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1 Intro duction

In this thesis we consider the following class of bi-stable reaction-diffusion equations

Ya
U = U+ (1+Vi UHU

Vi = Vit F(U%V5e), (L)
see also [3],[2]. Without loss of generality we can and will decompose F(U?,V;¢) into
FUV;e)=(1+Vi UHHU? Vie) +G(V;e);

G(V;e) is called the rest-term. We will distinguish two cases. In the "regular” case the rest-term
G(V;e)is O(1) and in the "singular” case the rest-term G(V;e) is O(g2). We focus on the existence
and dynamics of front solutions. For these solutions the difference between the regular and singular
case can best be shown in a figure, see Figure 1.1. The case in which the rest-term G(V;¢) is O(e!)
with 0 < [ < 2 is the transition between regular and singular and will not be considered here.

— : U
y ~

X X

Figure 1.1: In the left figure we plotted a simple one-front solution of (1.1) in the regular case and
in the right figure the singular case. In the regular case we see that the V-component has almost
no influence, i.e. it is uniformly asymptotically small. In contrast to the singular case where the
V-component is O(1) and has leading order influence on the solution.

In this thesis we are especially interested in a singular case with a simple rest-term
FU?V;e):=(1+Vi UH(HU?*+ H\V + Hy) i €27V,

with Hy, Hi, Hy 2 R and v > 0. Our singular system thus reads

1,
S U = U+ (1+Vi UU 19
Vi = Ve + (1 +Vi UY(HoU? + H\V + Hy) i 24V (1.2)
Notice that F(1,0;¢) © 0 and that the lim._o F(U?,V;¢) exists; 7 > 0 and O(1). Thus, the
system is such that the background state (U,V) =~ (81,0) is always a trivial solution. Further-
more, we assume that €2 is asymptotically small, which implies that the problem has a singularly
perturbed nature. We consider system (1.2) on the unbounded line, i.e. (U, V) = (U(x,t),V (z,t))
with (z,t) 2 RE RT. Note that, by construction, our system (1.2) is symmetric under U ! j U.

Why should we look at a system with the structure of (1.2)7 To answer this question we need to
introduce the fast variable

(1.3)



During this whole thesis we will constantly shift between the fast variable £ and the slow variable
z. The terms ”slow” and ”fast” are based on an agreement, other terms which are often used are
"outer” and ”inner” or ”long” and ”short”. Slow and fast can be explained as follows, when Az (=
”change in x”) changes with O(1), then A¢ changes with O(%) Since ¢ is small, A€ is large. Thus
a "fast” (short/inner) change in £ gives a ”"slow” (long/outer) change in z.

With the fast variable £, system (1.2) can be rewritten into its fast form

& 2
U, = Ugg—l—(li-i-Vi UsU

¢
21V, = Vee+e? (1+ Vi U?)(HoU? + HiV + Ha)i 29V, 44

so that Vge = O(e?). When we look at the fast reduced limit, i.e. ¢! 0 in (1.4), we find
Vee =0, (15)

thus V(&) = Vo + Vi€, Since it is natural to impose the condition that U(x,t) and V(z,t) are
bounded on the entire domain, it follows that V3¢ = 0, so that V(§) = Vj. The U-component is
now a solution of the well-studied, scalar bi-stable or Nagumo equation

Uy =Usg+ 1+ Vo UHU. (1.6)

Thus we can interpret our original system (1.2), as well as system (1.1), as a bi-stable Nagumo
equation in which the coefficient of the linear term (V') is allowed to evolve by a reaction-diffusion
equation on a slow spatial scale.

We ask ourself two question. Are there localized patterns, i.e solutions of (1.2) that satisfy

lim (U(z,t),V(x,t)) =(81,0)7
x| —o0
Moreover, when these localized patterns exist, do they satisfy that V(z,t) ! 0 uniformly in
and t as ¢! 0, and that U(x,t) approaches the stable and attracting heteroclinic front solution
ug(&; Vo) of the scalar Nagumo equation (1.6) with Vo = 0? The first question is the theme of this
thesis and it turns out that the question is true for the regular case, see Theorem 1.1. But for the
singular case it is in general not true, see [2] and the rest of this thesis.

In Chapter 2 we are going to look for stationary 1-front solutions of system (1.2), i.e solutions
as plotted in Figure 1.1. For stationary solutions we have, by definition, U; = V; = 0. Therefore
we can rewrite system (1.2) into a 4-dimensional ODE that reads in its fast form

3u =
pe = i (1+vi v?u (1.7)
3 Ve = &q .
g = eli T+vi w?)(Hou? + Hiv+ Hp) + &%)
In equivalent slow form it reads (x = €£)
8
E €Uy = P
epe = i (1+vi v?)u
s v = g (1.8)
' & = i (14+vi v?)(Hou?>+ Hiv+ Hs) +e%yv.

Equations (1.7) and (1.8) are equivalent, but have different limits for e ! 0; (1.7) is a singular

perturbation of the fast limit:
8

30 =
Pe i 1+vi uu

3 e 0

T % = 0

(1.9)



System (1.8) is associated to the slow limit:

8
3 0= ,
Doz i) (1.10)
3 Uy q
g = i (L+vi u?)(Hou? + Hyv+ Ha).

System (1.9) yields that v,q are constants in the fast reduced limit, thus the fast reduced limit
reads
VA
u5 = D
1.11

pe = i (1+vi v?)u. (L.11)
Let M g denote the plane M (jf =f(u,p,v,q)ju =8 P 1+ v,p = 0g obtained from (1.11). It turns
out that M S—L ig normally hyperbolic (for a definition of normally hyperbolic, see section 1.2). Over
each point (8 1+ v,0,v,9) on M g there are one-dimensional fast stable and unstable fibers,
these cBrrespond precisely to the local stable and unstable manifolds of the fixed saddle points
(u=8" 1+4+wv,p=0) of the fast reduced limit.

base point
: fast fiber

My My
Figure 1.2: fibering

Hence, the manifolds M % have three-dimensional stable and unstable manifolds W*(M 3[) and

wWH*(M (T), that are simply the unions of the above one-dimensional fibers over the two-dimensional
set of base-points (8 1+ v,0,v,q,) on M Oi. Moreover, since part of the local stable and unstable
manifolds coincide in the fastreduced limit to form two heteroclinic orbits, i.e the part of WY (M )
that leaves M ; with u > | = 1+ v and the part of W*(M ) that goes to M § with u < 1+ v,
it follows directly that each point on M  is connected to M { by a heteroclinic orbit. Fenichel
Theory (section 1.2) tells us that system (1.7) possesses manifolds M £, W*(M ) W*(M %), that
are O(e) close to and diffeomorphic to M £, W*(M &), W*(M ), respectively. They are locally
invariant under the flow of (1.9).

Thus in (1.7) the plane M * = f(u,p,v,q)ju = § P T+v+eU*(v,qe),p = eP*(v,q;€)g is in-
variant under the flow of (1.9) for any ¢ (for the definition of invariant see section 1.2, and for the
computation of M gﬁ see Chapter 2). The dynamics of the system decompose naturally into a slow
part (on M ) and a fast part (off of M F). The dynamics on M F are given by
%
Ve = (4
@ = 2yv+0(e3). (1.12)

The background state (U, V) = (8§ 1,0) corresponds to the fixed point (§1,0,0,0) 2 M .

€

For the regular case with a general F(U?,V;¢) the stationary solution problem has already been
examined in [3]. The concluding theorem reads



Theorem 1.1 Consider system(1.1)
Y

U = U+ (1+Vi UHU 13

Vi = Vet (14 Vi U)H(UV;e) + G(Vie), (1.13)
with G(0;e) ~ 0,25 (0;¢) <0, G(V;e) = O(1). The assaiated stationary solution problemis the
4-dimensional ODE that readsin its fast form

8

g U — P

pe = i (1+vi v?u (1.14)
3 % = € '
g = eli A+vi vP)H@W ve)i G(uv;e)].

For £ > 0 small enough, system (1.14) has a symmetric pair of heteroclinic orbits: '} (&;e) =
(un(&€)spn(&e),vn(&e) an(&5e)) and Ty (&5€) = (i un(&ie)si pr(§se),vn(&se), n(§;€)), with
lime 400 T (&56) = (81,0,0,0) and lime 1o T (§52) = (7 1,0,0,0); up(&;e) and g, (&;¢) are odd
and monotonic as functf')ogs of &, vp(&;€) and pp,(€; €) even. Moreover, jup(&;€)i up(€;0)j = O(e),
with wo(&;0) = tanh(% 2¢), the heteroclinic front solution of the salar Nagumo equation (1.6)
with Vo = 0; and j(vi(&;¢)j,j(qn(&;€)j = O(e) both uniformly on R; v,(0;¢) is the extremal value
of vy, (&, ¢), with
Z (o]
on(05) = ﬁqﬁ (Ui uf(&:0)H(uf(&:0),0)d¢ +O(). (1.15)
2 i %9(0;0)

The orbits T*(¢; ¢) correspnd to the (stationary) front patterns (8 Uy, (&;¢), Vi (€;¢€)) of (1.1) with
Un(&€) = up(&;e) odd as function of &, Vi, (&;6) = vn(&;¢) = O(e) even, lime_, 400 Un(&;6) = 81,
and lime_, 4 o, Up(§;6) =0 .

Note that (Up, V4) is plotted in the Figure 1.1(a). In [3] also an example of a system of the form
(1.2) is studied, but with the simplification H; © Hs "~ 0.

Theorem 1.2 Consider system

Y
U = eUp+(1+Vi UHU

Vi = Vit (14+Vi UDHU? | 24V, (1.16)

with the assiated stationary solution problem(1.7) with H; © H, "~ 0. Assumee is small enough.
(i): Ho > 0. If v > Ydaoubles WheR Yaouble = gHOQ +0(e), (1.7) hastwo pairs of heteroclinic orbits,
T (&e) = (w3, (), 24, (€),v7,(8), @7,(€)), j = 1,2, and their symmetrical counterparts I', /(& ¢) =

(i (€)1 P, (6). v4(€).4),(€))., with lime_ooc T (€) = (81,0,0,0). I the fast gJd uj (&), re-
spectively vfl(g), is asymptotically and uniformly closeto ug(¢;v;) = 1+ v; tanh ( ”T”ig) (the
heteroclinic fronb solutiorboj the salar Nagumo equation (1.6) with Vy = v;) ; the constants v;
are the zems of " v = % 2Hy(v +1)%/2 sothat 0 < v; < 2 < v, (at leading order). In the slow
“eld, I')7(&;¢) is expnentially closeto W**(§1,0,0,0)j s % M . The orbits I';,"' (&;¢) and
Ff’Q(g;e) merge in a sadde-node bifurcation of heteroclinic orbits as v # vygouble- There are no
heteroclinic orbits for v < Wdﬁ,ble. B
(ii): Ho < 0. The relation " Jv = 2" 2Hy(v + 1)/ has a unique zemw for all v > 0 and there
is one pair of heteroclinic orbits P,f({;s) for all v > 0. These orbits have the same structure as
descrited in (i).

The orbits T'>07)(¢;£) correspnd to the front solutions (U= (¢;¢), ViE() (¢;¢)) of (1.16) with
UECD (¢6) = §ul (& ¢) odd, and V=07 (¢; ) = v (¢; ) evenas function of &



Note that (Up, V4) is plotted in Figure 1.1(b).

Our final result in Chapter 2 is an extension of Theorem 1.2, as we take H;, Hy arbitrary and
not equal to zero in (1.7). In [2] the same analysis is done as in Chapter 2, but the final theorem
there is not completely correct.

In Chapter 3 we will look for travelling wave solutions, or 1-fronts, of system (1.2).

p u=1

c(t)

T u=-1

Figure 1.3: Travelling wave or 1-front

Therefore we introduce the new variable moving ( = xj c¢t, where ¢ is a constant. Then (1.2)
becomes
Y2
i cUc = €2U<<+(1+Vi UQ)U 117
DerVe = Vet (14 Vi UD(HoU? + HiV + H) i €24V, (1.17)
It turns out that it is convenient to scale ¢: ¢ = £2¢. With this scaled ¢ (1.17) can be rewritten
into 4-dimensional fast ODE form (£ = (/¢)

8
3 U = P )
B (1.18)
3 V¢ 9 i ¢e
g = e icére’qi (L+wvi w?)(Hou? + Hiv+ Ha)i 2y

The final result of this chapter will be that system (1.2) possesses no travelling wave solution (other
then the one with ¢~ 0, a stationary solution).

Chapter 2 and 3 can be seen as the introduction to the core of this thesis. All analysis in these
chapters are rigorous. We can explicitly transform the PDE into the a 4-dimensional ODE and
use Fenichel Theory (see section 1.2) to establish the existence of front solutions.

1.1 Quasi-stationary appro ximation

After those introducing chapters we are going to look for travelling 2-front solutions, see Figure 1.4.
It turns out that our 2-front solutions must have ¢; & co. Thus our 2-fronts are not stationary in a
co-moving frame, i.e when we take ( = z i ¢1t we travel along with one of the fronts (in this case
the left front in Figure 1.4), but not with the other one (the right front). But we still want to use
Fenichel Theory, thus we have to make an ODE reduction. Therefore we use the quasi-stationary
approximation [1],[3]. We decompose a travelling 2-front into a 1-front travelling on (j1 ,0] and
a 1-front travelling on [0,1 ). On both of these parts we can make an ODE decomposition by



G (t)

Figure 1.4: Travelling 2-front

putting (; = x| cit and (. = x| cot, respectively, and use Fenichel Theory. Thus we get on both
intervals a (different) solution. Observe that a smooth solution of our PDE (1.2) must satisfy

. k . Kk
lim, 1o ;?U(x,t) = lim,|o %U(x,t)

! z ! z (1.19)
limg1o 50 Vi(w,t) = limgjo 5 Vi, 1),

for all ¢, 0,k , 0, thus we want that both of our solution ”glue” smoothly together at x = 0.
Also notice that a 2-front solution is by construction an even function of x, thus all odd derivatives
at z = 0 should vanish. The quasi-stationary approximation only imposes a condition on the first
derivative: 9U/Ox = 0 at = 0, but not at higher order derivatives.

We will assume, see Chapter 4, that ¢ = ¢; = j ¢p. Thus now we assume that (U(x,t),V(x,t)) =
(u(G =zi ct),v(¢)) onz - 0and (U(z,t),V(zx,t) = (w(l =z + ct),v(¢)) on x, 0. The
boundary conditions (1.19) on v become

2m . 2m .
&WU(Q)JQ =—ct = &W’U(Q«)Jcr =ct
82n|+1 . Bzrn +1 . (120)
W”(Cl)lg:—ct = WU(Q)]Q =t =0,

for all m,n , 0,t, 0. Note that only m,n = 0 will be used in the construction of the 2-pulse
solution. Now it is straightforward to check, use (1.18)

%U(Cl)jQ =—ct 52 ! i CTEQQ + 527’0 jQ =—ct
= eyl at), ¢

%U(Cr)jgr ot = €2 cTe?q+ v o —at

. _ = 547%}(@) ) _

3%511((1)]4.:7@ = 3% et (i eTq+v) jog——a
= &' (i ergg + v )jg=—ct (1.21)
= & (er(i eTq+7))jg=—ct
= jeleryu( ct),

%U(Cr)j{r =t = 8% Lot (eTqg+ V) e =ct
= e (erae +7v¢ )¢ =et
= & (et (etq+7v))i¢ =t
= e’eryv(et)

Note that we only have to look at v(¢; . Since v is an even function with respect to x, we have

2 . 2 .
%U(CI)JQ =—ct = %W(Q‘)JQ =ct = 54’7”(Ct) ) (1 22)
aigl?v(Cl)jQ =—ct = | %3‘”(<r)j(r =ct = i E7CT’VU(Ct) &0,



because v, 7, ¢ & 0 and v(ct) is not necessary equal to 0. Thus there is a jump in the third deriva-
tive at = 0 and (1.20) is not satisfied for n = 1. Moreover, it turns out that there are jumps
in all of the higher-order odd derivatives at * = 0. Therefore, the leading order quasi-stationary
approximation has a defect and it does not give smooth solutions of our PDE (1.2). This defect is
inherent to the quasi-stationary approximation.

To repair this defect, we introduce the "slow” time s, and let (U, V) depend explicitly on s

(U(l‘,t),V(l‘,t)) = (U(CT(S)>S)7V(C7(S)7S)) forz, 0, (1 23)
(U(l‘,t),V(l‘,t)) = (U(Q(S),S),V(Q(s),s) forz- 0. ’

With this explicit dependence of (U, V) it can be shown that all boundary conditions of (1.20) are
satisfied, and the quasi-stationary approximation (1.23) is smooth at x = 0 to all orders.

The improved quasi-stationary approximation is consistent, i.e does introduction of the explicit
temporal behavior does not influence the ODE methods in leading order. We can write our PDE
(1.2) in the form of the ODE for (u,v) (1.18) associated with the leading order quasi-stationary

approximation
8
3u =
pe = ieslpi (1+vi v )utU; A
3 ve = &g . ¢ ¢ (1.24)
g = e i é(s)Tedq I(14—vi u?)(Hou? + Hiv + Ha) j 2yv + 7V

We can expect Us and V; to be small which will allow the quasi-stationary approximation. For
a more detailed analysis see [1]. Nevertheless, without rigorous (uniform) estimates on jjUsjj and
jiVili, in some suitable norm, we cannot rigorously conclude that the 2-front solutions we construct
in this thesis exist (see Remark 1.3).

In our analysis, we start with a 2-front, this means that our initial condition is a 2-front, and
look how it evolves. The main questions which we ask ourselves are: Are the fronts attracting or
repelling? What is their maximum/minimum speed? What are the limit cases? What happens
with the domain of existence? The last question maybe needs some explanation. In the case of
stationary solutions we get some bifurcation value v = ygn. For v > ygn we have two pairs of
heteroclinic orbits and for v < ygn none. The domain of existence is v, vysn. See for example
Theorem 1.2. When we look for 2-front solutions we start with a 2-front and, although these fronts
may be far away, they can interact with each other and make the domain of existence grow or
shrink, i.e. a 2-front solution may not exist for values of v for which 1-front solutions do exist
and vice versa [4]. Moreover, the boundary of the domain of existence may very as function of the
distance between the fronts.

In Chapter 4 we look for 2-front solutions of (1.2) in the most simple form, i.e. weset H; ~ Hs ™ 0.
In Chapter 5 we consider arbitrary H;p, Hs in (1.2), but with small ¢. It turns out that for
Hy,  Hy; 0 the sign of Hy uniquely determines the direction (repelling/attracting) of the two
fronts. For Hy, Hi, Ho arbitrary, it is a bit more complicated to formulate the results, therefore
we refer to Chapter 5.

Remark 1.3 In this thesis we do not consider the stability of the solutions we construct. We
refer to [3] for methads by which the stability of fronts in systemslike (1.1) can be studied. In
[8] a methal is developd that may be usel to establishrigorously the existene and dynamics of
the 2-fronts patterns. A stability analysis like in [3] is a necessaryinput for the renormalization
approach in [8].



Remark 1.4 In [4] it is shownwith a heuristic argument that it is plausible that there exists a
one-to-one connection between the direction of the 2-pulse solution, i.e. attracting or repelling,
and the stability of the 2-pulse solution. Attracting 2-pulses are unstable and repelling 2-pulses
are stablein [4]. This is one of the reasonswhy we are interestal in the direction of the 2-front
solutions.

Remark 1.5 In this thesis we will construct 2-front solutions. Of course we can also look for
3-fronts or, more genearl, N-fronts. The approach is nearly the same. The V-components of the
solution in between two fronts are determined by the slow °ow, and the ODE that descrilesthe speed
¢; of each individual front follows from the combination of a "jump condition" and a "consistency
condition" asin Chapters4 and 5 [1].

1.2 Fenichel Theory

Fenichel Theory (1979) tells something about the persistence of normally hyperbolic invariant
manifolds in singular perturbed problems [5], [6], [7]. Consider the system of ODEs in fast form
- i v:2)
w = u, Ui
v = eg(u,vie) (1.25)

with u 2 R¥ k| 1, the fast variable, v 2 R!,1 , 1, the slow variable and 0 < £ ¢ 1. As long as
€ 6 0 (1.25) is equivalent with the slow form

" Flu,v:2)
Uy = U, v; €
Ur = g(u7 U3 8) (126)
with 7 = et, the slow time.
Both systems have different limits for e ! 0:
(1.25) is a singular perturbation of the fast limit
Pu = s
Uy = U, v;
v = 0. (1.27)
(1.26) is associated to the slow limit
® 0= s
= U, v;
ve = g(u,0;0). (1:28)

The limiting problems are easier to analyze than the full systems, because they are simpler and
lower dimensional. However, in either formulation, one pays a price. The fast limit (1.27) has a
large I-dimensional set f f(u,v;0) = 0g of fixed points where the flow is trivial. The slow limit
governs the flow on f f(u,v;0) = 0g to produce non-trivial behavior, but this limit is not defined
off this set.

Fenichel has formulated three theorems which tells us something about the geometric structure of
(1.25) in terms of (1.27) and (1.28).

Theorem 1.6 (FenichelTheorem 1) Consider system(1.25) with f, g sutciently smaoth. Supmse
the e = 0 fast system (1.27) has a compact, normally hypertolic I-dimensional manifold M ( %
f f(u,v;0) = 0g. Then for ¢ > 0 suzciently small, there exists a manifold M ., O(e) closeto and
di®eomorphic to M 3. M . is locally invariant under °ow of (1.25) and C" (r < 1).

M ¢ is normally hyperbolic [-dimensional if the lineralization of (1.25) at M o with e = 0 has exactly
[ eigenvalues A with Re(\) = 0 for any point at M q.




M . is locally invariant under flow of (1.25) if there exists a neighborhood V' %2 M . such that no
orbit can leave M . without leaving V. In other words, M . is locally invariant if for all x 2 M .
we have that

x ¢[0,t] %L V) x¢[0,t] Y2 M., (1.29)
with ¢Can evolution.

Theorem 1.7 (Fenichel Theorem 2) If we also suppsefor ¢ = 0 that M  has a m-dimensional
stable manifold W#(M ) and a n-dimensional unstable manifold W*(M o), with n +m = k, then
for e > 0 suzxciently small there exist manifolds W*(M .),W*(M .), that are O(e)-close and
di®emorphic to W**(M ). They are locally invariant under the °ow of (1.25) and C".

The third theorem tells us

Theorem 1.8 (Fenichel Theorem 3) 8v. 2 M . there is a m-dimensional manifold W*(v.) %2
W?(M .) O(e)-close and di®eomorphic to W*(vg) ¥2 W*(M o), and C” in v and . The family
fW #(v.)jve 2 M g is invariant in the sensethat W*(v.) ¢t %2 W*(v. ¢t) 8¢ > 0. The & is nothing
elsethan an evolution, i.e. if v. = v(0), then v, ¢t = v(¢). Analogousfor W (v,).

e=0 ) e>0 fiber
fiber )
base point of y

Y1 €
Vo0 w9 v

i€ Wiy
base point of y Y, 1 W)

) RES W?Vzg)
base point of y

RPS WEV;)

Figure 1.5: Fenichel Theorem 3.

We call v, a base point of y; if, in some norm, we have
jjor ¢t w1 6tfj = O(e™%/%) 8t > O(1/e).

Thus, the orbit on M . through the base point v; describes the evolution of orbits on the fiber
associated to v;. For instance, if there is a fixed point S on M . and if the orbit through v is
asymptotic to S, then, for any y; in the fiber associated to vi, we have

jivi ©ti Sii - jjvi 6t vi Ctjj +jjui 6t sjj- Ke 4+ Ce Pl 0 as t! 1 .

The second inequality is true because we assumed that v; is asymptotic to S.

10



2 Stationary Solutions

In the Introduction we introduced our bi-stable reaction diffusion equation with slow x variable

LY.
‘U = U+ (1+V UDU

Vi = Vd (14Vi UD(HU?+ H\V + Ha)i 2V . (2.1)

In this chapter we are going to look for heteroclinic stationary solutions (in time) of this system
(2.1). A solution of system (2.1) is called a stationary solutions if it does not change in time,
i.e. Uy = V; = 0. A heteroclinic orbit I'* from (" 1,0,0,0) to (§1,0,0,0) is both an element of
W¥(M F) and W¥(M £). We will only consider I'*, the existence of '~ follows from symmetry
of our system (2.1) (see also (2.4)). The orbit I'* remains exponentially close to M = before it
takes off and jumps through the fast field. After that it touches down on M I and it remains
exponentially close to M T.

q q

Figure 2.1: Example of a heteroclinic stationary solution; we stay exponentially close to M _ and
follow {“ before we jump through the fast field and touch down near M I after touching down we
stay exponentially close to M I and follow [$. For the definition of [** see page 14.

Our reaction-diffusion equation (2.1) can be rewritten in slow ODE form by introducing eu, = p
and v, = ¢ and recall that we took U; = V; = 0,
8

E EUy = P
o . 9
Pe = i (I+vi wu (2.2)
2 Uz = ¢
g = i (1+vi u?)(Hou?+ Hyv+ Hs) +e%yv,

which we will call, accordingly to Chapter 1, the slow system. If we now introduce the fast variable
¢ =xz/e, (2.2) becomes
8

g U — P

pe = i (1+vi vu (2.3)
2 v = &g '
g = eli T+vi u?)(Hou? + Hiv + Hz) + ],

and this system we will call the fast system. Note that systems (2.2),(2.3) have two symmetries

z! ! i &,p! ipgq! iqand w! jup! ip. (2.4)

11



When we look at the fast reduced limit, i.e e ! 0 in (2.3), then the last two equations of (2.3)
become:

]/2
’;’E — . (2.5)
which gives v = vy and ¢ = ¢o. Plugging this into the first two equations of (2.3) gives
1 B
ZZ ; I|) (1+wvei v?u, (2.6)
which is a well-known Hamiltonian ODE with
H(u,p;v0) = p? + (1 + vo)u? %u4. (2.7)

See Figure 2.2 for the flow of (2.6). The heteroclinic front solution T't of (2.6), i.e. the solution

+

r

o

(

i

RN )
-

)

r

Figure 2.2: flow of (2.6)

that travels from (j P 1+ vg,0) to (p 1+ vg,0) (the fix points of (2.6)), is given by
A Ar ! Ar I

%g . (28)

It = (ug(& o), po(&5v0)) = Py + vp tanh

Of course we also have a heteroclinic front solution I'™ which travels from (p 1+ v0,0) to (j P 1+ v, 0),
which is given by

A Ar ! Ar I

_ p— 1+w 1+ 1+vw
D™= (&) (&) =+ Treptanh 5 i ol e L (29)

We want to use Fenichel Theory (Theorem 1.6, 1.7, 1.8), thus we have to look for a compact,
normally hyperbolic 2-dimensional manifold M ¢ of (2.3) in the limit ¢! 0. With M ( contained
in (slow limit of (2.2))
)
= p

0 = i(1+vi Wu. (2.10)
The solution of (2.10) given by the manifold f (u,p, v, q) = (0,0, v, ¢)g is not normally hyperbolic,
i.e the eigenvalues A of the linearized problem have Re(\) = 0. Thus this solution will not be
considered. However, the manifolds given by f (u,p,v,q) = (8 1+ v,0,v,¢)g are normally hyper-
bolic, they have got two eigenvalues A1 2 with Re(A12) & 0. These manifolds will be denoted by

12



M E.

On M F the last two equation of the slow system (2.2) become:
Yo

Ve = (@
@& = v, 211)

because j (1+wvi u?)” 0. This simple ODE has the following linear flow

Ko}

M

Figure 2.3: flow on M 3[

Where If := W*(81,0,0,0)j¢ and l§ = W*(81,0,0,0)j, are given by ¢ = P Fu and
g=ie€ 7v, respectively.

Thus we can use Fenichel theory and it tells us that system (2.3) possesses locally invariant ma-
nifolds M £, which are O(e) close to M %. But also that the system possesses locally invariant
manifolds W*(M ), W*(M %) that are O(¢)-close to W**(M £). Moreover, M  is given by, see
[31,[6]

ME = fu=8" T o+eU%(0,q:),p = eP*(0,4:¢),0, 40 (2.12)
To obtain an approximation of M Ei, we expand U*, P+
& + +
U = i +euy +0(?) (2.13)
PE = pitepf +0(e2). ’

Thus

du —  § +6de§ +523u2 +0(g?)

2\/m d:E i . ¢
_ 1 d 1 ou$ 4 oud d ol oud ¢ ol d 3
= 8samnTte vt ora T vam T aca TOE) (2.14)
b _ apl +628p§ +O( 3
de s . ¢
8p d Bp d. 2 aps 4 apS d 3
= aﬁd;JFaéngr aid;Jra;ﬁ +0(e”).
Plugging the first equality into p = %% (2.2) yields
¢
) )
§e; %r g;; +e 2] 5‘; ff; + ;;,; % +0(%) = epf +e2psr +0(e%). (2.15)
Collecting orders of ¢ gives
+ 1 d _ q
Py = 8 2\/1+v£ = 8 2ito
and
+ o g aus d
o= § 9o ds T B¢ s (2.16)
= ag; q+ 85; (i 1+vi u?)(Hou?+ Hyv+ Hy) + e%yv)
aud

= 5-q (in leading order).
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The second equality of (2.14) gives, using 5@ =i (14+vi v?u (2.2)

521855%4‘853 53; +0(e%) = [ 1+v| Fg§ 1—|—U+€u1 +€u2+0(&))¢
3 '§ 1+v—|—5u1 +2uy +O(e?
= 5|§2ufp_l+v + 2 (ul) §2u2p1+v +0(e?) £
I§p31+_v+€ui+52u2i+0(63) -
= 2uf(1+v)+e® §3wH)? THv+2ui(14+v) +0().

Collecting orders of ¢ and using (2.16) yields

2uf(1+v) = 0
)
0 and
. o § o §
§3(uf)? THo+2uf(1+v) = O dv OB b (2.17)
) (in leadlng order andu; = 0)
2uy (1+v) = FreeEnEs
+ ) -
Uy = W .
Notice that because uf = 0 also pi = 0 (2.16). Thus
P—. q q
ME=fu=8§ 1 P +0(P),p= ~— +0(c* : 2.18
£ U § +U € 8(1+U)5/2 + (E )JP §6591—H)+ (E )’Uiqg ( )

Because we consider ¢ = O(g), the (slow) flow on the slow manifold M Z is still given by
Vpw = €20 4+ O(e3), (2.19)

thus in leading order it is the same as (2.11) (see also Figure 2.3). Consequently we have
that on the slogw manifold M Ei the stable and unstable manifold are at leading order given by
lg:fq:qzepﬁvgand I5=Ffqg:q=i Epﬁvg.

During the passage of the fast field the change in ¢ is O(¢):

Daw) = e de .
= R_:@s;i (1§ u?+vo)(Hou? +H1vo+H2)¢l- e2yvg  dE
= R_OOOO € i i (1 i u? + Uo)(HOU¢+ Hivg + Hg) d¢ + 0(62) (220)
Rooo €l (1§ u?+wo)Hou? dé+ ¢
fOOOE i (1| u2+v0)(H1v0—|—H2) d§+0(€2)

We are going to compute these two integrals separately, using the heteroclinic front solution (2.8).
Startmlg with the first integral:
el (i w +U0)H0U)@ q =
e 2L (L vo) banh® (- 0528)) + vo) Ho(L+ vo) tamh® (- H52€)de =
eHo(1+v9)? (1] tang;% “%wanh;( L g) dg =
)
)

R..
eHo(1+w0)? 2 _(tanh?( H—vog)qi tanh® ( _1£0¢)) de =
eHo(1 4 vg)? _p—tanh?’( %f) - -

e Y2 Hy(1 + vg)3/? tanh3( Lvgy = =

e X2 Ho(1+v0)*2(1 i 1) =
8¥H0(1 +vg)3/?

(2.21)
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Secondly, the second integral:
ROO
,oﬁ’f(i (Li U2+Uo)(H1’U0dr Hy)) d§ =
ie . (1i (14wvo)tanh®( g+ 80)(}11@0 + Hy)d¢ =
i e(Hivo + Ha)(1+v) 211 tanh? ( H_#f) g — = (2.22)

o0

i e(Hyvo+ Ha)(1+w) (H2) "1/ 2tanh ( 152¢) — =

p_ -0
i €2 2(H1’U0 + Hg)p 1+ vy
Putting (2.21) and (2.22) together gives us
f
P-p __* Hy 2
Ag(vg) = 12 2 14w ?(1+Uo)+H1U0+H2 + 0O(e). (2.23)

Remark 2.1 Actually, the integral in (2.20) and alsothe integral in (2.31) shouldbe between j ﬁ
and ﬁ Howeverthis makes,at leading order, no di®erence.

With the Melnikov method we can compute the separation distance between W*(M =) and W#(M ).
For this computation we use an article of [9] (and [3]). In [9] the separation distance A is given by

z A A ! !
R - dfy Ou
A= A — — dt 2.24
L ht %% % (2:24)
for the following system
( L
- 2
fﬁt = foj‘ efi +2O(5 ) (2'25)
: = eR1+0(e).

If we compare this system (2.25) with our system (2.3), then we have the following relations

8
% t $ ¢
1 $ u
E T $ P
u $ v
; 2.2
w $ g (2.26)
u 1 d g u 1
fo= P fiz 0 o q
0 i (1+vj u?)u ! 0o ! i (1+vi u?)(Hou?+ Hyvg + Hz)
Thus, with (2.26), we get
37 A ap ap ! H 1
B_ﬁ) — v dq 0 0
i = A(—(+v—u®)u)  A(—(14+v—u?)u) = iu 0
. oo, 1T 9 (2.27)
ou  _ ac
Oe gq ’
Oe
where % satisfies
(TR |
g v v
- = = d = = t =0. 2.2
% o go and - 0 at £=0 (2.28)
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Thus % = qo&. If we now plug (2.27) into (2.24), and use (2.26), we get

M T w T n Ty 2kl
—Oop.i(l%—viuQ)u1T u 0 q iu 0 %
_ Re p A 0 de (2.29)
R i (Fei w?u i ugoé
= i upqéds.
Finally we substitute (2.8) into (2.29), this gives
ROO
A =i upgo€ds. sq ' 3q
= j fooo%(l + v9)3/? tanh , —12”05 'sechz —12”05 3d§ _
= q q Z=00 (2.30)
: - 2 v P— R
= j %p 7p| %(1 + vg)sech —1‘2 0¢ 4+ 1+ vgtanh —H;Of e oo
= iq 2 1+,

because atanhbr ! 8a if x| 81 and a%xsechQ%m ' 0ifz! 81 . Both W*M ) and
W#(M ) intersect the hyperplane u = 0 transversally. Thus, W*(M )\ W*(M F)\ « = 0 must

g

be identically go = 0.

By symmetry (2.4), any solution that connects W*(M =) with W*(M ) must have a u com-
ponent that is odd with respect to £ and a v component that is even with respect to £.

Since g¢ = Of(e) (2.23) and go = 0 halfway (2.30) it follows that ¢ = O(e). During the pas-
sage of the fast field the v-coordinate, ve = ¢ (2.3), stays in leading order the same

ROO ROO
Av = 7 wedé = e 7 _qdfé = O(?). (2.31)

2.1 Take-O® and Touch-Down curv e

There are two other curves that play a crucial role in the analysis, namely the ”take-off”-curve
T; %M  and the "touch-down”-curve T;f %2 M ¥ [1],[3]. They are obtained as follows. Through
any point zo on W*(M Z)\ W*(M 1)\ fu = 0g there is an orbit I'(¢; z¢), which approaches M
for ”large” positive £ and M [ for "large” negative £. Note that the I'-family forms a Fenichel
fibering of W%(M )\ W#(M ) and that, by Fenichel Theory (Theorem 1.6,1.7,1.8), each T'(£; )
is asymptotically close to an unperturbed orbit given in (2.8). More precisely, for any T'(£; o)
there are two orbits I'; (&20) ¥2M = and T4+ (& 20) %2 M T, respectively, such that jjI'(&; z) i
I s (& o)jj is exponentially small if 8 § > O(e~!). Now we define T, and T}/ as the collection
of base points of the Fenichel fibers of W“\ W* on M _ and on M [, respectively

__S . S
T, = T 0520), and T = T (0520), (2.32)

o

where the unions are over all zo in W*(M )\ W5(M 1)\ fu =0g. To compute the leading order
structure of T, and Tj we need to consider the effect of the jump through the fast field on the
slow variables v and ¢q. The accumulated changeﬁ in g of T'(¢t) Fﬁluring the backward and forward

excursions through the fast field are measured by EOO ged€ and Ooo qed€, respectively. The changes
in v on I'(¢) during the same period of time can be, in leading order, neglected, since Av = O(g2)
(2.31). By symmetry (2.4), ¢ will be an odd function of &, thus the value of ¢ for a given vg on T,
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L | u=0

w(M,) N wim,) N {u=0}

Figure 2.4: Notice that this figure is 1 dimension lower than the problem we look at. W*(M )
intersects W*(M 1) in the fu = 0g-plane in one point. This point can de pulled back to a point
on M _, this point we will call 77, the same way also gives us a Td+ . Our heteroclinic solution
stays exponentially close to M = until it reaches the take-off point 7). Then the solution jumps

through the fast field and comes down near T;‘ ; afterwards it stays exponentially close to M 7.

must be j $Aq(vg) (2.23), and the value of ¢ on T} must be 3Aq(vo). Concluding

© a
Ty = f=wiplgo) | ¢ a
= =04 2 T+ug Z2(1+ve+ Hyvo+ Hy +0(e?) (2.33)
= ©q:€ 1+U0(C¥+aﬁ’l}0)+0(€2) s
Td+ = @ﬂ: q0 +p%_A ('Uo) I ¢ a
= =0iy 2 T+ug Z2(1+wv)as Hivg+ Hy +0O(e?) (2.34)

= qg=i¢c T+wvola+pBuv)+0(?) ,
Witha:pﬁ(Hng%) andﬂ:pi(H1+%).

As is shown in Figure 2.4 our solution will stay asymptotically close to [¥. When [¥ intersects
T, we start jumping through the fast field and land on the touch down curve T on M I. We
want a heteroclinic stationary solution thus we also want that we land on [Z, because then the
solution will stay asymptotically close to [Z and go to (+1,0,0,0). Here we have that T, = j Tj
((2.33),(2.34)) and ¥ = j 2, thus we see that when we find a v, such that T, \ [¥ then auto-
matically 7/ \ 1% for the same v,. We also have seen that the v-coordinate does not change in
leading order when we jump through the fast field (2.31). Thus T, \ ¥ completely determines the
heteroclinic solution. 7),"\ ¥ read

P T oia+ po) =P 0. (2.35)
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We are going to compute the extreme values of the take-off curve (2.33), for that we need the first
derivative to vy to be zero:

dﬁo (T7) = 0
1 o O
2\/1—+—UO(OL+ﬂU0)+ 1+’Uoﬂ = 0
()
wo= i35 5
aonsequently the extreme values are attained in vg = j %% i % and have the value
;i a/B)i(ai B).
Some other important values of the take-off curve T, are:
Pp— —
1+ vo(a + Pug)_ L= 0
_vg=—
p1+v0(a+ﬁvo): , =0
Too=—2
p1+v0(a+ﬁvo): = «
p _’U0=0
1+ vo(a+ Bug)~ = sign(B)1 .

Vg =00

With this information we start plotting some figures for different values of a and 3, see Figure 2.5
until 2.12.

Combining all of this, gives the following theorem:

Theorem 2.2 A stationary front solution gf(g), V(€)) of (2.1) is, at leading order (Fp_(s)), deter-
mined by 7o\ 1%, i.e. by the v, for which ™ T+ v, (a+ Bv.) =" Fuv,, wherbya = 2(H, + 22)
and g =" 2(H; + o).

a) 0 <0 and « arbitrary. For all v there is a uniquely determined stationary front pattern.
b) f>0and a < 0. For all v there are two stationary front patterns.
3 .
p
c) a, 3>0(or Hy, Hi). Fory>vsn(a,B) =4 ia?+20aB8+83%+ ala+83)%2 there
are two stationary front patterns. For v < ysn(«, 3) there are no stationary front patterns.

d) B >x >0 (or Hy > Hy). For v > ysn(ay3) and 0 <y < Jsn(a, 8) =
% i a2 +20a8+88%i ala+83)3/2 therearetwo stationary front patterns. For sy (o, 3) <
v < vsn(a, B) there are no stationary front patterns.

whereby ysn (o, 5) and sy (o, B) are the « for which T, is tangentto [¥.

Note that Theorem 2.2 is an extension of Theorem 1.2.

Proof The only thing we still have to proof/compute are the bifurcationvalues ysn,¥sn. When
T, is tangent to ¥ we have, besides (2.35),

P— a4+ B —
B i+ e = Py (2.36)

Plugging this equality for P 7~ into equation (2.35) gives

P TFula+8u) = (B o F T+ £ ). (2.37)
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This can be rewritten into

[Njey

v3i Sui a = 0, (2.38)

thus

NE)
©

$)2+2a a aya
vE = + (zﬁ) +208 :I:\/_zxﬁ/—JrSﬁ- (2.39)

Finally plugging this expression for vy into (2.36) gives (after some calculations)

L 5, P —32¢
ysn(a, B) = g i a®+20aB+86% + ala + 83)3/
and | (2.40)
X 1l 2 2 . p —32¢
Fsn(a,B) = 5 i a®4+20aB+86%  ala+83)3/2 .
Note that for o = 3 > 0 we have vy =i landifa > 3 >0 we havev, <j 1. Thusfora, 8>0

we only have one bifurcation point ygx for which 7, is tangent to ['. When 3 > a > 0 we have
vy > i 1, thus we have two bifurcation points ysn,¥sn for which T is tangent to I¥ and both

YsN,YsN are positive.

Remark 2.3 Note Wat if we take o = § = %piHo we are in _case of system (2.1) with H; =
Hy =0, then vsn (3 2Ho, 3 2Hy) = $HE (and Ysn (5 2Ho, 5 2Hp) = 0), which is exactly the
bifurcation value for v in Theorem 1.2.

Remark 2.4 For G(V;e) & i 24V butjust an arbitrary O(e2)-function the analysis of the prob-
lem becomes more involved, but there are no essentialy new phenomena. However, it is possible
that there are "new" intersections of 7;;” \ [¥, and thus "new" heteroclinic orbits may appear [3].

Figure 2.5: both a and 3 negative; the dashed curve T, has 3 > «, the other curve T, has 8 < a.
We see that we always have 1 negative intersection of the curve T, with the line [}'.
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el

q

Figure 2.7: o < 0 and 3 > 0, we see that we always have 2 intersections of the curve T}, with the
line 2.

q
TO
u
IE
v
: L 2, P 2¢
Figure 2.8: For a > > 0 and v < yon := 5 | a*+20af+83*+  a(a+83)3/2 we have no
intersection between T, and [Y.
q
T,-
g
: : v
vl w2

Figure 2.9: For o > 8 > 0 and v > ygn we have 2 intersections of the curve 7, with the line [Y.
q

-

o

p— ¢
Figure 2.10: For 8 > a > 0 and gy = %l i a®+20a8+ 832 ala+83)3/2 <y < ysy we

have no intersection between T, and [¥.
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% )

Figure 2.11: For 8 > a > 0 and 0 < v < sy we have 2 negative intersections of T, with 2.
q T,

u

€

Figure 2.12: For 8 > a > 0 and v > ysny we have 2 positive intersections of T, with [¥.

3 Travelling Wave Solutions

In the previous chapter we looked at stationary front solutions of our bi-stable reaction-diffusion
equation
Ya
U = eUp+(1+Vi UHU

Vi = Veed (14 Vi US(HU? 4 BV 4 Hy) i 2V, (3.1)
therefore we took Uy = V; = 0. In this chapter we going to look for travelling wave solutions of
system (3.1). Therefore introduce the moving variable ( = x i ct, such that we travel along with
a wave of speed c. Then

Uze = UCC y Vee = VCC
U, = jcle , Vi = jcWt
Using these results (3.1) transforms into
Y2
iU = U+ 1+Vi UHU 3.9
LotV = Vet (14 Vi UD(HoU? + H\V + H) i €4V . (3.2)

We rewrite this slow system into a fast system by setting £ = (/e. Equation (3.2) becomes
Yo

iCUg = 8U5§+5€1+Vi UZ)U ¢

i creVe = V55+62 1+ Vi U (HU? + HiV + Hy) i 24V
or in 4-dimensional fast ODE form

8
3 u =

pe = i tepi 1+vi v’
B ’U,\;: = £q | ¢
g = icreqi € (1+vi u?)(Hou?+ Hiv+ Ha)i &2y
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It follows from the forthcoming analysis that it is convenient to scale ¢ by putting ¢ = £2¢ and we
get the ODE that we will study during this chapter

8
3 ue = P
pe = iepi (1+vi v)u (3.3)
3 v = &g i ¢ .
g = iceredqioe (L+vi u?)(Hou? + Hiv+ Ha)i 2y
For convenience we will drop the hat on the c.
When we look at the fast reduced limit, i.e. e ! 0, we get:
8
3 U =
Pe = i (1—|—U0| u2)u (3 4)
2 v = v '
T4 = -

Notice that because all the ¢ are vanished the fast reduced limit is exactly the same as in the
previous chapter, see ((2.5), (2.6)).

Figure 3.1: flow of (3.4)

Thus the heteroclinic front solution I'* for the fast reduced limit is the same as in (2.8),(2.9):

A Ar 1 Ar 11

p—— 1+ 1+ 1+
* = (uo(€;v0), po(&v0)) = 1+ g tanh 56 S Pstsed?  SLRe L (35)

But when we now look at the ODE of the slow system, by scaling x = €€ in (3.3), we get

8
E EUy = P
epe = ieepi (1+vi u?)u (3.6)
2 Uz = ¢ i ¢
g = jcerelqi (T+wvi u?)(Hou? + Hyv+ Ha)i &%yv
If we now take the slow limit, i.e e ! 0, the first two equations of (3.6) become
%
= P
0 = j(1+vi v?)u,

which implies that p =0 and u = § P 1+v (u=01is agailbnot normally hyperbolic, and will not
be considered), so M £ is given by M & = f (u,p,v,q) = (8 1+ v,0,v,¢)g. On M T the dynamics
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is in leading order governed by (¢ is O(¢))
Y
Ve = (
Qe = i 07-52(] + 52’7’0 )

or in matrix notation:

(VIR (V| Tw 1

Vg 0 1 v
2 . 2
g*y j cTe q
I {z }

A

The eigenvalues/eigenvectors of matrix A are given by:

P _
Mo =i 58 5 0271252 +4y =8¢ 740 1 q

= p e = —
€v1,2 % § 5 221y §5p7+0(52)

We see that the eigenvalues and eigenvectors are, in leading order, independent of ¢ and the same
as (2.11)

Figure 3.2: leading order flow on M S—L

Fenichel Theory tells us that (3.6) possesses locally invariant manifolds M £, which are O(¢) close
to M gﬁ Nearly the same calculations as in Chapter 2 can be done to conclude that, again, the
dynamics on the slow manifold is governed by (¢ = O(¢))

Vpw = €290 + O(?). (3.7)

During the jump through the fast field the g-coordinate will change in leading order (O(g)). The
v-coordinate stays the same in leading order and will only change in higher order, i.e Av = O(e?)
(2.31). The accumulated change of the g-coordinate is

R —_

Agq(vo) = F;ooo QG . ¢
0o I V=P
= Rl eredqi e(14+vgi u?)(Hou? + Hiyg + Hz) + vy dE (3.8)

- I_i 5(1+v0ii uz)(HouQ+H100+H2)¢d£+0(52)
i 2 2 T+ug 22(vg+1)+ (Ho+ Hivg) +O(e?).

Note that this integral (3.8) does not depend on ¢ anymore and is exactly the same integral as the
integral for Ag (2.20) in the previous chapter.
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A heteroclinic orbit I'" from (j 1,0, 0,0) to (1,0,0,0) is both an element of W*(M ) and W*(M ).
Again we will only consider I'". This time the existence of I'~ does not follow by symmetry (2.4)
because the symmetry is broken by ¢ (see (3.3)). But we now have another symmetry

z! jzE! ! ipg! igc! jc; (3.9)

and I'™ can easily be derived from I'".

The orbit I'" remains exponentially close to W“(M ) before it takes off and jumps through
the fast field. After that it touches down on M I and it remains exponentially close to W*(M 1).
During the passage of the fast field the change in ¢ is O(g), see (3.8). Therefore I'™ must take off
from M  and touch down on M I with a g-coordinate that is O(g). Also the change in the v-
coordinate is at least order ¢ (3.3). Again we compute the separation distance A between W*(M )
and W#(M 1) with the Melnikov method, see (2.24). We have to compare our system (3.3) with
system (2.25). Almost all relations are the same as in (2.26) and (2.27), except the relation for fi:

Hoy l . |
fi= i ep in stead of f; = 0 (3.10)
This gives the following expression for the separation distance A
Roou P LN 01T “0 oﬂuqofﬂﬂ
A7 i (1+vi v?)u " i C toiuw 0 9% d<

R M ' ﬂuu'opﬂ u'O‘ﬂ'ﬂ GE
= e i rol SR T d

RC° | i ug)u i cp i ugo& (3.11)
= _OORI upqo€| cp? a8 4 . 3 g . :
— mggpl—,i—votangl Litog Litagech®  Litg gy

. ROC 1+vo 2 h4 q 1+vg d

¢ o 5 sec =508 dg,

in the last step we have used (3.5). We compute both integrals of (3.11) separately, starting with

the first
3 , 3 ,

R N
i 90 OOOO ﬁp 1+ vo tanh 1+v0 & 2 1+UO sech2 1+21,)0£ d¢ _
(1+vo)3=2 Roo : q 1+v 9 9 — o
i Qo5 o & tanh T2 og sech e cég - =
H (1+v )3=2 —a—=£ < 2 14w 14w _o© .
K ngan sech®  FpR{ 4 mptanh el T = (3.12)
(1+4w)%7? . . 1 — B
| O—_ 02 O + 1+U0 1 O i m —
ig 2 1+wg.
The second integral reads
- R (1400)? 43 1+vg )
i ¢ o 3 I;ech S5 dg _
i ci(1+vp)? Oosech4 \ ﬂg dg ) , ) . s _
1 2 1 95 =0 (3.13)
i 5(1 +vp)? —q— 2 tanh %g + sech #5 tanh +2vo£ _ .
p — —o0
et 02" 240)i (2+0) _
i c 2 2(1 _’_@0)3/2
Combining (3.12) and (3.13) gives us
A = qop P T c§p§(1+vo)3/2. (3.14)
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Note that unlike in the previous calculations ¢ appears here in a leading order contribution. Our
choice to scale ¢ as ¢ = £2c is based on the structure of this Melnikov function A.

For the orbit I'" we need A to be 0, because then both manifolds coincide. Thus

[ P—

. 2

i ¢ 2(1+we) T+wo 2

A=0 =_—3 p'py =i =c(l+v). 3.15
) @ P2P1+v0 I3( 0) ( )

Finally we compute T, and Tj . In the case of travelling wave solutions we really need T; because
qo & 0 for ¢ & 0 (3.15), thus Tj 6 i T, and we cannot use the symmetry argument. But first we
scale c for the last time: ¢ = ec, such that gy = | 5%0(1 + vg) (now g has also leading order ¢).
This yields

© a
T, = ef = i %AQ(UO) : ¢ a
L2 . 5.P——ig 2
= =i €C§(1 +’Uo) i 2 1+ v To(l +1}0) + Hivyg + Ho +O(€ ) (316)
= 4= i ec5(1+wo)+e T+ vo(a+ Bug) +0(e?)
T, = f=a+ 1Aq(vo) b ¢ a
= gl=icec; 2 (1 4 g 2 T+ H°(1—|—110) + Hivg + Hy + O(£?) (3.17)

SN[ S VM)

)+
= q=iecj (I+wg) i 1+Uo(a+ﬁvo)+o( ) )
with a = " 3(Hy + H0) and § = 3(H, + o).

Before we make a jump through the fast field we need T, to intersect [. When this occurs
we jump through the fast field and land on M I on the touch down curve Tj , with the same
v-coordinate (see 2.31). On M 2. our solution Wlll follow the flow of our ODE (2.11). We want
an travelling wave solution, i.e. we want that our solution goes asymptotically to (+1,0,0,0).
Thus we want also to land on 5. In other words we want that T/ intersects [$ with the same

v-coordinate at T, intersects [. This reads

§(1+vo>+pm<a+ﬁvo) = Py and
ics(l+wvo)i  T+wola+ pug) = i P 5o
) 5O .
i §(1+U0)+ 1+wv(a+ Bvy) = p’yvo and
§(1+U0)+ 1+’Uo(0&+ﬂ’00) = i?]o
0 thus D (3.18)
C%(1+U0)+ T+wvo(a+ Pvy) = %(1+U0) T+ vo(a + Buog)
()
ic%(l—kvo) = c%(l—kvo)
()
| = ¢

We conclude that there are no travelling wave solutions with a speed ¢ & 0 (a travelling wave with
speed 0 is a stationary solution).

Theorem 3.1 System(3.1) has no traveling wavesolution (U(z),V (z)), other then a traveling
wavewith zerm speed.
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4 Two-front solutions for the reduced problem

In the previous chapter we have seen that there does not exist a travelling (¢ & 0) 1-front solution,
see Theorem 3.1. In this chapter we are going to look what happens if we start with a so-called
2-front, this means that we have a 2-front as initial condition . A 2-front is actually nothing else
but two 1-fronts relatively far away from each other, one is associated to a jump from M = to M
and the other to a jump from M T to M =, in the four-dimensional phase space. We are going to
determine which speeds (c1, ¢2) the fronts may have for a 2-front solution to exist.

Figure 4.1: A 2-front solution, both fronts have different speed.

As mentioned in the introduction 2-fronts are not stationary in a co-moving frame, i.e. when we
travel along with one of these fronts, say I'y (by setting ( = x| c;1t), then we do not travel along
with the other one, say I';. Therefore we need the quasi-stationary approximation, as described
in the introduction (section 1.1), to make an ODE reduction. When we have made this ODE
reduction we can use Fenichel Theory.

First we look at the slightly easier problem then (1.2) by setting H; = Hs =~ 0, thus our sys-

tem becomes Y
p)

Vi = Ve + (1 +Vi UHU? 24V
Note that we can use all the results from the previous chapters, by taking H; ©~ Hs ™ 0.

(4.1)

In the next chapter we will look for 2-front solutions for our full reaction-diffusion equation (1.2).
This will mostly be done geometrically, a complete analysis with explicit computations is rather
involved and does not contribute substantial information.

For a front to exist we need our solution to make a jump through the fast field, thus we have
to look at the intersection(s) of T, (vo;c1) with I :== W"(j 1,0,0,0)j \ , this will be done in the
first section. In the second section we will look what happens to orbits that take off from these
intersection points, called vi?, after they touch down on M . This will lead to a restriction for the
front speeds (¢;.2) in terms of Hy and v, After these introducing sections we will derive a ODE
which must hold for the front separation distance AT'(¢) (what this exactly is will be explained in
this section). In the fourth section we will examine this ODE thoroughly to, at the end, derive
two theorems (Theorem 4.12, 4.15) which (implicitly) gives us the front-speeds c; 2 in terms of our
initial conditions. In the last section we will look at the limit cases of these theorems.

4.1 T, (Vo;c) NI

As mentioned, we will look in this section for v} such that T (vo; ¢) intersects I¥, because then
our solution will be asymptotic to (j 1,0,0,0) and jump through the fast field, thus we need the

26



quantities T, (vp; ¢1) and I¥, which in leading order are
3

2 1P '
T (vose1) :fg=c¢ gcl(l + o) + 3 2Hy(1+ v0)3/2 g
l?:fq:5p§vog7
e take-off curve can easily be derived from (3.16) with o = P 2(Hy + %) =

_ P
2(H, + 52) = 37 2H,.

4.1.1 Hp >0

We start to analyze the problem for some special values of ¢; and . Namely a stationary 2-front,
i.e ¢ = 0 and ~y arbitrary. Next we consider v equal to its bifurcation value, i.e. v =vygny = %Hg
and ¢y & 0. This is done to develop some understanding of the problem.

2 C1 ’ 0
We jump through the fast field when T, (vp; 0) \ 1%, i.e.
1P~ _
5 ZHo(1+v0)*/2 = P e (4.4)

This is a cubic polynomial in P 1+ v, and it is not needed to solve this explicitly. These
two curves (4.4) are tangent when

0 . 0 - pP—— p_
—T :0) = —1Y — 2H, 1 = . 4.5
(’)vo o (’Uo, ) 6v0 = ) 9 0 + v Y ( )
If we now put this value for P 7~ into (4.4) we get
%p§H0(1+U0)3/2 = %p§H0’UOp 1+ vo
s(1+w) = 3w (4.6)
vo = 2.

Using this value for vy in equation (4.5) gives us an expression for ~:

_ p_
Py = %pgﬁgpl-i-vo
Py = 3 2 3Ho (4.7)
v = 3H§.

We notice that for v < 3HZ (4.4) has no solution and for v > 3 HgZ (4.4) has two positive
solutions v} and v2, such that 0 < v} < 2 < v2.

Remark 4.1 Note that we in fact have rediscovered the examplein [3], see Theorem 1.2.

2 cl&Oand*y:%Hg
We will start with ¢; > 0 and secondly look at ¢; < 0.

—c1>0
T (vo;c1) \ ¥ becomes
2 1P~ - _
i 501(1 + o) + 3 2Ho(1 +vg)%/? = P Yo - (4.8)

i 2c1(1 + vp) is negative, this pulls the take-off curve down with respect to T, (vg; 0)

(4.4). Thus there exists two solutions v! and v? of equation (4.8), see Figure 4.2. If
c1 is too large vl become negative, this happens when the take-off curve T, (vo;cp) is
smaller than [¥ in v =0, i.e.

<
4.
o0 > (4.9)
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To(v();@ 7
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P Ie
L~ To(%:9)

Figure 4.2: The take-off curve T, (vo;c1) is pulled downpf(zr ¢1 > 0 with respect to T, (vp; 0) and
equation (4.8) thus has two solutions vi?. When ¢; > % 2Hj v} becomes negative.

c1 <0
i Z2c1(1+ vo) is positive, this lifts up the take-off curve with respect to T, (vo; 0) (4.4).
Thus (4.8) has no solutions.

Now we consider v < ysn. First we compute the solutions (4.8) for the ”trivial” ¢; cases, again to
get some insight into the problem. At last we compute the ¢q-value such that T, (vo; ¢1) is tangent

to 2.

2 ¢;60and y < 3H

c1 < 0
Because v is smaller than in the previous case (¢; < 0,7 = %Hg), ¥ is less steep. Thus
for ¢; < 0 (4.8) still has no solutions.

C1 = % §H0 p_
For this value of ¢; T, (vo; 5 2Ho)\ I¥ reads

o

1P~ 1P _
i3 2Ho(1 + vo) + 3 2Ho (1 +v0)*” = P Yo, (4.10)

3/2

and we see that vy = 0 is a solution. Because (14 v)?/# is of higher order than vy there
1,2

is anotBer solution. Thus equation (4.10) has two solutions v}, vZ.

c1 > % §H0

Equation (4.8) has 2 solutions: v},v2. One of these two points, say v!, is negative,
because bhg left part of the take-off curve T, (vg;c1) is pulled down with respect to
T, (vo; 5 2Ho).

c=cj p_

The question is for which ¢; 2 (0,3 2Hy) is T, (vo; ¢1) tangent to [* and in which point
v does this occur? We will call these values c¢i and v, respectively. Again we need to
look at the derivatives

D — 9 ~(voic1)
P oy L0 411
%7 = j2ca1+3 2H0p1+v0. (4.11)
When we plug this value for P 5 into T, (vo; c1) \ I¥ we get
P P—— p_
i 3e1v0+gp 2Hovop Thve = i ger(l4go) +5° 2Ho(1+00)* ) o)
1 2Hovy T+09 = i 2ci+5 2Ho(l+w)%2. :
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Rewriting (4.12) in terms of ¢; yields

p_ P p___
2ep = é_Q (1+vo?3/2i 3 2H0U0¢1+Uo
2ep = gHo J +vo $(1+uo) 300 ¢ (4.13)
a = 3 2Hy T+uw i 6(1+Uo)+—

Finally we put this expression for ¢; into (4.11), which gives us an expression for P 7 in
terms of Hy and wvg:

_ p- — i ¢ p_-_p-
Sv = i 2H0p1+voii%(1+vo)+% +g 2Ho (1+w)
= 5 TFo i L 1.1
o) = ip2HopIHvoyig(lHwo)ghsi 3 (4.14)
pW = ip_2H0 L+wo i g5(1+wo)
3 = £ 2Ho(1+w)%2.
In terms of vy (4.14) this reads
H 5 Tas
Vy = Vg = = i1 (<2). 4.15
0 pQ_HO i (<2) (4.15)
Now we can compute ¢} in terms of v and Hy, i.e. we plug (4.15) into (4.13)
¢ = i%%p§Hoﬂ+vo)3/2+l§p§Hopmh )
13P 5 67 /3 i 13P 5 ’ 6v7 2/3ﬂ1/2
4.16)
_ aPo 8Py em VP (
R SR N SR
_§-p*HM1/5 0 3 2
= 5 i vt+Ho 34 > (v < 3 H§)
-0<c <

For 0 < ¢; < ¢} equation (4.8) has no solutions.
- <a< % 2 B
For¢f <1 < % 2H, equation (4.8) has two positive solutions v} and v2, which satisfy
vl < v, < v?
* * **

2 cl&Oand7>%H§
A same sort of analysis as above can be done. See Lemma 4.2.

Let us now summarize what we have obtained so far in this section
Lemma 4.2 Assumethat Hy > 0 in (4.1), then T, (vo;c1) is tangentto [Y, in leading order, in
the point

) A !
B _up&ﬂ2/3' o C*_§ p_+H 3[3_51.[1/3
0 * §H0 1 1 B i 0 2H,

If ¢; > ¢}, the intersection of T, with [“ always has two solutions v! and v? (v} < v, < v?). We
distinguish 4 cases

2 p_ ..
2y > % and ¢; < & 2Ho: both v} and v? are positive.

2 p_ . . . .
2 4> % and ¢; > £ 2Ho: v} is negative and v? is positive.

2 p_ . . . "
2y < % and ¢; > £ 2Ho: v} is negative and v? is positive.
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2 p_ .
2 < If—g and ¢; < 2" 2H,: both v! and v? are negative.

If ¢1 < ¢f, the intersection of 7, with [¥ is empty.

P

2 —
Remark 4.3 Note that for v = 25 we havev, = 0 and ¢; = 1" 2H,, and for v = 2 H3 we have

v, =2 and c; =0.
4.1.2 Hy<O0

We again start our analysis with ¢; © 0 and secondly we will look at ¢; & 0. We will notice that
the calculations will be much easier this time, they are for example independent of ~.

2 C1 ’ 0
T, (vo; 1) intersected with I¥ becomes
1P _
5 ZHo(L+w)"? = P o (4.17)

Notice that both sides of (4.17) are monotonous with respect to vg, the take-off curve is
monotonously decreasing with respect to vo , i 1 and [} is monotonously increasing, thus
(4.17) has at most one solution. Notice also that

j’UOJ:’UOZ— = 1
plolu=o0 0
3 2H0(1+U())3/2jv0:71 =0
3 2Ho(1+v0)*?jue=0 = 3

(4.18)

1

Figure 4.3: For ¢; © 0 T, (vp;0) \ I* has always one negative solution v;.

Thus (4.17) always has 1 solution v}, and this solution is negative (see Figure 4.3).

2 c1 > 0
T (vo;e1)\ 1Y reads:

o

p

2 1P~ _
i 501(1+Uo)+§ 2Ho (1 + v0)*? =" Fuo (4.19)

c1(1 4 vp) is also monotonically decreasing because ¢; > 0, thus it only pulls

o2
P 2
Fji§H0(1 + v)3/? down. Hence (4.19) has 1 solution v}, which is negative.

1
3
2. <0

. - - P
Because j %01(1 + vg) is always positive (vg > j 1) it lifts up % 2H(1 + v)3/2. Note that

p- . P
i %Cl(l + ’Uo) + % 2H0(1 + 00)3/2JU0:0 = j %Cl + % 2H, . (420)

Two things can happen
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P~ P
—i2c1+3 2Ho<0, 0>c1 >4 2H,
which implies that the solution v! of (4.19) is negative.
P P
—i%01+% 2Hy > 0, Cl<% 2H,
which implies that the solution v} of (4.19) is positive.

Summarizing what we have obtained for Hy < 0 so far in the following Lemma.

Lemma 4.4 Assumethat Hy < 0 in (4.1[3,_then T, (vo; c1) intersects [* alwaysin one point v}.
If c; <% 2H, theno! >0, andif ¢; > 1 2H, then v} < 0.

4.2 Jumping through the fast eld and touching down M7

In this section we assume we jump from M = to M I, so we know that for v = vl? the equality
2 1P _
e+ ol?) 4 50 2Hy(1 40k =Pl (4.21)

holds. After the jump through the fast field we land on the touch-down curve T} (vo;c1) with
vo = vi%, because the v-coordinate stays the same in leading order, see (2.31). When we assume
that ¢; & 0 this landing will not be on the intersection of T (vo; 1) with Ig :== W*(1,0,0, 0)j pqt
because we have shown in the previous chapter that there does not exists a 1-front solution, see
Theorem 3.1. Thus after touching down on M I the orbit follows the flow of the prescribed ODE
(2.11).

u a,
le TV C)

q
R ‘ E
3 S,
JZ/
. flow N>/
T &) z

€

Figure 4.4: T, (vo; 1) intersects [* at v = v!, and jumps to M . On M I we land on T} (v};¢q)

and from there we follow the flow of the ODE (2.11).

We have given the second front a different speed cg, and we want to jump back to M [ since the
2-front solution is also asymptotic to (j 1,0,0,0) as£! 1 . Thus we need our flow on M 7 to inter-
sect the take-off curve T\ (vo; c2) of M F. Before we go any further let us give T/} (vo; 1), T,f (vo; c2)
and I :=W*(81,0,0,0)j s (I is the same on M I as on M ). In leading order they read

+ "o 1P 3/21T
Td (’U(); Cl) : fq =€ | 501(1 + ’U()) i 5 2H(](]. + ’U()) g, (422)
+ "o 1P 3/2‘IT
T3 (vosc2) :fg=¢ i 502(1 + o) + 3 2Ho(1 +v9)”" g, (4.23)
12:fg=i e Fuog. (4.24)

The touch-down curve T (vo; ¢1) can easily be derived from (3.17) and the take-off curve 7.5 (vo; c2)
can be computed the same way as the T, (vg; 1), see (3.16).
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When we jump back to M = we land on the touch-down curve T (vo;c2) of M _, which is in

leading order, given by
oy 1P l
T; (vosc) :fg=¢ i §c2(1 +vp) i 3 2Ho(1 + v9)*'? g. (4.25)

We want that after landing on M _ the solution does not become unbounded, but goes back to the
point (j 1,0,0,0). In that case then we have established a 2-front solution. Hence we want that

the flow lands on the intersection of T, (vo;c2) and IZ, i.e.

p

P _
i%CQ(l—‘r’Uo)i % 2H0(1+U0)3/2 = i Yvo. (426)

We see that when we choose c2 = i ¢; (4.26) is fulfilled for vg = v}, with v} the chosen solution

(there can be more than 1 solution) of T, (vg;c1)\ 1Y, see (4.21). We also see that with this choice
of ¢y the following equalities holds

Toi(vo;cz) = Toi(vo;i c1) =i Tét(vo;cl)' (4.27)

By symmetry of the ODE (2.11) on M T in the v-axis and the equalities in (4.27) we conclude that
it is possible to construct a symmetric 2-front solution of (4.1). (We will see in section 4.3 that
there is an ODE that determines the ”time of flight” T™* our 2-front solution can spent on M )

u

le |

< e
T, (VyCq) +
Povl o == 1 To (Vg € 4)
P , *
LN
| +
Ty (Vg C4) Ty (VprCy)
S % S
lS IS

Figure 4.5: T, (vo; ¢1) intersects [* at v = v}, and jumps to M . On M I we land on T} (v};eq)

and from there we follow the flow of our ODE (2.11); when we intersect T, (v.;j ¢1) we jump
back to M f. Because of the symmetry we land on T (vo;j ¢1)\ [ and our solution goes back
to (j 1,0,0,0). We now have built a symmetric 2-front. However, we have not yet determined its
speed (see section 4.3).

Remark 4.5 For another choice of ¢, there may exist a (asymmetric) 2-front solution. We jump
throughthe fast "eld with the v-coordinate the sameasthe solution v} of the equation T, (vo; c1)\ 1%
We land on M } on T,f (v};¢1) and from there the solution follows the °ow of our ODE (2.11).
Until we intersect T, (vo; c2), say with v-coordinate »2, and we jump back to M. We will touch
down on T (vZ;c2). It may be possiblethat T); (v?;c;) also lies on [£, when this happens we
have constructed an asymmetric 2-front solution. Such an asymmetric 2-front solution will not be
investigatal in this thesis. See Figure 4.6.

In the remainder of this chapter and the next chapter we choose co = ¢; =i ¢ (we drop the 1 in
Cl).

4.2.1 Hp <0

We now go a step back and look what happens with the solution on M . Thus we assume that
we have jumped from M  to M I and equation (4.21) holds. We are going to investigate where
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Figure 4.6: T, (vg;c1) intersects [¥ in vl. We jump through the fast field and touch down on

T (v} e1), from there we follow the flow of our ODE (2.11) until we intersect T, (vo; c2) at v = v2.
We jump back to M 7 and land on the intersection of T, (vo;c2) and [Z. Thus our solution goes

back to (j 1,0,0,0) and we have constructed an asymmetric 2-front solution.

exactly our flow lands on M I, and what happens afterwards. We start with the ”special” values
for ¢ (see Lemma 4.4).

2¢” 0
From (4.21) we know that

P _
3H,(1 40132 = Py

b_ ) 0 (4.28)
i 5 2Ho(1+0})3? = i7" 7FvL.

Thus for vy = v! we land on the intersection of 7 (v;0) and . Hence we have a 1-front
solution and not a 2-front solution.

p_
C:% QHO

This is a special value for ¢, because it is the value of ¢ for which v} = 0, thus it is the point
where v} turns from negative into positive.

From (4.21) we know that

p_

i§p5H0(1+vi)+§ 2Hy(1+01)32 = Pyl (4.29)

and we sge that = Ogs a solution.
Tf(vo; 3 gHo) =i % 2Ho(1+wo)i 3
Tf(voii 3 2Ho) <0.

©

2Ho(1 + v9)?/? > 0. Thus (4.27) tells us that

P Co o .
We land on T (0; & 2H,) which is positive, and because of our O]%E (2.11) it never becomes
negative, see Figure 4.7. The flow will never intersect T, (vo; i % 2H,) < 0. Thus we can
never jump back to M 7 and we will have no 2-front solution.
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T, (vg:0)

Figure 4.7: For ¢ = 3
on T,/ (0; %
cannot intersect T, (vo; 5 2Hy).

2¢>0

P 2H, we have that T}, (vo; 2p 2H,) intersects [* at v = 0. On M I we land
2H,) and froI]Sn there we follow our ODE (2.11) and it never becomes negatlve ie. it

We start with what we know from (4.21)

2 — 71p H—
igc(1+vi) 3 Ho(1 4 v})3/? = p?vi, (4.30)

and because v > 0 we must have vl < 0 (see also Lemma 4.4). After the jump through the
fast field we touch down on T} (vl;c):

p

2 JI _
i gc(l +vl)i 2Ho(1+01)32 > T 70k, (4.31)

This inequality can easily be derived from (4.30). Thus we know that we land above I¥ on
M f. But the question is, do we also land under /57 i.e. is

i%c(l—i—vi)i p2H0(1+U)3/2 < ipVi,
p () (use (430) o
i Ze(l+ol)i & 2Ho(1+0l)%% < Ze(l+wb)i 1 2Ho(1+0})3/2,
Q) (4.32)
i 2c(l+vl) < Ze(l+0l),
()
ic < c,

which is true because we have chosen ¢ > 0. Thus we still can have a 2-front solution.

It is explained in the Figures 4.8, 4.9 (and their captions) that for a 2-front solution to exists
we also need that

TH(whe) > 0
. 0O
i 2c(l+wl)i & 2Ho(1+0l)*2 > 0
.2 1 () 1Ps 1y3/2
i sc(l4+v,) > 3 2Ho(1+wy) (4.33)
()
2o > PP T
()
=P
c < |%p2H0 1+l
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Figure 4.8: For ¢ > 0 equation (4.21) has one negative solution vl. After the flight of the orbit
through the fast field we land on T/ (vl;c), which lies between I and [$ on M . But the next
question is, do we land on M [ with a positive or a negative g-coordinate? Here we land on M
with a positive g-coordinate. On M I the solution follows the flow of the ODE (2.11) until this
orbit intersects T (vo; i ¢) (again at vg = vl). Then the orbit makes another jump back to M =
where it lands on T (vi;i ¢). Because of symmetry (4.27) this landing point also lies on /¥, thus
our orbit goes back to (j 1,0,0,0) and it is possible that we have established a 2-front .

q |€u q u
€
vl N
: v ) T (vg0)
ST v
~~. + .
T, (% ©)
— I:

Figure 4.9: For ¢ > 0 equation (4.21) has one negative solution v}. After the flight of the orbit
through the fast field we land on T (v!;c), which lies between [* and I on M }, but now with
a negative g-coordinate. On M I the solution follows the flow of the ODE (2.11) and it cannot
intersect 15 (vo; i ¢). Thus the orbit becomes unbounded and we do not have a 2-front solution.
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Thus for a 2-front to exist we need 0 < ¢ < j %

2 e« P, <0
By Lemma 4.4 we know that the v} for which (4.21) holds is positive. We land on T)f (v!;c):

2z J— {2z ' {

2 1Pp— 2 1P — _
i ge(ltol)i g 2Ho(1+0)Y? >0 se(l+ol) + 5 2Ho(1+01)*? =Pyl (430)

The first inequality is obvious and the second equality is just (4.21). We even have TJ (vo; €) >
0 (for all vy and not only for v}). Thus (4.27) tells us that T, (vo;i ¢) < 0.

d T "vg0)
u d
IS
u
IE
=] \'
| T, (Vg:C) 1|
I S~
1 -
V ~
vd . .
T, (Vg —C)

Figure 4.10: For ¢ < %p 2H, equation (4.21) has one positive solution v!. After the flight of the
orbit through the fast field we land on T (v};c), which lies above (. Thus our orbit becomes
unbounded and we do not have a 2-front.

We land on M above [ (4.34) and with positive v-coordinate. Thus the solution becomes
unboynded and stays positive, it will never intersect T.F(vo; ¢), see Figure 4.10. Thus for
c < % 2H, we have no 2-front solution.

2 0>c¢c> %p 2H,
By Lemma 4.4 we can conclude that the v} which solves (4.21) is negative. We land on
T (vke):

2z J— {2z 3’ {

2 1P - 2 1P - _
i gc(l—&—vi)i 3 2H(1+v1)?/2 > §C(1+vi)+§ 2H0(1+v,1)3/2:pwi. (4.35)

Again the first inequality is obvious and the second equality is (4.21). Thus we land above
[“ on M F. But do we land under [5? i.e. is

2o i AP H 2 < Pl
b_ () (useright part pf (4.35))
i 2e(l4+0h)i 3 2Ho(14+01)3% < 2c(140vh)i & 2Ho(1+0v})3/? (4.36)
()
ic < C.

We have taken c negative, thus this gs not true. Thus we also land above (7 and we do not
have a 2-front solution for 0 > ¢ > % 2Hy, see Figure 4.11.

We now have investigated all possible values for ¢ with Hy < 0, let us summarize our findings

Lemmzb 4.6 6\ssumethat Hy < 0in (4.1), then for a 2-front to exist we at least need that 0 <
c < j % 2Hy 1+ vl. When we combine this with Lemma 4.4 we see that a necessary (but not
suzxcient) condition for a 2-front to exist is that v} is negative.

36



V*l /
; v
___>——- """ u
v
el | S
T, (V) g :
o+
T, (4 ©)

Figure 4.11: For 0 > ¢ > %p 2H, equation (4.21) has one negative solution v}, and after our jump
through the fast field we land on 7' (v.; ¢), which lies above (¢ on M . Thus our solution becomes
unbounded and we do not have a 2-front.

4.2.2 Hp>0
We start with ¢ = cj, the bifurcation value of Lemma 4.2, next we will look at ¢ > ¢] and ¢ < ¢j.
b s T
/3
* . 3
2c=c;=3 iP5+ 0, el

Fhis was the special value of ¢ for which T3, (vo; ¢) and [ are tangent in the point vo = v, ~
2/3
67

NeTR i 1> 0. When we plug this v, and ¢} into the touch-down curve T} (v.;c}) we
get
HoH 3 PR - N | Hs ~ 32
* . ) 3 1/3 6 2/3 . P 6 2/3

T (visc}) = |§3% i v+ Hp %? \/—2—\/;0 i 3 2Hp \/%/;0

_ P oes PP P

= fyuﬁHo ,2/|3 3 ﬁ/| 2" (4.37)

= P53 S8 T APy

- P 4Py

Thus we land under [¥. Therefore we need v, to be positive, otherwise the orbit certainly
2

becomes unbounded, see Figure 4.14. Thus we need vy > 11{_§
Thus for a 2-front solution to exist we need, as explained in Figure 4.12 and 4.13, that we
land on M [ between [ and the line ¢ = 0, i.e.

0 > p%*i 4p7 > I_p%*
()
0 > vej 4 > v
()
2 < Ve < 4
(). use the value of v,
8 67 2/3 ( ) (4.38)
q_ ()
— 3=2
%HO < p'Y < ?,,WHO
()
SH < ¥ < BHZ

Thus for a 2-front to exists for ¢ = ¢} we at least need 3HZ < v < L22H¢.
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Figure 4.12: For ¢ = ¢} and v > 3¢ equation (4.21) has one positive solution v, = oI i 1.

After the flight of the orbit through the fast field we land on T; (v ) = P Yue i 4" 7, which,
in this example, lies above /¥ on M I but under the line ¢ = 0. On M } the solution follows the
flow of the ODE (2.11) until this orbit intersects T, (vo;i ¢}) (again at vo = v,). There the orbit
makes another jump back to M _ where it lands on 7}, (v4;i ¢}). Because of symmetry (4.27) this
point of landing also lies on [Z, thus our orbit goes back to (j 1,0,0,0) and it is possible that we
have established a 2-front.

q
T, (%S)
u
IS
|
\ v
Vi
3 .
Figure 4.13: For ¢ = ¢} and v > 22 equation (4.21) has one positive solution v, = oy 1
g sLI. -~ Y 13 €4 . p * = JR2H, [

After the flight of the orbit through the fast field we land on Tj (vs; €F), which, this time, lies under
IonM F. On M I the solution follows the flow of the ODE (2.11), which will stay negative, and
it will not intersect 7. (vo; i ¢f), which is completely positive. Thus the orbit becomes unbounded
and we do not have a 2-front solution.
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- Td(v* :C)

Figure 4.14: For ¢, ¢} we land on T (v};c) which lies under {* on M . For a 2-front to exists
we thus need that v! is positive, otherwise our orbit will become unbounded.

2 ec<qg
Lemma 4.2 tells us that the intersection of T, (vg; ¢1) and I¥ is empty, thus there is certainly
no 2-front solution.

2c>c
Equation (4.21) has two solutions v}, v2. Take one of these solutions, say v}. After jumping
to M I, we land on T}/ (vl;c), ie.

0
2 i 1p j { 2 1p
; gc(1+u,1)i 3 2Ho(1+0v1)%? < gc(l-&-vi)—i—g 2H0(1+ui)3/2:p§vi. (4.39)

The first inequality is obvious and the second equality is just equality (4.21). Thus we land
under [“ on M . For a 2-front solution to exists we need v} to be positive, otherwise our
orbit will become unbounded, see Figure 4.14. But, like before, we also need that we land
between the line ¢ = 0 and [ on T (v};¢). Thus

p

2 1P _
0> gc(1+vi)i 3 2Ho(1+01)%2 > " Ful. (4.40)

Working out this inequalities is nearly the same as for Hy < 0, see (4.32) and (4.33). This
gives us the following restriction: For a 2-front solution to exists we at least need

_ p_
j%pQHO 1+vf < ¢ < 0. (4.41)

Summarizing

Lemma 4.5 ﬁssHmethat Hy > 0in (4.1), then for a 2-front to exist we at least need ¢, ¢} and
0>c>j 2Hy 1+l

1
2
Remark 4F§7NO that whenc = ¢} in Lemma 4.7 we explicitly know v! = v, and the inequality
0>c>j3 2Hy 1+l canberewritten into 3H3 <~ < 22H3.

1
2
4.3 Front Separation Distance

Up to now we only have found that ¢ has to be in some interval for a 2-front solution (Lemma
4.6, Lemma 4.7). In this section we are going to determine a ODE which determines ¢ completely.
This ODE is due to the fact that the ”time of flight” 7* on M I cannot be of arbitrary size, but
must fulfill some "rule”. The time of flight T is nothing else then the time the solution spends on
M I, and is determined by our ODE (2.11).
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Figure 4.15: The front separation distance AI'(¢) is the distance between the two fronts.

The distance between the two fronts AT'(t) © Ta(¢) i I'1(t) is by definition measured by the
following integral (in z-axis)
Z,
AT(t) = AT(0)§ 2¢®  c(s)ds, (4.42)
0
where AT'(0) is the front separation distance at time 0, €3 is due to scaling and the minus is

due to the fact that a positive speed (¢, 0) decreases the separation distance, see Figure 4.15.
Differentiating both sides of (4.42) gives us the following ODE for the AT'(t)

%Af(t) =i 2e%¢(t). (4.43)

Moreover, we recall that for a 2-front solution we need on M _ that the take-off curve T, (vp;c)
intersects [, i.e.

Pl = i Ze(l+ o) + 17 BH (1 + 01y
) (4.44)
¢ = TY/Iet3V2Ho(l4va)*T
Z(1+0l)

When we plug this equality for the front speed ¢ (4.44) into the ODE (4.43), we find

p_.. iP5 13/2!
d yoli 17 2Ho(1 +v})
— AT () = 263 * 3 * ) 4.45
dt (8) =2¢ 2(1+v)) (4.45)

Next, we are going to express the right hand side of this ODE (4.45) in terms of AT, at least
implicitly. The front separation distance A" divided by ¢ is, in leading order, equal to the time of
flight T* of our front on M .

The leading order expression for this total time of flight T is found by examining the leading
order of the dynamics on M [, which is given (in fast variable &) by

vee = e*yv. (4.46)
Hence the general solution is

v(€) = Ae” VIE 4 Be = V¢ (4.47)
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To(p:c)®
Figure 4.16: L1AL'(¢) is in leading order the same as the time of flight 7* on M [

We also need the derivative of v(§):
3

ve(€) = 2P Y Ae= V| BemSVIE (4.48)

In turn, the coefficients A and B are determined by the condition that (v(0), v¢(0)/2) = (vi, T (vi;¢)).
Hence

LPrai B = ¢ | Ze(l+vh)y 37 2Ho(1 + vlg?? (4.49)
= e Tquli 3 2Ho(1+0l)?
in the last step we use (4.44). Thus
1P~ 1 1P~ 1
A=0lj 5 2p—Ho(1+ v})*>? and B=3 29— Hoy(1 4 v})3/2, (4.50)
Y Y

The other condition that has to be satisfied is that, when the total time of flight T* along these
hyperbolic orbit segments satisfies 1" = AT, the orbit (v(T™),ve(T*)/e) has to be at the take-off
point (vi,T,F (vs;i ¢)). Looking only at the second condition: ve(T*)/e = T,f (vs;i ¢), and recall

that T; (viic) =i T, (vl;i ¢) (4.27), we find

*

ve(T*) /e = Tf(viic)

p T . ) i p_ ¢ (4.51)
"7 AeSVIT | BemS VT = g 2e(14l) + 2 2H(1 + 0l )P?

after eliminating e and plugging in the value of ¢ (4.44), we get
3 ,

_ o a _ 2P -
pv AeS" VT | Be VTN = p'yvi—i—gp 2Hy(1+v})%/2. (4.52)

We notice that the right hand of (4.52) is equal to P Y¥(Bi A). If we now set z = e VAIT" and
multiply (4.52) on both sides with z, we get

i ¢
P42 B =P3Bi 4)-. (4.53)
Which gives us the solutions z = % or z=j 1. Of course we need the first solution (z is positive
by construction). We obtain
P_.. 1P5 13/2
o—eVAAT _ et AT _ 1_ A ’yv*é_g 2Ho(1 +v})?/ (454)
2TET T P
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Remark 4.9 For <’ V77" = > = B alsothe st condition is fulT led, i.e. v(T*) = v].

*

Thus, rewriting (4.54)
_ 1P 1P
P ol 3 2Hy(1+v1)3/2 = 3 2H(1 + v})3/2e—=vV7AL, (4.55)

If we put (4.55) into (4.45) we get

d = 23, fvn—lfHo(lJrvif :
LAT(t) = 2 Z(irol) -
_ —fHo(1+vl)3'2 e~ VAT () (4.56)

3
= 2% (1)

e 3H," T+ ole-eVTaTw)

The value of v} = vl(t) is given by (4.54), i.e by

1 —szf(t) 1
p— _ _ (4.57)
2Ho(1 + v})3/? Y

Note that this formula can be rewritten into a cubic polynomial in = 1 + v}, which is in principle
solvable. We will examine this cubic polynomial in the next section.

We immediately see from (4.56) that the sign of i AT is completely determined by the sign of Hy,

Corollary 4.10 When we are looking for traveling fronts of the system (4.1), we can conclude
that

if Hg>0, then %AI‘ >0, and the fronts repel;
if Hp<0, then %AF < 0, and the fronts attract.

Remark 4.11 Recall that AT = j ce(t) (4.43), thus for positive H, we have a negative front
speed ¢ and vice versa. This is in agreement with Lemma 4.6 and Lemma4.7.

4.4 Implicit Formula

In this section we are going to investigate the formula for v} (4.57) in detail.

1

ie—s\ﬁAF(t) + 1¢

vy _ 1
3V2Ho(1+0d)¥ =2 VY
: 4.58)
P— , (
T+ol)2—1 p_ i ¢
Carir = b 2ggHy e tRT0 1
We put er 1+ vl =V, such that (4.58) yields
i1 1P-H,
Vil 1 2= (1 + e =VIAT®)) (4.59)

Vs 3 ~
| {z }
g

Notice that G2 [‘/_\/hio 2?3/\_/110]
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4.4.1 Hp>0

For Hy > 0 we also have that

2G>0,

2 G(t) and G*(t) decreases as function of t,

2 in the case of stationary solutions (see Chapter 2); there exists a 1-front if v > %Hg
In the end we have to investigate the cubic polynomial equation

FVgu%ﬂ—k}:O. (4.60)

FV)

First we are going to compute the extremal values of F (V). Therefore we need the derivative of
F tobe0

d 5 B B 2
WF(V)—O) 3GVe; 2V=0) V=0 or V730. (4.61)
We see that F(j1 )= jiF (1 )=il1 and % > 0 because G > 0. Thus we have a local maximum

at V =0 and a local minimum at V = %:

F) = 1 (local) maximum (4.62)
F (%) = 1j ﬁ (local) minimum . :
In a picture
F(V)
/ 2
3G
S N

Figure 4.17: F (V) with G- 5.

We assumed that V' > 0 (positive root) and we want to solve F (V') = 0 (4.60), thus we need

4 4

iy — - 0) G- —. 4.63
e ) 27 (4.63)
This we are going to combine with the condition
[ P~
5Hy 2" 2Hy, . 2H2 SH?
G2 [—p=2, 250, @22 [0 20y 4.64

[ 3y 3y ] | 9y " 9y ) (4.64)
Because G*(t) decreases as function of ¢ there exists a 2-front when

A SHZ 1 HZ ,

— > —, =>—, > 6H;, 4.65

o7 9y 6 ~ Y 0 ( )
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and there cannot exist a 2-front when

4 2H2 2 ,
4 _2Hg 2 , °H2. 4.66
27 "9y 0 35 5 0 TSt (4.66)

When $HZ - ~ - 6Hg we have a 2 front only when our initial AI'(0) is large enough:

SO
1P 2Hs (1 4 e—ﬁAF((O?; oy
3TV 3v3
1 4 e—VFAL(0) %}/I_j (4.67)
i PFAr@©) - m(2¥i
AT(0) , %ln %ﬁ—?. 1).

Let us summarize

Theorem 4.12 Assume the quasi-stationary approximation (section 1.1) is valid. Also assume
that Hy > 0 in (4.1), then for

- %Hg : we have no 2-front solution,

v, 6HZ : independent of AT(0), we have a 2-front solution,

SHE <~y <6H{ : we have a 2-front solution only if AT'(0), j % ln(%}é—j i 1).

The 2-fronts are repelling with speed
S o
c(t) =i %p 2H, (1+ Ui)e‘EﬁAF(t) ,

with a positive v} given by

,Ui efsﬁAF(t) +1
P 2H, (140 T

Remark 4.13 v = 3H? and v = 6H¢ are the limiting valuesof j %ln(%g—j i 1).

Remark 4.14 For Hy > 0 we see that the domain of existene for a 2-front solution degends
on the distance between the two fronts (AI'(0)) and it has shrunk with respect to the domain of
existene for a stationary solution.

4.4.2 Hp <0
When we assume that Hy < 0, and recall that G:= %p 55—%(1 + e~ sV7AT(®) . Then we know
2. G«<0,
2v2H, V2H
2 G2 [ 3\/§o’ Bﬁo] ,

2 G(t) and G?(t) increases as function of ¢ ,

2 in the case of stationary solutions (see chapter 2): there always exists a 1-front independent
of .
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Figure 4.18: J (V)

Just as in the 1-front case, it turns out that things are much easier for Hy < 0. We still have to
solve the cubic polynomial

PV3 i {g/z +1=0, (4.68)

JV)

but now our leading term G is negative.

We have a local maximum at V = 0 and a local minimum at V' = % <0;J(0) =113 (%) =
1j ﬁand‘] (1)=id (i1 )=i1 .BecauseJ (0)=1>0andJ (1 )=il <0, we always
have 1 positive solution of (4.68) (recall that we assumed that V' > 0).

Theorem 4.15 Assume the quasi-stationary approximation (section 1.1) is valid. Also assume
that Hy < 0in (4.1), then we always have a 2-front solution. The fronts are attracting with speed

I < o I
e(t) = | 5 2H, (14 vl)e sVIAr®

with a negative v}, which is given by

Ui e—sﬁAF(t) +1
" 9Hy(1 4+ 0l)3/2 vy '

Remark 4.16 the domain of existene for 2-front solutions and stationary solutions is the same
for Hy <0

45 Limits

In this last section we are going to look what happens to the front speed ¢ for the limits of the
front separation distance AT, i.e AT'(0) ! 0 and AT(0)! 1 . Thus we are going to answer the
question: Is the front speed ¢ a local maximum or local minimum speed in the limits? Note that
we do not know whether the front speed ¢ is monotone, we only know that c is positive or negative
depending on the sign of Hy, see Theorem 4.12 and Theorem 4.15.

We start with a very small initial condition, AT'(0) = 0 in leading order, then we see from Theorem
4.12 and Theorem 4.15 that

p P—

en(t) =1 3 3H, (T+00)

with v! given by



o L P — C .
Thus the limit front speed is given by ¢, = i % 2Hy 1+ v}, but is this a local maximum speed or
local minimum speed for the wave? Again, it turns out that the answer to this question completely
depend on the sign of Hy. Thus we are going to look at both cases separately.

4.5.1 AL(0)! 0and Hy>0

We start with Hy > 0. In Lemma 4.2 we found that equation (4.21) has 2 solutions if and only if
¢m > ¢]. Thus we need

o p_ YA
i% 2Hy 140l > % ipﬁ-l-Ho %:Y
s
P 37 . gt vy VP (4.69)
I1+v, < V2H, | 256 Fo¢2 . i . .
: 9 oigbys 5 2/3  _igGiyz 5 43
Ui < i 1+ﬁg‘+§ 2 ﬁ—o_ | 9 5 Ho
s -
2/3
When we substitute z = g—j (4.69) becomes
. ¢
DEE AT R B RTINS
2
= 2w o gy gl (4.70)
F {z }

K(x)

Note that 2 > 0 by construction and K(z) = 0 for 2 = 271/3372/3 and 2 = 25/3372/3. Because
x = 271/3372/3 is a double zero and K(1 ) =1 we know the shape of K (z)

K(x)

2 1/3 3 2/3

\/\ 25/33 2/3

Figure 4.19: K(x)

By Theorem 4.12 we know that v! needs to be positive, thus

0< v <K(z). (4.71)
Consequently we need
i ¢2/3
z > 2 %
) (4.72)
v > 2HZ.

Remark 4.17 Note that this not a restriction, becauseby Theorem 4.12 v | 6H}.

P
Thus (Figure 4.20, 4.21a we Bnly have a 2-front solution when ¢,, > j %p 2Hy 1+wvl, and we

conclude that ¢,, = i % 2H, 1+ vl is a local minimum speed for Hy > 0.
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_p_
Figure 4.20: For ¢, = j %p 2Hy 1+ v} and Hy > 0 equation (4.21) has two positive solutions

v}, v2. In this figure we look at v}, in the next figure we look what happens for v2. We jump and

* *°
touch down on T)f (v};¢n) = 0 (by construction), thus, by symmetry, we immediately jump back.
When we make c larger our intersection point @} decreases (with respect to v!) and we touch down
on T (9};¢) < 0, thus we have a 2-front solution. When we make ¢ smaller 9. increases and we

land on T (d1;¢) > 0, thus we do not have a 2-front solution.

q q
- u
T, (Vg:C) ~~ T, (Vo € le
o
b 1 2 ~
e ! |£u = — o \_V* 2
/;T/\i\ —————— - - \%
Z- T B S~ ™~ .
7 E E To (VO,E) \A/*2 \\5\ Td (V01C)
2 | i TET Ty (voic)
#~ i i i | S T4 (VO;E)
/\I I = v ¢
v2 V2 v2

Figure 4.21: In this figure we look at v2. We jump and touch down on TJ’ (v2;¢m) = 0 (by con-
struction), thus, by symmetry, we immediately jump back. When we make ¢ larger our intersection
point ¥ increases (with respect to v2) and we land on T (92;¢) < 0, thus we have a 2-front solu-
tion. When we make ¢ smaller 9} decreases and we land on T} (62;¢) > 0, thus we do not have a

2-front solution.
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4.5.2 AT(0)! 0and Hy<0

For Hy < 0 we found in Tgleorem 4.15 that the v} which solves T, (vo; i %p 2H, P IT+wv)\ I¥is
negative. T, (vo; i % 2H, T+ v,)\ ¥ reads
i Zem(1+v,) + %p 2Hy(1 +v,)%% = P Vs
D ) o_ (4.73)
% 2Ho(1 +v,)3% = Ny .
q u q ! .
le IE/,.Td+ (vg;©)
d +
3 Ty (VosCm)
I +
_____ Vi Ty (v D)
= _'_ﬁ 7 — - = Vv
V*l
(Vo3 )
~ To_(VO ; Cm) s
To (VO ; 6) IE

Figure 4.22: For ¢, = i 2p 2H0p 1+ v, and Hy < 0 we jump and touch down on T+(v*,cm) = ()

thus, by symmetry, we immediately jump back. When we make c larger our intersection point o}
decreases (with respect to v}) and we touch down on T}/ (9}; &) < 0, thus we do not have a 2—fr0nt.
When we make ¢ smaller 9 increases and we touch down on T/ (9;¢) > 0, thus we have a 2-front.

= %p §€ o 1+ol vl we bump %nd land on the touch down curve
1 2Hy 1+wvl) = £ 2Hy 1+0l(1+w)i & 2Ho(1+w )3/2. Thus we land on
T (vli 3 gH 1+w.) 0. By symmetry (4.27) we also have Tf(vl; 3 2H, 1+0l) =
L) 14+ wv!) = 0 and we immediately jump back to M . Thus we have a 2-

When we make ¢ a little bit larger, i.e. ¢ = j %p§Hop 1+ ! 4+ O(g). Then 9!, the solution
of T, (vg; €)\ ¥, becomes more negatlve (with respect to vl). After the jump through the fast field
we land on the touch down curve T (vo; &) which is also pulled down with respect to T (vo; ¢m)-
Thus T/ (8};¢) < T (vkem) <0 is negative. Thus we do not have a 2-front solution, see Figure
4.22

On the other hand when we make ¢ a little bit smaller, i.e. ¢ = j %p §H0p 1+wvli O(e). Then
0!, the solution of T, (vg;¢) \ [“, becomes less negative (with respect to vl). After the jump
through the fast field we land on the touch-down curve 7' (vo; ¢) which is also lifted with respect
to T (vo; ¢m). Thus T (01;¢) > Tif (vl;¢m) > 0 is positive. Thus we do have a 2-front solution.
See Figure 4.22.

p p

2H, 1+ v!is a local maximum speed for Hy < 0.

Thus ¢, = j %

Remark 4.18 Thus we concludethat the speed of the fronts increasesas they move closerto each
other. Note that our methads cannot descrite what happens as the fronts meet.
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4.5.3 Ar(0)! 1

When our initial separation distance becomes very large, i.e AT'(0) ! 1 , then we see from Theorem
4.12 and Theorem 4.15 that

ct)y! 0,
the 2-front is standing asymptotically still.

Thus we have the following picture

H,<O:
¢, 0; a local maximum speed ¢=0; a local minimum speed
: b Al
O <0
Hy>0:
C,< 0; a local minimum speed ¢=0; a local maximum speed
AT
O <O

Figure 4.23: For Hy < 0 we have ¢,, > 0 a local maximum speed. For Hy > 0 we have ¢,, < 0 a
local minimum speed.

49



5 Two-front Solutions for the complete problem

In this final chapter we are going to search for a 2-front solution for our original bi-stable reaction
diffusion equation, thus for

Ya
Ut - EQUx@+(1+V| UQ)U

Vi = Vet 1+ Vi U)(HoU? +HV+Hy)j 4V . (5.1)

But we are not going to analyze the problem in full detail (as in the previous chapter), we only going
to look what happens for small ¢, to examine whether the fronts are attracting or repelling. We
also going to look what happens near the bifurcation points vsn, sy and going to look whether,
by interaction of the two fronts, the 2-fronts exists beyond the domain of existence for stationary
solutions. In [4] there is an example where the domain of existence becomes larger for 2-front
solutions. It turns out that for our system this is not the case, it is presumable that the domain
of existence will shrink with respect to Theorem 2.2, and it depends on the initial conditions, see
Remark 5.11.

5.1 Jumping through the fast eld and touching down on M

We are going to do the analysis of fyr problem (5.1) completely geometrically. Again we have to

intersect T, (vo; ) = i %c(l +vo)+ 1+ wvo(a+ PBug) with I¥ =" Fup, thus we search for a vy = v,
such that 9 0
i gc(l—&—v*)—&— 1+ vi(a+ Poy) :pﬁv*, (5.2)
Recall that D " D i
a= §(H2+?0)7ﬁ= §(H1+?0)- (5.3)

For ¢” 0 we found in Chapter 2 the following result (Theorem 2.2)
a) a <0 and S <0. For all v there is a uniquely solution v, < 0 which solves (5.2).
b) a > 0and 8 < 0. For all v there is a uniquely solution v, > 0 which solves (5.2).

c) a<0and 3> 0. For all 7 there are two solutions v} < 0 < v2 which solves (5.2).

p— ¢
d) a, >0 (or Hy, Hy). For v > ysn(a, ) = %I i a®+20aB+86%+ ala+83)3/2 there
are two positive solution v}, v? which solves (5.2). For v < ysn(a, 8) (5.2) has no solutions.
e) 0>a>0 (or H > I—{Lg) For v > vsn(a,8) and 0 < v < Asn (e, B) = él i a?+ 20ap +
8321  a(a+83)3/2 there are two solutions v}, v? which solves (5.2). For Ygn(a, 8) <7y <

~vsn (e, 3) (5.2) has no solutions.

For each of these five cases we are going to look what happens when ¢ becomes unequal to zero,
but small.

Recall that T (vo;¢) = i 2¢(1 + vo) P 1+ vo(a + Bug) and 12 = j pivo, and for stationary
solutions (¢~ 0) we have, by symmetry, immediately a 1-front solution when (5.2) holds.
5.1.1 a)a<0,6<0

There are no bifurcation values for the first three cases (a), b) c)), therefore our analysis is
independent of . We start our analysis with ¢” 0 (just to remind) and afterwards we look what
happens when we make ¢ > 0 and ¢ < 0, but small.
2¢" 0
For ¢” 0 the v, which solves (5.2) is negative.
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TO(VO;C) \\\\ S

Figure 5.1: For a < 0,8 < 0 and ¢ > 0 our 9, which solves (5.2) becomes smaller (with respect
to vy, the solution of (5.2) for ¢ © 0). After the flight through the fast field we touch down on
T(zr (04; ¢), which lies between the line ¢ = 0 and 2, thus we still can have a 2-front.(Again we have
not yet determined its speed, see section 5.2 )

2¢>0
When we make ¢ positive, but small, the take-off curve T, (vo; ¢) decreases with respect to
T, (v0;0), thus the o, which solves (5.2) becomes more negative. The touch-down curve
T (vo; ¢) also decreases for positive ¢ with respect to T (vo; 0) and with smaller @, we land
between the line ¢ = 0 (¢ is small thus our touch-down point stays positive) and 2 thus we

still can have a 2-front, see Figure 5.1.

2 ¢<0
For ¢ negative, but small, the take-off curve T, (vp;c) increases, thus the ¥, which solves
(5.2) becomes less negative, see Figure 5.2. The touch-down curve T (vg;c) also increases
for negative ¢ and with bigger 9, we land on M T above ¢, and we have no 2-front.

q u q e
Ia - Td (Vov c)
Vi Voo Td+(Vo; 0)
\\\\\, \Y

u
Is
T Vg ©) v
s

Figure 5.2: For a < 0,8 < 0 and ¢ < 0 our 0, which solves (5.2) becomes larger. After the flight
through the fast field we touch down on Td+ (¥x; ¢), which lies above [2, thus the solution blows up
and we have no 2-front.

Lemma 5.1 System(5.1) with a < 0,5 < 0, see (5.3), can havea 2-front solution for ¢ positive
(but small). Thus if there exists a 2-front solution the two fronts are attracting.

5.1.2 b) a>0,8<0

2¢” 0
For ¢” 0 the v, which solves (5.2) is positive.
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2¢>0

When we increase ¢, such that ¢ becomes positive (but small) the take-off curve T, (vo; ¢) and
touch-down curve T (vo; ¢) decrease. Thus the new @, which solves (5.2) becomes smaller.
After our flight through the fast field we land on M I with the same v-coordinate, thus we
land under [{ and our solution blows up, see Figure 5.3. Thus we have no 2-front solution.

u

€

ST, (Vg ©)

u

IS

.
Tq (Ve 0)

+
- Td (Vo; c)

Figure 5.3: For a > 0,3 < 0 and ¢ > 0 our ¥, which solves (5.2) becomes smaller. After the flight
through the fast field we touch down on Td+ (¥s; ), which lies under £, thus the solution blows up

and we have no 2-front.

2 <0

When ¢ becomes negative (but small) the take-off curve T, (vo;c¢) and touch-down curve
T (vo; ¢) increase, thus the new 9, which solves (5.2) becomes larger. We land between 12
and the line ¢ =0 on M }. Thus we still can have a 2-front solution, see Figure 5.4.

T, (v 0)

.
Ty(vg ©)

| 7

7/ +

Vv

S

€

Figure 5.4: For a > 0,8 < 0 and ¢ < 0 our o, which solves (5.2) becomes larger. After the flight
through the fast field we land on Tj (0x; ¢), which lies between [2 and the line ¢ = 0, thus we can

have 2-front solution.

Lemma 5.2 System(5.1) with o > 0,3 < 0, see (5.3), can havea 2-front solution for ¢ negative
(but small). Thus if there exists a 2-front solution the two fronts are repelling.

5.1.3 ¢) a<0,6>0

2¢” 0

For ¢ 0 we have two solutions v} < 0 < v? which solves (5.2).

2¢>0

When we increase ¢ the take-off curve T, (vo; ¢) and the touch-down curve T); (vo; ¢) decrease,



thus the new solutions o} < 0 < @2 which solves (5.2) increase in absolute value, see Figure
5.5. After the flight through the fast field we land on M T with the same v-coordinate. Thus
for the negative 9} we land between the line ¢ = 0 and [$ and we can have a 2-front, but
for the positive 92 we land under ¢ and the solution blows up. We do not have a 2-front

solution.
q . q
T, (VO, 0) | u
. €
. T, (Vg ©) \7*1 V*l
7
7 ==
T
v’ €
~1 ~ -
Vi /v*l 7
// I
- 1
! == 7 ~2 v N
- 1~ ViV, Td+(v0; C) ~o Td+(v0; 0)

Figure 5.5: For a < 0,3 > 0 and ¢ > 0 our ¢} < 0 < ¥ which solves (5.22 become larger in
absolute value. After the flight through the fast field we touch down on ch (111 ;¢), which lies, for
both vi?, just under I$. Thus we can have 2-front solution for our negative o, but not for the

other positive solution 2

-

2 ¢<0
When we decrease ¢ the take-off curve T, (vo; ¢) and the touch-down curve T (vo; ) increase,
thus the new @, 92 which solves (5.2) decrease in absolute value, see Figure 5.5. After landing
on M  the positive 92 can still generates a 2-front, the negative 9! does not generate a 2-front
solution, the solution blows up.

q q

Figure 5.6: For a < 0,8 > 0 and ¢ < 0 our 9} < 0 < 92 which solves (5.2) become smaller in

absolute value. After the flight through the fast field we land on Tj (fﬁ 2. ¢), which lies just above
I5. Thus we can have 2-front solution for our positive 92, but not for the other negative solution

o,

Lemma 5.3 System(5.1) with a < 0,6 > 0, see (5.3), can have a 2-front solution when ¢ is
negative and we "jump" throughthe fast "eld with a positive v-coordinate (solution of (5.2)), or c
is positive and we "jump" with a negative v-coordinate.

51.4 d)a, 3>0

For the last two cases (d),e)) we have the bifurcation values ysy and Jsn. Thus we have to
investigate ¢~ 0,¢ > 0,¢ < 0 for several values of 4. For a, [ > 0 we have only one bifurcation
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3

o
value ysn (@, ) := § i @® +20a8+ 867+ ala+86)3/2 .

2 v < ’-YSN(O‘7 ﬁ)
-c¢ 0
We know that for ¢~ 0 there is no solution of (5.2).

—c60
When we change c a little there will still be no solution of (5.2), thus there is no 2-front
solution. See Figure 5.7.

Figure 5.7: For o, 3> 0, v <ysn and ¢~ 0 the take-off curve T, (vg;0) lies entirely above [¥,
thus equation (5.2) has no solution. When we change c a little bit the take-off curve T, (vp; ¢) still
lies entirely above [ and we have no 2-front solution.

2y >98N
-c 0
For v > vsn and ¢~ 0 equation (5.2) has 2 positive solutions v}, vZ.
—c>0

When we make ¢ positive, but small, the take-off curve T, (vg; ¢) and touch-down curve
T (vo;c) decrease. Therefore (5.2) still has two solutions @!,92, but 9! < v! and
92 > v2. This makes that after the flight through the fast field we land on M I under
I2 (for both v-coordinates). Thus we have no 2-front solution. See Figures 5.8 and 5.9.

q u q
1, 1"
== T, (Vg ©)
_ ="
.._Il 1 \
V*V*

Figure 5.8: For a, 3> 0, v > vysn and ¢ > 0 our ¥} which solves (5.2) becomes smaller. After
the flight through the fast field we land on T (#!;c), which lies under [, thus the solution blows
up and we have no 2-front. We draw two pictures in stead of one, because otherwise the pictures
are unclear.
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- . . €
T, (Vg 0) ~ T, (Ve ©)
///
// Iu 2 ~2
€ Vi Vi
| | _ |
//// : \\I Is
== | AR 3
! Vv + \\\T"' -0
Vit Ty (vps©) = a (V6 0)

Figure 5.9: For a, >0, v > vsn and ¢ > 0 our 92 which solves (5.2) becomes larger. After the
flight through the fast field we land on T; (9%; ¢), which lies under [¢, thus the solution blows up
and we have no 2-front.

—c<0

When we make ¢ negative, the take-off curve T, (vg; ¢) and touch-down curve T’ (vo; ¢)
increase, by that the o, 92 which solves (5.2) satisfy o} > v} and 92 < v2. After landing

*9 Uk

on M I we are between [§ and the line ¢ = 0 (¢ small). Thus we can have a 2-front
solution, see Figure 5.10 and 5.11.

Figure 5.10: For a, 3> 0,y > vsx and ¢ < 0 our &} which solves (5.2) becomes larger. After
the flight through the fast field we touch down on T'f (#!;c), which lies between ¢ and the line
q = 0, thus we can have a 2-front solution.

Lemma 5.4 System (5.1) with « p8 > 0, see (5¢’3), can have a 2-front solution when ~ >
sn(a,B) =% i o*+20aB+83%+  a(a+83)32 and c is negative, but small. The fronts of
the 2-front solution are repelling.

Remark 5.5 Note that the domain of existene for which a 2-front solution can exist is until now
equal to the domain of existen® for the stationary solution (Theorem 2.2 c)), but it now also
dependson the sign of ¢. This in contrast to [4] where the domain of existen@ grows for 2-front
solutions.
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Figure 5.11: For a, >0,y > vsn and ¢ < 0 our 92 which solves (5.2) becomes smaller. After
the flight through the fast field we touch down on T (92;c), which lies between [$ and the line
q = 0, thus we can have a 2-front solution.

5.1.5 e)3>a>0

For 8 > a > 0 we have got two bifurcation values ysn (v, ), ysn (e, 3), given by
i a® 42008 + 862 + D ala+ 85)3/2¢
i a2 +20a3+86%)  ala+8B)3/2 .

s (a, B)

1
8 4
Jsn (o, B) = %l (54)

2 sy <7 <7sNn
—c 0
For 4sy < v < vsny and ¢ = 0 equation (5.2) has no solution, the take-off curve
T, (vo; 0) lies entirely above [%.
—c6&0

When we change ¢ a little bit the take-off curve T, (vo;c) is still entirely above [ and
(5.2) has no solution. We thus have no 2-front solution. See Figure 5.12.

q

T, (Vg ©), C<O/ T (Vg 0)

Figure 5.12: For > a > 0, sy < v < vsny and ¢~ 0 the take-off curve T, (vg; 0) lies entirely
above [, thus equation (5.2) has no solution. When we change ¢ a little bit the take-off curve
T, (vo; c) still lies entirely above [ and we have no 2-front solution.

2y <Asn
—c 0
For v < sn and ¢~ 0 equation (5.2) has two negative solutions v}, v2.
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—c>0

When we increase ¢, the take-off curve T, (vg;c) decreases and the new solutions of
(5.2) o}, 02 satisfy: 9 < vl and ©2 > v2. The solutions land on the touch-down curve
TS (vi;¢) on M T with these v-coordinates, but also the touch-down curve T (vo; ¢)
has decreased, thus we land between the line ¢ = 0 and [2. We still can have a 2-front

solution, see Figure 5.13.

q

T_(vy 0) //
o0 /To (Vo ©)

q
N \
\7*1 A V*Z.../z
-y * \\\ + |
Ty (Vg C) Ty (v 0) €

Figure 5.13: For 8 > a > 0, v < ysy and ¢ > 0 our ¥}, 92 which solves (5.2) satisfy 0} < v! and
02 > v2. After the flight through the fast field we land on Td+ (61’2; ¢), which lies between the line

g = 0 and [Z. Thus we can have a 2-front.

—c<0

If, on the other hand, ¢ decreases the take-off curve T, (vp;c) increases and the new

solutions 91,92 of (5.2) satisfy: @ > v! and

92 < v2. This makes that no 2-front

solution is possible, because we land above I on M [, see Figure 5.14.

q
~—J ~
N

| N

v
VERVAEARVERNY

T + . 0 N + I
a Vg 0) \Tg (Vo ©) e

Figure 5.14: For 8 > a > 0, v < sy and ¢ < 0 our 9}, 92 which solves (5.2) satisfy o > vl and
92 < v2. After the flight through the fast field we touch down on T/ (9+7%; ¢), which lies above 15,

Thus we do not have a 2-front.

2 y>9sNn

Forv > ygn,seed) a > 8 > 0and v > ysn, Figure 5.8 and 5.9. For ¢ negative both solutions
of (5.2) can generate a 2-front solution and for ¢ positive their are no 2-front solutions.

Lemma 5.6 System(5.1) with 3 > « > 0, see (5.3), can havea 2-front solution when~ > vygy
and c is negative, but small. The fronts of the 2-front solution are repelling. Or for v < 4g5 and
¢ positive, but small. Then the fronts of the 2-front solution are attracting.
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Remark 5.7 The domain of existen@ for 2-front solutions is again until now the same as the
domain of existene for stationary solutions (Theorem 2.2 d)), but it now also deendson the sign
of c.

Remark 5.8 This chapteris an extension of Chapter 4. When wetake o = g = %p 2H, (H,~

Hy~ 0) in Lemmab5.4 we are back in the previous chapter.

5.2 Front Separation Distance

Like in the last chapter we also need to look at the "time of flight” T, it can not just take any
value, it has to fulfill some ”rule”, which turns out to be an ODE. Again this ODE determines ¢
completely. The computation of this ODE is very similar as in the reduced case with only Hy, see
section 4.3. Therefore we will not do this calculations in full detail.

Again the seperation between the two fronts AT'(¢) is measured by
Z t
AT(t) = AT(0) | 2¢®  c(s)ds, (5.5)
0

or differentiating both sides to ¢

%Ar(t) o (5.6)

For a 2-front solution we know that on M _ the take-off curve T, (vo; ¢) intersects [¥, thus (again)
we have the equality

i §C(1+v*)+pm(a+m*) _P5. (5.7)
Rewriting this in terms of ¢ gives
C:§pm(a+ﬁv*)i p%*. (5.8)
2 1+ v,
When we put this value for ¢ into (5.6), our ordinary differential equation reads
%AF(t) gt 111—;’:(‘“ o) (5.9)

Again we are going to express the right hand of this ODE (5.9) in terms of AT'(¢), this goes exactly
the same as in the previous chapter:

2 The dynamics on M [ is in leading order governed by

vee = e*yv. (5.10)

2 The time of flight T satisfies eT™ = AT'(¢).

Combining this two "rules” give, after some calculation
P YUk | P 1+ vi(a+ fug) = e*EﬁAFp 1+ v (a+ Poy). (5.11)

If we plug (5.11) into (5.9) and use (5.6) we get the following Theorem
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Theorem 5.9 The speed ¢ of the 2-front solution of system(5.1) is given by

1 d 3a+ Pu. _
=i ——AF =i —p— EﬁAF .12
ot) =i 2e3 dt (1) =i 2 14w, ¢ ’ (5.12)

with the value of v, givenby (5.11), i.e. by

Vs efsﬁAF + 1
p—— = p— . (5.13)
1T+ vie(a + Boy) 5

The direction of the fronts is thus determined by «, 3,~ but also by AT(0).

p

Remark 5.10 Note that (4.56) is the sameasin Theorem 5.9, but with o = 8 = % 2H,. The

same holds for the implicit formula for v,.

5.3 Implicit Formula

We could investigate the formula for v, (5.13) the same way as we did in the previous chapter
(section 4.4):

VUn _ el P +1
Vitve (@+Bva) Nai
(vVIFva)? 1 ’ PP e (5.14)
VUn — e +1
VI+va (a+B((vIF+va)2—1)) Vel :
P R ~
Again we put +p 1+ v, =V and we will call % =: G, such that (5.14) becomes
vioi - G
V(atp(V2-1))
2 : (5.15)
V21 _ A
VAV e~ O
Thus we have to solve the cubic equation
GAV3i V24 (aj f)V+1 = 0
. (assume (6 0) (5.16)
~vs3 . 1172 a=p 1 _
GVi Vo+55"V+5 = 0.

The investigation of (5.16) would be more complicated than the investigation of (4.60) and will
not be done in this thesis.

Remark 5.11 This investigation will provide more information about the domain of existene.
Because Chapter 4 is a reduction of this chapter we can expect that the domain of existene@ will
shrink and become dependent of the initial conditions.
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