwEWh},
we have the following result given in [39] (also see [29]).

Theorem 1.1. (Theorem 3.1, [39]) Define the norm

(1.9) o[l = an(v,v) + M Y [ldivol|Fs ),
KeQy

where M = max{v, a}. Then finite element pairs V', x Wy, satisfying the inf-sup condition
(1.7) are uniformly stable with respect to the norm (1.9) for the model problem (1.1) if and
only if

(1.10) Zp={veVy: divo|. =0 VK e}

Essentially Theorem 1.1 says that in order to obtain robust finite element methods, the
discrete divergence-free velocities of a stable finite element pair must be divergence free
almost everywhere. Note that (1.10) holds provided the following stronger (and easier to
verify) condition is satisfied:

(1.11) div Vj, C Wy,

In light of Theorem 1.1, it is then reasonable to try to apply any family of H(div; ()
elements (e.g. BDM or RT [35, 32, 33, 8]) as these elements are known to satisfy both the
inf-sup condition (1.7) as well as the inclusion (1.11). However, such a strategy does not
lead to a convergent method as these are nonconforming approximations with no tangental
continuity across interior edges. Again, to make this last statement more precise we state
a theorem that is similar to a result stated in [37].

Theorem 1.2. Let V'j, C Hy(div; Q) and assume that (1.7) and (1.11) are satisfied. Then
(1.6) admits a unique solution (up,pp) € Vi, X Wy, such that

b2
(1.12a) lu—upllapn <C| inf Ju—vfon+ sup Enltu, ) )
vEZn(9) wev\{o} [Wllan
(1.12b) lp = pall2@) < C| inf |p— w2
weWy,

E
+ M2 inf Jlu—v|en+  sup M,
veZn(g) wevinoy wlin

where M is defined in Theorem 1.1,

(1.13) Zp(g):={veVy: by(v,w) = (9,w) Ywe W},
(1.14) [0z - = an(v, v),

and the consistency error Ey, is given as

ZFegh <ycurlu, [v x n]>F d =3,
ZFGSh <I/C11rlu,['v-t]>F d: ,

(1.15) Ep(u,v) = {
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where [v X n| (and [v - t]) is the tangential jump of v across the face F.

For completeness, we provide the proof of Theorem 1.2 in the appendix.

Taking Theorems 1.1-1.2 into account, we see that if finite element methods for the
Brinkman problem take the form (1.6), then the finite element pairs must satisfy (1.7),
(1.10) and have some sort of tangential continuity across edges of the mesh in order for
the method to be stable, robust and convergent. The continuity requirement is essential
to bound the consistency error (1.15). Although the more popular (and simpler) Stokes
elements do not satisfy this requirement (notably (1.10)), there are a few elements that
fall into this category. These include conforming elements (i.e. V; C H}(Q)) such as
the P¥ — PF=1 triangular elements for k > 4 on singular-vertex free meshes [36] and finite
elements of P*— P+~ type on macro elements [4, 42, 41], as well as low-order nonconforming
elements given in [29, 39, 37].

Knowing that H (div; ©2) conforming elements satisfy (1.7) and (1.10), several authors [29,
37, 39] developed elements for the Brinkman problem by modifying H (div; ) conforming
finite elements to make them have some tangential continuity. To be more precise, their
local space when restricted to the simplex K are of the form

(1.16) M (K) + curl (b Q(K)),

where here, M (K) is the local space corresponding to a low-order H (div; Q) space, bx is
the element bubble that vanishes on 0K and the space Q(K) is a subset of linear functions.
Since they are only adding divergence free functions, the resulting space will still satisfy
(1.10) and (1.7). Also note that the normal component of functions in curl (bxQ(K))
vanish on 0K and hence, the resulting space is still H(div; ) conforming. Thus, the only
purpose of adding function curl (bxQ(K)) is to enforce some tangential continuity. The
result is low-order non-conforming elements for the Brinkman problem.

In this paper, we develop a family of elements (two for each k£ > 1) in two and three
dimensions for the Brinkman problem, where our local spaces will also be of the form (1.16).
In this case, M (K) is going to be the local space of an arbitrary order H (div; Q) conforming
space. The novelty of our spaces is that Q(K) contains face/edge bubble functions in order
to achieve some tangential continuity. In fact, our lowest order element does not coincide
with any of the low-order elements presented in [29, 37, 39], although the dimension of our
lowest-order element and the the degrees of freedom are the same as the smallest spaces in
[29, 39].

Following the ideas developed by Tai and Winther [37], we also show that our Brinkman
problem spaces are part of a discrete de Rham complex with extra smoothness. In order
to do so, we define a family of spaces which approximate the space H (l](curl ;). We also
need the recently introduced HZ(£2) non-conforming spaces recently introduced in [20].

We should note that there are many convergent finite element methods for the Brinkman
problem that do not fit into the framework above, i.e., methods that do not take the form
(1.6). These include, but are not limited to, stabilization methods [12, 11, 5] and augmented
Lagrangian methods [9, 18]. We also point out that the method in [23] uses the generalized
MINT elements [1] and has the form (1.6). Although their finite element pairs do not satisfy
the criteria set in Theorem 1.1 (i.e., condition (1.10)), their method is robust with respect
to v. This may seem contradictory to the discussion above, but Theorem 1.1 states that
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methods are robust with respect to the norm (1.9) if and only if (1.10) holds. In [23], the
authors circumvented this problem by using a different norm, in particular, by using (1.9)
without the divergence term. The price they pay is suboptimal convergence for the velocity
in the Darcy regime. Numerical experiments in [29] verify this assertion.

Recently, penalty methods using standard H (div; Q) conforming elements have been used
for the Brinkman problem [25, 26, 27]. In these papers, the authors penalize the tangential
jumps in order to have convergent methods. Similar ideas had been previosly developed
for the Stokes problem [40, 15]. As is common for many penalty methods, the penalty
parameters have to be chosen sufficiently large to make the method stable. Nonetheless,
those methods seem to be very competitive for the Brinkman problem. The error estimates
derived here for our new elements are similar to the estimates derived in [25, 26, 27] for
the penalty methods. In some sense, the present work and the papers [25, 26, 27] achieve
the same goal of finding a family of robust methods with optimal convergence properties
by both using standard H (div; ) conforming spaces. Of course, we do this by adding
local basis functions that provide some tangential continuity, and they accomplish this by
penalizing the tangential components of the velocity.

The rest of the paper is outlined as follows. In the next section we introduce some no-
tation. In Section 3, we introduce a family of nonconforming elements for the Brinkman
problem in three dimensions. Here, we describe the space, its associated degrees of free-
dom, and unisolvency. We also define the canonical projection and study its stability and
approximation properties. In Section 4 we describe the analogous two dimensional elements
and study its properties. In Section 5 we study the convergence analysis of the Brinkman
problem using the framework set in [39, 37] described above. Following [37, 29], in Section 6
we show how the proposed elements fit into a discrete de Rham complex with extra smooth-
ness. As a byproduct of this discussion, we obtain new families of nonconforming methods
in Hi(curl; ). Finally, in Section 7 we show how to find local basis for our spaces.

2. NOTATION

Throughout the paper, we use H™(2) (m > 0) to denote the set of all L?(€2) functions
whose distributional derivatives up to order m are in L*(Q), and HJ*(Q) to denote the set
of H™(Q2) functions whose traces vanish up to order m — 1 on 9€2. We also set H™(Q) =
H™(Q)4 and

H(div; Q) = {v e L*(Q) : dive € L*(Q)},
H(div; Q) = {v € H(div; Q) : v-n =0 on §Q},
H(curl;Q) = {v e L*(Q): curlv € Lz(Q)},

where n denotes the outward unit normal of 2. We recall that the curl of a three dimen-
sional vector v = (vy,v2,v3)T is given by

curlv = %_% %_% %_% g
B a$3 8:132’8:131 8:133’6332 agpl ’
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and the curl of a vector v = (v1,v2)” in 2D is given by
lv 81)2 81}1
curlv = — — —.
8::31 8:132
We also set the curl of a scalar in 2D to be
curl ov ov \7*
urlv = | —, —— | .
8:132’ 8::31
In three dimensions we will also need the spaces
H(curl;Q) = {v € H(curl;Q) : v x n.=0 on 9Q},
H'(curl;Q) = {ve HYQ): curlv ¢ HI(Q)},
Hl(curl;Q) = {ve H'(curl; Q)N H(Q) : curlv x n =0 on o0}
Let €, be a shape-regular simplical triangulation [6, 13] with hx = diam(K) VK € Qp
and h = maxgeq, hix. We denote by €, the faces (3D) or edges (2D), by &}, the interior
faces (3D) or edges (2D), and by &% the boundary faces (3D) or edges (2D) in €. Given

K € Qp, we denote by {Ar} to be the (d + 1) barycentric coordinates of K, labeled such
that A vanishes on the face (3D) or edge (2D) F' C OK. The element bubble and face/edge

bubbles are then given by
bK:H/\Fa bp = H Ac,
F G£F

where the product runs over the faces/edges of K. We set w(F') to be the patch of the
edge/face of F' defined as

W(F)={K € Qy,: FCiK},

and use the convention

0]l 7 (w(Fy) = Z vl 5 (k)
Kew(F)

For a given simplex S in R? and m > 0, the vector-valued polynomials are defined as
P(S) = [P™(S)]4, where P™(S) is the space of polynomials defined on S of degree less
than or equal to m. We also set P"(S) and P (S) to be the empty set for any negative m.

We will use the following notation for interior and boundary inner-products

(vap)K:/ v - pdr, <m7ﬂ>F:/mﬂdsa
K F

and np denotes the unit outward pointing normal to a face F' of K. '
We will also need to define the tangential and normal jump operators. If I’ € &} is an
interior face (3D)/edge (2D) with F = K™ N K, then we set

[v % ”HF = ("’|K+ X "K+)|F + (Iv|K* X "K*MF’
[-t)p = W]y tae)|p+ W] tx)|p
[v- "HF = ("”K+ '"K+)’F + ("”K* '"K*)’Fv

where n+ is the outward pointing unit normal to 0K*, and ty+ is the unit tangent of
OK=.
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If F € &) is a boundary face(3D)/edge (2D) with F' C K, then we set
[v xn]|p = (v] xnK)|
[v- tHF = ("’|K 'tK)|F’

Finally, we use C to denote a generic constant independent of h or the parameters v and
Q.
3. FAMILY OF FINITE ELEMENTS IN THREE DIMENSIONS

3.1. The Local Space. Since our new elements are going to be based on H (div;(2) finite
element spaces plus divergence free functions, we first review some well known elements.
Let K € Qp, and let M*(K) denote either the local Brezzi-Douglas-Marini (BDM) space
of order k [7, 8, 33]

(3.1) M (K) = PH(K) (k> 1),
or the Raviart-Thomas (RT) space [35, 32] of order k
(3.2) MF(K)=PHE)+ P YKz (k>1).

We also define the space A¥~1(K) as follows: If M*(K) is given by the RT space (3.2),
then we set A* 1 (K) = P*1(K); if M*(K) is given by the BDM space (3.1), then we
define A¥"1(K) = N*}(K), the Nedelec space of index k — 1 [32]:

(3.3) NFYHE) =P 2(K)+ {v e P 1(K):v-x =0}.

It is well-known that a function v € M¥(K) is uniquely determined by the following
degrees of freedom [10, 32, 33]:

(3.4a) (v,p)K for all p € A*1(K),
(3.4b) (v-np, ,u>F for all u € PH(F) and faces F of K.

Here, npr denotes a unit normal vector to the face F'.
We then defined the local space for the three dimensional Brinkman problem as

VHE) = M*(K) + U1 (K),

where
(3.5) U Y(K) = curl (bxQ" 1 (K)),
(3.6) Q1K) =) brQl(K),
F
and
(3.7) FHEK)={gxnp e P (K)xnp:

(g x np, brbp(w x np)), =0 forall w € PF2(K)}.
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The following are the degrees of freedom that define a function v € V*(K):

(3.8a) (v,p)K for all p € A*1(K),
(3.8b) (v-np, ,u>F for all u € P¥(F) and faces F of K,
(3.8¢) (vxmnp, k), foralke PF=L(F) and faces F of K.

Before we prove unisolvency of the degrees of freedom, we first need some preliminary
results. We start by listing some key properties of the space Uk_l(K ).

Lemma 3.1. Let z € U1 (K) with z = curl (bk > pbr(gr X np)) and qp € Q'}_I(K).
Then the following identities hold:

(3.9a) z - n|yx =0,
(3.9b) zxnp|p=—apbh(qp X np) for all faces F' of K,
(3.9¢) (z,w)g =0 for all w € P¥1(K),

where ap = |grad \p|.
Proof. Since by vanishes on 9K, we can use the product rule to obtain for any ¢ € Q*~1(K),
(curl (bxq) - n)|ox = brecurlq - nlpx + ((gradbx x q) - n)|ox
=q - (gradbi x n)|ogx =0,
where we have used (gradbg x n)|spx = 0. Since z € U*1(K) is of the form z =

curl (bxq), this proves (3.9a).
Next, using the product rule and the fact that bx vanishes on JK, we have

z|lox = pr(grade) X (gp x np).
F

Using the fact bp vanishes on 0K\ F and that grad by = —apbrpnp we get
Z|F = —apb%’np X (qF X TLF).

The identity (3.9b) now easily follows.
Next for w € Tk_l(K ), integration by parts gives us

(z,w)k = — Z(QF x np,brbreurlw)k.
F
However, we can write curlw = —(curlw X nr) X np + (curlw - np)np, which gives

(z,w)g = Z(qF X np,bgbp(curlw x np) X np)k.
F

Hence, using the definition of Q% *(F), we have (z,w)x = 0. O
Lemma 3.2. Ifgr X np € Q'}_I(F) vanishes on F, then qr X np vanishes on K. Also,
(3.10) dim Q% (K) = dimP*1(F),

(3.11) dim U} (K) = 4dim P*(F).
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Proof. If qp X np vanishes on F, then we have ¢ X ng = App for some p € P*2(K).
Noting

br(p X np) =bp(qr X np) X np,
it follows that
(3.12) br(p xnp) X np = —bp(qp X np).
Therefore, by the definition of Q'}_I(K) and (3.12), we have
0=—(qp x np,bpbx(p x np) X np) . = (@ X np, bi(qr X np)) .,

and therefore gp X np = 0.

In order to count the dimension we note that P* 1K) x ny = 2dim P*1(K). Hence,
we easily see from the definition of Q% *(K) that

dim Q5 (K) = 2(dim P* 1 (K) — dim P*2(K)) = dim P*(F).

In order to prove (3.11), we will show that if 0 = z = curl (b > br(gp x np)) for
gp X np € Q'}_I(F) , then g x np = 0 for all faces F. Consider an arbitrary face F' of
K. Then by (3.9b), we have

0=z xnp|,=—arbi(qr X np)|p,

which shows that (gp x np)|F = 0, and therefore gr x n = 0 on K. This immediately
shows that dimU*~1(K) = 4dim Q%! (K), and therefore (3.11) follows from (3.10). O
Theorem 3.3. We have

(3.13) VHK)= M"(K)o U (K),

(3.14) dim V*(K) = dim M*(K) + 4 dim P*~1(F).

Furthermore, any function v € Vk(K) 1s uniquely determined by the degrees of freedom
(3.8).

Proof. Suppose that v € M¥(K)NU*1(K). Then by Lemma 3.1 we have

(3.15) (v,p)Kk =0 for all p € PF1(K),

(3.16) (v-n, ,u>F =0 forall u e P*(F) and all faces F of K.

It follows that v = 0 since all the degrees of freedom (cf. (3.4)) of v € M¥(K) vanish.
Therefore, (3.13) holds, and so by (3.11), the dimension count (3.14) holds as well.

Since dim M*(K) = dim A1 (K)+4 dim P*(K), it follows from Lemma 3.2 that dim V*(K)
is exactly the number of degrees of freedom given by (3.8). Hence, we only need to show
that if the degrees of freedom (3.8) vanish for v € V¥(K), then v = 0.

To this end, let v = v + z where vy € M*(K) and z € U1 (K). Then by Lemma 3.1,
we have

(3.17) (v, P)k =0 for all p € PF1(K),
(3.18) (vo - np,,u>F =0 forall u € P*(F) and faces F of K,
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and so vy = 0 since all its degrees of freedom (3.4) vanish. Hence,
v=2z=curl (bg pr(qp X np)),
F

for some (qp x nr) € QL (K).
Since the degrees of freedom (3.8¢c) vanish, we have by (3.9b) for any face F,

0=(vxnp,qr xnp), =—ar(bb(qr X np),qp X np) .
This of course shows that (qr X np) vanishes on F, and by Lemma 3.2 we have that
(gr x np) =0 on K. This completes the proof. O

3.2. The Global Space and Projection. Now that we have defined the local finite ele-
ment spaces, we can naturally define the global space as

(3.19) Vi ={v e Ho(div; Q) : v|x € VF(K) for all K € Q,

([vxn],pm),, =0forall pe P*1(F) and faces F of Qn}.
We define the corresponding pressure space as
(3.20) Wy, = {w € L§(Q) : w|kx € P(K), for all K € O},

where s = k if we use the RT space (3.2) or s = k — 1 if we use BDM space (3.1).
We also define M, (respectively, U},) to be the associated global space of M*(K) (re-
spectively, U1 (K)) as

(3.21) M), = {v € Hy(div; Q) : 'U’K e M*(K) for all K € Qn},
(3.22) Up={z€ Hy(div;Q) : z|, € U (K) for all K € Qp}.

The degrees of freedom (3.8) naturally lead us to define the projection I, : H}(Q) — V7,
given locally as follows:

(3.23a) (ITpv — v, p)g =0 for all p e A¥1(K),
(3.23Db) (v —v) - np, ,u>F =0 for all ;€ P*(F) and faces F of K,
(3.23¢) (M —v) x np, k), =0 for all & € P*~1(F) and faces F of K.

Using (3.23a) and (3.23b) we can easily show that the commutative property
(3.24) divIIyv = Pydive  for all v € HY(Q)

holds, where P, is the L? projection onto W},. In particular, we have IT,u € Z(g), where
Z(g) is defined by (1.13).

We now discuss the approximation properties of IT,. First, we denote by IIy; : H'(Q) —
M, either the BDM projection or RT projection, i.e.,

(3.25a) (ITpyv — v, p)kg =0 for all p € A*1(K),

(3.25Db) (@Mpyv—v)-np, ), =0 for all ;1 € P*(F) and faces F of K.
We also define Iy : HY(Q) — Uy, locally as

(3.26) (Myv —v) X np, k), for all k € P*"1(F) and faces F of K.
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It is then straightforward to verify the identity
(3.27) I-1I, = (I—-1Iy)(I —1IIy),

where T denotes the identity operator on H ().
We now derive some stability estimates for the projection IT;. To this end, for v € H(Q)
we write

HU’U|K = curl (bKZbF(qF X TLF))|K with qr € Q%_I(K)
F

Note that by (3.9b), we have

(3.28) HU’U X TLF|F = —apb%(qp X TLF)|F,

and therefore by (3.28) and (3.26),

ar(bi(qp x np), (g x np))p = —(yv X np,qp X np),

= —<'v XNp,qp X TLF>F
<l|lvxnrlemllagr X nrllrem-

It then follows that

(3.29) arllgr X nrllp2p) < Cllv X ng|p2p).

Hence by a scaling argument, (3.28) and (3.29), we obtain

ITwl| o) < Chil? Y T % mll ey = ChiL2 Y arl|bh(ap x ) L2gr)
F F

< Chil? S apllar x npll e < Chil v x nll 2o,
F

Using this last estimate in (3.27) , we have
v = Ipol| 2(x) < [lv — Tyl 20y + [Ty (v — Tyo) || L2k
1/2
<|lv -yl r2x) + Chyl?||lv — Iyl r29K)-
Thus, by standard approximation results of the projection Il,;, we have

Theorem 3.4. Let m and s be two integers satisfying0 < m < s <k+1ands>1. Then
for any v € H%(K), there holds

(3.30) ||'v - Hh'vHHm(K) < C’hﬁ(_m|fv|H5(K)
In particular, if v € H*(Q2) we have (cf. (1.14))

(3.31) v = I0lan < C (V2057 + & 20°) o] s (-
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4. FAMILY OF FINITE ELEMENTS IN TWO DIMENSIONS

The two dimension finite elements for the Brinkman problem are similar in nature and
and in their construction to that of the 3D case, so we only sketch the main points. In the
two dimensional case, we define the local space as

(4.1) VE(K) = MH(K) + U (K),
where
(4.2a) U YK) = curl (bxQ* 1 (K)),
(4.2b) QI (K) = 3 bk,
F
and
(4.2¢) '}_I(K) ={q¢ PFYK): (q,bxbrw)g =0, for all w € ?k_z(K)}.

The corresponding degrees of freedom that define a function v € V*(K) are defined as
follows:

(4.3a) (v,p)K for all p € A*1(K),
(4.3b) (v-np, ,u>F for all 4 € P¥(F) and all edges F of K,
(4.3¢) (v-tp, /{>F for all k € P*"1(F) and all edges F of K,

where tr is the unit tangental of the edge F' obtained by rotating np 90 degrees counter-
clockwise.

Lemma 4.1. There holds

(4.4) VFHK) = M*(K)o U 1(K),

(4.5) dim V*¥(K) = dim M*(K) + 3 dim(P*~(F)).

Moreover, any function v € V¥(K) is uniquely determined by the degrees of freedom (4.3).
Proof. Suppose that v € M*(K)NU*"1(K). Then v can be written as v = " - curl (bxbrqr)

with qp € Q'}_I(K). Therefore by (4.2¢) and by integration by parts, we have for any
pePHK),
(v, p)x = Y _(curl (bgbrgr), p)x = — Y _(bibrgr, curl p)x = 0.
F F
Furthermore since bg vanishes on 0K, we have for any p € PF~1(F),
<'v ‘ngp, ,u>p = Z <grad (bequ) . tF, ,u>F = 0.
F

Since the degrees of freedom (4.3a)—(4.3b) uniquely define a function in M*(K), we conclude
v =0, and the direct sum (4.4) follows.
To show (4.5), we first see that

dim Q¥ (K) = dim P* 1 (K) — dim P*2(K) = dim P* 1 (F).
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Therefore, in light of (4.4) it suffices to show that if 0 = z = curl (bx > bpgr) with
qr € Q'}_I(K), then gp = 0 for all edges F. To this end, we note that on each edge,

0=z-tp|, = brqrgrad (bk) - nr = —arbpqr| .

It then follows that ¢z = Appr for some pp € P¥~2(K) for all edges F. But then by the
definition of Q%! (K), we have

0= (qr, bxbrpr) Kk = (pr, bxkbFAFPF) K,

and therefore pr = 0. The dimension count (4.5) immediately follows.

To show that the degrees of freedom uniquely determine a function in Vk(K ), we see that
by (4.5), it suffices to show that if all the degrees of freedom vanish for some v € V*(K),
then v = 0.

We write v = vg + z with vg € M*(K) and z € U"(K) with z = curl (bx 3 - brqr).
Since a function in M*(K) is uniquely determined by the degrees of freedom (4.3a)(4.3b),
and since functions in U¥~!(K) vanish at these degrees of freedom, we have vy = 0. There-
fore by (4.3c), we have

0= (v -tr,qr), = (brqrgrad (bx) - np,qr), = —ap(bhar, qF) p-

Hence, we have gp ’ 7 =0 for all edges F. However, by the same argument given above, we
conclude that gr = 0 and therefore v = 0. O

Analogous to the three dimensional case (3.19), the two dimensional global vector space
for the Brinkman problem is defined as

(4.6) Vi ={ve Hydiv;Q): v|, € VF(K) for all K € Q,
([v-t],p), =0forall e P*=1(F) and edges F in Qn}.
The pressure space Wy, is the same as the three dimension case, that is, Wy is defined by
(3.20).
Similar to the three dimensional case we can define the canonical projection, given locally
by
(v —v,p)g =0 forall p e A" 1(K)
(I —v) -np,,u>F =0 for all u € P¥(F) and edges F of K,
(Mpv —v) - tp, k), =0 forall ke P*L(F) and edges F of K.

It is easy to see that the commutative property (3.24) holds for the two dimensional projec-
tion. Furthermore, by using similar techniques as in the previous section, it can be shown
that the estimates (3.30)—(3.31) hold as well. We omit the details.

5. CONVERGENCE ANALYSIS OF THE BRINKMAN PROBLEM

We now turn our attention to the convergence analysis of the finite element method for
the Brinkman problem (1.1). In light of the discussion in the introduction, it suffices to
verify the inf-sup condition (1.7) as well as show that the discretely divergence-free velocities
are in fact divergence free, i.e., that (1.10) holds.
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To show the inf-sup condition (1.7), we first note that by (3.30) there holds

(5.1) ||1'Ih'v||17h < CHvHHl(Q) Yo € V,
where we recall that || - ||1,, is a piecewise H! norm defined as ||'v||%h =D Keq, ||'v||§{1(K).
By (1.5), for any w € W}, there exists a v € V' such that
bh(vv w)
(5.2) Cllwllzz) < 77—
W= Tl

It then follows from (5.2), (3.24) and (5.1) that

b by (11 by (11 b

Ol oy < o) _ it w) o billliv,w) gy, bnlon )
ol vl [TLpv |1, oneVy |lvnllin
Furthermore, there holds
divVy, C W,

due to the construction of V;, and by the properties of M. It then follows from Theorem
1.2 that that the estimates (1.12) hold. Therefore, in light of (3.31) it remains to estimate
the consistency error defined by (1.15).

By the definition of the finite element space, in three dimensions there holds for any
e PPYF) and k € PO(F),

(veurlu, [v x n]), = (veurlu — p,[v x n — K]) ..

It then follows that if w € H*(Q) for some 2 < s < k + 1, then for all faces F' € &y,
<1/ curlu, [v x n]>F < C’yhs_l|u|Hs(w(F))|v|H1(w(F)),

and therefore by (1.15) and (1.14),

(5.3) En(u,vp) < C’hs_ly|u|H5(Q)|fv|Lh < Ch5_1y1/2|u|H5(Q)||'v||a7h.

A similar estimate holds in the two dimensional case.
Combining (5.3) with (1.12) and (3.31) we have the following result.

Theorem 5.1. Let (u,p) € V x W be the solution to the Brinkman problem (1.1), and let
(up, pn) € Vi, x Wy, solve (1.6) with the finite element spaces defined by (3.19) and (3.20).
Suppose that u € H*(Q) x H*~Y(Q) with 2 < s < k + 1. Then there holds

[w — wpllap < CE 207+ o' 200 [u) s ().
If p € H1(Q) and M, is taken to be the BDM space of order k, then
Ip = pall2) < C<hs_1|p|HS*1(Q) + M2 (Vl/zhs_l + al/zhs) |U|Hs(9)>,

where M = max{v, a}. Otherwise, if p € H*(Q) and M}, is taken to be the RT space of
order k, we have

Ip = pollz2) < C<h8|p|Hs(Q) + MY2 (2R 4 ol 2he) |u|HS(Q)>'
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6. DISCRETE DE RHAM COMPLEXES

Following [37, 29], we show that the construction of the nonconforming elements for the
Brinkman problem are closely related to discrete de Rham complexes with extra smoothness.
In doing so, we obtain higher order nonconforming elements for a singular biharmonic
problem [34, 37, 20] and singular problems posed in H'(curl;(). In particular, we show
how the three dimensional finite element space V} is part of the discrete analog of the
complex

grad

(6.1) R -S H2 %% Hl(curl) % HL & 12 0.

The sequence (6.1) is an exact complex provided that €2 is a convex polyhedral domain
[19, 37], that is, the range of each map is the null space of the succeeding map. The
statement that it is a complex just means that the composition of two consecutive maps is
Z€ero.

To define the discrete analogue of (6.1) we define the following local spaces:

(6.2) XHUEK) = PHUK) + b Q¥ 1K),
(6.3) Y*(K) = NMTY(K) + grad (bxQ"(K)) + bx Q" (K),

where we recall that N*+1(K) denotes the Nedelec space of index k+1 (cf. (3.3)), Q"1 (K)
is defined by (3.6), and Q*~!(K) is the three dimensional analogue of (4.2b), i.e

(6.4) Q" HK)=> brQy
F

(6.5) MUK) = {qe PFYK) : (q,bxbpp)x =0 forall p e ka_z(K)}.

We note that the space X**!(K) was recently introduced in [20]. In what follows, we
shall show that the global space that uses X**!(K) will take the place of H2 in (6.1), and
the global space that uses Y*1(K) will take the place of H}(curl), V', will take the place
of H{, while W}, will take the place of L2 in (6.1).

Before proving this result, we first discuss the properties of the finite element spaces
(6.2)—(6.3), their associated degrees of freedom, and unisolvency.

6.1. Properties of X*T1(K). We define the following degrees of freedom for the local
space X*1(K):

w(a) for all vertices a,

W, ) e for all ;1 € P*"1(e) and edges e of K,

w, kY for all K € P¥"2(F) and faces F of K,

w, p)K for all p € PF3(K),

gradw - np,w)p for all w € P*~1(F) and faces F of K.

The following result can be found in [20].
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Lemma 6.1. There holds
(6.7) XMUK) = PMUK) @ br Q" (K),
(6.8) dim X*T1(K) = dim P*H(K) + 4P 1(F),

Furthermore, any function w € X*TY(K) is uniquely determined by the degrees of freedom
(6.6).

6.2. Properties of Y**1(K). We define the following degrees of freedom for the local
space Y (K):

(6.9a) (y - te, K)e for all k € P¥(e) and edges e of K,
(6.9b) (y xnp, u)p for all pu € P*~1(F) and faces F of K,
(6.9¢) (y,p) K for all p € PF2(K),

(6.9d) (y -np,w)p for all w € P*~1(F) and faces F of K,
(6.9e) (curly x np, x)r for all x € P*1(F) and faces F of K.
Lemma 6.2. There holds

(6.10) Y = NMU(K) @ grad (b Q" 1(K)) ® bk Q" (K),
(6.11) dim Y*(K) = dim N*"}(K) 4+ 4 dim P*~1(F) 4+ 4 dim P (F).

Moreover, any function y € Y'H'I(K) 1s uniquely determined by the degrees of freedom
(6.9).

Proof. We first show that if all of the degrees of freedom vanish for y € Y*T1(K), then
= 0. This fact along with (6.11) will show that the degrees of freedom uniquely determine
a functlon in Y*(K).

Suppose that y € Y**1(K) vanishes at all of the degrees of freedom (6.9). By the
definition of y, we can write y = y, +grad (bxq) +bxp with y, € N*T1(K), ¢ € Q" 1(K)
and p € Q*1(K). Note that grad (bxq) -te|e =0 and (bgp) - te|e = 0 for all edges e, and
therefore

(6.12) (yo - te, /{>e for all x € P¥(e) and edges e of K.

Furthermore, we have grad (bxq) x "F|F = 0 and (bgp) % "F|F = 0 for all faces F', and
therefore

(6.13) (yo X np, 1), for all p € P*1(F) and faces F of K.

Next we write ¢ = ) bpqr for qr € Q'}_I(K). Then by integration by parts and (6.5),
we have for any p € P*2(K)

(6.14) (grad (qu Z qr, beFdiV p)K =0.
F
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Moreover, by writing p = 3 - br(pp x nr) with (pxnr) € Q%K) and p = —(pxnp) x
np + (p-np)np, we have by (3.6),

(bsp, Pk = — Z ((pr x np), brbr(p X np) X np) . = 0.
F

Thus, we have
(6.15) (Yo, )k =0  forall p e PF2(K).

Since the degrees of freedom (6.9a)(6.9c) uniquely determine a function in N*(K), we
have by (6.12)-(6.15) that y, = 0 and so y = grad (bxq) + bxp.

Next, since bg vanishes on K, we have by (6.9d),
0= (y-n,qr), = (grad (bxq) - n,qr), = {qrbrgrad (bx) - n,qr) , = —ap{qrby, qr) -
Thus, gr = 0 for each F', and hence gr = 0 on K which in turn shows that y = bgp.

Finally, by (6.9¢), we have by the product rule,

0= (curly X np,pp X np), = ((gradby X p) X np, pp X np),
= —ap(bp(np X p) X np, pp X np)
= —ap(bp(Pr X NF),Pr X Np) .
We conclude from the last identity that pp x np| 7 = 0, and therefore, in light of Lemma
3.2, pr xnp =0 on K. It then follows that y = 0.

We now show (6.10). Suppose that y € grad (bxQ"(K)) N (bKQk_l(K)). We then
have y - "’81( = 0. Thus, by writing y = grad (bxq) and ¢ = > brpqr, we have on each
face F',

0 = grad (bxq) - nr|, = —arbiqr|,.
Therefore, qF’ 7 =0, from which we conclude y = 0.

Finally, since functions in grad (bxQ*~1(K)) and bxQ*~!(K) both vanish at the degrees
of freedom (6.9a)—(6.9¢), and since functions in N**1(K) are uniquely determined by these
degrees of freedom, we conclude that (6.10) holds.

The dimension count (6.11) then follows from (6.10) and noting

dimgrad (bx Q" 1(K))=4P*Y(F) and  dim(bxQ" 1(K)) = 4P 1(F).
O

6.3. The Discrete Complex. The degrees of freedom of the local spaces X*+1(K) and
Y*+(K) given by (6.6) and (6.9) naturally leads us to define the global space as

(6.16) Xp={weH)(Q): w|, € X*(K) for all K € Qy,
and ([gradw - n], /{>F =0 for all k € P*"1(F) and faces F},
(6.17) Y, = {y € Ho(curl;Q): y|, € YF(K) for all K € Qy,

and <[y-n],w>F = <[curly X n],x>F =0
for all w € P*"Y(F), x € P*"1(F), and faces F}.
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Note that X}, is a subspace of H}(£2) but not of HZ(£2). However, since the normal deriva-
tives of functions in X} are weakly continuous, X can be used as non-conforming approxi-
mation to HZ(€); see [20]. Similarly Y " is a non-conforming approximation to Hy(curl ; Q).

Theorem 6.3. Let X, Vi, Y, and Wy, be given by (6.16), (3.19), (6.17) and (3.20),
respectively. Then the sequence

grad curl div

(6.18) R—>Xh—>Yh—>Vh—>Wh—>0
is an exact complex.

Proof. We will need the following well known result ([33, 32, 3, 2]) that says that the
following is an exact discrete complex:

grad curl div

(6.19) R - L, &5 N,y 5 My, =S Wy, — 0,
where
Ly ={w € Hy(Q) : w|, € P (K) for all K € Qy},
N, ={v € Hy(curl;Q): 'v|K € NM(K) for all K € Q},

M, is given by (3.21) and W), is given by (3.20).

Now suppose that curly = 0 with y € Y. By the definition of Y';, we know that y’K =
Yol + 8grad (bxq)| . + bxp|, With yg € Ny, q|, € Q¥ 1K) and p|,. € Q" (K) for all
|K + curl (pr)|K = 0. Since curly0|K € M*(K)
and curl (bxp) |K € U*1(K) we have that curl y0|K = 0 and curl (pr)|K = 0. However,
since functions of the form bgp are uniquely determined by the degrees of freedom (6.9¢),
we must have bgp = 0. Therefore, by the exact complex (6.19), we have y, = grad (w)
for some wqg € Ly. Thus, y|K = gradw|K where w|K = w0|K + qu|K. Since y € Y}, we
have ([y -n],w)r = 0 for all w € P¥~1(F) and all faces F, and thus we also have w € X,.

Next, let v € V}, given by 'v’K = 'v(]’K + curl (qu)’K with vg € M} and q’K €
Q" Y(K), and suppose that dive = 0. We then have divwy = 0, and therefore by
(6.19), vo = curly, for some y, € Nj. Therefore, we have 'v|K = curly|K, where
y’K = yolK + qu’K + grad (qu)’K and ¢ € Q¥ '(K) is arbitrary. Since v € V3, we
know that ([v x n],u>F = 0 for all p € P*"1(F) and all faces F. Therefore, we have
([curly x n], ”>F = 0 for all g € P*"1(F) and all faces F' as well. We can also choose ¢ so
that ([y - m],w)r = 0 for all w € P*~1(F) and all faces F. Therefore, we have shown that
y €Y. O

K € Qy,. Then clearly we have curl (y)

Remark 6.4. Above, we considered the discrete complex with zero boundary conditions.
We would like to mention that we can easily obtain the discrete analogue of the complex

rad curl div
g 1 L2

(6.20) R -= H? 22 H'(curl) &5 H

— 0.

Indeed, to construct such a complex, we simply do not impose boundary conditions when
defining the discrete spaces X, Y, and V.
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6.4. Remarks on the Two Dimensional Complex. Analogous to (6.1), the two dimen-
sional de Rham complex with extra smoothness is given by
(6.21) R-S H2 gL &2 o

The sequence is exact provided the domain 2 is simply connected.
To introduce the corresponding discrete de Rham complex, we define X**!(K) in the
two dimensional case as

(6.22) XM(K) = PMYK) + bk Q"1 (K),

with Q¥ 1 (K) defined by (4.2b) and k > 1. The associated degrees of freedom of X*+1(K)
are defined as follows:

(6.23a) w(a) for all vertices a of K,

(6.23b) (w, p)p for all u € P*~1(F) and edges F of K,
(6.23c) (w, p) K for all p € PF2(K),

(6.23d) (gradw - np,w)p for all w € P¥"1(F) and edges F of K.

The space X**1(K) was introduced in [20], and the following result was proved there.
Lemma 6.5. There holds
(6.24) XFH(K) = P @ b QL (),
(6.25) dim X**1(K) = dim P*(K) + 3P L(F).
Furthermore, any function w € X*TY(K) is uniquely determined by the degrees of freedom
(6.23).

The two dimensional global space X}, is defined as
(6.26) Xn={we H}(Q): w|, € XF(K) for all K € Qy,

and ([grad w - n), w>F =0 for all w € PF"1(F) and all edges F}.

Since the right-hand side of (6.22) is a direct sum, and by the definitions of the finite
element spaces, we can easily see that

curl X;, C Vi, divVy C Wy,

Therefore, the following is a discrete de Rham complex:

curl div

(6.27) R-S X, S v, S w, —o0.
The following theorem shows that (6.27) is exact.

Theorem 6.6. Let Vi, X;, and W}, be defined by (4.6), (6.26) and (3.20), respectively.
Then (6.27) is an exact complex.

Proof. 1t suffices to show that if v € V} with dive = 0, then v = curl w for some w € Wj,.
To prove this, we use the face that the sequence given by

curl div

(6.28) R-S 1,9 M, S W, — 0
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is exact; see for example [3].

By the definition of V', we may write 'v|K = 'v0|K + curl (bgq) |K for each K € Qp,
with vg € M, and q| € Q¥ (K). Clearly, we have 0 = divv = divwg. Thus, since the
complex (6.28) is exact, we may write vy = curlwg for some wy € L. It can then be
readily checked that w defined by w|K = w0|K + qu|K is in Xp. Thus, v = curl w with
w € Xp, and therefore, the sequence (6.27) is an exact complex. O

7. LOCAL BASIS FOR Q% (K)

To implement the new elements for the Brinkman problem, we need to calculate a local
basis for the space Q'}(K ). Here, we give an outline on how this can be easily done. We
start with the more difficult case of three dimensions. As a first step, we show how to find
a basis of Q% (K) (see (6.5)) in terms of the barycentric coordinates of K. To this end,
we let A1, Ag, A3, A4 be the barycentric coordinates of K, and without loss of generality, we
assume that Aq is the barycentric coordinate that vanishes on face F'. Hence, by = AoA3)y
and bK = /\1/\2/\3/\4.

For each i = 1,2,..., (k+ 1)(k+2)/2 let p; € P*~1(K) be the unique solution to

(7.1) (pisqbrbr) = —(ri, gbrbr)x Vg € PFHK),

where r; is a function of the form ASAT'AT with £ +m + n = k (note that there are exactly
(k+ 1)(k + 2)/2 functions of this form). Clearly, p; is well defined since (7.1) leads to a
positive definite system for p;. Moreover, we can easily solve for p; in terms of barycentric
coordinates. If we let ¢; = p; + r;, we see that {¢1, ¢, .. .,¢(k+1)(k+2)/2} is a basis for

Q(K).

We now give some examples. Using the formula (cf. [17]),

! (6% 1!
ACLNG2 NG g gy | L2t Q!
/K 1 "2 d+1 | | (| | —I—d)!

we can easily solve for p; for any k. Of course in the case k = 0, ¢ is just a constant. In
the case k = 1 we have

¢r=—=3/114 Xy, ¢ =-3/11+ A3, ¢3=-3/11+ A4

In the case k = 2, we obtain

4
o1 = 1—3(/\2 +A3) + A3, o = 5—2 - 1—3(/\2 + A1) + A2y,
4 3 1
®3 _5_2_E(/\3+/\4)+/\3/\4’ P4 = E_E/\2+/\
_ 1 2 18 2
%_E_E&+&’ 9 = 13 BM+M'

In order to calculate a basis Q% (K), we use the fact that

QF(K) = {mitp + mesp : my, ms € QR(K)},
where tr, sp are orthonormal and tangent to the face F'. One can prove this by using the
definition of the space Q% (K) given in (3.7). Thus, once we have a basis for Q% (K), we
also have one for Q% (K).
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The two dimensional case is similar, and based on the discussion above we can easily find
a basis for Q% (K). Below, we give a few examples (assuming \; vanishes on the edge F):
For k=1,

$1=—=3/8+4+ X2, 2= —3/8+ A3,

and for k = 2,
1 3 2 4 2 4
= —— 4+ (A2 + A3) + A2\ =~ X+ A\ = —— + A3+ )5
o1 10+10( 2+ A3) + A2z, @ = tghet Ay ¢3 EtehstX
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APPENDIX A. PROOF OF THEOREM 1.2
First by (1.14), (1.9) and (1.10), we have for any v € Zj,

2
an(v,v) = [[v]7 = llv]l; -

Thus, in light of the inf-sup condition (1.7), it follows that there exists a unique pair
(up, pn) € Vi, x Wy, satisfying (1.6) [10].



NON-CONFORMING ELEMENTS FOR BRINKMAN 23

To derive the error estimates (1.12), we first note that due to the inf-sup condition (1.7),
the space Zj(g) defined by (1.13) is non-empty. Let P,p € W} be the L? projection of p
onto Wp, let v € Z(g) be arbitrary, and set e, = up, — v and wy = pp, — Ppp. Then by
(1.6), we have

(A.la) ah(eh, eh) — bh(eh, wh) = (f, eh) — ah('v, eh),
(A.1b) br(en, wp) = 0.

Noting that the inclusion (1.11) implies by (ep, p) = by(en, Pnp) = 0, we have by (A.1) and
(1.14),

(A.2) lenlls s = (f, en) — an(v, ep)

= ap(u —v,ep) + (f,en) — an(u, en) + br(en, p)

< |lu—vllarlenllan+ (f en) — an(u, en) + bu(en, p).
By Green’s formula and (1.1), we have
(A.3) (f.en) —an(u, en) + bn(en, p) = En(u, en),

with Ej(-,-) defined by (1.15). Thus, the estimate (1.12a) follows from (A.2), (A.3) and the
triangle inequality.
Next by (1.7), (1.6) and (A.3), we obtain

bu(v, ph — Pup)

Cllpn — Prapll L2y < sup

veV), [vl1,n
— sup ah(uhv ’l)) B b(’l), Php) B (fv ’l))
veVy, ||Iv||17h
— sup ah(uh —u, ’l)) + (lh(u, ’l)) - bh(,vvp) B (fv ’l))
veVy, ||’U||17h
up — u,v) + Ep(u,v
:Supah(h ,v) + Ep(u,v)
veVy, ||’U||17h
= aup 0= a0l + B0
veVy, ||’U||17h

The estimate (1.12b) then follows from (1.12a), the inequality ||v|len < MY/?||v||1s, the
triangle inequality, and the fact that

— P, 2 = inf —w||r2(Q)-
Ip pliL (Q) well, Ip Iz (Q)
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