HARNACK INEQUALITY FOR TIME-DEPENDENT
LINEARIZED PARABOLIC MONGE-AMPERE EQUATION

HONG ZHANG

ABSTRACT. We prove a Harnack inequality for nonnegative solutions of
linearized parabolic Monge-Ampere equations
Ut

— 2 a(D%0) 7 D) =0,

in terms of a variant of parabolic sections associated with ¢, where ¢
satisfies A < —¢; det D?¢ < A and C; < —¢y < Ch.

1. INTRODUCTION

In this paper we study linearized parabolic Monge-Ampére equations as
follows:
Lo(u) = —% —tr((D%*¢)"'D%*u) =0 in R xR (1.1)
¢
where v is nonnegative, u; = %—1;, D?u denotes the Hessian of u, (D%¢)~! is
the inverse of the Hessian of ¢, and tr(A) is the trace of a matrix A. We
assume that ¢ is a strictly parabolic convex function in R x R% and satisfies

the following inequalities in R4,
0 <\ < —¢pdetD?*p < A < o0, 0< O < —¢p <Cy < 00, (1.2)

where A, A, C7, and Cy are positive constants. We call d, A\, A, C1, and Cs
structure conditions and the constant depending only on structure condi-
tions are called universal constant. The parabolic convexity is defined in
Section 2.

The purpose of this paper is to establish a Harnack inequality for nonneg-
ative solutions of (1.1) and (1.2) in terms of a variant of parabolic sections

of ¢:
~ 1
Qo (20, 1) = (to — coh, to] X Sg(wo, 5 hlto),
where ¢ is a positive parameter, zg = (tg, o) € R b >0, and

S(z,(l'(), h’to) = {.%' : ¢(t0,.%') < ¢(t0,$0) + V¢(to, wo) . (.%' — :Bo) + h},

which is the section in the = variable with height h at time ¢g. Throughout
this paper, we assume that all the functions are sufficiently smooth. It is
easily seen that our results do not depend on the smoothness of . The main
result is stated as follows.

H. Zhang was partially supported by the NSF under agreement DMS-1056737.
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2 H. ZHANG

Theorem 1.1. Assume that ¢ satisfies (1.2) and u € C? nonnegative solves
(1.1) in R¥*L. Then there exists a universal constant C such that

supu < C'inf u,
Q- Q+

where )
_Nn (% -

Q- = Qu((= 0. 75

Q+ = QCo((T07xO)7T0)7

and Tg € ]Rd, Ty, co, and ro are positive universal constants with Ty > corg.

);

We make the following remark regarding Theorem 1.1.

Remark 1.2. First, for simplicity, in our theorem above we assume that u
satisfies (1.1) in R4*!. Actually we only need to consider (1.1) in a bounded
domain €2 and prove the Harnack inequality for the corresponding cylindrical
domains @)_ and (4. This can be easily seen by scaling and translation of
the coordinates. Second, the assumption that C7 < —¢; < (5 is crucial in
our proof. We are able to apply several geometric properties of the sections
in x variable to our proof under this assumption. To our best knowledge,
the case without assuming the upper bound and lower bound of ¢; remains
open.

By a standard argument, we obtain the following corollary, which implies
the Holder continuity.

Corollary 1.3. Assume that u is a solution of (1.1) and (1.2). For any
20 € R and 0 < p < R, we have

p
0sc u < C’(—)O‘osc@co(zoﬁ)u,

R

co (20,p)

where C, o are universal constants.

Our result extends Huang [11] to a more general setting. In [11] Huang
obtains the Harnack inequality under the condition that ¢ = —t + ¢, where
1 is a convex function in R¢ and the corresponding Monge-Ampeére measure
satisfies the po condition, see (1.3). Instead of ¢ = —1, we assume 0 <
C1 < —¢¢ < (5 in our paper. The extension from constant to bounded away
from zero is nontrivial because it is much more delicate to choose a proper
variant of parabolic section. We discuss the difficulties in detail later.

Our work builds upon several previous results on the elliptic and para-
bolic Monge-Ampere equations. We borrow some ideas from the study of
linearized Monge-Ampere equations. Let us mention some previous work as
follows.

For the Monge-Ampere equation

det D*u = f,

Caffarelli [1] introduced cross-sections of solutions to the Monge-Ampere
equation which play the same role as balls for uniformly elliptic equations.
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Let 9 be a smooth convex function in R?. For any = € R? and h > 0, we
define the section with center x and height h as follows:

Sy(w,h) ={y € R? : (y) < o(x) + Vp(x) - (y — x) + h}.
If there is no confusion, we omit 1 in the definition of the sections. We
review several properties of sections in Section 2. For more related work
and the development of the Monge-Ampere equation, we refer the reader to
[2,3,4,9,7, 16, 17], and the references therein.
For the parabolic Monge-Ampere equation, Gutierrez and Huang [10]
proved W?2P estimates for

—updetD?u = f,

with some suitable conditions on f. Besides the parabolic Monge-Ampére
equation mentioned above, Krylov introduced some other types of parabolic
Monge-Ampere operators in [12]. Moreover, Daskalopoulos and Savin [6]
obtained a C'® estimate for the following parabolic Monge-Ampeére equa-
tion:
ug = b(t, z)(detD?u)P,

where p >0 and A < b < A.

For the linearized Monge-Ampeére equations, Caffarelli and Gutiérrez [5]
established the Harnack inequality in terms of sections for nonnegative so-
lutions of the following linearized Monge-Ampere equations

tr((D%¢)"'D%*u) =0 in R
where ¢ is a convex function and the corresponding Monge-Ampeére measure
satisfies the po, condition. Specifically, let
dp = detD?¢ dx
in the Alexandrov sense, see [9, Chapter 1], and p satisfies the following

condition: Given d; € (0, 1], there exists d2 € (0, 1], so that, for all sections
S and measurable set £ C S,

|E] o M(E)
=+ < 62 implies ——== <4y, (1.3)
|5 1(S)

where | - | is the Lebesgue measure. The ps condition above implies the

following doubling property: There exist constants C' > 0,0 < o < 1 such
that

u(S(x,h)) < Cu(aS(x, h)), (1.4)
for every section S(z,h), where aS(x,h) denotes the a-dilation of the set
S(z, h) with respect to the center of mass, which is used later in this paper.
For more recent work related to the linearized Monge- Ampére equation near
the boundary, we refer the reader to [13, 14].

The proof of Theorem 1.1 uses some ideas in [5] and [11]. However, unlike
the elliptic case in [5], we have to overcome the difficulties caused by the ¢
dependence of the solution u, which is also the general reason that estimates
for parabolic equations are subtler than for elliptic equations. On the other
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hand, we cannot use the method in [20], since the equation lacks the property
of uniform ellipticity. Therefore we work on the variant of parabolic sections.
Furthermore, the assumption in [11] is ¢y = —1, so the parabolic section used
there is a cylindrical domain (o — §,%0 + §) x S(xo,7). Notice that S(zq,7)
does not evolve with respect to time. But in our case, the evolvement in ¢
of the variant of parabolic sections makes the estimate much more delicate.
We need to compare the sections in x variable at different time levels. To
this end, we apply a conclusion in [10]

S(l‘, h|t1) C S(CL‘, 9h|t2),

for certain t1, to, and h, where 6 > 1 is a universal constant. After choosing
small parameter ¢y, we show the following critical density argument:. For
any h > 0, if

_inf w <1,

Qo (21,0M)

then there exists a large universal constant M such that

|Q00(Z07h) N {u < M}| > 5|Q00(20a h)’,

where zy = (to,x0), 21 = (to + cobh,xzp), and € is a small universal con-
stant. Moreover, the Calderén-Zygmund decomposition holds in terms of
the following cylindrical domains for d < ¢g

Q% (2, 1) = (1 — coh,t+ 6h) x S(a, Shlf).

For ¢ sufficiently small, we are able to combine the Calderén-Zygmund de-
composition with our critical density argument to show a power decay of
the distribution function of the solution w. In this way we derive a weak
Harnack inequality and then the Harnack inequality.

The paper is organized as follows. In the next section, we introduce some
preliminary results and properties that we use in our proof. In Section 3, we
prove the critical density argument and some necessary preparations for the
estimate of the distribution function. In Section 4, we prove the Calderén-
Zygmund decomposition. Finally, we show the Harnack inequality in Section
5.

2. PRELIMINARY

In this section, we recall some basic properties of (parabolic) convex so-
lutions to the (parabolic) Monge-Ampere equation.

We say a function ¢ parabolic convex if ¢ is nonincreasing with respect
to t for each z and convex in x for each t. Furthermore, if ¢ is strictly
decreasing with respect to ¢ and strictly convex with respect to x, then ¢
is strictly parabolic convex. Denote B(0,7) to be the Euclidean ball in RY
with center 0 and radius r. We say an open bounded convex set S C R? is
normalized if

B(0,aq) C S C B(0,1),
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where ag € (0,1) is a constant depending only on d. We mention the fol-
lowing lemma due to F. John: Let S be a convex set in R? with nonempty
interior. Then there exists an (invertible) orientation preserving affine trans-
formation T : R? — R¢ which normalizes S, i.e.,
B(0,aq4) C T(S) C B(0,1). (2.5)
In particular,
ozgwd Wd
—de - < Za
S| <detT' < ik
where |S] is the Lebesgue measure of S and wy = |B(0, 1)|.

Next, we collect some properties of the sections to the strictly convex
functions. Let v be a strictly convex function in R? and du = detD?y) dx
be the corresponding Monge-Ampere measure. Assume that p satisfies the
doubling condition (1.4) with a = 1/2. As shown in [9, Chapter 3], Sy(z, h)
satisfies some strong geometric properties and we briefly recall several of
them as follows:

(1) There exists a universal constant 6 > 1 such that, if S(z, h)NS(y, h) #
0, then S(y,h) C S(x,0h), for any x,y € R% h > 0. This is also called the
engulfing property.

(ii) Let S(xo,70) and S(x1,71) be sections with ro < 7 such that

S(.’Eo,?‘o) n S(Il, 7"1) 75 @,

and T be an affine transformation that normalizes S(x1,71), then there exist
universal constants K1, Ko, K3, and € such that

B(Txo,Kg%) C T(S(zo,70)) C B(Txo,Kl(:—?)E),

and T'zg € B(0, K3).
(iii) Let S(xo,1) be a section. There exist constants p, C' > 0, such that
for0 <r<s<1andz e S(xg,r),

S(z,C(s —1r)P) C S(xo, s).
(iv) There exist 0 < 7, A < 1 such that for all zg € R% and r > 0
S(zo, 1) C AS(70,7).

(v) Assuming 0 < \ < 1, for any r > 0, we have
AS(w0,1) € Sao, (1= (1= 1) F)),

where a4 is the constant in (2.5).
We state the following lemma and corollary of [9, Chapter 3].

Lemma 2.1. Let Q C R? be a bounded open convex set. Assume that 1)
is a convex function in Q such that » < 0 on 0Q. If x € Q and l(y) =
Y(x)+p-(y—x) is a supporting hyperplane to 1 at (x,1(x)), then

—(x)

< —F—FT—.
Ipl < dist(x,00)
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Corollary 2.2. Let ¢ be convezr in Q with 0 < k < det D*i) < K, where
k, K are positive constants. Assuming Sy(xo,h) C Q, for any h small, we

have
Sy (0, h)| ~ h¥2.

For an open connected domain Q C R%!, we define the parabolic bound-
ary of @ to be a set of all points Xo = (to, z9) € 0Q, such that there exists
a continuous function x = x(t) on an interval [tg,ty + 0) with values in R?
satisfying x(tg) = zo and (¢,x(t)) € Q for all t € (to,to + J). Here x = x(t)
and 6 > 0 depend on Xg. For any Q C R, we define

Q) = {z: (t,2) € Q).
We say a set Q C R4 is a bowl-shaped domain if Q(t) is convex for each
t and Q(t1) C Q(t2) for t; < t5. Let Q@ C R4*! be a bowl-shaped domain

and denote tp = inf{t : (t,x) € @}. Then the parabolic boundary of a
bowl-shaped domain Q is

9,Q = {to} x Q(to) U [J ({1} x 9Q(1)),
teR

where Q(to) denotes the closure of Q(ty) and 0Q(t) denotes the boundary
of Q(t). For a parabolic convex function ¢, the canonical parabolic section
at point zg = (tg, zo) with height h is

Qs(20,h) = {z = (t,2) : ¢(2) < d(20) + V(to, o) - (x — o) + h, t < to}.
Moreover if it is clear, we omit ¢ in the definition of the parabolic sections
as well. Throughout this paper, we use C(-) to denote constants and their
dependences. For example, C(«, 3) is a constant depending on « and f3.
We also use abbreviations as follows: if a constant C' depends on 5 and the
structure conditions, we simply denote C' = C(3). Furthermore, the constant
may vary from line to line. If z = (0,0), we denote Q(h) := Q¢ ((0,0), h).

3. CRITICAL DENSITY ARGUMENT

As hinted in the introduction, in this section we prove that the level sets
of u satisfy the critical density argument, which is important in our proof of
the Harnack inequity.

First we state Lemma 4.2 in [10] about the engulfing property of sections
in the = variable at different time.

Lemma 3.1. Let ¢ satisfy (1.2). Suppose that (t1,x1), (t2,x2) € Q(z0,h).
Then there exists 8 > 1 depending only on d, A\, A, C1, and Cy such that

S(l‘l,h|t1) C S($2,0h|t2), S(ZEQ, h’tz) C S(ﬁl,eh‘tl).

We use Lemma 3.1 frequently in our proofs especially for the case x1 = xo.
Note that under the condition (1.2), there exists ¢y = ¢y(Cs) sufficiently
small such that for any h > 0 and ¢y < ¢

(to — coh, o) € Q((to, o), (3.6)

h
%)7
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which, by Lemma 3.1, implies
h h ho
S(.%'(), %’to — Coh) C S(wo, 5|t0) C S(.le(], ?|t0 — Coh). (37)

In the rest of the paper, we restrict ¢y < ¢éy/2. We note that dividing &
by 2 is a technical requirement in Lemma 4.1. We introduce the following
notation. Let z = (t,2) € R ¢y = ¢, and t; = ¢ + Z§:1 coph? for k> 1,

where 6 is the constant in Lemma 3.1. Denote Ko(z, p) = Qe (2, p) and

Ki(z,p) = Qo ((ti, @), p0"). (3.8)
Notice that by (3.7), it is easy to see for any p > 0,7 > 0

p9j+1

pt?
S(x, 7|tj) C S(x, T|tj+1). (3.9)

Then we have the following observation.

Lemma 3.2. Let Ty = 0ég, and z = (t,x) € Q(1). Then there exist univer-
sal constants ¢g < ¢g and ro such that for co < c¢g and p >0
QCO((T()?O)? 7’0) c (quilKj(Zap)) N {t S (O7T0]}‘
Proof. Let k be the integer such that t;, < Ty < tgy1, which implies that
To—t)(0 -1
To=00=1) e, (3.10)
copl
Since ¢g < ég and tpq < Ty + copf* 1, by (3.7) we have

gk k+1
S, 7o 1T0) © S, P —ftisn),

ok <

which by (3.10) implies

To-t0-1)  » 1k
Sz, 2¢00° +5g110) € S(@, 507 [tht1)-
Since t < 0 and p > 0,
TD(9 — 1) 1 k1
S(xzwﬂb) C S(w, 5,09 T trgr). (3.11)

Because z € S(0,3[0), by the engulfing property 0 € S(z,$6(0). Since
TO = 609, from (37),

1 1
S(w, 5010) € S(a, 502|T0). (3.12)

Now let us choose ¢y so small that

62  To(0—1)

N L — 3.13

2 = 8C092 ’ ( )
ie.,

é S 403

Co 0—1
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For ¢y < ¢, from (3.12) and (3.13),
To(6 — 1) 7o)
46092 0/

We repeat the same argument above with time 7y — b instead of Ty, where
b is a small constant depending on 6, ¢y, and ¢y so that

Lo o (M- -1)
2 4C0¢92

This yields that for ¢y < ¢,

0 € S(x,

(3.14)

(To —b)(0 - 1)
0€ S(x, B R

By property (iii), we know that there exists a constant r; such that
To(6 — 1)
——=|T, 3.15
20002 ‘ 0)7 ( )
(To —b)(0 — 1)
S(0,7|To —b) C S(z, —————>
( )T1| 0 )C (J?, 26092
It is easy to see that (3.15) combining with (3.11) yields

Ty — b).

S(O7T1‘T0) - S(xa

Ty — b). (3.16)

1
S(Ov rl’TO) - S($, §p9k+1‘tk+1),

Furthermore, from (3.14) r; does not depend on b. Hence we may restrict
b < r1/(0C2) if necessary so that

(Th = b,0) € Q((T1,0), ).
From Lemma 3.1, it yields
S(0, %]To) c S(0,7|Tp — b). (3.17)
We claim that
(To = b.To] < S(0, 5 |T0) € (UK. p) N {t € (O, T0l). (318)

Indeed, let & be the integer such that t; <T—b<t;_ . Therefore, by (3.17)
and (3.16) we have

T
{Ty — b} x S(0, yl\To) C Kj_(2),

which combining with (3.9) and (3.17) yields (3.18). Now we pick a section
included in the cylindrical domain (7Tp — b, To] x S(0, % |Tp) and centered at
(Tb,0) with height 7o = min{r;/60,b/co}:

QCO((T07 0)7 7’0) C (TO — Co, TO] X S(07 7,0|,—T0)~
Therefore, the proof is completed. O
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Next we discuss the scaling property of the linearized parabolic Monge-
Ampere equation. Let T be an affine transformation which normalizes
S(zo, h|tp) and define ¢ as follows

P(s,y) = %W(to + sh, T y) = Vé(to, o) - (T~ 'y — x0) — ¢(x0)).  (3.19)

With a simple calculation, one can see that

—¢rdet D?*¢(s,y) = — S det D26(t, ).

1
hi(det T)
From (1.2),

A A
Z < det D? < .
o = det D*¢(t, z) < cr

Combining the fact that det T ~ |S(xo, hlto)| ™ with Corollary 2.2, we know
that

A < —¢rdet D*¢(s,y) < A, (3.20)
where ;\, A are universal constants. Define
(s, y) = u(to + sh, T 'y). (3.21)
By a simple calculation, it is easy to check that
. U N .
Lji = —=> —tr((D*¢)"'D*a) = 0.

S

We state the following version of the Alexandroff-Bakelman-Pucci-Krylov-
Tso (ABP) estimate of the parabolic type, the proof of which can be found
in [19] and [12].

Lemma 3.3. Assume that u is smooth in a bowl-shape domain @ and u > 0
on 0,Q. Then

sup(u”~) < C(// |uy detD%a[dxdt)ﬁ,
Q I'(u)

where u~ = —min{u,0}, C is a universal constant, and I'(u) = {(t,x) €
Q:u<0,u <0,D%*u > 0}.

Now we are ready to prove the following lemma.

Lemma 3.4. Let zy € R4 and h > 0. There exists a universal constant ¢

such that the following statement holds: For any co < ¢1, if u nonnegative

satisfies (1.1)=(1.2) in Qc,(20,2h) and inf, (z0,n) & < 1, then there exists a
co )

constant g = eo(d, \, A, C1,Ca, co) so that

[{u <8} N Qey (20, 21)| = £0lQey (20, 21).
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Proof. Let T be an affine transformation that normalizes S(zo,h[to) and
define % and ¢ as follows,

u(s,y) = u(to + sh, T_ly),

~ 1

o(s,y) = E(éf)(to + sh, T™'y) — Vé(to,z0) - (T~ 'y — wo) — ¢(to, o)) — 1.
Define 7, : R4+ s RI+L 46 be

Tp(t,z) = (—

,Tx). (3.22)
It is sufficient to prove

ITp({u < 8} N Qcy (20, 2h))| 2 £0|T(Qcy (20, 20))),
ie.,
{a <8} N {(=2c0,0) x T(S(zo, hlto))}| = eo[{(=2c0,0) x T(S (o, hlto)) }-
By the definition of @ and ianCO (z0.h) U < 1, it follows

inf u < 1.
(—Co,O)XT(S(Z‘o,%hHo))

From the definition of @,

F<—-1 on {0} x T(S(x, %hlto)).

N

Since
Cl S *Qgt S 025

we can choose ¢; small, which depends on C5, such that for cg < é&
~ 1 1
¢ < 2 on (—cp,0] x T(S(xo, ihlto)).

It is easy to see that ¢ > 0 on (—2co,0] x T(S(xo, hlt)) and ¢ > —1
on {—2co} x T(S(xo,hltg)). We choose a decreasing smooth function 1 :
[—2¢0,0] — R such that 9(—2¢p) = 1 and ¥(t) = 0 for ¢ € [—cp,0]. There
exists N1 = Ni(cp) satisfying |¢;| < Nj.

Let us consider w := ii(2) + 8(d(2) + () in Tp(Qe,(20,2h)), which
satisfies w > 0 on 9p(Tp(Qey (20, 2h))). By Lemma 3.3 and noticing that

inf w < —1,
(—c0,0)xT(S(z0, 5 hlto))

we have
1

1 <sup(w™) < C(// lwy det D*w| dx dt) 3+ (3.23)
I'(w)
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By the inequality of arithmetic and geometric means, the definition of T'(w),
and (3.20),

D? ~
// |w; det D*w| dx dt = // (wedet Dw 2 4t D23 da di
qﬁtdetD?(b
2
// wtdetD |d "
¢tdetD2¢
d+1 dr1)d+1 // ———u((D%) LD?w) |4 dz dt. (3.24)

Since w = i + 8(¢ + ¢), we get

Wi 2 7\—1 2 ~ Yt N
| — =L —tr((D?¢) "' D*w)| = |zt — 8(d+ 1+ =) < 8(d+ 14 =),
ol ¢ ¢t Gy
which, combining with (3.24) irnplies that

Ny
2 d+1
// |wy det D*w| dx dt < @ )d+18 (d+1+ Cr

On the other hand, T'(w) C {w < 0}, which implies T'(w) C {& < —8(¢+1))}.
Moreover, it is easily seen that
~min (ZE(tO,.’L‘) Z -1
TP(QCO (2072]7’))

Combining the fact that ¢ > 0, we have I'(w) C {a < 8}. From (3.23) and
(3.25), we prove that

=)0 (w)]- (3.25)

1 |T5(Qe(20,2h))]
C ™ CITy(Qeyz0.21)]
where C' is universal. Because T'(S(x, h|to)) is normalized and Tp(Q., (20, 2h)) =
(—2¢0,0) x T(S(xg, hlty)), it is easy to obtain that €y depending on ¢y and
the structure conditions. Therefore, we prove the lemma. O

‘{u < 8} N1, (Qco('zOth))’ =

Now we fix the parameter cp = min{co, ¢1,¢/2}, where ¢g and é; are in
Lemma 3.2 and Lemma 3.4 respectively, and ¢y is defined in the beginning
of this section. Since ¢g, ¢1, and ¢y are all universal constants, so is ¢y. It
follows that g is universal as well. With the help of Lemma 3.1, we are
ready to prove the following corollary of Lemma 3.4.

Corollary 3.5. Assume that u is a nonnegative solution of (1.1) and (1.2).
Then there exists a universal constant T such that the following property
holds: For any zy = (to,xg) € R b >0, and 7 < 7, denote
h
Z = (to,to + 7h] x S(=o, ?0|t0 + 7h),

where 0 s the constant in Lemma 3.1. If infzu < 1, then there exists a
universal constant €1 such that

‘{u < 8} N QCO(ZO’ 2h)| > 51‘(260(2072h)|'
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Proof. First note that for 7 < 1/(C260?), we have (to, o) € Q((to+7h, o), h/6?).
Then from Lemma 3.1, we get

h h h
S(a}(), g’to + Th) C S(a}(), h’to), S(.’L‘o, ﬁﬂo) C S(l‘o, E‘to + Th). (3.26)

Denote z; = (to+7h, xo). Second, if T < ¢/, infz u < 1 implies ian( ny U <

ZT,§
1. Hence, from Lemma 3.4, we know that

~ 2h ~ 2h
{u <8} NQ(r, )| 2 e0l@(zr, ),

which can be written as

h
\{u < 8} N ((to,to —|—7’h] X S($0, §|t0 —{—Th))|

2h h
+{u <8N ((to +7h — 007,750] x S(wo, 5|t0 +7h))|

> 200€0h
- 0
This implies that

h
|S(zo, 5|t0 + 7h)|.

2h h
|{u < 8} N ((to +7h — C()?,t()] X S(xo, §|t0 +Th))|

2coenh h
> ( 000 —Th)|5(x0,§|to-|—7'h)|.

From (3.26), we obtain that

2h 2coeph
[{u < 8N ((to+Th —co o] x S(ao, hlto))] = (Z5°

0

h
- Th)’S(l'(), ﬁ’to)‘
(3.27)
Since 7 > 0 and 6 > 1, it follows from (3.27)

. 2cocoh
[{u < 8} N Q(z0,2h)] > (2200 7,

h
S o, i)
From property (v), we know that
h
|S(@o, g3lto)] = C(6)[S (2o, hfto)l,

where C(0) is a universal constant. Therefore, we get

~ 2coe c(o
o< 8101 @0, 2001 = (22— 1) Tz, o 2o
After taking 7 = min{cpeo/0, co/0,1/(C26%)}, we can choose
- C(0)o
DY)

to prove the lemma. O
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Now we take
¢ = min{eg, €1}, (3.28)

and Lemma 3.4 and Corollary 3.5 hold with ¢ in place of £y and &1, respec-
tively. Next we define the following four domains:

Q;
Q:

Qs

to — 4Kh to] X S(%o,Q@h’to)
to — (K B)h to] X 5(1'0,2(9(1 — )h‘to),
to — ( — O')h t()] X S(xo,eh‘to),

= (
(
(
(tg —4Kh to] X S(m‘o, h|t0)

WhereK>0>ﬁ>0,ﬂ<§.

Lemma 3.6. Let K,0,8, and Q;,t = 1,2,3,4, be as above and K < cpf.
Suppose that u is a nonnegative solution of (1.1) and (1.2) in Q4. Then
there exists a small universal constant v9 > 0 such that if K 8 < 7,
then the following property holds: If infg, u > 1, then infg, u > ¢, where L
depends on K, 8, and the structure conditions.

Proof. Let T be an affine transformation that normalizes S(z¢,20h|ty) and
T, : R — R+ be as follows,

S*to
Tp(s,y) = ( - Ty).

Define ¢ and @ as in (3.19) and (3.21) respectively and Z; = T,(Q;) for
i =1,2,3,4. Denote yp = T'xp and for I,h > 0, S*(yo,1|0) = T'(S(xo, lh|ty)),
for instance S*(yo, 20|0) = T'(S(wo,20h)[ty). Moreover, it is obvious that S*

is the section of ¢ in the x variable.
Since S*(yo,20|0) is normalized, from [9, Corollary 3.3.6 |,

dist(9S* (0, 20]0), S* (0, 20(1 — B)[0)) > C(B), (3.29)

where C'(B) is a constant depending on £.
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Consider H, = {z € Z3: A¢ > %} and it is easy to show that

O ~
mi<nf A de dt
—4(K—pB) J S*(y0,20(1-0)|0)

O ~
< / / V3| ds dt, (3.30)
~a5c-p) Jos+ (o 260 -5)10)

where |H,| is the Lebesgue measure of H,. Since we restrict K < fcg, by
(3.6) we have

Z4 - QQ;((O’ yO)? 40)
From (3.29), for each t € (—4(K — f),0),

dist(:5* (g0, 26(1 = 9)[0), 0Q5((0, o), 46)()) = C(5). (3.31)

After subtracting 46, we obtain (¢ — 46)|8P(Q$((07y0)749)) < 0. By Lemma 2.1

and (3.31), we find that there exists a constant C(/5) depending on /3 such
that

Vol < C(B) on (—4(K — B),0) x 95 (yo,26(1 — £)|0).
Combining (3.30) with the fact that S*(yo, 26|0) is normalized, we obtain

|Hy| < C(B)(K — B)n.
Let
g= —g?)t det D2<;~5.
Set f{n be an open subset in Zy such that H, C ﬁn anq |1{L7 \ Hy| <n.
Take f,(x) to be a smooth function such that f, € C§°(H,), 0 < f, <1,

and f, = 1 on H,,. Consider the boundary value problem for the following
parabolic Monge-Ampere equation:

—wydet D*w = fpg/(a)®™ in  (—4K,0) x S*(yo,26|0),
w={_(x)—e(t+4K) on 0,((—4K,0) x S*(yo,26]0)).

Here ¢ > 0 is a small constant, « is a large constant to be determined
later, and ( is a strictly convex function in z with [((z)| < &, (|as+(y0,26/0)=0-
From the existence result in [21], we know that the equation above has a
unique classical solution w € CY2(Z,) N C(Zy4), which is parabolic convex.
By applying Lemma 3.3 to w — infg, z, w, we obtain that

sup(w™) < sup(w™) + C(a, d)(/ fng dx dt)d%rl
Za OpZs Z4

<4Ke + C(A,a,d)|H,| < 4Ke + C(A, o, d)n, (3.32)

where we use the fact that A < ¢ < A and C(A, a,d) is a constant depending
on A, «, and d.

Now let us recall some properties of ¢. Since 0 < ¢ < 1/2 in {0} x
S*(yo, %|O) and K < ¢gf, we can choose a large constant C3 = C3(K, C1,Cy)
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such that 0 < ¢/C3 < 1/2 in (—4K,0) x S*(yo, £10). Then we take a = Cs
and consider

s ¢
min{a° — (w — —
yinfa’ — (w - 2)),
where 6 > 0 to be determined later. Assume that the minimum is attained
at P = (tp, xp).
First, suppose that P € Z; and it is obvious that

Since infz, v > 1, from (3.32) the inequality above yields
O(P) = §(t, 2)

@’ (t,x) > @’ (P) + (w(t, z) — w(P)) + -

1 1
>1-3 —2(4Ke+Cn) = 3 — C(K)(e +n),

where C(K) depends on K and the structure conditions. For ¢ and 7 suffi-
ciently small, we get u(t, ) > (1)1
Second, assume P € Z; \ Zs. In this case, we know that

#(t,2) ~ (wit,2) ~ 252y > q(p) - 4D
It follows from (3.32) that
@ (t,z) > ‘W —C(K)(e + 7). (3.33)

We restrict (¢,2) € Z3. Because C7 < —¢y < Oy,

néaZ,XgZ; = ¢(—4(K —0),%) < 0+ 4Cy(K — o),

where Z € 95*(yo, 0|to), and

ze%i?zg ¢ =¢(0,2) =20(1 — ),

where Z € S*(yo,20(1 — 3)|0). Therefore,
G(P)=d(t, x) > 20(1—F)—(0+4Cs (K —0)) = (1-28)0—4Cy(K —0). (3.34)
Then from (3.33) and (3.34), it yields that

(1-28)0  4Cs(K — o)

u(t,w) > - C(K)(e+n).

Since K — o0 < K — 8 < v, by taking ~,e and 7 sufficiently small and
B < i, we prove that u(t,z) > 1/L for the second case, where L depends on
B, K, and the structure conditions.
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Finally, let us consider the last case that P € Z3\ Z;. Notice that at P
- 57
D(ﬂé)(P) = Dw(P) _ l)gtoip), DQ(ﬂé)(P) > DQ’LU(P) _ l)(i(P)’
5(P
0,1’ (P) < dyw(P) — MCE ).
(D) 12w - D))

dw(P) — 8t€5(P)/a
(3.35)

(F) < ~019(P)

d+1
= Lu(p).

Therefore,
o«
Moreover, since —w; det D*w = f,g/(a)¢!, by the inequality of arithmetic
(3.36)

)
Ld)u

(g

and geometric means

LJ)’LU S
Q
On the other hand, following the proof of [5, Lemma 2.1], we can show that
5y o L =0 [D@)P
L:(a@®) > -
in particular,
1—46 |D(@)(P)?
Loy > L0 D@
6u(P)  Ag(P)
(3.37)

]
1-6 |Dw(P)— Dé(P)/Cg\Q‘

which, with (3.35) and (3.36), implies that
Ll IS VIS DN o . -
= P 2 N
For the right-hand side of the inequality above, applying Lemma 2.1 to w,

—w(P)
P,0Z4(tp))’
Combining with the fact that

we find that
Dw(P)| <
|Dw(P)| < dist(

Because P € Zs, dist(P,0Z4(tp)) > C(pB)
|lw(P)| < C(K)(e +n), we find
[Vw(P)| < C(K, B)(e +n).
Next we show that |D(P)| has a lower bound for P € Z3\ Z;. Recall that

V¢(0,40) = 0 and

We choose 79 so small depending on Cs that (—4(K — ),0) x {yo} C

Q&((()?yO)a h) = {Z : (5(2”) < (23(07:00) + h, t < O}
Qq;((O,yo), 1/8) and certainly (—4(K —/3),0)x{yo} C Qq;(((), Yo), 1/4). Then
(3.38)

for each s € (—4(K — (3),0), let us consider
min .
Q5((0,50),1/4)N{t=s}
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One can easily show that the point gs, where (3.38) is attainted, must be in
Q45((0,50),1/8) N {t = s}. Since V(s,qs) =0, it follows immediately that

g L 1 B
(qsa §|8) C Qq}((oayﬁ)) Z) N {t - S}‘
Because
1 L1
Q3((0,0), ) N {t € (—4(K — 5),0)} € (~4(K — §),0) x 5*(yo, 50),

for (t,z) € Z3 \ Z1, it follows that = ¢ S*(g¢, 1/8]t). This indicates that
|Dé(t, )| > C, where C' is universal, i.e., | Dd(P)| has a lower bound. From
(3.37), we get

_ _ 2
e dul(P) A¢(P)
Hence, for e, n sufficiently small, the right-hand side of the inequality above
is strictly positive, which means that f, cannot be 1, i.e., P ¢ H,. In other
words, A¢p(P) < 1/n. We modify the inequality above to obtain

W (P) > 17_50(1(, 3).

Since P is the minimum point of @’ — (w — ¢/a), we get

B (t,2) 2 #(P) + (wit,z) — 20— - 2y(p)
> 120K, )~ 2 sup (fuf + 1)
zZ€Z3 «

Note that we have the upper bounds for |w| and |¢|. By taking  sufficiently
small, we obtain the lower bound for % in Z5. Hence, the last case is proved
and so is the lemma. O

Denote 79 = min{7,~/2}, where 7 and v are the constants in Corollary
3.5 and Lemma 3.6, respectively. Combining Lemma 3.4, Corollary 3.5, and
Lemma 3.6, we get the following theorem.

Theorem 3.7. Assume that u is a nonnegative solution of (1.1) and (1.2).
Let h > 0,29 = (to,x0), and 2’ = (tg + cobh,xg). Suppose that

Cinf w1,
Qeq (2,0h)

then there exists a universal constant My such that
{z € Qey(20, 1) s u(2) < Mo}| > £|Qcy (20, B), (3.39)

where € is the constant in (3.28).
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Proof. By a scaling and translation of the coordinates, we assume h = 1 and
2o = (0,0). We prove the theorem by contradiction. If (3.39) does not hold,
then applying Lemma 3.4 to 8u/Mj, we get

inf u > %. (3.40)
Q(3)
By Corollary 3.5 with h = 1/4, it follows that
1
inf{u(z) : z € (0, 20] x50, 55 :f) > = (3.41)

Since 179 < 7, where 7 is the constant in Corollary 3.5, and notice that in
the proof of Corollary 3.5 we restrict 7 < ¢/6, by Lemma 3.1 we have
1 79

1 1
—|— - —10). 42
50, 351™) € 50, 110) € 50, 110 (3.2
From (3.40), (3.41), and (3.42) we get

. . 1 T0 1 T0
1nf{u(z).z€(—2co,4]>< S(0, ' 20 4)}_ :
Then applying Lemma 3.6 with
_( 0T 17
Ql_( 474]XS(0789|4)a
T0 1 T0
QQ ( 4]XS(071‘Z)7
and 0 = 303/4 = K/2 = 19/16, we obtain
. T0 1 T0 M()
1nf{u(z):z€(0,Z]><S( 4|4)}_82L

where L; is universal. Next, we claim that there exists a universal constant

L > L1 so that
My

Cinf w2 (3.43)
Qep((ZL0),3)  — 8L
It is sufficient to prove
) 0 1 1,70 My
inf{u(z): z € (Z - 560,0] x S(0, Z\Z)} > @72
By Lemma 3.1, for any ¢ € (2 — 2¢o, 0]
1 7 0
S(0, 4\ 4) c S(0, ] ). (3.44)

On the other hand, since {t} x S(0, 45]t) C Q(%) and from (3.40)

inf{u(z) : z € {t} x S(0, ’ )

Denote Q1 = (t — 2, 1] x S(0, [t) and Q2 = (t— %,t] x S(0, 2|t). We apply
Lemma 3.6 to Ql and QQ, and obtain

inf{u(z) : = € (t = 2,1 x SO, %]t)} > é”LZ
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Denote Q3 = (t — 13,t] x S(0,0[t). Then we apply Lemma 3.6 again to Q-
and Qg

. T0 M[)
f : - — > .
inf{u(z): z € (¢ 16,t] x 5(0,01t)} > Lol

It follows from the inequality above and (3.44) that

1 719 My
Yiry 8LyL3’
Therefore, we prove the claim by taking L = max{Ly, Lo, L3}.

For convenience, we denote M; = 82L? and t;, = kto/4 for k > 0. Then

it is easy to apply an induction argument to show that
) ~ 1 M,

inf{u(z) : z € Qc, ((tx,0), =)} > —2. (3.45)
2 M;

Let kg be an integer such that ¢3,_; < cof < ty,. Next we claim that there

inf{u(z) : z € {t} x S(O >

exists a universal constant L so that
_inf u > Mfoﬁ
Qeg ((c00,0),0)
For any ¢ € (0, cof], by Lemma 3.1
S(0,0|cob) € S(0,6%|t).
There exists a j < kg such that t; 1 <t <t;. Wefirst consider t;_1 <t <.
From (3.45) and Lemma 3.1,
. . Co 1 M()
inf{u(z) :z € (t; — E’t] x S(0, 4—0|t)} > ﬁf
By our choice of 79 (19 < ¢p), we have t — (t; — co/2) > 70/4. Similar to the
proof of (3.43), we apply Lemma 3.6 repeatedly. Denote Q; = (t — 79 /4, t] X
S(0,1/(40)|t) and Qo = (t — 79/8,t] x S(0,1/2|t) and apply Lemma 3.6 to
Q1 and Qs to get

(3.46)

) 0 1 My
inf{u(z):z€ (t——,t] x S(0,=[t)} > ———.
()2 € (1= ot x SO 510} 2 -
By induction, it is easy to see that
. 0 (20)-1 M,
inf{u(z):z € (t— —,t x S(0, Hy>—"
(1) 2 € (6= oot x SO} 2

for any i > 1, where each L; is universal. Then for ig so that (20)"0~1/2 > 62,
we have

My
inf{u(z) : z € {t} x S(0, cob?t)} > —— —.
(02) 12 € 1) X SO0, e} 2
Therefore, for any j < ko and t € (tj_1,1;)
Moy

inf{u(z) : z € {t} x S(0,cof*t)} > (3.47)

MFLy Ly,
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For the case when t = t;_1, instead of (3.46), we have

. ~ 1 My
inf{u(z) : z € Q¢ ((tj-1,0), 5)} > M{fl.
The rest of the proof is the same. We combine (3.47) and (3.46) to get that

. My
L Jof o uZ e,
Qeg((c00,0),0) MLy - Ly,

which proves the claim. Moreover, this gives us an contradiction with

~inf u<l
Oy ((c00,0),0)

if My > Mfoﬁl ‘e f/io. Therefore, we prove the lemma.

With the help of Theorem 3.7, we obtain the following lemma.

Lemma 3.8. Assume all the conditions in Lemma 3.2 with zo = (0,0) and

~inf u < 1.
Qco((TO)O):TO)

For any z € Q(1), p >0, and M > 0 such that

|Qeo (2, 0) N {u > M} > (1 —2)|Qc (2, )],
where € is defined in (3.28), then

p<CM™7,
where C and o are universal constants.
Proof. Let ti, =1t + 25:1 cop®’ and k* be the integer such that tz« > Tp >
tg=_1, which implies that Qe, ((t,z),8%p) N {t = Ty} # 0. This yields that
(To —t)(# — 1) (To —t)(# — 1)
cobp cobp

Applying Theorem 3.7 to uMy/M, we obtain u > M /My in Q. ((t1, x0), Op).
Implementing Theorem 3.7 repeatedly, we get

logg(1 + ) < E*<1+logy(l+ ). (3.48)

where K(z) is defined in (3.8). From Lemma 3.2, we know that
Qeo (T, 0),70) C (U320 K;(2)) N {t € (0, Ty]}- (3.50)
Since
inf u <1,

QC()((TO’O)JO)
from (3.49) and (3.50),
M < MY
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From the estimate of k* in (3.48), the fact that —cyp < ¢ < 0, and the
inequality above, by a simple calculation, we get

_ (0t ) (0~ 1)(eMo)*
P> COMlogO

—CM°,

where C and o are universal constants. O

4. CALDERON-ZYGMUND DECOMPOSITION

In this section, we obtain a Calderén-Zygmund type decomposition with
respect to our parabolic sections, which is a necessary tool in establishing
a power decay of the distribution function. As noted in [7], based on the
strong geometrical properties provided in Section 2, for fixed ¢, s(z, h|t)
satisfies the list of axioms in [18, Section 1.1], so several theorems in real
analysis hold using S(z, h|t) in place of Euclidean balls. In this section, we
show our parabolic sections satisfy similar properties so that these theorems
hold for the parabolic sections as well. For the Besides our parabolic section
Qco(z,r), we use the following domains in our proof. Let m > 1 be an
integer. Set

~ 1
QG (=, h) = (t+ (m — 2)coh, t + (m — D)eoh] x (o, 7hlt),

1
m(z,h) = Um+1QCO (z,h) = (t — coh,t + mcoh] x S(xo, §h‘t)’
~ 1
ez, h) = UmHQCO (z,h) = (t,t +mcoh] x S(xo, §h\t).

We denote ng (z,h) = (t —coh,t+0h) x S(x, h/2|t), where § < ¢g is a small
parameter to be determined later. Then we prove the following lemma which
is an important ingredient in proving the Calderén-Zygmund decomposition.

Lemma 4.1. There exist positive universal constants Ky, K, K3, and €9
with the following property: Given two sections QCD(Z(),T()) QCO(z r) with
r <o, T an affine transformation that normalizes S(xo,70/2[to), and T}, is
defined in (3.22), if

Q% (20,m0) N Q2 (2,7) # 0,

then
(t' — covt' +6—) x B!, Ki(—)) C Ty(Q?, (=,7))
To To To
T r
= o '+ 61) x B(a!, Ky —)7?
C( COT,()? + TQ)X ('T> 2(7,0) )7
where

TP(Z) = (t/7x/)7
and Ty(z) € (—co — 0,co + 9) x B(0, K3).



22 H. ZHANG

Proof. Upon taking a translation of the coordinates, without loss of general-
ity, we assume 29 = (0,0) and hence T),(s,y) = (s/ro, Ty). First we consider
the case when t < 0. Since

ng (07 TO) m ng (Z7 T) # @7
obviously t € (—coro — 6r,0) and
S(z, %r]t) N S(0, %roy()) 20,

By Lemma 3.1, § < ¢y, and as we hinted in the beginning of Section 3
co < ép/2 so that ¢op+ d < ¢ we have

5(0,%10) ¢ 50, 70p) (4.51)
which implies
S(z, %r]t) A S(0, gr0|t) £0. (4.52)

Because T'(S5(0, 370[0)) is normalized, i.e., 3aq > 0 such that
B(0,aq) € T(S(0, %rol())) c B(0,1).
Then there exist 0 < by < ¢gq such that
B(0,bs) € T(S(0, gr0|t)) C B0, cy). (4.53)

In fact, by Lemma 3.1

2

0 0
S<O7 §T0|t) - S(Ov ?T0’0)7

and from property (v) there exists a constant Ag large such that

2

T(S(0, %r0|0)) C T(X0S(0, %T0|0)) C B0, \).

Hence,
2

T(S(0, gro\t)) C T(S(0, %royo» C B(0, \o).

In this way, we find ¢4 = Ao. On the other hand, since S(0,70/2|0) C
S(0,0r¢/2|t), we take by = aq. From (4.52), (4.53), and [9, Theorem 3.3.8],
we know that
B(T, Ki-—) € T(S(z, -r[t)) C B(Tx, Ky
0’/‘0 2
and Tz € B(0, K3). Therefore,

t—cor t+or
B(Tx, K
( o ) o )X ( z, 197"0

t—cor t+or r
B(Tx, Ko(—)%2).
C (O ) ¢ BT Kl )
Since t € (—coro—0r,0), let &/ = Tx, t' =t/ro € (—co—0,0). We prove this
case.

yezy,

9’/“0

r

) C Tp(Q(2,7)
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Next, we consider the case when ¢ > 0. Obviously, t € [0,drg + cor].
Combining the fact that » < rp and ¢ < ¢g, we find that (4.51) still holds in
this case. The rest of the proof follows exactly the previous case. Therefore,
we prove the lemma. O

Denote K°(z,r) = (t — cor,t + 0r) x B(z,7/2) and we have the following
Lemma.

Lemma 4.2. There exists a small constant ¢ > 0 depending on § and the
structure conditions such that the following holds: let z ¢ Q2 (z0,7) and T,

co
is an affine transformation that normalizes Q.,(zo,7), then

K%(Ty(2),ce) N TH(Q2, (20, (L —€)r)) =0, for0<e<1.

Proof. First if t ¢ (to — cor,to + dr), we only need to consider that the
intersection is empty in the ¢ variable. Indeed,

1—=¢
2

Tp(Q2 (20, (1 = €)r)) = (—eo(1 — ),6(1 — &)) x T(S (o, rlto))-

It is easy to find ¢ < §/co such that
K (Ty(2), ) N T(Qe, (20, (1 — €)1)) = 0.

co

If t € (to — cor, to+ Or), then x ¢ S(xo,7/2|ty). By [9, Corollary 3.3.6], there

exists ¢ > 0 such that

1—e¢
2

Hence, we prove the lemma. O

B(T(x), ce®) N T(S (o,

rlto)) = 0.

Now we are ready to prove a Besicovitch’s type covering lemma with

respect to ng(z, h). For the covering lemma in a metric setting, please see
[8].

Lemma 4.3. Let O be a bounded set. Suppose that for each z € O a section
ng(z,h) is given such that h < M, where M is fized. Denote by F this
family of parabolic sections. Then there exists a countable subfamily of F,
{ng(zk, hi) }32 1, with the following properties:

(i) O C U2, Q, (ks h)-

(ii) 2k ¢ Uk<ngo(Zj7 hj), Vk > 2.

(iii) Fore > 0 small and universal, we have that the family F, = {ng (zx, (1—
e)hi) 52, has bounded overlap. More precisely

[e.9]

X8, (o, (1-e)hy) (2) = Colog(1/e),
k=1

where Cy depends on §, and the structure conditions; xg denotes the char-
acteristic function of E.
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Proof. We follow the lines of the proof of [11, Lemma 2.1} and [4, Lemma 1],
though some details are different. Following the same process as in [11] and
[4], we construct a sequence of the families of the parabolic sections {F]}
for i > 0. Precisely, assume N = sup{r : ng(z, r) € F'}. Let

~ N 3
Fo = {ng(z,r) Py <r <N, ng(z,'r) € F},

and

Oo = {z: Q% (2,7) € Fo}.
Pick ng(zl, r1) € Fo. If Op C ng(zl, r1), then we stop. Otherwise, we pick
Qg0(227 re) € Fo with 29 € Op \ ng(zl,rl). If Op C ng(zl,rl) U Qg0(227T2)7
we stop. Otherwise we continue the process. In this way, we construct a
subfamily F) = {Q2 (22,79)}32,. Next we consider

F1 = {ng(z,r) eF:—<r<—},

and
O ={z: ng(z,r) € Fiand z ¢ U;’ilé‘s (z?,r?)}.

<o
We repeat the construction above for the set O; and obtain a family of
sections denoted by F| = {ng(zil, r1)}22,. In the same way, at kth step, we
obtain F! = {Qio(zf,rf) 2.

With the help of Lemma 4.1, we are able to show that each F| has bounded

overlapping. Indeed let us assume that ng(zj, r;) € Fl for 1 <j < K and
zZ € ng(zlarl) M---nN Qg()(ZK,?“K)-

For simplicity, we suppose that ng(zo,ro) is a section in {ng(zj,rj)}szl

with 79 = max{r; : 1 < j < K} and from the construction of F; we know

2 ¢ ng (zk,ry) for I > k. Let T, be an affine transformation that normalizes

Qco(20,70). By Lemma 4.1, it is obvious that for [ > k

Tk Tk Tk
Tp(zl) §é (t;c - CUivt;c + 57) X B(x;w Kl(i)%
To 7o To
where T),(z;) = (t},,2},). This, together with the fact that 1 < r;/ro < 2,
which is guaranteed by the construction, implies that

Tp(z1) — Tp(zi)| > C for 1>k,

where C' depends on K7, ¢y, and §. Therefore, an argument similar to that
of Lemma 1 in [4] shows that overlapping in each F is at most o depending
on C' and the structure conditions but not on 4.

Next since O is bounded, combining the fact that each F/ has finite over-
lapping with Lemma 4.1, we show that F/ is finite for each i. Consider

Fl = {ng (2j,75)}52;- Since O is bounded and by construction N2~(+D) <

r; < N27% there is a constant C > 2 depending on diam(O), N, cp, and 4,
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such that O C ng(zl,(frl) and Cr; > N27%. Let T, be an affine transfor-
mation that normalizes QCO (zl,Crl). From Lemma 4.1, it follows that

(t’ — cp=>— t'+5 Iy x B(x ch ) C 1T, (QCO(ZJ,’I“J))

C C?“l
_ X B(x'. Ko(—2-)c2
(t COC t +5C ) (ZL'], 2(C 1) )7
where 27 := (t;, ]) € K%(0, K3) and K3 is a large constant. Hence
K Ky

- K‘S(O, Ky), (4.54)

where Ky is a large constant depending on K, K9, K3,¢2, and d. Since F,
has overlapping bounded by «, then

Z XT,(Q2) (25,m1))
J

By (4.54)

ZXK‘;(z;-,dl) < QXK (0,K4)
J
where d; depends on K1, K5, K3,C, and d. Then it follows immediately that
there are only finitely many sections in F}.
Finally, after shrinking the sections to ng(z, (1 —e)r), we are able to
prove that the overlappings between different Fs are bounded. In fact, let
€ (0,1) and

20 € ﬂngO (Z;ii, (1-— 6)7“]6-;), (4.55)

where er < e <o <og . N2 (et rjl < N27¢%. We denote
Z; = Zj
and e;. Let T}, be an afﬁne transformation that normalizes QCO(Z“T@). By
our construction, r; > r;. From Lemma 4.1,

- co(1 — E)Tl,t' n o(1— a)rl) « Bl Ky (1

and r; = r lemg 1 and I > i, we estimate the gap between e;

A=) 1 (@D (0, (1 £))

T r; T

co(1 — €)Tl’t, n o(1— e)rl) " B(x’,Kg((l — 5)77)52)’

T T T

c(t -

where T),(z;) = (t,2'). Since z; ¢ ng (zi,7:), by Lemma 4.2

KO (Tp(21), c2®) N Tp(Q0 (21, (1 = £)r3)) = 0,
which implies that

1 1—¢)r (1l —e)r
Ses < ITy(2) = Ty(z0)| < KQ((W)EQ) N (r)l
< K2( )82 + 5 < Ky glei—eitllez | goei—er < Ks(0) max{2(€i—€l+1)€27 gei—ery,

T’L ’L
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which implies that e; —e; < C'log(1/¢), where C' depends on 6, ¢, €2, and Ko.
Hence, the sections in (4.55) are at most C'log(1/).

Denote F' = U;F/ and we claim F’ satisfies properties (i)-(iii). Since
each F/ has finitely many sections, 7’ has countably many sections. More-
over, from our construction, F, covers each O;, hence F' covers O. The
second property holds automatically by our construction and relabeling the
sections. Combining the fact that each F has finitely many sections and
the overlapping between different families of sections are bounded, we prove
the third property. Therefore, the proof is completed. O

With Lemma 4.3, the following version of Calderén-Zygmund decompo-
sition theorem follows Theorem 2.1 and Lemma 2.3 in [11] with measure M
replaced by the Lebesgue measure exactly.

Theorem 4.4. Assume that A € (0,1),2¢ € ]RdHN, ho > 0, and ¢ satisfies
(1.1) and (1.2). Given a bounded open set O C Qc,(z0,ho), there exists a
family of parabolic sections F' = {Q.,(zk, hx)} with the following properties:

(1) z, € O,VEk.

(2) O C U, Q% (21, i)
|ONQ2, (z1-hi)|

(3) IQCO(ZImhk)‘ =X

(4) |O] <e(X )m+1|U 1Q (21, hi)|, for anym > 1, where ¢()\) € (0,1)
depends on A but not on O and F,

where § > 0, and m* is the smallest integer such that m* > m + dm.

5. HARNACK INEQUALITY

Before proving our main result, we have the following lemma about the
shrinking property at different time.

Lemma 5.1. There exist universal constants Cy > 0 and p; > 1 such that

for0<r<s<1,h>0andz=(t,x) € (to—rcoh,to+rcoh)xS(xo,rh/2|ty)

we have

Co(s —r)P*h
2

Proof. By a translation of the coordinates, we may assume that zg = (0,0).
Upon applying the transformation 7}, let us assume that h = 1 and S(0, 1/2|0)
is normalized. First we consider t € (—cor,0). By Lemma 3.1, we have

h
S(a, It) C S(o, %uo).

v € 50,210 € 50, %) < 50,21,

Following the same argument as in Lemma 4.1, there exist 0 < by < ¢4 such
that

0
B(0,b4) C S(0, i\t) C B(0,c¢q).



HARNACK INEQUALITY 27

This implies that S(0, 6/2|t) is almost normalized and so is S(0, 1/2|t). Since
x € 5(0,0/2]t), by property (ii) with 7' = id, there exist two universal
constants K71, e such that

S(z, plt) C Bz, Kp°) (5.56)
for p < 1. Because x € S(0,7/2|0), by property (iii) we have
s—r
2

where C,p are universal. Since S(0,1/2]0) is normalized, by property (ii)
with T' = id, we obtain

Sz, C(

10) € S(0, 510).

sS—7T

B(x,KQC(%)P\O)cs(x,C( —)"10) (5.57)

Combining (5.56) with (5.57), we choose

CKa 1/ p/e
p < 2(@) (s —r)P/e,
which indicates that
CK2 1
— 9(L22\1l/e = p/e.
Co (K12P) , D1=Dp/e

Therefore, the proof of the case when ¢t € (—cor,0) is completed.
For ¢t € (0, cor), one can check easily that the whole argument above holds
as well. Therefore we prove the lemma. ([

We then show a weak Harnack inequality by proving a power decay of the
distribution function of w.

Lemma 5.2. Let zyp = (0,0),Ty = ¢éof, and ro is the constant in Lemma
3.2. Assume that

~inf u < 1.
QCQ((T()»O):TO)

Then there exists a cylindrical domain
Y6} 3¢ 1 Co ~
=(——,——) x S50,=]| - =) C 1
Q ( 87 8)X (78| 2) QCO(Z()? )
and universal constants M large, 0 < v < 1, C' > 0 and integer m such that
{u > M} N Q| < C~+*|Q| Vk eN. (5.58)

Proof. We are going to construct a sequence of decreasing domains @ con-
verging to ) and satisfying

{u> M} Qi < CH*Q| Yk €N, (5.59)

from which (5.58) follows immediately. First we choose

(% _, _© ‘@
Qk_( 2 tka 2 —i—tk)XS(O,Oék‘Q),
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where tj, < ¢p/4 and oy < 1/4 to be determined later. For k = kg, where kg
large to be determined later, we pick C depending on d, \, A, C1, Cs, and kg
to be sufficiently large so that
360 Co 1 Co k
—_ —— | = =) < C¥™|Q|.

200y 50,51 - Dy < eyl
Now assume that (5.59) is valid for k£ and let us consider k+ 1. By applying
Theorem 4.4 to O = {u > MV} N Q. with A > 1 — ¢, where ¢ is the
constant in Theorem 3.7, we can find z; € {u > MV N Qpyy and p;
such that

Q% (25, ) N {u = MEED™Y 0 Q] = A Q2 (25 25)

for 5 > 1, which implies that

Q2 (25, ) N {u > MEEI™Y > NIQ2 (25, pj)]-

Furthermore, for § small, we have

N 5
Qo (27, p5) N {u > MEFDMY > (X — %)|Q00(zjapj)|‘

Let us choose § sufficiently small such that A — §/cop > 1 — ¢ and fix this 4.
By Theorem 4.4,

m—+1
m

{u > MED™ N Q| < e(N) | U5, Qg*(zij)‘-

We take v € (¢(\), 1) and choose m sufficiently large so that c¢(A)(m + 1)/m <
~. Then it follows that

{u > MED™y 0 Q| <y U Qi (25,05)-
Next after selecting proper Qy, i.e., ay and ti, we want to show that for any
J
Q™ (25, pj) € {u > M} N Q. (5.60)
By Lemma 3.1 and (3.7), one can easily check that

D (2,p) C U Ki(2),

co

where K;(z) is defined in (3.8). Upon applying Theorem 3.7 m* times, we
find that

M (k+1)m . -
u > YT Qo (25, P5)- (5.61)
0
If M > M3™, then
M(k+1)m - Mk:m
M{)“* - ’

which by (5.61) yields

Q" (2, p;) C {u> M}
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It only remains to prove Qg’é*(zj, pj) C Qr. We treat the x variable and the

t variable separately. From Lemma 3.8, we know that
For the = variable by Lemma 5.1,

Ci
S(x, Colo — cpp1)P|t;) € S(0, ] — =).

2
Let us take ap = 1/4 and

k—
Z (1 pg-s+vm/m
=0

,_.

1
T4

9

where C' is the constant in (5.62). Then {oy} satisfies

Therefore, by (5.62)
pj < OMOHFFI™ — O (o — gy )P
which from (5.63) implies
<o
S(l’j,pj|tj) C S(0,0zk| — 5)
On the other hand, for the ¢ variable we need
th1 +mTcop; < .
So we choose ty = ¢p/4 and
. k—1
0 e
= el Y M
]:

In this way
ty — thy1 = m*COCMils(kJrl)m
which combining with (5.62) shows (5.64).

(5.62)

(5.63)

(5.64)

Finally, we need that the summations in the formulas of «a and ti to
converge, which are guaranteed by taking M sufficiently large, for instance,

oo ' 1
e M*‘S(]+1)m < =
ey L

and

C 1/ = 1 st
_ M J+1)m/p1 < .
3 8
Now we finish the proof of (5.60). Therefore

{u > MEFI™Y A Qpuq| < Al{u > MF™) 0 Qi) < Q.

It remains to pick ko large such that Qp, C Q(1). Hence, the proof is com-

pleted.

O
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For the domain ) in Lemma 5.2, following a standard argument we deduce
that there exists a constant p > 0 such that for any h > 0

Hu>h}nQ| < Ch™P,
which implies

/ uP da dt < C, (5.65)
Q

where p < p. For simplicity of the notation, we still use p to denote the
constant in (5.65). In the rest of the paper, we denote z = (—cp/2,0)
and 1 = 1/8. Let @_ denote QCO(z,rl) so that Q_ C Q, and Q1 =
QCO((TO, 0),70), where Ty and rg are as in Lemma 5.2. Therefore, we prove
the following weak Harnack inequality

Theorem 5.3. Assume that w > 0 satisfies (1.1) and (1.2). Then there
exist universal constants C,p such that

/ uP dz dt < Cinf u.

Q+

Next we follow the idea in [11] to estimate supg u. For convenience, we
denote v = 16/15.

Lemma 5.4. Let u > 0 satisfy (1.1) and (1.2). Suppose that Q- =
Qco(2,71), and

/ wPdz dt < C|Q_| (5.66)

for some C > 0. Then there exist constants C3,01, and jo depending on C,
p, and the structure conditions such that for 2 = (t',2') € Qe (2,3r1/4),
and j > jo, if u(2') > 8771, then

sup wu > 817,

Q(#,p)
where p = Csv =71 and Qg (', p) C Q.

Proof. We prove the lemma by contradiction. Suppose that SUPQ, (21, U <
CO b

817 and consider
817 — u(z)
BT
It follows that w > 0 and w satisfies (1.1). One can easily check that
w(z’) < 1. Applying Lemma 3.4 to w, we obtain

{w < 8} N Qe (2, p)| = £0|Qeo (2, ),
which is
|{u > 47/3} N Qco(z/’p” > 50|QCO(Z,7P)|'
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Since 2’ € Qe (2, 321) and by Lemma 5.1, it is easily seen that there exists a

large constant jy depending on C3 and 41 so that for any j > jo, Qco(z ,p) C
@-. By the Chebyshev inequality and (5.66)

{u > 47} 1 Gy (7, )] < (4uj)_p/ WP dz dt < C(47)P|Q_|.
Q

Combining the two inequalities above, we obtain

C(7)P|Q-| = 20| Qu (', P)]
ie.,
C(47)Pegr1|S(z,r1[t)| > eocop|S(2, plt)). (5.67)
Since 2’ € Q(z, 3r1), by Lemma 3.1 we know that
|S(z,r1]t)| < |S(z, 0r1|t)].
Then by property (iv) of sections, it follows that

|S(z, 9r1!t)\<0( =)4S(, plt)],

where C' is universal. Combining the two inequalities above with (5.67), we
get
CCA‘V*WT‘%‘H > pitd,
This implies that if we set C3 = (CC)Y@D 41 and §; = p/(d + 1), the
inequality above contradicts with p = C3v =997, Hence we prove the lemma.
O

The following theorem is about the estimate of supg .

Theorem 5.5. Let u > 0 satisfy (1.1) and (1.2). Suppose that u satisfies
(5.66). Then there exists j1 such that SUPQ, (2/2) ¥ = 8vit—1 where j
only depends on C,p, and the structure conditions.

Proof. Choose j1 > jo such that

0y~ 01U1tk
Z(Cwy—(]))l/m < 17 (5.68)

— Co 4

J2j1
where jg,C3, and d; are the constants in Lemma 5.4, p; and Cy are the
constants in Lemma 5.1. We claim that SUDG) (5, /2) U < 87171, Otherwise,
suppose that there exists 2’ € Qe,(2,71/2) such that u(z’) > 871~1. By ap-
plying Lemma 5.4 we are going to find a sequence of points {zk} and para-
bolic sections Q. (z, hy) such that z, € Qco(z hi), Qe (2, hy) C QCO( z,2r1),
and u(z;) > 8571171, Denote zg = 2’ and Qe (2, ho) = Qey (2, 3). Suppose
that we find {z; }5:1 and {h; }?Zl satisfy our conditions. Then for k + 1,
since u(zg) > 8v71HF—1 by Lemma 5.4, we have zp41 € Qe (2k, pr) such
that w(zpp1) > 871, where pj, = Csp =101+ Tt suffices to choose hj
such that

QCO (Zk) Pk) - QCO (Za hk—‘rl)'
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We consider the spatial variables z and time variable ¢ separately. Since
2k € Qe (2, hy), for the t variable we only need

P — by > pp = Cyp~0101+k), (5.69)

For the spatial variables x, by Lemma 3.1, it is sufficient to consider

0 h
S(ay, %\t) C S(a, ZL D).

Because zj € S(z, %’“]t), by Lemma 5.1, we need

Opr < Co(hgs1 — hy)P?,

which can be rewritten as

0 C0p—0101+k)
hipr — by > (SEE)P = ()i, (5.70)

Co Co
Since p1,v > 1, we have v=9% < p=9/P1_ Then for j; sufficiently large de-
pending on Cy, Cs, 6, and 61, (5.70) implies (5.69), which indicates that we
can pick

01(j1+k)
b1 =
0

k
Cs0v~
r Y (FE )y,
j=1

| =

C

By (5.68), we know that Qc,(2, ) C Qc,(2, 3r1) for any k € N. On the
other hand, since for each k, u(zxy1) > v717F, this contradicts with the
assumption that u is continuous in QCO (z, %7"1). Therefore, we prove the
lemma.

O

Proof of Theorem 1.1. First we prove

sup u<C _ inf o, (5.71)
Qg (2,13 Qo (To,0),70)

where z = (—cp/2,0), 11 = 1/8 and Q.,((Ty,0),70) = QT as in Theorem
5.3. Without loss of generality, we assume that inf 5 u < 1. Hence,
Qco((T070)7TO)
we only need to prove SUPQ, (2,71 U < C, which can be easily shown by
¢ ’ 7D

combining Theorem 5.5 and Theorem 5.3. Therefore we prove (5.71). Then
Theorem 1.1 follows easily by scaling and translation of the coordinates. [J

Proof of Corollary 1.3. By scaling and translation of the coordinates, we
may assume that zp = (0,0) and R = 1. Let M = supgqy u and m =
inf O(1) U- We consider M —u and u—m which are both nonnegative solution
of (1.1). By Theorem 1.1, Remark 1.2, and the arguments of scaling and
translation of the coordinates, we can find parabolic sections (1 and Qo
such that for any nonnegative solution v of (1.1) and (1.2),

supv < C'inf v,
Q1 Q2
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where 3 R
Q1= Qe ((t1,21),71), Q2= Q(ro),

and t; < —cgrg. Then it is sufficient to prove the corollary for p < rg. We
apply Theorem 1.1 to u —m and M — w in ()1 and Q)2 to get,

sup(u —m) < Cinf(u —m),
1 Q2
sup(M — u) < Cinf(M — u).
Q1 @2

We add the two inequalities above to obtain

M —m+supu —infu < C(M —m — (supu — inf u)).
Q1 @1 Q2 Q2
This implies that
Cc-1

C

0scq,u <
which is
0SC3 (o) U < ?oscé(l)u.
Then an elementary iteration proves the corollary, for instance see [15]. O

Remark 5.6. We can obtain the Holder continuity of u from Corollary 1.3,
but the Holder constant depends on the norm of the affine transformation
which normalizes the section under consideration. The detail can be found
in [11] and [5].
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