ERROR ANALYSIS OF DISCONTINUOUS GALERKIN METHODS FOR
STOKES PROBLEM UNDER MINIMAL REGULARITY
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ABSTRACT. In this article, we analyze several discontinuous Galerkin methods (DG) for the
Stokes problem under the minimal regularity on the solution. We assume that the velocity
u belongs to [Hg(22)]¢ and the pressure p € L2(2). First, we analyze standard DG methods
assuming that the right hand side f belongs to [H~1(Q) N L1(2)]¢. A DG method that is
well defined for f belonging to [H~(Q)]¢ is then investigated. The methods under study
include stabilized DG methods using equal order spaces and inf-sup stable ones where the
pressure space is one polynomial degree less than the velocity space.

1. INTRODUCTION

Let  C R? be a bounded polyhedral domain with boundary 9. Let V = [H}(2)]¢ and
Q=1L%Q) ={qe L*): (¢,1) = 0}. Here and throughout (-,-) denotes the L*(Q2) inner
product. We also use the notation (-, -) to denote the inner product on [L?(2)]%.

For a given f € [H~1(Q)]?, the Stokes problem consists to find [u,p] € V x @Q such that

(1.1) a(u,v) +b(v,p) = f(v) Vvev,
(1.2) b(u,q) =0 Vg € Q,
where

(1.3) a(w,v) = (Vw,Vv) Vw,vevV,

(1.4) b(v,q) =—(V-v,q) YWeV, qgeq.

The space V is endowed with the norm || - ||y defined by ||v|v = (Vv, Vv)2.

Existence and uniqueness of the velocity u follows from the Lax-Milgram lemma in the
space Z = {v € V : b(v,q) = 0 Vq € @Q}. Existence of a pressure is obtained by the
well-known inf-sup condition

b(v,
(1.5) Bllallre < sup 09

Vg € Q.
vEV,v#£0 ||V||V

The discrete analog of the inf-sup condition leads to stable numerical methods; see for
example [6]. However, in order to satisfy the discrete inf-sup condition the discrete pressure
and velocity spaces are dependent on each other. For example, as is well known, equal

1991 Mathematics Subject Classification. 65N30, 65N15.
Key words and phrases. error estimates, finite element, discontinuous Galerkin, stokes problems, stabilized
methods.
1



2 S. BADIA, R. CODINA, T. GUDI, AND J. GUZMAN

order spaces are not inf-sup stable. On the other hand, stabilized methods allows one to use
discrete spaces that are not inf-sup stable.

There are now many DG methods for Stokes’ flow using the velocity-pressure formulation;
see for example [24, 12, 21]. Error analysis have been performed for most DG methods in
the literature. However, they often assume sufficient regularity of the exact solution. In this
paper we perform an error analysis of some DG methods for the Stokes problem where we
only assume minimal regularity [u,p] € V x Q. Moreover, we assume f € [H~*(Q) N L(Q2)]%.
We note that DG methods are not well-defined for functions f only belonging to [H~*()]¢
since DG test functions do not belong to [H'(€2)]¢. However, we show how to modify the
right hand side of the DG method so that we can define a method for f € [H~1(Q)]%. The
approach we take in this paper is the one used by Gudi [19, 20] for elliptic problems where
residual estimates are used in the analysis.

Di Pietro and Ern [17] were the first to address convergence of DG methods for problems
with minimal regularity. There they considered solutions [u,p] € V x Q and f € [LP(Q)]?
for p > 1 when d = 2 and p > 6/5 when d = 3 (these restrictions are due to Sobolev
embeddings). Their approach was to use discrete compactness arguments. Shortly after,
Gudi [19] considered elliptic problems where he assumed the solution u to be in Hj(Q2) and
proved error estimates which give rates of convergence in the case of smoothness. There
he assumed that the right hand side belongs to L?(£2). Finally, Riviere and proved optimal
error estimates for the Laplace problem in two dimensions using W?? elliptic regularity for
p > 1.

As mentioned above, we will apply the techniques in [19] to give error estimates for the
Stokes problem. Here we show, following the argument of Gudi [19], that if one is a bit
more careful one only needs data belonging to [H~*(Q) N L*(Q2)]¢. Our estimates will depend
on an oscillation term measuring the sum of local H~! norms of the difference between f
and its L? projection onto piecewise polynomials; see Theorem 3.1. Similar oscillation terms
were considered by Cohen et al. [15] when dealing with data in [H~1(2)]¢. Using Sobolev
embeddings we can prove convergence results under the assumptions used in [17] while also
showing convergence rates when slightly more regular data is used. We stress that our
a-priori analysis does not depend on elliptic regularity.

Pressure estimates require special care. When the pressure polynomial space is one degree
less than the velocity space, one only needs to use that the discrete velocity (or the H(div; Q2)
conforming part of the space) and pressure space form a H(div; Q) x L?(2) stable pair (such
ideas were used for example in [24]). In the equal order case, one needs to bound also the
higher modes of the pressure approximation. We do this by estimating the traces of the error
on faces of the simplicial decomposition. In the equal order case we consider two distinct
methods, one which penalizes the jumps of the pressure (see for example [24]) and a method
introduced in [14] and applied to DG methods in [13] that penalizes the jumps of the total
flux. Since penalizing the jumps of the pressure is inconsistent with pressure only belonging
to L?(Q) we get best approximation results in the space @, N H'(Q), where @y, is the DG
discrete space for the pressure. On the other hand when we use the DG method in [13] we
get best approximation in the space Qp,.
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Since standard DG methods are not well defined for f € [H~(Q)]¢ we modify the right-
hand side in order to consider this case with the help of enrichment operators. We show
that the proposed method converges strongly in [H(Q)]¢ x L*(Q2). Moreover, we show
that if one modifies the right-hand side appropriately (i.e. chooses the enrichment operator
appropriately), a best approximation property will hold.

All our analysis is based on the assumption that the polynomial degree of the finite ele-
ment approximation is kept constant. Thus, our results proving convergence under minimal
regularity assumptions hold in the case in which the mesh size tends to zero.

The paper is organized as follows. In Section 2 we introduce notation and some preliminary
results. We propose the methods to be analyzed in Section 3 and prove velocity error
estimates. Section 4 is devoted to pressure error estimates. The analysis for a method that
penalizes flux jumps is included in Section 5. Finally, the extension of the previous analyses
to forcing terms in [H~1(£2)]? is carried out in Section 6.

2. NOTATION AND PRELIMINARIES
The following notation will be used throughout the article:
7T, = face to face, shape regular simplicial triangulations of €2
T = a simplex of 7}, hr = diameter of T h =max{hr: T € T,}
V; = set of all vertices in 7}, that are in
VP = set of all vertices in 7}, that are on 99
Vi =V UV
» = set of all interior edges of 7},
£} = set of all boundary edges of 7y,
En=EUE
he = |e|, the diameter of e € &,
T, = set of all simplices sharing the vertex z
7. = patch of two simplices sharing the face e
V), = piecewise (element-wise) gradient
P,.(T) = space of polynomials of degree less than or equal to m > 0 and defined on T’
I = Identity matrix of size d x d.

Let us define the discrete spaces
Vi={vi € [L2(Q)]":vilr € [P(T)}  and Q= {an € Q: ailr € Po(T)}.

We will consider the cases s = r — 1 and the equal order case s = r. For the sake of
convenience, let us define a broken Sobolev space

HYQ,T,) ={ve L*(Q): vlr € H(T) YT eT,}.
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In the problem setting, we require jump and mean definitions of discontinuous functions,
vector functions and tensors. For any e € &}, there are two simplices T, and T_ such that
e =0T, NIT_. Let ny be the unit normal of e pointing from 7, to 7_, and n_ = —n,.
For any v € HY(Q,7), we define the jump and mean of v on e by

1
[v] =viny +v_n_, and {o}} = §(v+ + v_), respectively,

where vy = U}Ti. We define for v € [HY(Q, 7;,)]? the jump and mean of v on e € & by

1
[v[=vy ny+v_-n_, and {v}} = §(V+ + v_), respectively.

We also require the full jump of vector valued functions. For v € [H'(€,7;,)]?, we define the
full jump by

vl =vi®n,+v_®n_,
where for two vectors in Cartesian coordinates a = (a;) and b = (b;), we define the matrix

a®b = [a;b;]1<i j<q. Similarly, for tensors 7 € [H'(,7;,)]**? the jump and mean on e € &}
are defined by

1
[7] =7ny +7-n_, and {7} = §(T+ + 7_), respectively.

For notational convenience, we also define the jump and mean on the boundary faces e € &}
by modifying them appropriately. We use the definition of jump by understanding that
v_ = 0 (similarly, v_ = 0 and 7 = 0) and the definition of mean by understanding that
v_ =wv, (similarly, v =v, and 7. = 7,).

In the analysis of next sections, we require the existence of an enriching operator Fj, :
Vi, — VN HE () such that

1/2
(2.1) (Z ho? | Epvi — VhH%Q(T)) + IVi(Ervie — Vi)l r2@) < C|lvalln,
TeT,
where
1
22 Wil = 3 19wl + Y [ 4l
T€T, cegi "¢

It is well known that this type of enriching operators can be constructed by averaging tech-
niques [7, §].
We will also need the following inverse estimates [10].

Lemma 2.1. There exists a constant C, such that for all v € P,,(T) one has
(2.3) [0l ) < Con Bz [0l 220y

and

(24) lollz2@r) < Co bz llo]l 2oy,
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For the next lemma we need to recall the definition of the H~!(D) norm:
f(w
Ifllz-1py = sup L
we[HL(D)]4 HW||H1(D)

For subsequent analyses, we define the restrictions of f to Hj(T) by fr and to H}(7;) by f..
That is

(25) fT(Vl) = f({fl) VVl € H(%(T),
(2.6) f.(vo) = f(vy) Vvo € HY(T),

where vy (or Vq) is the extensions of vy (or vo) by zero outside of T'(or 7¢).
The following residual estimates which resemble local-efficiency estimates will be crucial for
forthcoming analysis:

Lemma 2.2. Let f, € Vi, v, € Vy, and q,, € @y, be arbitrary. Then, it holds that
hrllfh + Aviy — Va2 < C ([V(a = Vi)l + o — anllrze) + | = fullm-1r)) »
121V 0vn = and]llz2e) < € (IVR(u = vi)llzzz) + 1P — anllzzz) + I — ullm-1(z)) -

Proof. We begin by proving the first estimate. Let by € HJ(T) be the polynomial bubble
function that takes unit value at the barycenter of T'. Then it is obvious that

o7 (£ + Avi, — Vau) |l 2oy < s + Avi — Vau! 221),

where f;, € V}, is an arbitrary polynomial on 7T'. Using the fact that all norms are equivalent
on a finite dimensional space and a scaling argument, there exists a positive constant C}
such that

Cleh + Avh — thH%z(T) < Hb’;/2(fh + AVh, - VQh)H%Q(T)'

The constant ' depends on the shape of T and the polynomial order, but not on the
diameter of T Let wy, = bp(fy, + Avy, — V). Clearly wy, € [H}(T)]%. Then

Cl /(fh —+ AVh — th)2 S / Wy - (fh —+ AVh — th)
T T

R /T Wi - (Avi, = Van) + (6 — ) (wp),

where fj,(w,) = fT f,, - wy,. Let wy, be the extension of wj, by zero outside of 7. Then using
(2.5), (1.1) and integration by parts,

fr(wp) + /TWh (Avy, = V) = f(wy,) + /TWh (Avy, — Vay)

:/VUIVWh—/V'Whp
Q Q

—/Vvh:VWmL/V-Wth
T T
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:/V(u—vh) : th—/V-wh(p—qh).
T T
Therefore
Cyhzlfn + Avi = Vaull 72y < W2V (@ = i)l 2y VWl 21y
+ W IV - will 2y llp — anllzery + W[ wall oyl — £l -1
Using an inverse inequality,
Chrl|lfy + Avy, = Vaul L2y < [[V(u = vi)llz) + I — anllzzy + 10 — full -1 (1)

It completes the proof of the first inequality.

To prove the second inequality, let b, € H}(7.) be the face bubble function that takes
unit value at the barycenter of the face e. Let 1) be the extension of [V,vy, — gnI] to 7; by
constants along the lines orthogonal to the edge e. Let wj, = b.1). Then by scaling

(2.7) IWallz2z) < ClR2IVAVE = anl]ll 2.

Using again a scaling argument,

ClIVavh = anllli7aie) < 16”2 1V0vh — anllli 72 = /Wh Vv — anl]

:Z/Vvh:th—Z/V~whqh
T T

TCT. TCTe
s /(Avh—th>-wh
7T’ T
= Z /V(vh—u):VWh— Z /V'Wh(Qh—p)
rcT. VT rc1. T
+y /(Avh — Vg + ) - wi + (fo — £1)(Wn),
TcT. ' T

where fj,(w,) = fTe f;, - wy,. Using the Cauchy-Schwarz inequality and an inverse inequality,

hellIVivi = anI]ll720) < C (IVi(vi — Wll2zy + 12 — aullzzen)) 1Wallz2z,)

1/2
+C (Z hl|Avh — Vgn + th%?(T)) [Wallz2(z.)

TCT.
+ Cl|fe = full a1 (7)) [[Wa | L2(72)-

Using (2.7) and the first inequality of this lemma, we complete the proof. O
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3. DISCONTINUOUS GALERKIN METHODS

We now describe the DG methods we will consider. For simplicity we only consider the
symmetric interior penalty formulation for the Laplace operator (see the form .Aj; below),
but the analysis can readily be applied to other methods found in [3]. Define

(3.1) Ap(wWp, vi) = /th Vv, — Z/{{Vhwh}} [va]

TeT, ecéy
- {{Vv}} [wh] + [wh]

where 7 is a stabilization (algorithmic) parameter, and

(32) B, qn) = / Vvt Y / G} il

TeT, eeéy

The DG method we consider is to find [uy, pr] € Vi, X Qp, such that

(3.3a) An(ap, vi) + Bu(va, pn) = £(vi) Vv € Vi,
(3.3b) Br.(un, qn) — Sn(pn, gn) =0 Van € Qn,
where S, is a semi-positive definite bilinear form, i.e., S,(qn, qs) > 0 for all ¢, € Qp,. In the
case @y, = };’1 we set S, = 0. In the case @, = @}, (i.e. equal order case) we set
=3 n [l
665}; ¢

The reason why extra stabilization is needed for the equal order case is to control the higher
modes of the approximate pressure. In a later section we describe the method were we
penalize the total flux. The error estimates will be slightly different.

Note that we are implicitly assuming that f(vj) makes sense for all v, € V,,. This is
certainly not the case if we only assume that f € [H~1(Q2)]¢. From now on we assume that
fe[H1(Q)nLY Q)

For the rest of the analysis, we define Z;, = {v, € V}, : Bp(vh,qn) =0 Vg, € Qrn}. We
note that I*u belongs to Zj; where II* @ [HY(Q)]? — V), N Hy(div; Q) is the Raviart-
Thomas projection of index 7; see for example [22]. Therefore, if u € [H'™*(Q)]¢ for any
s > 0 we have
(3.4) vHelf lu—vp|n < Cllu—11¥||, < C A* a1+ (o)

We also need the following coercivity estimate. For a sufficiently large stabilizing param-
eter n > 0, it holds that

(35) C”VhH%L S .Ah(Vh,Vh) VVh S Vh.
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In order to describe the error for the velocity we need to define Osc(f,2). Let P :
[L1(©2)]? — V}, be the L? orthogonal projection onto Vy,. That is,

/(Pf—f)-w:o w e V.
Q

Note that this is well defined for functions in f € [L1(Q2)]¢. Let us also define

1/2
Osc(f, Q) (an Pf||§1_1(7-c)> .

ecy,
The following obvious estimate is useful to note for the subsequent analysis:
> lIfr = PEIGa ) < Clife — P31z
TCT.

We can now prove an estimate for the velocity.
Theorem 3.1. [t holds that
[ — wpln + Sn(pn, p) 2 < c( inf [ = vy + Ose(f, Q))
Vh h

+C inf (Hp — qull20) + Snlan, Qh)l/Q) :
ar€Qn

Proof. Let v, € Z;, be arbitrary. Set w;, = u;, — vj. Then by using (3.5) and (3.3b),
Cllwnllz < An(ap, wh) — An(vi, wp)

= f(Wh) - Bh(Wh,ph) - Ah(Vh,Wh)

= f(wp) — Br(Wn, an) — An(Vi, Wr) — Sh(Ph: o) + Su(Pr, an)-
Therefore,

Cllwally + Sh(pnpr) = £(wn) — Bu(Wn, qn) — An(Vi, wi) + Si(pn, qn)
= f(wy, — Epwy) — Br(wy, — Enwp, qn) — An(Vi, Wy, — Epwy,)
+ £(Evwn) — Bu(Enwn, qn) — An(Vi, Exwn) + Sp(pn, qn)

= f(wy, — Epwy,) — Bp(wy — Eywp, qn) — An(Vi, Wi, — Epwy,)
+ a(u, Eywp) + b(Epwh, p) — Bu(Exwn, qn) — An(Va, Exwp)
+ Sn(Pnr, an)-
First note that
(3.6) |a(u, Eywn) — An(Va, Exwn)| < Cllu = v || wh|»
(3.7) \0(Erwh, p) — Bu(Epwn, qn)| < Cllp — aqnllr2@)[|whlln

(38) ’Sh<ph7 Qh>| S Sh(phuph)1/28h(Qh7 qh)l/z'
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Using integration by parts,

(3.9) —Bu(wn — Exwn,qn) = — Y _ / Van - (Wi — Bywn) + > /[[Qh]] {wn — Epwi }}
TeT, ec&}

and

—Ah(Vh, W — EhWh Z / AVh Wh — EhWh Z /[[thh]] {{Wh — EhWh}}

TeT), 668’

(310) + Z /{{Vh W, — EhWh)}} Vh Z /_th]] IIWh — EhWh]]

ecly, ec&y,

Hence,

f(w, — Enwp) — Bu(wp — Enwn, qn) — Ap(vi, W, — Epwy,)

— Z / (Pf+ Avy, — V) - (W, — Epwy)

> FR N T
+ Zg / {Vi(wr, — Epwi)f} : [val Zg / 7= [val - [wn = Epwa].

By using Cauchy-Schwarz, inequality (2.1) and Lemma 2.2, we find
(3.11) f(wy, — Eywy) — Br(wi, — Enwy, qn) — Ap(Vi, Wi, — Epwy,)|

< C ([lu = valln +[Ip = gull2() + Osc(f, Q) [|Walla-
Altogether, we complete the proof. O

A few remarks are in order. In the equal order case we see that
Ju = il + Su(pn pn)72 < C(_inf = vally + Osel£,2))
Vh h

(3.12) + C%EQ}%EP(Q) 1P — anll2(@)-

Notice that in the last term we are taking the infimum over Q, N H'(Q2). In the case
Qn = Q" ! we can take the infimum over Q. In the next section we modify the method in
the equal order case in order to improve this result.

In order to prove convergence of the DG methods under consideration we will have to
argue that Osc(f,2) approaches zero as h tends to zero. We however, are not able to show
this under the assumption that f € [H~1(Q2) N L1(2)]?. Therefore, we prove convergence
requiring more regularity on f.

To this end, we establish the following inequality:

(3.13) Osc(f, Q) < C||f — Pf||g-10
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A similar result was proved in [15]. Here we give an alternative proof for completeness. In
order to prove (3.13), we recall the following Theorem [18]:

Theorem 3.2. For f € [H-1(Q)]?, there exists F = [Fy;] € [L*(Q)]*¢ such that

f(v):/F:VV Vvev,
Q

with 3

£l -1 ) = [IFlz20)-

Proof. (of (3.13)) Let v € Hy(7:) and let v be the extension of v by zero outside of 7.
Using Theorem 3.2 with f = f — Pf,

(£, — PE)(v) = (£ — PE)(¥) = /

F:Vv= / F:Vv Vvel|H(T),
Q 7T
we find
|fe — Pleszl(Te) < HFH%?(TE)'
Therefore, the proof of (3.13) follows by summing over e € &, and using Theorem 3.2. [

Below we prove that ||f — Pf|[-1q) — 0 as h — 0 whenever f € [LP(Q)]? for p > 1 if
d=2,and p > 6/5 if d = 3; these are exactly the assumptions made in [17].
First of all note that || Pf[|zrq) < C||f||1r(). Then

f— Pf)(v
|f — Pf||g-10) = sup w
vE[HE(9)]4,v#£0 |’VHH6(Q)
and
(£ = PE)(v) = (£ — PE)(v = PV) < [If = Pl|1ooy|lv — PVllzuo
<C|f - Pf||LP(Q)h1_d(1/2_1/Q)||V||H5(Q),
where p and ¢ are such that 1/p+ 1/q = 1. Therefore
If — Pf|| -1y < Ch 42 HD|E — PE|| 1.
Thus,
(3.14) Osc(f,Q) < Ch 1 2=VD|f — PE| 1o (0.
The following corollary is a simple consequence of the previous results.

Corollary 3.3. Assume f € [LP(Q)]? forp > 1 if d = 2, and p > 6/5 when d = 3. Then,
lw — wy | + Sh(pn, pr)'/? converges to zero as h approaches zero. Moreover, if we assume
[u,p] € H*(Q) x H*(Q) for 0 < s <71 and f € W5 (Q) for an integer 0 < £ < r + 1, then
we have

(3.15) Hu — lthh +Sh(ph,ph)l/2 <C hS(HuHHH—s(Q) + HPHHS(Q)) +C hl—M_d(l/Z_l/q) HfHWZ,p(Q).
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Proof. Using (3.12) and (3.14) we have
l[u = unlln + Sn(pn, pr)* <C inf [la— vl
VhEZp
+C inf (|p — anllz2@) + Shlan, an)"?)
qnEQR

+ C W2V f — PF|| 1o
The inequality (3.15) follows using approximation properties of V}, and Qj, (or QN Hg when
Qn=0Q}). O

4. PRESSURE ERROR ESTIMATES

Next, we derive the error estimate in the approximation of pressure.

Theorem 4.1. If Q, = Q)" it holds

(4.1) lp — thLg(Q) <C (vienth [w—vul[n+lp - PPlP”B(Q) + Osc(f, Q))

and if Qn = Q}, it holds

1P = prllLo) <C (vienth la = villn +llp = P77 'pl 20y + Osc(f, Q))
(4.2) + nggcfzh (Ilp = anll 20 + Sulqn, an)'?),
where P! is the L? projection onto the space of piecewise polynomials of degree r — 1.
Proof. Step 1: We first prove
(4.3) 1P (0 = pr) o) < C (u = willa + llp — Pl rae) + Ose(f, Q).

Note that this will prove the theorem in the case of Q, = Q; ' (i.e. (4.1)).
To this end, let m;, = P 'p and let 6, = P""'(p — ps). Then it is well-known (see for
example [1]) that there exists v € V such that

(4.4) V.v=0, inQ,
(4.5) 1Vllz @) < CllOnllLa)-
Let ITj, : V — V,, N [H}(Q)]? be the Nedelec projection [22] defined by

(4.6) /T(V —Iv)-w =0 VYweN YT

(4.7) /(V—Hhv)-nq:O Vg € P"(e), Ve C 0T,

e
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where N"71(T) is the Nedelec space of index r — 1. It is well known that the commuting
property holds V - II,v = P!V - v [22] and that the following stability estimate holds

(4.8) vy < C Vi@ for all v € [HE ()]

We also set I, : [HE(Q)] — Vi, N[HE(Q)]? to be the Scott-Zhang interpolant of degree r
[25]. We will also use the bound

(4.9) 11y i) < C||V]imi@  for all v € [Hy ()]
Then,

100 sy = [ (7 T1iv) 00 = —Bu(TTyv. 1)
= Bn(nv,pr) — Br(llyv, my)
= —Ah(uh, HhV) + f(HhV) — Bh(HhV, mh)
= —Ah(uh, HhV> + f(HhV) — f([hV) + CL(U, IhV) + b(IhV,p) — Bh(HhV, mh)
= —Ah(uh, Hh V) + a(u, ]hV) — f([hV — HhV) — Bh(Hh vV — [hV, mh),

where we used that b(I,v,p—m;) = 0 since V- I, v is a piecewise polynomial of degree r — 1.
Using the definition of A, we get

Oy = S / Vu, Vilv = 3 [V} - [Tl

— Villpv o flugll + A u| ({1, v
> [ty fwl + 3 [ bl M

— a(u, IhV) + f(]hV — HhV) + Bh(HhV - ]hV, mh)
= Z /TVuh : V(Hhv — IhV) — Z {{thh}} . [[HhV — ]hV]]

— Villpv o flugl + i uy| : [, v
> [yl + 3 [ bl M

+ (Vh(uh - 11), V(]hv)) + f(IhV - HhV) + Bh(HhV - IhV, mh).
Using integration by parts we see that

Z /TVuh VIV — Ipv) — Z /{{thh}} [Mv — v

TeT), ecéy €
-+ Pf([hV — HhV) + Bh(HhV — Ih v, mh)

:_Z/(Pf‘i‘AHh—th)-(HhV—Ihv)daz
T

TET,
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S / [Vaun — mad] - {Inv — Ty ds
eeé'fl ¢

Hence, we have

—||9h||%2(9) = — Z /(Pf + Auh - th) : (HhV - Ih V) dx
T

TeT,

Y /[[thh — mpI] - YLy — IL,v D ds

- VhHhV Clapll + E Uyl - HhV .
3 [yl + 3 [l M

Using inverse estimates, Lemma 2.2 and the bounds (4.8), (4.9), (4.5) we arrive at (4.3).
Step 2: We next prove that if e € &, and e C T with T € 7, then

. n
W2 (pn = P pw)lr |2 <CUIV(u—wy) | r2er) + EHHMHHL?@T))
+C(llp— P 'pllaery + Ife — Pfllg-1(7))
(4.10) +C(llp — anll 272y + hi/ZH[[ph = anlllz2e)),

where ¢, € ()}, is arbitrary.

Fix an e € &, and find one T' € 7}, be such that e C 9T. We define v € V,, in the
following way so that v|o\r = 0. Using the degrees of freedom of the Nedelec [22] space,
define v|r € [P,.(T)]? so that

/(V n—(pp— P 'py)) g =0 forall g € P,(e)
/ v-ng=0 forall g € P.(¢) for all edges ¢’ C T and €' # ¢

/V -w =0 forallwe N"YT),
T

where (by abuse of notation) in the integrations over 0T we consider the traces of the
piecewise discontinuous functions taken from the interior of 7.
A scaling argument gives

(4.11) IVllzzery < Chal®llpn = P pallzz o
with the constant C' depending on r but not on h. Note that

Bulpn) == [ w9 v+ [mhvon
1

Z—/:FPT_IPhV’V+/BPhV’n—5/@[[]%]]'n(V'n)
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— (9wt [ P v g [l nten)

- — 1
=Pl + [ V) v =5 [l niw).
T e

Therefore,
1
I = P ol = = A, ¥) + 20 = [ V) v g [Tl
T e
1

:/T(Pf+Allh—V(Pr_1ph))'V——

2
" / R\ REDS

gCcoT

/ [Vattn — aul] - v

e

J ) ol 5 [l v

where ¢, € )y, is arbitrary. Applying inverse estimates we find
lpn — P pull 720y SCUIPE + Auy — V(P 'pp)ll 2y + b PV iwn — gl ]l 22

U _
+ o lllunlllzer) + he 20w = anlllz2@) VIl z2cr-
T

Using (4.11) and Lemma 2.2 proves (4.10).
Step 3: Now we combine the previous two steps to finish the proof. By the triangle
inequality we have

o = pllzeery < lp = P 'pllreery + 1P7H (0 = pu) 2y + 1P on — pullz2(r)-
From a scaling argument we see that
1P pn = pull 2y < C bl P p = pull 2o

for any edge e of T, with the constant C' depending on r but not on Ap. This follows from
the fact that P""'p, — py € P.(T) and that its moments up to degree r — 1 vanish. If we use
(4.3) and (4.10) we see that

1P = pall Loy <C (I[a = wnlln + Su(prpa)* + |lp — P 'pll 120y + Osc(f, Q)
+C inf (p— allzz@) + Swlan an)'?)
ar€Qn

We arrive at (4.2) if we apply Theorem 3.1. OJ

5. STABILIZING WITH THE FULL FLUX IN THE EQUAL ORDER CASE

We consider the equal order case @, = @} and modify the method (3.3). Define [up, py] €
V,, x Q) as the solution to

(5.1a)  Ap(up, vi) + Bi(Va, pr) + Z he /[[thh —pn 1 [Viva] = £(vi) Vvi € Vy,

eegi
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(5.11) Bulwna) = Y e [ 190 =11 [an 1) =0 Vo € Q.
et} €
Theorem 5.1. Consider the method defined by (5.1). It holds that
1/2
- he 2| < ( inf |lu— inf [p — )
fu— il | Sk Vi —p 12| <C( ing u=vilh+ inf o= il
e€&}
+ C Osc(f, ).

Proof. If we let wj, = u, — vy, for an arbitrary v, € Z; and follow similar arguments as the
proof of Theorem 3.1 we arrive at

Cllwilfi + 3 e [V, — 17
eeé']fL e
<f(wy, — Eywy) — Bp(wy, — Exwy, qn) — An(Vi, W, — Epwy,)
+ a(u, Eywy) + b(Epywh, p) — Br(Evwn, an) — An(Vi, Exwy,)
+ Y e [ 190 =011 199 = a0 11
eegﬁ €

Using the bounds in the proof of Theorem 3.1 (i.e. (3.6), (3.7) and (3.11)) we obtain

Cllwalls + > he /[[thh —pu I1? <C (Jlu = vallw + llp = gull () + Osc(f, Q) [|wWal|n

ecsl
+ Z he /[[thh — {hp I]]Q

ectl
We complete the proof after applying the second inequality of Lemma 2.2 and the triangle
inequality. U

The proof of the following pressure estimate follows a similar argument as in the proof of
Theorem 4.1. We leave the details to the reader.

Theorem 5.2. Consider the method defined by (5.1). The following estimate holds:
Hp - ph”LQ(Q) S C <V}ILI€1fZ‘h Hll - VhHh + Hp - Pr_lpHLz(Q) + OSC(f, Q)) .

6. A DG METHOD FOR f € [H1(Q2))¢

It is clear that the DG method (3.3) is not well-defined for every f € [H~1(Q)]¢. In order
to have a well-defined method we modify the method in the following way

(61&) Ah(uh, Vh) + Bh("h;ph) = f(Eth) Vv, € Vh,
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(6.1b) Br(un, qn) — Sh(pr,an) =0 Vg, € Qn,

where we recall Ej, : V;, — V;, N H(Q) satisfies (2.1). There are many choices for Ej, which
are normally easy to compute.
We prove the following error estimate.

Theorem 6.1. Consider the method (6.1). There holds

1/2
lu = wplln + Sk(pn,pn)? < C inf [Jlu—vy|n+C (Z ||fe||%1—1(7;)>

VhEZh eGSh
+ C inf (Hp — qull20) + Snlan, Qh)1/2) :
an€Qhn

Notice that the difference in this estimate as compared to Theorem 3.1 is that Pf does
not appear. This will allow us to prove convergence assuming f € [H~(Q)]?. Indeed, given
€ > 0 there exists f € [L?(2)] such that

||f — va'”H*l(Q) S €.
Then,

(Z ||fe||?{1<7;)) < (Z Ife —fll?ql@> + (Z IIfllil(m)

ec&y ec&y e€ly
<O =51 + (Z Hﬂﬁ{l(n))
e€ly
where we used (3.13). Using Poincare’s inequality we have
£l -2z < ChlE]l 27y,
and hence we have

1/2
(Z Hfllél(q—e)> < Chllf]| 2.

ecy,
Therefore, we have

1/2
(Z ||fe||12ﬁl—1(7;)) < Cle+ hffll2).

ecép

There exists hy > 0 such that for A < hy we have h||f||Lz(Q) <e.

1/2
This shows that (Zeesh ||f@”12LI*1(7; )> converges to zero as h approaches 0. The other

terms in Theorem 6.1 approach zero as h approaches zero again using density arguments
and therefore we can conclude that method (6.1) converges.
We now prove Theorem 6.1.
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Proof. (Theorem 6.1)
Following the proof of Theorem 3.1 we get

Cllwnll; + Su(pn.pn) < —Bu(Wi — Exwn, qn) — Aw(Va, Wi — Epwy,)
+ a(u, Eywy) + b(Epwn, p) — Br(EnWh, gn) — An(Va, Enwh)
+ Sh(ph, qn)-
Using (3.9) and (3.10) we have

— Br(wy — Exwp, qn) — An(Vi, Wi, — Epwy,)

= Z / AVh — th (Wh — EhWh)

TET,
-3 (19—l - Bow )
eefi €
-+ Z /{{Vh Wy — EhWh }} Vh Z / Vh]] Wh — EhWh]]
ec&y e€&y
The proof is completed by applying Lemma 2.2 with f, = 0, (3.6) and (3.7). O

Notice that Theorem 6.1 only gives at most an O(h) convergence rate, even if f is smooth

1/2
due to the term <Ze€gh ||feH?{—1(7;)) :

In order to remove this term altogether one can use instead an enrichment operator FEj, :
V;, — VN [HHQ)]? where
Vi = {vi € [L2(Q)]" : valr € [Po(T)]*},
with s > r. For example, suppose @), = 2_1 and suppose d = 2. Then, we can define
By Vy, — Vi N [HE(Q))? in the following way

/(Ehwh —wy)-v=20 for all v € [P,_o(T)]* for all T € T,
T

/(Ehwh —{wrl}) - v=0 for all v € [P,_1(e)]? for all edges e C &/

e

Eywp(z for all vertices z € V};

TG’T

/Ehwh v=0 for all v € [P,_1(e)]* for all edges e € &)

Eywp(2) =0 for all vertices z € VY,

where |7,| denotes the cardinality of the set 7, and P_;(T") = {0} for all T" € 7,. Also not
difficult to see that E}, also satisfies (2.1).
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In this case, we have

— Bp(wy, — Exwn, qn) — Ap(Vi, Wi, — Epwy,)

=3 Ut Bl Wl = X [ 2l B~ Bl

e€Ey € e€Ey €

Hence, following the proof of Theorem 6.1 we get the following estimate
u—u <C | inf |[u—wvp|p+ inf — )
a=wnlh <€ (inf fa= vl + inf I~ o

This shows that best approximation error estimates (mod a constant) are obtained for DG
methods (6.1) by choosing the enrichment operator Ej, carefully.
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