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Abstract

Analytical tractability is one of the challenges faced by many alternative models that
try to generalize the Black-Scholes option pricing model to incorporate more empirical
features. The aim of this paper is to extend the analytical tractability of the Black-
Scholes model to alternative models with jumps. We demonstrate a double exponential
jump diffusion model can lead to an analytic approximation for finite horizon American
options (by extending the Barone-Adesi and Whaley method) and analytical solutions
for popular path-dependent options (such as lookback, barrier, and perpetual American
options). Numerical examples indicate that the formulae are easy to be implemented
and accurate.
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1 Introduction

Many researches have been conducted to modify the Black-Scholes model based on Brownian
motion and normal distribution in order to incorporate two empirical features: (1) The
asymmetric leptokurtic features. In other words, the return distribution is skewed to the
left, and has a higher peak and two heavier tails than those of the normal distribution. (2)
The volatility smile. More precisely, if the Black-Scholes model is correct, then the implied
volatility should be constant; but it is widely recognized that the implied volatility curve
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resembles a “smile,” meaning it is a convex curve of the strike price.
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To incorporate the asymmetric leptokurtic features in asset pricing, a variety of models
have been proposed, including, among others: (a) chaos theory, fractal Brownian motion,
and stable processes; (b) generalized hyperbolic models, including log ¢t model and log hy-
perbolic model; (c¢) time changed Brownian motions, including log variance gamma model.
In a parallel development, different models are also proposed to incorporate the “volatility
smile” in option pricing. Popular ones are: (a) stochastic volatility! and GARCH models;
(b) constant elasticity model (CEV model); (¢) normal jump diffusion models; (d) affine
stochastic volatility and affine jump diffusion models; (e) models based on Lévy processes.
For the background of these alternative models, see, for example, Hull (2000).

Unlike the original Black-Scholes model, although many alternative models can lead to
analytic solutions for European call and put options, it is difficult to do so for path-dependent
options, such as American options, lookback options, and barrier options. Even numerical
methods for these derivatives are not easy. For example, the convergence rates of binomial
trees and Monte Carlo simulation for path-dependent options are typically much slower than
those for call and put options; for a survey, see, for example, Boyle, Broadie, and Glasserman
(1997).

This paper attempts to extend the analytical tractability of Black-Scholes analysis for
the classical geometric Brownian motion to alternative models with jumps. In particular,
we demonstrate that a double exponential jump diffusion model (Kou, 2002) can lead to
analytic approximation for finite horizon American options (by extending the approximation
in Barone-Adesi and Whaley, 1987, for the classical geometric Brownian motion model), and
analytical solutions for lookback, barrier, and perpetual American options.

The paper is organized as follows. Section 2 gives basic setting of the double exponential
jump diffusion model, and presents intuition on why the analytical solutions are possible.
An analytical approximation of finite time American options is given in Section 3, and the

analysis of other path-dependent options is conducted in Section 4. The concluding remarks

'One empirical phenomenon worth mentioning is that the daily return distribution tends to have more
kurtosis than the distribution of monthly returns. As Das and Foresi (1996) point out, this is consistent
with models with jumps, but inconsistent with stochastic volatility models or other pure diffusion models.



in given in Section 5. All the proofs are given in the appendices.

2 Background and Intuition

2.1 The Double Exponential Jump Diffusion Model

Under the double exponential jump diffusion model, the dynamics of the asset price S(t) is

given by
g N(t)
o~ =pdt+odW(t)+d > (Vi-1)],

i=1
where W (t) is a standard Brownian motion, N(¢) a Poisson process with rate A, and {V;}
a sequence of independent identically distributed (i.i.d.) nonnegative random variables such

that Y = log(V') has an asymmetric double exponential distribution with the density

fy (W) =p-me ™ lysoy +q - me™ oy, m > 1, 72 >0,

where p,q > 0, p+ g = 1. Here the condition 7; > 1 is imposed to ensure that the stock
price S(t) has finite expectation. Note that the means of the two exponential distributions
are 1/m; and 1/m respectively. In the model, all sources of randomness, N(t), W (t), and
Y’s, are assumed to be independent.

Because of the jumps, the risk-neutral probability measure is not unique. Following
Lucas (1978), Naik and Lee (1990), it can be shown (see, e.g., Kou 2002) that, by using the
rational expectations argument with a HARA type utility function for the representative
agent, one can choose a particular risk-neutral measure? P* so that the equilibrium price
of an option is given by the expectation under this risk neutral measure of the discounted
option payoff. Under this risk neutral probability measure, the asset price S(t) still follows

a double exponential jump diffusion process?®:

N*(t)
—gft(f)) — (r = A*C*)dt+ o dW*(t) + d > V-1, (1)

2The measure P* is called risk-neutral because that E*(e="tS(t)) = S(0).
3For option pricing, the case of the underlying asset having a continuous dividend yield  can be easily
treated by changing r to r — ¢ in (1).



with the return process X (t) = log(S(t)/S(0)) given by

N*(8)
X(t) = (r - %& SN oW+ Y ¥, X(0) =0, @)
i=1

Here W*(t) is a standard Brownian motion under P*, {N*(t); ¢ > 0} is a Poisson process
with intensity \*, V* = e¥". The log jump sizes {Y}*, Y, -} still form a sequence of
independent identically distributed (i.i.d.) random variables with a new double exponential
density fy«(y) ~ p* -n’fe_”fyl{yzg} + ¢ -m3e¥"2 11, <y. The constants p*, ¢* > 0, p*+¢* =1,

A*>0,n7 >1, n3 >0, and
R - o, 4
=BV 1= = + — -1 3
\ m—1 mn+1 @)

all depend on the utility function of the representative agent. All sources of randomness,
N*(t), W*(t), and Y*’s, are still independent under P*.

Since we focus on option pricing in this paper, to simplify the notation (without causing
much confusion), we shall drop the superscript * in the parameters, i.e. using p, q, 71, 72
rather than p*, ¢*, 77, n5. The understanding is that all the processes and parameters below

are under the risk-neutral probability measure P*.

2.2 Intuition of the Pricing Formulae

Without the jump part, the model simply becomes the classical geometric Brownian motion
model. Pricing formulae for American options, barrier options, and lookback options are all
well known under the geometric Brownian motion model*. With the jump part, however, it
becomes very difficult to derive analytical solutions for these options.

The reason for that is as follows. To price American options, barrier options, and lookback
options for general jump diffusion processes, it is crucial to study the first passage times that
the process crosses a flat boundary with a level b. Without loss of generality, assume b > 0.

When a jump diffusion process crosses the boundary, sometimes it hits the boundary exactly

4Davydov and Linetsky (2001, 2003) provide analytical solutions for various path-dependent options
under the CEV diffusion model.
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and sometimes it incurs an “overshoot”, X (7,) —&zover the boundary, where 7, is the first

time that the process X (¢) crosses the boundary. See*Fig. 1 for an illustration.

>

Figure 1: A Simulated Sample Path with the Overshoot Problem

The overshoot presents several problems, if one wants to compute the distribution of the
first passage times analytically. First, one needs the exact distribution of the overshoot,
X (1) — b; particularly, P[X (1) — b = 0] and P[X (1) — b > z|, x > 0. Secondly, one needs
to know the dependence structure between the overshoot, X (7,) — b, and the first passage
time 7,. Both difficulties can be resolved under the assumption that the jump size Y has an
exponential type distribution; see Kou and Wang (2003). Finally, if one wants to use the
reflection principle to study the first passage times, the dependence structure between the
overshoot and the terminal value X (¢) is also needed afterwards. This is not known to the
best of our knowledge, even for the double exponential jump diffusion process.

Consequently, we can get analytic approximations for finite horizon American options,
closed form solutions for the Laplace transforms of lookback and barrier options, and closed
form solutions for the perpetual American options®, under the double exponential jump

diffusion model, yet cannot give more explicit calculations beyond that, as the correlation

5Essentially, to compute the values of perpetual American options, one only needs to know the Laplace
transforms (there is no need to invert the transforms). Hence, we can get closed form solutions for perpetual
American options.



between the terminal state X (t) and the overshoot X (7,) — b is not available®.

It is worth mentioning that the double exponential jump diffusion process is a special case
of Lévy process with two-sided jumps, whose characteristic exponent admits the (unique)
representation

»(0)=E [ewxl] = exp {W@ — %A@Q +/

—00

o0

(ei9y —1 - 29y1{|y<1})H(dy)} s

where the generating triplet (v, A, II) is given by

1—em 1—em
1 2

I(dy) = A+ fy(y)dy = Apme” " 1>0ydy + Agnee™Y 1y <oy dy.
If the jump size distribution is one-sided, one can solve the overshoot problems’ by ei-
ther using renewal equations or fluctuation identities for Lévy processes; see, e.g., Avram,
Chan, and Usabel (2001), Rogers (2000). However, for two-sided jumps, because of the
ladder-variable problems, generally speaking the renewal equations are not available and

the fluctuation identities becomes too complicated for explicit computation; see, e.g., the

discussion in Siegmund (1985) and Rogers (2000).

2.3 Some Notations

The moment generating function of X(¢) is given by E*[e?X®] = exp{G(6)t}, where the
function G(+) is defined as
1 1 P qne
G(z) = —=0? = X() + =2?0? + A L),
(z) :==z(r 50 ) 580 <771 " + .

Lemma 3.1 in Kou and Wang (2003) shows that the equation G(z) = «, Va > 0, has exactly

fOllI' roots: Bl,a; ﬁ2,a7 _53,047 _54,047 Where

0<Bra<m<Boa<00, 0<f3,<m< P <00 (4)

6See, for example, Siegmund (1985), Boyarchenko and Levendorskii (2002b), and Kyprianou and Pistorius
(2003) for some representations (though not explicit calculations) related to the overshoot problems for
general Lévy processes.

"For a jump diffusion process with one-sided jumps, the overshoot problem may not occur if the boundary
level is on the opposite direction of the jumps; e.g., the jump sizes are negative and the boundary level b > 0.
Under this circumstance, explicit solution may be possible (at least for perpetual American options) even if
the distribution of jump size take a general form; see e.g. Mordecki (1999).

6



To use the It6 formula for jump processes, we also need the infinitesimal generator of X (¢):

[e.e]

(LV)(@) i= 30V (@) + (= 50* =XV (@) 42 [ [Via+9) - V@l (6)

3 Pricing Finite Time Horizon American Options

Most of call and put options traded in the exchanges in both U.S. and Europe are American
type options. Therefore, it is of great interest to calculate the prices of American options
accurately and quickly. The price of a finite horizon American option is the solution of a
finite horizon free boundary problem. Even within the classical geometric Brownian motion
model, except in the case of the American call option with no dividend, there is no analytical
solution available®.

To price American options under general jump diffusion models, one may consider nu-
merically solving the free boundary problems via lattice or differential equation methods;
see, e.g., Amin (1993), Zhang (1997), d’Halluin, Forsyth, and Vetzal (2003). Extending the
Barone-Adesi and Whaley (1987) approximation for the classical geometric Brownian motion
model, we shall consider an alternative approach that takes into consideration of the special
structure of the double exponential jump diffusions. One motivation for such an extension is
its simplicity, as it yields an analytic approximation that only involves the price of a Euro-
pean option. Our numerical results in Tables 1 and 2 suggest that the approximation error
is typically less than 2%, which is less than the typical bid-ask spread (about 5% to 10%)
for American options in exchanges. Therefore, the approximation can serve as an easy way
to get a quick estimate that is perhaps accurate enough for many practical situations.

The extension of Barone-Adesi and Whaley’s method works nicely for double exponential
jump diffusion models mainly because explicit solutions are available to a class of relevant

integro-differential free boundary problems; see (15) and (16). We want to point out that

8For recent developments of numerical solution and analytic approximation of finite horizon American
options within the classical geometric Brownian motion model, see, for example, Broadie and Detemple
(1996), Carr (1998), Ju (1998), Geske and Johnson (1984), McMillan (1986), Tilley (1993), Tsitsiklis and
van Roy (1999), Sullivan (2000), Broadie and Glasserman (1997), Carriére (1996), Longstaff and Schwartz
(2001), Rogers (2002), Haugh and Kogan (2002) and references therein.



there exist other more elaborate but more accurate approximations (such as Broadie and De-
temple 1996, Carr 1998, and Ju 1998) for geometric Brownian motion models, and whether
these algorithms can be effectively extended to jump diffusion models invites further inves-
tigation.

To simplify notation, we shall focus only on the finite horizon American put option
without dividends, as the methodology is also valid for the finite horizon American call
option with dividends. The analytic approximation involves two quantities, EuP (v, t) which
denotes the price of the European put option with initial stock price v and maturity ¢, and
Pv[S(t) < K| which is the probability that the stock price at ¢ is below K with initial stock
price v. Both EuP(v,t) and P¥[S(t) < K] can be computed fast by using either the closed
form solutions in Kou (2002) or the Laplace transforms in Petrella, Kou, and Wang (2003).

We need some notations. Let z = 1 —e™™, B3 = B3z, B4 = faz, Cp = Bsfa(l + M),
Dg = no(1 4 B5)(1 + B4), in the notation of equation (4). Define vy = vy(t) € (0, K) as the

unique solution ? to the equation
CsK — Dg [U() + EuP(UO, t)] = (Cg — Dg)Kvefme - pvo [S(t) < K] (6)

Note that the left hand side of (6) is a strictly decreasing function of vy (because vy +
EuP(uvp,t) = e "™E* [max(S(¢), K)|S(0) = vg]), and the right hand side of (6) is a strictly
increasing function of vy (because Cy — D = B384 — n2(1+ B3 + (1) < 0). Therefore, vy can
be obtained easily by using, for example, the bisection method.

Approximation: The price of a finite horizon American put option with maturity t and

strike K can be approzimated by 1 (S(0),t), where the value function ¢ is given by

[ EuP(v,t) + Av=% + Bv =P if v >,
v ={ B0 oz @

with v being the unique root of the equation (6) and the two constants A and B given by

_ W
B1— D3

9In Appendix A, we give a better upper bound in (18) for v, that is K > vg + EuP (v, t).

A

{BiK — (1+ 1) [vo + BuP(vg, £)] + Ke ™P™[S(t) < K]} > 0.  (8)
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B {B3K — (14 B3)[vo + EuP(vo, t)] + Ke "P"[S(t) < K]} > 0. (9)

Tables 1 and 2 present numerical results for finite horizon American put options, corre-
sponding to t = 0.25 and ¢ = 1.0 years. The paremeters used here are S(0) = 100, p = 0.6,
r = 0.05. To save space, the numerical results for ¢ = 0.5 and ¢ = 1.5 are omitted, which
can be obstained from the authors upon request. We choose this set of maturities, because
most of the American options traded in exchanges have maturities between three months
and one year. The “true” value is calculated by using the enhanced binomial tree method
as in Amin (1993) with 1600 steps (to ensure that the accuracy is up to about a penny) and
the two-point Richardson extrapolation for the square-root convergence rate.

In the tables the maximum relative error is only about 2.6%, while in most cases the
relative errors are below 1%. Note also the approximation tends to works better for small
maturity ¢; this is because of the assumption (14) in the approximation, as will be explained in
Appendix A.1. All the calculations are conducted on a Pentium 1500 PC. The approximation
runs very fast, taking only about 0.04 second to compute one price, irrespective to the
parameter ranges; while the lattice method works much slower, taking about over one hour

to compute one price.

4 Pricing Other Path-Dependent Options

Lookback and barrier options are among the most popular path-dependent options traded in
exchanges worldwide and also in over-the-counter markets; and perpetual American options

are interesting because they serve as simple examples to illustrate finance theory'®. We shall

10Pricing of barrier, lookback, and perpetual American options also arises quite often in other contexts.
For example, Merton (1974), Black and Cox (1976), and more recently Leland (1994), Longstaff (1996),
Longstaff and Schwartz (1995), among others, have used lookback and barrier options to value debt and
contingent claims in corporate finance with endogenous default; McDonald and Siegel (1985) use perpetual
American options in studying real options. Within the classical geometric Brownian motion framework,
closed form solutions for lookback, barrier, and perpetual American options are available, at least since
McKean (1965), Merton (1973), Goldman, Sosin, and Gatto (1979), Conze and Viswanathan (1991).



Parameter Values “True” Value | CPU | Approx. | CPU | Abs. Error | Relative Error
K o X m n (a) Time (b) Time | (b)-(a) ((b)-(a))/(a)
110 02 3 25 25 10.48 4030 10.43 0.03 -0.05 -0.5%
110 0.2 3 25 50 10.42 4029 10.38 0.04 -0.04 -0.4%
110 0.2 3 50 25 10.36 4029 10.31 0.03 -0.05 -0.5%
110 0.2 3 50 50 10.31 4027 10.26 0.04 -0.05 -0.5%
110 02 7 25 25 10.81 4030 10.79 0.03 -0.02 -0.2%
110 02 7 25 50 10.68 4029 10.64 0.04 -0.04 -0.4%
110 0.2 7 50 25 10.51 4028 10.47 0.03 -0.04 -0.4%
110 0.2 7 50 50 10.39 4027 10.34 0.03 -0.05 -0.5%
110 03 3 25 25 11.90 4023 11.86 0.04 -0.04 -0.3%
110 03 3 25 50 11.84 4021 11.79 0.03 -0.05 -0.4%
110 03 3 50 25 11.78 4025 11.73 0.03 -0.05 -0.4%
110 0.3 3 50 50 11.72 4028 11.67 0.03 -0.05 -0.4%
110 03 7 25 25 12.23 4023 12.19 0.04 -0.04 -0.3%
110 03 7 25 50 12.09 4020 12.05 0.03 -0.04 -0.3%
110 03 7 50 25 11.94 4025 11.90 0.04 -0.04 -0.3%
110 03 7 50 50 11.80 4026 11.75 0.03 -0.05 -0.4%
100 02 3 25 25 3.78 4038 3.78 0.03 0.00 0.0%
100 0.2 3 25 50 3.66 4043 3.66 0.04 0.00 0.0%
100 0.2 3 50 25 3.62 4036 3.62 0.03 0.00 0.0%
100 0.2 3 50 50 3.50 4042 3.50 0.03 0.00 0.0%
100 02 7 25 25 4.26 4034 4.27 0.03 0.01 0.2%
100 0.2 7 25 50 4.01 4038 4.02 0.03 0.01 0.2%
100 02 7 50 25 3.91 4042 3.91 0.04 0.00 0.0%
100 0.2 7 50 50 3.64 4042 3.64 0.03 0.00 0.0%
100 03 3 25 25 5.63 4037 5.62 0.03 -0.01 -0.2%
100 0.3 3 25 50 5.55 4035 5.54 0.04 -0.01 -0.2%
100 0.3 3 50 25 5.50 4040 5.50 0.03 0.00 0.0%
100 0.3 3 50 50 5.42 4042 5.41 0.03 -0.01 -0.2%
100 03 7 25 25 5.99 4038 5.99 0.04 0.00 0.0%
100 03 7 25 50 5.81 4035 5.81 0.03 0.00 0.0%
100 03 7 50 25 5.71 4040 5.71 0.03 0.00 0.0%
100 0.3 7 50 50 5.52 4041 5.51 0.04 -0.01 -0.2%
90 02 3 25 25 0.75 4033 0.76 0.03 0.01 1.3%
90 02 3 25 50 0.65 4031 0.66 0.04 0.01 1.5%
90 02 3 50 25 0.68 4031 0.69 0.04 0.01 1.5%
90 0.2 3 50 50 0.59 4029 0.60 0.04 0.01 1.7%
90 02 7 25 25 1.03 4033 1.04 0.03 0.01 1.0%
90 02 7 25 50 0.82 4031 0.83 0.04 0.01 1.2%
90 02 7 50 25 0.87 4030 0.88 0.03 0.01 1.1%
90 0.2 7 50 50 0.66 4029 0.67 0.03 0.01 1.5%
90 03 3 25 25 1.92 4025 1.93 0.04 0.01 0.5%
90 03 3 25 50 1.85 4024 1.86 0.03 0.01 0.5%
90 03 3 50 25 1.84 4027 1.85 0.03 0.01 0.5%
90 03 3 50 50 1.77 4030 1.78 0.04 0.01 0.6%
90 03 7 25 25 2.19 4025 2.20 0.03 0.01 0.5%
90 03 7 25 50 2.03 4023 2.03 0.03 0.00 0.0%
90 03 7 50 25 2.01 4028 2.02 0.04 0.01 0.5%
90 03 7 50 50 1.84 4028 1.85 0.03 0.01 0.5%

Table 1: Comparison of the approximation and the true value for finite horizon American put option with

t = 0.25 year. The CPU times are in seconds. 10



Parameter Values “True” Value | CPU | Approx. | CPU | Abs. Error | Relative Error
K o X m n (a) Time (b) Time | (b)-(a) ((b)-(a))/(a)
110 02 3 25 25 12.37 4026 12.32 0.04 -0.05 -0.4%
110 0.2 3 25 50 12.17 4026 12.11 0.03 -0.06 -0.5%
110 0.2 3 50 25 12.04 4025 12.00 0.04 -0.04 -0.3%
110 0.2 3 50 50 11.84 4025 11.78 0.03 -0.06 -0.5%
110 02 7 25 25 13.29 4026 13.27 0.03 -0.02 -0.2%
110 02 7 25 50 12.85 4026 12.79 0.04 -0.06 -0.5%
110 0.2 7 50 25 12.54 4024 12.54 0.03 0.00 0.0%
110 0.2 7 50 50 12.08 4024 12.03 0.03 -0.05 -0.4%
110 03 3 25 25 15.79 4025 15.76 0.04 -0.03 -0.2%
110 0.3 3 25 50 15.63 4027 15.59 0.04 -0.04 -0.3%
110 0.3 3 50 25 15.51 4028 15.49 0.03 -0.02 -0.1%
110 0.3 3 50 50 15.36 4028 15.32 0.03 -0.04 -0.3%
110 03 7 25 25 16.51 4025 16.51 0.04 0.00 0.0%
110 03 7 25 50 16.17 4028 16.14 0.03 -0.03 -0.2%
110 03 7 50 25 15.89 4028 15.91 0.03 0.02 0.1%
110 03 7 50 50 15.53 4028 15.52 0.04 -0.01 -0.1%
100 02 3 25 25 6.60 4027 6.62 0.03 0.02 0.3%
100 0.2 3 25 50 6.36 4025 6.37 0.03 0.01 0.2%
100 0.2 3 50 25 6.26 4025 6.29 0.04 0.03 0.5%
100 0.2 3 50 50 6.01 4025 6.03 0.03 0.02 0.3%
100 02 7 25 25 7.57 4026 7.62 0.03 0.05 0.7%
100 0.2 7 25 50 7.07 4026 7.09 0.04 0.02 0.3%
100 02 7 50 25 6.83 4024 6.88 0.03 0.05 0.7%
100 0.2 7 50 50 6.28 4025 6.31 0.04 0.03 0.5%
100 03 3 25 25 10.10 4025 10.13 0.03 0.03 0.3%
100 0.3 3 25 50 9.94 4027 9.96 0.03 0.02 0.2%
100 0.3 3 50 25 9.83 4028 9.87 0.04 0.04 0.4%
100 0.3 3 50 50 9.67 4029 9.70 0.03 0.03 0.3%
100 03 7 25 25 10.81 4025 10.86 0.03 0.05 0.5%
100 03 7 25 50 10.46 4026 10.49 0.03 0.03 0.3%
100 03 7 50 25 10.22 4036 10.29 0.04 0.07 0.7%
100 0.3 7 50 50 9.85 4028 9.89 0.02 0.04 0.4%
90 02 3 25 25 2.91 4025 2.96 0.04 0.05 1.7%
90 02 3 25 50 2.70 4025 2.75 0.03 0.05 1.9%
90 02 3 50 25 2.66 4025 2.72 0.04 0.06 2.3%
90 0.2 3 50 50 2.46 4025 2.51 0.03 0.05 2.0%
90 02 7 25 25 3.68 4026 3.75 0.03 0.07 1.9%
90 02 7 25 50 3.24 4025 3.29 0.04 0.05 1.5%
90 02 7 50 25 3.12 4024 3.20 0.03 0.08 2.6%
90 0.2 7 50 50 2.66 4025 2.72 0.03 0.06 2.3%
90 03 3 25 25 5.79 4024 5.85 0.04 0.06 1.0%
90 03 3 25 50 5.65 4025 5.70 0.03 0.05 0.9%
90 03 3 50 25 5.58 4028 5.64 0.04 0.06 1.1%
90 03 3 50 50 5.43 4029 5.49 0.03 0.06 1.1%
90 03 7 25 25 6.42 4027 6.49 0.04 0.07 1.1%
90 03 7 25 50 6.09 4026 6.15 0.03 0.06 1.0%
90 03 7 50 25 5.92 4029 6.00 0.03 0.08 1.4%
90 03 7 50 50 5.59 4031 5.65 0.04 0.06 1.1%

Table 2: Comparison of the approximation and the true value for finite horizon American put option with

t = 1 year.
Y 11



demonstrate in this section that in the double exponential jump diffusion model the closed

form solutions for these options can still be obtained.

4.1 Lookback Options

As the calculation for the lookback call option follows just by symmetry, we will only provide

the result for the lookback put option, whose price is given by

LP(T) = E* [e‘TT <maX{M, max S(t)} — S(T))} =FE [e_TT <max{M, max S(t)})} — 5(0),

0<i<T 0<t<T
where M > S(0) is a fixed constant representing the prefixed maximum at time 0.
Theorem 4.1. Using the notation (1 o+r and Bao+r as in (4), the Laplace transform of

the lookback put is given by

[ ey - S0 SOV S0, (S0 s

for all a > 0; here

Aa _ (771 - ﬂl,oﬁ»r)ﬁloﬁ»r B. — (B2,a+r - nl)ﬁl,a+r C

61 o — 1 3 a — ﬁQ - 1 ) a — (Oé + T)nl(ﬁQ,aJrr - ﬁl,a+7‘)~

The proof of Theorem 4.1 will be given in Appendix B.1. Essentially, the proof explores
a link between the Laplace transform of the lookback option and the Laplace transform of
the first passage times of the double exponential jump diffusion process as solved explicitly

in Kou and Wang (2003).

4.2 Barrier Options

There are eight types of (one dimensional, single) barrier options, namely up (down)-and-in
(out) call (put) options. For example, the price of a down-and-out put (DOP) option is
given by DOP = E* [e7"T(K — S(T))" 1 iminge,<r s@>my] , where H < S(0) is the barrier
level. Since all the eight types barrier options can be solved in similar ways, we shall only

illustrate with the up-and-in call (UIC) option, whose price is given by
UIC = E* [ (S(T) — K) " Lmaxgerer S} ] -

12



where H > S(0) is the barrier level. Introduce the following notation: for any given proba-

bility P,

U(p, 0, A pymi, 13 a,b, T) := P 1 Z(T) > a, max Z(t) >b|, (10)

0<t<T
where under P, Z(t) is a double exponential jump diffusion process with drift p, volatility
o, and jump rate X, i.e. Z(t) = ut + o W(t) + SN, and Y has a double exponential
distribution with density fy(y) ~ p-me ™10 + q - 726" 1gy<0y. The formula of the
up-and-in call option will be written in terms of ¥. The Laplace transforms of ¥ is computed
explicitly in Kou and Wang (2003).

Theorem 4.2 The price of the up-and-in call option is obtained as
1 ~
UIC = S(O)0U(r+ 50° ~ X0, A, s los(K/S(0)). log(H/5(0)), T) (11)

1
—Ke*"T . \I’(T' - 50-2 - )\C7 g, )‘7p7 1, M2, IOg(K/S(O)), log(H/S(O))’ T)’

where p = ﬁ . m"il, =m—1 fo=m+1, A= A(C + 1), with ¢ given in (3) and ¥ in
(10).

The proof of Theorem 4.2 will be given in Appendix B.2. It uses a change of numeraire
argument, which intuitively change the unit of the money from the money market account
to the underlying asset S(t), to reduce the computation of the expectation to the difference
of two probabilities. For further background of the change of numeraire argument for jump

diffusion processes, see, for example, Schroder (1999).

4.3 Numerical Results for Barrier and Lookback Options

Since the solutions for barrier and lookback options are given in terms of Laplace transforms,
numerical inversion of Laplace transforms becomes necessary. To do this, we shall use the
Gaver-Stehfest algorithm. Given the Laplace transform function f (o) = fooo e~ f(x)dx of
a function f(z), the algorithm generates a sequence f,(z) such that f,(z) — f(x), n — co.

The algorithm!! converges very fast; as we will see it typically converges nicely even for n

"The main advantages of the Gaver-Stehfest algorithm are: simplicity (a very short code will do the
job), fast convergence, and good stability (i.e. the final output is not sensitive to a small perturbation of

13



n Lookback Put Up-and-In Call
A=0.01 A=3 A=0.01 A=3
1 17.20214 18.58516 10.32186 10.98416
2 16.55458 17.83041 9.81060 10.62657
3 16.14481 17.35415 9.49290 10.31446
4 15.95166 17.13035 9.34838 10.13851
5 15.87823 17.04556 9.29672 10.07120
6 15.85473 17.01851 9.28173 10.05461
7 15.84823 17.01105 9.27813 10.05280
8 15.84664 17.00923 9.27740 10.05309
9 15.84629 17.00884 9.27726 10.05315
10 15.84622 17.00877 9.27724 10.05307
Total CPU Time 0.541 sec 0.711 sec 2.849 min 2.815 min
| Brownian Motion Case | 15.84226 | N.A. | 927451 | NA. |
Monte Carlo Simulation
200 Points point est. 15.39 16.29 9.14 9.82
CPU Time: 8 min | 95% C.I. | (15.22, 15.56) | (16.06, 16.52) | (8.90, 9.38) | (9.56, 10.08)
2000 Points point est. 15.65 16.78 9.24 10.05
CPU Time: 37 min | 95% C.I. | (15.47, 15.83) | (16.59, 16.97) | (9.00, 9.48) | (9.79, 10.31)

Table 3: The prices of lookback put and up-and-in call options. The Monte Carlo results
are based on 16,000 simulation runs.

between 5 and 10. The details of implementation is reported in Kou and Wang (2001).

As a numerical illustration, we calculate both the lookback put option and the UIC barrier
option in Table 3. For the lookback put option the predetermined maximum is M = 110;
for the UIC option the barrier and the strike price are given by H = 120 and K = 100,
respectively. The expiration dates for both options are the same: T = 1. The risk-free
rate is 7 = 5%. The parameters used in the double exponential jump diffusion are o = 0.2,
p =03, 1/m = 0.02, 1/mp = 0.04, A = 3, S(0) = 100. To make a comparison with the
limiting geometric Brownian motion model (A = 0), we also use A = 0.01. The results are
given in Table 3. All the computations are done on a Pentium 700 PC.

Monte Carlo simulation results are also reported in the table. Note that the Monte Carlo

initial input). The main disadvantage is that it needs high accuracy computation, as it involves calculation
of some factorial terms; typically 30-80 digit accuracy is needed. However, in many software packages (e.g.
“Mathematica”) one can specify arbitrary accuracy, and standard subroutines for high precision calculation
in various programming languages (e.g. C++) are readily available.

14



simulation has two sources of errors: the random sampling error and systematic discretiza-
tion bias. It is quite possible to significantly reduce the random sampling error here (thus
the width of the confidence intervals) by using some variance reduction techniques, such as
control variates and importance sampling. However, the systematic discretization bias, re-
sulting from approximating the maximum of a continuous time process by the maximum of a
discrete time process in simulation, is very difficult to be reduced. For both the lookback put
and the UIC, it makes the calculation from the simulation biased low. Even in the Brownian
motion case, because of the presence of boundary, this type of discretization bias is very sig-
nificant, resulting in a surprisingly slow rate of convergence'? in simulating the first passage
time, both theoretically and numerically. In the presence of jumps, the discretization bias

could be even more serious, especially for large T or large jump parameters.

4.4 Perpetual American Options

To simplify the derivation, we shall only focus on the perpetual American put option, as
the methodology is valid for the perpetual American call option with dividends as well.
Under the jump diffusion model, the price of an American put option is given by ¥ (S(0)) =
sup, E* [e7"" (K — S(7))*] = sup, E* [e‘” (K — S(O)eX(T))q , where the supremum is taken
over all stopping times 7 taking values in [0, oo].

Theorem 4.3. Using'? the notation (s, and B4, as in (4), the value'* of the perpetual
American-put option is given by 1 (S(0)) = V(S(0)), where the value function V is given by

K—v ;o if v <y

V(v) = { Av=Pr 4 By=™Par o if o>y (12)

12 Asmussen, Glynn, and Pitman (1995) showed that theoretically the discretization error has an order
1/2, which is much slower than the order 1 convergence for simulation without the boundary; 16,000 points
are suggested in the paper for a Brownian motion with drift —1 and volatility ¢ = 1 and time 7' = 8.

13 Actually, B, = 1.

4 Gerber and Shiu (1998) and Mordecki (1999) study the same optimal stopping problem with one-sided
jumps (can only jump up or down); this may not have the overshoot problem if the process always jumps away
from (not jump towards) the boundary. Also r = 0 in Mordecki (1999). Here we focus on the (two-sided)
double exponential jump diffusion processes with r > 0.
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where

ol B3, Bar
Vo = K . . ,
2 1+ 85, 1+ Bay

K| >0.

/337' 1+64’T 64’T /847' 1+/837T /83,1"
7 K — >0, B=v,""—>— _
|: o 0 E 1+ﬁ3,r

A=n
0 54,1" - 53,7“ ]- + 54,1" 54,7“ - ﬁ?),r

Furthermore, the optimal stopping time is given by 7 = inf{t > 0: S(t) < vo}.

The proof'® will be given in Appendix B.3. Note that the solution given in (12) satisfies
the smooth-fit principle (i.e., the value function is continuous and continuously differentiable
across the free boundary vg)!°.

Figure 2 graphs of the value of a perpetual American put option versus its parameters,
S(0), m, m2, p, A. The defaulting parameters are r = 0.06, o = 0.20, K = 100, S(0) = 100,
A=3,p=0.3,1/n =0.02, and 1/m, = 0.03. It only takes less than one second to generate
all the pictures in Figure 2 on a Pentium 700 PC. Not surprisingly, Figure 2 indicates that
the option value is a decreasing function of S(0), p, and is an increasing function of A, 1/ns,
and o, as it is a put option. What is interesting is that the option value is an increasing

function of 1/7;, which is the mean of the positive jumps. The reason is that the risk neutral

drift also depends on 7;; a similar phenomenon was also pointed out in Merton (1976).

5 Concluding Remarks

Both the normal jump diffusion model and the double exponential jump diffusion model
are special cases of the affine jump diffusion models (Duffie, Pan, and Singleton 2000, and

Chacko and Das 2002), which include stochastic volatility and jumps in the volatility, and

15A result similar to (12) is also independently obtained by Mordecki (2002). However, there are two
key differences. First, our proof not only covers the case of the perpetual American options, but also
solves another infinite horizon free boundary problem (with a more complicated boundary condition) of (15)
and (16), arising in approximating the finite horizon American options; see Appendix A.1. Secondly, the
proof in Mordecki (2002) shows the results indirectly, as it first derives some general representations for
Lévy processes, and then shows that the representations can be computed explicitly if the jump sizes are
exponentially distributed. Here we prove and calculate the result directly by using martingale and PDE
methods, without appealing to more general results from Lévy processes.

16The smooth-fit principle may not hold for general Lévy processes; see Pham (1997), Boyarchenkov and
Levendorskii (2002a), where sufficient conditions for the smooth-fit principle are given.
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Figure 2: Values of American put options

of Lévy processes, which have independent increaments but with more general distributions.
Whether the double exponential jump diffusion model is suitable for modeling purposes is
ultimately a choice between analytical tractability and reality; and it should be judged on a
case-by-case basis. (For example, the independent increament assumption is perhaps more
defensible in the case of currency markets than in the case of equity markets.) See Cont
and Tankov (2002) for calibration of the double exponential jump diffusion model to market
data, and some empirical comparison with other models.

It is worthing mentioning that jump diffusion models may be also useful in modeling
credit risks. In fact, Huang and Huang (2003) has used the double exponential jump diffusion
model to study credit spread, and the empirical results there seem to be promising.

JFrom a broader perspective, the paper calls for consideration of using exponential type
distributions in modeling jumps in asset pricing, and, by understanding the simplest cases
first, the results may hopefully shed some light on more general models with jumps.
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A Appendix: Derivation of the Approximation (7)
A.1 Outline of the Main Steps in the Derivation

Let ¢ be the remaining time to maturity. Suppose the optimal exercise boundary is vg(t); in
other words, it is optimal to exercise the option whenever the stock price falls below v (t).
Letting zo(t) = log(vo(t)), = log(v), and using the generator £ in (5), the value function
V(z,t) = ¢(e*,t) and the optimal exercise boundary vy(t) must satisfy the free boundary
problem: —V; —rV 4+ LV =0, for = > zy(t); and V(z,t) = K — e*, for x < x¢(t). Define
the early exercise premium as ¢(x,t) := V(z,t) — EuP(e”,t). Since the European put price
satisfies the equation —EuP; — rEuP + LEuP = 0, for all z, it follows that the early exercise

premium satisfies the equation

—er—re+Le=0, YVao>x(t); e(z,t) = K —e® — EuP(e”,t), Vo < xzo(t). (13)

r

Introduce the change of variable z = 1 — e g(x,2) = e(z,t)/2. It is easy to see that

—rt

zp=re" ep = 292, Exx = 20z, €t = 219 + 27,2 Plugging this back into (13), and dividing

z on both sides, we have

r 1 1 o
(= 2)ge = (24 0) g 50%0me (= 50° = X044 [ glat0.2) fly) dy =0

for all z > zo(t) and g(z, z) = L(K — e” — EuP(e", 1)), V & < 2¢(t). Following Barone-Adesi
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and Whaley (1987), the approximation will set
(1—2)g. ~0. (14)

This is a reasonable assumption especially for very big or very small ¢. Indeed, as t — 0,
1 — 2z — 0, while as t — 00, g, — 0, because g(z, z) converges to the price of a perpetual
American put option. This also explains why in the numerical tables the error tends to be
larger when ¢ = 1.

With the approximation (14), the function g satisfies the following equations:

—(g +\)g+ %Jng +(r— %02 —X()ga + /\/ 9@ +y,2) fr(y)dy =0, Vx> xo(t)
(15)
and
o(z, 2) = é(K _ et EuP(eh, 1), Yz < molt). (16)

If we regard t, and hence z and z((t), to be fixed, the above equation becomes an ordinary
integral-differential equation with free-boundary z((t). Note that the boundary condition in
(16) involves the European put option price EuP (e, t), which makes solving the free boundary
problem more difficult than that for perpetual American options. Under the assumption of
exponential jump size distribution, however, the above free boundary problem can be solved

explicitly as in Appendix A.2, resulting in the approximation in (7).

A.2 Solving the Free Boundary Problem (15) and (16)

Lemma A.1. Define

- K—e" —h(x) , if z<zo
V(-T) - { Ae—203 4 Be %P4 7 Zf >z

here (B3, 84 > 0, xg € (—00,00) are arbitrary constants, and h(x) arbitrary continuous func-

tion. Then for any constant b, we have for all x > x,

(—bV + LV)(z) = Ae™% f(Bs) + Be™ f(B4)

+ Agm,e@—o)m [K e Ae~w0Ps  Bewoba /o
€ - - — —
qne 2 1+ ) Mo — ﬂ?, Mo — 54 Cw

h(zo + y)e'™dy]| ,
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where f(x) := G(—z) —b.

Proof. First, we want to compute ffooo f/(x +y)dF(y), which is essential to compute the

generator (LV)(x). For z > x, we have
| Ve

To—1T 0
= / (K — e — h(x +y))qnae”™ dy + / (Ae™PWHe) 4 BemPluta))gn,e™ dy

—0o0 To—T

+ /OO(Ae—ﬂ:a(erw) + Be—ﬁz;(yﬂ))pme—ym dy
0

o A To—x
— qe(xo—w)nz {K - 17716?7 } i 77(]772 3 [e—ﬁsw _ e BT, e(:co—w)nz} _ / h(a: + y)qmey”2dy
2 2~ M3 —0

B —Bsz —Baz
_|_ q?72 [6—54:8 _ 6—ﬁ4x0 . 6(w0_x)172:| + |:Ap7716 —I— Bpnle :| ‘

N2 — Ba m + B3 m + Ba
Next, for x > xy, we have

(=bV + LV)(z)

1 1
= 502(Aﬁ§e_w3 + Bf2e ") 4+ (r — 502 — XO)(—ABse™ ™ — BBe™™)

xo
—b(Ae_w?’ + Be‘wﬁ‘*) _ )\(Ae—wﬂg + Be_w‘*) + A {qe(xo—w)ﬁz [K e ]

1+n
A 0
+ qm2 [e—ﬂ:aw — e Pszo e(wo—x)nz} N qn26(wo—w)n2/ h(iﬂo + y)eynzdy
n2 — B3 —00
—B3x —Bax
L _amB [eur _ =B glro—m] | { qpme " ppme ™ } }
n2 — B4 m + B3 m + Ba

= Ae P f(Bs) + Be " f(53)

e%o Ae—*0Bs Be %084 0
FAgelre {K R e e i ML y)emdy} ’

from which the proof is terminated. O

Lemma A.2. For every xy, we have

§EUP(6x,t) = EuP(e™,t) — Ke ""P*(S(t) < K|S(0) = &™),
xXr
=0
/ U BaP(en Y e dy = — - FuP(e 1)+ —C " pr(s(1) < K|S(0) = ¢)
oo ’ ne + 1 ’ m2(m2 + 1) B
4 B [(S0/K) L s0s1S(0) = ]
172(772 T 1) {S(t)>K} .
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Proof. We have

K—e®eX(®)
EuP(e”,t) = E*[e (K —e"e* )] = E*/ e " Lgyz0y dy

—00

x er

Hence

9 .
a—xEUP(G s t)

— %0 . E* {e_TteX(t)]-{K—eIOeX(t)ZO}} )

T=x0

from which the first equation follows readily. As for the second equation, we have

0 0
/ EuP(e‘rHy, t)emy dy = E*/ e_Tt(K _ emo+y€X(t))+ . ey dy

—00 —00

0
= e_rtE*/ 1{K_ezoeX(t)Zo}€n2y(K - 610+y€X(t)) dy

—00

—rte* 10g<ex%>*ffo zo+y ,X(t)
+e "E Lk —emoexv<re™ (K — ™ e V) dy

—00

— K S(t) Knet+l B -
= B =~ Lik- e T [(S(t) Tk ;
) K% 2+ 1) e S(tm}} mmt+1) [(S(E) " Lx-s0<0y]

from which the conclusion follows. O

Now we are in a position to solve the free boundary problem of (15) and (16). Since
e(x,t) = zg(w,t), it is not difficult to see that (15)-(16) reduce to —Ze+Le =0, Vz > x¢(t);
e(z,t) = K — e* — Eup(e®,t), VYV < xo(t). Note we regard t as fixed. Denote zo = x¢(t).
By Lemma A.1, for ¢ = Ae ® 4+ Be 5 for x > xy, we must have G(—f3) — =0,
G(—p4) —Z =0, and

T 0 —B3x —Bazx
5_ e _/ EuP(ezoer,t)-enzydy:Ae o Be

. 17
n 1+ 00 N2 —PFs  n2— B (17)

The smooth-fit principle (i.e. the value function is continuous and continuously differentiable
across the free boundary) yields two more equations K —e® —EuP(e®,t) = Ae™ %04 Be~F12o,

e + ZEuP(e”, t)|

=

L= ABge P30 4 BB,e=P10 These five equations determines the five

unknown parameters A, B, zg, J3 and (4. It is not difficult to verify that A and B are given
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1 9 ]
_ PBswo _ LT __ z0 _ xo i x
A = e 5 Bi(K —e EuP(e™,t)) (e + axEuP(e 1) z:m) ,
B = e ! _63(K —e"™ — EuP(e™,t)) — [ ™ + gEuP(e:Ij t) _ :
Bs—bBu | | Ox oo/ |

After some algebra, (17) yields that the free boundary o must satisfy the equation:

5354[( w33+ Ba+ 1+ 8453
—K —e

72 T+mn
0 0
= o BuP (e )loms + (B + B — m)EuP(e™, ) + (02 — B1) (m2 — fs) / EuP (6™, 1) - ™V dy.

Using Lemma A.2, we have

Bsxo
A= 66 ﬂ {B4K - (]. + 64)[6”0 -+ EUP(éEo’ t)] + Ke—rtp*[s(t) S K|S(O) _ 610]} ’
4 — M3
eBaxo
B = 5 {BK — (L+ G)le™ + BuP(e", )] + Ke"P*IS(t) < K]S(0) = €]}
3 — D4
which are exactly (8) and (9). Again using Lemma A.2, we have that z, must satisfy
ﬂ?’ﬁ‘lK — %o (1 + ﬁ?))(l + ﬁ4)
772 ]. + 7]2
= EuP(e™,t) (1+B4)(1+5s) i BaB3 — M2 — 283 — Ban2 KerP*[S(t) < K|S(0) = ¢®]
1 M (12 + 1)
Ke—rt

+(n2 — B4)(n2 — B3) - E* [(S(t)/K) ™ I{S(t) > K}|S(0) = e™] .

m2(n2 +1)
Since 1), is typically very large, as 1/n, is about 2% to 10%, the last term in the above
equation is generally very small, as the expectation E* [(S(¢)/K) ™™ I{S(t) > K}|S(0) = e™]

is typically small. Ignoring the last term, we have that xy must satisfy the equation

B e BB b (48005 B)
72 L+ ne +1
—n2 — N2f33 — Bama + Bafs

I Ke™™ - P*[S(t) < K|S5(0) = v,

72 (12 + 1)
which is exactly (6).

It remains to show that A > 0 and B > 0. To do this, we need the following lemma.

22



Lemma A.3. For the unique solution vy in equation (6), we have
K > vy + EuP(vg,t) = e "E*[max(S(t), K)|S(0) = vg). (18)

Proof. We show this by contradiction. First, note that vg+EuP(vg,t) = e " E" [max(S(t), K)]
is an increasing function of vy. Next, assume by contradiction that K < vy + EuP (v, t).

Since C3 — D = [4f35 — n2(1 + B3 + f1) < 0, we have
CsK — Dg vy + EuP(vg,t)] < (Cs — Dg)K < (Cs — Dg)Ke™™ - P[S(t) < K].

Thus, the left side of (6) would be smaller than the right side of (6); a contradiction. O
Now we can show that A, B > 0. By taking derivative and then using (18), it is easy to

see that the function
CsK — Dg vy + EuP (v, t)] — (Cs — Dﬁ)Ke*’"t -P[S(t) < K] (19)

is strictly increasing in 3 and strictly decreasing in ;. Replacing B3 by 7, in (19) and
observing 33 < 1, and (6), we have B4 K —(1+084) [vo + EuP(vg, t)]+ Ke " -P™[S(t) < K] > 0,
yielding A > 0. Similarly, since 8, > n,, replacing (4 by 7 in (19) yields B > 0. O

B Appendix: Proofs for Other Path-dependent Op-
tions

B.1 Proof of Theorem 4.1 for Lookback Options

Lemma B.1. We have lim,_,o, eVP*[Mx(T) >y =0,V T > 0.

Proof. 1t is not difficult to see that the process {69X O-GOx. ¢ > O} is a martingale for any
0 € (—n9,m). Fixan 0 € (1,7;) such that G(0) > 0 (such 0 always exists since G(1) = r > 0).
It follows that e?P*[Mx(T) > y] = e~ eWP* [ My (T) > y] = e1=9%.e%P*[1, < T, where
T, is the first passage time of process X over level y; however, the second term in the previous

equation is dominated by e®P*[r, < T] < E* [eaX(TyAT)} < eGOTE* [69X (Ty/\T)*G(e)'(TyAT)] =
e“OT where the last equality follows from the optional sampling theorem. Since 6 > 1, the

result follows readily. O
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Now we are ready to prove Theorem 4.1. Note that we only need to compute the Laplace
transform of L(s, M;T) := E* [e7"T max(M, se™xT))], M > s, where s = S(0) and M are
constants, and Mx (7') := maxo<;<7 X (t). Letting z = log(M/s) > 0, we have

L(s,M;T) = sE* [e”"" max(e?, eMx(T) )] = sE* [e7 (e Mx(T) _ e )Liny(r)>2y] + se’e 7.
Integration by parts yields

B [ e ™M 1)y ] = =77 / e!dP*[Mx(T) = y|

=E* [eT e L myzay) e / e'P*[Mx(T) > yldy ;

here we have used Lemma B.1. It follows that L(s, M;T) = se™"" [*° eP*[Mx(T) > y]dy +

Me T, Therefore, for any o > 0,

/ e TL(s,M;T)dTl = / e~ TeT / eVP*[Mx (T) > y]dydT +
0 a+r
= v [ e TP My (T) > yldTd
[ e Mx(T) 2 y)dTdy + ——
However, it follows from Kou and Wang (2003) that
/ e*(aJrr)TP*[MX(T) > y]dT — Alefym,aw + Ble*yﬁz,aw,
0
. L m— ﬁl,aw 52,a+r B 1 ﬁ2,a+r — M 51,a+r
Al — * 3 B]_ — * .
oa+r T Ba,a4r — Biatr a+r M B2,04r — B1,a+r

Note that B2 otr > m > 1, Bia4r > (1 = 1. Therefore,

/ e TL(s,M;T)dT = s/ eyAleyﬂl""”dy—l—s/ ¥ Bre YPzotrdy +
0 z z

—z(B1,a4r—1) —z(B2,a4r—1) M
e e
= sA——— +sB +
' ﬁl,oc—i—r —1 ' ﬁ2,a+r —1 a+r
A

= S_Qe_z(ﬁl,a-ﬁ—'f“_l) _|_ S&e_z(/(b,a-kr_l) + M X
c, ' a+r

a—+r

This yields the Laplace transform we obtained in Theorem 4.1. O
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B.2 Proof of Theorem 4.2 for Barrier Options

We can write UIC as

UIC = E" [ (S(T) = K)*Lmasercr s2)]

= E* [ _TTS( )1{5 (T)>K, maxogthS(t)ZH}] — Ke_TTP* S(T) > K max S( ) >H

0<t<T

= I—Ke ™. II (say).
It is easy to compute the second term, as

IT = \I/(T - %02 - )‘Ca g, )‘7p7 7’]1,772710g(K/S(0)), 10g(H/S(O)), T)

For the first term, we can use a change of numeraire argument. More precisely, introduce
a new probability P defined as

. N(T)
dl ~rS(T) —rT X (T) 1,

r T
P =e S()—e e =exp - ( 20 X)T +ocW(T —I—E Y;

t=T

Note that this is a well defined probability as E* {e’”%} = 1. We have, by the Girsanov
theorem for jump processes, W(t) := W(t) — ot is a new Brownian motion under P, and the
original process

1, N(t) 1, i N(#)
X(t)=(r—50 —)\()t+0W(t)+ZYi:(T+§0 —X)t+aW () + DY

i=1 i=1
is a new double exponential jump diffusion process with the Poisson process N(¢) having a
new rate A = AE*(¥) = A(1+¢). and the jump sizes Y’s are i.i.d. with a new density given
by

1 1
e fy(y) = B (v )eypnle (0 PN o )eyqnze"”l{yw}

1 Uil —(n—
- pE*(eY) - 1(771 — e 1)y1{y20} +4q

E*(eY) E*

(772 +1)e (n2+1 )yl{ <0}

1 72
Ex(eY) me+1

Thus, it is still a double exponential density with 7, =n1 — 1, 7o = 2 + 1,

ﬁ:p{ pn_ . _am }1 m q:q{ pH_ g }1 0
m—1" m+1) m-1 m—1 m+1) n+1
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In summary, we have

I = S(0)E" |e W'1{S(T)2K,max0§t§TS(t)2H}

I
R
e

O

[S(T) > K, min S(t) < H]

0<t<T

1 T oaoa
= S0)¥(r+ 502 — A, 0, A\, D, T, M2; 1og(K/S(0)),log(H/S(0)),T),
and UIC = T — Ke™"" . II, from which the conclusion follows. O

B.3 Proof of Theorem 4.3 for Perpetual American Options

Lemma B.2. Suppose there exist some zg < log K and a non-negative C' function u(x)
such that: (1) the function u is C? on R\ {zo}, and is conver with u”"(xo—) and u"(zy+)
ezisting; (2) (Lu)(x) —ru(x) = 0 for all x > zo; (3) (Lu)(z) — ru(z) < 0 for all x < zo;
(4) u(z) > (K — e*)T for all z > xo; (5) u(z) = (K —€*)* for all x < xo; (6) there exists
a random variable Z with E*[Z] < oo, such that e "N y(X(t AT ATH) + 1) < Z, for
any t > 0,z and any stopping time 7. Here the infinitesimal generator L is defined in (5).
Then the option price ¥(S(0)) = wu(log(S(0))) and the optimal stopping time is given by
™ :=inf{t >0: S(t) <e™}.

Proof: Define X (t) = = + X (t). Then X (t) has the same generator £. The result now
follows from a similar argument in Mordecki (1999, p. 230-232), except with M (t) being
changed to M(t) := e "'u(X (t)) — fot{—ru(f((s)) + Lu(X(s))}ds. O

Proof of Theorem 4.3. Let x = log(v) and o = log(vg). Then

Vo gl T
For notation simplicity, we shall write 83 = (33, and 3, = 34,. To prove Theorem 1, we only

need to check the conditions in Lemma A.1. Note that f(083) = f(84) = 0, and

K —e%* — Ae %P _I_Be—woﬁz;’ eto — Aﬁge—wo& +Bﬁ4€_w°ﬁ4,
€m0, AHQG*JEoﬁs Bn26*moﬁ4
T+m n2 — B3 e — B

0
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Therefore, Condition 2 follows from Lemma A.1 with h = 0. Conditions 1, 4, 5, and 6 are
trivial by noting that V(zo+) = V(zp—) and 0 < V(z) < K.
As to Condition 3, note that for x < xg, we have

o) 0 To—T
/ V(z +y)adF(y) = / (K — V™) qmae”™ dy + / (K — e’ ™)pme ¥ dy
0

—00 —00

+ /OO (Ae—ﬁ3(y+:c) + Be—ﬁ4(y+x))pme—ym dy

0—T

= K—¢€"

m+1l n—1 771—1_ 771+53_ m + B4

T —x0 —x00
qmne i Y4 } —pe_"l(xo_w) {K— ner° Ame 0fs B»,he 0 4}‘

Therefore, for = < x,

(=rV + LV)(z) = —%a%m +(r— 302 A (=) = (K — ) — A(K — &%)

Zo —B3x0 —Baxo
+ )\ {K — ex |: q772 —|— pnl :| — pe_nl(wo_x) |:K _ 7]16 _ Anle _ Bnle :| } ‘
mt+l m—l m—1 m + B3 M + B4

Rearranging terms and using (3) we have for x < zy,

7 B 7]16% nle—ﬁ:ﬁo nle—ﬂwo
—rV + LV)(z) = —rK — \e M@0 {K— —~A - B }
( (@) b m—1 m + B3 M + Ba

The right hand side can be further simplified as

7716960 nlAe*ﬂswo nlBe*@wo
m—1 m + B3 m + Ba

1o m 1+ B4 m 1+ 3
= K- m—1 B m + B3 By — B3 [14‘54[{_14 B m + Bs By — B3 {UO_ 1+53K}
_ B34 o (1+B3)(1 + Ba)
B (1 + B3)(m + Ba) o (m — 1)(m + Bs)(m + Ba)
33054 Ne + "M

(m + Bs)(m + Ba) n2(m — 1)

In summary we have for z < x,

BsB4(n2 +m)

B _ —m (wo—1)
(=7V + LV)(2) = 7K + pAe B o T 8+ Bl — 1)

from which it is easy to see that (—rV + LV)(z) is an increasing function, thanks to the

assumption r; > 1. Thus, to show Condition 3 it suffices to show that (—rV+LV)(zo—) < 0.
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However, since V(z) is bounded and continuous, it follows from the Dominated Convergence

Theorem that

(£V) =) —(£V) () = 5 (V"(0=) = V" (a0+)) = —3 (€0 + Bde 5 4 g2Be) <.

But (—rV 4 LV)(z¢+) = 0, which completes the proof. O
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