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Chapter 4

Learning invariance

4.1 Introduction

As demonstrated in Chapter 3, directly applying the learning principle from Chapter 2
appears to create hierarchies of increasing selectivity, but not of increasing invariance. This
lack of invariance severely limits both the utility of the resulting representation and the
robustness of the learning algorithm. In this chapter we explore the possibility that a similar
learning principle can be used to build invariant representations.

One way to learn invariant representations involves using temporal information from
image sequences [8, 17]. The idea is based on the observation that an object persists longer
than any particular view of the object, so a useful invariant representation should be stable
over time. For example, in a typical natural video sequence, the only things that change
over several consecutive frames are things like camera position, illumination, and object
deformations or articulations. These are exactly the types of invariances that we want to
recover and a representation that is stable over time will likely be invariant to these changes.

In this chapter we describe a probabilistic model that tries to capture this idea of temporal
stability. The main point is that this model can be built incrementally and hierarchically in
the spirit of the general learning heuristic in Chapter 2. In particular, temporal suspicious
coincidences indicate deficiencies in the model. These deficiencies can be corrected by adding
a new state to the model. This new state will behave like an invariant feature detector.
Recall that in Chapter 3 we used the same ideas with spatial suspicious coincidences to build
selective feature detectors.

We first describe a general class of models (Sections 4.2–4.3), then a version tailored to
image patches (Section 4.4) and then some very simple experiments fitting the model to nat-
ural (binary) image patches (Section 4.5). Several other methods, like slow feature analysis
[17], have demonstrated that the principle of temporal stability can create representations
with a variety of different invariances (Section 4.6). In light of this, although our experiments
are quite preliminary, they hint at the possibility of iteratively learning hierarchies of both
selectivity and invariance within a common probabilistic framework (Section 4.7).

57



4.2 Hierarchical independent switching models

We want to use the principle of temporal stability to create invariant representations. At the
same time, we would like to follow as closely as possible the spirit of the incremental learning
heuristic in Chapter 2. Most importantly, these newly created invariant representations
should improve our model in a statistical sense. This suggests using new variables to better
model temporal dependencies. The idea of temporal stability further suggests incorporating
dependencies with some form of switching regime model.

For example, suppose the current model contains components that correspond to lines
and edges in an image, but at specific locations, scales and orientations. Suppose also that
the current model assumes that consecutive frames in a video sequence are independent. In
natural video, however, an edge in one frame strongly indicates the presence of a similar edge
in the next frame, perhaps at a slightly different location, scale or orientation. Incorporating
these dependencies would improve the model. One way to incorporate them is with switching
regimes.

For example, a new binary variable Z that is strongly (positively) correlated with itself
could be introduced into the model. When Z = 1, the original model is perturbed so that
a certain collection of edges (presumably, all with similar locations, scales and orientations)
is much more likely. When Z = 0, there is no perturbation. This new variable introduces
temporal dependencies that better model the data. Furthermore, Z will likely behave like an
invariant edge detector if the model is used for (still) image interpretation. This is because
Z = 1 will have higher posterior probability for images that contain any edge in the collection
of edges that Z influences.

We have formalized part of this idea in what we call a hierarchical independent switching
model (HISM). Later we will discuss hidden HISMs (HHISMs), which are a special case
of hierarchical hidden Markov models [7]. A HISM is almost a sequence of probabilistic
context free grammars (PCFGs), but not quite. The notation that we use is quite similar.
Let A = {1, 2, . . . , N, start} be an ordered alphabet, which is composed of terminals T =
{1, . . . ,M}, (M ≤ N), nonterminals V = {M + 1, . . . , N} and a special start symbol. Let
pstart be a probability distribution on Astart = A \ {start} and define qstart = 0. To each
α ∈ V we associate a switching parameter qα ∈ (0, 1], a subalphabet Aα ⊆ {1, . . . , α − 1}
and a probability distribution pα over Aα.

We sample from a HISM as follows. Begin with S1, S2, . . . i.i.d. with distribution pstart
over Astart. For each nonterminal Si, generate Si1, . . . , SiNi

i.i.d. with distribution pSi
over

ASi
, where Ni is geometric with stopping parameter qSi

, that is,

Prob{Ni = n|Si = α} = (1− qα)n−1qα n ≥ 1.

Now, for each nonterminal Sij, generate Sij1, . . . , SijNij
i.i.d. with distribution pSij

over ASij
,

where Nij is geometric with stopping parameter qSij
. Iterate this process until only terminals

remain.
This process creates an i.i.d. sequence of trees, where each Si is a root, where each Si1···im

(m > 1) has Si1···im−1 as its parent and where Si1···in is a leaf if and only if it is a terminal. This
is represented pictorially in Figure 4.1. Each tree is finite with probability one. Each is finite
in depth because of the hierarchical arrangement of the subalphabets Aα ⊆ {1, . . . , α − 1}.
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Indeed, the depth is at most N −M + 1. Because of this and the fact that the geometric
distribution is finite with probability one (each qα > 0), each tree is also finite in breadth.

The distribution on each tree does not exactly correspond with the distribution on parse
trees for any PCFG, although the difference is mostly notational. The problem is that the
production rules for a PCFG are typically constrained to come from a finite set, whereas
here the production rules for each α ∈ V are all finite sequences from Aα. The distribution
on terminals from each tree, however, does correspond with the distribution on terminals for
a PCFG. In particular, the production rules for the start symbol are {start 7→ α : α ∈
Astart} with distribution Prob{start 7→ α} = pstart(α), and the production rules for each
α ∈ V are {α 7→ β : β ∈ Aα}∪{α 7→ βα : β ∈ Aα} with distribution Prob{α 7→ β} = pα(β)qα

and Prob{α 7→ βα} = pα(β)(1− qα).
We do not further explore this connection to PCFGs here, although the PCFG represen-

tation does emphasize an important fact about our choice of geometric distributions for the
N ’s. Another way to think about generating N i.i.d. samples from p when N is geometric
with stopping parameter q is the following. First, generate a single sample from p, then
flip a coin to see if you stop (with probability q of stopping). Repeat this (independently)
until you stop. When you finally stop, the number of i.i.d. samples from p will be a random
variable N with a geometric (q) distribution. That the N ’s can be modeled as a sequence
of independent binary decisions endows HISMs with a Markov structure that we will use
for computation and estimation. In fact, on the appropriate state space a HISM is just a
(strangely parameterized) Markov chain.

4.2.1 Markov formulation

The leaves (terminals) can be ordered from left to right just as they are depicted in Figure
4.1. In particular, leaves from the tree with root Si come before leaves from the tree with
root Sj for i < j, and similarly, leaves from a subtree with root Si1···imi come before leaves
from a subtree with root Si1···imj for i < j. We use T1, T2, . . . to denote the sequence of
terminals thus ordered.

For each Tk we can trace the path through the appropriate tree from its root to Tk. In
particular, if Tk corresponds to Si1···im , then the path is

Zk = (Zk1, . . . , Zkm) = (Si1 , Si1i2 , . . . , Si1i2···im).

One such path is highlighted in Figure 4.1. Notationally, it will be convenient later to
prepend the start symbol to each Zk, so that

Zk = (Zk0, Zk1, . . . , Zkm) = (start, Si1 , Si1i2 , . . . , Si1i2···im).

A HISM thus generates a sequence of such paths Z1, Z2, . . . , where each Zk is an element of

Z = {finite sequences (α0, α1, . . . , αm) : α0 = start, αm ∈ T , αi ∈ Aαi−1
, i ≥ 1}.

It is not hard to see that this sequence is a (homogeneous, first order) Markov chain on the
state space Z.

In general, each sequence Z1, Z2, . . . will be consistent with multiple sequences of trees.
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The end result of this is that the natural parameters of the HISM (the qα’s and the pα’s) do
not conveniently parameterize the transition probability matrix of the corresponding Markov
chain. One way to uniquely specify the sequence of trees is to augment each path Zk with
the switch point Wk from Zk to Zk+1. Wk is the root of the largest subtree containing Tk

and not Tk+1. For example, if Tk = Si1···im and Wk = Si1···ij , then Tk+1 = Si1···ij−1(ij+1)1···1.
An example of the switch point for the highlighted path is shown in Figure 4.1. The switch
point can never be the prepended start symbol.

Define Xk = (Zk, Wk). Then the sequence X1, X2, . . . is a Markov chain on

X = {(z, w) ∈ Z ×Astart : w = zj for some j}.

Henceforth, we will assume that X1, X2, . . . is stationary (that is, the initial distribu-
tion is the stationary distribution) and occasionally we will use notation (like X0) that
makes sense by thinking about X1, X2, . . . embedded in a two sided, stationary sequence
. . . , X−1, X0, X1, . . . .

The transition probability matrix is

p(x|x̃) = Prob(Xk+1 = x|Xk = x̃)

= Prob(Wk+1 = w|Zk+1 = z) Prob(Zk+1 = z|Zk = z̃, Wk = w̃)

= p(w|z)p(z|z̃, w̃),

for x = (z, w), x̃ = (z̃, w̃),

p(w|z) = (1− qz`−1
)

m−1∏
j=`

qzj
and p(z|z̃, w̃) = 1{z0:˜̀−1 = z̃0:˜̀−1}

m∏
j=˜̀

pzj−1
(zj),

where we define ` = `(z, w) and m = m(z) so that w = z` and zm ∈ T with similar
conventions for z̃, w̃, ˜̀, m̃. We define the empty product to be 1 and if m < n ≤ m̃, we
naturally take 1{z0:n = z̃0:n} = 0. These formulas are easy to derive using the description of
a HISM and the alternative representation of the geometric distribution mentioned above.

4.2.2 Maximum likelihood estimation

If we observe a sequence X1:n = x1:n from a HISM, then the above Markov formulation
makes maximum likelihood estimation straightforward. Let P̂ (x̃, x) denote the empirical
distribution of consecutive pairs in x1, . . . , xn, and let P̂ (x) =

∑
x̃ P̂ (x̃, x). The maximum

likelihood estimates for qα and pα are

q̂α =
P̂{x : zj = α, for some j ≥ `(z, w)}

P̂{x : zj = α, for some j ≥ `(z, w)− 1}
, (1a)

p̂α(β) =
P̂{x̃, x : (zj−1, zj) = (α, β), for some j ≥ ˜̀(z̃, w̃)}

λα

, (1b)
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where λα is chosen so that p̂α sums to 1. Note that p̂α does not depend on w and it only
depends on x̃ through ˜̀ so it can be expressed in the same way but in terms of the slightly
simpler empirical distribution P̂ (˜̀, z) =

∑
x̃:z̃˜̀=w̃

∑
w P̂ (x̃, x).

The maximum likelihood estimates are almost local, in the sense that q̂α and p̂α only
depend on relative frequencies related to α and not related to all of the other symbols in
the alphabet. They are not completely local, however, because they also depend on knowing
whether the branch point at some time is above or below α (or whether it is at α’s parent).

Derivation of the MLE equations. We first do some preliminary computations.

log p(x|x̃) = log p(w|z) + log p(z|z̃, w̃)

= log(1− qz`−1
) +

m−1∑
j=`

log qzj
+

m∑
j=˜̀

log pzj−1
(zj).

We can safely ignore the 1{z0:˜̀−1 = z̃0:˜̀−1} term in p(z|z̃, w̃) because for maximum likelihood
estimation we will never be considering pairs x, x̃ for which this term is zero. Differentiating
with respect to qα (α ∈ V) gives

∂

∂qα

log p(x|x̃) =


− 1

1−qα
if α = z`−1,

1
qα

if α = zj for some j ≥ `,

0 otherwise.

Differentiating with respect to pα(β) (α ∈ V ∪ {start}, β ∈ Aα)

∂

∂pα(β)
log p(x|x̃) =

{
1

pα(β)
if (α, β) = (zj−1, zj) for some j ≥ ˜̀,

0 otherwise.

The (conveniently normalized) log-likelihood is

L(θ|x1:n) =
1

n− 1
log Prob(X1:n = x1:n|θ)

=
1

n− 1
log Prob(X1 = x1|µ) +

1

n− 1

n∑
k=2

log Prob(Xk = xk|Xk−1 = xk−1; θ)

=
1

n− 1
log Prob(X1 = x1|µ) +

∑
x̃,x∈X

P̂ (x̃, x) log p(x|x̃; θ), (2)

where θ denotes the qα’s and the pα(β)’s. The final equality comes from collecting terms of
(xk−1, xk) = (x̃, x).

Differentiating (2) w.r.t. qα, ignoring any dependence of the initial distribution µ on θ,
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and making use of our preliminary computations gives

∂

∂qα

L(θ|x1:n) =
∑
x̃∈X

∑
x∈X :

∃j≥`,zj=α

P̂ (x̃, x)
1

qα

−
∑
x̃∈X

∑
x∈X :

z`−1=α

P̂ (x̃, x)
1

1− qα

= P̂{x : ∃j ≥ `, zj = α} 1

qα

− P̂{x : z`−1 = α} 1

1− qα

,

which has the unique critical point q̂α given in the text. The second derivative is always
negative, so q̂α is indeed the MLE for qα.

Using the same assumptions to differentiate (2) w.r.t. pα(β) and using a Lagrangian
multiplier λα to keep pα normalized gives

∂

∂pα(β)

[
L(θ|x1:n)− λα

∑
β′∈Aα

pα(β′)
]

=
∑

x̃,x∈X :∃j≥˜̀

(zj−1,zj)=(α,β)

P̂ (x̃, x)
1

pα(β)
− λα,

which also has the unique critical point p̂α given in the text. Since L(·|x1:n) is concave in
pα, p̂α is the MLE for pα.

4.3 Hidden HISMs

A HISM is just a strangely parameterized Markov chain, not on the alphabet A or on
the terminals T , but on the state space X . For our purposes we will not get to observe
the sequence of states X1, X2, . . . , but rather a sequence Y1, Y2, . . . , such that each Yk is a
(possibly stochastic) function of Xk and such that each Yk is conditionally independent from
all the other Yj’s given Xk. Such a sequence is called a hidden HISM (HHISM). Note that
a HHISM is just a hidden Markov model (HMM).

For example, the kth terminal Tk is a deterministic function of the kth state Xk, so the
sequence of terminals is a HHISM and thus a HMM. (We have already noted that it is also
the concatenation of a sequence of i.i.d. realizations from a PCFG.)

We will restrict ourselves to the situation where each Yk depends not on all of Xk (and
not on k), but only on the terminal Tk. Let Y be the common range of the Yk’s. For each
terminal α ∈ T = {1, . . . ,M}, we denote pα(y) = Prob(Yk = y|Tk = α). (More precisely, pα

is the conditional density of Yk given Tk = α w.r.t. some common measure ν that does not
depend on α.) To sample from such a HHISM, we sample from the HISM as usual and then
sample (independently) from pTk

to get Yk.

4.3.1 Parameter estimation

Given a sequence of observations Y1:n = y1:n from a HHISM with known structure, but
unknown parameters, we can use the expectation-maximization (EM) algorithm [4] to es-
timate the parameters. The EM update equations for the qα’s (α ∈ V) and the pα’s
(α ∈ V ∪ {start}) are exactly like (1) except that we replace the fully observed empiri-
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cal distribution P̂ with the posterior empirical distribution

P̂ (x̃, x|Y1:n = y1:n; qold
α , pold

α )

=
1

n− 1

n∑
k=2

Prob(Xk−1 = x̃, Xk = x|Y1:n = y1:n; qold
α , pold

α ). (3)

The posterior distribution is calculated using the last iteration’s parameters qold
α and pold

α .
Note that we do not actually need the full joint posterior P̂ (x̃, x| · · · ) to use (3), but only
P̂ (x| · · · ) and P̂ (˜̀, z| · · · ).

If the pα’s (α ∈ T ) also need to be estimated, then usually this can also be done using
EM. The weights will be based on the individual posterior terms (usually just Prob(Xk|Y1:n))
inside the summation on the right side of (3). In our experiments below we initially fit (with
EM) the pα’s corresponding to the terminals, but then we leave them fixed while estimating
the nonterminals.

4.3.2 Computing the posterior

For parameter estimation with EM and also for interpretation we need to compute the
empirical (marginal) posterior distribution as in (3). Since a HISM is a HMM, one way
to do this is with dynamic programming using the standard forward-backward equations
for a HMM (see [6] for a review). In many applications where k is conceptualized as time,
including the one here, it is more natural to think about computing the posterior distribution
of Xk given only the present and the past Y1:k. This can be computed recursively using only
the forward part of the forward-backward equations as follows.

Suppose we know κk−1(x) = Prob(Xk−1 = x|Y1:k−1 = y1:k−1) for each x ∈ X . Since the
Markov properties of a HHISM give the general factorization

Prob(Xk−1, Xk|Y1:k) ∝ Prob(Xk−1, Xk, Yk|Y1:k−1)

= Prob(Yk|Xk) Prob(Xk|Xk−1) Prob(Xk−1|Y1:k−1),

where the proportionality constant does not depend on Xk−1 or Xk, we can compute

κk(x̃, x) = Prob(Xk−1 = x̃, Xk = x|Y1:k = y1:k) =
pzm(yk)p(x|x̃)κk−1(x̃)∑

x̃′,x′ pz′
m′ (yk)p(x′|x̃′)κk−1(x̃′)

(4)

and
κk(x) = Prob(Xk = x|Y1:k = y1:k) =

∑
x̃

κk(x̃, x). (5)

The further factorizations of p(x|x̃) and the locality properties of the MLE equations prob-
ably allow for highly efficient computation of these quantities. See, for example, [12] where
efficient inference algorithms are derived for hierarchical HMMs by expressing them as a
special type of dynamic Bayesian network. We do not explore this possibility here.

These recursive relationships are intuitively appealing not only because they do not use
future information, but also (and perhaps more importantly) because they do not require
storing the entire observation history y1:k−1. The only information needed from the past is
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stored in κk−1, the posterior distribution on the states from the last time step. Because of
this, in our experiments below, we will only work with these history-only posteriors.

Note that an intermediate computation gives the posterior distribution κk(x̃, x) on state
pairs given the specific observation sequence y1:k. Averaging this over time (k) gives an
estimate of the joint distribution on state pairs.

PXt−1,Xt(x̃, x) ≈ 1

n

n∑
k=1

κk(x̃, x). (6)

A loose justification of this approximation can be found at the end of this section.
Equation 6 assumes that the observations actually come from the same HHISM that is

used to compute the posterior. Typically, however, the observations y1:n will come from
some other distribution PY−∞:∞ , which we assume to be stationary and ergodic. In this case,
averaging κk(x̃, x) over time gives an estimate of the “world’s distribution on state pairs”
(to use the terminology from Chapters 2 and 3), that is

PXt,Xt+1(x̃, x) = lim
s→∞

EY−∞:∞

[
PXt−1,Xt|Yt−s:t+s(x̃, x|Yt−s:t+s)

]
≈ lim

s→∞
EY−∞:∞

[
PXt−1,Xt|Yt−s:t(x̃, x|Yt−s:t)

]
≈ 1

n

n∑
k=1

κk(x̃, x), (7)

where the first equality is a definition (see the remark below), where t does not matter
because everything is stationary and where the final approximation is just like (6) and is
loosely justified below. The first approximation can be bad and would certainly be better
if we included more future information. It is important to note, however, that this first
approximation does not introduce artifacts, it merely reduces the power of the empirical
posterior distribution for detecting problems with the model.

Comparing (6) and (7) and following the same reasoning from Chapter 2, if (6) is not
satisfied, then this is evidence that the current model differs from the true data distribution
and we may be able to improve the model in light of this evidence.

Technical remark on (7). The subscript Yt−s:t+s refers to the observation se-
quence of the HHISM under the model and specifies the regular conditional distribution
PXt−1,Xt|Yt−s:t+s(x̃, x|·) which is just a function for fixed (x̃, x). If U−∞:∞ is a random
process on Y−∞:∞, then we can evaluate this function on any segment of U−∞:∞, say
PXt−1,Xt|Yt−s:t+s(x̃, x|Ut−s:t+s), and then take the expectation

EU−∞:∞

[
PXt−1,Xt|Yt−s:t+s(x̃, x|Ut−s:t+s)

]
.

Since a HHISM is a finite state, aperiodic HMM, PXt−1,Xt|Yt−s:t+s(x̃, x|·) does not depend
much on the distant future or the distant past and we can expect that the limit of these
expectations exists as s → ∞ under certain regularity conditions like PUt−s:t+s � PYt−s:t+s

for all s and t which ensure that everything is well defined. For the case where U−∞:∞ has
distribution PY−∞:∞ , this is what we mean by the notation in (7).

Heuristic justification of (6) and (7). Continuing the above technical remark, if U−∞:∞
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is stationary and ergodic with PU−t:0 � PY−t:0 for all t, we claim (but do not rigorously prove)
that

f(U−∞:∞) = lim
t→∞

ft(U−∞:∞) = lim
t→∞

PX−1,X0|Y−t:0(x̃, x|U−t:0)

exists a.s. and in expectation, where the two equalities are just definitions. The idea is the
same: PXt−1,Xt|Y−t:0(x̃, x|·) does not depend much on the distant past.

Assuming that this is valid, we can compute

lim
T→∞

T−1∑
t=0

PXt−1,Xt|Y0:t(x̃, x|U0:t)
(a)
= lim

T→∞

T−1∑
t=0

PX−1,X0|Y−t:0(x̃, x|U0:t)

(b)
= lim

T→∞

T−1∑
t=0

ft(ϕ
t ◦ U−∞:∞)

(c)
= EU−∞:∞ [f(U−∞:∞)],

where all of the equalities hold a.s. and in expectation. (a) comes from the stationarity of the
(Xt, Yt)’s; (b) is just a definition, where ϕ is the shift; and (c) is a well known generalization
of the ergodic theorem for bounded r.v.’s (see Durrett [5], Exercise 2.2, p343).

When U−∞:∞ has distribution PY−∞:∞ , then f(·) = PX−1,X0|Y−∞:0(x̃, x|·), so Ef =
PX−1,X0(x̃, x). Approximating the limit with large T (or n in the text) gives (6). When
U−∞:∞ has distribution PY−∞:∞ , the large T approximation is exactly (7).

4.3.3 Temporal suspicious coincidences

Let

P̂Xt−1,Xt(x̃, x) =
1

n

n∑
k=1

κk(x̃, x) (8)

denote the average (over time) of the empirical joint posterior distribution on state pairs
given the past. In the last section we noted that

P̂Xt−1,Xt 6≈ PXt−1,Xt

suggests that there is a deficiency in the current model. There are many ways that this
approximation could fail. In Chapter 2 we noted that a particular type of failure, namely,
a suspicious coincidence, might be a useful class of failures to look for. It turns out that
PXt−1,Xt contains certain independence assumptions that lead to a large class of possible
temporal suspicious coincidences.

The root nodes S1, S2, . . . , are i.i.d. pstart in a HHISM. In particular,

PSK−1,SK
(α̃, α) = PSK−1

(α̃)PSK
(α) = pstart(α̃)pstart(α)

for α̃, α ∈ Astart. Note, however, that the “time scale” (K − 1, K) for the root nodes
S1, S2, . . . is different from the “time scale” (t−1, t) of the state sequence X1, X2, . . . . This is
because each Sk is typically the root for a (possibly long) sequence of (consecutive) terminals
Ti, . . . , Tj,which is easy to see in Figure 4.1. Since we demarcate time with the terminals, the
temporal sequence of roots Z11, Z21, Z31, . . . relative to the terminals is typically not i.i.d. (It
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is a HMM.) So, for example, Sk = Zi1 = · · · = Zj1. Nevertheless, because the states space
X specifies the switch point, we can easily derive PSK−1,SK

from PXt−1,Xt .
Measuring time according to the terminals, the root node Zk1 is chosen i.i.d. from pstart

exactly when the previous switch point was the previous root node, that is, Z(k−1)1 = Wk−1.
One way to see this is to note that Z(k−1)1 = Wk−1 means that Tk−1 and Tk do not belong to
the same tree. So Z(k−1)1 corresponds to the root, say SK−1, of some tree and Zk1 corresponds
to the root SK of the next tree. This gives the formulas

PSK−1,SK
(α̃, α) = Prob(Z(k−1)1 = α̃, Zk1 = α|Z(k−1)1 = Wk−1)

=

∑
x̃:z̃1=w̃=α̃

∑
x:w=α PXt−1,Xt(x̃, x)∑

x̃′:z̃′1=w̃′
∑

x′ PXt−1,Xt(x̃
′, x′)

,

PSK−1
(α̃) =

∑
α

PSK−1,SK
(α̃, α) and PSK

(α) =
∑

α̃

PSK−1,SK
(α̃, α).

Assuming stationarity, these do not depend on the specific value of K, so PSK−1
= PSK

=
PS = pstart.

We can similarly define PSK−1,SK
and P̂SK−1,SK

by replacing PXt−1,Xt with PXt−1,Xt , defined

in (7), and with P̂Xt−1,Xt , defined in (8), respectively. One type of temporal suspicious
coincidence, then, is when

P̂SK−1,SK
(A×B) � P̂SK−1

(A)P̂SK
(B).

This assumes that the empirical marginals match the model’s marginals P̂S ≈ PS = pstart.
Usually, EM will ensure the validity of this approximation.

Once a suspicious coincidence like this has been detected, it is not clear exactly how to
improve the model and remain within the HHISM class. A slightly simpler type of suspicious
coincidence is one of the form

P̂SK−1,SK
(A× A) � P̂SK−1

(A)P̂SK
(A). (9)

In this case, there is a natural way to modify the current model and incorporate the temporal
dependency evidenced by the suspicious coincidence. In particular, a new nonterminal α =
N + 1 with children Aα = A can be appended to the model and to the set of possible
roots Astart. If the other model parameters remain relatively stable, then this new node will
perturb the model and create temporal dependencies among the nodes in A. Note, of course,
that the nodes in A do not now have dependencies when they are the root nodes. Rather,
the new model allows the elements of A to appear in non-root positions in the state space
and thus to have dependencies by virtue of a common parent α.

4.3.4 HHISMs and invariant feature detectors

The principle of temporal persistence suggests that a HHISM fit to natural image sequences
might capture certain types of invariances. The sequence of observations Y1, Y2, . . . , repre-
sents the image sequence, perhaps consecutive frames of natural video. The terminals T
represent the states in a model for single images, perhaps something analogous to the mod-
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els in Chapters 2 and 3. Without any nonterminals, a HISM is just an i.i.d. sequence of
terminals from pstart, so a HHISM is just an i.i.d. mixture model. In this case, each frame
of the image sequence would be modeled independently.

If the HHISM has nonterminals, however, then these introduce dependencies into the
sequence of observations. Since natural video contains dependencies across frames, a HHISM
fit to natural video will presumably have many nonterminals to capture these dependencies.
Typically, in a HISM, when a nonterminal α appears in Zk, then it will appear in Zk+1

and vice-versa. The presence of α is thus temporally stable and the principle of temporal
stability suggests that (the presence of) α might capture some invariance.

One way to fit a HHISM is to determine the structure a priori and then use a learning
method like EM to fit the parameters. Another way, more in the spirit of Chapter 2, is to
incrementally add nonterminals to capture newly identified dependencies (and use EM to fit
the parameters). We focus solely on this latter method. In particular, we will use the ideas
from the previous section to detect and incorporate temporal suspicious coincidences into a
HHISM fit to sequences of natural image patches.

4.4 An image patch model

In Section 4.5 we experiment with fitting HHISMs to sequences of 4×4 binary image patches.
For the conditional distribution on the data given the terminals, we use the same single image
patch model described in Chapter 3. The only difference is that now we are using 4×4 patches
with M possible terminal states. M − 1 of these states can be thought of as an ideal patch
with some small probability α of i.i.d. pixel noise (flips). The last state corresponds to “no
ideal patch” and each pixel is i.i.d. Bernoulli(β), where β ≈ 0.5.

These M terminal states are shown in Figures 4.2 and 4.3 for two different data sets that
we experiment with below. They were learned from the data just like the ideal patches in
Chapter 3 except all local maximum were kept, not just those whose empirical probability
exceeded 2−16. For each data set, the prior probability distribution on the M states and
the two noise parameters α and β were fit with EM. These are also shown in Figures 4.2
and 4.3. The respective data models (that is, α and β) were held constant throughout the
experiments.

Our initial experiments with this terminal-only model were plagued by a persistent prob-
lem. The most striking suspicious coincidences were always each terminal transitioning to
itself, as would be expected of course. So the model immediately became the M terminals
along with M corresponding nonterminals, where each nonterminal had a single (unique)
terminal in its set of children (that is, Aα was a single terminal for each α ∈ V). This is
a very sensible model, but we had a lot of difficultly fitting it with EM. Finding a good
initialization was particularly difficult.

An easy remedy was to remove each terminal from the set of possible roots Astart once
it is connected to its corresponding nonterminal (or equivalently, to set pstart(α) = 0 for
α ∈ T ). There are several other equivalent ways to think about this.

The first is that it is just a modeling assumption. Instead of the initial HISM model being
only M terminals (and therefore i.i.d.), the initial model has M terminals T = {1, . . . ,M}
and M nonterminals V = {M +1, . . . , 2M} with Aα = {α−M} and Astart = V . Effectively,
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the initial model builds in the assumption that terminals should persist somewhat over time.
Another way to think about it is to change the formulation of a HISM so that each

terminal α has its own qα. Once selected, it is repeated for N times where N is random
with distribution geometric(qα). So, in the case of a HHISM, each terminal does not gen-
erate a single observation from its data distribution pα, but rather N i.i.d. samples from
pα. Compared to the previous formulation, this effectively merges each terminal with its
corresponding nonterminal into a single node. The only downside of this formulation is that
a HHISM with only terminals is no longer an i.i.d. mixture model (unless all of the qα’s
are 1), and there is something appealing about beginning with i.i.d. and then incorporating
dependencies.

Either way, fitting this model with EM worked well (and there are half as many states,
which is nice computationally). To summarize:

1. The empirical distribution of 4×4 binary image patches was used to generate M − 1
sparsely distributed ideal patches.

2. These ideal patches along with a “no patch” state define an i.i.d. hidden mixture model
on observed image patches with two parameters α and β. These two parameters and
the M prior probabilities (M − 1 parameters) were fit to the empirical distribution of
image patches using EM.

3. The M states in the mixture model were labeled as terminals in a HHISM and each ter-
minal was connected to a unique nonterminal. Only the M nonterminals were included
in Astart. The M qα’s and the M − 1 parameters in pstart were fit on image patch
sequences using EM based on the average empirical history-only posterior distribution.
The data model parameters α and β were held constant.

4. This initial HHISM was the starting point for the experiments below.

Just to reiterate, creating a unique nonterminal for each terminal is consistent with the idea of
model building using suspicious coincidences. Self-transitions among terminals are the most
suspicious coincidences in the data. (In fact, they are exactly the suspicious coincidences
selected by the greedy search algorithm used at later stages and described below.) What
is perhaps not consistent is then removing the terminal from Astart as this is not a minor
perturbation of the old model.

4.5 Experiments

4.5.1 Data sets

We experiment with two fundamentally different types of data, simulated video and actual
video. Each is based on the concatenation of about 10000 different subsequences of 1000
frames each, for a total of about 10 million image patches.

In the simulated video each subsequence of 1000 image patches was created by slowly
moving a 4×4-pixel window (of fixed orientation and scale) over an image. About 200
different images were used and 50 different subsequences were taken from each image. The
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images came from a large collection courtesy of Hans van Hateren and described in [14].
The gray-scale images were first converted to log-images, then reduced in size to 512×768
pixels (by averaging disjoint 2×2-pixel neighborhoods) and then converted to binary by
thresholding each image at its median intensity value. This is the same data set used in
Chapter 3, but with different preprocessing, so examples of the content of the images can
be seen in Figure 3.1. The M − 1 = 67 ideal patches derived from this data set and used as
the terminals were only based on spatial information and are shown in Figure 4.2.

The window movement process was created with an ad hoc smoothed 2D random walk in
the image plane that we do not describe in detail here. When the random walk reached the
edge of the image, it jumped to the other side. This happened less than 0.3% of the time.
Ignoring these large jumps, the distribution on the absolute change in location (2D Euclidean
distance in pixels) for consecutive time steps had the following empirical properties: mean
= 1.4, median = 1.4, stddev = 0.8, 12% no change, 96% change of 3 pixels or less. An
example of 100 consecutive frames produced by this process is shown in Figure 4.4. The
specifics of the process undoubtedly affect the results, but we have not experimented with
different methods of producing simulated video.

In the other type of data set each subsequence of 1000 image patches was created by
taking the sequence of image patches in a fixed 4× 4-pixel window of actual video. 12
different videos were used and 750 different subsequences were taken from each video. The
videos were also courtesy of Hans van Hateren and are described in [13]. The videos are all
taken from the window of a moving vehicle. Although, the camera position is not the same
in each video, all movement directions are certainly not equally represented in the videos.
There are also periods with a lot of glare that saturates the images.

Every two (disjoint) frames were time averaged (as recommended) so that the resulting
video rate was 25 frames/second with 4800 frames/video and 128×128 pixels/frame. Each
frame was then independently converted to binary by thresholding with its median intensity.
An example of 100 consecutive frames of a 4×4-pixel patch is shown in Figure 4.5.

The M − 1 = 89 ideal patches derived from this data set and used as the terminals were
only based on spatial information and are shown in Figure 4.3. Note that many of them are
just noise and could be reasonably pruned based on their incredibly low prior probability,
but this would just complicate things. (The 2−16 pruning seems slightly too severe.)

4.5.2 Finding suspicious coincidences

Once the initial HHISM was trained, the average empirical joint posterior distribution on
states P̂Xt−1,Xt was used to compute the average empirical joint posterior distribution on

root nodes (at switch times) P̂SK−1,SK
as described in Section 4.3.3. In the initial HHISM

this is a M×M matrix.
We want to find suspicious coincidences of the form

P̂SK−1,SK
(A× A) � P̂SK−1

(A)P̂SK
(A),

so each of the candidate suspicious coincidences is identified with a subset A of the possible
root nodes. Recall that in the initial model, each root node is one of the M nonterminals,
each of which is uniquely associated with one of the M terminals. So we can identify each
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candidate suspicious coincidence with a subset of the M terminals. There are thus on the
order of 2M different possible suspicious coincidences of the form that we are considering.
(Recall that M is either 68 or 90 in our two data sets, so this is a large number.)

One way to begin to visualize the results is with the following matrix, whose positive
entries are shown on the left in Figures 4.6 (simulated video) and 4.7 (actual video):

C[i, j] = log2

P̂SK−1,SK
(αi, αj)

P̂SK−1
(αi)P̂SK

(αj)
.

The reason this is useful is that if A × A is a suspicious coincidence for which it is appro-
priate to model with a (single) new nonterminal, we might expect that all pairs αi × αj,
for αi, αj ∈ A, are also suspicious coincidences (though not necessarily of the form that we
are considering). So pairs for which C[i, j] > 0 are candidates to be included in the same
suspicious coincidence A × A. The larger the value of C, the stronger the departure from
independence.

Perhaps this is better visualized with the symmetric matrix

G[i, j] = 1{C[i, j] > 0}1{C[j, i] > 0},

which is shown on the right in Figures 4.6 and 4.7. Ignoring the diagonal terms, this can be
thought of as a connectivity matrix between the M states in the model, where two states are
connected exactly when each is more likely to switch to the other than would be predicted
by independence.

Any clique of the graph defined by G has the property that each of its members is more
likely to switch to each of its other members than would be predicted by independence.
Except for any problems introduced by the caveat that we ignored self-transitions, each
clique of the graph defined by G is a suspicious coincidence. All of the maximal cliques
in this graph are represented in Figures 4.8–4.11 (simulated video) and Figures 4.12–4.15
(actual video). So any subset from these figures is (up to the caveat) a suspicious coincidence.

The cliques are far from random, but show a lot of interesting patterns that are consistent
with the intuition that temporal suspicious coincidences in a HHISM should discover certain
natural invariances. Naturally, collections of patches that might best be called translation-
invariant are strongly prevalent, but so are collections that appear phase-invariant (which is
just translation-invariance for a texture), contrast-invariant (which is just phase-invariant for
a texture with features about the same size as the image patch), rotation-invariant and scale-
invariant. These latter two are somewhat unintuitive in the simulated video but can perhaps
be explained by a fixed window moving linearly over a curved edge or over a feature that
is changing in scale (like a tapering tree-branch or something with perspective distortion),
respectively. The results for the simulated video are overall more symmetric and less noisy
than the results for the actual video.

Just as a sanity check, we generated a random graph with the same number of connections
(as the simulated video). It only had cliques of size two, three and four and as a whole, these
cliques did not tend to show any easily interpretable invariances (a few did, of course). We
also experimented with various clustering algorithms based on using the matrix C ∨ 0 as
a similarity measure, for example, hierarchical clustering. Each of these tended to cluster
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perceptually similar patches closer together, as one might expect.

4.5.3 Selecting suspicious coincidences

There were 2423 cliques and 123 maximal cliques in the simulated video data set (and similar
magnitudes for the actual video). The sparse coding principles mentioned in Chapters 2 and
3 suggest that we do not want to introduce each one as a new node into the model. And,
even if we did, this would drastically increase the computational demands.

One way to introduce sparsity is to partition Astart into disjoint subsets A0, . . . , An,
where each Ai × Ai (i ≥ 1) is a suspicious coincidence (and A0 is a possibly empty subset
of unused elements), and only add these suspicious coincidences to the model. Of course,
we want the subsets Ai to be as suspicious as possible. It also seems reasonable to prefer
smaller subsets as larger ones could be built out of these smaller ones later in the hierarchy,
but not vice-versa.

We will describe a (doubly) greedy heuristic that creates such a partition. The algorithm
describes how to choose the next subset Ai given the previously chosen subsets A1, . . . , Ai−1.
(Recall that A0 is the special set of unused elements, which is only defined at the end
of the procedure.) Ai only depends on the previously chosen subsets through the subset
Di = Astart \

⋃i−1
j=1 Aj, which is just the collection of elements that have not yet been chosen.

Let D1 = Astart = V . To create Ai ⊆ Di we first create subsets Bα
i ⊆ Di for each nonterminal

α ∈ Di, where each Bα
i is created independently using the following greedy algorithm:

• initialize Bα
i = {α}, α ∈ Di

• while any β ∈ Di \Bα
i has

P̂SK−1,SK
(Bα

i ∪ β ×Bα
i ∪ β)

P̂SK−1
(Bα

i ∪ β)P̂SK
(Bα

i ∪ β)
>

P̂SK−1,SK
(Bα

i ×Bα
i )

P̂SK−1
(Bα

i )P̂SK
(Bα

i )
(10)

set Bα
i = Bα

i ∪ β∗, where β∗ maximizes the left side of (10) over Di \Bα
i

• end

Once the Bα
i ’s are created, create Ai with the following greedy step:

Ai = arg max
Bα

i :α∈Di

P̂SK−1,SK
(Bα

i ×Bα
i )

P̂SK−1
(Bα

i )P̂SK
(Bα

i )
.

Now remove the nodes in Ai from consideration by taking Di+1 = Di \ Ai. Repeat until all
the nonterminals are gone (in which case A0 = ∅) or until some Ak × Ak is not a suspicious
coincidence (in which case A0 = Dk).

Figures 4.16 (simulated video) and 4.18 (actual video) show those elements of the result-
ing partition that contain two or more nonterminals. Most of the suspicious coincidences
contain only two nonterminals and nearly all can be characterized by translation (or phase)
invariance. Figure 4.17 shows the partition on a different simulated video data set (the same
images but without preprocessing – accidentally). We include it because it demonstrates
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that the greedy heuristic can create subsets with more than two nonterminals and because
it gives an example of using the process on a data set that the terminals were not directly
derived from.

4.5.4 Building higher levels

Once the suspicious coincidence A × A has been selected for inclusion into the model, the
model is updated with a new nonterminal α that has children Aα = A and α is added to
Astart. The new model can be fit in the same manner using EM.

We have not explored how to initialize the new model. Recall that we avoided this prob-
lem initially by removing terminals from Astart once they were in Aβ for some nonterminal
β. We could continue this, but then parts lower in the hierarchy would not be reusable, at
least not using our method of finding suspicious coincidences by looking only in the root
nodes. Furthermore, one of the important aspects of a parts-based model is that the parts
are allowed to happen independently, without having to be composed into a larger whole.

We used the suspicious coincidences (shown in Figures 4.16 and 4.18) from the greedy
partition algorithm to update the model. For the simulated video, this meant the addition
of 25 nonterminals, each of which had two unique elements of the original nonterminal layer
in its respective children set (Aα). For the actual video, this meant the addition of 15
nonterminals, 13 of which had two children and 2 of which had three children.

The partition algorithm sometimes returns a single node. We ignored these suspicious
coincidences, since they can presumably be captured by lowering that node’s qα, which we
lowered by 10%. For each new node α, we set pstart(α) equal to 90% of the total probability
(in pstart) of its children and reduced each of its children by 90%. We set each pα to the
uniform distribution over its children and we set qα equal to 90% of the mean of the qβ’s of
its children. We did not change any of the other parameters in the model. Then we fit the
model using EM in the same manner as before.

After training, we looked for suspicious coincidences in the same way. Figures 4.19
(simulated video) and 4.20 (actual video) show the next level of suspicious coincidences that
were found with the greedy selection algorithm. Some of the suspicious coincidences involve
only nodes in the original nonterminal layer. Others involve the new nonterminals. The new
nonterminals are visualized with the collection of 4×4-binary patches that correspond to all
of their children which are then connected with lines. These could be added to the model as
before to create a new layer of nonterminals and so on, but we have not tried it yet.

In many ways, iterating the model at this stage is not the interesting thing to do. Ideally,
after building a level of invariance using temporal suspicious coincidences, now we would
build a new level of selectivity using the invariant features in a manner analogous to that of
Chapter 3. We do not explore this here, although we anticipate some of the issues that are
likely to arise in Chapter 5.

4.6 Related work

The idea of using temporal stability to learn invariant representations has been explored by
several authors. We mention a few important examples. A more thorough collection of early
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references can be found in [17]. Földiák (1991) [8] described a neural network model that
included a temporal Hebbian-like synapse. This tended to create units with activity that
slowly varied over time. Wallis and Rolls (1997) [15] embedded a temporal coherence criterion
within a biologically inspired hierarchical neural network model. They also experimented
with natural image sequences (but not natural video).

Becker (1993) [1] presented an algorithm based on maximizing the mutual information
between the vector of hidden states at two successive time steps. This tends to create units
that are temporally stable over short sequences and that have high information content over
long sequences. Although the details and applications are quite different, the idea of using
an information theoretic criterion is very close in spirit to the underlying motivation for our
work here.

In more recent work, Wiskott and Sejnowski (2002) [17] introduced the slow feature anal-
ysis (SFA) algorithm which explicitly maximizes a temporal stability criterion to create a
collection of whitened (and potentially nonlinear) units whose activities are slowly varying
over time. In particular, SFA searches over a predetermined, finite-dimensional vector space
of stimulus-response functions to find those functions whose temporal derivatives have small-
est variance (subject to the whitened constraint). They also experiment with hierarchical
collections of SFA units.

Berkes and Wiskott (2002,2003) [2, 3] experiment with SFA over quadratic functions
using simulated natural images sequences, generated in a similar manner to the simulated
sequences used in this paper. They find that the quadratic SFA criterion leads to a variety of
different types of low-level invariances. Still restricted to quadratic nonlinearities, Hashimoto
(2003) [9] modifies the SFA criterion to emphasize rarely changing signals instead of slowly
changing signals by creating a cost function that seeks to make the distribution of tempo-
ral derivatives sparse. He experiments with natural video and finds receptive fields with
invariance properties qualitatively similar to those of complex cells in V1. Because of the
tight connection between sparsity and information theory, there are some strong underlying
similarities to our work.

One interesting aspect of most of these models is that a temporal stability criterion leads
to both invariance and selectivity. This is in contrast to (and arguably more elegant than)
our approach, which creates selectivity through spatial dependencies and invariance through
temporal dependencies. A clear example that temporal stability can create selectivity is
[10, 11], where Gabor-like linear receptive fields are produced by a temporal stability criterion
applied to natural video. Since the units are linear, they cannot have classical invariance
properties and can only show selectivity.

There is a variety of other work that is similar to ours in that it tries to model temporal
sequences of images, but that does not directly consider the idea of invariance. Typically, the
focus of this work is to explicitly model the temporal dynamics, which we did not do. Again,
we only mention a few examples. Hierarchical HMMs [7] are more general than HHISMs.
They have been applied to unsupervised learning in a variety of contexts, including natural
video, for example [18], although the details and applications are quite different from the
work here. The computer graphics literature also contains several related lines of work. See,
for example, [16], where a generative model for texture motion is trained on natural video and
then used for texture motion synthesis. It would be interesting to see if the texture motion
work could be modified to simultaneously learn temporal dynamics and static invariance.
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4.7 Discussion

We developed a class of models called hidden hierarchical independent switching models
(HHISMs) that happen to be peculiarly parameterized HMMs. The parameterization is
designed to create temporally stable regions in the state space. Temporal stability is a
common method for creating invariant representations; and in our experiments with natural
image sequences, these temporally stable regions do indeed correspond to certain natural
invariants.

Another important aspect of HHISMs is that they lend themselves to the general model
building framework of Chapter 2. In particular, temporal suspicious coincidences can be
detected and incorporated into the model in order to better model temporal dependencies in
the data. Invariance is essentially a by-product of creating a better statistical model. This
parallels the ideas in Chapter 3 where spatial suspicious coincidences were used to detect
spatial dependencies and selectivity was the by-product of a better model.

Naturally, this brings up the following question: In what sort of models would the incor-
poration of spatio-temporal dependencies have both selectivity and invariance as a (simulta-
neous) by-product? Presumably spatio-temporal suspicious coincidences would be a useful
method for detecting these dependencies.

Whether it be simultaneously, in alternating stages or in some other manner, combining
invariance and selectivity into a hierarchical framework brings up certain potential prob-
lems. In particular, invariance at one stage hides information that might be important for
selectivity at a later stage. We discuss this in more detail in the next chapter.
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Figure 4.1: This figure shows an example of a sample from a HISM. The roots S1, S2, . . . are
i.i.d. samples from pstart. For each root Sk, its immediate children Sk1, . . . , SkN are i.i.d. samples
from pSk

and the number of samples is random with distribution geometric(qSk
). This process

repeats for each nonterminal and always eventually ends with all terminals. The terminals can be
arranged into a sequence T1, T2, . . . . Each terminal Tk is associated with a path Zk through its
respective tree from the root (or more conveniently from start) to itself. The path corresponding
to Z4 has been highlighted. The sequence of Zk’s is a Markov chain. If we augment Zk with
information about how the tree branches from Zk to Zk+1, say with Wk, which is the node just below
the branch point, then the sequence of Xk = (Zk,Wk) is also a Markov chain and is conveniently
parameterized.
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6.5e−003 6.5e−003 6.3e−003 6.3e−003 5.6e−003 5.6e−003 5.3e−003

5.2e−003 2.9e−003 2.8e−003 2.8e−003 2.8e−003 2.6e−003 2.6e−003

2.6e−003 2.6e−003 2.5e−003 2.5e−003 2.5e−003 2.5e−003 2.4e−003

2.4e−003 2.4e−003 2.4e−003 9.3e−004 9.2e−004 8.5e−004 8.4e−004

8.3e−004 8.2e−004 8.1e−004 8.1e−004 7.5e−004 7.3e−004 7.3e−004

6.9e−004 3.6e−004 2.9e−004 2.5e−004 2.0e−004 2.0e−004 1.3e−004

1.3e−004 1.1e−004 1.0e−004 9.9e−005 9.8e−005 9.6e−005 9.6e−005

7.8e−005 7.7e−005

Figure 4.2: (Simulated video) The terminals for the HHISM are represented by the 67 “unusual”
4×4 patches found in binary images along with the “no patch” state (solid gray). The mixing
proportions for each terminal (as estimated by EM) are shown above each patch.
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3.9e−001 3.9e−001 7.4e−002 1.4e−002 1.4e−002 1.4e−002 1.3e−002 1.3e−002 1.3e−002

6.8e−003 6.7e−003 6.6e−003 6.6e−003 6.4e−003 6.4e−003 2.2e−003 2.2e−003 1.9e−003

1.9e−003 1.8e−003 1.5e−003 8.8e−004 8.7e−004 7.8e−004 7.6e−004 7.1e−004 7.0e−004

6.8e−004 6.6e−004 5.8e−004 5.7e−004 5.6e−004 5.4e−004 5.1e−004 5.0e−004 4.7e−004

4.2e−004 3.4e−004 2.8e−004 2.6e−004 1.1e−004 9.4e−005 9.2e−005 6.8e−005 3.1e−005

2.9e−005 2.9e−005 2.8e−005 3.6e−006 3.4e−006 3.2e−006 3.2e−006 2.9e−006 2.3e−006

2.2e−006 2.1e−006 1.1e−006 7.8e−007 1.3e−007 6.2e−010 4.7e−026 7.5e−029 1.7e−031

1.4e−031 1.7e−032 1.3e−034 8.3e−035 7.3e−035 5.5e−035 4.6e−035 4.2e−035 8.9e−036

1.4e−039 9.8e−040 8.2e−040 4.3e−040 4.2e−040 2.6e−040 1.9e−040 1.5e−040 1.2e−040

1.1e−040 1.0e−040 7.5e−041 6.8e−041 6.0e−041 4.9e−041 4.3e−041 4.2e−042 2.8e−042

Figure 4.3: (Actual video) The terminals for the HHISM are represented by the 90 “unusual” 4×4
patches found in binary natural video along with the “no patch” state (solid gray). The mixing
proportions for each terminal (as estimated by EM) are shown above each patch.
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Figure 4.4: From left to right and then top to bottom, this figure shows the first 100 frames of an
example simulated video sequence.
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Figure 4.5: From left to right and then top to bottom, this figure shows the first 100 frames of an
example actual video sequence.
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Figure 4.6: (Simulated video.) The matrix on the left is the log2 likelihood ratio for observed versus
expected switching frequencies across all terminal pairs (as described in the text). Negative values
are set to zero. The matrix on the right essentially indicates which values are positive from the
matrix on the left.
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Figure 4.7: (Actual video.) The matrix on the left is the log2 likelihood ratio for observed versus
expected switching frequencies across all terminal pairs (as described in the text). Negative values
are set to zero. The matrix on the right essentially indicates which values are positive from the
matrix on the left.
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Figure 4.8: (Simulated video.) The maximal cliques in the graph defined by the connectivity matrix
on the right in Figure 4.6. This figure continues until Figure 4.11. Each clique is represented by
a horizontal sequence of patches. Larger breaks or a new line separate the different cliques. The
only meaningful order is that the larger cliques come first.
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Figure 4.9: (Simulated video.) A continuation of Figure 4.8.
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Figure 4.10: (Simulated video.) A continuation of Figure 4.8.
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Figure 4.11: (Simulated video.) A continuation of Figure 4.8.
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Figure 4.12: (Actual video.) The maximal cliques in the graph defined by the connectivity matrix
on the right in Figure 4.7. This figure continues until Figure 4.15. Each clique is represented by
a horizontal sequence of patches. Larger breaks or a new line separate the different cliques. The
only meaningful order is that the larger cliques come first.
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Figure 4.13: (Actual video.) A continuation of Figure 4.12.
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Figure 4.14: (Actual video.) A continuation of Figure 4.12.
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Figure 4.15: (Actual video.) A continuation of Figure 4.12.
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10.360 8.368 7.985 7.255

6.967 6.653 6.593 5.051

4.998 4.779 4.534 3.832

2.408 2.376 2.290 2.272

2.256 2.209 2.126 2.066

2.033 1.691 1.653 1.467

1.454

Figure 4.16: (Simulated video.) Each group represents the children of nonterminals added to the
HISM. The groups were selected from all subsets of suspicious coincidences by using a greedy
procedure described in the text. The numbers to the right of each group are the log2 likelihood
ratios.
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15.114 11.047 7.973

6.303 5.932 5.779

5.669 5.177

5.125 5.094 5.081

3.055 2.149 1.693

1.491 1.463 1.442

1.439 1.412 1.407

1.366 1.349 1.273

1.248 1.174 1.137

1.124

Figure 4.17: (Simulated video.) This is just like Figure 4.16 except that it came from a different
data set. It illustrates that the greedy selection procedure can result in groupings of more than two
children.
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7.258 5.691 5.538

4.799 4.634 3.005

2.861 2.814 2.496

2.303 1.724 1.524

1.447 1.385 1.159

Figure 4.18: (Actual video.) Each group represents the children of nonterminals added to the HISM.
The groups were selected from all subsets of suspicious coincidences by using a greedy procedure
described in the text. The numbers to the right of each group are the log2 likelihood ratios.
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3.207 1.424

1.660

0.933

0.285

Figure 4.19: (Simulated video.) Adding the nonterminals indicated in Figure 4.16, fitting the
model and then using the greedy partition procedure again gives the above suspicious coincidences.
Elements of the new nonterminal set are visualized by showing their children connected with lines.
The numbers to the right of each group are the log2 likelihood ratios.

5.253 2.524

0.789 0.604

Figure 4.20: (Actual video.) Adding the nonterminals indicated in Figure 4.18, fitting the model and
then using the greedy partition procedure again gives the above suspicious coincidences. Elements
of the new nonterminal set are visualized by showing their children connected with lines. The
numbers to the right of each group are the log2 likelihood ratios.
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