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1. Description of Course

In this course we will mostly focus on second-order elliptic Partial Differential Equations
(PDEs). We start by developing finite difference methods (a five point stencil method) for
Poisson problems in one and two dimensions. Then, we develop finite element methods for
general second order problems. Finally, we develop finite element methods for Stokes problems.

Students are expected to write computer code to implement the numerical methods. Also,
theoretical aspects such as stability and error analysis will be covered and students are expected
to be able to follow all the main arguments.



CHAPTER 1

Two Point Boundary Value Problem: finite difference and finite
element methods

Before we jump into higher dimensional problems it is instructive to consider a two point
boundary value problem

1. Two Point Boundary Value problem

(1.1a) —u"(x) =f(z) foral 0 <z <1,
(1.1b) u(0) =a,
(1.1c) u(1) =b,

Here the function f(z) is given. This is commonly known as the source term. The data a, b is also
normally given an this is known as the Dirichlet boundary data. The unknown function is u. For
now we are assuming that u belongs to C2([0,1]) = {u : u,v’, and v” are continuous on [0, 1]}.

We would like to prove a crucial property of these type of equations weak mazximum principle
for this problem. Before we do that let us recall basic properties of calculus.

PROPOSITION 1. Suppose that w € C?((0,1)) an suppose that w has a local mazimum at
0<z<1 then

(1.2) w'(2) =0 and w"(2) <0

Similarly if w has a local minimum at z then
(1.3) w'(2) =0 and w"(z) > 0.

Theorem 1. Suppose u solves (1.1) and f(x) <0 for all z € (0,1) then
(1.4) x%%ﬁ] u(z) < max{a, b}.

On the other hand, if f(x) >0 for all x € (0,1) then

(1.5) min u(x) > min{a, b}.
xz€[0,1]

PROOF. We only prove (1.4) and leave the proof of (1.5) to the reader. We start by defining
2
the function ¢(z) = % and we let we(z) = u(z)+ep(x) where € > 0. Noting that ¢ (z) =1
for all x. Then we see that w, satisfies

(1.6a) —w!(z) =f(x) —e forall0 <z <1,
(1.6b) we(0) =a+ 5,
(1.6¢) we(1) =b+ <
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0~ X4 X5 X3 X,=
h=1/4

FIGURE 1. Example: N =3, h=1/4

Since f(z) <0 for all 0 < x < 1 we have that w/(z) = —(f(z) — €) > 0. We then see that
w, cannot have a maximum at any point 0 < & < 1. Indeed, if w. had a maximum at x then
by (1.2) we have w!(z) < 0 contradicting that w/(z) > 0. Hence, the maximum must occur at
z=0or z=1. That is,

u(z) <u(z) + ep(z) = we(z) < max{we(0),we(1)} = max{a +¢/8,b+¢/8} for all 0 <z < 1.

Therefore,
u(z) < max{a,b} +¢/8 for all 0 < z < 1.
Now taking the limit at € — 0 we have

u(z) < max{a, b} forall 0 <z < 1.

Taking the maximum we get (1.4). O

1.1. Finite Difference method. Now we develop a computational method to approximate
(1.1). To do that, we let N be an integer and define h = ﬁ and define x,, = nh for
n=0,1,2,... N + 1 (see Figure 1). We will approximate u(x,) for n =0,1,..., N + 1. Indeed,
the finite difference method will find numbers vy, v1,...,vN41 such that v, ~ u(x,) for n =
0,1,....,N+1.
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In order to derive the method, we use Taylor expansions on the solution
u(23) & (u(zi1) — ' (20)) /1

(Uon) —u@) ue) vl
= (w(wip1) — 2u(z;) + U(l’i_l))/hz.

In fact, we can show the following lemma (we leave the details to the reader).

~
~

LEMMA 1. It holds
h2
(1.7) u(2;) = (u(wipr) — 2u(@) + u(wi1))/h? — ﬂ(u(”(@l) +u®(6,))
where ;1 < 01 < x4, 1y < O < wiqq.

Therefore, we define

Now, the finite difference method finds vg, v1,...,vx+1 such that:
(1.8a) (—Vpg1 + 20y — vp_1)/h? =f(z,) forallmn=1,2,...,N,
(1.8b) vy =a,
(1.8¢c) vN41 =b.

This will give rise to a system of N equations with N unknowns.

%(2@1 — 1)2) :f(xl) + CL%
i(—1)1 + 2vy —v3) =f(22)

h2

%(—’L)N—l +2uy) =f(zN) + bi

h h?
In matrix form we can write
r2 -1 0 07 _01_ _f(-Tl)_ (]
NI w| [fa)| o
3 0 . e el v3 | = f(f?ﬁ?)) +o |
: 1 : : 0
L0 ... 1 2] |ov]  |flzw)) b

You can easily write a computer code to implement this method.
Next, we will analyze the finite difference method described above. To do this we use some
notation. We let S = {zg,x1,...,zn+1} and we define all discrete functions as

P, = {v : v is a real valued function with domain S}.

That is, a function in P, only has to be defined on the discrete points S. We use the notation
Up = v(Tp). ' '

We also denote the i-th derivative of a function as D*u(x) = u()(z). In particular, we denote
the second derivative D?u(x) = u”(x). We then define the discrete second derivative as

1

Div(zy,) = ﬁ(v(xnﬂ) —2v(xp) + v(xp—1)) foralln=1,... N.
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We also use the notation Div, = D2v(x,). We can then rewrite (1.8) with the new notation.
Find v € P, satisfying

(1.9a) —Div, =f(z,) foralln=1,2,...,N,
(1.9b) v =a,
(1.9¢) UN4+1 =b.

1.1.1. Discrete Mazximum Principle. We now state and prove the discrete analogue to The-
orem 1.

Theorem 2. Suppose v solves (1.9) and f(z,) <0 for alln=1,2,...,N then

. < b
(1.10) nzog}?},{NH vy, < max{a, b}
On the other hand, if f(x,) >0 for alln=1,2,...,N then

. i n > mi N
(1.11) n:O,IlI}.I.?N+1 vy, > min{a, b}

ProoF. We will prove (1.10) and leave the proof (1.11) to the reader. Let M = max,—0 1. N+1 Un-
First suppose that max,—1 . n v, < M then (1.10) holds.

On the other hand, suppose there that there exists an 1 <n < N such that v, = M. Then
from (1.9a) we have

1 1
M = Up = i(vn—l—l + Un—l) + th(xn) < i(vn-‘,—l + vn—l) <M

sincef(zy) < 0 and by our hypothesis %(’Un_i,_l + vp—1) < M. Hence, we must have

1
M = i(vn—&-l +Un—l)a
or that ) )
*(M — Unfl) + §(M - Un+1) =0.

2
Since by our hypothesis (M —wv,—1) > 0 and (M —v,41) > 0 it must be v,—1 = v, = V41 = M.
We can continue this process to show that v; = M = max,—g1,. nv+1 v, foralli=0,1,..., N+1.
In other words, v = M is a constant discrete function. Therefore, (1.10) trivially holds. O

We can use the discrete maximum principle to prove a stability result.

Theorem 3. Let v € Pj, solve (1.9) then we have

1
(1.12) o T [vn] < max{lal, [bl} + 2 e |f(n)l.

PRrROOF. Let Q = max,—1,_n |f(z,)| and define ¢ € P, as follows
bn = () = %(xn —1/2)? foralln=0,1,2,...,N +1.

Not difficult to see that D%Lqﬁn =Qforn=1,...,N. Define w € P, as w = v+ ¢ . Then we see
that w satisfies

(1.13a) —Diw, =f(z,) —Q foralln=1,2,...,N,

(1.13b) vo =a +

(1.13C) UN+1 =b+
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Now, note that f(x,) — @ < 0 for all n and hence by (1.10) we have
Q Q
< b+ =}
n:(),ria,.a..},{NH wp, < max{a + 8’ + 8 }

Since ¢, > 0 we have,

max Uy < max Wy,
n=0,1,...,N+1 n=0,1,...,.N+1
Moreover, we have
max{a + %,ZH— %} < max{|al, |b|} + %
Hence, combining the last two inequalities we get g
(1.14) max v, < max{|al,|b|} + 9
n=0,1,...,N+1 =~ — 8

Noting that
—D?(—v,) =— f(z,) forallm=1,2,... N,
—vy =—a,
—UN+1 =—b.
we can apply the previous argument verbatim to get

Q
1.15 — < b —.
(1.15) pooax  (=vn) < max{jal, b} + <
Combining inequality (1.14) and (1.15) we get (1.12).
1.1.2. Error Estimate for Finite Difference Method. Now that we have established the sta-
bility result (1.12), we can prove an error estimate for the finite difference method. Let us define
the max norm for functions in w € C([0,1]) as

oo, = max, o)l

Theorem 4. Suppose that u solves (1.1) and u € C*([0,1]). If v solves (1.9) we have

0L N1 [ulan) = vn] < 1h024”D4uHC([0’1D'
PROOF. Define w € Py, as wy, = u(x,) — v, for n =10,1,..., N + 1. Then, we see that
—Di(w,) =7, foralln=1,2... N,
wg =0,
wn+1 =0.
where 7, = —D2u(zy,) — f(zn) = D*u(zy) — D3u(x,). By (1.7) we have
(1.16) |Tn| < T:”D4U||C([o,1]) foralln=1,2,...,N.
Now applying (1.12) we have
e ol S 5,

Combining this with (1.16) proves the result. O
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1.2. Finite element method. In this section we derive the finite element method for
(1.1). The methodology is quite different from the finite difference method but at the end they
give similar methods.

We first need to define the weak formulation of (1.1). Let us recall an integration formula

1 1
(1.17) /0 v (2)w(x)dr = —/0 v(z)w' (z)dz + v(1)w(1l) — v(0)w(0).

Now let v € C*([0,1]) with v(0) = 0 and v(1) = 0 then if we multiply (1.1a) by v and integrate

we get . 1
_/0 u"(:n)v(:n)dx:/o f(x)v(x)dx

— /01 o (z)v(x)dr = /01 u' (x)v'(z)de,

where we used that v(0) = 0 = v(1). Hence, we have that if u solves (1.1) then it solves

(1.18) / x)dxr = / f(x)v(z)dz for all v e C*([0,1]),v(0) =0 = v(1).

The finite element method is based on (1.18).
The next step is to build a finite dimensional space of functions.
We let

Vi ={v e C([0,1]) : foralli=0,1,...,N,v|y,

We can define a basis easily for this space in the following way. For each ¢ = 0,1, 2, ... we define
1; (see Figures 1 and 4)
1 ifj=1
Vi(x;) = { L

If we apply (1.17) we get

zi41) 18 a linear function}.

0 ifj#i

Then we see that if v € V};, then we have
N+1
v(z) = Z v(x)i(z) for 0 <z < 1.
i=0
We see that the dimension of V}, is exactly VN + 1. We also need to define
V2 ={veV,:v0)=0=uv(1)}.
The finite element method is as follows:
Find uy € V}, such that

1 1
(1.19) / up (z)vy,(x)dz = / f()vp(z)dz  for all vy, € V2,
0 0

where up(0) = up(x0) = a and up (1) = up(zyy1) = 0.
Of course, since the space V) is finite dimensional then (1.21) is equivalent to:

1 1
(1.20) / up, (z)(x)dr = / f(x)Y;(x)dx  forall j=1,2,... N,
0 0
and up,(0) = up(xo) = a and up(1) = up(xy41) = b. Writing
N+1

uy(z) = Z up(z;)i(x) for 0 <z < 1.

=0
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FiGURE 2. Example of a function in Vj, h=.2

we get

1 N+1 N+

(1.21) /Dlug(x)zp;(x)dx:/ Zuh 2 )i () (x)de = up (i / ()Y (x)da.

1=0

Therefore, we have

N . 1
;uh(l'i)/o %(w)%bj(x)dx:/o Fl@);(z)dz

1 1
- a/ ’(/}6(56)1/13(.11) - b/ zp§\,+1(x)¢;(x) for all j =1,2,...,N,
0 0
To write this method in matrix form we define

fo W ()] () dee fo W (@)h(x)de .. [ (@)l (x)de

A= fo ¢2 ( )dx fo ¢2 (x)dl‘

i wiwmdw [ @ (0
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0.9+ -

0.8 i

0.7 4
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0.1+ i

FiGure 3. Graph of g

. up(x2)
uh(;C'N)
Jo f(@)n (2)da
F— fo f(x)?bg(a:)dx
I
f‘f ¢0 ) x) f9 ¢N+1 77[) (z)dx
Jo o) (x)da fo V1T T/’ (z)dz

G=-a

fol ¢6($)¢§v(x)d$ fo Yy (@ ¢N( )da
Then, U solves
AU = F +G.
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FIGURE 4. Graph of ¥,

In order to be able to implement the method we need to find need to be able to evaluate the
entries of the matrix A and the vectors F' and GG. Lets start with A. An easy calculation shows
that (see Figure 5

0 T € [0 Ti— 1)
() = 1/h € [xi—1,x;)
! —1/h € [z, xiy1)
0 € (wiy1, 1].

Since

1
Ay = /O () () de

First note that since the support of ¢} is in (z;—1, z;41) we see that
Ajj=0when j=1,...,i—2and j=i+2,..., V.

We thus only have to consider the case j =¢—1,7,7 4+ 1. Let us start the 7 = ¢, In this case

T Tit1
Ay = / (1/h)?dx +/ (=1/h)%*dz = 2/h.
Ti—1 x4
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FIGURE 5. Graph of ¢}, h=.2

For j =i+ 1 we have

Tit1
Ajit1 = / (—=1/h)(1/h)dx = —1/h.
Finally, for j =i — 1 we have

Ay = /m (1/h)(=1/h)dz = —1/h.

In other words, we get

F2 -1 0 07
-1 2 -1
1
A==10
h
-1
| 0 -1 2]
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We can easily calculate G to get

1
G=3

b

Finally, in general we cannot compute exactly F'. Instead we approximate F; using the midpoint
rule:

1 T; Tit1 ;) + Tl
Fi= [ fapeis = [ f@pneds s [ () (a)dr ~ n T IEED
0 Ti—1 T;
where T; = zz%m Hence, computationally we can solve
r2 -1 0 ... 07 [un(z1) ] I W T ]
: -1 2 -1 up(22) % ) 0
ﬁ 0 .. .. .. Up (1,‘3) — w + ﬁ :
: -1 : : 0
Lo ... —1 2| [weN)] | e+ @D 0]

It is worth noting that the finite element method (where we approximate F' with the midpoint
rule) is very similar to the finite difference method. The only difference is the right hand side.






CHAPTER 2

Finite difference method for poisson problem in two dimensions

In this chapter we consider a standard finite difference method for Poisson’s problem. For
simplicity, we will consider the domain Q = (0,1)2. We let 9Q denote the boundary of €.
Throughout we let = (21, 72) € R%2. We define the Laplacian A applied to a smooth function
w:

Aw(x) = Oilw(:r) + 8§2w(:r).

The Poisson problem is given by
(0.1a) —Au(z) =f(z) forze
(0.1b) u(z) =g(x) for z € 0.

Here the functions f andg are given. The function f is known as the source term and g as the
Dirichlet data. We will assume that f and g are smooth functions. The unknown is the function

u for this section assume it belongs to C?(2) N C(€Q).
As we did in the one-dimensional case we can easily prove the weak maximum principle

Theorem 5. Suppose u solves (0.1) and f(x) <0 for x € Q then

(0.2) max u(x) < max g(x).
zeQ €02

On the other hand, if f(z) > 0 for all x € Q2 then

(0.3) min u(x) > min g(z).
e €N
PROOF. We only prove (0.2) and leave (0.3) to the reader. Define ¢(x) = (x171/2)21r(x271/2)2
and let we(x) = u(x) + ep(x) where € > 0. We see A¢(x) =1 for all x and therefore we get
—Awe(x) =f(x) — € for x € Q,

we(x) =g(x) + ep(x)  for x € IN.

Assume that w, attains a local maximum at x € 2. Then by (1.2) we must have 92 JWwe(z) <0
and 02, w(z) < 0 which would imply that Aw,(z) < 0. However, Awc(z) = —(f(z) —€) > 0
by our hypothesis which reaches a contradiction. Therefore, w. cannot attain a local maximum
in Q let alone its global maximum in . Hence, we must attain its global maximum on 9f). In
other words,

u(r) < u(z) + ed(x) = we(z) < maxwe(y) forall z € Q.
yeN

On the other hand,
€
< < —.
max we(y) < max g(y) +e max P(y) < max 9(y) + 3

Where we used that max,cpn ¢(y) < %. Combining the last two inequalities and taking the

limit as € — 0 gives

u(r) < maxg(y) for all z € Q.
yeo

15
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FiGURE 1. Graph of g

This proves (0.2). O

1. Finite difference method

In order to define a finite difference we need a grid defined on 2. Let N + 1 be given and
define h = 1/(N 4+ 1) . Then, we define the grid as the collection of points

S ={(nh,mh) :n,m=0,1,...,N + 1}.
We denote the the interior points as Sy
Sy ={(nh,mh) :n,m=1,...,N}.

and the boundary points as S, = S\S7. As we did in the one-dimensional case we define the
space of discrete functions:

P, = {v: v is a real valued function with domain S}.

We denote the principle directions of R? by e; = (1,0) and es = (0, 1).
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X+he
® 2
x—he1 X x+he1
[ @ @
x-he
® 2

FIGURE 2. Five point stencil

We define the discrete Laplacian for every x € S; as follows

Apv(z) E%(v(x + hey) — 2v(x) + v(z — hey)) + %(U(l‘ + hea) — 2v(x) + v(x — hes))

1
:ﬁ(—élv(x) +v(z — hey) +v(x — hey) + v(x + her) + v(x + hes)).
In fact, we can prove the following result using Taylor’s theorem
LEMMA 2. Let u € C*(Q)

(1.1) gé%fmu(x) — Apu(z)| < C B> max{|03, ullc(a), 108, ullc@)

where the constant C' is independent of h and u. Here we define
[wllce) = max [w(z)].
TEQ

The standard finite difference method finds v € P}, such that
(1.2a) —Apv(z) =f(x) forall z e Sy
(1.2b) v(z) =g(z) for all z € Sp.

In order to be able to write a computer code we need to write the equivalent linear system
that the finite difference gives rise to. To do that we should enumerate the vertices of Sy (note
that there are N2 vertices belonging to S7) . We define 21, 23, ..., 22 as (see Figure 3)

Znt(m-1)N = (nh,mh)  for alln,m =1,... N.

We then define v(z;,) = v; for k=1,..., N2
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FiGure 3. Grid, N = 4, grid points S; are in red and Sy in blue

To write the linear system we need to distinguish between vertices that share an edge with
a boundary vertex and those that don’t. For vertices that don’t share an edge with a boundary
vertex we have the following linear equation

1
ﬁ(élvk — Vg1 — Vk+N — Vk—1 — Vk—n) = [f(zk)
fork=n+(m—-1)Nwith2<n<N-land2<m<N -1
Then for those interior vertices that share an edge with vertices belonging to line x = 0 we
have the following linear system

%(41)1 — vz —on+41) =f(z1) + %(g(zl — he1) + g(z1 — hez))
s — vy — v is — ) =F(22) + 15 (9(en — he))
1 . 1
ﬁ(‘lUNA —uN —vaN—1 — UN-2) =f(2n-1) + ﬁ(g(ZNA — hes))
%(@N N %(g(zN ~ hes) + glen + her))

Similarly, we can write the linear equations for the rest of vertices sharing an edge with a
boundary vertex.
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2. Error Analysis of Finite difference method

In order to obtain the error estimates of the finite difference method we need a stability
result. And, before that we need a discrete maximum principle

2.1. Discrete Maximum Principle.

Theorem 6. Suppose v solves (1.2) and f(x) <0 for x € Sy then

(2.1) max v(z) < max g(z).
€S TES)

On the other hand, if f(x) > 0 for all x € Sy then

(2.2) minv(z) > min g(x).
zeSs €Sy
PrOOF. We will prove (2.1) and leave the proof (2.2) to the reader. Let M = max,cg v(z).
First suppose that then maxges, v(x) < M then (2.1) holds.
On the other hand, suppose there that there exists = € S7 such that v(z) = M. Then from
(1.2a) we have

M =v(z)

:i(v(az + hep) +v(x + hey) + v(z — hey) + v(x — hey)) + h2 f(x)

1
gz(v(x + hey) + v(x + hez) +v(z — her) + v(x — hea)) < M

sincef(x) < 0 and by our hypothesis %(v(m + her) +v(x + hea) +v(x — hey) +v(z — hea)) < M.
Hence, we must have

M = %(v(x + her) +v(x + hez) +v(x — hey) + v(x — heg)),

or that
%(M —v(x + hey)) + %(M —v(x + heg)) + %(M —v(x — hey)) + i(M —v(x — hey)) = 0.

By our hypothesis each term on the left hand side is non-negative as so it must be v(z) =
v(z 4+ her) = v(x + hea) = v(z — hey) = v(x — hes) = M. We can repeat the argument for
the v(x + hey),v(x + hea),v(z — hey),v(x — hey) and have all its neighbors also equal to M. If
we repeat this process we will arrive at v = M is a constant discrete function. Therefore, (2.1)
trivially holds. O

2.2. Discrete Stability Result.

Theorem 7. Suppose v solves (1.2) then

1
2. < 2 :
(2.3) max |v(z)| < max|g(z)| + g max|f(z)]

PROOF. Let ¢(z) = %(561 —1/2)? + (72 — 1/2)? where Q = maxgeg, |f(z)]. The it is
not difficult to show that App(x) = @ for all z € S;. Then we define w € P, as follows
w(z) = v(z) + ¢(x). We see that w solves O

(2.4a) —Apw(z) =f(z) —Q forallx € St
(2.4b) w(x) =g(x) + ¢(x)  for all z € Sp.
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Since f(x) — Q <0 for all x € S; we can apply (2.1) to get
o) < v(e) + 6(e) < max(oly) + 6(s)) Jor all v € .

Howewver,

lygaéf(g(y) +d(y)) < max lg(y)| + max lp(y)| < max lg(y)| +Q/8.

Hence, we have
v(x) < m%x\g(y)\ +Q/8. forallx€S.
YESy

Stmilarly, we can show that
—v(z) <max|g(y)| +Q/8. forallxz e S.
YyES
Hence, we have
lo(z)] < max lg(y)| +Q/8. forallxz e S,
YES
which proves the result.
2.3. Error Estimate. We can prove the desired error estimate.
Theorem 8. Suppose v solves (1.2) and suppose that u € C*(Q) solves (0.1) then we have
max |u(z) —v(z)| < C b? max{ |0, ull oy, [0, ull o}
where C' is independent of h and u

PROOF. Let w € P, and let w(z) = u(z) —v(z) for all x € S.
Then, w solves

—Apw(z) = — Apu(z) + f(z) forall x € St
w(z) =0 for all x € Sp.
Therefore, we get by (2.3) we get

1 1
< = — + == — )
max |w(x)| 3 gé%)ld Apu(z) + f(z)] g 5&%},{ |Au(z) — Apu(z)]

The result now follows from (1.1). O



CHAPTER 3

Finite Element Methods for second order elliptic Problems

In this chapter we study finite element methods for second order elliptic problems.

1. Function Spaces

We first need to study some function spaces. We let Q C R? be a bounded domain with
Lipschitz boundary. We recall the space of m-th order continuous functions:

C™(Q) = {v: all the partial derivatives of order less than or equal to m of v are continuous in Q}.

C'(Q) = {v € C™(R) : v vanishes outside of Qy CC Q}.

Here Qg is a compact domain and Qg CC Q means 9Qy N N = 0.

We will need to make sense of derivatives of functions that are not differentiable everywhere.
For example, the function u(xz) = |z|. To do that we need to define the weakderivative of a
function if it exists. This is done via integration by parts.

Let us recall integration by parts formula for smooth functions. Let n = (ni,nz) be the
unit outward pointing normal to 2. Suppose that u,v € C*°(R?)

/Q Do u(z)0(x)dz = — /Q (@)D, v(z)dz — / w(@)o(@)nids  fori=1,2.

oN

Let u be an integrable function on €2 then we say that 0,,u exists if there is an integrable function
¢ such that

/ o(x)v(x)de = —/ u(x)0y,v(x)dz for all v e C°(Q).
Q Q

in which case we define 0,,u(x) = ¢(x). In other words, if 05, u then

(1.1) /aniu(x)v(x)d:c =— /Q ()0, v(x)dz for all v € C°(Q).

Or course Oy, u(x) are uniquely defined up to a set of measure zero.
We will also need to define the following function spaces

L*(Q) = {v : v is integrable on  and / v?(z)dx < oo}
Q
We define the Sobolev space H™ as follows

H™(Q) = {v e L*(Q) : 9210%2u € L*(Q), for all a; + g < m}.

1 Y2

The associated norm is given as follows

lalZm oy = 3 a2 where  [ullygy = S 102 0%l -

7=0 a1tas=j
21
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2. Linear second-order elliptic problems

Recall that div F'(z) = 0y, Fi(x) + 03, Fo(x) where F(z) = (Fi(x), F2(x)). We will study
second order elliptic problems of the form

(2.1a) —div (A(z)Vu(x)) =f(x) for z €
(2.1Db) u(z) =g(x) for z € O

Here we assume that A(z) € R?*? is a symmetric matrix for every z € Q and is smooth on (2.
Notice that if A(x) is the identity matrix for all x then div (A(z)Vu(z)) = —Au(z). We can
write out div (A(z)Vu(x))

div (A(x)Vu(z)) = 0z, (A11(2) 0, u(z) + A12(2) 0, u(x)) + Opy (A21 () 0z, u(x) + Ago(x) 0y, u(x)).
In particular, if A is a constant matrix independent of x we have
div (A(z)Vu(z)) = A1102, u(®) + 241204, 0p,u(x) + A0, u(z).
We assume that A is uniformly elliptic. That, is there exists a constant 6 > 0 such that
(2.2) y'A(x)y > 0yty  for all y € R? and z € Q.

One can easily show that this is equivalent to A(x) having uniformly positive eigenvalues on (2.
Since A is smooth we also have that there exists a constant v > 0 such that

(2.3) y'A(x)z < Aly||z|  for all y,z € R? and z € Q.

2.1. Weak Formulation of second-order problems. We define H}(Q2) = {v € H*(Q) :
v vanishes on 02}. If we use the integration by parts formula (1.1) we can derive Gauss’ integral
formula

/Qdiv F(z)v(z)dr = — /Q F(z) - Vou(z)dx + /89 F(z) - nv(x)ds.
If we apply this to (2.1a) we have
/ A(z)Vu(z) - Vo(x)de = / f(x)v(z)dz for all v € H(Q).
Q Q

Hence, we can state the weak formulation of (2.1) as follows Find u € H(2) with u = g on
082 such that

= or all v L.
(2.4) /QA(x)Vu(x) -Vou(x)dx = /Qf(x)v(x)da: for all v € Hy(2)
We use the notation
(2.5) a(u,v) = / A(z)Vu(z) - Vo(x)dz.

Q
and
(f) = | f@pla)da.
Hence, we can write the weak form as follows Find u € H(Q) with u = g on 99 such that
(2.6) a(u,v) = (f,v) for all v € HJ(Q).

The nice property of the weak formulation is that solutions could exists even though they do
not have second derivatives. They only require that u € H'(Q). Therefore, the weak formulation
is a generalization of (2.1).
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FiGuRrE 1. Hlustration of O, hp

3. Finite Element Formulation

In this section we develop finite element method for (2.6). To do that we need to define
some concepts. For simplicity we will assume that € is a polygonal domain. We will assume
that we have a family of triangulations of Q2 of {7,}. For every h we assume that

IfT,K €T, and T # K then T N K is either empty, a vertex or an edge of the triangulation.
We assume that the mesh is shape reqular: There exists a constant x > 0 such that

(3.1) Or >k forall T € {Tp},

where 07 denotes the smallest angle of the triangle T
We also also define

hr = diam(7T),
and
h = sup hr.
TeTh

We now define finite element spaces:
Vi ={veCQ):vlpr € PYT) for all T € Ty},
where P!(T) is the space of affine function defined on 7. We also define
VY = {v € Vi,v =0 on 9Q}.
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FiGUurE 2. Example of a triangulation of a polygonal domain the vertices S are
in green, and Sy in blue

We can also define a basis for the spaces V. Let us denote by

S ={ set of all vertices of Ty}
Sp =S\57.

Let us enumerate the vertices in S, Sy, Sp:

S :{21,22, . .,ZM}
S[ :{Zjl,ZjQ, .. .,ZjQ}
Sb :{Zgl,Zgz, .. .,ZgR}

here 1 <ji <---<jo<M, 1<l <---<lp<M,and Q+R= M.,
For each i = 1,..., M we define ¢; € V},

1 ifj=1
Vilz) = {0 if j #i
Then we see that if v € V}, we have

v(x) = Z v(z)i(x) for all x € Q.

1<i<1
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F1GURE 3. An example of an v; basis function

The finite element method solves: Find wy, € V3, with u(z) = g(z) for all z € S, such that

(3.2) /Q A(2)Vun(@) - Vop(z)dz = /Q F@)on(z)dz  for all v, € VY.
or using the a(, ) notation Find up € Vj, with u(z) = g(z) for all z € Sp, such that
(3.3) alup,vp) = (f,v)  for all v, € V.

We can easily show, using that a(up, ), (f,-) are linear forms that

(34) a(un, ¥5) = (fhj) 1<k<Q.

If we write

up(z) = Z up(z:)Yi(xz)  for all z € Q.
1<i<M

we have
(35) > ()i vi) = (f95) 1<k<Q.
1<i<M
or using that u(z) = g(z) for z € S we get:
(3.6) > un(z)aly,, b)) = (Fdg) — Y g(ze)a(be, v5,) 1<k<Q.

1<s<Q 1<s<R

We then have the matrix system
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a(¢j1>wj1) a(%’l,%) a‘(¢j1’¢jQ) uh(zjl) (fa¢j1)
a(¢j27wj1) a(¢j2>wj2) a(¢j2a¢j@) uh(zjz) (fa¢j2)

a(Vjq, Vi) - a(Vig, o)) [un(ziq) (f, o)
where
-a(¢j17¢€1) a’(d}jla’(bfz) s a(¢j1>¢€R)-
a(¢j27¢€1) a(wj23¢€2) s a(¢j2v¢€R) 9(221)
a— 9(2:'62)
: : 9(zn)
_(Z(ij, ¢f1) s a‘(ijv WR )_

3.1. Implemenation of FEM.

3.2. Error Analysis of FEM. In this section we perform an error analysis of the finite
element method. We will see that error estimates follows easily from, coercivity and boundedness
of bilinear form and from Galerkin Orthogonality of the FEM.

LEMMA 3. Coercivity: It holds
(3.7) HHVUH%Q(Q) <a(v,v) for allve HY(Q).
PROOF. Recall that

a(v,v) = /QA(az)Vv(x) -Vou(x)dr = /Q(Vv(a:))tA(a:)Vv(as)da:

then the result follows from (2.2). O
LEMMA 4. Boundedness: It holds,

(3.8) a(v,w) < Y[|Vollp2)IVwl 2 < for all v,w € HY(Q).
PROOF. Similar to the previous proof the result follows from (2.3). O

LEMMA 5. Galerkin Orthogonality Let u solve (2.5) and let uy, solve (3.3) then we have
(3.9) alu—up,vp) =0 for all v, € V2.
PROOF. Since V! C H{ () we have by (2.5)
a(u,vp) = (f,vp)  for all v, € V.
However, (3.3) states that
a(up,vp) = (f,vn)  for all v, € V2.
Therefore, we have
a(u,vp) — a(up,vp) =0 for all vy, € V2.
Using that a(-,vy) is linear we get
a(u,vp) — alup,vp) = a(u — up,vy)  for all vy, € V.

The result now follows. O

Now we can easily prove the following result.
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Theorem 9. Let u solve (2.5) and let up, solve (3.3) then we have
(3.10) IV (u = un)llpzqe) < 5 min [V (u = v)ll12(0
veVy

where VI = {v, € Vi, s up(2) = g(2)  for all z € Sp}.
Proor. By Coercivity (3.7) we obtain
OV (u — un) |72 < alu — up,u — up).
Now by linearity of a(u — up, ) we have
a(u —up,u —up) = alu — up,u —vp) —a(u — up,up, —vp) for all vy € th.

Since up, vy, € th we have up, — vy, € V}? and therefore, we get
By Galerkin orthogonality (3.9)

a(u—up,up, —vp) =0 for all v, € V).
Combining the above results we get
0|V (u— uh)||2L2(Q) < a(u — up,u — vy) for all v, € V.
Using (3.8) we get
01V (u = un) [ F2 () < YV (= up)| 2@V (u = vp) || 2@ for all v, € VY.
Dividing by ||V (u — uh)||L2(Q) we obtain
OIIV (u —up)||z2) < %HV(U —vn)|lL2(q) for all vy, € V).
The result follows by taking the minimum over v, € V. O

The result (3.12) says that the FEM approximation uy, is almost the best approximation to
u in the space V}, when measured in the ||V - ||;2(q) norm. Next, we give an approximation result
in terms of the mesh size h. The proof of this result which is quite technical will proved in the
next section.

PROPOSITION 2. If u € H?(Q) then
(3.11) min IV (u —vp)ll L2y < Chlul g2

VR E h
Then the following corollary follows from (3.11) and (3.12).
COROLLARY 1. Let u solve (2.5) and let uj, solve (3.3) and assume that u € H?(SY), then
(3.12) HV(u—uh)HLz < C’h|u!H2(Q
where the constant C' is independent of u and h.

We now wan to study the error estimates ||u — up||2(q) instead. For simplicity we assume
that ¢ = 0 . To do this we need a result from PDE theory. The following is a standard H?
regularity resullt.

PROPOSITION 3. Let u solve (2.5) with g = 0 and suppose that Q is a a convex polygon then
(3.13) lull zr20) < C || fllz2@)

The result seems very reasonable since formally Ay = ff. So, we that some combination of
second derivatives are controlled by f. The result says that all the second derivatives of u are
controlled by f.

We can now state the desired estimate.
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Theorem 10. Let u solve (2.5) with g = 0 and let up, solve (3.3) and assume that  is a a
convex polygon, then

[ — unllr20) < CP?|| fllz2(0)-
Please note that this result says that |[u — up|r2(q) converges to zero with one order higher
than ||V (u — un)| r2(0)
PROOF. Let ¢ € H(Q) solve the following problem
a(¢,v) = (u—up,v) for all v € H(Q).
Then, setting v = u — up we get
lu = unll72i) = a(d,u — up) = a(u — up, ¢).
If we use Galerkin Orthogonality (3.9) we get
llu — uh”%Q(Q) =a(u—up,é¢—uvp) forall v, € V.
By (3.8) we get
= unlZaggy < ANV = w2V (6 — vl oy for all vy, € V.
Using (3.11) and (3.13) we obtain
lu = unll72i) < ChIIV(w—un)ll L2 llu — unllL2(@)-
After dividing by [lu — usl[z2(q), using (3.12) and (3.13) we obtain the result. O

3.3. Approximation of Piecewise linear functions. We are left to prove (3.11). To be
precise we will use standard results that are used in the analysis of elliptic PDEs. These results
are useful in many other context and not only important for the approximation theory we will
give here.

We will fix a reference triangle: 7" which is the triangle with vertices (0,0), (1, 0) , (0,1). We
then state a few results.

The first is Poincare’s inequality.

PROPOSITION 4. Poincare’s inequality: Suppose thatw € H*(T) and let w = ﬁ J7w(x)dx
then,

(3.14) lw =l 2y < Clwl g
where C' is independent of w.

The next result is one type Sobolev inequality. There are many Sobolev embedding and
inequalities.

PROPOSITION 5. A Sobolev inequality: If v € H*(T ) then v € C’( ) and the following
iequality holds
(3.15) [0]] o () S Cllvll e (1)

We will are going to transfer estimates from T' € T, to T. The important point here is that
T is fixed. To do this, we need to define an affine transformation from Fr : T — T define as

FT(.fJ) = BTli' + bT.
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(0, 1)

Ny

(0, 0) (1, 0)

FIGURE 4. An example of an v; basis function

Not that if T has vertices zg, 21, zo then the first column of By is z; — 2o while the second
column is zo — zg and finally by = zy. That is,

BT:[Zl—Z() 22—2’0], bT:ZQ.

We will state a proof of the size of entries of Br and B, ! Here we use strongly the shape
regularity, (3.1)

LEMMA 6. There exists a constant C independent of h and T € Ty, such that
(3.16) |(Br)ij| < Chr |(B3Y)i| < Chpt for all T € Tpyiyj = 1,2.

We also use the following notation. Let w be defined as a function on 7" then define the
function w as function on 7" given by

W (&) = w(Fr(t)).
Using a change of variable formula we have
(3.17) / w(z)dr = / w(Fr(z))det(Br)dz.
o T T
(3.18) /Tw(a:)dx = /Tu}(i) det(Br)dz.
Now notice that using the chain rule we have

(3.19) Vew(z) = Vo (Fr ' (x) = B 'Vaw(Frt () = BR'Vaw(#),
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where x = Fr(%). Note that we write V, to denote the gradient with respect to the variable .
Whereas, V; is gradient with respect to .
Hence using (3.17) and (3.19) we obtain

(3.20) /T Vow(z) - Vau(z)de = /T (BF'Vai(#)) - (By'V0(#)) det(Br)da.

We can then prove the following results

LEMMA 7. It holds,

¢l . ¢
(3.21) iy < N0l < g lwlizze),
(3.22) clwlpry < 0] g7y < calwlprry,

(3.23) crho|w| g2y < W] g2y < cohrllwl 2.

PROOF. We only prove (3.22). The proof of the other two proofs follow a similar line of
argument. By (3.20) we have

w3y = IVl = det Brl| Br' Vil g,

By (3.16) we have
det By < C h%,

and
IB;' V|37, 7y < Chr 2IIVwII

The result now follows. O

We can now state a local approximation result known as the Bramble-Hilbert lemma. The
result will follow

LeEMMA 8. Bramble—Hilbert: Let w € H?(T) then there exists a v € PY(T) such that
lw = vl 2y + hr ||V (w = )| 2y < Chp|wl g2 ().

PROOF. Let v(z) = co + c121 + coawe where x = (z1,x2). We define first cq, co
1
¢ = T|/ Op,w(z)dr for alli=1,2.

Note that since ¢; = Gmlv ) we have that

(3.24) / O, v(x)dx = / Op,w(z)dr foralli=1,2.
7] |T]

Now that we have define ¢, co we define ¢y so that

1 1
3.25 /va:d:c:/w:z:dx
(825) 7 Jr "= 1 Sy
That is,

co = / 01.731 + szg))dx.
\TI

If we define ¢(x) = w(z) — v(z) and consider §(&). Note that by (3.24)

/0% )=0 fori=1,2
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Again, using (3.17) and (3.19) we get
det Br(( Z1/ 03,4(2)d3 + (B3 ia | 03,4(2)dE) = | Oy,q(x)da,

for : = 1,2. Hence, we get
_1 | [705,4(2)dz] [0
(det Br) By [ [y Osya(@)dz) = |0
Hence, we get
03,4(2)dz =0 fori=1,2
T
Similarly, we have

Thus, 03,§ = 0 and ¢ = 0 and by Poincare’s inequality we get
‘q’Hl(T HailqAHZ + ”8x2q”L2(T) < C Z ”a‘gllagjq”LQ(T) C’qA‘fq2 T

a1tas=2

Using this result with (3.22) gives
9y < Cldlgy < C |@|§{2(T) < hrlqlm2(r)
Also, using (3.21), Poincare’s mequahty and the previous inequality we get
lallz2(ry < Chrlldll 2y < Chrldl gy < Chrllallzey < Chilaluz
]

We will also need an inverse estimate. We can prove this result with more elementary results.
We give a proof that is generalizable to other finite element spaces.

LeEMMA 9. Inverse inequality : Let T € T, then for every v € PY(T)
C
vl < 7HUHL2
where the constant C' is independent of T' and v.
ProOF. By (3.22)
(3.26) "U’Hl(T) S C"IA}’Hl(T)

Note that © € PY(T). Since P'(T) is a finite dimensional space we know that norms are
equivalent. Hence,

’@|H1(T) = CHﬁHB(T)'
where the constant C is independent ©. Note that we are using that 7' is fixed. Using (3.21) we
get

. c
o0l 2ty < 7 Iollzzen
Combining the above inequalities gives the result. O
We can state a simple corollary.
COROLLARY 2. Let T € Ty, with vertices z; (i = 0,1,2) then for every v € PY(T)
(3.27) (0|1 < Cmax{v(z0),v(21),v(22)}-
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PROOF. We easily see that

oliZacr = /T () < [T [0
Hence,

[oll L2y < VIT[[[0]l oo 1)
Since the maximum of |v| occurs at the vertices and so we have
[0l L2¢ry < V[T max{v(z0), v(z1), v(22)}-

Using that the mesh is shape regular (3.1) we easily have that \/|T| < Chp. Hence, combining
the above inequality with (3.26). O

In order to prove our main result (3.11) we need to define the interpolant operator.
DEFINITION 3.1. For w € C(Q) we define Iyw = V;, by

Ihw(z) =w(z) forall z€ S.
3.4. Proof of (3.11). First we see that Iu € VY and so

inf [[V(u—v)lr2@) < V(v —Ihu)l r2(0)-
veVy

Let us write

(3.28) IV (u— L) Fa) = D IV (= L)l
TET,

From the Bramble-Hilbert Lemma we have there exists ¢ € P(T) so that
(3.29) lu = qllz2(ry + bl V(u = @)l r2¢r) < C B3l 2.
Using the triangle inequality we get
(3.30) IV (u = Inhu)ll2ery < C(IV(u = @)l 2y + V(g = Inw)lL2(1))-
We let w = (¢ — Inu)|r and use (3.27) to get
V(g — Inu)|l2(ry = IVwl 2y < C max{w(20), w(21), w(22)},

where z; (i = 0,1,2) are the vertices of 7. However, w(z;) = q(zi) — Inu(z) = q(z) — u(z;) by
the definition of Ij,. Hence,

max{w(zo), w(z1), w(z2)} < [lu— gl (7).
Therefore, we have
(3.31) V(g = Inw)llz2(ry < C'llu = qlloe(r)-
Clearly we have
lu = qllzoo(ry < 18 = Gl poc (7
By (3.15) and definition of H?-norm
||72 - ‘j“Lw(T) < C||71 - ‘j||H2(T) < C(Iﬁ - Q‘Hz(j“) + \ﬁ - Q‘Hl(T) + ||71 - Q||L2(T))-

Then, combining the above inequalities and using (3.21), (3.22), (3.23) we have

1
v = qllLoo(ry < Clhrlu — qlg2(ry + v — qlgrr) + EHU —qll2(1))-
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If we combine this inequality with this inequality with (3.31) and (3.30) we get
1
IV (v — Inu)|| 2ry < Clhrlu — qlgzmry + v — qlgy iy + v —qll2(r))-
hr
Using (3.29) we get
|V (u — Inu)||l2(ry < C hrlu| g2y,

where we also used that the second derivatives of ¢ € P1(T) are zero since. Hence, using (3.28)
we get
IV~ )20y < €12 Y lulpary = CRJule g,
T€eTh
The result now follows after taking the square root of both sides.
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