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1 In tro duction

In this thesis we consider the following class of bi-stable reaction-diffusion equations

½
Ut = ε2Uxx + (1 + V ¡ U2)U

τVt = Vxx + F (U2, V ; ε) ,
(1.1)

see also [3],[2]. Without loss of generality we can and will decompose F (U 2, V ; ε) into

F (U2, V ; ε) = (1 + V ¡ U2)H(U2, V ; ε) +G(V ; ε) ;

G(V ; ε) is called the rest-term. We will distinguish two cases. In the ”regular” case the rest-term
G(V ; ε) is O(1) and in the ”singular” case the rest-term G(V ; ε) is O(ε2). We focus on the existence
and dynamics of front solutions. For these solutions the difference between the regular and singular
case can best be shown in a figure, see Figure 1.1. The case in which the rest-term G(V ; ε) is O(εl)
with 0 < l < 2 is the transition between regular and singular and will not be considered here.
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Figure 1.1: In the left figure we plotted a simple one-front solution of (1.1) in the regular case and
in the right figure the singular case. In the regular case we see that the V -component has almost
no influence, i.e. it is uniformly asymptotically small. In contrast to the singular case where the
V -component is O(1) and has leading order influence on the solution.

In this thesis we are especially interested in a singular case with a simple rest-term

F (U2, V ; ε) := (1 + V ¡ U2)(H0U
2 +H1V +H2) ¡ ε2γV ,

with H0, H1, H2 2 R and γ > 0. Our singular system thus reads

½
Ut = ε2Uxx + (1 + V ¡ U2)U

τVt = Vxx + (1 + V ¡ U2)(H0U
2 +H1V +H2) ¡ ε2γV .

(1.2)

Notice that F (1, 0; ε) ´ 0 and that the limε→0 F (U2, V ; ε) exists; τ > 0 and O(1). Thus, the
system is such that the background state (U, V ) ´ (§ 1, 0) is always a trivial solution. Further-
more, we assume that ε2 is asymptotically small, which implies that the problem has a singularly
perturbed nature. We consider system (1.2) on the unbounded line, i.e. (U, V ) = (U(x, t), V (x, t))
with (x, t) 2 R £ R+. Note that, by construction, our system (1.2) is symmetric under U ! ¡ U .

Why should we look at a system with the structure of (1.2)? To answer this question we need to
introduce the fast variable

ξ =
x

ε
. (1.3)
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During this whole thesis we will constantly shift between the fast variable ξ and the slow variable
x. The terms ”slow” and ”fast” are based on an agreement, other terms which are often used are
”outer” and ”inner” or ”long” and ”short”. Slow and fast can be explained as follows, when ∆x(=
”change in x”) changes with O(1), then ∆ξ changes with O( 1ε ). Since ε is small, ∆ξ is large. Thus
a ”fast” (short/inner) change in ξ gives a ”slow” (long/outer) change in x.

With the fast variable ξ, system (1.2) can be rewritten into its fast form
½

Ut = Uξξ + (1 + V ¡ U2)U
ε2τVt = Vξξ + ε2

¡
(1 + V ¡ U2)(H0U

2 +H1V +H2) ¡ ε2γV
¢
,

(1.4)

so that Vξξ = O(ε2). When we look at the fast reduced limit, i.e. ε ! 0 in (1.4), we find

Vξξ = 0 , (1.5)

thus V (ξ) = V0 + V1ξ. Since it is natural to impose the condition that U(x, t) and V (x, t) are
bounded on the entire domain, it follows that V1ξ = 0, so that V (ξ) = V0. The U -component is
now a solution of the well-studied, scalar bi-stable or Nagumo equation

Ut = Uξξ + (1 + V0 ¡ U2)U . (1.6)

Thus we can interpret our original system (1.2), as well as system (1.1), as a bi-stable Nagumo
equation in which the coefficient of the linear term (V ) is allowed to evolve by a reaction-diffusion
equation on a slow spatial scale.

We ask ourself two question. Are there localized patterns, i.e solutions of (1.2) that satisfy

lim
|x|→∞

(U(x, t), V (x, t)) = (§ 1, 0) ?

Moreover, when these localized patterns exist, do they satisfy that V (x, t) ! 0 uniformly in x
and t as ε ! 0, and that U(x, t) approaches the stable and attracting heteroclinic front solution
u0(ξ;V0) of the scalar Nagumo equation (1.6) with V0 = 0? The first question is the theme of this
thesis and it turns out that the question is true for the regular case, see Theorem 1.1. But for the
singular case it is in general not true, see [2] and the rest of this thesis.

In Chapter 2 we are going to look for stationary 1-front solutions of system (1.2), i.e solutions
as plotted in Figure 1.1. For stationary solutions we have, by definition, Ut = Vt = 0. Therefore
we can rewrite system (1.2) into a 4-dimensional ODE that reads in its fast form

8
>><

>>:

uξ = p
pξ = ¡ (1 + v ¡ u2)u
vξ = εq
qξ = ε[¡ (1 + v ¡ u2)(H0u

2 +H1v +H2) + ε2γv] .

(1.7)

In equivalent slow form it reads (x = εξ)
8
>><

>>:

εux = p
εpx = ¡ (1 + v ¡ u2)u
vx = q
qx = ¡ (1 + v ¡ u2)(H0u

2 +H1v +H2) + ε2γv .

(1.8)

Equations (1.7) and (1.8) are equivalent, but have different limits for ε ! 0; (1.7) is a singular
perturbation of the fast limit:

8
>><

>>:

uξ = p
pξ = ¡ (1 + v ¡ u2)u
vξ = 0
qξ = 0 .

(1.9)
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System (1.8) is associated to the slow limit:
8
>><

>>:

0 = p
0 = ¡ (1 + v ¡ u2)u

vx = q
qx = ¡ (1 + v ¡ u2)(H0u

2 +H1v +H2) .

(1.10)

System (1.9) yields that v, q are constants in the fast reduced limit, thus the fast reduced limit
reads

½
uξ = p
pξ = ¡ (1 + v ¡ u2)u .

(1.11)

Let M ±
0 denote the plane M ±

0 = f (u, p, v, q)ju = §
p
1 + v, p = 0g obtained from (1.11). It turns

out that M ±
0 is normally hyperbolic (for a definition of normally hyperbolic, see section 1.2). Over

each point (§
p
1 + v, 0, v, q) on M ±

0 there are one-dimensional fast stable and unstable fibers,
these correspond precisely to the local stable and unstable manifolds of the fixed saddle points
(u = §

p
1 + v, p = 0) of the fast reduced limit.

fast fiber

M 0
+

M 0
−

base point

Figure 1.2: fibering

Hence, the manifolds M ±
0 have three-dimensional stable and unstable manifolds W s(M ±

0 ) and
Wu(M ±

0 ), that are simply the unions of the above one-dimensional fibers over the two-dimensional
set of base-points (§

p
1 + v, 0, v, q,) on M ±

0 . Moreover, since part of the local stable and unstable
manifolds coincide in the fast reduced limit to form two heteroclinic orbits, i.e the part ofW u(M −

0 )
that leaves M −

0 with u > ¡
p
1 + v and the part of W s(M +

0 ) that goes to M +
0 with u <

p
1 + v,

it follows directly that each point on M −
0 is connected to M +

0 by a heteroclinic orbit. Fenichel
Theory (section 1.2) tells us that system (1.7) possesses manifolds M ±

ε ,W s(M ±
ε ),W

u(M ±
ε ), that

are O(ε) close to and diffeomorphic to M ±
0 ,W

s(M ±
0 ),W

u(M ±
0 ), respectively. They are locally

invariant under the flow of (1.9).

Thus in (1.7) the plane M ±
ε = f (u, p, v, q)ju = §

p
1 + v + εU±(v, q; ε), p = εP±(v, q; ε)g is in-

variant under the flow of (1.9) for any ε (for the definition of invariant see section 1.2, and for the
computation of M ±

ε see Chapter 2). The dynamics of the system decompose naturally into a slow
part (on M ±

ε ) and a fast part (off of M ±
ε ). The dynamics on M ±

ε are given by
½

vx = q
qx = ε2γv +O(ε3) .

(1.12)

The background state (U, V ) = (§ 1, 0) corresponds to the fixed point (§ 1, 0, 0, 0) 2 M ±
ε .

For the regular case with a general F (U 2, V ; ε) the stationary solution problem has already been
examined in [3]. The concluding theorem reads
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Theorem 1.1 Consider system(1.1)
½

Ut = ε2Uxx + (1 + V ¡ U2)U
τVt = Vxx + (1 + V ¡ U2)H(U2, V ; ε) +G(V ; ε) ,

(1.13)

with G(0; ε) ´ 0, ∂G
∂V (0; ε) < 0, G(V ; ε) = O(1). The associated stationary solution problem is the

4-dimensional ODE that reads in its fast form
8
>><

>>:

uξ = p
pξ = ¡ (1 + v ¡ u2)u
vξ = εq
qξ = ε[¡ (1 + v ¡ u2)H(u2, v; ε) ¡ G(v; ε)] .

(1.14)

For ε > 0 small enough, system (1.14) has a symmetric pair of heteroclinic orbits: Γ+h (ξ; ε) =
(uh(ξ; ε), ph(ξ; ε), vh(ξ; ε), qh(ξ; ε)) and Γ−h (ξ; ε) = (¡ uh(ξ; ε), ¡ ph(ξ; ε), vh(ξ; ε), qh(ξ; ε)), with
limξ→±∞ Γ

+
h (ξ; ε) = (§ 1, 0, 0, 0) and limξ→±∞ Γ

−
h (ξ; ε) = (¨ 1, 0, 0, 0); uh(ξ; ε) and qh(ξ; ε) are odd

and monotonic as functions of ξ, vh(ξ; ε) and ph(ξ; ε) even. Moreover, juh(ξ; ε) ¡ u0(ξ; 0)j = O(ε),
with u0(ξ; 0) = tanh(

1
2

p
2ξ), the heteroclinic front solution of the scalar Nagumo equation (1.6)

with V0 = 0; and j(vh(ξ; ε)j, j(qh(ξ; ε)j = O(ε) both uniformly on R; vh(0; ε) is the extremal value
of vh(ξ, ε), with

vh(0; ε) =
ε

2
q

¡ ∂G
∂V (0; 0)

Z ∞

−∞
(1 ¡ u20(ξ; 0))H(u

2
0(ξ; 0), 0)dξ +O(ε2). (1.15)

The orbits Γ±(ξ; ε) correspond to the (stationary) front patterns (§ Uh(ξ; ε), Vh(ξ; ε)) of (1.1) with
Uh(ξ; ε) = uh(ξ; ε) odd as function of ξ, Vh(ξ; ε) = vh(ξ; ε) = O(ε) even, limξ→±∞ Uh(ξ; ε) = § 1,
and limξ→±∞ Uh(ξ; ε) = 0 .

Note that (Uh, Vh) is plotted in the Figure 1.1(a). In [3] also an example of a system of the form
(1.2) is studied, but with the simplification H1 ´ H2 ´ 0.

Theorem 1.2 Consider system
½

Ut = ε2Uxx + (1 + V ¡ U2)U
τVt = Vxx + (1 + V ¡ U2)H0U

2 ¡ ε2γV ,
(1.16)

with the associated stationary solution problem(1.7) with H1 ´ H2 ´ 0. Assumeε is small enough.
(i): H0 > 0. If γ > γdouble, where γdouble =

3
2H

2
0 +O(ε), (1.7) has two pairs of heteroclinic orbits,

Γ+,jh (ξ; ε) = (uj
h(ξ), p

j
h(ξ), v

j
h(ξ), q

j
h(ξ)), j = 1, 2, and their symmetrical counterparts Γ−,j

h (ξ; ε) =

(¡ uj
h(ξ), ¡ pjh(ξ), v

j
h(ξ), q

j
h(ξ)), with limξ→±∞ Γ

+,j
h (ξ; ε) = (§ 1, 0, 0, 0). In the fast ¯eld uj

h(ξ), re-

spectively vjh(ξ), is asymptotically and uniformly close to u0(ξ; vj) =
p
1 + vj tanh (

q
1+vj

2 ξ) (the
heteroclinic front solution of the scalar Nagumo equation (1.6) with V0 = vj) ; the constants vj
are the zeros of

p
γv = 1

3

p
2H0(v + 1)

3/2 so that 0 < v1 < 2 < v2 (at leading order). In the slow
¯eld, Γ+,jh (ξ; ε) is exponentially close to W u,s(§ 1, 0, 0, 0)jM§

"
½ M ±

ε . The orbits Γ±,1
h (ξ; ε) and

Γ±,2
h (ξ; ε) merge in a saddle-node bifurcation of heteroclinic orbits as γ # γdouble. There are no

heteroclinic orbits for γ < γdouble.
(ii): H0 < 0. The relation

p
γv = 1

3

p
2H0(v + 1)

3/2 has a unique zero for all γ > 0 and there
is one pair of heteroclinic orbits Γ±h (ξ; ε) for all γ > 0. These orbits have the same structure as
described in (i).
The orbits Γ±(,j)h (ξ; ε) correspond to the front solutions (U±(,j)h (ξ; ε), V

±(,j)
h (ξ; ε)) of (1.16) with

U
±(,j)
h (ξ; ε) = § uj

h(ξ; ε) odd, and V
±(,j)
h (ξ; ε) = vjh(ξ; ε) evenas function of ξ.
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Note that (Uh, Vh) is plotted in Figure 1.1(b).

Our final result in Chapter 2 is an extension of Theorem 1.2, as we take H1, H2 arbitrary and
not equal to zero in (1.7). In [2] the same analysis is done as in Chapter 2, but the final theorem
there is not completely correct.

In Chapter 3 we will look for travelling wave solutions, or 1-fronts, of system (1.2).

c(t)

u=1

u=-1

Figure 1.3: Travelling wave or 1-front

Therefore we introduce the new variable moving ζ = x ¡ ct, where c is a constant. Then (1.2)
becomes

½
¡ cUζ = ε2Uζζ + (1 + V ¡ U2)U

¡ cτVζ = Vζζ + (1 + V ¡ U2)(H0U
2 +H1V +H2) ¡ ε2γV .

(1.17)

It turns out that it is convenient to scale c: c = ε2ĉ. With this scaled ĉ (1.17) can be rewritten
into 4-dimensional fast ODE form (ξ = ζ/ε)

8
>><

>>:

uξ = p
pξ = ¡ εĉp ¡ (1 + v ¡ u2)u
vξ = εq
qξ = ε

¡
¡ ĉτε2q ¡

¡
(1 + v ¡ u2)(H0u

2 +H1v +H2) ¡ ε2γv
¢¢

.

(1.18)

The final result of this chapter will be that system (1.2) possesses no travelling wave solution (other
then the one with c ´ 0, a stationary solution).

Chapter 2 and 3 can be seen as the introduction to the core of this thesis. All analysis in these
chapters are rigorous. We can explicitly transform the PDE into the a 4-dimensional ODE and
use Fenichel Theory (see section 1.2) to establish the existence of front solutions.

1.1 Quasi-stationary appro ximation

After those introducing chapters we are going to look for travelling 2-front solutions, see Figure 1.4.
It turns out that our 2-front solutions must have c1 6= c2. Thus our 2-fronts are not stationary in a
co-moving frame, i.e when we take ζ = x ¡ c1t we travel along with one of the fronts (in this case
the left front in Figure 1.4), but not with the other one (the right front). But we still want to use
Fenichel Theory, thus we have to make an ODE reduction. Therefore we use the quasi-stationary
approximation [1],[3]. We decompose a travelling 2-front into a 1-front travelling on (¡1 , 0] and
a 1-front travelling on [0,1 ). On both of these parts we can make an ODE decomposition by
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u=-1
c

c
c

c

1

1(t)

(t)

2

2(t)

(t)
u=1

Figure 1.4: Travelling 2-front

putting ζl = x ¡ c1t and ζr = x ¡ c2t, respectively, and use Fenichel Theory. Thus we get on both
intervals a (different) solution. Observe that a smooth solution of our PDE (1.2) must satisfy

limx↑0
∂k

∂xk U(x, t) = limx↓0
∂k

∂xk U(x, t)

limx↑0
∂k

∂xk V (x, t) = limx↓0
∂k

∂xk V (x, t) ,
(1.19)

for all t ¸ 0, k ¸ 0, thus we want that both of our solution ”glue” smoothly together at x = 0.
Also notice that a 2-front solution is by construction an even function of x, thus all odd derivatives
at x = 0 should vanish. The quasi-stationary approximation only imposes a condition on the first
derivative: ∂U/∂x = 0 at x = 0, but not at higher order derivatives.

We will assume, see Chapter 4, that c = c1 = ¡ c2. Thus now we assume that (U(x, t), V (x, t)) =
(u(ζl = x ¡ ct), v(ζl)) on x · 0 and (U(x, t), V (x, t)) = (u(ζr = x + ct), v(ζr)) on x ¸ 0. The
boundary conditions (1.19) on v become

∂2m

∂ζ2m
l

v(ζl)jζl=−ct = ∂2m

∂ζ2m
r

v(ζr)jζr =ct

∂2n +1

∂ζ2n +1
l

v(ζl)jζl=−ct = ∂2n +1

∂ζ2n +1
r

v(ζr)jζr =ct = 0 ,
(1.20)

for all m,n ¸ 0, t ¸ 0. Note that only m,n = 0 will be used in the construction of the 2-pulse
solution. Now it is straightforward to check, use (1.18)

∂2

∂ζ2
l
v(ζl)jζl=−ct = ε2

¡
¡ cτε2q + ε2γv

¢
jζl=−ct

= ε4γv(¡ ct) ,
∂2

∂ζ2
r
v(ζr)jζr =ct = ε2

¡
cτε2q + ε2γv

¢
jζr =ct

= ε4γv(ct) ,
∂3

∂ζ3
l
v(ζl)jζl=−ct = ∂

∂ζl

¡
ε4 (¡ cτq + γv)

¢
jζl=−ct

= ε4 (¡ cτqζl + γvζl ) jζl=−ct

= ε7 (¡ cτ (¡ cτq + γv)) jζl=−ct

= ¡ ε7cτγv(¡ ct) ,
∂3

∂ζ3
r
v(ζr)jζr =ct = ∂

∂ζr

¡
ε4 (cτq + γv)

¢
jζr =ct

= ε4 (cτqζr + γvζr ) jζr =ct

= ε7 (cτ (cτq + γv)) jζr =ct

= ε7cτγv(ct) .

(1.21)

Note that we only have to look at v(ζl,r. Since v is an even function with respect to x, we have

∂2

∂ζ2
l
v(ζl)jζl=−ct = ∂2

∂ζ2
l
v(ζr)jζr =ct = ε4γv(ct) ,

∂3

∂ζ3
l
v(ζl)jζl=−ct = ¡ ∂3

∂ζ3
l
v(ζr)jζr =ct = ¡ ε7cτγv(ct) 6= 0 ,

(1.22)
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because γ, τ, c 6= 0 and v(ct) is not necessary equal to 0. Thus there is a jump in the third deriva-
tive at x = 0 and (1.20) is not satisfied for n = 1. Moreover, it turns out that there are jumps
in all of the higher-order odd derivatives at x = 0. Therefore, the leading order quasi-stationary
approximation has a defect and it does not give smooth solutions of our PDE (1.2). This defect is
inherent to the quasi-stationary approximation.

To repair this defect, we introduce the ”slow” time s, and let (U, V ) depend explicitly on s

(U(x, t), V (x, t)) = (U(ζr(s), s), V (ζr(s), s)) for x ¸ 0 ,
(U(x, t), V (x, t)) = (U(ζl(s), s), V (ζl(s), s)) for x · 0 .

(1.23)

With this explicit dependence of (U, V ) it can be shown that all boundary conditions of (1.20) are
satisfied, and the quasi-stationary approximation (1.23) is smooth at x = 0 to all orders.

The improved quasi-stationary approximation is consistent, i.e does introduction of the explicit
temporal behavior does not influence the ODE methods in leading order. We can write our PDE
(1.2) in the form of the ODE for (u, v) (1.18) associated with the leading order quasi-stationary
approximation

8
>><

>>:

uξ = p
pξ = ¡ εĉ(s)p ¡ (1 + v ¡ u2)u+ Us

vξ = εq
qξ = ε

¡
¡ ĉ(s)τε2q ¡

¡
(1 + v ¡ u2)(H0u

2 +H1v +H2) ¡ ε2γv
¢
+ τVs

¢
.

(1.24)

We can expect Us and Vs to be small which will allow the quasi-stationary approximation. For
a more detailed analysis see [1]. Nevertheless, without rigorous (uniform) estimates on jjUsjj and
jjVsjj , in some suitable norm, we cannot rigorously conclude that the 2-front solutions we construct
in this thesis exist (see Remark 1.3).

In our analysis, we start with a 2-front, this means that our initial condition is a 2-front, and
look how it evolves. The main questions which we ask ourselves are: Are the fronts attracting or
repelling? What is their maximum/minimum speed? What are the limit cases? What happens
with the domain of existence? The last question maybe needs some explanation. In the case of
stationary solutions we get some bifurcation value γ = γSN . For γ > γSN we have two pairs of
heteroclinic orbits and for γ < γSN none. The domain of existence is γ ¸ γSN . See for example
Theorem 1.2. When we look for 2-front solutions we start with a 2-front and, although these fronts
may be far away, they can interact with each other and make the domain of existence grow or
shrink, i.e. a 2-front solution may not exist for values of γ for which 1-front solutions do exist
and vice versa [4]. Moreover, the boundary of the domain of existence may very as function of the
distance between the fronts.

In Chapter 4 we look for 2-front solutions of (1.2) in the most simple form, i.e. we set H1 ´ H2 ´ 0.
In Chapter 5 we consider arbitrary H1, H2 in (1.2), but with small c. It turns out that for
H1 ´ H2 ´ 0 the sign of H0 uniquely determines the direction (repelling/attracting) of the two
fronts. For H0, H1, H2 arbitrary, it is a bit more complicated to formulate the results, therefore
we refer to Chapter 5.

Remark 1.3 In this thesis we do not consider the stability of the solutions we construct. We
refer to [3] for methods by which the stability of fronts in systemslike (1.1) can be studied. In
[8] a method is developed that may be used to establishrigorously the existence and dynamics of
the 2-fronts patterns. A stability analysis like in [3] is a necessary input for the renormalization
approach in [8].
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Remark 1.4 In [4] it is shown with a heuristic argument that it is plausible that there exists a
one-to-one connection between the direction of the 2-pulse solution, i.e. attracting or repelling,
and the stability of the 2-pulse solution. Attr acting 2-pulses are unstable and repelling 2-pulses
are stable in [4]. This is one of the reasonswhy we are interested in the direction of the 2-front
solutions.

Remark 1.5 In this thesis we wil l construct 2-front solutions. Of course we can also look for
3-fronts or, more general, N -fronts. The approach is nearly the same. The V -components of the
solution in between two fronts are determined by the slow°ow, and the ODE that describesthe speed
ci of each individual front follows from the combination of a "jump condition" and a "consistency
condition" as in Chapters 4 and 5 [1].

1.2 Fenichel Theory

Fenichel Theory (1979) tells something about the persistence of normally hyperbolic invariant
manifolds in singular perturbed problems [5], [6], [7]. Consider the system of ODEs in fast form

½
ut = f(u, v; ε)
vt = εg(u, v; ε)

(1.25)

with u 2 Rk, k ¸ 1, the fast variable, v 2 Rl, l ¸ 1, the slow variable and 0 < ε ¿ 1. As long as
ε 6= 0 (1.25) is equivalent with the slow form

½
εuτ = f(u, v; ε)
vτ = g(u, v; ε)

(1.26)

with τ = εt, the slow time.

Both systems have different limits for ε ! 0:
(1.25) is a singular perturbation of the fast limit

½
ut = f(u, v; 0)
vt = 0 .

(1.27)

(1.26) is associated to the slow limit

½
0 = f(u, v; 0)

vτ = g(u, v; 0) .
(1.28)

The limiting problems are easier to analyze than the full systems, because they are simpler and
lower dimensional. However, in either formulation, one pays a price. The fast limit (1.27) has a
large l-dimensional set f f(u, v; 0) = 0g of fixed points where the flow is trivial. The slow limit
governs the flow on f f(u, v; 0) = 0g to produce non-trivial behavior, but this limit is not defined
off this set.

Fenichel has formulated three theorems which tells us something about the geometric structure of
(1.25) in terms of (1.27) and (1.28).

Theorem 1.6 (FenichelTheorem 1) Consider system(1.25) with f, g su±ciently smooth. Suppose
the ε = 0 fast system (1.27) has a compact, normally hyperbolic l-dimensional manifold M 0 ½
f f(u, v; 0) = 0g. Then for ε > 0 su±ciently small, there exists a manifold M ε, O(ε) close to and
di®eomorphic to M 0. M ε is locally invariant under °ow of (1.25) and Cr (r < 1 ).

M 0 is normally hyperbolic l-dimensional if the lineralization of (1.25) atM 0 with ε = 0 has exactly
l eigenvalues λ with Re(λ) = 0 for any point at M 0.
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M ε is locally invariant under flow of (1.25) if there exists a neighborhood V ¾ M ε such that no
orbit can leave M ε without leaving V . In other words, M ε is locally invariant if for all x 2 M ε

we have that

x ¢[0, t] ½ V ) x ¢[0, t] ½ Mε , (1.29)

with ¢an evolution.

Theorem 1.7 (Fenichel Theorem 2) If we also suppose for ε = 0 that M 0 has a m-dimensional
stablemanifold W s(M 0) and a n-dimensional unstablemanifold W u(M 0), with n+m = k, then
for ε > 0 su±ciently small there exist manifolds W s(M ε),Wu(M ε), that are O(ε)-close and
di®eomorphic to W s,u(M 0). They are locally invariant under the °ow of (1.25) and Cr.

The third theorem tells us

Theorem 1.8 (Fenichel Theorem 3) 8vε 2 M ε there is a m-dimensional manifold W s(vε) ½
W s(M ε) O(ε)-close and di®eomorphic to W s(v0) ½ W s(M 0), and Cr in v and ε. The family
fW s(vε)jvε 2 M εg is invariant in the sensethat W s(vε) ¢t ½ W s(vε ¢t)8t > 0. The ¢t is nothing
elsethan an evolution, i.e. if vε = v(0), then vε ¢t = v(t). Analogousfor Wu(vε).
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M 0
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ε
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1
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3
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v
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=

=
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Figure 1.5: Fenichel Theorem 3.

We call v1 a base point of y1 if, in some norm, we have

jjv1 ¢t ¡ y1 ¢tjj = O(e−c/ε) 8t > O(1/ε).

Thus, the orbit on M ε through the base point v1 describes the evolution of orbits on the fiber
associated to v1. For instance, if there is a fixed point S on M ε and if the orbit through v1 is
asymptotic to S, then, for any y1 in the fiber associated to v1, we have

jjy1 ¢t ¡ Sjj · jjy1 ¢t ¡ v1 ¢tjj + jjv1 ¢t ¡ sjj · Ke−αt + Ce−βt ! 0 as t ! 1 .

The second inequality is true because we assumed that v1 is asymptotic to S.
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2 Stationary Solutions

In the Introduction we introduced our bi-stable reaction diffusion equation with slow x variable
½

Ut = ε2Uxx + (1 + V ¡ U2)U
τVt = Vxx + (1 + V ¡ U2)(H0U

2 +H1V +H2) ¡ ε2γV .
(2.1)

In this chapter we are going to look for heteroclinic stationary solutions (in time) of this system
(2.1). A solution of system (2.1) is called a stationary solutions if it does not change in time,
i.e. Ut = Vt = 0. A heteroclinic orbit Γ

± from (¨ 1, 0, 0, 0) to (§ 1, 0, 0, 0) is both an element of
Wu(M ∓

ε ) and W s(M ±
ε ). We will only consider Γ

+, the existence of Γ− follows from symmetry
of our system (2.1) (see also (2.4)). The orbit Γ+ remains exponentially close to M −

ε before it
takes off and jumps through the fast field. After that it touches down on M +

ε and it remains
exponentially close to M +

ε .

l
u
ε

l
u
ε

l
s
ε l

s
ε

-M
ε

+M
ε

v

q q

v

Figure 2.1: Example of a heteroclinic stationary solution; we stay exponentially close to M −
ε and

follow luε before we jump through the fast field and touch down near M +
ε , after touching down we

stay exponentially close to M +
ε and follow lsε. For the definition of l

u,s
ε see page 14.

Our reaction-diffusion equation (2.1) can be rewritten in slow ODE form by introducing εux = p
and vx = q and recall that we took Ut = Vt = 0,

8
>><

>>:

εux = p
εpx = ¡ (1 + v ¡ u2)u
vx = q
qx = ¡ (1 + v ¡ u2)(H0u

2 +H1v +H2) + ε2γv ,

(2.2)

which we will call, accordingly to Chapter 1, the slow system. If we now introduce the fast variable
ξ = x/ε, (2.2) becomes

8
>><

>>:

uξ = p
pξ = ¡ (1 + v ¡ u2)u
vξ = εq
qξ = ε[¡ (1 + v ¡ u2)(H0u

2 +H1v +H2) + ε2γv],

(2.3)

and this system we will call the fast system. Note that systems (2.2),(2.3) have two symmetries

x ! ¡ x(ξ ! ¡ ξ), p ! ¡ p, q ! ¡ q and u ! ¡ u, p ! ¡ p . (2.4)
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When we look at the fast reduced limit, i.e ε ! 0 in (2.3), then the last two equations of (2.3)
become:

½
vξ = 0
qξ = 0 ,

(2.5)

which gives v = v0 and q = q0. Plugging this into the first two equations of (2.3) gives

½
uξ = p
pξ = ¡ (1 + v0 ¡ u2)u ,

(2.6)

which is a well-known Hamiltonian ODE with

H(u, p; v0) = p2 + (1 + v0)u
2 ¡

1

2
u4. (2.7)

See Figure 2.2 for the flow of (2.6). The heteroclinic front solution Γ+ of (2.6), i.e. the solution

u

p Γ
+

−
Γ

Figure 2.2: flow of (2.6)

that travels from (¡
p
1 + v0, 0) to (

p
1 + v0, 0) (the fix points of (2.6)), is given by

Γ+ = (u0(ξ; v0), p0(ξ; v0)) =

Ã
p
1 + v0 tanh

Ãr
1 + v0
2

ξ

!

,
1 + v0p
2
sech2

Ãr
1 + v0
2

ξ

! !

. (2.8)

Of course we also have a heteroclinic front solution Γ− which travels from (
p
1 + v0, 0) to (¡

p
1 + v0, 0),

which is given by

Γ− = (u0(ξ; v0), p0(ξ; v0)) =

Ã
p
1 + v0 tanh

Ãr
1 + v0
2

ξ

!

, ¡
1 + v0p
2
sech2

Ãr
1 + v0
2

ξ

! !

. (2.9)

We want to use Fenichel Theory (Theorem 1.6, 1.7, 1.8), thus we have to look for a compact,
normally hyperbolic 2-dimensional manifold M 0 of (2.3) in the limit ε ! 0. With M 0 contained
in (slow limit of (2.2))

½
0 = p
0 = ¡ (1 + v ¡ u2)u .

(2.10)

The solution of (2.10) given by the manifold f (u, p, v, q) = (0, 0, v, q)g is not normally hyperbolic,
i.e the eigenvalues λ of the linearized problem have Re(λ) = 0. Thus this solution will not be
considered. However, the manifolds given by f (u, p, v, q) = (§

p
1 + v, 0, v, q)g are normally hyper-

bolic, they have got two eigenvalues λ1,2 with Re(λ1,2) 6= 0. These manifolds will be denoted by

12



M ±
0 .

On M ±
0 the last two equation of the slow system (2.2) become:

½
vx = q
qx = ε2γv ,

(2.11)

because ¡ (1 + v ¡ u2) ´ 0. This simple ODE has the following linear flow

v

q

l0
u

l0
s

Figure 2.3: flow on M ±
0

Where lu0 := Wu(§ 1, 0, 0, 0)jM§
0
and ls0 := W s(§ 1, 0, 0, 0)jM§

0
are given by q = ε

p
γv and

q = ¡ ε
p
γv, respectively.

Thus we can use Fenichel theory and it tells us that system (2.3) possesses locally invariant ma-
nifolds M ±

ε , which are O(ε) close to M ±
0 . But also that the system possesses locally invariant

manifolds W s(M ±
ε ),W

u(M ±
ε ) that are O(ε)-close to W s,u(M ±

0 ). Moreover, M ±
ε is given by, see

[3],[6]
M ±

ε = f u = §
p
1 + v + εU±(v, q; ε), p = εP±(v, q; ε), v, qg. (2.12)

To obtain an approximation of M ±
ε , we expand U±, P±

½
U± = u±1 + εu±2 +O(ε2)
P± = p±1 + εp±2 +O(ε2) .

(2.13)

Thus

du
dx = § 1

2
√
1+v

dv
dx + ε

∂u§
1

∂x + ε2
∂u§

2
∂x +O(ε3)

= § 1
2
√
1+v

dv
dx + ε

¡ ∂u§
1

∂v
dv
dx +

∂u§
1

∂q
dq
dx

¢
+ ε2

¡ ∂u§
2

∂v
dv
dx +

∂u§
2

∂q
dq
dx

¢
+O(ε3)

dp
dx = ε

∂p§
1

∂x + ε2
∂p§

2
∂x +O(ε3)

= ε
¡ ∂p§

1
∂v

dv
dx +

∂p§
1

∂q
dq
dx

¢
+ ε2

¡ ∂p§
2

∂v
dv
dx +

∂p§
2

∂q
dq
dx

¢
+O(ε3) .

(2.14)

Plugging the first equality into p = ε du
dx (2.2) yields

§ ε 1
2
√
1+v

dv
dx + ε2

¡ ∂u§
1

∂v
dv
dx +

∂u§
1

∂q
dq
dx

¢
+O(ε3) = εp±1 + ε2p±2 +O(ε3) . (2.15)

Collecting orders of ε gives

p±1 = § 1
2
√
1+v

dv
dx = § q

2
√
1+v

and

p±2 =
∂u§

1
∂v

dv
dx +

∂u§
1

∂q
dq
dx

=
∂u§

1
∂v q +

∂u§
1

∂q (¡ (1 + v ¡ u2)(H0u
2 +H1v +H2) + ε2γv)

=
∂u§

1
∂v q (in leading order).

(2.16)
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The second equality of (2.14) gives, using ε dp
dx = ¡ (1 + v ¡ u2)u (2.2)

ε2
¡ ∂p§

1
∂v

dv
dx +

∂p§
1

∂q
dq
dx

¢
+O(ε3) = ¡

¡
1 + v ¡ (§

p
1 + v + εu±1 + ε2u±2 +O(ε3))2

¢
£¡

§
p
1 + v + εu±1 + ε2u±2 +O(ε3)

¢

=
³
ε
¡

§ 2u±1
p
1 + v

¢
+ ε2

¡
(u±1 )

2 § 2u±2
p
1 + v

¢
+O(ε3)

´
£

¡
§

p
1 + v + εu±1 + ε2u±2 +O(ε3)

¢

= ε2u±1 (1 + v) + ε2
³

§ 3(u±1 )
2
p
1 + v + 2u±2 (1 + v)

´
+O(ε3) .

Collecting orders of ε and using (2.16) yields

2u±1 (1 + v) = 0
)

u±1 = 0
and

§ 3(u±1 )
2
p
1 + v + 2u±2 (1 + v) =

∂p§
1

∂v
dv
dx +

∂p§
1

∂q
dq
dx

) (in leading order andu1 = 0)
2u±2 (1 + v) = ¨ q

4(1+v)3= 2

)
u±2 = ¨ q

8(1+v)5= 2 .

(2.17)

Notice that because u±1 = 0 also p±2 = 0 (2.16). Thus

M ±
ε = f u = §

p
1 + v ¨ ε2

q

8(1 + v)5/2
+O(ε3), p = § ε

q

2
p
1 + v

+O(ε3), v, qg. (2.18)

Because we consider q = O(ε), the (slow) flow on the slow manifold M ±
ε is still given by

vxx = ε2γv +O(ε3) , (2.19)

thus in leading order it is the same as (2.11) (see also Figure 2.3). Consequently we have
that on the slow manifold M ±

ε the stable and unstable manifold are at leading order given by
luε = f q : q = ε

p
γvg and lsε = f q : q = ¡ ε

p
γvg.

During the passage of the fast field the change in q is O(ε):

∆q(v0) =
R∞
−∞ qξ

¯
¯
¯
v=v0

dξ

=
R∞
−∞ ε

¡
¡ (1 ¡ u2 + v0)(H0u

2 +H1v0 +H2) + ε2γv0
¢
dξ

=
R∞
−∞ ε

¡
¡ (1 ¡ u2 + v0)(H0u

2 +H1v0 +H2)
¢
dξ +O(ε2)

=
R∞
−∞ ε

¡
¡ (1 ¡ u2 + v0)H0u

2
¢
dξ+R∞

−∞ ε
¡
¡ (1 ¡ u2 + v0)(H1v0 +H2)

¢
dξ +O(ε2) .

(2.20)

We are going to compute these two integrals separately, using the heteroclinic front solution (2.8).
Starting with the first integral:

R∞
−∞ ε(¡ (1 ¡ u2 + v0)H0u

2) dξ =

¡ ε
R∞
−∞(1 ¡ ((1 + v0) tanh

2 (
q
1+v0
2 ξ)) + v0)H0(1 + v0) tanh

2 (
q
1+v0
2 ξ) dξ =

¡ εH0(1 + v0)
2

R∞
−∞(1 ¡ tanh2 (

q
1+v0
2 ξ)) tanh2 (

q
1+v0
2 ξ) dξ =

¡ εH0(1 + v0)
2

R∞
−∞(tanh

2 (
q
1+v0
2 ξ) ¡ tanh4 (

q
1+v0
2 ξ)) dξ =

¡ εH0(1 + v0)
2

¯
¯
¯ 1

3
p
(1+v0 )/2

tanh3 (
q
1+v0
2 ξ)

¯
¯
¯
∞

−∞
=

¡ ε
√
2
3 H0(1 + v0)

3/2
¯
¯
¯ tanh3 (

q
1+v0
2 ξ)

¯
¯
¯
∞

−∞
=

¡ ε
√
2
3 H0(1 + v0)

3/2(1 ¡ ¡ 1) =

¡ ε 2
√
2
3 H0(1 + v0)

3/2 .

(2.21)
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Secondly, the second integral:

R∞
−∞ ε(¡ (1 ¡ u2 + v0)(H1v0 +H2)) dξ =

¡ ε
R∞
−∞(1 ¡ (1 + v0) tanh

2 (
q
1+v0
2 ξ) + v0)(H1v0 +H2) dξ =

¡ ε(H1v0 +H2)(1 + v0)
R∞
−∞ 1 ¡ tanh2 (

q
1+v0
2 ξ) dξ =

¡ ε(H1v0 +H2)(1 + v0)
¯
¯
¯( 1+v0

2 )−1/2 tanh (
q
1+v0
2 ξ)

¯
¯
¯
∞

−∞
=

¡ ε2
p
2(H1v0 +H2)

p
1 + v0 .

(2.22)

Putting (2.21) and (2.22) together gives us

∆q(v0) = ¡ 2
p
2ε

p
1 + v0

µ
H0
3
(1 + v0) +H1v0 +H2

¶
+O(ε2). (2.23)

Remark 2.1 Actually, the integral in (2.20) and also the integral in (2.31) shouldbe between ¡ 1√
ε

and 1√
ε
. However this makes,at leading order, no di®erence.

With the Melnikov method we can compute the separation distance betweenW u(M −
ε ) andW s(M +

ε ).
For this computation we use an article of [9] (and [3]). In [9] the separation distance ∆ is given by

∆ =

Z ∞

−∞
~f0 ^

Ã

~f1 +

Ã
∂ ~f0
∂~u

!
~∂u

∂ε

!

dt (2.24)

for the following system

(
~xt = ~f0 + ε~f1 +O(ε2)
~ut = ε ~R1 +O(ε2) .

(2.25)

If we compare this system (2.25) with our system (2.3), then we have the following relations

8
>>>><

>>>>:

t $ ξ
x1 $ u
x2 $ p
u1 $ v
u2 $ q
and

~f0 =

µ
p

¡ (1 + v ¡ u2)u

¶
, ~f1 =

µ
0
0

¶
, ~R1 =

µ
q

¡ (1 + v ¡ u2)(H0u
2 +H1v0 +H2)

¶
.

(2.26)

Thus, with (2.26), we get

³
∂ ~f0
∂~u

´
=

Ã
∂p
∂v

∂p
∂q

∂(−(1+v−u2 )u)
∂v

∂(−(1+v−u2 )u)
∂q

!

=

µ
0 0

¡ u 0

¶

~∂u
∂ε =

µ
∂v
∂ε
∂q
∂ε

¶
,

(2.27)

where ∂v
∂ε satisfies

∂

∂ξ

µ
∂v

∂ε

¶
= q0 and

∂v

∂ε
= 0 at ξ = 0. (2.28)
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Thus ∂v
∂ε = q0ξ. If we now plug (2.27) into (2.24), and use (2.26), we get

∆ =
R∞
−∞

µ
p

¡ (1 + v ¡ u2)u

¶
^

µµ
0
0

¶
+

µ
0 0

¡ u 0

¶ µ
q0ξ
∂q
∂ε

¶¶
dξ

=
R∞
−∞

µ
p

¡ (1 + v ¡ u2)u

¶
^

µ
0

¡ uq0ξ

¶
dξ

=
R∞
−∞ ¡ upq0ξ dξ .

(2.29)

Finally we substitute (2.8) into (2.29), this gives

∆ = ¡
R∞
−∞ upq0ξ dξ .

= ¡
R∞
−∞

q0 ξ√
2
(1 + v0)

3/2 tanh
³ q

1+v0
2 ξ

´
sech2

³ q
1+v0
2 ξ

´
dξ

= ¡ q0√
2

¯
¯
¯ ¡ ξ√

2
(1 + v0)sech

2
³ q

1+v0
2 ξ

´
+

p
1 + v0 tanh

³ q
1+v0
2 ξ

´ ¯
¯
¯
ξ=∞

ξ=−∞
= ¡ q0

p
2
p
1 + v0 ,

(2.30)

because a tanh bx ! § a if x ! §1 and a a
bx sech

2 a
bx ! 0 if x ! §1 . Both Wu(M −

ε ) and
W s(M +

ε ) intersect the hyperplane u = 0 transversally. Thus, W u(M −
ε ) \ W s(M +

ε ) \ u = 0 must
be identically q0 = 0.

By symmetry (2.4), any solution that connects W u(M −
ε ) with W s(M +

ε ) must have a u com-
ponent that is odd with respect to ξ and a v component that is even with respect to ξ.

Since qξ = O(ε) (2.23) and q0 = 0 halfway (2.30) it follows that q = O(ε). During the pas-
sage of the fast field the v-coordinate, vξ = εq (2.3), stays in leading order the same

∆v =
R∞
−∞ vξ dξ = ε

R∞
−∞ q dξ = O(ε2) . (2.31)

2.1 Take-O® and Touch-Do wn curv e

There are two other curves that play a crucial role in the analysis, namely the ”take-off”-curve
T−o ½ M −

ε and the ”touch-down”-curve T+d ½ M +
ε [1],[3]. They are obtained as follows. Through

any point x0 on Wu(M −
ε ) \ W s(M +

ε ) \ f u = 0g there is an orbit Γ(ξ;x0), which approaches M +
ε

for ”large” positive ξ and M −
ε for ”large” negative ξ. Note that the Γ-family forms a Fenichel

fibering of Wu(M −
ε ) \ W s(M +

ε ) and that, by Fenichel Theory (Theorem 1.6,1.7,1.8), each Γ(ξ;x0)
is asymptotically close to an unperturbed orbit given in (2.8). More precisely, for any Γ(ξ;x0)
there are two orbits ΓM¡

"
(ξ;x0) ½ M −

ε and ΓM+
"
(ξ;x0) ½ M +

ε , respectively, such that jjΓ(ξ;x0) ¡
ΓM§

"
(ξ;x0)jj is exponentially small if § ξ > O(ε−1). Now we define T−o and T+d as the collection

of base points of the Fenichel fibers of Wu \ W s on M −
ε and on M +

ε , respectively

T−o =
S

x0
ΓM¡

"
(0;x0) , and T+d =

S
x0
ΓM+

"
(0;x0) , (2.32)

where the unions are over all x0 in Wu(M −
ε ) \ W s(M +

ε ) \ f u = 0g. To compute the leading order
structure of T−o and T+d we need to consider the effect of the jump through the fast field on the
slow variables v and q. The accumulated changes in q of Γ(t) during the backward and forward

excursions through the fast field are measured by
R0
−∞ qξdξ and

R∞
0

qξdξ, respectively. The changes

in v on Γ(t) during the same period of time can be, in leading order, neglected, since ∆v = O(ε2)
(2.31). By symmetry (2.4), q will be an odd function of ξ, thus the value of q for a given v0 on T−o
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Figure 2.4: Notice that this figure is 1 dimension lower than the problem we look at. W u(M −
ε )

intersects W s(M +
ε ) in the f u = 0g-plane in one point. This point can de pulled back to a point

on M −
ε , this point we will call T

−
o , the same way also gives us a T+d . Our heteroclinic solution

stays exponentially close to M −
ε until it reaches the take-off point T

−
o . Then the solution jumps

through the fast field and comes down near T+d ; afterwards it stays exponentially close to M +
ε .

must be ¡ 1
2∆q(v0) (2.23), and the value of q on T+d must be 12∆q(v0). Concluding

T−o =
©
q = q0 ¡ 1

2∆q(v0)
ª

=
©
q = 0 +

p
2ε

p
1 + v0

¡
H0
3 (1 + v0) +H1v0 +H2

¢
+O(ε2)

ª

=
©
q = ε

p
1 + v0(α+ βv0) +O(ε2)

ª
,

(2.33)

T+d =
©
q = q0 +

1
2∆q(v0)

ª

=
©
q = 0 ¡

p
2ε

p
1 + v0

¡
H0
3 (1 + v0) +H1v0 +H2

¢
+O(ε2)

ª

=
©
q = ¡ ε

p
1 + v0(α+ βv0) +O(ε2)

ª
,

(2.34)

with α =
p
2(H2 +

H0
3 ) and β =

p
2(H1 +

H0
3 ).

As is shown in Figure 2.4 our solution will stay asymptotically close to luε . When luε intersects
T−o we start jumping through the fast field and land on the touch down curve T+d on M +

ε . We
want a heteroclinic stationary solution thus we also want that we land on lsε, because then the
solution will stay asymptotically close to lsε and go to (+1, 0, 0, 0). Here we have that T

−
o = ¡ T+d

((2.33),(2.34)) and luε = ¡ lsε, thus we see that when we find a v∗ such that T−o \ luε then auto-
matically T+d \ lsε for the same v∗. We also have seen that the v-coordinate does not change in
leading order when we jump through the fast field (2.31). Thus T−o \ luε completely determines the
heteroclinic solution. T−o \ luε read

p
1 + v∗(α+ βv∗) =

p
γv∗ . (2.35)
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We are going to compute the extreme values of the take-off curve (2.33), for that we need the first
derivative to v0 to be zero:

d
dv0
(T−o ) = 0

( )
1

2
√
1+v0

(α+ βv0) +
p
1 + v0β = 0

( )
v0 = ¡ 1

3
α
β ¡ 2

3 ,

consequently the extreme values are attained in v0 = ¡ 1
3
α
β ¡ 2

3 and have the valueq
1
3 (1 ¡ α/β) 23 (α ¡ β).

Some other important values of the take-off curve T−o are:

p
1 + v0(α+ βv0)

¯
¯
¯
v0=−1

= 0
p
1 + v0(α+ βv0)

¯
¯
¯
v0=− ®

¯

= 0

p
1 + v0(α+ βv0)

¯
¯
¯
v0=0

= α
p
1 + v0(α+ βv0)

¯
¯
¯
v0=∞

= sign(β)1 .

With this information we start plotting some figures for different values of α and β, see Figure 2.5
until 2.12.

Combining all of this, gives the following theorem:

Theorem 2.2 A stationary front solution (U(ξ), V (ξ)) of (2.1) is, at leading order (O(ε)), deter-
mined by T−0 \ luε , i.e. by the v∗ for which

p
1 + v∗(α+ βv∗) =

p
γv∗, wherebyα =

p
2(H2 +

H0
3 )

and β =
p
2(H1 +

H0
3 ).

a) β < 0 and α arbitrary. For all γ there is a uniquely determined stationary front pattern.

b) β > 0 and α < 0. For all γ there are two stationary front patterns.

c) α ¸ β > 0 (or H2 ¸ H1). For γ > γSN (α, β) =
1
8

³
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

´
there

are two stationary front patterns. For γ < γSN (α, β) there are no stationary front patterns.

d) β > α > 0 (or H1 > H2). For γ > γSN (α, β) and 0 < γ < γ̃SN (α, β) =
1
8

³
¡ α2 + 20αβ + 8β2 ¡

p
α(α+ 8β)3/2

´
there are two stationary front patterns. For γ̃SN (α, β) <

γ < γSN (α, β) there are no stationary front patterns.

wherebyγSN (α, β) and γ̃SN (α, β) are the γ for which T−0 is tangent to luε .

Note that Theorem 2.2 is an extension of Theorem 1.2.

Proof The only thing we still have to proof/compute are the bifurcationvalues γSN , γ̃SN . When
T−0 is tangent to luε we have, besides (2.35),

β
p
v0 + 1 +

α+βv0

2
√
1+v0

=
p
γ . (2.36)

Plugging this equality for
p
γ into equation (2.35) gives

p
1 + v0(α+ βv0) = (β

p
v0 + 1 +

α+βv0

2
√
1+v0

)v0 . (2.37)

18



This can be rewritten into
β
2 v
2
0 ¡ α

2 v0 ¡ α = 0 , (2.38)

thus

v±0 =
®
2 ±

p
( ®

2 )
2+2αβ

β = α±√α
√
α+8β

2β . (2.39)

Finally plugging this expression for v±0 into (2.36) gives (after some calculations)

γSN (α, β) = 1
8

¡
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

¢

and

γ̃SN (α, β) = 1
8

¡
¡ α2 + 20αβ + 8β2 ¡

p
α(α+ 8β)3/2

¢
.

(2.40)

Note that for α = β > 0 we have v−0 = ¡ 1 and if α > β > 0 we have v−0 < ¡ 1. Thus for α ¸ β > 0
we only have one bifurcation point γSN for which T−o is tangent to luε . When β > α > 0 we have
v−0 > ¡ 1, thus we have two bifurcation points γSN , γ̃SN for which T−o is tangent to luε and both
γSN , γ̃SN are positive.

Remark 2.3 Note that if we take α = β = 1
3

p
2H0 we are in case of system (2.1) with H1 =

H2 = 0, then γSN (
1
3

p
2H0,

1
3

p
2H0) =

3
2H

2
0 (and γ̃SN (

1
3

p
2H0,

1
3

p
2H0) = 0), which is exactly the

bifurcation value for γ in Theorem 1.2.

Remark 2.4 For G(V ; ε) 6= ¡ ε2γV but just an arbitrary O(ε2)-function the analysis of the prob-
lem becomes more involved, but there are no essentially new phenomena. However, it is possible
that there are "new" intersections of T−0 \ luε , and thus "new" heteroclinic orbits may appear [3].

q

v

l
u

e

To
�To

�

Figure 2.5: both α and β negative; the dashed curve T−o has β > α, the other curve T−o has β < α.
We see that we always have 1 negative intersection of the curve T−o with the line luε .
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Figure 2.6: α > 0 and β < 0, we see that we always have 1 positive intersection of T−o with luε .
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Figure 2.7: α < 0 and β > 0, we see that we always have 2 intersections of the curve T−o with the
line luε .
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Figure 2.8: For α > β > 0 and γ < γSN :=
1
8

¡
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

¢
we have no

intersection between T−o and luε .
q

v
v 1
* v 2

*

lε
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−
T o

Figure 2.9: For α > β > 0 and γ > γSN we have 2 intersections of the curve T−o with the line luε .

−
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q

T

l

o

ε
u

Figure 2.10: For β > α > 0 and γ̃SN :=
1
8

¡
¡ α2 + 20αβ + 8β2 ¡

p
α(α+ 8β)3/2

¢
< γ < γSN we

have no intersection between T−o and luε .
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Figure 2.11: For β > α > 0 and 0 < γ < γ̃SN we have 2 negative intersections of T
−
o with luε .
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Figure 2.12: For β > α > 0 and γ > γSN we have 2 positive intersections of T
−
o with luε .

3 Travelling Wave Solutions

In the previous chapter we looked at stationary front solutions of our bi-stable reaction-diffusion
equation

½
Ut = ε2Uxx + (1 + V ¡ U2)U

τVt = Vxx + (1 + V ¡ U2)(H0U
2 +H1V +H2) ¡ ε2γV,

(3.1)

therefore we took Ut = Vt = 0. In this chapter we going to look for travelling wave solutions of
system (3.1). Therefore introduce the moving variable ζ = x ¡ ct, such that we travel along with
a wave of speed c. Then

Ux = Uζ , Vx = Vζ

Uxx = Uζζ , Vxx = Vζζ

Ut = ¡ cUζ , Vt = ¡ cVζ .

Using these results (3.1) transforms into

½
¡ cUζ = ε2Uζζ + (1 + V ¡ U2)U

¡ cτVζ = Vζζ + (1 + V ¡ U2)(H0U
2 +H1V +H2) ¡ ε2γV .

(3.2)

We rewrite this slow system into a fast system by setting ξ = ζ/ε. Equation (3.2) becomes

½
¡ cUξ = εUξξ + ε(1 + V ¡ U2)U

¡ cτεVξ = Vξξ + ε2
¡
(1 + V ¡ U2)(H0U

2 +H1V +H2) ¡ ε2γV
¢
,

or in 4-dimensional fast ODE form
8
>><

>>:

uξ = p
pξ = ¡ 1

ε cp ¡ (1 + v ¡ u2)u
vξ = εq
qξ = ¡ cτεq ¡ ε

¡
(1 + v ¡ u2)(H0u

2 +H1v +H2) ¡ ε2γv
¢
.
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It follows from the forthcoming analysis that it is convenient to scale c by putting c = ε2ĉ and we
get the ODE that we will study during this chapter

8
>><

>>:

uξ = p
pξ = ¡ εĉp ¡ (1 + v ¡ u2)u
vξ = εq
qξ = ¡ ĉτε3q ¡ ε

¡
(1 + v ¡ u2)(H0u

2 +H1v +H2) ¡ ε2γv
¢
.

(3.3)

For convenience we will drop the hat on the c.

When we look at the fast reduced limit, i.e. ε ! 0, we get:
8
>><

>>:

uξ = p
pξ = ¡ (1 + v0 ¡ u2)u
v = v0
q = q0 .

(3.4)

Notice that because all the c are vanished the fast reduced limit is exactly the same as in the
previous chapter, see ((2.5), (2.6)).

u

p Γ
+

�
Γ

Figure 3.1: flow of (3.4)

Thus the heteroclinic front solution Γ± for the fast reduced limit is the same as in (2.8),(2.9):

Γ± = (u0(ξ; v0), p0(ξ; v0)) =

Ã
p
1 + v0 tanh

Ãr
1 + v0
2

ξ

!

,§
1 + v0p
2
sech2

Ãr
1 + v0
2

ξ

! !

. (3.5)

But when we now look at the ODE of the slow system, by scaling x = εξ in (3.3), we get

8
>><

>>:

εux = p
εpx = ¡ εcp ¡ (1 + v ¡ u2)u
vx = q
qx = ¡ cτε2q ¡

¡
(1 + v ¡ u2)(H0u

2 +H1v +H2) ¡ ε2γv
¢
.

(3.6)

If we now take the slow limit, i.e ε ! 0, the first two equations of (3.6) become

½
0 = p
0 = ¡ (1 + v ¡ u2)u ,

which implies that p = 0 and u = §
p
1 + v (u = 0 is again not normally hyperbolic, and will not

be considered), so M ±
0 is given by M ±

0 = f (u, p, v, q) = (§
p
1 + v, 0, v, q)g. On M ±

0 the dynamics
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is in leading order governed by (q is O(ε))
½

vx = q
qx = ¡ cτε2q + ε2γv ,

or in matrix notation:
µ

vx
qx

¶
=

µ
0 1

ε2γ ¡ cτε2

¶

| {z }
A

µ
v
q

¶
.

The eigenvalues/eigenvectors of matrix A are given by:

λ1,2 = ¡ cτε2

2 § ε
2

p
c2τ2ε2 + 4γ = § ε

p
γ +O(ε2)

ev1,2 =

µ
1

¡ cτε2

2 § ε
2

p
c2τ2ε2 + 4γ

¶
=

µ
1

§ ε
p
γ +O(ε2)

¶
.

We see that the eigenvalues and eigenvectors are, in leading order, independent of c and the same
as (2.11)

v

q

l0
u

l0
s

Figure 3.2: leading order flow on M ±
0

Fenichel Theory tells us that (3.6) possesses locally invariant manifolds M ±
ε , which are O(ε) close

to M ±
ε . Nearly the same calculations as in Chapter 2 can be done to conclude that, again, the

dynamics on the slow manifold is governed by (q = O(ε))

vxx = ε2γv +O(ε3) . (3.7)

During the jump through the fast field the q-coordinate will change in leading order (O(ε)). The
v-coordinate stays the same in leading order and will only change in higher order, i.e ∆v = O(ε2)
(2.31). The accumulated change of the q-coordinate is

∆q(v0) =
R∞
−∞ qξ

¯
¯
¯
v=v0

=
R∞
−∞

¡
¡ cτε3q ¡ ε(1 + v0 ¡ u2)(H0u

2 +H1v0 +H2) + ε3γv0
¢
dξ

=
R∞
−∞

¡
¡ ε(1 + v0 ¡ u2)(H0u

2 +H1v0 +H2)
¢
dξ +O(ε2)

= ¡ 2
p
2ε

p
1 + v0

¡
H0
3 (v0 + 1) + (H2 +H1v0)

¢
+O(ε2).

(3.8)

Note that this integral (3.8) does not depend on c anymore and is exactly the same integral as the
integral for ∆q (2.20) in the previous chapter.
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A heteroclinic orbit Γ+ from (¡ 1, 0, 0, 0) to (1, 0, 0, 0) is both an element ofW u(M −
ε ) andW s(M +

ε ).
Again we will only consider Γ+. This time the existence of Γ− does not follow by symmetry (2.4)
because the symmetry is broken by c (see (3.3)). But we now have another symmetry

x ! ¡ x(ξ ! ¡ ξ), p ! ¡ p, q ! ¡ q, c ! ¡ c ; (3.9)

and Γ− can easily be derived from Γ+.

The orbit Γ+ remains exponentially close to Wu(M −
ε ) before it takes off and jumps through

the fast field. After that it touches down on M +
ε and it remains exponentially close to W s(M +

ε ).
During the passage of the fast field the change in q is O(ε), see (3.8). Therefore Γ+ must take off
from M −

ε and touch down on M +
ε with a q-coordinate that is O(ε). Also the change in the v-

coordinate is at least order ε (3.3). Again we compute the separation distance ∆ betweenW u(M −
ε )

and W s(M +
ε ) with the Melnikov method, see (2.24). We have to compare our system (3.3) with

system (2.25). Almost all relations are the same as in (2.26) and (2.27), except the relation for ~f1:

~f1 =

µ
0

¡ cp

¶
in stead of ~f1 =

µ
0
0

¶
. (3.10)

This gives the following expression for the separation distance ∆

∆ =
R∞
−∞

µ
p

¡ (1 + v ¡ u2)u

¶
^

µµ
0

¡ cp

¶
+

µ
0 0

¡ u 0

¶ µ
q0ξ
∂q
∂ε

¶¶
dξ

=
R∞
−∞

µ
p

¡ (1 + v ¡ u2)u

¶
^

µµ
0

¡ cp

¶
+

µ
0

¡ uq0ξ

¶¶
dξ

=
R∞
−∞

¡
¡ upq0ξ ¡ cp2

¢
dξ

= ¡ q0
R∞
∞ ξ

p
1 + v0 tanh

³ q
1+v0
2 ξ

´
1+v0√
2
sech2

³ q
1+v0
2 ξ

´
dξ+

¡ c
R∞
∞

³
1+v0√
2

´ 2
sech4

³ q
1+v0
2 ξ

´
dξ ,

(3.11)

in the last step we have used (3.5). We compute both integrals of (3.11) separately, starting with
the first

¡ q0
R∞
∞ ξ

p
1 + v0 tanh

³ q
1+v0
2 ξ

´
1+v0√
2
sech2

³ q
1+v0
2 ξ

´
dξ =

¡ q0
(1+v0 )

3= 2
√
2

R∞
−∞ ξ tanh

³ q
1+v0
2 ξ

´
sech2

³ q
1+v0
2 ξ

´
dξ =

¡ q0
(1+v0 )

3= 2
√
2

¯
¯
¯ −ξ

2
q

1+ v 0
2

sech2
³ q

1+v0
2 ξ

´
+ 1
1+v0

tanh
³ q

1+v0
2 ξ

´ ¯
¯
¯
∞

∞
=

¡ q0
(1+v0 )

3= 2
√
2

¯
¯
³
0 + 1

1+v0

´
¡

³
0 ¡ 1

1+v0

´ ¯
¯ =

¡ q0
p
2
p
1 + v0 .

(3.12)

The second integral reads

¡ c
R∞
∞

(1+v0 )
2

2 sech4
³ q

1+v0
2 ξ

´
dξ =

¡ c 12 (1 + v0)
2

R∞
∞ sech4

³ q
1+v0
2 ξ

´
dξ =

¡ c 12 (1 + v0)
2

¯
¯
¯ 1

3
q

1+ v 0
2

³
2 tanh

³ q
1+v0
2 ξ

´
+ sech2

³ q
1+v0
2 ξ

´
tanh

³ q
1+v0
2 ξ

´ ´ ¯
¯
¯
∞

−∞
=

¡ c 16 (1 + v0)
3/2

p
2

¯
¯(2 + 0) ¡ (¡ 2 + 0)

¯
¯ =

¡ c 23
p
2(1 + v0)

3/2 .

(3.13)

Combining (3.12) and (3.13) gives us

∆ = ¡ q0
p
2
p
1 + v0 ¡ c 23

p
2(1 + v0)

3/2 . (3.14)
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Note that unlike in the previous calculations c appears here in a leading order contribution. Our
choice to scale c as c = ε2c is based on the structure of this Melnikov function ∆.

For the orbit Γ+ we need ∆ to be 0, because then both manifolds coincide. Thus

∆ = 0 ) q0 =
¡ c 23

p
2(1 + v0)

p
1 + v0p

2
p
1 + v0

= ¡
2

3
c(1 + v0) . (3.15)

Finally we compute T−o and T+d . In the case of travelling wave solutions we really need T+d because
q0 6= 0 for c 6= 0 (3.15), thus T+d 6= ¡ T−o and we cannot use the symmetry argument. But first we
scale c for the last time: c = εc, such that q0 = ¡ ε 23c(1 + v0) (now q0 has also leading order ε).
This yields

T−o =
©
q = q0 ¡ 1

2∆q(v0)
ª

=
©
q = ¡ εc 23 (1 + v0) ¡ ¡

p
2ε

p
1 + v0

¡
H0
3 (1 + v0) +H1v0 +H2

¢
+O(ε2)

ª

=
©
q = ¡ εc 23 (1 + v0) + ε

p
1 + v0(α+ βv0) +O(ε2)

ª
,

(3.16)

T+d =
©
q = q0 +

1
2∆q(v0)

ª

=
©
q = ¡ εc 23 (1 + v0) + ¡

p
2ε

p
1 + v0

¡
H0
3 (1 + v0) +H1v0 +H2

¢
+O(ε2)

ª

=
©
q = ¡ εc 23 (1 + v0) ¡ ε

p
1 + v0(α+ βv0) +O(ε2)

ª
,

(3.17)

with α =
p
2(H2 +

H0
3 ) and β =

p
2(H1 +

H0
3 ).

Before we make a jump through the fast field we need T−o to intersect luε . When this occurs
we jump through the fast field and land on M +

ε on the touch down curve T+d , with the same
v-coordinate (see 2.31). On M +

eps our solution will follow the flow of our ODE (2.11). We want
an travelling wave solution, i.e. we want that our solution goes asymptotically to (+1, 0, 0, 0).
Thus we want also to land on lsε. In other words we want that T+d intersects lsε with the same
v-coordinate at T−o intersects luε . This reads

¡ c 23 (1 + v0) +
p
1 + v0(α+ βv0) =

p
γv0 and

¡ c 23 (1 + v0) ¡
p
1 + v0(α+ βv0) = ¡

p
γv0

( )
¡ c 23 (1 + v0) +

p
1 + v0(α+ βv0) =

p
γv0 and

c 23 (1 + v0) +
p
1 + v0(α+ βv0) =

p
γv0

thus
¡ c 23 (1 + v0) +

p
1 + v0(α+ βv0) = c 23 (1 + v0) +

p
1 + v0(α+ βv0)

( )
¡ c 23 (1 + v0) = c 23 (1 + v0)

( )
¡ c = c .

(3.18)

We conclude that there are no travelling wave solutions with a speed c 6= 0 (a travelling wave with
speed 0 is a stationary solution).

Theorem 3.1 System(3.1) has no travelling wavesolution (U(x), V (x)), other then a travelling
wavewith zero speed.
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4 Tw o-fron t solutions for the reduced problem

In the previous chapter we have seen that there does not exist a travelling (c 6= 0) 1-front solution,
see Theorem 3.1. In this chapter we are going to look what happens if we start with a so-called
2-front, this means that we have a 2-front as initial condition . A 2-front is actually nothing else
but two 1-fronts relatively far away from each other, one is associated to a jump from M −

ε to M +
ε

and the other to a jump from M +
ε to M −

ε , in the four-dimensional phase space. We are going to
determine which speeds (c1, c2) the fronts may have for a 2-front solution to exist.

c2(t)c (t)1

Γ2(t)(t)1Γ

u=−1

u=1

Figure 4.1: A 2-front solution, both fronts have different speed.

As mentioned in the introduction 2-fronts are not stationary in a co-moving frame, i.e. when we
travel along with one of these fronts, say Γ1 (by setting ζ = x ¡ c1t), then we do not travel along
with the other one, say Γ2. Therefore we need the quasi-stationary approximation, as described
in the introduction (section 1.1), to make an ODE reduction. When we have made this ODE
reduction we can use Fenichel Theory.

First we look at the slightly easier problem then (1.2) by setting H1 ´ H2 ´ 0, thus our sys-
tem becomes

½
Ut = ε2Uxx + (1 + V ¡ U2)U

τVt = Vxx + (1 + V ¡ U2)H0U
2 ¡ ε2γV .

(4.1)

Note that we can use all the results from the previous chapters, by taking H1 ´ H2 ´ 0.

In the next chapter we will look for 2-front solutions for our full reaction-diffusion equation (1.2).
This will mostly be done geometrically, a complete analysis with explicit computations is rather
involved and does not contribute substantial information.

For a front to exist we need our solution to make a jump through the fast field, thus we have
to look at the intersection(s) of T−o (v0; c1) with luε := Wu(¡ 1, 0, 0, 0)jM¡

"
, this will be done in the

first section. In the second section we will look what happens to orbits that take off from these
intersection points, called v1,2∗ , after they touch down on M +

ε . This will lead to a restriction for the
front speeds (c1,2) in terms of H0 and v1,2∗ . After these introducing sections we will derive a ODE
which must hold for the front separation distance ∆Γ(t) (what this exactly is will be explained in
this section). In the fourth section we will examine this ODE thoroughly to, at the end, derive
two theorems (Theorem 4.12, 4.15) which (implicitly) gives us the front-speeds c1,2 in terms of our
initial conditions. In the last section we will look at the limit cases of these theorems.

4.1 T−o (v0; c1) ∩ luε
As mentioned, we will look in this section for v1,2∗ such that T−0 (v0; c) intersects l

u
ε , because then

our solution will be asymptotic to (¡ 1, 0, 0, 0) and jump through the fast field, thus we need the
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quantities T−o (v0; c1) and luε , which in leading order are

T−o (v0; c1) : f q = ε
³

¡
2

3
c1(1 + v0) +

1

3

p
2H0(1 + v0)

3/2
´

g (4.2)

luε : f q = ε
p
γv0g , (4.3)

the take-off curve can easily be derived from (3.16) with α =
p
2(H2 +

H0
3 ) =

1
3

p
2H0, β =p

2(H1 +
H0
3 ) =

1
3

p
2H0.

4.1.1 H0 > 0

We start to analyze the problem for some special values of c1 and γ. Namely a stationary 2-front,
i.e c1 = 0 and γ arbitrary. Next we consider γ equal to its bifurcation value, i.e. γ = γSN =

3
2H

2
0

and c1 6= 0. This is done to develop some understanding of the problem.

² c1 ´ 0
We jump through the fast field when T−o (v0; 0) \ luε , i.e.

1

3

p
2H0(1 + v0)

3/2 =
p
γv0 . (4.4)

This is a cubic polynomial in
p
1 + v0, and it is not needed to solve this explicitly. These

two curves (4.4) are tangent when

∂

∂v0
T−o (v0; 0) =

∂

∂v0
luε )

1

2

p
2H0

p
1 + v0 =

p
γ . (4.5)

If we now put this value for
p
γ into (4.4) we get

1
3

p
2H0(1 + v0)

3/2 = 1
2

p
2H0v0

p
1 + v0

1
3 (1 + v0) = 1

2v0
v0 = 2 .

(4.6)

Using this value for v0 in equation (4.5) gives us an expression for γ:
p
γ = 1

2

p
2H0

p
1 + v0p

γ = 1
2

p
2
p
3H0

γ = 3
2H

2
0 .

(4.7)

We notice that for γ < 3
2H

2
0 (4.4) has no solution and for γ > 3

2H
2
0 (4.4) has two positive

solutions v1∗ and v2∗, such that 0 < v1∗ < 2 < v2∗.

Remark 4.1 Note that we in fact have rediscovered the examplein [3], see Theorem 1.2.

² c1 6= 0 and γ = 3
2H

2
0

We will start with c1 > 0 and secondly look at c1 < 0.

– c1 > 0
T−o (v0; c1) \ luε becomes

¡
2

3
c1(1 + v0) +

1

3

p
2H0(1 + v0)

3/2 =
p
γv0 . (4.8)

¡ 2
3c1(1 + v0) is negative, this pulls the take-off curve down with respect to T−o (v0; 0)

(4.4). Thus there exists two solutions v1∗ and v2∗ of equation (4.8), see Figure 4.2. If
c1 is too large v1∗ become negative, this happens when the take-off curve T−o (v0; c1) is
smaller than luε in v = 0, i.e.

¡ 2
3c1 +

1
3

p
2H0 < 0

c1 > 1
2

p
2H0 .

(4.9)
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To(v0 ; c 1 )  

To(v0 ;  0 )  

�

l
u

q

v

�

ε

Figure 4.2: The take-off curve T−o (v0; c1) is pulled down for c1 > 0 with respect to T−o (v0; 0) and
equation (4.8) thus has two solutions v1,2∗ . When c1 > 1

2

p
2H0 v1∗ becomes negative.

– c1 < 0
¡ 2
3c1(1 + v0) is positive, this lifts up the take-off curve with respect to T−o (v0; 0) (4.4).

Thus (4.8) has no solutions.

Now we consider γ < γSN . First we compute the solutions (4.8) for the ”trivial” c1 cases, again to
get some insight into the problem. At last we compute the c1-value such that T

−
o (v0; c1) is tangent

to luε .

² c1 6= 0 and γ < 3
2H

2
0

– c1 < 0
Because γ is smaller than in the previous case (c1 < 0, γ = 3

2H
2
0 ), l

u
ε is less steep. Thus

for c1 < 0 (4.8) still has no solutions.

– c1 =
1
2

p
2H0

For this value of c1 T−o (v0;
1
2

p
2H0) \ luε reads

¡
1

3

p
2H0(1 + v0) +

1

3

p
2H0(1 + v0)

3/2 =
p
γv0 , (4.10)

and we see that v0 = 0 is a solution. Because (1+v0)
3/2 is of higher order than v0 there

is another solution. Thus equation (4.10) has two solutions v1∗, v
2
∗.

– c1 > 1
2

p
2H0

Equation (4.8) has 2 solutions: v1∗, v
2
∗. One of these two points, say v1∗, is negative,

because the left part of the take-off curve T−o (v0; c1) is pulled down with respect to
T−o (v0;

1
2

p
2H0).

– c1 = c∗1
The question is for which c1 2 (0, 12

p
2H0) is T

−
o (v0; c1) tangent to luε and in which point

v0 does this occur? We will call these values c
∗
1 and v∗, respectively. Again we need to

look at the derivatives

∂
∂v0

luε = ∂
∂v0

T−o (v0; c1)p
γ = ¡ 2

3c1 +
1
2

p
2H0

p
1 + v0 .

(4.11)

When we plug this value for
p
γ into T−o (v0; c1) \ luε we get

¡ 2
3c1v0 +

1
2

p
2H0v0

p
1 + v0 = ¡ 2

3c1(1 + v0) +
1
3

p
2H0(1 + v0)

3/2

1
2

p
2H0v0

p
1 + v0 = ¡ 2

3c1 +
1
3

p
2H0(1 + v0)

3/2 .
(4.12)

28



Rewriting (4.12) in terms of c1 yields

2
3c1 = 1

3

p
2H0(1 + v0)

3/2 ¡ 1
2

p
2H0v0

p
1 + v0

2
3c1 =

p
2H0

p
1 + v0

¡
1
3 (1 + v0) ¡ 1

2v0
¢

c1 = 3
2

p
2H0

p
1 + v0

¡
¡ 1
6 (1 + v0) +

1
2

¢
.

(4.13)

Finally we put this expression for c1 into (4.11), which gives us an expression for
p
γ in

terms of H0 and v0:

p
γ = ¡

p
2H0

p
1 + v0

¡
¡ 1
6 (1 + v0) +

1
2

¢
+ 1
2

p
2H0

p
(1 + v0)p

γ = ¡
p
2H0

p
1 + v0

¡
¡ 1
6 (1 + v0) +

1
2 ¡ 1

2

¢

p
γ = ¡

p
2H0

p
1 + v0

¡
¡ 1
6 (1 + v0)

¢

p
γ = 1

6

p
2H0(1 + v0)

3/2 .

(4.14)

In terms of v0 (4.14) this reads

v∗ = v0 =

µ
6
p
γ

p
2H0

¶ 2/3
¡ 1 (< 2) . (4.15)

Now we can compute c∗1 in terms of γ and H0, i.e. we plug (4.15) into (4.13)

c∗1 = ¡ 1
6
3
2

p
2H0(1 + v0)

3/2 + 1
2
3
2

p
2H0

p
1 + v0

= ¡ 1
6
3
2

p
2H0

µ ³
6
√
γ√

2H0

´ 2/3¶ 3/2
+ 1
2
3
2

p
2H0

µ ³
6
√
γ√

2H0

´ 2/3¶ 1/2

= ¡ 3
2

p
γ + 3

4

p
2H0

³
6
√
γ√

2H0

´ 1/3

= 3
2

µ
¡

p
γ +H0

³
3
√
γ

2H0

´ 1/3¶
> 0 (γ < 3

2H
2
0 ) .

(4.16)

– 0 < c1 < c∗1
For 0 < c1 < c∗1 equation (4.8) has no solutions.

– c∗1 < c1 < 1
2

p
2H0

For c∗1 < c1 < 1
2

p
2H0 equation (4.8) has two positive solutions v

1
∗ and v2∗, which satisfy

v1∗ < v∗ < v2∗.

² c1 6= 0 and γ > 3
2H

2
0

A same sort of analysis as above can be done. See Lemma 4.2.

Let us now summarize what we have obtained so far in this section

Lemma 4.2 Assume that H0 > 0 in (4.1), then T−o (v0; c1) is tangent to luε , in leading order, in
the point

v0 = v∗ =

µ
6
p
γ

p
2H0

¶ 2/3
¡ 1 for c∗1 =

3

2

Ã

¡
p
γ +H0

µ
3
p
γ

2H0

¶ 1/3!

.

If c1 > c∗1, the intersection of T−o with luε always has two solutions v1∗ and v2∗ (v1∗ < v∗ < v2∗). We
distinguish 4 cases

² γ >
H2

0
18 and c1 < 1

2

p
2H0: both v1∗ and v2∗ are positive.

² γ >
H2

0
18 and c1 > 1

2

p
2H0: v1∗ is negative and v2∗ is positive.

² γ <
H2

0
18 and c1 > 1

2

p
2H0: v1∗ is negative and v2∗ is positive.
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² γ <
H2

0
18 and c1 < 1

2

p
2H0: both v1∗ and v2∗ are negative.

If c1 < c∗1, the intersection of T−o with luε is empty.

Remark 4.3 Note that for γ =
H2

0
18 we have v∗ = 0 and c∗1 =

1
2

p
2H0, and for γ = 3

2H
2
0 we have

v∗ = 2 and c∗1 = 0.

4.1.2 H0 < 0

We again start our analysis with c1 ´ 0 and secondly we will look at c1 6= 0. We will notice that
the calculations will be much easier this time, they are for example independent of γ.

² c1 ´ 0
T−o (v0; c1) intersected with luε becomes

1

3

p
2H0(1 + v0)

3/2 =
p
γv0 . (4.17)

Notice that both sides of (4.17) are monotonous with respect to v0, the take-off curve is
monotonously decreasing with respect to v0 ¸ ¡ 1 and luε is monotonously increasing, thus
(4.17) has at most one solution. Notice also that

p
γv0 jv0=−1 = ¡

p
γ < 0p

γv0 jv0=0 = 0
1
3

p
2H0(1 + v0)

3/2 jv0=−1 = 0
1
3

p
2H0(1 + v0)

3/2 jv0=0 = 1
3

p
2H0 < 0 .

(4.18)

l
u

ε

To(v0 ; 0  )  

v

q

-

Figure 4.3: For c1 ´ 0 T−o (v0; 0) \ luε has always one negative solution v1∗.

Thus (4.17) always has 1 solution v1∗, and this solution is negative (see Figure 4.3).

² c1 > 0
T−o (v0; c1) \ luε reads:

¡
2

3
c1(1 + v0) +

1

3

p
2H0(1 + v0)

3/2 =
p
γv0 , (4.19)

¡ 2
3c1(1 + v0) is also monotonically decreasing because c1 > 0, thus it only pulls

1
3

p
2H0(1 + v0)

3/2 down. Hence (4.19) has 1 solution v1∗, which is negative.

² c1 < 0
Because ¡ 2

3c1(1 + v0) is always positive (v0 > ¡ 1) it lifts up 13
p
2H0(1 + v0)

3/2. Note that

¡ 2
3c1(1 + v0) +

1
3

p
2H0(1 + v0)

3/2 jv0=0 = ¡ 2
3c1 +

1
3

p
2H0 . (4.20)

Two things can happen
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– ¡ 2
3c1 +

1
3

p
2H0 < 0 , 0 > c1 > 1

2

p
2H0

which implies that the solution v1∗ of (4.19) is negative.

– ¡ 2
3c1 +

1
3

p
2H0 > 0 , c1 < 1

2

p
2H0

which implies that the solution v1∗ of (4.19) is positive.

Summarizing what we have obtained for H0 < 0 so far in the following Lemma.

Lemma 4.4 Assume that H0 < 0 in (4.1), then T−o (v0; c1) intersects luε always in one point v1∗.
If c1 < 1

2

p
2H0 then v1∗ > 0, and if c1 > 1

2

p
2H0 then v1∗ < 0.

4.2 Jumping through the fast ¯eld and touc hing down M+
ε

In this section we assume we jump from M −
ε to M +

ε , so we know that for v = v1,2∗ the equality

¡
2

3
c1(1 + v1,2∗ ) +

1

3

p
2H0(1 + v1,2∗ )

3/2 =
p
γv1,2∗ (4.21)

holds. After the jump through the fast field we land on the touch-down curve T+d (v0; c1) with

v0 = v1,2∗ , because the v-coordinate stays the same in leading order, see (2.31). When we assume
that c1 6= 0 this landing will not be on the intersection of T+d (v0; c1) with lsε := W s(1, 0, 0, 0)jM+

"
,

because we have shown in the previous chapter that there does not exists a 1-front solution, see
Theorem 3.1. Thus after touching down on M +

ε the orbit follows the flow of the prescribed ODE
(2.11).

l
u

ε

l
s

ε

To(v0 ;   c   1  )   
�

v*
1

q

v l
u

ε

v*
1

l
s

ε

Td(v0 ;   c   1  )   
+

q

v
flow

Figure 4.4: T−o (v0; c1) intersects l
u
ε at v = v1∗, and jumps to M +

ε . On M +
ε we land on T+d (v

1
∗; c1)

and from there we follow the flow of the ODE (2.11).

We have given the second front a different speed c2, and we want to jump back to M −
ε since the

2-front solution is also asymptotic to (¡ 1, 0, 0, 0) as ξ ! 1 . Thus we need our flow on M +
ε to inter-

sect the take-off curve T+o (v0; c2) of M +
ε . Before we go any further let us give T

+
d (v0; c1), T

+
o (v0; c2)

and lsε := W s(§ 1, 0, 0, 0)jM§
"
(lsε is the same on M +

ε as on M −
ε ). In leading order they read

T+d (v0; c1) : f q = ε

µ
¡
2

3
c1(1 + v0) ¡

1

3

p
2H0(1 + v0)

3/2

¶
g , (4.22)

T+o (v0; c2) : f q = ε

µ
¡
2

3
c2(1 + v0) +

1

3

p
2H0(1 + v0)

3/2

¶
g , (4.23)

lsε : f q = ¡ ε
p
γv0g . (4.24)

The touch-down curve T+d (v0; c1) can easily be derived from (3.17) and the take-off curve T
+
o (v0; c2)

can be computed the same way as the T−o (v0; c1), see (3.16).
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When we jump back to M −
ε we land on the touch-down curve T−d (v0; c2) of M −

ε , which is in
leading order, given by

T−d (v0; c2) : f q = ε

µ
¡
2

3
c2(1 + v0) ¡

1

3

p
2H0(1 + v0)

3/2

¶
g . (4.25)

We want that after landing on M −
ε the solution does not become unbounded, but goes back to the

point (¡ 1, 0, 0, 0). In that case then we have established a 2-front solution. Hence we want that
the flow lands on the intersection of T−d (v0; c2) and lsε, i.e.

¡ 2
3c2(1 + v0) ¡ 1

3

p
2H0(1 + v0)

3/2 = ¡
p
γv0 . (4.26)

We see that when we choose c2 = ¡ c1 (4.26) is fulfilled for v0 = v1∗, with v1∗ the chosen solution
(there can be more than 1 solution) of T−o (v0; c1) \ luε , see (4.21). We also see that with this choice
of c2 the following equalities holds

T±o (v0; c2) := T±o (v0; ¡ c1) = ¡ T±d (v0; c1) . (4.27)

By symmetry of the ODE (2.11) on M +
ε in the v-axis and the equalities in (4.27) we conclude that

it is possible to construct a symmetric 2-front solution of (4.1). (We will see in section 4.3 that
there is an ODE that determines the ”time of flight” T ∗ our 2-front solution can spent on M +

ε .)

l ε
u

s
l ε

l ε
u

s
l ε

Td (v0;c1)
+

v
*
1 v

*
1

To (v0;c1)
�

(v0;�c  1 ) To
+

Td (v0;�c  1 ) 
�

Figure 4.5: T−o (v0; c1) intersects l
u
ε at v = v1∗, and jumps to M +

ε . On M +
ε we land on T+d (v

1
∗; c1)

and from there we follow the flow of our ODE (2.11); when we intersect T+o (v∗; ¡ c1) we jump
back to M +

ε . Because of the symmetry we land on T−d (v0; ¡ c1) \ lsε and our solution goes back
to (¡ 1, 0, 0, 0). We now have built a symmetric 2-front. However, we have not yet determined its
speed (see section 4.3).

Remark 4.5 For another choice of c2 there may exist a (asymmetric) 2-front solution. We jump
throughthe fast ¯eld with the v-coordinate the sameas the solution v1∗ of the equation T−o (v0; c1)\ luε .
We land on M +

ε on T+d (v
1
∗; c1) and from there the solution follows the °ow of our ODE (2.11).

Until we intersect T+o (v0; c2), say with v-coordinate v2∗, and we jump back to M−
ε . We wil l touch

down on T−d (v
2
∗; c2). It may be possible that T−d (v

2
∗; c2) also lies on lsε, when this happens we

haveconstructed an asymmetric 2-front solution. Such an asymmetric 2-front solution wil l not be
investigated in this thesis. See Figure 4.6.

In the remainder of this chapter and the next chapter we choose c2 = ¡ c1 = ¡ c (we drop the 1 in
c1).

4.2.1 H0 < 0

We now go a step back and look what happens with the solution on M +
ε . Thus we assume that

we have jumped from M −
ε to M +

ε and equation (4.21) holds. We are going to investigate where
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Figure 4.6: T−o (v0; c1) intersects luε in v1∗. We jump through the fast field and touch down on
T+d (v

1
∗; c1), from there we follow the flow of our ODE (2.11) until we intersect T

+
o (v0; c2) at v = v2∗.

We jump back to M −
ε and land on the intersection of T

−
d (v0; c2) and lsε. Thus our solution goes

back to (¡ 1, 0, 0, 0) and we have constructed an asymmetric 2-front solution.

exactly our flow lands on M +
ε , and what happens afterwards. We start with the ”special” values

for c (see Lemma 4.4).

² c ´ 0
From (4.21) we know that

1
3

p
2H0(1 + v1∗)

3/2 =
p
γv1∗

)
¡ 1
3

p
2H0(1 + v1∗)

3/2 = ¡
p
γv1∗ .

(4.28)

Thus for v0 = v1∗ we land on the intersection of T
+
d (v

1
∗; 0) and lsε. Hence we have a 1-front

solution and not a 2-front solution.

² c = 1
2

p
2H0

This is a special value for c, because it is the value of c for which v1∗ = 0, thus it is the point
where v1∗ turns from negative into positive.

From (4.21) we know that

¡ 1
3

p
2H0(1 + v1∗) +

1
3

p
2H0(1 + v1∗)

3/2 =
p
γv1∗ , (4.29)

and we see that v1∗ = 0 is a solution.
T+d (v0;

1
2

p
2H0) = ¡ 1

3

p
2H0(1 + v0) ¡ 1

3

p
2H0(1 + v0)

3/2 > 0. Thus (4.27) tells us that

T+o (v0; ¡
1
2

p
2H0) < 0.

We land on T+d (0;
1
2

p
2H0) which is positive, and because of our ODE (2.11) it never becomes

negative, see Figure 4.7. The flow will never intersect T+o (v0; ¡
1
2

p
2H0) < 0. Thus we can

never jump back to M −
ε and we will have no 2-front solution.
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+
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q

Figure 4.7: For c = 1
2

p
2H0 we have that T

−
o (v0;

1
2

p
2H0) intersects l

u
ε at v = 0. On M +

ε we land

on T+d (0;
1
2

p
2H0) and from there we follow our ODE (2.11) and it never becomes negative, i.e. it

cannot intersect T+o (v0;
1
2

p
2H0).

² c > 0
We start with what we know from (4.21)

<0
z }| {

¡
2

3
c(1 + v1∗)+

<0
z }| {
1

3

p
2H0(1 + v1∗)

3/2 =
p
γv1∗ , (4.30)

and because γ > 0 we must have v1∗ < 0 (see also Lemma 4.4). After the jump through the
fast field we touch down on T+d (v

1
∗; c):

¡
2

3
c(1 + v1∗) ¡

1

3

p
2H0(1 + v1∗)

3/2 >
p
γv1∗ . (4.31)

This inequality can easily be derived from (4.30). Thus we know that we land above luε on
M +

ε . But the question is, do we also land under l
s
ε? i.e. is

¡ 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2 < ¡
p
γv1∗ ,

( ) (use (4.30))

¡ 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2 < 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2 ,
( )

¡ 2
3c(1 + v1∗) < 2

3c(1 + v1∗) ,
( )

¡ c < c ,

(4.32)

which is true because we have chosen c > 0. Thus we still can have a 2-front solution.

It is explained in the Figures 4.8, 4.9 (and their captions) that for a 2-front solution to exists
we also need that

T+d (v
1
∗; c) > 0

( )
¡ 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2 > 0
( )

¡ 2
3c(1 + v1∗) > 1

3

p
2H0(1 + v1∗)

3/2

( )
¡ 2
3c > 1

3

p
2H0

p
1 + v1∗

( )
c < ¡ 1

2

p
2H0

p
1 + v1∗ .

(4.33)
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+
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Figure 4.8: For c > 0 equation (4.21) has one negative solution v1∗. After the flight of the orbit
through the fast field we land on T+d (v

1
∗; c), which lies between luε and lsε on M +

ε . But the next
question is, do we land on M +

ε with a positive or a negative q-coordinate? Here we land on M +
ε

with a positive q-coordinate. On M +
ε the solution follows the flow of the ODE (2.11) until this

orbit intersects T+0 (v0; ¡ c) (again at v0 = v1∗). Then the orbit makes another jump back to M −
ε

where it lands on T−d (v
1
∗; ¡ c). Because of symmetry (4.27) this landing point also lies on lsε, thus

our orbit goes back to (¡ 1, 0, 0, 0) and it is possible that we have established a 2-front .

l ε
u

(v0;c)
�

To

l ε
u

v*
1

s
l ε

v*
1

(v0;c)T
d

+

(v0
+

;�c)To

q

v

q

v

Figure 4.9: For c > 0 equation (4.21) has one negative solution v1∗. After the flight of the orbit
through the fast field we land on T+d (v

1
∗; c), which lies between luε and lsε on M +

ε , but now with
a negative q-coordinate. On M +

ε the solution follows the flow of the ODE (2.11) and it cannot
intersect T+o (v0; ¡ c). Thus the orbit becomes unbounded and we do not have a 2-front solution.
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Thus for a 2-front to exist we need 0 < c < ¡ 1
2

p
2H0

p
1 + v1∗.

² c < 1
2

p
2H0 < 0

By Lemma 4.4 we know that the v1∗ for which (4.21) holds is positive. We land on T+d (v
1
∗; c):

>0
z }| {

¡
2

3
c(1 + v1∗)

>0
z }| {

¡
1

3

p
2H0(1 + v1∗)

3/2 > ¡
2

3
c(1 + v1∗) +

1

3

p
2H0(1 + v1∗)

3/2 =
p
γv1∗ . (4.34)

The first inequality is obvious and the second equality is just (4.21). We even have T+d (v0; c) >
0 (for all v0 and not only for v

1
∗). Thus (4.27) tells us that T

+
o (v0; ¡ c) < 0.

(v0;c)
−

T o

lε
u

(v0;c)T
d

+

v*
1

lε
u

s
lε

v*
1

(v0
+

;−c)T o

v

q

v

q

Figure 4.10: For c < 1
2

p
2H0 equation (4.21) has one positive solution v1∗. After the flight of the

orbit through the fast field we land on T+d (v
1
∗; c), which lies above luε . Thus our orbit becomes

unbounded and we do not have a 2-front.

We land on M+
ε above luε (4.34) and with positive v-coordinate. Thus the solution becomes

unbounded and stays positive, it will never intersect T+o (v0; c), see Figure 4.10. Thus for
c < 1

2

p
2H0 we have no 2-front solution.

² 0 > c > 1
2

p
2H0

By Lemma 4.4 we can conclude that the v1∗ which solves (4.21) is negative. We land on
T+d (v

1
∗; c):

>0
z }| {

¡
2

3
c(1 + v1∗)

>0
z }| {

¡
1

3

p
2H0(1 + v1∗)

3/2 > ¡
2

3
c(1 + v1∗) +

1

3

p
2H0(1 + v1∗)

3/2 =
p
γv1∗ . (4.35)

Again the first inequality is obvious and the second equality is (4.21). Thus we land above
luε on M +

ε . But do we land under l
s
ε? i.e. is

¡ 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2 < ¡
p
γv1∗

( ) (use right part of (4.35))

¡ 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2 < 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2

( )
¡ c < c .

(4.36)

We have taken c negative, thus this is not true. Thus we also land above lsε and we do not
have a 2-front solution for 0 > c > 1

2

p
2H0, see Figure 4.11.

We now have investigated all possible values for c with H0 < 0, let us summarize our findings

Lemma 4.6 Assume that H0 < 0 in (4.1), then for a 2-front to exist we at least need that 0 <
c < ¡ 1

2

p
2H0

p
1 + v1∗. When we combine this with Lemma 4.4 we see that a necessary (but not

su±cient) condition for a 2-front to exist is that v1∗ is negative.
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Figure 4.11: For 0 > c > 1
2

p
2H0 equation (4.21) has one negative solution v1∗, and after our jump

through the fast field we land on T+d (v∗; c), which lies above l
s
ε on M +

ε . Thus our solution becomes
unbounded and we do not have a 2-front.

4.2.2 H0 > 0

We start with c = c∗1, the bifurcation value of Lemma 4.2, next we will look at c > c∗1 and c < c∗1.

² c = c∗1 =
3
2

µ
¡

p
γ +H0

³
3
√
γ

2H0

´ 1/3¶

This was the special value of c for which T−o (v0; c) and luε are tangent in the point v0 = v∗ ´
³
6
√
γ√

2H0

´ 2/3
¡ 1 > 0. When we plug this v∗ and c∗1 into the touch-down curve T+d (v∗; c

∗
1) we

get

T+d (v∗; c
∗
1) = ¡ 2

3

µ
3
2

µ
¡

p
γ +H0

³
3
√
γ

2H0

´ 1/3¶ ³
6
√
γ√

2H0

´ 2/3¶
¡ 1
3

p
2H0

µ ³
6
√
γ√

2H0

´ 2/3¶ 3/2

=
p
γ

³
6
√
γ√

2H0

´ 2/3
¡ 3

p
γ ¡ 2

p
γ

=
p
γ

µ ³
6
√
γ√

2H0

´ 2/3
¡ 1

¶
¡ 4

p
γ

=
p
γv∗ ¡ 4

p
γ .

(4.37)

Thus we land under luε . Therefore we need v∗ to be positive, otherwise the orbit certainly

becomes unbounded, see Figure 4.14. Thus we need γ >
H2

0
18

Thus for a 2-front solution to exist we need, as explained in Figure 4.12 and 4.13, that we
land on M +

ε between lsε and the line q = 0, i.e.

0 >
p
γv∗ ¡ 4

p
γ > ¡

p
γv∗

( )
0 > v∗ ¡ 4 > ¡ v∗

( )
2 < v∗ < 4

( ) (use the value of v∗)

3 <
³
6
√
γ√

2H0

´ 2/3
< 5

( )q
3
2H0 <

p
γ < 53= 2

3
√
2
H0

( )
3
2H

2
0 < γ < 125

18 H20

(4.38)

Thus for a 2-front to exists for c = c∗1 we at least need
3
2H

2
0 < γ < 125

18 H20 .
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  *
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q q
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Figure 4.12: For c = c∗1 and γ >
H2

0
18 equation (4.21) has one positive solution v∗ =

³
6
√
γ√

2H0

´ 2/3
¡ 1.

After the flight of the orbit through the fast field we land on T+d (v∗; c
∗
1) =

p
γv∗ ¡ 4

p
γ, which,

in this example, lies above lsε on M +
ε but under the line q = 0. On M +

ε the solution follows the
flow of the ODE (2.11) until this orbit intersects T+o (v0; ¡ c∗1) (again at v0 = v∗). There the orbit
makes another jump back to M −

ε where it lands on T−d (v∗; ¡ c∗1). Because of symmetry (4.27) this
point of landing also lies on lsε, thus our orbit goes back to (¡ 1, 0, 0, 0) and it is possible that we
have established a 2-front.

�
To (v0;c1 )*

v*

v*

l ε
u

s
l ε

l ε
u

+
Td (v0;c1 )*

+
To (v0;�c   1 ) 

 *
q

v

v

q

Figure 4.13: For c = c∗1 and γ >
H2

0
18 equation (4.21) has one positive solution v∗ =

³
6
√
γ√

2H0

´ 2/3
¡ 1.

After the flight of the orbit through the fast field we land on T+d (v∗; c
∗
1), which, this time, lies under

lsε on M +
ε . On M +

ε the solution follows the flow of the ODE (2.11), which will stay negative, and
it will not intersect T+o (v0; ¡ c∗1), which is completely positive. Thus the orbit becomes unbounded
and we do not have a 2-front solution.
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*
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+

Td

v

q

Figure 4.14: For c ¸ c∗1 we land on T+d (v
1
∗; c) which lies under l

u
ε on M +

ε . For a 2-front to exists
we thus need that v1∗ is positive, otherwise our orbit will become unbounded.

² c < c∗1
Lemma 4.2 tells us that the intersection of T−o (v0; c1) and luε is empty, thus there is certainly
no 2-front solution.

² c > c∗1
Equation (4.21) has two solutions v1∗, v

2
∗. Take one of these solutions, say v1∗. After jumping

to M +
ε , we land on T+d (v

1
∗; c), i.e.

¡
2

3
c(1 + v1∗)

<0
z }| {

¡
1

3

p
2H0(1 + v1∗)

3/2 < ¡
2

3
c(1 + v1∗) +

1

3

p
2H0(1 + v1∗)

3/2 =
p
γv1∗ . (4.39)

The first inequality is obvious and the second equality is just equality (4.21). Thus we land
under luε on M +

ε . For a 2-front solution to exists we need v1∗ to be positive, otherwise our
orbit will become unbounded, see Figure 4.14. But, like before, we also need that we land
between the line q = 0 and lsε on T+d (v

1
∗; c). Thus

0 > ¡
2

3
c(1 + v1∗) ¡

1

3

p
2H0(1 + v1∗)

3/2 > ¡
p
γv1∗ . (4.40)

Working out this inequalities is nearly the same as for H0 < 0, see (4.32) and (4.33). This
gives us the following restriction: For a 2-front solution to exists we at least need

¡ 1
2

p
2H0

p
1 + v1∗ < c < 0 . (4.41)

Summarizing

Lemma 4.7 Assumethat H0 > 0 in (4.1), then for a 2-front to exist we at least need c ¸ c∗1 and
0 > c > ¡ 1

2

p
2H0

p
1 + v1∗.

Remark 4.8 Note that when c = c∗1 in Lemma 4.7 we explicitly know v1∗ = v∗ and the inequality
0 > c > ¡ 1

2

p
2H0

p
1 + v1∗ can be rewritten into 3

2H
2
0 < γ < 125

18 H20 .

4.3 Fron t Separation Distance

Up to now we only have found that c has to be in some interval for a 2-front solution (Lemma
4.6, Lemma 4.7). In this section we are going to determine a ODE which determines c completely.
This ODE is due to the fact that the ”time of flight” T ∗ on M +

ε cannot be of arbitrary size, but
must fulfill some ”rule”. The time of flight T ∗ is nothing else then the time the solution spends on
M +

ε , and is determined by our ODE (2.11).
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c (t) −c  (t)

(t)Γ∆

Γ2(t)(t)1Γ

0

Figure 4.15: The front separation distance ∆Γ(t) is the distance between the two fronts.

The distance between the two fronts ∆Γ(t) ´ Γ2(t) ¡ Γ1(t) is by definition measured by the
following integral (in x-axis)

∆Γ(t) = ∆Γ(0) ¡ 2ε3
Z t

0

c(s) ds , (4.42)

where ∆Γ(0) is the front separation distance at time 0, ε3 is due to scaling and the minus is
due to the fact that a positive speed (c ¸ 0) decreases the separation distance, see Figure 4.15.
Differentiating both sides of (4.42) gives us the following ODE for the ∆Γ(t)

d

dt
∆Γ(t) = ¡ 2ε3c(t). (4.43)

Moreover, we recall that for a 2-front solution we need on M −
ε that the take-off curve T−o (v0; c)

intersects luε , i.e.

p
γv1∗ = ¡ 2

3c(1 + v1∗) +
1
3

p
2H0(1 + v1∗)

3/2

)

c =
−√γv1

¤+
1
3

√
2H0 (1+v

1
¤ )

3= 2

2
3 (1+v

1
¤ )

.

(4.44)

When we plug this equality for the front speed c (4.44) into the ODE (4.43), we find

d

dt
∆Γ(t) = 2ε3

Ã p
γv1∗ ¡ 1

3

p
2H0(1 + v1∗)

3/2

2
3 (1 + v1∗)

!

. (4.45)

Next, we are going to express the right hand side of this ODE (4.45) in terms of ∆Γ, at least
implicitly. The front separation distance ∆Γ divided by ε is, in leading order, equal to the time of
flight T ∗ of our front on M +

ε .

The leading order expression for this total time of flight T ∗ is found by examining the leading
order of the dynamics on M +

ε , which is given (in fast variable ξ) by

vξξ = ε4γv . (4.46)

Hence the general solution is

v(ξ) = Aeε
2√γξ +Be−ε2√γξ . (4.47)
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Figure 4.16: 1ε∆Γ(t) is in leading order the same as the time of flight T
∗ on M +

ε

We also need the derivative of v(ξ):

vξ(ξ) = ε2
p
γ

³
Aeε

2√γξ ¡ Be−ε2√γξ
´

. (4.48)

In turn, the coefficientsA andB are determined by the condition that (v(0), vξ(0)/ε) = (v
1
∗, T

+
d (v

1
∗; c)).

Hence

A+B = v1∗
ε
p
γ(A ¡ B) = ε

¡
¡ 2
3c(1 + v1∗) ¡ 1

3

p
2H0(1 + v1∗)

3/2
¢

= ε
¡p

γv1∗ ¡ 2
3

p
2H0(1 + v1∗)

3/2
¢
,

(4.49)

in the last step we use (4.44). Thus

A = v1∗ ¡
1

3

p
2
1

p
γ
H0(1 + v1∗)

3/2 and B =
1

3

p
2
1

p
γ
H0(1 + v1∗)

3/2. (4.50)

The other condition that has to be satisfied is that, when the total time of flight T ∗ along these
hyperbolic orbit segments satisfies εT ∗ = ∆Γ, the orbit (v(T ∗), vξ(T ∗)/ε) has to be at the take-off
point (v1∗, T

+
o (v∗; ¡ c)). Looking only at the second condition: vξ(T

∗)/ε = T+o (v∗; ¡ c), and recall
that T+d (v

1
∗; c) = ¡ T+o (v

1
∗; ¡ c) (4.27), we find

vξ(T
∗)/ε = T+o (v

1
∗; ¡ c)

)

ε
p
γ

³
Aeε

2√γT ¤
¡ Be−ε2√γT ¤

´
= ε

¡
2
3c(1 + v1∗) +

1
3

p
2H0(1 + v1∗)

3/2
¢
,

(4.51)

after eliminating ε and plugging in the value of c (4.44), we get

p
γ

³
Aeε

2√γT ¤
¡ Be−ε2√γT ¤

´
= ¡

p
γv1∗ +

2

3

p
2H0(1 + v1∗)

3/2 . (4.52)

We notice that the right hand of (4.52) is equal to
p
γ(B ¡ A). If we now set z = eε

2√γT ¤
, and

multiply (4.52) on both sides with z, we get

p
γ

¡
Az2 ¡ B

¢
=

p
γ (B ¡ A) z . (4.53)

Which gives us the solutions z = B
A or z = ¡ 1. Of course we need the first solution (z is positive

by construction). We obtain

e−ε
√
γ∆Γ = e−ε2√γT ¤

=
1

z
=

A

B
=

p
γv1∗ ¡ 1

3

p
2H0(1 + v1∗)

3/2

1
3

p
2H0(1 + v1∗)

3/2
. (4.54)
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Remark 4.9 For eε
2√γT ¤

= z = B
A also the ¯rst condition is ful¯l led, i.e. v(T ∗) = v1∗.

Thus, rewriting (4.54)

p
γv1∗ ¡

1

3

p
2H0(1 + v1∗)

3/2 =
1

3

p
2H0(1 + v1∗)

3/2e−ε
√
γ∆Γ. (4.55)

If we put (4.55) into (4.45) we get

d
dt∆Γ(t) = 2ε3

³ √
γv1

¤− 1
3

√
2H0 (1+v

1
¤ )

3= 2

2
3 (1+v

1
¤ )

´

= 2ε3
³

1
3

√
2H0 (1+v

1
¤ )

3= 2

2
3 (1+v

1
¤ )

´
e−ε

√
γ∆Γ(t)

= ε3
p
2H0

p
1 + v1∗e

−ε
√
γ∆Γ(t) .

(4.56)

The value of v1∗ = v1∗(t) is given by (4.54), i.e by

v1∗
1
3

p
2H0(1 + v1∗)

3/2
=

e−ε
√
γ∆Γ(t) + 1
p
γ

. (4.57)

Note that this formula can be rewritten into a cubic polynomial in
p
1 + v1∗, which is in principle

solvable. We will examine this cubic polynomial in the next section.

We immediately see from (4.56) that the sign of d
dt∆Γ is completely determined by the sign of H0,

Corollary 4.10 When we are looking for travelling fronts of the system (4.1), we can conclude
that

if H0 > 0, then d
dt∆Γ > 0, and the fronts repel;

if H0 < 0, then d
dt∆Γ < 0, and the fronts attract.

Remark 4.11 Recall that d
dt∆Γ = ¡ cε3(t) (4.43), thus for positive H0 we have a negative front

speed c and vice versa. This is in agreement with Lemma 4.6 and Lemma 4.7.

4.4 Implicit Form ula

In this section we are going to investigate the formula for v1∗ (4.57) in detail.

v1
¤

1
3

√
2H0 (1+v1

¤ )
3= 2 = 1√

γ

¡
e−ε

√
γ∆Γ(t) + 1

¢

,
(
p
1+v1

¤ )
2−1

(1+v1
¤ )

3= 2 = 1
3

p
2 1√γH0

¡
e−ε

√
γ∆Γ(t) + 1

¢
.

(4.58)

We put +
p
1 + v1∗ = V , such that (4.58) yields

V 2 ¡ 1
V 3

=
1

3

p
2
H0
p
γ
(1 + e−ε

√
γ∆Γ(t))

| {z }
G

. (4.59)

Notice that G 2 [
√
2H0
3
√
γ , 2

√
2H0
3
√
γ ].
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4.4.1 H0 > 0

For H0 > 0 we also have that

² G> 0,

² G(t) and G2(t) decreases as function of t,

² in the case of stationary solutions (see Chapter 2); there exists a 1-front if γ > 3
2H

2
0 .

In the end we have to investigate the cubic polynomial equation

GV 3 ¡ V 2 + 1| {z }
F(V )

= 0. (4.60)

First we are going to compute the extremal values of F (V ). Therefore we need the derivative of
F to be 0

d

dV
F (V ) = 0 ) 3GV 2 ¡ 2V = 0 ) V = 0 or V =

2

3G
. (4.61)

We see that F (¡1 ) = ¡F (1 ) = ¡1 and 2
3G > 0 because G> 0. Thus we have a local maximum

at V = 0 and a local minimum at V = 2
3G :

F (0) = 1 (local) maximum
F ( 23G ) = 1 ¡ 4

27G2 (local) minimum .
(4.62)

In a picture

F(V)

2
3G

Figure 4.17: F (V ) with G · 4
27 .

We assumed that V > 0 (positive root) and we want to solve F (V ) = 0 (4.60), thus we need

1 ¡
4

27G2
· 0 ) G2 ·

4

27
. (4.63)

This we are going to combine with the condition

G 2 [

p
2H0
3
p
γ

,
2
p
2H0
3
p
γ
] , G2 2 [

2H20
9γ

,
8H20
9γ
] . (4.64)

Because G2(t) decreases as function of t there exists a 2-front when

4

27
>
8H20
9γ

,
1

6
>

H20
γ

, γ > 6H20 , (4.65)
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and there cannot exist a 2-front when

4

27
<
2H20
9γ

,
2

3
<

H20
γ

, γ <
3

2
H20 . (4.66)

When 32H
2
0 · γ · 6H20 we have a 2 front only when our initial ∆Γ(0) is large enough:

(G(0))2 · 4
27

G(0) · 2
3
√
3

1
3

p
2H0√

γ (1 + e−
√
γ∆Γ(0)) · 2

3
√
3

1 + e−
√
γ∆Γ(0) ·

√
2√
3

√
γ

H0

¡
p
γ∆Γ(0) · ln (

√
2√
3

√
γ

H0
¡ 1)

∆Γ(0) ¸ ¡ 1√
γ ln (

√
2√
3

√
γ

H0
¡ 1) .

(4.67)

Let us summarize

Theorem 4.12 Assume the quasi-stationary approximation (section 1.1) is valid. Also assume
that H0 > 0 in (4.1), then for

γ · 3
2H

2
0 : we have no 2-front solution,

γ ¸ 6H20 : independent of ∆Γ(0), we have a 2-front solution,
3
2H

2
0 < γ < 6H20 : we have a 2-front solution only if ∆Γ(0) ¸ ¡ 1√

γ ln (
√
2√
3

√
γ

H0
¡ 1) .

The 2-fronts are repelling with speed

c(t) = ¡
1

2

p
2H0

p
(1 + v1∗)e

−ε
√
γ∆Γ(t) ,

with a positive v1∗ given by

v1∗
1
3

p
2H0(1 + v1∗)

3/2
=

e−ε
√
γ∆Γ(t) + 1
p
γ

.

Remark 4.13 γ = 3
2H

2
0 and γ = 6H20 are the limiting valuesof ¡ 1√

γ ln (
√
2√
3

√
γ

H0
¡ 1).

Remark 4.14 For H0 > 0 we see that the domain of existence for a 2-front solution depends
on the distance between the two fronts (∆Γ(0)) and it has shrunk with respect to the domain of
existence for a stationary solution.

4.4.2 H0 < 0

When we assume that H0 < 0, and recall that G := 1
3

p
2H0√

γ (1 + e−ε
√
γ∆Γ(t)). Then we know

² G< 0 ,

² G 2 [ 2
√
2H0
3
√
γ ,

√
2H0
3
√
γ ] ,

² G(t) and G2(t) increases as function of t ,

² in the case of stationary solutions (see chapter 2): there always exists a 1-front independent
of γ.
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2
3G

J(V)

Figure 4.18: J (V )

Just as in the 1-front case, it turns out that things are much easier for H0 < 0. We still have to
solve the cubic polynomial

GV 3 ¡ V 2 + 1| {z }
J (V )

= 0 , (4.68)

but now our leading term G is negative.

We have a local maximum at V = 0 and a local minimum at V = 2
3G < 0; J (0) = 1, J ( 23G ) =

1 ¡ 4
27G2 and J (1 ) = ¡J (¡1 ) = ¡1 . Because J (0) = 1 > 0 and J (1 ) = ¡1 < 0, we always

have 1 positive solution of (4.68) (recall that we assumed that V > 0).

Theorem 4.15 Assume the quasi-stationary approximation (section 1.1) is valid. Also assume
that H0 < 0 in (4.1), then we alwayshavea 2-front solution. The fronts are attracting with speed

c(t) = ¡
1

2

p
2H0

p
(1 + v1∗)e

−ε
√
γ∆Γ(t) ,

with a negative v1∗, which is given by

v1∗
1
3

p
2H0(1 + v1∗)

3/2
=

e−ε
√
γ∆Γ(t) + 1
p
γ

.

Remark 4.16 the domain of existence for 2-front solutions and stationary solutions is the same
for H0 < 0

4.5 Limits

In this last section we are going to look what happens to the front speed c for the limits of the
front separation distance ∆Γ, i.e ∆Γ(0) ! 0 and ∆Γ(0) ! 1 . Thus we are going to answer the
question: Is the front speed c a local maximum or local minimum speed in the limits? Note that
we do not know whether the front speed c is monotone, we only know that c is positive or negative
depending on the sign of H0, see Theorem 4.12 and Theorem 4.15.

We start with a very small initial condition, ∆Γ(0) = 0 in leading order, then we see from Theorem
4.12 and Theorem 4.15 that

cm(t) = ¡ 1
2

p
2H0

p
(1 + v1∗)

with v1∗ given by

v1
¤

1
3

√
2H0 (1+v1

¤ )
3= 2 =

2√
γ .
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Thus the limit front speed is given by cm = ¡ 1
2

p
2H0

p
1 + v1∗, but is this a local maximum speed or

local minimum speed for the wave? Again, it turns out that the answer to this question completely
depend on the sign of H0. Thus we are going to look at both cases separately.

4.5.1 ∆Γ(0) ! 0 and H0 > 0

We start with H0 > 0. In Lemma 4.2 we found that equation (4.21) has 2 solutions if and only if
cm > c∗1. Thus we need

cm > c∗1

¡ 1
2

p
2H0

p
1 + v1∗ > 3

2

µ
¡

p
γ +H0

³
3
√
γ

2H0

´ 1/3¶

p
1 + v1∗ <

3
√
γ√

2H0
¡ 34= 3

25= 6

³ √
γ

H0

´ 1/3

v1∗ < ¡ 1 + 9γ
2H2

0
+ 9
2

¡
3
2

¢2/3 ³ √
γ

H0

´ 2/3
¡ 9

¡
3
2

¢1/3 ³ √
γ

H0

´ 4/3
.

(4.69)

When we substitute x =
³ √

γ

H0

´ 2/3
(4.69) becomes

v1∗ < ¡ 1 + 9
2x
3 + 9

2

¡
3
2

¢2/3
x ¡ 9

¡
3
2

¢1/3
x2

=
9

2

µ ³
x ¡ 2−1/33−2/3

´ 2 ³
x ¡ 25/33−2/3

´ ¶

| {z }
K(x)

(4.70)

Note that x > 0 by construction and K(x) = 0 for x = 2−1/33−2/3 and x = 25/33−2/3. Because
x = 2−1/33−2/3 is a double zero and K(1 ) = 1 we know the shape of K(x)

K(x)

2�1/3 3  �2/3 

25/33�2/3

Figure 4.19: K(x)

By Theorem 4.12 we know that v1∗ needs to be positive, thus

0 < v1∗ < K(x) . (4.71)

Consequently we need

x > 2
¡
2
3

¢2/3

)
γ > 32

9 H20 .

(4.72)

Remark 4.17 Note that this not a restriction, becauseby Theorem 4.12 γ ¸ 6H2
0 .

Thus (Figure 4.20, 4.21) we only have a 2-front solution when cm > ¡ 1
2

p
2H0

p
1 + v1∗, and we

conclude that cm = ¡ 1
2

p
2H0

p
1 + v1∗ is a local minimum speed for H0 > 0.
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Figure 4.20: For cm = ¡ 1
2

p
2H0

p
1 + v1∗ and H0 > 0 equation (4.21) has two positive solutions

v1∗, v
2
∗. In this figure we look at v

1
∗, in the next figure we look what happens for v

2
∗. We jump and

touch down on T+d (v
1
∗; cm) = 0 (by construction), thus, by symmetry, we immediately jump back.

When we make c larger our intersection point ṽ1∗ decreases (with respect to v1∗) and we touch down
on T+d (ṽ

1
∗; c̃) < 0, thus we have a 2-front solution. When we make c smaller v̂1∗ increases and we

land on T+d (v̂
1
∗; ĉ) > 0, thus we do not have a 2-front solution.

l
s
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l
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ε
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l
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Figure 4.21: In this figure we look at v2∗. We jump and touch down on T+d (v
2
∗; cm) = 0 (by con-

struction), thus, by symmetry, we immediately jump back. When we make c larger our intersection
point ṽ2∗ increases (with respect to v2∗) and we land on T+d (ṽ

2
∗; c̃) < 0, thus we have a 2-front solu-

tion. When we make c smaller v̂1∗ decreases and we land on T+d (v̂
2
∗; ĉ) > 0, thus we do not have a

2-front solution.
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4.5.2 ∆Γ(0) ! 0 and H0 < 0

For H0 < 0 we found in Theorem 4.15 that the v1∗ which solves T−o (v0; ¡
1
2

p
2H0

p
1 + v∗) \ luε is

negative. T−o (v0; ¡
1
2

p
2H0

p
1 + v∗) \ luε reads

¡ 2
3cm(1 + v∗) +

1
3

p
2H0(1 + v∗)3/2 =

p
γv∗

)
2
3

p
2H0(1 + v∗)3/2 =

p
γv∗ .

(4.73)
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Figure 4.22: For cm = ¡ 1
2

p
2H0

p
1 + v∗ and H0 < 0 we jump and touch down on T+d (v

1
∗; cm) = 0,

thus, by symmetry, we immediately jump back. When we make c larger our intersection point ṽ1∗
decreases (with respect to v1∗) and we touch down on T+d (ṽ

1
∗; c̃) < 0, thus we do not have a 2-front.

When we make c smaller v̂1∗ increases and we touch down on T+d (v̂
1
∗; ĉ) > 0, thus we have a 2-front.

For cm = ¡ 1
2

p
2H0

p
1 + v1∗ we jump and land on the touch-down curve

T+d (v0; ¡
1
2

p
2H0

p
1 + v1∗) =

1
3

p
2H0

p
1 + v1∗(1 + v0) ¡ 1

3

p
2H0(1 + v1∗)

3/2. Thus we land on

T+d (v
1
∗; ¡

1
2

p
2H0

p
1 + v∗) = 0. By symmetry (4.27) we also have T+o (v

1
∗;
1
2

p
2H0

p
1 + v1∗) =

¡ T+d (v
1
∗; ¡

1
2

p
2H0

p
1 + v1∗) = 0 and we immediately jump back to M −

ε . Thus we have a 2-
front with ∆Γ = 0.

When we make c a little bit larger, i.e. c̃ = ¡ 1
2

p
2H0

p
1 + v1∗ + O(ε). Then ṽ1∗, the solution

of T−o (v0; c̃) \ luε , becomes more negative (with respect to v1∗). After the jump through the fast field
we land on the touch-down curve T+d (v0; c̃) which is also pulled down with respect to T+d (v0; cm).
Thus T+d (ṽ

1
∗; c̃) < T+d (v

1
∗; cm) < 0 is negative. Thus we do not have a 2-front solution, see Figure

4.22

On the other hand when we make c a little bit smaller, i.e. ĉ = ¡ 1
2

p
2H0

p
1 + v1∗ ¡ O(ε). Then

v̂1∗, the solution of T−o (v0; ĉ) \ luε , becomes less negative (with respect to v1∗). After the jump
through the fast field we land on the touch-down curve T+d (v0; ĉ) which is also lifted with respect
to T+d (v0; cm). Thus T

+
d (v̂

1
∗; ĉ) > T+d (v

1
∗; cm) > 0 is positive. Thus we do have a 2-front solution.

See Figure 4.22.

Thus cm = ¡ 1
2

p
2H0

p
1 + v1∗ is a local maximum speed for H0 < 0.

Remark 4.18 Thus we concludethat the speed of the fronts increasesas they movecloser to each
other. Note that our methods cannot describe what happens as the fronts meet.
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4.5.3 ∆Γ(0) ! 1

When our initial separation distance becomes very large, i.e ∆Γ(0) ! 1 , then we see from Theorem
4.12 and Theorem 4.15 that

c(t) ! 0 ,

the 2-front is standing asymptotically still.

Thus we have the following picture

H0 > 0:

H0 < 0:

cm> 0; a local maximum speed

cm< 0; a local minimum speed

0

0
∆Γ

∆Γ
c=0; a local minimum speed

c=0; a local maximum speed

Figure 4.23: For H0 < 0 we have cm > 0 a local maximum speed. For H0 > 0 we have cm < 0 a
local minimum speed.
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5 Tw o-fron t Solutions for the complete problem

In this final chapter we are going to search for a 2-front solution for our original bi-stable reaction
diffusion equation, thus for

½
Ut = ε2Uxx + (1 + V ¡ U2)U

τVt = Vxx + (1 + V ¡ U2)(H0U
2 +H1V +H2) ¡ ε2γV .

(5.1)

But we are not going to analyze the problem in full detail (as in the previous chapter), we only going
to look what happens for small c, to examine whether the fronts are attracting or repelling. We
also going to look what happens near the bifurcation points γSN , γ̃SN and going to look whether,
by interaction of the two fronts, the 2-fronts exists beyond the domain of existence for stationary
solutions. In [4] there is an example where the domain of existence becomes larger for 2-front
solutions. It turns out that for our system this is not the case, it is presumable that the domain
of existence will shrink with respect to Theorem 2.2, and it depends on the initial conditions, see
Remark 5.11.

5.1 Jumping through the fast ¯eld and touc hing down on M+
ε

We are going to do the analysis of our problem (5.1) completely geometrically. Again we have to
intersect T−0 (v0; c) = ¡ 2

3c(1+v0)+
p
1 + v0(α+βv0) with luε =

p
γv0, thus we search for a v0 = v∗

such that

¡
2

3
c(1 + v∗) +

p
1 + v∗(α+ βv∗) =

p
γv∗ , (5.2)

Recall that

α =
p
2(H2 +

H0
3
), β =

p
2(H1 +

H0
3
) . (5.3)

For c ´ 0 we found in Chapter 2 the following result (Theorem 2.2)

a) α < 0 and β < 0. For all γ there is a uniquely solution v∗ < 0 which solves (5.2).

b) α > 0 and β < 0. For all γ there is a uniquely solution v∗ > 0 which solves (5.2).

c) α < 0 and β > 0. For all γ there are two solutions v1∗ < 0 < v2∗ which solves (5.2).

d) α ¸ β > 0 (or H2 ¸ H1). For γ > γSN (α, β) =
1
8

¡
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

¢
there

are two positive solution v1∗, v
2
∗ which solves (5.2). For γ < γSN (α, β) (5.2) has no solutions.

e) β > α > 0 (or H1 > H2). For γ > γSN (α, β) and 0 < γ < γ̃SN (α, β) =
1
8

¡
¡ α2 + 20αβ +

8β2 ¡
p

α(α+ 8β)3/2
¢
there are two solutions v1∗, v

2
∗ which solves (5.2). For γ̃SN (α, β) < γ <

γSN (α, β) (5.2) has no solutions.

For each of these five cases we are going to look what happens when c becomes unequal to zero,
but small.

Recall that T+d (v0; c) = ¡ 2
3c(1 + v0) ¡

p
1 + v0(α + βv0) and lsε = ¡

p
γv0, and for stationary

solutions (c ´ 0) we have, by symmetry, immediately a 1-front solution when (5.2) holds.

5.1.1 a) α < 0, β < 0

There are no bifurcation values for the first three cases (a), b) c)), therefore our analysis is
independent of γ. We start our analysis with c ´ 0 (just to remind) and afterwards we look what
happens when we make c > 0 and c < 0, but small.

² c ´ 0
For c ´ 0 the v∗ which solves (5.2) is negative.
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Figure 5.1: For α < 0, β < 0 and c > 0 our ṽ∗ which solves (5.2) becomes smaller (with respect
to v∗, the solution of (5.2) for c ´ 0). After the flight through the fast field we touch down on
T+d (ṽ∗; c), which lies between the line q = 0 and lsε, thus we still can have a 2-front.(Again we have
not yet determined its speed, see section 5.2 )

² c > 0
When we make c positive, but small, the take-off curve T−o (v0; c) decreases with respect to
T−o (v0; 0), thus the ṽ∗ which solves (5.2) becomes more negative. The touch-down curve
T+d (v0; c) also decreases for positive c with respect to T+d (v0; 0) and with smaller ṽ∗ we land
between the line q = 0 (c is small thus our touch-down point stays positive) and lsε thus we
still can have a 2-front, see Figure 5.1.

² c < 0
For c negative, but small, the take-off curve T−o (v0; c) increases, thus the ṽ∗ which solves
(5.2) becomes less negative, see Figure 5.2. The touch-down curve T+d (v0; c) also increases
for negative c and with bigger ṽ∗ we land on M +

ε above lsε, and we have no 2-front.
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Figure 5.2: For α < 0, β < 0 and c < 0 our ṽ∗ which solves (5.2) becomes larger. After the flight
through the fast field we touch down on T+d (ṽ∗; c), which lies above lsε, thus the solution blows up
and we have no 2-front.

Lemma 5.1 System(5.1) with α < 0, β < 0, see (5.3), can have a 2-front solution for c positive
(but small). Thus if there exists a 2-front solution the two fronts are attracting.

5.1.2 b) α > 0, β < 0

² c ´ 0
For c ´ 0 the v∗ which solves (5.2) is positive.
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² c > 0
When we increase c, such that c becomes positive (but small) the take-off curve T−o (v0; c) and
touch-down curve T+d (v0; c) decrease. Thus the new ṽ∗ which solves (5.2) becomes smaller.
After our flight through the fast field we land on M +

ε with the same v-coordinate, thus we
land under lsε and our solution blows up, see Figure 5.3. Thus we have no 2-front solution.
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Figure 5.3: For α > 0, β < 0 and c > 0 our ṽ∗ which solves (5.2) becomes smaller. After the flight
through the fast field we touch down on T+d (ṽ∗; c), which lies under l

s
ε, thus the solution blows up

and we have no 2-front.

² c < 0
When c becomes negative (but small) the take-off curve T−o (v0; c) and touch-down curve
T+d (v0; c) increase, thus the new ṽ∗ which solves (5.2) becomes larger. We land between lsε
and the line q = 0 on M +

ε . Thus we still can have a 2-front solution, see Figure 5.4.
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Figure 5.4: For α > 0, β < 0 and c < 0 our ṽ∗ which solves (5.2) becomes larger. After the flight
through the fast field we land on T+d (ṽ∗; c), which lies between lsε and the line q = 0, thus we can
have 2-front solution.

Lemma 5.2 System(5.1) with α > 0, β < 0, see (5.3), can havea 2-front solution for c negative
(but small). Thus if there exists a 2-front solution the two fronts are repelling.

5.1.3 c) α < 0, β > 0

² c ´ 0
For c ´ 0 we have two solutions v1∗ < 0 < v2∗ which solves (5.2).

² c > 0
When we increase c the take-off curve T−o (v0; c) and the touch-down curve T

+
d (v0; c) decrease,
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thus the new solutions ṽ1∗ < 0 < ṽ2∗ which solves (5.2) increase in absolute value, see Figure
5.5. After the flight through the fast field we land on M +

ε with the same v-coordinate. Thus
for the negative ṽ1∗ we land between the line q = 0 and lsε and we can have a 2-front, but
for the positive ṽ2∗ we land under lsε and the solution blows up. We do not have a 2-front
solution.
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Figure 5.5: For α < 0, β > 0 and c > 0 our ṽ1∗ < 0 < ṽ2∗ which solves (5.2) become larger in
absolute value. After the flight through the fast field we touch down on T+d (ṽ

1,2
∗ ; c), which lies, for

both v1,2∗ , just under lsε. Thus we can have 2-front solution for our negative ṽ1∗, but not for the
other positive solution ṽ2∗.

² c < 0
When we decrease c the take-off curve T−o (v0; c) and the touch-down curve T

+
d (v0; c) increase,

thus the new ṽ1∗, ṽ
2
∗ which solves (5.2) decrease in absolute value, see Figure 5.5. After landing

onM +
ε the positive ṽ

2
∗ can still generates a 2-front, the negative ṽ

1
∗ does not generate a 2-front

solution, the solution blows up.
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Figure 5.6: For α < 0, β > 0 and c < 0 our ṽ1∗ < 0 < ṽ2∗ which solves (5.2) become smaller in
absolute value. After the flight through the fast field we land on T+d (ṽ

1,2
∗ ; c), which lies just above

lsε. Thus we can have 2-front solution for our positive ṽ2∗, but not for the other negative solution
ṽ1∗.

Lemma 5.3 System (5.1) with α < 0, β > 0, see (5.3), can have a 2-front solution when c is
negative and we "jump" through the fast ¯eld with a positive v-coordinate (solution of (5.2)), or c
is positive and we "jump" with a negative v-coordinate.

5.1.4 d) α ¸ β > 0

For the last two cases (d),e)) we have the bifurcation values γSN and γ̃SN . Thus we have to
investigate c ´ 0, c > 0, c < 0 for several values of γ. For α ¸ β > 0 we have only one bifurcation
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value γSN (α, β) :=
1
8

³
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

´
.

² γ < γSN (α, β)

– c ´ 0
We know that for c ´ 0 there is no solution of (5.2).

– c 6= 0
When we change c a little there will still be no solution of (5.2), thus there is no 2-front
solution. See Figure 5.7.
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Figure 5.7: For α ¸ β > 0, γ < γSN and c ´ 0 the take-off curve T−o (v0; 0) lies entirely above luε ,
thus equation (5.2) has no solution. When we change c a little bit the take-off curve T−o (v0; c) still
lies entirely above luε and we have no 2-front solution.

² γ > γSN

– c ´ 0
For γ > γSN and c ´ 0 equation (5.2) has 2 positive solutions v1∗, v

2
∗.

– c > 0
When we make c positive, but small, the take-off curve T−o (v0; c) and touch-down curve
T+d (v0; c) decrease. Therefore (5.2) still has two solutions ṽ1∗, ṽ

2
∗, but ṽ1∗ < v1∗ and

ṽ2∗ > v2∗. This makes that after the flight through the fast field we land on M +
ε under

lsε (for both v-coordinates). Thus we have no 2-front solution. See Figures 5.8 and 5.9.
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Figure 5.8: For α ¸ β > 0, γ > γSN and c > 0 our ṽ1∗ which solves (5.2) becomes smaller. After
the flight through the fast field we land on T+d (ṽ

1
∗; c), which lies under l

s
ε, thus the solution blows

up and we have no 2-front. We draw two pictures in stead of one, because otherwise the pictures
are unclear.
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Figure 5.9: For α ¸ β > 0, γ > γSN and c > 0 our ṽ2∗ which solves (5.2) becomes larger. After the
flight through the fast field we land on T+d (ṽ

2
∗; c), which lies under l

s
ε, thus the solution blows up

and we have no 2-front.

– c < 0
When we make c negative, the take-off curve T−o (v0; c) and touch-down curve T

+
d (v0; c)

increase, by that the ṽ1∗, ṽ
2
∗ which solves (5.2) satisfy ṽ1∗ > v1∗ and ṽ2∗ < v2∗. After landing

on M +
ε we are between lsε and the line q = 0 (c small). Thus we can have a 2-front

solution, see Figure 5.10 and 5.11.
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Figure 5.10: For α ¸ β > 0, γ > γSN and c < 0 our ṽ1∗ which solves (5.2) becomes larger. After
the flight through the fast field we touch down on T+d (ṽ

1
∗; c), which lies between lsε and the line

q = 0, thus we can have a 2-front solution.

Lemma 5.4 System (5.1) with α ¸ β > 0, see (5.3), can have a 2-front solution when γ >

γSN (α, β) =
1
8

¡
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

¢
and c is negative, but small. The fronts of

the 2-front solution are repelling.

Remark 5.5 Note that the domain of existence for which a 2-front solution can exist is until now
equal to the domain of existence for the stationary solution (Theorem 2.2 c)), but it now also
depends on the sign of c. This in contrast to [4] where the domain of existence grows for 2-front
solutions.
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Figure 5.11: For α ¸ β > 0, γ > γSN and c < 0 our ṽ2∗ which solves (5.2) becomes smaller. After
the flight through the fast field we touch down on T+d (ṽ

2
∗; c), which lies between lsε and the line

q = 0, thus we can have a 2-front solution.

5.1.5 e) β > α > 0

For β > α > 0 we have got two bifurcation values γSN (α, β), γ̃SN (α, β), given by

γSN (α, β) = 1
8

¡
¡ α2 + 20αβ + 8β2 +

p
α(α+ 8β)3/2

¢

γ̃SN (α, β) = 1
8

¡
¡ α2 + 20αβ + 8β2 ¡

p
α(α+ 8β)3/2

¢
.

(5.4)

² γ̃SN < γ < γSN

– c ´ 0
For γ̃SN < γ < γSN and c ´ 0 equation (5.2) has no solution, the take-off curve
T−o (v0; 0) lies entirely above luε .

– c 6= 0
When we change c a little bit the take-off curve T−o (v0; c) is still entirely above luε and
(5.2) has no solution. We thus have no 2-front solution. See Figure 5.12.
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Figure 5.12: For β > α > 0, γ̃SN < γ < γSN and c ´ 0 the take-off curve T−o (v0; 0) lies entirely
above luε , thus equation (5.2) has no solution. When we change c a little bit the take-off curve
T−o (v0; c) still lies entirely above luε and we have no 2-front solution.

² γ < γ̃SN

– c ´ 0
For γ < γ̃SN and c ´ 0 equation (5.2) has two negative solutions v1∗, v

2
∗.
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– c > 0
When we increase c, the take-off curve T−o (v0; c) decreases and the new solutions of
(5.2) ṽ1∗, ṽ

2
∗ satisfy: ṽ1∗ < v1∗ and ṽ2∗ > v2∗. The solutions land on the touch-down curve

T+d (v
1,2
∗ ; c) on M +

ε with these v-coordinates, but also the touch-down curve T+d (v0; c)
has decreased, thus we land between the line q = 0 and lsε. We still can have a 2-front
solution, see Figure 5.13.
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Figure 5.13: For β > α > 0, γ < γ̃SN and c > 0 our ṽ1∗, ṽ
2
∗ which solves (5.2) satisfy ṽ1∗ < v1∗ and

ṽ2∗ > v2∗. After the flight through the fast field we land on T+d (ṽ
1,2
∗ ; c), which lies between the line

q = 0 and lsε. Thus we can have a 2-front.

– c < 0
If, on the other hand, c decreases the take-off curve T−o (v0; c) increases and the new
solutions ṽ1∗, ṽ

2
∗ of (5.2) satisfy: ṽ1∗ > v1∗ and ṽ2∗ < v2∗. This makes that no 2-front

solution is possible, because we land above lsε on M +
ε , see Figure 5.14.
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Figure 5.14: For β > α > 0, γ < γ̃SN and c < 0 our ṽ1∗, ṽ
2
∗ which solves (5.2) satisfy ṽ1∗ > v1∗ and

ṽ2∗ < v2∗. After the flight through the fast field we touch down on T+d (ṽ
1,2
∗ ; c), which lies above lsε.

Thus we do not have a 2-front.

² γ > γSN
For γ > γSN , see d) α > β > 0 and γ > γSN , Figure 5.8 and 5.9. For c negative both solutions
of (5.2) can generate a 2-front solution and for c positive their are no 2-front solutions.

Lemma 5.6 System(5.1) with β > α > 0, see (5.3), can have a 2-front solution when γ > γSN
and c is negative, but small. The fronts of the 2-front solution are repelling. Or for γ < γ̃SN and
c positive, but small. Then the fronts of the 2-front solution are attracting.
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Remark 5.7 The domain of existence for 2-front solutions is again until now the same as the
domain of existence for stationary solutions (Theorem 2.2 d)), but it now also dependson the sign
of c .

Remark 5.8 This chapter is an extension of Chapter 4. When we take α = β = 1
3

p
2H0 (H1 ´

H2 ´ 0) in Lemma 5.4 we are back in the previous chapter.

5.2 Fron t Separation Distance

Like in the last chapter we also need to look at the ”time of flight” T ∗, it can not just take any
value, it has to fulfill some ”rule”, which turns out to be an ODE. Again this ODE determines c
completely. The computation of this ODE is very similar as in the reduced case with only H0, see
section 4.3. Therefore we will not do this calculations in full detail.

Again the seperation between the two fronts ∆Γ(t) is measured by

∆Γ(t) = ∆Γ(0) ¡ 2ε3
Z t

0

c(s) ds , (5.5)

or differentiating both sides to t

d

dt
∆Γ(t) = ¡ 2ε3c(t). (5.6)

For a 2-front solution we know that on M −
ε the take-off curve T−o (v0; c) intersects l

u
ε , thus (again)

we have the equality

¡
2

3
c(1 + v∗) +

p
1 + v∗(α+ βv∗) =

p
γv∗ . (5.7)

Rewriting this in terms of c gives

c =
3

2

p
1 + v∗(α+ βv∗) ¡

p
γv∗

1 + v∗
. (5.8)

When we put this value for c into (5.6), our ordinary differential equation reads

d

dt
∆Γ(t) = 3ε3

p
γv∗ ¡

p
1 + v∗(α+ βv∗)

1 + v∗
. (5.9)

Again we are going to express the right hand of this ODE (5.9) in terms of ∆Γ(t), this goes exactly
the same as in the previous chapter:

² The dynamics on M +
ε is in leading order governed by

vξξ = ε4γv . (5.10)

² The time of flight T ∗ satisfies εT ∗ = ∆Γ(t).

Combining this two ”rules” give, after some calculation

p
γv∗ ¡

p
1 + v∗(α+ βv∗) = e−ε

√
γ∆Γ

p
1 + v∗(α+ βv∗) . (5.11)

If we plug (5.11) into (5.9) and use (5.6) we get the following Theorem
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Theorem 5.9 The speed c of the 2-front solution of system(5.1) is given by

c(t) = ¡
1

2ε3
d

dt
∆Γ(t) = ¡

3

2

α+ βv∗p
1 + v∗

e−ε
√
γ∆Γ , (5.12)

with the value of v∗ given by (5.11), i.e. by

v∗p
1 + v∗(α+ βv∗)

=
e−ε

√
γ∆Γ + 1
p
γ

. (5.13)

The direction of the fronts is thus determined by α, β, γ but also by∆Γ(0).

Remark 5.10 Note that (4.56) is the same as in Theorem 5.9, but with α = β = 1
3

p
2H0. The

sameholds for the implicit formula for v∗.

5.3 Implicit Form ula

We could investigate the formula for v∗ (5.13) the same way as we did in the previous chapter
(section 4.4):

v¤√
1+v¤ (α+βv¤ )

= e¡ "
p

° ¢¡ +1√
γ

,
(
√
1+v¤ )

2−1√
1+v¤ (α+β((

√
1+v¤ )2−1))

= e¡ "
p

° ¢¡ +1√
γ .

(5.14)

Again we put +
p
1 + v∗ = V and we will call e¡ "

p
° ¢¡ +1√
γ =: G̃, such that (5.14) becomes

V 2−1
V (α+β(V 2−1)) = G̃

,
V 2−1

V (βV 2+(α−β)) = G̃.

(5.15)

Thus we have to solve the cubic equation

G̃βV 3 ¡ V 2 + (α ¡ β)V + 1 = 0
, (assume β 6= 0)

G̃V 3 ¡ 1
βV

2 + α−β
β V + 1

β = 0 .
(5.16)

The investigation of (5.16) would be more complicated than the investigation of (4.60) and will
not be done in this thesis.

Remark 5.11 This investigation wil l provide more information about the domain of existence.
Because Chapter 4 is a reduction of this chapter we can expect that the domain of existence wil l
shrink and become dependent of the initial conditions.
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