DINI ESTIMATES FOR NONLOCAL FULLY NONLINEAR
ELLIPTIC EQUATIONS

HONGJIE DONG AND HONG ZHANG

ABSTRACT. We obtain Dini type estimates for a class of concave fully nonlinear
nonlocal elliptic equations of order o € (0,2) with rough and non-symmetric
kernels. The proof is based on a novel application of Campanato’s approach
and a refined C°+< estimate in [8].

1. INTRODUCTION AND MAIN RESULTS

The paper is a continuation of our previous work [8], where we studied Schauder
estimates for concave fully nonlinear nonlocal elliptic and parabolic equations. In
particular, when the kernels are translation invariant and the data are merely
bounded and measurable, we proved the C? estimate, which is very different from
the classical theory for second-order elliptic and parabolic equations. In this paper,
we consider concave fully nonlinear nonlocal elliptic equations with Dini continuous
coefficients and nonhomogeneous terms, and establish a C? estimate under these
assumptions.

The study of classical elliptic equations with Dini continuous coefficients and
data has a long history. Burch [3] first considered divergence type linear elliptic
equations with Dini continuous coefficients and data, and estimated the modulus
of continuity of the derivatives of solutions. The corresponding result for concave
fully nonlinear elliptic equations was obtained by Kovats [14], which generalized
a previous result by Safonov [23]. Wang [27] studied linear non-divergence type
elliptic and parabolic equations with Dini continuous coefficients and data, and
gave a simple proof to estimate the modulus of continuity of the second-order
derivatives of solutions. See, also [18, 26, 1, 11, 19, 17], and the references therein.

Recently, there is extensive work on the regularity theory for nonlocal elliptic
and parabolic equations. For example, C® estimates, C*“ estimates, Evans-Krylov
type theorem, and Schauder estimates were established in the past decade. See,
for instance, [4, 5, 9, 10, 12, 6, 7, 16, 15, 25, 22], and the references therein. In
particular, Mou [22] investigated a class of concave fully nonlinear nonlocal elliptic
equations with smooth symmetric kernels, and obtained the C'? estimate under a
slightly stronger assumption than the usual Dini continuity on the coefficients and
data. The author implemented a recursive Evans-Krylov theorem, which was first
studied by Jin and Xiong [16], as well as a perturbation type argument. In this
paper, by using a novel perturbation type argument, we relax the regularity as-
sumption to simply Dini continuity and also remove the symmetry and smoothness
assumptions on the kernels.

H. Dong was partially supported by the NSF under agreements DMS-1056737 and DMS-
1600593.
H. Zhang was partially supported by the NSF under agreement DMS-1056737.
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To be more specific, we are interested in fully nonlinear nonlocal elliptic equations
in the form

inf (L — 1.1
51161,4( pu+ fg) =0, (1.1)

where A is an index set and for each 8 € A,

Lou= [ dule.)K(ep)dy,
R

u(z +y) —u(x) —y - Du(x) for o € (1,2),
du(z,y) = Culz +y) —u(z) —y- Du(z)xs, for o =1,
u(z +y) — u(x) for o € (0,1),

and

Kp(,y) = ag(z,y)ly| =~
This type of nonlocal operators was first investigated by Komatsu [13], Mikulevi¢ius
and Pragarauskas [20, 21], and later by Dong and Kim [9, 10], and Schwab and
Silvestre [24], to name a few.

We assume that a(-,-) € [A, A] for some ellipticity constants 0 < A < A, and is
merely measurable with respect to the y variable. When ¢ = 1, we additionally
assume that
/ yKs(x,y)ds =0, (1.2)

r

for any r > 0, where S, is the sphere of radius r centered at the origin. We say that
a function f is Dini continuous if its modulus of continuity wy is a Dini function,
ie.,

/Olwf(r)/Tdr < .

The following theorem is our main result.

Theorem 1.1. Let 0 € (0,2), 0 < A < A < 00, and A be an index set. Assume
for each B € A, Kz satisfies (1.2) when o =1, and

lag(z,y) —ap(z’,y)| < Aw,(|z — 2']),
|fa(x) = fo(a")| < wy(lz —2')), ZlelallfﬁHLm(Bl) < 00,

where w, and wy are Ding functions. Suppose u € C°"(By) is a solution of (1.1)
in By and is Dini continuous in R®. Then we have the a priori estimate

o0
[ulo:B, ), < CllullL, + Cstép I follLmy + O (Wa@) +wp(279))  (13)
j=1
where C' > 0 is a constant depending only on d, o, A\, A, and w, Moreover, when
o # 1, we have
sup [u]U;BT(m) —0 as r—0
T0€EB1 /2
with a decay rate depending only ond, o, A\, A, wa, wy, Wy, and supge 4 || f5llL(By)-
When o = 1, Du is uniformly continuous in By, with a modulus of continuity
controlled by the quantities before.
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Here for simplicity we assume u € C"’+(Bl), which means that v € C°V¢(B)
for some arbitrary ¢ > 0. This condition is only needed for Lgu to be well defined,
and it may be replaced by other weaker conditions.

Remark 1.2. By a careful inspection of the proofs below, one can see that the
estimates above in fact only depend on d, o, A, A, supge 4 || f5llz..(B,), the modulus
continuity wy of fg in By, wy(r), wy(r) for 7 € (0,1), and |Jul|z, ,, where the weight
w = w(z) is equal to (1 + |x[)~9=7. In particular, u does not need to be globally
bounded in R?,

Roughly speaking, the proof can be divided into two steps: We first show that
Theorem 1.1 holds when the equation is satisfied in the whole space; Then we
implement a localization argument to treat the general case. In Step one, our
proof is based on a refined C7t* estimate in our previous paper [8] and a new
perturbation type argument, as the standard perturbation techniques do not seem
to work here. The novelty of this method is that instead of estimating C'° semi-
norm of the solution, we construct and bound certain semi-norms of the solution,
see Lemmas 2.1 and 2.2. When ¢ < 1, such semi-norm is defined as a series of lower-
order Holder semi-norms of u. This is in the spirit of Campanato’s approach first
developed in [2]. Heuristically, in order for the nonlocal operator to be well defined,
the solution needs to be smoother than C?. To resolve this problem, we divide
the integral domain into annuli, which allows us to use a lower-order semi-norm to
estimate the integral in each annulus. The series of lower-order semi-norms, which
turns out to be slightly stronger than the C? semi-norm, further implies that

[U)5:B, (2g) 0 as 7 —0

uniformly in zg. In particular, when o = 1 we are able to estimate the modulus of
continuity of the gradient of solutions. The proof of the case when ¢ > 1 is more
difficult than that of the case when o < 1. This is mainly due to the fact that the
series of lower-order Holder semi-norms of the solution itself is no longer sufficient
to estimate the C'? norm. Therefore, we need to subtract a polynomial from the
solution in the construction of the semi-norm. In some sense, the polynomial should
be taken to minimize the series. It turns out that when o > 1, up to a constant we
can choose the polynomial to be the first-order Taylor’s expansion of the solution.
The case ¢ = 1 is particularly challenging since the polynomial needs to be selected
carefully, for which an additional mollification argument is applied.

The organization of this paper is as follows. In the next section, we introduce
some notation and preliminary results that are necessary in the proof of our main
theorem. Some of these results might be of independent interest. In section 3, we
first prove a global version of Theorem 1.1 and then localize the result to obtain
Theorem 1.1.

2. PRELIMINARIES

We will frequently use the following identity
27 (u(z +2770) —u(z)) — (u(z + £) — u(z))

= 2]: 2871 (2u(x 4+ 2770) — u(x + 277) — u(z)), (2.1)
k=1

which holds for any ¢ € R? and nonnegative integer j.
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Denote P; to be the set of first-order polynomials of x.

Lemma 2.1. Let a € (0,0) be a constant.
(i) When o € (0,1), we have

[ul, < Csup sup 7% 7[ulpe (B, (z0)) < Csup sup " 7[ula;B, (0) (2.2)
>0 roERE r>0 roERE
where C' > 0 is a constant depending only on d, o, and o.
(i1) When o € (1,2), we have

[U]G < C’sup sup Taio[u]A”(BT(wo)) < CSup sup r®7 inf [u 7p]oz;Br(wo)a (23)
r>0 zo€R4 >0 goeR? PEP

o

where C' > 0 is a constant depending only on d, «, and o.
(iii) When o =1, we have

1Dullz., <CY sup 27 Vufpap, oy +C sup |u(z) —u(2')]

h—0 ToERY z,z’ €R?
|z—a'|=1
[ee]
—k(a—1) !
<C g sup 2% inf [u—p}a;Brk(m) +C sup Ju(z) —u(z'),
k—0 ToER? PEPL z,z’ €RY
|z—z'|=1

(2.4)

where C' > 0 is a constant depending only on d and . Moreover, we can estimate
the modulus of continuity of Du by the remainder of the summation on the right-
hand side of (2.4).

Proof. First we consider the case when o € (0,1). Let z,2" € RY be two different
points. Denote h = |z — 2’|. Since

u(z') —u(z) = = (w22’ — ) —u(z)) — %(U(QJZ/ —x) = 2u(z’) + u(z)),

[N

we get
h™7u(z’) — u(z)]
S 20—1 —0o (u

(2h) u(z)) + b~ %Nu(2’ — z) — 2u(z’) + u(z)|
S 2071(2h>7a

(22" —x) —
u(2z’ — ) — u(x)) + sup h* 7 [ulae (B, (2))-
z€R?

Taking the supremum with respect to x and 2’ on both sides, we get

[ule <27 Mulo 4+ sup B 7 [u)xe (B, (2)»
R4

which together with the triangle inequality gives (2.2).

For o € (1,2), let £ € R? be a unit vector and ¢ € (0,1/16) be a small constant
to be specified later. For any two distinct points x, 2’ € R?, we denote h = |z — 2/|.
By the triangle inequality,

W=7 |Deu(x) — Dyu(a')] < I + I + I, (2.5)
where
I = W9 Dyu(z) — (eh) " (u(z + ehb) — u(x))],
Iy = W=7 |Dgu(z’) — (eh) " (u(2’ + eht) — u(z"))],
I3 = h' 7 (eh) " (u(z + ehl) — u(z)) — (u(z’ + eht) — u(z'))|.
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By the mean value theorem,
I + I, <27 Y Duj,. (2.6)

Now we choose and fix a ¢ sufficiently small depending only on ¢ such that 2e7~1 <
1/2. Using the triangle inequality, we have

I3 < Ch™7 (Ju(z + ehl) + u(z') — 2u(Z)| + |u(z’ + ehl) + u(z) — 2u(Z)]),
where T = (z + ehl + 2’)/2. Thus,
I3 < Ch* % lu]pe (B, (2))- (2.7)

Combining (2.5), (2.6), and (2.7), we get (2.3) as before.
Finally, we treat the case when o = 1. It follows from (2.1) that

J
2 |u(e +2790) —u(@)| < 2Quix + ) —u@)| + Y 27 D]ulpep, , @r2-ke)-
k=1

Taking j — oo, we obtain the desired inequality. For the continuity estimate, let
¢ € R? be a unit vector. Assume that |z — 2| € [27°71,27%) for some positive
integer i. From (2.1), for any j > i+ 1,

27 (u(z +2770) —u(z)) — 2" (u(z + 27°0) — u(z))

= Z ok—1 (2u(x + 2750) —u(x + 275 0) — u(x))
k=i+1

and a similar identity holds with z’ in place of . Then we have
|Dou(z) — Dou(y)| = lim ‘2j (u(z +2770) —u(z)) — 2 (u(z’ +2770) — u(m’))’
j—o0o

< 2o+ 2770) — u(w) 2 (ule’ +2770) — (@)

+ ) sup 27K D ulraia,, (m0))-
k=it1 ToER?

By the triangle inequality, the first term on the right-hand side is bounded by
2 u(z +27%) — 2u(Z) + w(a")| + 2 |u(z’ +270) — 2u(Z) + u(z)|
with Z = (z 4+ 27" + 2’) /2, which is further bounded by

2 e, (@))-
Therefore,
| Deu(x) = Deuy)| < C Szgd 27 F O D Ul pa (B, (50))
k=i T0

which converges to 0 as ¢ — oo uniformly with respect to ¢. The lemma is proved.
O

The following lemma will be used to estimate the error term in the freezing
coefficient argument.
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Lemma 2.2. Let a € (0,1) and o € (1,2) be constants. Then for any u € C*, we
have

Z oklo—a) sup [u— onu]a;BTk(mo) < CZ ohlo—a) sup inf [u — pla.s
k=0

k=0 zo€R? zo€Rd PEP1 2o
(2.8)
and
o0 o0
> 2% sup |lu— Poullp s, ., ) <CY 2" sup [upep,_, ). (2.9)
= zoERY 27 R (xq) = zoER? 27 % (zq)

where Py u is the first-order Taylor expansion of u at xy, and C > 0 is a constant
depending only on d, o, and o.

Proof. Denote

by i= 250" qup inf [u — pl,. .
k moeidpepl[ p]a,B2,k(wo)

Then for any zo € R? and each k = 0, 1,.. ., there exists p, € P; such that
[u = Prla:B, (o) < 2b 27 H =),

By the triangle inequality, for £ > 1 we have

[Pr—1 = PhlaiB, (o) < 2052777 4 2,27 (=1 (o=, (2.10)
It is easily seen that

[Pk—1 = PklasB, . (wo) = |VDr—1 — Vp[27 D=,
which together with (2.10) implies that
|Vpr—1 — Vpi| < C(bg + by—1)27 =D, (2.11)

Since Zg by < oo, from (2.11) we see that {Vpy} is a Cauchy sequence in RY. Let
q = q(x0) € R? be its limit, which clearly satisfies for each k > 0,

oo
lg— Vpe| <CY 27907 p,
j=k

By the triangle inequality, we get

[’LL —q- m]a;Bz,k.(wo) < [U - pk]a;Bz,k(aco) + [pk —q- x]a;B2,k(x0)

< C27kme) N Mgy, < cpkome), (2.12)
j=k
which implies that
lu = u(zo) = q - (£ = 20)|| Low (B, (m0)) < C27,

and thus ¢ = Vu(xg). It then follows (2.12) that

(o) o0 oo )
> 2577 sup [u— Prytlaip,  (me) < C Y 2M7D Y 277y,
k=0 zo€R? k=0 =k

oo 7 oo
=0 2770y Yok < 0y )
§=0 k=0 §=0

This completes the proof of (2.8).
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Next we show (2.9). For any x € By-«, it follows from (2.1) that for 7 > 1,
u(m) —u(0) — 27 (w(277z) — u(0))

= Z 2 (w(27'z) + u(0) — 2u(27" ).
Sending 7 — oo, we obtaln

[u(@) = u(0) =2 - Vu(0)] < 3 2[u(2™'2) +u(0) — 2u(2” )|

e oo
<92 @ Z 2i_(i+k)a[u]Aa(B2_(k+i>) —9—a Z 21_k_2a[u]Aa(B2,i)y
i=0 i=k

where we shifted the index in the last equality. Therefore, by shifting the coordi-
nates and sum in k, we have

oo

ZQkU sup ||u - P:EOUHLQC(Bsz)(fIJO)
k=0  ©o€R?

< 02216‘ o—1) 221 (1—a) sup }A“(B2,i(w0))

o ER
_ 0221 (1—a) sup ]A"(BQ—i(wo)) 2216(071)
zo€R k=0
< 02210 @) sup [ ] @ (By—i(w0))

i=0 zg€ERI

where we switched the order of the summations in the second equality and in the
last inequality we used the condition that ¢ > 1. The lemma is proved. (]

Let ¢ € C§°(B1) be a nonnegative radial function with unit integral. For R > 0,
we define the mollification of a function u by

W) = [ ule = Ro)C(o) du
The next lemmas will be used in the estimate of M} in Proposition 3.1 when ¢ = 1.

Lemma 2.3. Let 8 € (0,1], a € (0,14 3), and 0 < R < Ry < co. Then for any
u € A*(Bag, ), we have

[DU(R)]ﬁ;BRl < C(da B’ O‘)Ra_l_ﬁ[u]/\"‘ (B2ry)* (2'13)

Proof. We begin by estimating ||D§’U,H0;BR1 for a fixed unit vector ¢ € R?. Because
Df( is even with respect to x and has zero integral, using integration by parts we
have for any z € Bp,,

D7 )| = 12| [ e~ Ry)DEC() dy]
_9 e
= 55| [ (e = R+ uta+ Ry) = 2u(@) Dict)

< CRY?[ulae(Byn,) /Rd ly|* D¢ (y) dy < CRY ) ne(Byp,)-
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Using the identity, 2D;;u = 2Dfu — Dfu— D3u, where £ = (e; +¢;)/V/2, we obtain
the desired inequality (2.13) when 5 = 1.

Next we consider the case when 8 € (0,1). We follow the proof of Lemma 2.1.
Let £ € R? be a unit vector, and € € (0,1/16) be a small constant to be specified
later. For any two distinct points z,2’ € Bg,, let h = |z — 2’|(< 2R;). It is easily
seen that there exist two points y € Bep(x) N Bg, and ¢y’ € Bep(2') N By, such that

y+ehl € Bop(x) N Br,, v +ehl € Bep(2') N Bpg,.
By the triangle inequality,
h= P Deu™ (z) — Deu™ (2')| < Iy + I + I,

where

L =P Deu™ (z) — (eh) ™ (P (y + eht) — uP (y))],

I = h™P|Dau ™ (2') — (eh) " (P (y +eht) — P (y))],

Iy = b= (eh) 7Y (P (y + eht) = (y)) = (B +eht) =D (y)].
By the mean value theorem,

L+ I, <2 [Du™gp,, . (2.14)

Now we choose ¢ depending only on d and 3 such that 2¢” < 1/2. To estimate I3,
we consider two cases. If h > R, by the triangle inequality, we have

I < Ch™28 ([u® (y + eht) + uP () — 20 (3)]
+ [+ eht) + ul P (y) - 20D (7)),
where § = (y + ehf 4+ y')/2. Then by the Minkowski inequality,
I3 < Ch Pl pa (g ) < CRO Plulpo(pyn,)- (2.15)
On the other hand, if h € (0, R), by the mean value theorem and (2.13) with 8 =1,

I3 < Chl_B[D’U,(R)]l;BRI < Chl_BRa_2[u]Aa(32Rl) < C’Ro‘_l_ﬁ[u]Aa(BQRl).
(2.16)
Combining (2.14), (2.15), and (2.16), we obtain

_ 1 a1
h=?| D™ (z) — D™ (2')] < §[DU(R)]&BR1 +OR* Plule (o, )-

Taking the supremum of the left-hand side above with respect to unit vector £ € R¢
and z,z’ € Bg,, we immediately get (2.13). The lemma is proved. O

Lemma 2.4. Let « € (0,1), 5 € (0,1), and R > 0 be constants. Let p = p(x) be
the first-order Taylor expansion of u™ at the origin and @ = uw — p. Then for any
integer j > 0, we have

Ha||Loo(sz+1R) < C2j(1+ﬁ)Ra[u]Aa(sz+2R)7 (217)
|u(x) — u(z’)| :
sup W S CQJB[U]Acx(sz+2R)7 (218)

w,z'EszR
0<|z—2'|<2R

where C' > 0 is a constant depending only on d, B, and «.
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Proof. Since ¢ € C§°(By) is radial and has unit integral, we have for any = €
Byi+ig,

’u(R) () — u(z)|

_ |% /R (u( + Ry) — u(z — Ry) — 2u(2))C() dy| < CR[ulae (0 (219)

By the mean value theorem and Lemma 2.3, for any x € Bgj+1g,
|U(R) (f) —p(x)| < C(2j+1R)1+B[U(R)]lJrﬁ;szJrlR < C2j(1+B)Ra [U}AQ(BQJ’HR)»

which together with (2.19) implies (2.17). Next we show (2.18). For any two distinct
points x,x’ € Bgjp satisfying 0 < |z — 2’| < 2R, denote h = |z — 2’|(< 2R). Let k
be the largest nonnegative integer such that 2F (2’ — ) + & € Byj+1z. Clearly,

2Fh € (2771R, 2712 R). (2.20)
It follows from (2.1) that
a(z') — a(z) = 27" (a2 - z) + z) — a(x))

k-1
+ 27 a2 (@ — @) + o) —a(e) — a2 (@ — ) + ). (221)
=0

By (2.20), (2.21), and (2.17), we obtain
Bela(e’) — 6(@)] < 27l 5,00 + Clilae (s,
< C27 R VDR U sap,, )+ Clulaa s,y
S C2j6[u]Aa(32j+2R)7

where we used h < 2R in the last inequality. The lemma is proved. O

3. PROOFS
The following proposition is a further refinement of [8, Corollary 4.6].

Proposition 3.1. Let 0 € (0,2) and 0 < A < A. Assume that for any § € A,
Kpg only depends on y. There is a constant & € (0,1) depending on d,o, A, and A
so that the following holds. Let o € (0,&). Suppose u € C7T(By) N C*(RY) is a
solution of

inf (L =0 1 Bj.
52,4( su+ fs) in By
Then,
[Wlatosps < €D, 2777M; + Osuplfylass.
i=1
where

_ !/
Mo ap @)
x,x’' €B,;,0<|z—a'|<2 |.’L‘ - |
Proof. This follows from the proof of [8, Corollary 4.6] by observing that in the es-
timate of [hg]a;B,, the term [u],p,; can be replaced by M;. Moreover, by replacing
u by u — u(0), we see that
[ulla;B, < Clulass, -
The lemma is proved. (]
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Proposition 3.2. Suppose that (1.1) is satisfied in RY. Then under the conditions
of Theorem 1.1, we have

[uls < Cllullz., +CY_ w27, (3.1)
k=1
where C' > 0 is a constant depending only on d, A\, A, w,, and o.

Proof. Case 1: ¢ € (0,1). For k € N, let v be the solution of

{infﬁeA (Ls(O)v+ f5(0)) =0 in Bys (3.2)

v=1u in BS_, ’
where Lg(0) is the operator with kernel Kg(0,y). Then by Proposition 3.1 with

scaling, we have

[v}aﬂf;Bszq <C Z 2(kij)0Mj + 2k ['U]Oc;Brk
j=1

k
< CY 2% M + Clula + C25 [v]a:s, . » (3.3)

j=1
where a € (0, &) satisfying o + o < 1 and

_ ’
v - () = (')
z,2' €B,j_k,0<|z—a|<27F+1 |(E - |

Let ko, k1 > 1 be integers to be specified. From (3.3), we get

k
[WaiB, i, < C27FHRT N "ok=ong; + Co=ktholo[y], 4+ C27 v]asp, _, -

j=1
(3.4)
Next, w := u — v satisfies
M+w Z —Ck in Bz—k7
M~w < Cj, in By—«, (3.5)

w=0 in B§_,,
where
Cy = 21613 1fs — f5(0) + (Lg — Lp(0))ull (B, ,)-
It is easily seen that

Cu < w7) + Cn(2™) [ ulo +3) = ula)lly =~ dy

< wf(27k) + C’wa(27k)( sup 22]'(070‘) [U]a;BQ_j (zo) T ||U||Loo>

Io€B2_k =0
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Then by the Holder estimate [8, Lemma 2.5], we have
[w]a;BQ_k S C2_k("_a)0k
< Co—klo—a) (o.)f(27k) + wa(27k)( sup ZQj(ofa)[u}a;Brj(xo) + ||u||Loo)>
ToEB, K j=0
(3.6)
Combining (3.4) and (3.6) yields
2(k+k°)(0_a)[U]a;Bz_k_kO
k .
S C2_<k+k0)a Z Q(k_J)U[u]a§sz—k + C2_<k+k0)a[u]a + C2‘k0(¥2k(0—(¥) [u]a;BQ—k
j=1
+C2k0(0—0¢) (Wf(Q_k) +wa(2—k)( sup Z2j(a—a)[u}a;327j (z0) -+ HUHLOO)>
To€EB,—k =0
(3.7)

Shifting the coordinates, from (3.7) we get

2R sup [ulaip, 4o (20)

zo€ERY
k .
< 02~ (ktko)e gup Z Q(k_J)U[u]a;Bﬂ_k(zo) + 2~ (Fko)afy) |
roERI j=1
+ CQ—kOan(o—a) sup [u]a;B N + CQko(o—a) (Wf(Q_k)
2o €RE 27 R (z0)

+Wa(2_k)( sup Z2j(a_a) [u]a;BTj (wo) T ||UHLOO)) (3'8)

zo€ERY =0

We take the summation of (3.8) in k = k1,k1 + 1,... to obtain

o0

$ 20801 s [+t
k:kl xoeRd 2 0

k

<C Z 2—(k+k0)a( sup ZQ(k_j)o[u]a;Bijk(ﬂﬁO)) + C2‘(h+ko)a[u}a
k=k1 2o €RT 5

4 027 ke Z 2K~ sup [ulap, . . + C2ke(0=e) Z (wf(Z_k)
i 2o ERY 27 (=) =

Fea@ (0P sup s, o+ lull))-
j=0

To€
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which by switching the order of summations is further bounded by

027’“’0‘227'("7“) sup [u]a:B, ; (x0)

=0 zo€ERY
+ o (ithodaqy] 4 0ako(0=e) N (p(27F)

k=k1
o0

+ CQkO(U—Oé) Z wa(2_k) . (sz(ﬂ—a) Sggd[u]a;BZ*j(xo) —|- ||’LL||L°C)
k=k1 j=0 To

The bound above together with the obvious inequality
k1+ko—1

Z 2707 Sup [u]a;Brj (z0) = Catkrtho)(o=0) [t]a,
§j=0 zo€ER4
implies that

oo oo

Z2j(d_a) sup [U]a;Bgﬂ' (@) < OQ_kOQZQj(G_a) Sup [u}o‘?Brﬂ' (o)

=0 IoERd =0 IoGRd

0o
+ C2(k1tko)(o—a) [u]a + C2kolo—a) Z wf(sz)
k=k1

+ C2ko(o—a) Z wa(2—k) . (Z 9i(o—a) sup [u]a;B2ﬁ, (z0) T CHU,HLOO)
k=Fk, j=0 zoER?

By first choosing kq sufficiently large and then k; sufficiently large, we get

o0

> 27 swp [ulaip, ;@) < Cllula +C ) ws(27),
=0 zo€ERC k=1

which together with Lemma 2.1 (i) and the interpolation inequality gives (3.1).
Case 2: o0 € (1,2). For k € N, let vps be the solution of

infgeca (Lﬁ(O)UM + fﬁ(O)) =0 in By«
VM = g in BS
where M > 2||u — po||Lw(B2_k) is a constant to be specified later,
gy = max (min(u — po, M), fM),

and pg is the first-order Taylor’s expansion of u at the origin.
By Proposition 3.1, instead of (3.3), we have

[UM}Q"FO';BQ—IC—I <C Z Q(kij)UMj + 02~ [UM]OGBz—k
j=0

k
< 0N 20D, 1 O\ Dull .. + 2" [vad]ass
§=0

(3.9)

2—k?

where o € (0, &) and

— _ / /
M; = sup |u(x) — po(x) U/(Z ) +polz’)|
z,0' €Byj 1 ,0<|z—a’|<27k+L |aj - |
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From (3.9) and the mean value formula,

k
llvar — p1||Loo(B27k7k0) < 02~ (k+ko)(o+a) Z 2(k’j)"Mj
j=0

+ 2~ (ktho)ote) | Dy||, 4 C2keholotalfy, 1 o

2—k?

where p; is the first-order Taylor’s expansion of vy; at the origin. The above
inequality, (3.9), and the interpolation inequality imply

k
[orr = pilas, y_y, < C27FHRO7 > 2t
j=0
+ €2~ MR Dyl + C27%% [vps]asB, (3.10)

Next wps := gy — v satisfies

Mtwpr > hyr — Ch in By—x,
M wpy <hy+Cr  in By-x,
wy =0 in B .,
where
har i= M (gy — (u—po)),  har := M*(gar = (u—po))-
By the dominated convergence theorem, it is easy to see that

IhatllLw B, ) IhmllLom, ) =0 as M — oo,

By the same argument as in the previous case,

o0

Cr <wp(27%) + Cw,(277) sup. Z2j(‘7_“)[u = Pooula;B,_; (o) T+ ||Du||Loo).
xoER =0

Thus similar to (3.6), choosing M sufficiently large so that

bl LBy Wil (B, ) < Ci/2,

we have

[watlaiz, - < €270 (wy (27%) + wa (279)| D ..

+ wa(sz) sup Z 9j(o—a) [u— onu]a;Bz_j (OUD))' (3.11)

zo€R? 5

Combining (3.10) and (3.11), similar to (3.8), we obtain

9(kt+ko)(o—a) sup inf [U *p]

zo€ERY pEP1

k

< C2 (Ftko)a sup Z 2(]@7])(;[” - Pxou]a;szfk(acu
zoERE =0

@B, k—kq (T0)
)+ C27 (kO Dy

+ 2 hoagklo—a) sup [u — PIO]Q;BT,C

ko(oc—a) —k
zoER? (z0) +027% (wf(Q )

oo

P2 sup SV Pl ||Du||Loo)). (3.12)
zoER =0
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Using (3.12), as before we get

o0
Z 9(k+ko)(o—c) sup inf [u _p]a;B2—k—k0 (wo)
Ny zo€ERd pEP1

< 02 ko Z 27(e=) gup [u = Pryula;B,_; (20)
j:0 IoERd

+ C2mRatho)ay || 4 C2Rolome) Ny (27F)

k=k1
(oo} oo )
+ 020 N, (27F) - sup > YV u - Potlais, @), (313)
k=k1 zo€R? j—g

and

o
29(e=2) qup inf [u — pl,. )
jz:(:) woegdpepl[ Plaib,-; )

< 02 ko Z 21(7=2) sup [u — Ppoula:B

—j (o)
=0 zo€R? ’

+ Otk =) |y |y O2ko(e=a) §™ 4y (27F)
k=k1

(oo} oo
+ O2ko(o—a) Z wa(Z_k) - sup sz(a—a) [u — Pxou]a;Bz,j (z0)-

k=ki zo€R? o

By choosing kg and k; sufficiently large and applying Lemma 2.2, we obtain

= o0
j(c—a) . _ .
jz:(:)za sup, p1€n7§1 [u = Pla;B,_; (o) < Cllulli + C;wf(Q ). (3.14)

Finally, by Lemma 2.1 (ii) and the interpolation inequality, we get (3.1).

Case 3: o = 1. We proceed as in the previous case, but instead take pg
to be the first-order Taylor’s expansion of the mollification u®™") at the origin.
We also assume that the solution v to (3.2) exists without carrying out another
approximation argument. By Proposition 3.1 and Lemma 2.4 with 8 = «/2,

Va1, 51 < CZ 2k=9 My + C2k[v]a;52_k
=0

< CZ 2k_j+ja/2[u]Aa(BQj_k) + CQk[U]a;Brk
=0

k
<O TR e,y + C2¥Pul + C2 ] wip, - (3.15)
j=0
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From (3.15) and the interpolation inequality, we obtain

[v— pl]a§B2—k—k0

k
< 9~ (k+ko) Z 2k_j+ja/2[u]A‘*(B2j,k) + 02—(k+k0)+k0¢/2[u]a 4+ 02 ko [U]Q;BQ_k,
=0

k
< 027 (ko) N T ok=i4ia/2 inf [y — pla.p.

+ 02_(k+k°)+ka/2[u}a + C2—k‘o [U]Q;BQ—IC’ (316)

where p; is the first-order Taylor’s expansion of v at the origin. Next w := u—py—v
satisfies (3.5), where by the cancellation property (1.2),

Cr <wp(27%) + Cw“(ﬂ)(wiléﬁd Jz::o 2/1=) Jnf [u—plais,; (@0) HuIILw)-
Therefore, similar to (3.6), we have
[)as,-,, < 0270 (wy(27%)
+wa(275)( sup, i 27(1=e) Jnf [u—plais, ;@) + IIUIILOO))- (3.17)

Notice that from (2.18) and the triangle inequality

[’U]Ol?Bz—k < [w]a;BQ—k + [u _pO]a;Brk

< [w]a;Bsz + C[U]AQ(BQ—k+2) < [w]a;Bsz + Cpien7£1 [u _p]a§Bz—k+2'
Similar to (3.8), combining (3.16), (3.17), and the inequality above, we obtain

9UHho)(1=a) g inf [ufp]w;Br,Hco (z0)

zoERC pEP1L
k
< 02~ (ktko)a S“gd Z ok—j+ja/2 pien7£1 [u— p]a;B%k (z0) T CQ*(k/2+ko)a[u]a
zo€ =0

+ 02 Roat(k=2)(0=) gy inf [u — pla.p
zoERY PEPL

+ 020 (1 (27F)

2= k42 (20)

oo

9k 291=) Snf [u— plocp. )
+ we( )(Iilelgd; plenpl[u PlaiB,_; @) T lullz) ),
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which by summing in k = ki1, k1 + 1,... implies that

o0
Z 2(ktko)(1=0) gy inf [u — Ploss, o1y (0)
s zo€ER4 pEP1

< 02 koa Z 270=%) sup inf [u —p]

j=0 xo€Rd PEP1 a;By—j(z0)
= 00
+ 02_(k/2+k0)a[u]a + CQkO(l_a) Z Wf(Q_k) + CQko(l—a) Z wa(Q_k)
e =
e 2707 inf [u—plap, | (ao) + Ilu ;
(%Ggf‘; 106731[ P) iBy—j (z0) llullz..)

where for the first term on the right-hand side, we switched the order of summations
to get

00 k
Z 2—(k+ko)a sup Z2k—]+J0¢/2 inf [u — p}a;Bijk(mo)
k=k1 20€R? =0 rem
o k
< Z 2—(k+k0)04 Z 2]+(k—3)0‘/2 sup inf [u — p}a;327j (z0)
k=0 =0 zo€R? PEPL

o0 o0
= 9~ koo 2i(1=a/2) qup inf [u — pl,. v 9—ka/2
B U >

(oo}
< 02 koa Z 270=%) sup inf [u —p]

B, _; .
zo€Rd PEPL 5By (wo0)

Jj=0

Therefore,

oo
2i(1=2) qup  inf [u — . |
jz::() woegd P€731[ p]a’BQ*] (z0)

< 02 ko Z 27 sup inf [u — p|

a;B,—j(x
xoedeepl 2 i (o)

Jj=0

+ ¢9kitko)(1-a) (U)o + C2Fo(1=a) Z wf(2_k) + CQko(1=a) Z wa(2_k)

k=k1 k=k1
o0
. g 9i(1=a) inf [u—pla.B._, +
(j:O a:olelgdplenPJu p]a’Bz—J(IO) ||u||L°°)’

Finally, to get (3.1) it suffices to choose ko and k; sufficiently large and apply
Lemma 2.1 (iii). O

Next we employ a localization argument as in [8].

Proof of Theorem 1.1. Since the proof of the case when o € (0,1) is almost the

same as o € (1,2) and actually simpler, we only present the latter and sketch the
proof of the case when ¢ = 1 in the end.

The case when o € (1,2). We divide the proof into three steps.
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Step 1. For k = 1,2,..., denote B¥ := B;_y . Let 5, € C5°(B**1) be a
sequence of nonnegative smooth cutoff functions satisfying n = 1 in B, |n| < 1
in B**1 and ||Ding||r.. < C2% for each i > 0. Set vy := un, € C°F. A simple
calculation reveals that

inf (Lgvy — h =0 inRY,
érelA( 38Uk — hig + M1 f8) in
where ( )
fk(x7y)a,3 x,Y
hig = hrg(x) = ——— " dy
B ﬁ( ) R |y|d+a
and

&k, y) = u(z +y)(mk(z +y) — () —y - Dnp(@)u(z).
Obviously, 7 f5 is a Dini continuous function in R? and
Ik (2) f5(x) — ni(2’) fa(2")]
< mellecwy(lz = 2'1) + 1 fsll Lo (o) 1Dl L |2 — 27|
<wi(lz = 2'|) + C2*| foll Lo () |2 = 2,

where C' only depends on d.
Step 2. We first estimate the Lo, norm of hyg. By the fundamental theorem of
calculus,

Ee(z,y) =y - /O u(z + y) Dy (z + ty) — u(x) Dy (z) dt.

For |y| > 27F=3 & (z,y)| < C2%|y|||ul|z.. For |y| < 27%=3 we can further write

(2, y) =y /0 (u(x +y) — uw(@)) Dk (z + ty) + u(z)(Dnr(z + ty) — Dni(x)) dt,

where the second term on the right-hand side is bounded by C22*|y|?|u(z)|. To
estimate the first term, we consider two cases: when |z| > 1 — 27%=2 because
ly| < 27F73, &.(z,y) = 0; when |z| < 1 — 27572 we have

1
’y : / (w(z +y) — u(z))Dyp(z + ty) dt‘ < C2My2(|Dull . (prsa-
0

Hence for |y| < 27%73,

€(a,9)] < ClyP (2% u(@)] + 28| Dull ,_ (rss))-

Combining with the case when |y| > 27%=3

gl < C27F(Jlull e + [1Dull L (5r+9))- (3.18)
Next we estimate the modulus of continuity of htg. By the triangle inequality,
g (@) — b (27)]
< / €z, y) = & (@', y))ap (@, y)|
Rd

|y|d+o

, we see that

& (@ 9)as(@ y) = as (@ 9D,

+ |y|d+0

=I1+1IL (3.19)
Similar to (3.18), by the estimates of |£x(x,y)| above, we have
IT < C2°% (||ul| .. + | Dullr,(pr+sy)wal|z — 2']), (3.20)
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where C' depends on d, o, and A. For I, by the fundamental theorem of calculus,
1
&e(z,y) — &2, y) =y / (“(x +y) Dni(z + ty) — u(z) Dk (z)
0

—u(x’ + y)Dnp(2', z + ty) + u(x/)an(x')) dt.
When |y| > 27%73, similar to the estimate of & (x,y), it follows that
[k (2,y) — &', y)| < Cly|(2Pwu (| = 2']) + 2% ||ull L. |2 — 2']). (3:21)

The case when |y| < 27%72 is a bit more delicate. First, by the fundamental
theorem of calculus,

|§k(x7 y) - fk('rlv y)|

1
<yl /0 |(u(z +y) — u(z)) Din(z + ty) — (u(@’ +y) — u(@")) Dk’ + ty)| dt

1,1
+ Jyl? / / |u(2) D*ny,(x + tsy) — u(x')D*ny(z’ + tsy)| dt ds := I+ 1V,
o Jo
It is easily seen that
IV < Cly (2% wu (|2 — &']) + 2% ull <z — 2]).
Next we bound III by considering four cases. When z,2’ € (B*+2)¢ we have

III = 0. When z,z’ € B**+2,

1ol
1 < |y\2/ / | Du(x + sy)Dny(x + ty) — Du(z’ + sy)Dny (2’ + ty)| dsdt
o Jo
< C|y|2(2k[u]1+a;3k+3 ‘CL’ - x/la + 22k||DU||Lm(B’“+3) ‘CL‘ - xll)v

where we choose v = 25+, When z € B*™2 and 2/ € (B**2)°,
1
=yl [ I(ule +y) = u(e) Do + )] de
0

< ly? /01 /01 |Du(x + sy) (D (x + ty) — Diw(2’ + ty))| ds dt
< C|y\222k||DU||Lw(Bk+3)|$ —a'|.
The last case is similar. In conclusion, we obtain
I < Cly|? (2*ul 11 a;prssle — 2| + 22| Dul|,  (grss |2 — 2'1).
Combining the estimates of IIT, IV, and (3.21), we obtain
1< C2MOD (w,(jo = 2/) + [ poypresle — 2/|°
+ (1Dull ger + lullz)le — 2']). (3.22)
By combining (3.19), (3.20), and (3.22), we obtain
|hig (@) — hip(2')] < wi(|z — 7)),
where
wi(r) = C27%(||ull Lo + | Dull . (5r+3))wa (r)
+ 28 (0, () + [y paspres® + (| Dull Ly (grvs) + lullz)r)  (3.23)

is a Dini function.
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Step 3. We apply Proposition 3.2 to vg to obtain

[orlo < Cllvrllz., +C Y (wn(277) +wp(277)) + C2* Slgp I £81l Lo (B1)

j=1
< Cllokllpe + C2 ) ([u]yapres + | Dull o (sresy + [lull.,)

+C Y (2w (27) +wp(27)) + C2Fsup | foll . (a),
= B
j=1
where C' depends on d, A, A, o, and w,, but independent of k. Since 1, = 1 in B¥,

it follows that
[U]U;Bk < CQk(UJrl)HUHLoo + C2keth ([U]1+a;Bk+3 + ||Du||Loc(Bk+3))

+Co 3 (M, (277) + wp(27)) + C2F sup | sl sy (3:24)
B

j=1
By the interpolation inequality, for any ¢ € (0, 1)

ull L, - (3.25)

g
[u]14a;Br+s + || Dull L (pr+sy < €[ulg,pris + Ce 7=t

Recall that o = 0771 and denote

14+« o+ 1
N := = .
oc—(1+a) 0’—1(>3)

Combining (3.24) and (3.25) with e = C; '273*=12N¥=1 'we obtain

[U]U;Bk < C23k+(3k+12N)N||uHLOO + 2_12N_1[U]U;Bk+3

D (2%wa(277) +wp(279)).

j=1

+ 02w ol + €

Then we multiply 274 to both sides of the inequality above and get

2_4161\]@]0;1'3’C < ngk_kNHuHLm =+ 2_4N(k+3)_1[u]o;3’“+3

+ C2 RN TR sup I fall LBy + C27FY >~ (wu(277) +wyp(277)).
j=1
We sum up the both sides of the inequality above and obtain

oo

_ 2 e R
;2 PN ] . SC;T”“ kNIIuIILm+§;2 N Tu] . g

+CY 27 N sup (| fall L) + C Y (wa(279) +wp(277)),
k=1 B j=1
which further implies that

Y (@a@7) +wp(27)),

j=1

oo

> 2 N ulppe < Cllullr., + CStgp /6l e (1) + C

k=1
where C' depends on d, A, A, 0, and w,. In particular, when k = 4, we deduce

> (wa@) +wp(27)),  (3:26)

[U]U;B4 < C”uHLoo + Cs%p ”fﬁHLoo(Bl) +C
J=1
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which apparently implies (1.3).
Finally, since ||v1]]1 is bounded by the right-hand side (3.26), from (3.14), we see
that

oo

ZQJ’(U*O‘) sup inf [vg 7P}C¥;BQ—]‘($0) <C

=0 z0ERA pPEP;

This and (3.13) with u replaced by v1 and fs replaced by m1 fz — hig give

00
Z 9(i+ko)(c—a) sup inf [v; _p]a;Bz—j—ko (o)

ey zo€Rd PEP1
< C27R0% 4 02PN " (wp(27) + wa (277) + wu(277) + 2779,
Jj=k1

Here we also used Lemma 2.2 and (3.23) with £ = 1. Therefore, for any small
e > 0, we can find kg sufficiently large then k; sufficiently large, depending only on
C, 0, a, ws, W, wy, and w,, such that

00
Z 9(i+ko)(o—a) sup inf [’U1 —p]a;B (z0) <&

zocRd PEPL 2=3=ko

Jj=ki1
which, together with the fact that v; = u in By, and the proof of Lemma 2.1 (ii),
indicates that
sup [u]y;B,(zo) =0 as 7 —0
z0€B1 2
with a decay rate depending only on d, A\, A, wa, wy, wu, supge 4 | f5llL. (B:), and
o. Hence, the proof of the case when o € (1,2) is completed.
The case when o = 1. The proof is very similar to the case when o € (1,2)
and we only provide a sketch here. We use the same notation as in the previous

case
gk(xa y)ag(x, y) d

]Rd
where

Ee(,y) = ul@ +y) (e (x + y) —nk(2)) — u(@)y - Diw(x)xB, -
It is easy to see that when |y| > 27F3,

€k (@, y)| < C2%yllull L.
On the other hand, when |y| < 27%73,

1
()] <yl / fu(z + ) D (& + ty) — u(a) Dy () dt

< C2%[ylwu(lyl) + C2°*|y|?|u(z)].

Therefore,

1
h < C2* /wd .
Wil < O (Julln + [ =25 ar)

Next we estimate the modulus of continuity of hxg and proceed as in the case when
€ (1,2). Indeed, it is easily seen that

1
Im< C2k<\|u||Loo —1—/0 WMT(T) dr) we(lx —2|).
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To estimate I, we write
Se(,y) — & (2, y) = ulx +y) (2 +y) — nw(2)) — u(z)y - Dni(z)xB,
—u(x’ +y) (2’ +y) — (@) + u(z’)y - Dk (2')x, -
Obviously, when |y| > 27+73
€6 (2,) = &k, y)| < O |y|(lullp. |z — 2| + wu(|e = 2"])). (3.27)
When |y| < 27%73 we have x g, (y) = 1. Thus similar to the first case,
&k (2, y) — &(2', y)]

< lyl /0 |(w(z +y) — w(x)) Dz + ty) — (u(a’ +y) — u(@") Dk’ + ty)| dt

1 1
+ \y|2/ / [u(x) Dy (x4 tsy) — u(2’)D*ny (2’ + tsy)| dt ds := T + TV,
o Jo
Clearly,
IV < C2%% |y (wu (| — 2'[) + [Jul oo |@ — 2]).
When z,2' € (B¥t2)¢, we have IIl = 0. When xz,2' € B**2 by the triangle
inequality,

1 < |y / (e + ) — () — (u(a’ +y) — u(e"))| | D + ty)) dt

1
ol [ fula’ +) = ule) [ Do+ ty) — D’ + 1)
0
< C2¥|y[" e — ' *[ul s mrrs + C2% ylwa(y])]a — o',
where C' depends on d, and ( 4+ vy < 1. Here we used the inequality
u(z +y) —u(z) = (u(@’ +y) —ula"))] < 2ulyicle —2'|fy]".
Set v = ( = 1/4. When z € B**? and 2/ € (B**?)¢,

M= y] [ (e +3) = uta)) Do + )|

= lyl/0 |(u(z +y) = u(@)) (D (2 + ty) — Dk (2’ + ty))| dt
< C2%*|ylw, (|y|)|a — 2'].

The case when 2’ € B¥*2 and z € (B*¥*2)¢ is similar. Then with the estimates of
III and IV above, we obtain that when |y| < 27%73,

[k (z,y) — &2’ y) < C2% |y (wu(lz — 2]) + [Jull 1 |2 — 2"])
+C2P P o — &) ] oy rrs + C2F[ylwa(lyl)|z — 2,
which, combining with (3.27) for the case when |y| > 27%73, further implies that
1<C2%* (wy (o = o/]) + ull,

x—

oo |

wa(r) dr) ,

1
el — V44 fo -] [ 2
0



22

H. DONG AND H. ZHANG

where C' depends on d and A. Hence, we obtain the estimate of the modulus of
continuity of hgg(z):

1 Wy \T
n() = O () + [ s+ (e + [ 24 ) (4 ).

The rest of the proof is the same as the previous case. O
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