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Abstract of “Topics on Statistical Theory and Applications,” by Heng Lian, Ph.D.,
Brown University, April 2007

This thesis includes four chapters, each dealing with a different topic of statistics.

In Chapter 1, after introducing the biological problem that serves as the motiva-

tion for our work, we present the detail of our model for sequence segmentation. As

an extension of the well-known Hidden Markov Model (HMM), our model is a hier-

archical Bayesian model which uses a continuous mixture of Gaussian distributions

to model the variations within each state. Detailed and efficient algorithm and esti-

mation procedure based on dynamic programming will be presented after the model

is set up. We estimate the hyperparameters using the empirical Bayesian approach

aided by stochastic Expectation Maximization(EM) algorithm. The number of states

can be estimated by computing the data likelihood conditioned on the estimated hy-

perparameters. We applied our model to the biological problem of delineating regions

of human genome with different levels of sensitivity. After that, we will present some

variants and extensions of our hierarchical model. We first give a simpler model that

is easier to estimate. Then we present a fully Bayesian approach for model selection,

where a procedure similar to sequential importance sampling (SIS) is proposed for

the updating of the posterior for the hyperparameters, which is more efficient than

brute-force importance sampling. The possibility of extending the model to take into

account Markov dependence is discussed.

In Chapter 2, we study the image superresolution problem using a variational

approach. In our new approach, we use a formulation inspired by works in dimension

reduction in the machine learning community. We approximate each pixel value by

a linear combination of its neighbors, based on the provided low-resolution image,

and extrapolate the pixel values in the high-resolution image. This new algorithm

is demonstrated to better preserve the structure of the image by preventing over-

smoothing as usually happens in other approaches.



In Chapter 3, we make some contributions to the theory of consistency and rates

of convergence of the nonparametric Bayesian models. In the first part of this chapter,

we study the consistency of posterior distribution in estimating step functions. This

requires a slight extension of the existing theory to the case with observations that

are non i.i.d. In the second part of the chapter, we give a simple proof of rates of

convergence of posterior distribution under model misspecification, based on a key

identity that has previously been exploited only in the well-specified case.

In Chapter 4, we extend the theory of reproducing kernel Hilbert spaces in order

to deal with functional data models with functional response. This theory provides a

new framework for functional regression that has clearly better performance in dealing

with nonlinear models. We also show that our new estimator performs better than

other simplistic ones such as the kernel regression estimate.

ii



Contents

1 Hierarchical Change Point Model for Tiled-array Sequence Segmen-

tation 1

1.1 Introduction to the Segmentation Problem . . . . . . . . . . . . . . . 2

1.2 Basic Hierarchical Bayesian Model . . . . . . . . . . . . . . . . . . . . 10

1.2.1 A hierarchical model . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.2 Forward recursion and backward sampling . . . . . . . . . . . 16

1.2.3 Empirical Bayes . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.2.4 Stochastic Expectation-Maximization . . . . . . . . . . . . . . 26

1.2.5 Why I do not see stochastic EM converge? . . . . . . . . . . . 29

1.2.6 Yet another stochastic EM . . . . . . . . . . . . . . . . . . . . 33

1.2.7 Missing observations . . . . . . . . . . . . . . . . . . . . . . . 36

1.2.8 Numerics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1.2.9 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1.2.10 Connections with GHMM . . . . . . . . . . . . . . . . . . . . 41

1.2.11 Analysis of computational complexity . . . . . . . . . . . . . . 43

1.2.12 Summary of the basic model . . . . . . . . . . . . . . . . . . . 45

1.3 Application to Biological Data . . . . . . . . . . . . . . . . . . . . . . 46

1.3.1 Biological background . . . . . . . . . . . . . . . . . . . . . . 47

1.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

1.4 Variants and Extensions of the Basic Model . . . . . . . . . . . . . . 57

iii



1.4.1 A simpler model . . . . . . . . . . . . . . . . . . . . . . . . . 58

1.4.2 Fully Bayesian model selection . . . . . . . . . . . . . . . . . . 60

1.4.3 Calculating marginal probability from posterior samples . . . 67

1.4.4 Markov dependence . . . . . . . . . . . . . . . . . . . . . . . . 68

1.4.5 Multiple arrays . . . . . . . . . . . . . . . . . . . . . . . . . . 71

2 Variational Image Superresolution 74

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.2 local structure estimation . . . . . . . . . . . . . . . . . . . . . . . . 77

2.2.1 Connections to LLE . . . . . . . . . . . . . . . . . . . . . . . 77

2.2.2 Comparison with Digital TV Filter . . . . . . . . . . . . . . . 78

2.3 super-resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

2.4 experimental result . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3 Nonparametric Bayesian Asymptotics 84

3.1 Consistency of Bayesian Approximation with Step Functions . . . . . 87

3.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.1.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.1.3 Misspecification of the Prior . . . . . . . . . . . . . . . . . . . 93

3.1.4 Changing Priors . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.1.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.2 Rates of Convergence of Posterior under Misspecification . . . . . . . 97

3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.2.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.2.3 Rates of Convergence . . . . . . . . . . . . . . . . . . . . . . . 100

3.2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4 Functional Data Analysis with Functional Repreducing Kernel Hilbert

Spaces 106

iv



4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.2 Functional reproducing kernel Hilbert spaces . . . . . . . . . . . . . . 110

4.3 Models for functional data . . . . . . . . . . . . . . . . . . . . . . . . 112

4.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.4.1 Simulation study . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.4.2 Application to the weather data . . . . . . . . . . . . . . . . . 119

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5 Conclusions 124

v



List of Tables

1.1 Some hyperparameters estimated for a 4-state model, including hyper-

mean, transition probability, and the segment length parameters. For

the transition probability, the number 1e-6 appears multiple times be-

cause this is the minimum transition probability allowed in our imple-

mentation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

1.2 Some descriptive statistics. . . . . . . . . . . . . . . . . . . . . . . . . 52

4.1 Results for the simulation study . . . . . . . . . . . . . . . . . . . . . 117

vi



List of Figures

1.1 Illustration of a segmentation for a piece of the data, with k = 5. Note

that δ0 and δ1 are both in the closed state, but there is a change point

at c1. Confidence bands are put in the graph to show different means

and standard errors for each segment. . . . . . . . . . . . . . . . . . 13

1.2 A data sequence (dotted) with the posterior mean of the hidden pa-

rameter µ (solid) computed from 500 samples . . . . . . . . . . . . . 24

1.3 Log likelihood computed with training data excluded, conditioned on

the estimated hyperparameters. . . . . . . . . . . . . . . . . . . . . . 50

1.4 AIC (solid) and BIC (dotted) both suggest a 4-state model. . . . . . 51

1.5 Prediction of our model shown in the UCSC genome browser. The top

panel is the raw data, the middle is the centroid, the bottom is the

uncertainty. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

1.6 QQ-plots for the residual vs. Normal of our hierarchical model for (a)

data in nonsensitive region (b) data in intermediate sensitive region (c)

data in minor HS (d) data in major HS. . . . . . . . . . . . . . . . . 54

1.7 QQ-plots for the residual vs. Normal of the standard 4-state HMM

for (a) data in nonsensitive region (b) data in intermediate sensitive

region (c) data in minor HS (d) data in major HS. . . . . . . . . . . . 55

1.8 Top: sequence data. Bottom: probability of change. . . . . . . . . . . 72

1.9 Times series simulated from model AR(1) with standard Gaussian

noise. Top: β = 0.9. Bottom: β = −0.9. . . . . . . . . . . . . . . . . 73

vii



2.1 The linear coefficients computed in our method and digital TV filter

is quite different for a simple image . . . . . . . . . . . . . . . . . . . 81

2.2 Comparison of interpolation results. Upper Left: original high-resolution

image. Upper Right: bicubic interpolation, PSNR=26.9. Lower Left:

our method, PSNR=27.6. Lower Right: digital TV filter, PSNR=26.9. 82

2.3 Comparison of results on fingerprint image. Upper Left: original high-

resolution image. Upper Right: bicubic interpolation, PSNR=16.3.

Lower Left: our method, PSNR=16.8. Lower Right: digital TV filter,

PSNR=16.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.1 Comparison of the GCV with the error computed from validation data.

The solid curves are the GCV estimates, the dashed curves are the error

computed from validation set. The curves are shifted and normalized

to show the shape of the curves rather than its absolute magnitudes. 118

4.2 Daily weather data for 35 Canadian stations, the curves plotted here

result from using smoothing splines to fit the raw data. . . . . . . . . 120

4.3 Raw data (points) and predictions (solid) of log precipitation for four

weather stations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

viii



Chapter 1

Hierarchical Change Point Model
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Segmentation
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1.1 Introduction to the Segmentation Problem

Biological advancement in recent years has generated a huge amount of data that

poses new challenges for both theoreticians and practitioners in various fields includ-

ing mathematics, computer science, and engineering. Most traditional methods in

statistics and related fields are not able to efficiently deal with this kind of data,

either because of the long computation time involved for large data set or, more

seriously, because the model do not fit the real-world biological data well.

Biological sequence analysis accounts for a major part of efforts put into compu-

tational biology in the past century. Numerous works have been done trying to find

biologically meaningful and important signals hidden in a sea of data that is composed

of a few discrete symbols. The problems studied include sequence comparison[41], un-

usual sequence detection[48], motif discovery[83], just to name a few. The merits of

these analyses are multifold. These sequences can be coding segments, analysis of

which will lead to new discovery of their physical properties which have important

implications for gene function. Comparison of coding sequences for unknown genes

can give researchers an educated guess of its functionality by relating it to some

other known genes. There is also increasing interest in looking at non-coding regions,

which usually contain regulatory elements that control the expression level of some

nearby genes. Analysis of the repetitive patterns in these sequences will often reveal

functional elements in these regions.

Almost all models that have been proposed for sequence analysis require some

distributional assumptions for the background in order for the segments of interest

to be discriminable. The power of detection algorithms depends critically on the

strength of the signal. The stronger the signal, the easier it is to distinguish it from

the background. One omniscient assumption underlying most of these models is that

the background consists of homogeneous regions, with each letter independent iden-

tically distributed from the background model. These assumptions make theoretical

analysis and inference tractable. A more general assumption that is sometimes used is
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that of Markov dependence, which is more realistic for many biological data. Higher

order Markov dependency has been utilized by some which also demonstrates that it

leads to a better biological model. Validity of these models are critical in the com-

putations of various statistics, such as the p-value. Unfortunately, all these models,

however complicated they are, have one drawback in common. The parameters for

the background model are assumed to be fixed for the whole sequence under study.

This assumption is reasonable with relatively short sequences because the underlying

distribution generally change slowly. As longer sequences are becoming available for

study nowadays, especially after the completion of the human genome project (HGP)

in 2003, the importance of dealing with inhomogeneity of sequence is being realized

by most researchers in this field. The traditional assumptions are insufficient to deal

with such long sequences. Traditional assumptions lead to models that is not valid

in the present situation, which in turn produces analysis results that are at least in-

accurate and can possibly lead to totally incorrect conclusions. Development of new

models and inference procedures is an urgent task. We hope this thesis will be one

step in this direction.

Although the importance of incorporating inhomogeneity into consideration when

building a mathematical model has been widely recognized, to this day, this problem

is still not well studied, let alone solved. Nevertheless, some approaches have been

proposed to address this problem. For example, in [45], the authors take into account

the local variations in the composition of DNA sequences by estimating background

model parameters using only a part of data in a window around regions of interest.

Using locally adaptive estimate in place of global computation is an important step

forward. A major problem of this and other related approaches is the more or less

arbitrary decision made in the choice of the window size. A window with a size that is

too small will make inferences unduly influenced by data that should not be included

in the background model and thus give inaccurate estimates. A window size that is

too big will potentially include several regions with different background characteris-
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tics that should be considered separately. Although statistical and signal processing

literature has provided us with some theoretical analysis of adaptive estimation[61],

these procedures either do not provide a computational method or the computational

procedure is too complicated and does not perform well in practice.

One promising approach was laid out in [54]. Using Bayesian approach, they pro-

posed a segmentation model that can automatically learn the number of regions that

have different underlying characteristics. Aided by an efficient dynamic programming

algorithm, they are able to obtain the exact posterior distribution over the number

of segments each with its own underlying parameters. Various statistical inference

procedures can be carried out with little effort. Our model is basically an extension

of this line of thinking.

In the above we only considered sequence data that consist of a finite number

of letters. For example, a DNA sequence is composed of four types of nucleotides,

A, T, C, and G, a protein sequence consists of about 20 amino acids. For proteins,

we can also consider the sequences as consisting of fewer letters by grouping amino

acids according to their different characteristics, like hydrophobicity, charge, weight,

etc. Study of sequences of this discrete nature played a critical role in 20th century

computational biology.

A major technological breakthrough in system biology is the use of microarray for

studying gene mechanisms. A microarray is a glass slide which contains thousands of

spots imprinted by an accurate machine, which can grab DNA pieces from a sample

prepared and print them onto the array. A microarray can contain sample DNA from

genes of interest, with each probe containing thousands of cDNA fragments from a

single gene, or it can be a tiled array that is imprinted with probes that cover long

regions of the genome or even the whole genome. The DNA sample, which has been

dyed with some color, is hybridized to the array. In experimental design, more often

than not, another sample of DNA is prepared and hybridized to a separate array

which acts as a controlled study for comparison. The array is then scanned by a laser
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scanner which produces an image that shows the intensity of each probe. If the sample

contains a high concentration of DNA fragments that is complimentary to a probe on

the array, the image will show a spot with high intensity in the corresponding position.

A tiled microarray produces new type of data which we will call generalized sequence

data. Instead of a finite number of possible letters, the tiled array produces sequences

consisting of intensities or transformed intensities after preprocessing, which should be

modeled as a continuous variable. A considerable amount of noise can be introduced

into the data due to point tip variation, dye variation, etc. So the data need to

be normalized both within a single array and cross different arrays before further

analysis. In the controlled experiment, which should ideally consist of data that

is presumably homogeneous across the total covered regions, the inhomogeneity of

intensities is still present due to underlying biological and experimental variations.

Segmentation of biological sequences is a well-studied problem. An excellent re-

view on this topic can be found in [10]. Here we will briefly discuss Hidden Markov

Model (HMM) and change point model since our proposed new approach borrows

strength from both of these two models. HMM is arguably the most frequently used

model for data that has multiple distinct underlying states. The HMM model as-

sumes that there is an underlying Markov chain for the observed data sequence. All

the information contained in the observations is conveyed by this underlying process.

HMM is essentially a mixture model where each state represents one component. For

an HMM, each observation sequence {Yt} is modeled by the statistical relationship

with its underlying state sequences {Xt}. HMM is an example of the more general

Graphical Models. There are two kinds of constraints imposed on those sequences.

The first constraint stipulates that {Xt} is a Markov chain, i.e. Xt is independent

of X1, . . .Xt−2 if Xt−1 is given. The second constraint requires that given Xt, Yt is

independent of all other variables. Formally, we have the following generative model

5



by the above constraints:

P ({Xt, Yt}T
t=1) = P (X1)

T∏

t=2

P (Xt|Xt−1)
T∏

t=1

P (Yt|Xt)

Although the underlying process is constrained to be a Markov chain, the marginal

distribution of the observations can have long range dependency. In fact, it has been

shown that the HMM is universal in the sense that it is dense in the space of essentially

all finite-state discrete-time stationary processes[36]. This result probably explained

the many successful applications in various areas.

The type of HMM that concerns us is HMM with continuous observations, where

the likelihood model P (Y |X) is a continuous distribution. There are two sets of pa-

rameters for an HMM. One for the discrete time, finite state Markov chain, with D×D

transition matrix aij and usually also prior distribution πi, where D is the number of

states for the Markov chain. The other set of parameters is for the likelihood model,

implicitly contained in P (Y |X)(emission probability). Here we only consider a normal

likelihood model, so the parameters are the mean and variance for each state (µ, σ2).

HMM has been successfully applied in many fields such as speech recognition[84],

natural language processing[16], protein structure prediction[17], and numerous new

applications are being explored as we speak. There also exist many extensions and

variants of HMM, including so-called profile HMM, pair HMM, factorial HMM, pop-

ulation HMM. Extension of HMM to high dimensions is call Hidden Markov Random

Field (HMRF). There also exists continuous state HMM generally called state-space

model, and even continuous-time HMM used in engineering applications. A particu-

lar extension of HMM that will be of interest to us later is the Generalized Hidden

Markov Model(GHMM), also called Hidden semi-Markov Model(HSMM). Instead of

emitting one observation at each time step, multiple observations are made per state.

The number of observations per state is random and can be modeled by a discrete

distribution such as a Geometric distribution. The limitation of the Geometric dis-
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tribution has led to the development of other duration models, using continuous

distribution such as normal or Gamma, which produces more flexible models. Our

model has some similarity with the GHMM, and this connection will be spelled out

in detail later.

Many algorithms for learning and inference under an HMM are well-known. Maxi-

mum likelihood estimation can be applied if training data are available. Traditionally,

Baum-Welch algorithm (a particular instantiation of the celebrated EM algorithm)

was used for unsupervised model learning. The inference for the hidden states can

be achieved with forward-backward algorithm. Finally, a single most probable state

sequence can be found with the Viterbi algorithm, a form of dynamic programming

not unlike one used in the forward-backward algorithm. These exact inference pro-

cedures can be extended to almost all its variants extensions. For more complicated

models, very large datasets, or more complex state space, these algorithms are some-

times too slow. In those cases, people have come up with different approximate al-

gorithms. Gibbs sampling[35] and, more generally, the Metropolis-Hasting algorithm

are valuable tools for this purpose. Gibbs sampling works by repeatedly picking a

site along the sequence (either deterministically scanning through all sites, or pick-

ing randomly), and sample the state at this site conditioned on the states for other

neighboring sites that was sampled in previous iterations. More recently, variational

inference [47] and variational Bayesian inference [3] provide an interesting alternative.

These approaches usually proceed by artificially adding independence assumptions to

the variables, and the inference is done under this extra assumption which make the

problem much more tractable. Although there exist some theoretically proven bounds

for this kind of approximation, it is unclear how accurate it is. There is also a trade-

off between using simpler models with exact inferences and using complicated models

with approximate inferences, this is investigated to some extent in [12].

As we discussed above, sequence data usually exhibit localized characteristics.

The implication of this for the mathematical model that we want to build is that
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we need to delineate sequence into distinct segments which have different underlying

distributions. Also, information that is common to the whole sequence should be

shared for efficient inference and estimation. Change point model is usually used to

fulfill this mission. Although it is called a change point MODEL by many researchers,

it is really a concept that group together many mathematical models that all try to

solve a class of similar problems. The underlying assumption of a change point model

is typically that there are certain points along the sequence where there is a sudden

change of distributions. Specifically, for a sequence {Xt}, suppose the distribution

of Xt changes to a different distribution after c1 observations, and then changes to

yet another distribution after c2 − c1 more observations, then c1 and c2 will both

be change points, and observations within one fixed segment Xc1+1 . . .Xc2 will be

assumed to come from the same distribution. Perhaps the simplest case which is also

most useful in practice is changes of the distribution mean. It is not hard to imagine

more complicated type of changes, like changes in higher order moments, changes in

dependence structure, etc. We can even assume nonparametric changes in which we

only know that some aspect of the distribution is changed, but no other more concrete

information is available.

Many different approaches to the change point problem have been proposed. Many

split-and-merge algorithms can be utilized as a global approach. Locally weighted

regression [27] developed in the time series literature can be also used with minor

changes. If the observations are i.i.d. from the underlying distribution, an HMM is a

natural modeling tool. In an HMM, different states can be connected with different

emission distributions. If the underlying state changes at a point, the following ob-

servations will rise from a different distribution. A contiguous stretch of subsequence

with the same underlying state will be considered as a homogeneous segment.

One implication of the Markov assumptions of the HMM is that the length of

a contiguous segment within the same state is geometrically distributed, since at

each time step, the chain has a fix probability of staying at the same state as in the
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previous time step, a short-memory property characteristic of the Geometric distri-

bution. Using geometrically distributed random variables for modeling durations in

this kind of situations is largely perceived as a convenience for inference rather than a

reality-based modeling choice. Real world sequence data with known segmentations

rarely exhibit the geometric length distribution. GHMM can solve this problem by

explicitly modeling the length with certain more flexible distributions such as nor-

mal or Gamma discussed above, with some increase in computation time. Dynamic

programming-like recursion for GHMM is typically an O(n2) algorithm, quadratic in

the length of the sequence, whereas the computational complexity of HMM increases

only linearly with sequence length. Note that the continuous counterpart of the geo-

metric distribution, the exponential distribution, is a special case of Gamma, so the

Gamma distribution is really a generalization of the Geometric distribution in some

sense. GHMM has been widely used in speech recognition and biological sequence

analysis, but it has another problem in common with HMM.

Although HMM can be used in an abstract context where the state space is per-

ceived only as a finite set that has no ordering or meaning, in biological problems,

the investigator usually has some rough a priori belief about how many states should

be reasonably considered in a multi-state HMM, using field-specific prior knowledge.

The states will typical have some biological interpretation, rather than just a symbol

used to distinguish one from the other. For example, they might prefer to assign one

state to the part of the sequence that is of interest, and another state to model the

background sequence. More states can be assigned to both the foreground and the

background model to distinguish subsequences with a finer scale. HMM is built on

the hypothesis that each state has a fixed distribution attached to it. As discussed

above, since inhomogeneity is the norm rather than exception in sequence data, a

simple distribution like a normal distribution with state-specific mean and variance

cannot accommodate such variations within the state. In order to achieve a better

fit for the data at hand, many more states are typically required, which not only
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increases considerably the computation time needed, but more seriously, the model

becomes difficult to interpret. Even if it can fit the data closely, biologists will find

such kind of model unappealing. Another worry one may have is that allowing so

many states will tend to overfit the data, which will produce a model that has low

generalization capacity. A conceptually viable approach is using a more complicated

emission distribution other than normal distribution for each state. Complicated dis-

tributions lead to complicated estimation problems. When dealing with the situation

that the normal model is inadequate, which is a recurring issue in applied statistics,

a cure-all solution favored by some is to replace the normal distribution by a finite

mixture of normal distributions. Using this in HMM is equivalent to increasing the

number of states, which is not a satisfactory solution as discussed above. We propose

a Bayesian model that can be regarded as a continuous mixture of normal distribu-

tions. By exploring the conjugacy property for standard parametric distributions,

inference and estimation problems using our model can be efficiently solved.

We also realize that the characteristics of a sequence usually change gradually, so

a model that specifies a specific point of change might not be appropriate depending

on the applications. One would prefer to have a model that shows a gradual change

in the sequence, instead of abrupt occurrence of events. We will return to this point

in Section 1.3, where we argue that this problem is at least alleviated by our inference

procedure.

1.2 Basic Hierarchical Bayesian Model

1.2.1 A hierarchical model

We model the data as observations from a multi-state Markov chain. In the usual

HMM approach, each observation with a given state is modeled as being drawn from

a specific distribution, most frequently a normal distribution. As illustrated in the
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next section we find that using this simple approach does not fit our data well. To

address this poor fit, we designed a hierarchical model that uses a continuous mixture

of normals to model each state, that is, we put a prior on the mean and variance of

the observations given the state. Within each state, there can be different means and

variances for different parts of the data. It turns out that the hidden parameters con-

sisting of means and variances of our observations can be integrated out analytically,

as well as the location of the change points. This observation means our model has

roughly the same computational complexity as the GHMM, which is quadratic in the

length of the sequence.

Our model is based on the model in [54]. The modifications and extensions we

made to that model include the following:

1. We extend the model to the continuous case where observations are modeled as

continuous random variables. This change essentially imposes no extra technical

difficulty, if conjugate priors are used as in the discrete model, which makes

explicit integration possible.

2. We embed the segmentation model in [54] into the traditional HMM model,

and build a new hierarchical Bayesian model. So our segmentation model is

comprised of a hierarchical structure where neighboring segments are first or-

ganized into contiguous pieces with the same state, and observations arise from

the concatenation of segments from different states.

3. In [54], the hyperparameters are assumed to be given, which may be unsat-

isfactory from a statistical point of view. We propose a principled method

to estimate these hyperparameters within the empirical Bayes (EB) paradigm

combined with a stochastic version of the EM algorithm. We show that the

essential steps required by the EM algorithm is made possible by utilizing the

forward recursion and backward sampling approach.

4. Data with incomplete observations are frequently encountered in practice. The

11



hidden variables can also be considered as missing data. In fact, a large amount

of work has been done to address the difficulty in inference arising from the exis-

tence of hidden variables, which are regarded as missing data, including the EM

algorithm which is specifically designed for this purpose. In this work, we use

missing data to refer to some regions of the sequence that is purely unobserved,

producing gaps in our data. Many well-known more or less complicated algo-

rithms like imputation can be used to solve this problem. We show that within

our framework, the inferences can proceed without recourse to the imputation

procedure. This is done by using the most common trick of Bayesian inference

— integrate as much as you can to get rid of all variables that you consider as

a nuisance. In contrast, in almost all previous biological applications, the most

frequently adopted strategy is to just ignore the missing observations.

5. Instead of using one model with a prespecified number of states, we use the

data itself to help us select the appropriate number of states. For the problem

that will be described in the next section, this is important since the biologists

do not agree on how many biologically meaningful states there should be in the

data.

Specifically, the model can be described as follows. Let us assume for now that we

know the distribution on the length of each segment, for each of the states, and we

know the transition probabilities between the states. Suppose the maximum number

of change points is kmax. A particular segmentation can be denoted by a vector

A = {δ0, c1, δ1, c2, . . . , δk−1, ck, δk}, 1 ≤ c1 < c2 < . . . < ck < n, where n is the

length of the sequence, ci is the ith change point, and δi is the state between its

neighboring change points taking value in the set of possible states {1, . . . ,D}. For

our application in the next section, the states are actually ordered with 1 representing

the state with the smallest mean and D representing states with the largest mean.

For our discussion now, these states have no concrete meanings, and may well be

described with other symbols instead of integers. Note that by convention, for two
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neighboring segments, the last observation of the first segment will be considered as

the change point between the two, so the state at the change point ci is δi−1. Figure
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Figure 1.1: Illustration of a segmentation for a piece of the data, with k = 5. Note that
δ0 and δ1 are both in the closed state, but there is a change point at c1. Confidence
bands are put in the graph to show different means and standard errors for each
segment.

1.1 shows an example with five change points {ci}5
i=1 in which the first two substrings

are found to be in state 1, but these two adjacent substrings each has its own mean

(solid lines) and variance (dash-dotted lines). As the figure illustrates, the means

of the substrings in state 1 are substantially lower than those in state 2, which are

in turn much lower than those of state 3. The recursion marginalizing over change

points and transitions which we will present in the following is an extension of the

recursion used by Liu and Lawrence (1999)[54], but adds state transition terms like
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those in HMMs. It differs from an HMM in that it does not permit state transitions

at every observation but only at the change points. In turn, the change points can be

anywhere and are also inferred from the data. Marginalization over substring means

and variances is achieved by integrating over these in the hierarchical models. These

marginalization steps greatly reduce dimensionality of the space of unknowns, and

thus substantially reduce the potential for over-fitting.

If we assume that the state assignment for all segments is a Markov chain, then

the prior probability of A before observing the data is

p(A) =

k∏

i=0

pδi(ci+1 − ci + 1) · π(δ0)

k−1∏

i=0

K(δi, δi+1)

where pδ(l) is the probability of the length of one segment being l, given the segment

state is δ, K is the transition probability between states with initial distribution π.

Note that we put transition probabilities between segments, instead of between each

data point as in the traditional HMM. From another point of view, this is same as

assuming multiple observations per state, as in GHMM. Also, the transitions between

the same state is allowed. In a GHMM, it does not make too much sense to allow

transitions that stays in the same state, although this point is rarely mentioned,

and GHMM usually proceed without this constraint, probably just for convenience.

Larger units consisting of one or more adjacent segments with the same state are

called “fragments”. We set c0 = 0 and let ck+1 be the last position in the sequence.

From now on, for clarity of exposition, we always consider ck+1 to be the last change

point of the sequence, so the number of change point is the same as the number of

segments, and we will not distinguish between these two.

Given the segmentation A, the mean and variance for each segment is generated
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from normal − inverse− χ2 distribution

µi|σ2
i , A ∼ N(µ

(h)
δi

,
σ2

i

k
(h)
δi

) (1.1)

σ2
i |A ∼ Invχ2(ν

(h)
δi

, σ2
δi

(h)
)

Those parameters with superscript (h) are hyperparameters that need to be specified

or estimated from the data. We will refer to the µ and σ in the above as hidden pa-

rameters, and the segmentation A itself as the hidden variable. Each of the segments

has a different mean and variance associated with it, and these mean and variances are

independently drawn from one of D priors. Which prior to draw from is determined

by the state of the segment. The individual mean and variance for each segment is

used to model the variations in different segments, even when they come from the

same state. The shared information within one state is contained in the priors that

are used for the whole sequence.

With segmentation A and µi, σi given for each segment, the observations are

naturally modeled as normal with given mean and variance:

yci+1:ci+1 |µi, σ
2
i , A

iid∼ N(µi, σ
2
i ) (1.2)

where we used the notation yi:j = {yk|k = i, i + 1, . . . , j}. Note (1.1) and (1.2)

are exactly the conjugate pairs that is used in [34] which make analytic integration

possible.

In summary, our Bayesian model can be described as follows. First, we have one

prior for each state on the hidden parameters — the mean and variance for each

segment. We also have prior on the possible segmentations determined by the length

distribution and state transition probabilities between segments. Hidden parameters

for each segment are drawn independently from the prior conditioned on the seg-

ment state. Finally, the observations are generated independently from the normal
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distribution for each segment.

We model the segment length using the Gamma(α, β) distribution, where α is

the shape parameter, and β is the scale parameter. Since different parameteriza-

tions are used by different researchers, to clarify the notation, in our parameteri-

zation the mean of the Gamma(α, β) distribution is α/β. Although this distribu-

tion is a little bit more complicated to handle than the normal model, it is usu-

ally believed to be a more appropriate model for length distribution, and there

is no extra problem caused by the negative value that can be taken by a nor-

mal distribution which may need to be truncated. The hyperparameters are Θ =

{µ(h)
δ , k

(h)
δ , ν

(h)
δ , σ2

δ
(h)

,K(δ, δ′), π(δ), αδ, βδ : δ, δ′ ∈ {1, 2, . . . ,D}}. The hyperparam-

eters have two separate parts, Θ1 = {µ(h)
δ , k

(h)
δ , ν

(h)
δ , σ2

δ
(h)} contains those used in

the prior specification of hidden parameters representing mean and variance for each

segment, the other part Θ2 = {K(δ, δ′), π(δ), αδ, βδ} is associated with priors on the

change point locations and state assignments. For now, we assume these hyperparam-

eters are known, then the main goal of inference is to get at the posterior distribution

P (A|y). Here as well as in the following, we usually omit explicitly writing the de-

pendence of the probability distribution on the hyperparameters Θ. We show the

difficulty of computing the posterior distribution above in the next subsection and

explain a dynamic programming recursion for solving it.

1.2.2 Forward recursion and backward sampling

By the Bayes formula, we have P (A|y) = p(y|A)p(A)/
∑

A′ p(y|A)p(A), where p(y|A)

is the likelihood in which the hidden parameters are integrated out. By the indepen-

dence of y in different segments conditioned on the hidden parameters, we have

p(y|A) =

|A|−1∏

i=0

p(yci+1:ci+1 |δi)
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where |A| is the number of segments in the segmentation A. Each term in the product

can be analytically evaluated in thanks to the conjugate prior used (here superscript

(h) is omitted in the hyperparameters)

p(ya:b|δ) =

∫ ∫
1

√
2πσ2

b−a+1
e−

∑
i(yi−µ)2

2σ2
1√
2π σ2

kδ

e−
kδ (µ−µδ)2

2σ2 ·

(νδ

2
)νδ/2

Γ(νδ

2
)

σνδ
δ σ−2(

νδ
2

+1)e−
νδσ2

δ
2σ2 dµdσ2

We first compute the integration over µ

∫
e−

∑
i(yi−µ)2

2σ2 e−
kδ(µ−µδ)2

2σ2 dµ

=

√
2π

σ2

kδ + b − a + 1
e−

λ
2σ2

where

λ = kδµ
2
δ + (b − a + 1)ȳ2 − (kδµδ +

∑
i yi)

2

kδ + b − a + 1
+
∑

(yi − ȳ)2

After some tedious calculation, we get

p(ya:b|δ) =
1

(2π)(b−a+1)/2

√
kδ

kδ + b− a + 1

g(νδ, σ
2
δ)

g(νδ + b− a + 1,
νδσ2

δ+λ

νδ+b−a+1
)

(1.3)

where the function g is defined by

g(x, y) =
(x

2
)

x
2

Γ(x
2
)
yx/2

The part that gives us trouble in computing p(A|y) is the summation over all differ-

ent segmentations. Evaluation of this sum in a brute force way is computationally

prohibitive since the number of possible segmentations increases with n like nkmax .

This is computationally intensive with even a sequence of reasonable length n with

typical choice of kmax. This sum is sometimes called partition function which is
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the normalizing constant in general graphical models. Approximate computation of

the sum can be achieved by sampling schemes that does not require knowledge of

the normalizing constant. Importance sampling (IS) or Markov Chain Monte Carlo

(MCMC) can be used, but it is difficult to come up with proposal distributions that

is efficient enough for our purpose due to the high dimensionality of A. Fortunately, a

dynamic programming recursion similar to the one used in [54] can be used to reduce

the complexity to O(n2kmax) as we explain in the following.

Let p(i, δ, k) be the probability that the first k segments has a total length i and

the last segment of the subsequence of length i is in state δ . These probabilities can

be computed using recursion. If the kth change point is at position i, the previous

change point can be at any position j < i, with possible state δ′. So we have the

following recursion:

p(i, δ, 1) = πδpδ(i)

p(i, δ, k) =
∑

j<i,δ′

p(j, δ′, k − 1)pδ(i − j)K(δ′, δ) (1.4)

The main recursion can be computed as follows:

Pr(y1:i|y1:i has k change points (k segments), with last state δ)

=
∑

j<i,δ′

Pr(y1:i, previous change point is at j, the state ending at j is δ′|δ, k)

=
∑

j<i,δ′

P (j, δ′, k − 1|i, δ, k)P (y1:j|δ′, k − 1)P (yj+1:i|δ, 1)

=
∑

j<i,δ′

p(j, δ′, k − 1)pδ(i− j)K(δ′, δ)

p(i, δ, k)
P (y1:j|δ′, k − 1)P (yj+1:i|δ, 1) (1.5)

where on the third line above we used the independence of observations for different

segments given the segmentation. All of the probabilities above should be understood

as being conditioned on the hyperparameters, which we omit for simplicity in notation.

The base case when k = 1 for the above recursion can be obtained by integrating
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out the hidden variables:

P (yi:j|δ, 1) =

∫
P (yi:j|µ, σ2)p(µ, σ2|µ(h)

δ , k
(h)
δ , ν

(h)
δ , σ2

δ
(h)

) dµdσ2 (1.6)

The integration can be done analytically since we used the usual conjugate prior in

the model. In fact, we have already computed this in equation (1.3).

A very similar recursion was used in [54]. The main difference is that they did

not assume an explicit length distribution, and all segmentations with same number

of segments are a priori equally likely. Also, they did not assign explicit states for

the segments, so there is no transition between the segments. This can also be

regarded as a single-state model. The extra components in our model cause additional

complications.

After p(y|δ, k) is computed by the recursion, we can compute the inverted proba-

bility p(δ, k|y) using Bayes rule:

p(k segments with last state δ|y1:n) ∝ p(n, δ, k)p(y1:n|δ, k)

The posterior probability of the number of segments can be obtained from the above

by summing over δ

p(k|y) =
∑

δ

p(δ, k|y)

Almost all of the desired probabilities of interest can be easily obtained. For example,

the marginal likelihood is just

p(y1:n) =
∑

k,δ

p(n, δ, k)p(y1:n|δ, k)
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We can compute the marginal probability that a change point will occur at j:

p(ck = j for some k|y)

=
1

p(y1:n)

∑

k,κ,δ,δ′

p(j, k, δ)p(n − j, κ − k, δ′)p(y1:j|δ, k)p(yj+1:n|δ′, κ − k) (1.7)

Using the marginal likelihood, we can also compute the probability of a specific seg-

mentation by p(A|y) = p(A)p(y|A)/p(y). Note here we just computed the probability

of a given segmentation, this does not give us a sense of which A has high probability.

The problem is same as before — we simply have too many possible segmentations

and it is not feasible to compute the probability for all of them.

However, we can obtain exact and independent samples from the posterior distri-

bution on the segmentations given the data. First we draw a value k for the number

of segments together with the last state of segmentation δ from the posterior p(k, δ|y),

which we have derived above. We set ck = n, and δk−1 = δ. Then we can recursively

sample backward from the following distribution:

P (ck−1 = j, state ending at j being δ′|y1:n, ck = i, state ending at i being δ)

∝ p(y1:j|δ′, k − 1) · p(yj+1:i|δ, 0)p(j, δ′, k − 1)pδ(i − j)K(δ′, δ) (1.8)

The above derivation used Bayes rule, that the conditional distribution at the 1st line

is proportional to the joint distribution.

This forward recursion backward sampling procedure is reminiscent of the forward-

backward algorithm for HMM, in which the forward step computes the probability of

past observations summing over all previous states, and the backward step computes

the probability of future observations given the current state. This is also similar to

the Viterbi algorithm, where the forward step is used to find the optimal value of the

objective function, keeping track of the previous optimal state, and then backtracing

is used to find the optimal states that lead to the optimal value.
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If a single estimator is desired, the most frequently used one is the maximum

a posteriori estimate (MAP). Using dynamic programming, MAP estimate can be

obtained by recursion. We let V (i, δ, k) = maxP (δ0, c1, δ1, ..., ck−1|ck = i, δk−1 =

δ, y1:n), the maximum probability that can be obtained for previous segmentations

conditioned on the kth change point and the kth state. Given the location j of the

k−1th change point and the state δ′ of the k−1th segment, V (i, δ, k) is independent of

the information contained in the segments 1 . . . k− 2, since the maximum probability

configuration up to position j is summarized by V (j, δ′, k − 1). So we have the

following recursion:

V (i, δ, 1) = 1

V (i, δ, k) = max
j,δ′

p(ck−1 = j, δ′|ck = i, δ, y) · V (j, δ′, k − 1), k > 1 (1.9)

φ(i, δ, k) = arg max
j,δ′

p(ck−1 = j, δ′|ck = i, δ, y) · V (j, δ′, k − 1), k > 1

and the optimal segmentation can be found by backtracing. First the optimal number

of change points and the last state are determined by

(k, δ) = arg max
k,δ

V (k, δ, n) · p(k, δ|y1:n)

Setting ck = n, δk−1 = δ, we recursively find the previous segment:

(ck−1, δk−2) = φ(ck, δk−1, k)

Note the probability p(ck−1 = j, δ′|ck = i, δ, y) used in the recursion (1.9) is exactly

what we used when sampling back.

Maximum a posteriori estimate takes another O(n2) computation time after the

forward recursion. A simpler method to get at the posterior distribution is to compute

an estimate from the samples drawn. Drawing one sample only takes linear time

as can be seen from the derivation (1.8) above. Here we use “centroid” deduced
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from samples as our estimate. Formally, the centroid is the segmentation that is the

minimum sum of certain kind of distance from the sampled segmentations [24]. This

requires a metric to be defined on the state space, which can be specified somewhat

arbitrarily. The samples we obtain usually has an dominating vote for a single state,

which should be the state for the centroid whatever reasonable metric we use. In our

case, the centroid can be obtained as follows. We first draw n samples (500 samples

used in our implementation), and for each i, we estimate of the state at position i,

δ̂i, to be the state that is agreed upon using majority vote from all samples. This

estimate actually achieves the minimum of sum of Hamming distance. In [24], the

author also found that using centroid instead of MAP estimate dramatically improves

the prediction accuracy for their problem. We do not see much difference between

these two estimates for our application in the next section. But it is still advisable

to compute both estimates for comparison. If they are found to be different, more

study is required to look into how this happens. The difference usually results from

high dimensionality and high variability of the underlying structure.

The samples can also be used to approximate the marginal probability of change

point locations in equation (1.7). We can simply count what fraction of samples has

a change point at certain positions. In the exact formula (1.7), p(yj+1:n|δ′, κ − k)

is not directly available after forward recursion, which only computed p(y1:i|δ, k) for

the subsequence starting from position 1, so another “backward recursion” will be

required to obtain this probability. Thus the sampling approach is much easier to

implement.

Another advantage of using samples is that we immediately get a sense of the

uncertainty by looking at what percentage of all those n samples voted on the state δ̂i.

We must remind the reader that this percentage only reflect the inference uncertainty.

Anyone who does not have confidence in the model itself should be cautious about the

result even when all of the samples agree on one single state, producing an uncertainty

of 0.

22



The hidden variables, mean and variance for each segment, can also be estimated.

Given a sampled segmentation, the hidden parameters can be estimated for each

segment independently. Conditioned on the state δ of one segment with length l,

the prior on the hidden parameters is the normal − inverse− χ2 distribution. The

posterior distribution of the mean and variance are well known, they are in the same

normal − inverse− χ2 family with updated parameters [34]:

µ =
k

(h)
δ

k
(h)
δ + l

+
l

k
(h)
δ + l

ȳ

k = k
(h)
δ + l

ν = ν
(h)
δ + l (1.10)

νσ2 = ν
(h)
δ σ2

δ
(h)

+
∑

i

(yi − ȳ)2 +
k

(h)
δ l

k
(h)
δ + l

(ȳ − µ
(h)
δ )2

Fix a position i in the sequence. After N samples are drawn, the posterior for hid-

den parameters at each position is a mixture of N normal−inverse−χ2 distributions,

with each component corresponding to one sample:

1

N

N∑

n=1

N − Invχ2(µ, σ2|µ(n), k(n), ν(n), σ2(n)
)

where µ(n), k(n), ν(n), σ2(n)
are the values computed as in (1.10) using the nth sample.

We can use the mean of this mixture distribution as a summary statistics computed

from multiple samples. Fig 1.2.2 shows the mean of µi, which looks like a smoothed

version of the original data. One use of these hidden parameters is to check model

fit, as we will do in the next section, where the residual plots clearly show that our

hierarchical model corrects the poor fit by HMM to some extent.
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Figure 1.2: A data sequence (dotted) with the posterior mean of the hidden parameter
µ (solid) computed from 500 samples

1.2.3 Empirical Bayes

We have up to now assumed that the hyperparameters Θ are fixed in advance. In some

simple cases, those hyperparameters can be specified beforehand by an expert who

has some idea about the magnitude of these parameters due to previous experience.

Although this sounds like a simple task, prior elicitation is the most important and

time consuming part of Bayesian analysis. Good priors are usually difficult to obtain,

and the poorly chosen prior will usually bias the inference, although this practical

issue does not seem to concern theoretical statisticians. In general, empirical Bayes

(EB) is a principled method to estimate hyperparameters in a Bayesian model, and

we will discuss it in this subsection.
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We will give a short review of EB here. Suppose the likelihood model is p(y|θ)

and the prior model is p(θ|λ), where λ is the hyperparameter in the prior. In a fully

Bayesian approach, we will use a hyperprior on λ to integrate over this second-level

uncertainty. It does not take much thought to realize that this approach will become

messy. In a empirical Bayesian approach, the prior is estimated by the data itself.

This concept of using data to estimate the prior causes some concern among many

Baysians, since prior is used to incorporate informations one has before one actually

sees the data, and EB seems to overuse the observed data. We will not go further

into this kind of discussion, an excellent exposition on both the philosophical question

and theoretical property of EB can be found in [8]. EB works by using the marginal

likelihood of y given λ, integrating out θ:

p(y|λ) =

∫
p(y|θ)p(θ|λ)dθ

Then λ can be estimated by maximum likelihood. EB is also called type-II maximum

likelihood in the literature. Although the EB framework is simple to describe, there

is usually computational difficulty involved in using it in practice.

For our hierarchical Bayesian model, the marginal probability of the sequence is

p(y|Θ), after summing over segmentations and integrating out hidden parameters.

This marginal probability is computed by forward recursion in section 1.2.2, which

takes O(n2) time. Although dynamic programming recursion has provided an efficient

way to compute this for fixed hyperparameters, this does not solve our problem. If

we use some numerical software package to optimize this objective function, a large

number of evaluations are probably needed to find the optimum, which is too costly in

computation time. Optimization over the high dimensional parameter space (about 40

dimensions for a 4-state model) is generally difficult although not impossible. Also,

many efficient numerical optimization algorithms require the gradient as an input,

which is also difficult to calculate for our problem. In the following, we will see an

approach that decouples the hyperparameters such that the optimization step can be
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done either analytically, or numerically in low dimensions.

In a fully Bayesian approach, we would place another prior on those hyperparam-

eters, which is considered to be a more satisfying approach from a Bayesian point

of view. But since we have tens of thousands of observations and only dozens of

parameters, the maximum likelihood theory suggests that those hyperparameters can

be quite accurately estimated by maximizing the likelihood.

1.2.4 Stochastic Expectation-Maximization

As discussed above, we cannot directly perform maximization of the marginal likeli-

hood to get an estimate for the hyperparameters. Directly maximizing the likelihood

using some optimization toolbox is impractical for at least two reasons. First, for

each fix set of hyperparameters, evaluating the likelihood would require doing the

recursion from the start, which is too expensive since the optimization procedure

will require many such evaluations. Second, optimization over parameters in high

dimensions is difficult especially when the gradient is not easy to compute. A natural

approach to avoid this is by using the EM algorithm and regarding the segmenta-

tion as the missing variables. The EM algorithm is an efficient method dealing with

missing data problems. In the E-step, it computes the sufficient statistics of A in the

complete model log P (A, y|Θ) under the distribution p(A|y,Θ(old)), where Θ(old) is the

hyperparameters obtained from the previous iteration. In the M-step, we maximize

over Θ the expectation of the log-transformed complete likelihood conditioned on the

old hyperparameters to obtain the new hyperparameters:

Θ(new) = arg max
Θ

E[log P (A, y|Θ)|y,Θ(old))]

So the EM algorithm works by maximizing E[log P (A, y|Θ)|y,Θ(old))] with respect to

Θ, given the previous estimate Θ(old), and then replace it in the next iteration with

the new Θ obtained by maximization in the previous step. The EM algorithm was
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shown to increase the likelihood in each iteration and will converge to the (local)

maximum [95].

The expectation E[log P (A, y|Θ)|y,Θ(old))] can be written out as

∑

A

p(A|y,Θ(old)) log p(A, y|Θ)

Again, we meet with the problem of having to deal with the task of summing over

all possible segmentations. To avoid this, we use a variant of EM called stochastic

EM. The difference between stochastic EM and ordinary EM is that we use samples

from the distribution p(A|y,Θ(old)) to approximate the summation, that is, we replace

the summation above with samples drawn from the posterior using hyperparameters

obtained from the last iteration:

E[log P (A, y|Θ)|y,Θ(old))] ≈ 1

N

N∑

n=1

log p(A(n), y|Θ)

where {A(n)}N
1 are samples from p(A|y,Θ(old)). But now, we can no longer guarantee

that the algorithm will return a (local) maximum of the likelihood, or even that it

will converge at all, although it generally works quite well in practice, and arbitrary

accuracy can be obtained with a large number of samples.

The sum
∑

log p(A(n), y|Θ) can be written as

∑
log p(A(n), y|Θ) =

∑
log p(A(n)|Θ)p(y|A(n),Θ)

= log
D∏

δ,δ′=1

K(δ, δ′)nδδ′ + log
D∏

δ=1

π(δ)nδ +

∑

δ

∑

(i,j)∈Aδ

log pδ(i− j + 1|αδ, βδ) +

∑

δ

∑

(i,j)∈Aδ

log P (yi:j|δ, 1,Θδ)

where nδδ′ is the count of the number of transitions from δ to δ′ in {A(n)}N
1 . nδ is the
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number of times {A(n)}N
1 starts in state δ, Aδ contains all segments of {A(n)}N

1 that

is in state δ, and Θδ = {µ(h)
δ , k

(h)
δ , ν

(h)
δ , σ2

δ
(h)} is the part of hyperparameters in the

conjugate prior related to state δ in the observation model.

One important observation is that in the above, the optimization can be carried

out independently for each summand. The hyperparameters Θ has been partitioned

into four parts. The first part consists of those in the transition matrix for the state

transition probability. The second part consists of initial probabilities for each of

the states. The third part consists of the shape and scale parameters of the Gamma

distribution used in modeling the length of each segment. Last, the hyperparameters

for the priors on the hidden parameters, the mean and variance of each segment, are

separated from other hyperparameters. Moreover, the parameters for different states

are separated. This is the result of conditioning on the sampled segmentations, which

decouples the hyperparameters into different groups, which makes our optimization

problem much easier. Actually we only have optimization problems with no more

than 4 dimensions. The optimized value for parameters K(δ, δ′) and π(δ) is easily

seen to be nδ,δ′/
∑

δ′ nδ,δ′ and nδ/
∑

δ′ nδ′ respectively, and the other parameters are

optimized using IMSL function min col gen lin. A simpler way to estimate the shape

and the scale parameters are as follows. For each state δ, we collect all the segments

from the samples that is in state δ, then we compute the mean mδ and variance

vδ of the lengths. The shape parameter αδ and scale parameter βδ is estimated by

matching the first two moments:

αδ/βδ = mδ, αδ/β
2
δ = vδ

, which leads to

αδ = m2
δ/vδ, βδ = mδ/vδ

. This is simpler than doing numerical optimization, although it does not fit within

our framework of maximizing the likelihood.
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1.2.5 Why I do not see stochastic EM converge?

Using EB framework with stochastic EM algorithm, we can estimate our hyperparam-

eters in a principled way. However, when implemented as above, the hyperparameters

do not seem to converge to reasonable values most of the time. In particular, the hy-

perparameter σ(h) is observed to shrink down to 0 after several iterations. Note that

there is no a priori reason that the maximum likelihood estimate should exist. It

turns out this is exactly the problem. Actually, similar problems have been observed

in other models before.

Modeling clustered data by a mixture model, in particular, a mixture of Gaussian

(MoG) is a popular approach. In an MoG model, the data are assumed to be generated

from the following mixture distribution:

c∑

i=1

pi
1

σi
ϕ(

x − µi

σi
)

where c is the number of components in the model, pi is the mixing coefficient of

the ith component with the constraint
∑

i pi = 1, and ϕ(x) is the standard Gaussian

density function with mean 0 and variance 1. The observations are generated by first

picking a component with probabilities proportional to the mixing coefficients, then

drawing a sample from the normal distribution which we have picked. The parameters

to be learned are {pi, µi, σi}c
i=1. The standard method for solving this problem is the

EM algorithm, where the missing data are the assignment of each observation to one

component.

The EM algorithm typically converges very fast to produce a reasonable estimate

of the parameters. However, this good behavior observed in practice is probably the

main reason for the over-optimistic attitude towards the estimation problem. It is

well-known that the likelihood for the mixture model can be arbitrarily large. In

particular, suppose we have a model with two components. The observations are
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{yi}, with the likelihood

L =

n∏

i=1

(
p1

1

σ1
ϕ(

yi − µ1

σ1
) + p2

1

σ2
ϕ(

yi − µ2

σ2
)

)

We obviously have the inequality

L ≥ p1
1

σ1
ϕ(

y1 − µ1

σ1
)

n∏

i=2

p2
1

σ2
ϕ(

yi − µ2

σ2
)

by the positivity of both summands. We fix some values for p1 > 0, p2 > 0, µ2 and

σ2 > 0 and set µ1 = y1. If we then let σ1 goes to zero, 1
σ1

ϕ(y1−µ1

σ1
) = ϕ(0)/σ1

will diverge to infinity. [18] conducted extensive simulations and found that the

EM algorithm usually converges to the true parameters. But once in a while, the

variance parameter will converge to 0. This illustrated that the estimation in an

MoG model depends on our luckiness that the parameters are actually trapped in

the local maximum. The reason that this point is usually glossed over is that the

convergence of variance to 0 only happens rarely, and can usually be avoided using

good parameters in the initialization step.

In our hierarchical model, we observe that the problem is much more severe.

Typically the parameters will fail to converge. Even when it seems to converge after

a few iterations, if we continue running the program, some parameters will always

eventually converge to 0. This more serious problem that occurs in our model might

be due to the higher dimension we are working with, and also the fact that we used

the stochastic version of EM which makes it possible that the parameters can alway

escape from local maximum just by chance.

We will demonstrate that a very similar problem occurs in our model, that the

likelihood can grow without bound with properly chosen hyperparameters. This

will imply that some measures must be taken to properly deal with this situation.

The marginal probability that is to be maximized is p(y) =
∑

A p(y|A)p(A). We
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construct a segmentation A0 = {δ0, c1, δ1, c2 = n} that consists of only two segments

with different states δ0 6= δ1. The first segment only contains the first observation.

This construction is similar to what we used in the MoG model, where only one

observation is generated from the first component, and all the other come from the

second component. We obviously have

p(y) > p(y|A0)p(A0)

We will show that we can make p(y|A0) arbitrarily large by choosing appropriate

hyperparameters {µ(h)
δ , σ2

δ
(h)}, with all other parameters fixed. This will accomplish

our goal of showing the unboundedness of the marginal likelihood since p(A0) is

strictly positive.

We have p(y|A0)p(A0) = p(y1|δ1)p(y2:n|δ2)p(A0). We presented an explicit formula

for p(y1|δ1) in section 1.2.2. By the formula (1.3) there, with n = 1, we have

p(y1|δ1) =
1√
2π

√√√√ k
(h)
δ1

k
(h)
δ1

+ 1

g(ν
(h)
δ1

, σ2
δ1

(h)
)

g(ν
(h)
δ1

+ 1,
ν
(h)
δ1

σ2
δ1

(h)
+λ

ν
(h)
δ1

+1
)

To ease notation, in the following, the sub- and super-script in the hyperparameters

are omitted, µ
(h)
δ1

, k
(h)
δ1

, ν
(h)
δ1

, σ
(h)
δ1

are simply written as µ, k, ν, σ.

If we choose µ
(h)
δ1

= y1, then we get

λ = kµ2 + y2
1 −

(kµ + y1)
2

k + 1

=
k2µ2 + kµ2 + ky2

1 + y2
1 − (k2µ2 + 2kµy1 + y2

1)

k(h) + 1

= 0
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So we have

g(ν, σ2)

g(ν + 1, νσ2+λ
ν+1

)
=

(ν
2
)

ν
2

Γ(ν
2
)

Γ(ν+1
2

)

(ν+1
2

)
ν+1
2

σν

( νσ2

ν+1
)

ν+1
2

=: a(ν) ∗ (σ)−1

Now it is easy to see that by letting µ
(h)
δ1

= y1, the marginal likelihood will diverge to

infinity as σ
(h)
δ1

→ 0, with all other hyperparameters fixed.

So the unstable behavior we observed is not a problem with our algorithm itself,

it is caused by the simple fact that the maximum likelihood estimator does not exist.

This is just one manifestation of the fact that mixture models are typically irregular

model. To address the problem in an MoG model, [18] used penalized regression. We

will follow this strategy.

With penalization, the M-step of EM will be to maximize E[log P (A, y|Θ) +

log γ(Θ)|A,Θ(old)]. So the penalization is equivalent to putting a prior on the hy-

perparameters. But be warned that we are not using a fully Bayesian model here.

The prior γ(Θ) is only used to estimate the hyperparameters. The inference is still

done conditioned on the estimated values of the hyperparameters, which we do not

integrate over.

In runs without penalization, we observed that the hyperparameters k
(h)
δ and ν

(h)
δ

usually will diverge to infinity, while σ
(h)
δ will shrink down to zero. So we use a Gamma

prior on both k
(h)
δ and ν

(h)
δ , and an inverseGamma prior on σ

(h)
δ . An inverseGamma

density function approaches 0 near the origin, so it will pull the estimate away from

it. We used the prior Gamma(10, 1) (with a mean of 10 and a standard deviation

of 3.2) on both k
(h)
δ and ν

(h)
δ , the prior Inv − Gamma(10, 10) (with a mean of 1.1

and a standard deviation of 0.4) on σ
(h)
δ . These parameters for the priors are chosen

somewhat arbitrarily. So we have

γ(Θ) =
D∏

δ=1

G(k
(h)
δ |10, 1) × G(ν

(h)
δ |10, 1) × Inv − G(σ2

δ

(h)|10, 1)
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where G(·|α, β) and Inv − G(·|α, β) are the density function for the Gamma and

inverseGamma distributions respectively.

After adding in penalization, the EM algorithm usually appears to be stable after

5 to 10 iterations. Although the stochastic EM algorithm saves computation time,

the recursion still needs to be done multiple times, once for each iteration. For this

training, in the application to be presented in the next section, we employed a subset

of the available data, the longer ungapped sequences with at least 100 observations

without intermittent missing observations.

1.2.6 Yet another stochastic EM

We implemented the EM algorithm presented above for our application in the next

section. It turns out another slightly different stochastic EM algorithms can be em-

ployed. In the EM algorithm above, we consider the segmentation as our missing data,

the complete likelihood is thus p(y,A|Θ), and the hidden parameters — the mean

and variance for each segment are still being integrated out of the expression. But we

can also treat the hidden parameters as missing variables, this leads to the complete

likelihood p(y,A, {µi, σ
2
i }|Θ). Another EM algorithm can be designed based on this

“more complete” likelihood. By explicitly incorporating the extra hidden parameters

into the likelihood, we can further simplify the optimization step.

In the following, we think of the hyperparameters as consisting of three parts:

• the hyperparameters associated with the likelihood p(y|A):

θ = {µ(h)
δ , k

(h)
δ , ν

(h)
δ , σ

(h)
δ }

• the hyperparameters associated with the length distribution: l = {αδ, βδ}

• the hyperparameters associated with the Markov chain transitions:

τ = {K(δ, δ′), π(δ)}
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The EM algorithm is similar to the one used before, and the expectation of the

complete likelihood is:

E[log p(y,A, {µi, σ
2
i }|θ, τ, l)|y, θ(old), τ (old), l(old)]

The complete likelihood can be written as the sum of three terms:

log p(y,A, {µi, σ
2
i }|θ, τ, l) = log p(A|τ, l) + log p({µi, σ

2
i }|A, θ) + log P (y|A, {µi, σ

2
i })

Note that the last term does not contain any hyperparameters.

The EM algorithm consists of iterations of two steps:

• (stochastic)E-step:

draw N samples {A(n), {µ(n)
i , σ2

i
(n)}}N

n=1 from the posterior conditioned on the

hyperparameters from the previous iteration:

A, {µi, σ
2
i } ∼ p(A, {µi, σ

2
i }|y, θ(old), τ (old), l(old))

• M-step:

optimize
∑N

n=1 log p(A(n)|τ, l) to get the new hyperparameters τ, l.

optimize
∑N

n=1 log p(µ
(n)
i , σ2

i
(n)|A(n), θ)+log γ(θ) to get the new hyperparameters

θ.

In the above we use the superscript (n) to indicate different samples, the subscript i

to index the segments contained in A(n). Since

p(A, {µi, σ
2
i }|y, θ(old), τ (old), l(old)) = p(A|y, θ(old), τ (old), l(old)) · p({µi, σ

2
i }|y,A, θ(old))

, to draw samples in the E-step, we can first draw A using backward sampling.

Given A, the hidden parameters for each segment can be drawn from the posterior
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conditioned on A.

µi, σi ∼ N − invχ2(µn,
σ2

n

kn
; νn, σ

2
n)

where the formula for updating the parameters in the Normal− inverse−χ2 distri-

bution appeared in section 1.2.2.

The optimization for τ, l is same as before, by counting the number of transitions

between segments in the samples for each pair of states, and using the lengths of

segments in each state. In order to optimize over θ, we split the hidden parameter

{µ(n)
i , σ

(n)
i } according to the states of the segments into D groups, and the optimiza-

tion is done separately for each group. Fix one group {µi, σ
2
i }m

i=1 for a particular state

δ, say, we show that some of the hyperparameters can be optimized analytically.

We want to maximize
∏

i p(µi, σ
2
i |δ, θ)γ(θ) over θ. The objective function can be

written out as (omitting the subscripts and superscripts in the hyperparameters)

1∏n
i=1

√
2πσ2

i /k
e
−k

∑
i

(µi−µ)2

2σ2
i

∏

i

(ν
2
)

ν
2

Γ(ν
2
)
σν(σ2

i )
−( ν

2
+1)

e
− νσ2

2σ2
i ·

βαk
k

Γ(αk)
kαk−1e−βkk βαν

ν

Γ(αν )
ναν−1e−βνν βασ

σ

Γ(ασ)
(σ2)−αk−1e−βσ/σ2

where those α, β’s with subscripts are the parameters for the Gamma or inverseGamma

density used in the penalization term γ(θ).

First, the optimal µ can be found by minimizing

∑

i

(µi − µ)2

2σ2
i

(1.11)

which gives us µ = (
∑

i
1

σ2
i )

−1∑
i

µi

σ2
i
. Denoting the minimized value in (1.11) by r,

after plugging in the solution for µ, we see that the optimal k should maximize

√
k

m
e−krkαk−1e−βkk
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which gives us k = m/2+αk−1
r+βk

. The other two parameters ν, σ2 is solved by numerical

method. Note that with the first stochastic EM in section 1.2.4, we need to solve a

four dimensional problem numerically.

1.2.7 Missing observations

Our model also yields a principled means to span the missing observations that goes

beyond the implicit geometric length distributions of HMMs. When the gaps are

small, we expect the states at the beginning and end of the gaps to be the same,

but this correlation across missing observations is unlikely to span long gaps. Our

model describing the lengths of substrings and state transitions yields inferences on

the state of the observation at the end of a gap as a function of the gap length. The

inference of this missing data borrows information from the other side of the gap.

Over a gap, our Gamma distribution model of substring length infers the number of

change points in the gap, and the state transition model determines the distribution

of states after several state transitions in the gap.

Let’s suppose that on a subset I ⊆ {i, i+1, . . . , j} we make no observations. In the

forward recursion, we need to compute the probability p(yobs|δ, 1), where yobs is the

observed values, which can be written as the integral over the missing observations

p(yobs|δ, 1) =

∫
p(yi:j|δ, 1)dymis

We can simply ignore the missing observations in the computation of p(yi:j |δ, 1),

the missing observation is taken into account only when we compute the length dis-

tribution. This sounds more complicated than it really is. In fact the recursion and

sampling can be done exactly as before by setting p(yj:j′|δ, 1) = 1 if all values inside

[j, j′] are missing.

We point out that in fact we made an important assumption above which may
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not be obvious to the reader. Without any assumption, we have

p(yobs, r) =

∫
p(yobs, ymis|µi, σ

2
i )p(r|ymis, yobs, φ)p(µi, σ

2
i |Θ)dµiσ

2
i dymis

where r is an indicator vector containing the positions of the missing observations, and

φ contains all other parameter that r can depend on. Because of the integration over

ymis, this will potentially introduce complicated correlations between components of

yobs. So the integration over µ and σ generally cannot be computed. If we instead

assume that p(r|ymis, yobs, φ) = p(r|yobs), that is all the information contained in r

can be derived from the observed data, then it can be easily seen that integration

over ymis will not introduce any correlation between the observed data give µi and σ2
i ,

so p(yobs) can be computed by ignoring the missing data. This assumption is called

Missing At Random (MAR)[52]. This is the working assumption under which our

approach works.

1.2.8 Numerics

Direct implementation of our algorithm only works for sequences of a couple hundred

observations long. For longer sequences, the underflowing or overflowing of float

numbers should be properly dealt with. In computing the MAP estimate, this problem

is easily solved by using log probability and thus transform the products into the

sums. This does not solve our problem in forward recursion and some other parts of

the algorithm because sums are mixed together with products in the recursion.

In the following we explain our approach to solve this problem. The following ex-

planations are also of independent interest, and we illustrate it with the computation

of p(i, δ, k). The main idea is actually the same as in computing the MAP. In the com-

puter memory, the probability p(i, δ, k) is stored by its log lp(i, δ, k) := log p(i, δ, k).

Computation of log p(i, δ, k) by recursion (1.4) should proceed with care. We have
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the recursion:

p(i, δ, k) =
∑

j<i,δ′

p(j, δ′, k − 1)pδ(i− j)K(δ′, δ)

Suppose the log of p(j, δ′, k− 1) in the sum has been stored in the memory, we might

be tempted to write everything in the exponential from, in which case we have

p(i, δ, k) =
∑

j,δ′

elp(j,δ′,k−1)+log pδ(i−j)+log K(δ′,δ)

But taking exponential directly does not work — the reason that we choose to store

lp instead of p = elp in the first place is because computation of elp might lead to

overflow or underflow. This is still true with elp(j,δ′,k−1)+log pδ(i−j)+log K(δ′,δ). Here is the

trick to avoid this. Let c = maxj,δ′{lp(j, δ′, k − 1) + log pδ(i − j) + log K(δ′, δ)}, so

p(i, δ, k) =
∑

j,δ′

elp(j,δ′,k−1)+log pδ(i−j)+log K(δ′,δ)

= (
∑

j,δ′

elp(j,δ′,k−1)+log pδ(i−j)+log K(δ′,δ)−c)ec

Now the numbers in the exponent lp(j, δ′, k−1)+log pδ(i−j)+log K(δ′, δ)−c is non-

positive, with the largest among them exactly 0. Although after taking exponential,

their might be some positive terms that will become 0 due to underflow, we can be

sure that these terms do not have significant contributions in the summation, because

the sum is dominated by terms that are close to 1. In this way we separate the terms

that are the dominating ones from the others, and these terms are computed with

high precision. The probability p(i, δ, k) will finally be stored in memory as

log(
∑

j,δ′

elp(j,δ′,k−1)+log pδ(i−j)+log K(δ′,δ)−c) + c
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1.2.9 Model selection

In many applications, the number of states used in an HMM can often be predeter-

mined. For example, in part-of-speech tagging, the number of states can be the same

as the number of possible tags. In this problem, it is quite obvious how many states

one should use. In our application in the next section, there does not exist clear-cut

biological theory that tells us how many states there are, so it would be better if the

number of states can be inferred from the data.

One popular model selection method is the AIC [1]. When maximum likelihood

is used for inference, a natural criterion for the “goodness-of-fit” is the value of max-

imized likelihood. However, when we compare several nested models using maximum

likelihood, the more complex model will always have higher likelihood, since the like-

lihood is being optimized on a larger space. So it cannot be used to select the model.

What we actually want is the expected value of the log likelihood E(log p(y|θ̂ML)),

where the expectation is taken over observation y, conditioned on the estimated pa-

rameter. The larger the expected likelihood, the closer it is to the true model in the

Kullback-Leibler distance. Since the true model p0 is unknown, we must estimate it

using the data. The natural approach is to replace the expectation by the sample

average 1
n

∑
log p(yi|θ̂ML). The problem of using the sample mean as an estimate of

E(log p(y|θ̂ML)) is that the same data that was used to estimate the parameter is used

to approximate the expectation, which produces bias in our estimate. Using Taylor

expansion, Akaike[1] approximated the bias using the dimension of the parameter,

p , i.e. the model that obtains the highest value of
∑

log p(yi|θ̂ML) − p is selected.

There are various versions of AIC with slightly different penalty terms in different

contexts, all trying to get a more accurate approximation for the bias, based on the

same principle as described above. To use AIC, the objective function does not have

to be the likelihood. General loss function L can be used. The new objective is

to minimized E(L(y; θ)). The maximum likelihood is just one particular case with

negative log loss L = − log p(y|θ). In particular, AIC can be used within the penal-
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ized maximum likelihood framework [59]. In our hierarchical model, for example, the

number of parameters for a 3-state model would be 26 (12 parameters in the prior for

hidden parameters, 8 for transition matrix and initial distribution, 6 in the Gamma

distribution for the length of segments).

Another widely used information criterion is BIC[76]. This is motivated by Bayesian

model selection, where the model with the largest posterior probability p(M |y) is se-

lected. By the Bayes rule p(M |y) = p(y|M)p(M)
p(y)

, which is proportional to p(y|M) if

different models are assigned uniform probability a priori. The best model is se-

lected based on the marginal likelihood given the model, after the parameter is inte-

grated out. Formally, the Bayesian model selection works by computing the integral
∫

p(y|θ,M)p(θ|M)dθ. The relative likelihood between two competing models p(y|M1)
p(y|M2)

is called Bayes Factor. Using Laplace approximation around the maximum likeli-

hood estimate, the integral can be approximated which leads to BIC, or Bayesian

Information Criterion. The surprising fact is that BIC does not depend on the prior

chosen. Although BIC is derived under a Bayesian framework, the derived crite-

rion is used in a frequentist sense. Formally, BIC chooses the model that maximizes
∑

log p(yi|θ̂ML) − 1
2
p log n, where n is the number of independent observations. In

some simple cases, the AIC and BIC have both been shown to lead to consistent

model selection criterion[77][78], but under different kind of asymptotics. Although

derived from fundamentally different principles, BIC bears a striking similarity to

AIC in form. The only difference between AIC and BIC is the extra factor log n/2 in

penalty term per parameter, so BIC will generally select a simpler model compared

to AIC. By convention, AIC and BIC are actually defined as the negative log likeli-

hood plus the penalty term, i.e. −
∑

log p(yi|θ̂ML)+p and
∑

log p(yi|θ̂ML)− 1
2
p log n

respectively.

AIC can be directly used in our problem. But application of BIC is a little bit

tricky. log n is used in the penalty term of BIC. Classical BIC deals with problems

with observations that are i.i.d., and n is the number of observations. Since our
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observations are not independently drawn from the hyperprior p(Θ), using sequence

length as n is not appropriate. We discuss what we think might be the appropriate

penalization to use next. Since each segment has its own hidden parameters, roughly

speaking each segment with its length and assigned state provides us with only one

observation from the hyperprior. So setting n to be the number of segments seems

to be more appropriate, although we have no rigorous justification for its use. In

practice, the number of segments can be estimated from multiple samples of the

segmentation.

For our application in the next section, we actually do not need to use either of

the criteria above. The sequence data consist of about 400,000 observations. We only

use about 15% of those in our training to estimate the hyperparameters. Using all

data for training is infeasible since the EM algorithm requires us to scan through the

data multiple times. This leaves us with the possibility of using the rest of the data

that is not involved in training as a independent validation set to select appropriate

models. So we can estimate E(log p(y|θ̂ML)) using the sample average unbiasedly,

avoiding the problem mentioned above.

1.2.10 Connections with GHMM

In this subsection, we describe the Generalized Hidden Markov Model (GHMM) to

see what is its connections and differences with our model. In particular, we compare

the unconventional forward recursion used in our model to that in classical GHMM.

One obvious and probably the most important difference is that we used a hi-

erarchical approach where each state is actually a continuous mixture. This makes

our model much more flexible than GHMM. Also because of this additional level, the

usual EM for GHMM becomes difficult to apply, this is the reason that we use the

stochastic version in our estimation procedure. and the usual backward recursion is

replaced by our backward sampling. Other than these differences, we will see these

two models are actually almost identical.
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We use the commonly adopted α, β notation for GHMM. Let

αi(δ) = p(y1:i, with last state δ)

βi(δ) = p(yi+1:n| with state ending at i being δ)

We have the following recursion:

α0(δ) = π(δ)

αi(δ) =
∑

j<i,δ′

αj(δ
′)K(δ′, δ)pδ(i − j)p(yj+1:i|δ, 1)

βn(δ) = 1

βi(δ) =
∑

j>i,δ′

K(δ, δ′)pδ′(j − i)p(yi+1:j|δ′, 1)βj(δ
′)

The recursion above is very similar to the forward recursion (1.5). In fact, as we point

out, they are approximately equivalent to one another, but not exactly.

If we multiply both sides in (1.5) by p(i, δ, k) and then sum over k. We get

∑

k

p(i, δ, k)p(y1:i|δ, k)

=
∑

k

∑

j<i,δ′

p(j, δ′, k − 1)pδ(i − j)K(δ′, δ)p(y0:j|δ′, k − 1)p(yj+1:i|δ, 1)

=
∑

j<i,δ′

(∑

k

p(j, δ′, k − 1)p(y0:j|δ′, k − 1)

)
pδ(i − j)K(δ′, δ)P (yj+1:i|δ, 1)

In a GHMM, the number of segments k could be as big as the number of observations.

If we sum k from 1 up to n, we see that
∑

k p(i, δ, k)p(y1:i|δ, k) = p(y1:i, δ), which is

exactly αi(δ). In our recursion in section 1.2.2, we only perform the recursion up to

kmax, so
∑kmax

k=1 p(i, δ, k)p(y1:i|δ, k) is only approximately equal to αi(δ), the difference

comes from that we essentially set p(y1:i|δ, k) with k larger than kmax to be zero.
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In our model with explicit conditioning on k, the backward recursion can also be

performed

p(yi+1:n|k, δ) =
∑

j>i,δ′

K(δ, δ′)pδ′(j − i)p(yi+1:j|δ′, 1)p(yj:n|k + 1, δ′)

This is exactly the same kind of recursion used for β in GHMM, with additional

conditioning on k. If there is no upper bound on k, we would expect p(yi:n|k, δ) to be

independent of k. But because of the upper bound we have, bigger k closer to kmax

would put severe constraint on y since there can be only be kmax−k possible segments

inside yi+1:n. If we choose kmax large enough, we have that p(yi:n|k, δ) ≈ βi(δ) for k

not too close to kmax. For a sequence that we have reasons to believe that k << n,

we can be confident that these two will be very close.

The advantage of performing the recursion explicitly conditioned on k is that

we get exact distribution for the number of change points, while in GHMM, the

information of k is not easy to recover since we have implicitly summed over it. In

GHMM, an approximate posterior distribution on the number of change points can

be obtained from samples, which are possible to obtain after some extra work.

1.2.11 Analysis of computational complexity

A simple implementation of recursion (1.5) actually takes time cubic in the length

of the sequence, because the computation of p(yi:j|δ, 1) takes O(i − j) time. A care-

ful analysis shows that the computational complexity is O(kmaxD
2n3), where D is

the number of states, and its memory requirement is O(kmaxDn) (used to store

p(y1:i|k, δ)). We will show that by carefully arranging the computations involved,

we can get by with O(kmaxD
2n2) computation time without increasing the memory

required. In some applications, when the number of states D is large, ( for example,

when we need to select the correct number of states, we need to perform the recursion

with bigger D. The recursion above is not practical for such large state space with a
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long sequence. We show that the computational complexity can easily be reduced to

O(kmax(Dn2 + D2n)).

From section 1.2.2, we get the formula p(yi+1:i+l|δ, 1) = 1

(2π)
l
2

√
k
(h)
δ

k
(h)
δ +l

g(ν
(h)
δ ,σ2

δ
(h)

)

g(ν
(h)
δ +l,

ν
(h)
δ

σ2
δ
(h)

+λ

ν
(h)
δ

+l
)

.

Computation of λ takes linear time in the length l, while all other parts can be com-

puted in O(1). Note we have

λ = kδµ
2
δ + lȳ2 − (kδµδ +

∑
i yi)

2

kδ + l
+
∑

(yi − ȳ)2

which is a function of
∑

yi, and
∑

y2
i . From this expression, it is obviously that

the λ for yj−1:i can be computed in O(1) given λ for yj:i — all we have to do is

just remember
∑

yi and
∑

y2
i from the previous step, and update it with yj−1. So,

if for fixed (k, δ, i, δ′), the sum in recursion (1.5) over j is computed starting from

j = i − 1 and decreasing to 1, the term p(yj:i|δ, 1) can be computed in O(1). So the

total recursion takes time O(kmaxD
2n2).

So both the recursion for p(i, δ, k) and that for p(y1:i|δ, k) takes O(kmaxD
2n2) time

to compute. Actually, a more careful analysis shows that it is possible to reduce the

computation time for both recursions to O(kmax(D
2n + Dn2)). For example, we can

split recursion (1.5) into two steps:

p(y1:i|δ, k) =
1

p(i, δ, k)

∑

j<i

a(j, δ, k − 1)pδ(i − j)p(yj+1:i|δ, 1)

a(i, δ, k) =
∑

δ′

p(i, δ′, k)K(δ′, δ)p(y1:i|δ′, k)

The recursion for p(i, δ, k) can be performed similarly. Also, notice that computation

of p(i, δ, k) does not depend on the observed data, so the recursion and be done off-line

and stored in advance.
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1.2.12 Summary of the basic model

In the above, we presented a hierarchical Bayesian model that is similar to the tradi-

tional HMM. Instead of assigning one mean and one variance to each state as in HMM

with Gaussian emission distribution, we assume that the mean and variance is itself

a sample from another state-specific hyperprior. This simple extension in concept

can go a long way in modeling many types of sequence data. Although this model

is motivated by the biological application which we will present in the next section,

we would prefer to consider it as a general modeling tool that has a moderate extra

complexity compared to that of HMM, yet much more powerful to handle real-world

data. We will see some evidence of the poor fit of HMM for our application which is

rescued by our model.

The Gaussian assumption is not critical, we can use any distribution as long as the

explicit integral in (1.6) can be computed, which almost always requires that some

conjugacy properties be explored. Our new recursion has not only the advantage of

providing exact information on the underlying change point process, but also provides

a control mechanism that bounds the number of change points we consider, which

provides a safeguard against overfitting. We provide a principled framework that can

both estimate the hyperparameters using the data, and select a appropriate model

automatically. The only free parameter in our model is kmax, which can easily be set

to a large enough value (but still much smaller than n) so that we can have confidence

that it will be sufficient for modeling the data. Further assurance can be obtained

by the output of the posterior, p(k|y1:n). Rapid decrease of this probability for large

k will make us comfortable with using the bound kmax. The only place that makes

us a little uncomfortable is the use of penalized likelihood. Using penalization is

essential for our model to work by avoiding the unbounded likelihood, but it makes

the estimate somewhat biased. It is unclear to us how to address this issue.
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1.3 Application to Biological Data

Expression and functionality of the genetic code critically depends on the level of

accessibility of DNA segments to protein. Active regulatory elements across the

genome are largely contained in parts of sequences that has high affinity to interaction

with potential binding proteins. Finding sites with high accessibility will be valuable

for genome research since these are usually the hotspots for genetic activity, and new

functional elements can be discovered by focusing on those regions. One frequently

applied test of accessibility is treating the DNA sample with DNase I and measure the

segments sensitivity to its attack. Those sites usually consist of many segments free

of nucleosome, with reduced Histone H1 presence and acetylated Histone H3 and H4.

Full genome distribution of these hypersensitive sites is difficult to obtain and previous

studies usually focus on limited regions around certain genes of interest. Besides the

positional mapping of the sites, the composition of segments with different levels of

sensitivity is an outstanding question. Other biologically interesting questions include

the mutation rate within the sites and the typical span and clustering pattern of such

regions.

Some recent studies have demonstrated that cloning DNase I HSs is feasible and

can lead to high-resolution map of human chromatin accessibility in vivo. Here we

describe a recent study which uses high-density genomic tiling DNA microarrays that

covers the ENCODE regions (about 1% of the human genome).

In this section, we apply our basic model to the biological sequence data that we

have which returns global organization of the hypersensitive sites. First we give a

brief introduction to the biological problem and the sequence data. In the second

subsection, these regions are delineated using our HMM-like model with ordered

states representing different levels of sensitivity. We present prediction accuracy of

our algorithm using some validated sites. Also, we will compare our model with

HMM and see some evidence that HMM fits the data poorly while our model largely
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addresses this problem.

1.3.1 Biological background

Eukaryotic DNA exists in cells in a compact form. Electrostatic attraction between

negatively charged DNA phosphate group and positively charged side chain of certain

proteins make DNA tightly bound to the protein. The complexes they form are called

chromatin. The most common protein in the chromatin bound to the DNA is the

histone. There are five different types: H1, H2A, H2B, H3, and H4. DNA can be

tightly bound to all those types except H1. Under electron micrograph, the DNA

looks like a string with many beads. Each bead is called a nucleosome, which is

the fundamental subunit in the structure. A nucleosome consists of a core of eight

histone molecules wrapped with two turns of DNA. The core includes two of each type

of histone except H1, which forms a strong bond with the DNA. The part of DNA

that is wrapped around the protein is about 150 bp long, and the part in between the

“beads” that is not in contact with the octamer, usually about 50 bp long, is called

linker DNA. The linker regions are complexed to H1 histone and also some other

proteins. It is relatively easy to remove H1 from the chromatin, while much difficult

to break up the binding between DNA and other types of histones. Histones can be

modified by many types of chemical processes, which can change the positions of the

nucleosomes, so this structure is dynamic, and the general view is that the existence

of nucleosome has a repressive effect on transcription. The octamer that binds to the

core DNA will prevent it from binding with RNA polymerase or other proteins, and

only the linker DNA is exposed during transcription. The binding of DNA to protein

is also related to DNA bending and flexibility, although the mechanism is not fully

understood.

We will refer to the part of DNA that is tightly bound to histone octamer and

thus is not accessible during transcription as in the nonsensitive state, while the

region that is not in contact with proteins and thus most exposed is referred to as
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the hypersensitive (HS) region. The regions around the hypersensitive sites usually

have intermediate sensitivity.

Nucleosome positioning refers to the organization of nucleosomes along DNA de-

termined by local DNA structure. The positioning also depends on some of the protein

characteristics which can be changed under different environment. The benefits of

being able to predict nucleosome positioning include several areas in genomics. For

example, the abundance of nucleosomes will generally aid in the task of gene predic-

tion, since the genes are regulated by the nucleosomes in their vicinity. Also, some

chromatin diseases that occurred are believed to be related to abnormal positioning

of nucleosomes.

In our experiment, after treating the sample with DNase I, tiled-arrays that con-

tain the 44 ENCODE regions covering about 1% of the human genome is used to

map the DNA fragments. We used another set of microarrays for the hybridization of

another DNA sample as control. The sequence data we get is the log transformation

of the ratio of the dye intensity in two arrays.

Hidden Markov models offer an appealing modeling tool for the analysis of dye

intensities from tiled arrays. These seem particularly appropriate in the analysis of

data that yields inferences across a spectrum of functions. Applications of multi-state

HMMs to tiled array data with each state described by a Gaussian model have al-

ready shown themselves to be very useful [50]. However, inhomogeneity in the dye

intensities of probes can lead to poor fits of these models. An important consequence

of poorly fitting models is that observations toward the tails of the intensity distri-

butions often become outliers from the poorly fitting model. Such outliers have an

adverse impact on state predictions of HMMs in two important ways: 1) The outliers

from one state can be incorrectly predicted to be members of adjacent states. 2) For

many distributions, including the Gaussian, outlying observations have an unduly

large impact on parameter estimates characterizing individual states. Probe specific

differences in hybridization energies are important sources of heterogeneity. Li et al.
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(2005)[50] show that when sufficient array data are available, probe-specific models

of intensities provide a useful means to address probe-to-probe variation.

We will use the alternate procedure developed in Section 1.2 to address these

inhomogeneities that can be applied even when no replicates are available. This model

seeks to capitalize on the premise that sonicated fragments that span multiple probes

induce similarities in intensities across substrings of tiled array probes. This change

point model assumes that within-state sequences are not homogeneous, but instead

are characterized by substrings of unknown lengths each of which is homogeneous

(refer back to Fig 1.1).

1.3.2 Results

We first estimate the hyperparameters using only part of the sequence that is at least

100 long without intermittent gaps, those data account for about 15% of our total

observations. We use Gamma distributions shifted to the right by 4 for the prior

distribution of the length of the segment. This choice leads to better separation of

states in our model than using usual Gamma distributions. A possible biological

justification is that a length of 4 probes for our tiled-array data roughly corresponds

to two complete turns of DNA sequence around the octamer, so a lower bound of

4 is reasonable. We tried using models with one single state up to five states. The

model is selected by comparing the likelihood on the rest of the data conditioned on

the hyperparameters learned, as explained in section 1.2.9. Figure 1.3 plotted the

marginal likelihood for our model when the number of states runs from 1 through

5. It clearly indicates that a 4-state model is appropriate. After we found that our

method suggests that we have four states, the biologists we worked with decide that

these states will roughly correspond to nonsensitive regions, regions with intermediate

sensitivity, minor hypersensitive sites, and major hypersensitive sites, respectively.

Figure 1.4 shows the AIC and BIC curve, both suggest a 4-state model.

With each probe 50 bp long and spaced at 38 bp on the microarray, the sequence
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Figure 1.3: Log likelihood computed with training data excluded, conditioned on the
estimated hyperparameters.

we have contains about 400,000 observations. It is impossible to apply our algorithm

directly on such a long sequence, so we break up the sequence into pieces each with

about 1000 probes. The hyperparameters learned are listed in Table 1.1, where it

can be seen that the two states corresponding to hypersensitive sites have positive

hyperprior means. An interesting observation is that the transition probability from

the nonsensitive sites to the hypersensitive sites is close to zero, indicating hypersen-

sitive sites are flanked by regions with intermediate sensitivity. Similarly, the major

hypersensitive sites are typically seen within minor hypersensitive regions. In the

implementation, we set kmax to be 100, while the posterior probability on k almost

always has a maximum below k = 10. EM algorithm seems to become stable after

only about 5 iterations. We use 500 samples to estimate the centroid and compute

the uncertainty.
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Figure 1.4: AIC (solid) and BIC (dotted) both suggest a 4-state model.

Overall, we find that there are long regions that are predicted to be entirely in the

nonsensitive and intermediate states, and other regions with clusters of major and

minor hypersensitive states. Figure 1.5 shows predictions from the hierarchical model

for a region in chromosome 7. As mentioned before, sampling from the posterior

distribution of the segmentations allows us to assess the uncertainty. The bottom

panel of the figure shows the probability of the inferred state based on a sample of

500 solutions. These give an assessment of the certainty of the inferred states. The

MAP estimate (not shown in the figure) looks very similar to the centroid, although

we have not looked into the detail yet.

Table 1.2 lists some simple statistics of the segmentations. In computing lengths,

each state is bound only by its lower-mean neighbors. I.e., an intermediate sensitive

domain is bound on either side by nonsensitive states, and minor HSs are bound on

either side by either nonsensitive or intermediate sensitive regions. For example, say
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µ
(h)
δ δ′ = 1 δ′ = 2 δ′ = 3 δ′ = 4 αδ βδ

δ = 1 -0.64 0.34 0.66 1e-6 1e-6 1.9 0.03
δ = 2 -0.35 0.67 1e-6 0.33 1e-6 1.0 0.04
δ = 3 0.25 0.08 0.45 1e-6 0.47 1.4 0.1
δ = 4 1.36 1e-6 1e-6 0.999 1e-6 0.8 0.08

Table 1.1: Some hyperparameters estimated for a 4-state model, including hyper-
mean, transition probability, and the segment length parameters. For the transition
probability, the number 1e-6 appears multiple times because this is the minimum
transition probability allowed in our implementation.

nonsensitive intermediate minor HS major HS
number of segments 1,062 1,085 521 492

number of bp 28,007kb 1772kb 518kb 162kb
mean length 26,371 1,633 994 329

median length 13,718 950 646 228

Table 1.2: Some descriptive statistics.

we have 1000 bp in intermediate state, then 100 bp in minor hypersensitive, then

another 1000 bp in intermediate state, the duration of the intermediate state will be

2100 bp. From the table, the non-hypersensitive domains occupy most of the genome.

The major hypersensitive sites usually occupy a few hundred bp, which fit well with

biologists’ prior knowledge. Note that the length statistics is not prespecified as an

input, rather they are learned from the data.

In section 1.2.2, we showed that after we obtained a sampled segmentation by

backward sampling, we can calculate the posterior of the hidden parameters µ and

σ2 for each segment, which has a normal− inverse−χ2 distribution. After multiple

samples are drawn, the posterior of the hidden parameters can be represented as a

mixture of normal − inverse − χ2 distributions. We use the mean of this mixture

distribution as our estimate of the hidden parameters µ and σ2. The mean of µ was

plotted in Figure 1.2.2 together with the raw data. It can be seen that the posterior

mean of µ looks like the smoothed version of the data. Using these estimate for µ
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Figure 1.5: Prediction of our model shown in the UCSC genome browser. The top
panel is the raw data, the middle is the centroid, the bottom is the uncertainty.

and σ2, we can define the (standardized) residual for each observation yi as

ri =
yi − µi

σi

According to our model, ri should roughly follow a standard normal distribution. In

Figure 1.6, we show the QQ-plots of the residuals against the normal distribution,

which are split into four groups according to the centroid state. In Figure 1.7, we

show the QQ-plots of the residuals for a 4-state HMM. The most apparent departure

from normal appears in the nonsensitive state and the major HS state. QQ-plots in

our model is much closer to a straight line, which shows the self-consistency of our

model. We only have a small number of hypersensitive sites validated by the southern
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Figure 1.6: QQ-plots for the residual vs. Normal of our hierarchical model for (a)
data in nonsensitive region (b) data in intermediate sensitive region (c) data in minor
HS (d) data in major HS.
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Figure 1.7: QQ-plots for the residual vs. Normal of the standard 4-state HMM for
(a) data in nonsensitive region (b) data in intermediate sensitive region (c) data in
minor HS (d) data in major HS.
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blot. For each validated region, we take the state that covers the most probes as the

prediction made by our model. Out of the total 122 site provided to us, which we

take as true positive instances, 47 of them are correctly predicted by our algorithm

as major hypersensitive sites. Another 32 is found in the minor hypersensitive region

predicted by our model. These two sets of sites together account for 65% of the total

validated site. We also have another separate set of negative regions consisting of

26 nonsensitive sites. Our model predicted no major or minor HS sites within those

regions.

We mentioned in Section 1.1 that one concern that biologists might have is that

the underlying biological structure is not changing abruptly. By looking at the raw

data in Figure 1.1, for example, we can see that the data look nothing like a piecewise

constant function. Rather, we typically observe a gradual change in intensities that

form peaks around the hypersensitive regions. Thus one might question the validity

of our change point model. Our counter argument is that while it is true that we

assumed a model in which the underlying process jumps to another state at each

change point, the precise position where this happens can well be characterized by the

uncertainty. In Figure 1.8, we plotted the marginal distribution of the change point

p(ck = i for some i|y), obtained from 500 sampled segmentations. The uncertainty of

the position of the change point is seen from the probability near the inferred change

point. A more spreaded “peak” around the change point will indicate a slower change

of the underlying process. In our data, we usually have sharp “peaks” implying small

uncertainty of the change point position. Some uncertainty in our data is caused by

the fact that the neighboring probes are overlapping with each other.

In summary, the results of this preliminary study include three main findings: 1)

Hierarchical change point models applied to genome scale studies of DNase I sensi-

tivity/hypersensitivity offer a promising approach to better fit within state variation.

This improved fit will be of most value in controlling false positives. 2) These change

point models also offer a means to go beyond the geometric models of fragment
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length that are implicit in HMMs. In so doing, they provide a principled means to

span repeat gaps in tiled array data. 3) These ensemble based estimates provide an

assessment of the uncertainty in each inferred state prediction.

1.4 Variants and Extensions of the Basic Model

In previous sections, we presented in detail our new approach for modeling sequence

data with continuous observations. In this section, we will present some variants of

our model. In particular, we show that we can get a simpler model without length

distributions and transition probabilities. If we have prior information on the upper

or lower bound of the segment length, this can also be incorporated into our model.

Incorporation of this prior information can be important in some applications. Also,

in the simpler model, we have much fewer hyperparameters to estimate, this will

be useful when we don’t have the luxury of extremely long sequences. In section

1.4.2, we address one problem raised in section 1.2.9, where we mentioned that our

model selection criterion is conditioned on the parameters estimated. We will discuss

how to compute the model probability in a fully Bayesian framework. The method

we propose is a sequential updating procedure that is very similar to Sequential

Important Sampling (SIS). Actually SIS can be applied to this problem, and we

will show how in section 1.4.2. In Section 1.2, the observations were assumed to be

i.i.d. given the hidden parameters. In order to show the readers that our model

can be much more flexible than the basic model, we present an extension of our

model to incorporate Markov dependency within each segment. Higher order Markov

can also be accommodated, although we only consider first order Markov here as

an illustration. Finally, our model can be easily extended to multiple arrays for our

biological application.
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1.4.1 A simpler model

We can assume a simpler prior for the segmentation without using explicit length

distributions or transition probabilities. This strategy was used in [54], where they

assumed a uniform distribution on 1 . . . kmax for the number of change points, and

any segmentations with exactly k change points were assumed to be equally likely.

Although they do not have explicit states in their model, we can simply assume that

all different assignments of states to segments are equally likely. It is easy to see that

a particular segmentation (together with state assignments) with k change points in

a sequence of length n has probability 1
kmax

1

(n−1
k−1)

1
Dk , where D is the number of states.

In this simpler model, we do not need recursion corresponding to (1.4), the main

forward recursion is now:

Pr(y1:i|1 : i has k change point(k segments), last state is δ)

=
∑

j<i,δ′

Pr(y1:i, last change point before i is at j, with state δ′|k, δ)

=
∑

j<i,δ′

Pr(j, δ′, k − 1|i, δ, k)P (y1:i|k, j, δ, δ′)

=
∑

j<i,δ′

P (j, δ′, k − 1|i, δ, k)P (y1:j|δ′, k − 1)P (yj+1:i|δ, 1)

=
∑

j<i,δ′

(
j−1
k−2

)
Dk−2

(
i−1
k−1

)
Dk−1

P (y0:j|δ′, k − 1)P (yj+1:i|δ, 1)

This simpler model can be extended somewhat by taking into account the length

constraint and transition constraint. The constraint on the segment length can be

represented as an interval [lδ, uδ], where lδ ≥ 1 is the lower bound and uδ ≤ ∞ is the

upper bound for the length of a segment with state δ. We could possibly also have

prior constraint on the transition. We can think of this constraint as represented

by a graph with each node representing one state. A directed edge is added from

state/node δ1 to δ2 if the transition from δ1 to δ2 is allowed. So the sets of next
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possible state when the current state is δ is Nδ = {δ′ : (δ, δ′) ∈ E}, where E is the set

of (directed) edges. In our experience with both HMM and our hierarchical model,

the exact value of transition probability is usually much less important in practice

than the correct specification of the possible transitions.

With length and transition constraints, the simple combinatorial counting can no

longer be used. A recursion is required to count the number of possible segmentations.

We let S(i, δ, k) be the number of possible segmentations (with states) of a sequence

of length i, with k change points (k segments), with last state δ. It can be computed

using the following recursion:

S(i, δ, 1) =





1 if i ∈ [lδ, uδ]

0 o.w.

S(i, δ, k) =
∑

j<i

∑

δ′∈Nδ

S(j, δ′, k − 1)S(i − j, δ, 1)

The main recursion now becomes:

Pr(y1:i|1 : i has k change points(k segments), last state is δ)

=
∑

j<i,δ′

P (j, δ′, k − 1|i, δ, k)P (y1:j|δ′, k − 1)P (yj+1:i|δ, 1)

P (y1:j|δ′, k − 1)P (yj+1:i|δ, 1)

=
∑

j<i,δ′∈Nδ

S(j, δ′, k − 1)S(i − j, δ, 1)

S(i, δ, k)
P (y1:j|δ′, k − 1)P (yj+1:i|δ, 1)

Note that we can define P̂ (y1:i|δ, k) = S(i, δ, k)P (y1:i|δ, k) (this is not a probability),

so the recursion can be done in terms of P̂ , which becomes simply

P̂ (y1:i|δ, k) =
∑

j,δ′

P̂ (y1:j|δ′, k − 1)P̂ (yj+1:i|δ, 1)
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Actually, the recursion in Section 1.2 can also be transformed into a simpler form

by defining P̂ appropriately. With this definition of P̂ , other formula also become

simpler. For example, the recursive backward sampling becomes

P (ck−1 = j, δ′|y0:n, ck = i, δ) ∝ P̂ (y1:j|δ′, k − 1) · P̂ (yj+1:i|δ, 1)

The model we have presented in this subsection has a simpler structure than

the basic model we presented in Section 1.2. For example, if we have four states,

the model in Section 1.2 has about 40 hyperparameters, while the simpler one here

only has 16 parameters. With fewer parameters to estimate, the inference procedure

generally becomes more efficient. In particular, if we put a (hyper-hyper-)prior on

the hyperparameters, as we will do next, and perform integration over the prior, a

16-dimensional integration is generally much easier to compute numerically than a

40-dimensional one.

1.4.2 Fully Bayesian model selection

In section 1.2.9, we used a small part of data to estimate the hyperparameters, then

the expected log likelihood E log p(y1:n|Θ̂) is approximated using additional data that

are not involved in the estimation step, to get an unbiased estimate of the expectation.

However, this inference is conditioned on the estimated parameters in the first step,

the uncertainty of which is not taken into account. In the fully Bayesian approach,

the selection of model is based on the posterior p(M |y), and we choose the model

with the largest posterior probability:

M∗ = arg max
M

P (M |y)

. In Bayesian model selection, we need to specify both the prior p(M) for the model

and the priors p(Θ|M) associated with the parameters for each model. Then the
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posterior can be obtained from the Bayes rule:

P (M |y) =
p(y|M)p(M)

p(y)

For prediction problems, a Bayesian would ideally take average across all models to

get the marginal probability of new independent observations:

p(ynew|y) =
∑

M

p(ynew|M)p(M |y)

. This is called model averaging, an important technique in Bayesian statistics.

Model averaging is usually to expensive to compute, and one often will be satisfied

with selecting a single model. Whatever strategy is used, the essential calculation

involved in calculating the posterior model probability is to perform the integral

p(y|M) =
∫

p(y|Θ,M)p(Θ|M)dΘ. If conjugate prior can be used, the integral can be

evaluated in close form. But in problems like in our hierarchical model, we already

explored using conjugacy in the specification of the prior for the hidden parameters.

The likelihood given the hyperparameters p(y|Θ) was computed by recursion, not in

closed form. Thus it seems impossible to specify appropriate conjugate prior for the

hyperparameters. When specification of prior is difficult and when we do not have

too much prior information on the hyperparameters, we will usually choose some dif-

fuse prior, trying not to put too much constraint on the hyperparameters, and use

numerical methods to evaluated the integral. There are several approaches for this

problem.

• We can choose a large enough region and then discretize the region using a

regular grid, and use averages over the grid to approximate the integral.

• Modern Bayesian statisticians frequently use MCMC to calculate high-dimensional

integrals. Using appropriate proposal distributions for exploring the parameter

space, it will generate a Markov chain which converges to the target posterior
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distribution.

• Importance sampling is another important tool which also requires an appro-

priate proposal distribution.

The first approach of computing on the grid does not work for our problem where

the dimension of the parameter space is not small. The last two approaches also

have problems. In order to find a good proposal distribution, we generally need to

have some ideas on the location and dispersion of the posterior distribution. For

large data sets, the posterior distribution will usually be concentrated in a small

region in the parameter space. Appropriate design of the proposal distribution is

critical for the success of the algorithm. For MCMC, this is usually done with trial

and error by observing the acceptance rate of the Markov chain. The appropriate

proposal distribution for importance sampling seems to be even more difficult to find.

The simplest proposal distribution would be the prior p(Θ) itself. Due to the large

discrepancy between the diffuse prior distribution and the posterior, a great deal of

computations are wasted on the large regions of the parameter space in the tail of

the posterior. In order for importance sampling to work, we must find a proposal

distribution that is closer to the posterior. A simple idea is that we start by using the

prior as the proposal distribution. As we see more data, we update our knowledge

about the posterior and use this as the new proposal for subsequent computations. We

will explain this in detail next. As the algorithm progresses, only Θ’s that come from

the new distribution will be used in the evaluation of subsequent integrals. Those Θ’s

that come from the prior are only involved in the computation of the first integral

below, this increases the efficiency of our algorithm.

Let’s first set up the statistical framework for our algorithm. Suppose we have a

candidate model M , and a prior on the parameters given M , p(θ|M), the probability

we are interested in is p(y|M) =
∫

p(y|θ,M)p(θ|M) dθ, where y = {y1, y2, . . . , yn}

are the observations. We assume that {yi} are i.i.d. from the model p(y|θ). We will

assume there is a hidden variable xi for each yi, so p(yi|θ) is actually the marginal
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observations that come from the complete model:

p(yi|θ) =
∑

xi

p(yi|xi, θ)p(xi|θ)

A remark is in order on what is yi and xi for our problem in the previous sections. For

our segmentation problem for biological sequence data, the observations are not iid

since we sum and integrate over hidden variables. The observations are i.i.d within

one segment given the hidden parameters, the mean and variance for that segment. In

the application in Section 1.3, we cut the long sequence with hundreds of thousands

observations into many sequences each with length about a couple of thousands.

Given the hyperparameters, the recursion is done separately for each shorter sequence,

and dependence of neighboring sequences were not taken into account. So in order

to apply the following procedure, we should think of yi as containing all observations

in one short sequence, and think of xi as the corresponding segmentation with the

hidden parameters for each segment. θ here will correspond to the hyperparameters

that we used in the hierarchical model. In this way, we have the i.i.d. data yi. We

set out to compute the marginal distribution of y given a fixed model M . We omit

writing M explicitly in the following, with the understanding that each probability

is conditioned on a fixed model. One approach of calculating the integral is by

straightforward importance sampling:

∫
p(y|θ)p(θ) dθ ≈ 1

N

N∑

i=1

p(y|θ(i)), θ(i) ∼ p(θ)

If n is large, the overlap between the prior p(θ) and the likelihood p(y|θ) is typically

small, the above computation will be inefficient, because most of the computation

will be wasted on the region of θ for which p(y|θ) is extremely small and contribute

little to the integration. We propose the following strategy:

1. partition the data into K parts: ∪K
k=1yk = {y1, . . . , yn}
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2. Set the initial proposal distribution to be the prior: p0(θ) := p(θ), draw N

samples from p0(θ), {θ(i)
0 }N

i=1

3. for t from 1 to K

• compute mt :=
∫

p(yt|θ)pt−1(θ) dθ, using samples from pt−1(θ) as an ap-

proximation: 1
N

∑N
t=1 p(y|θ(i)

t−1). Note mi is actually the probability

p(yt|y1, . . . ,yt−1)

• Define pt(θ) to be the posterior distribution of θ give {y1, . . . ,yt} : pt(θ) ∝

p(yt|θ)pt−1(θ). Use samples {θ(i)
t } to represent pt(θ), which can be done in

3 steps:

– since pt−1(θ) is represented by samples {θ(i)
t−1}, pt(θ) can be represented

as weighted samples (θ
(i)
t−1, w

(i)
t ),

where w
(i)
t = p(yt|θ(i)

t−1)

– resample from {(θ(i)
t−1, w

(i)
t )} to obtain {θ̃(i)

t }

– perform one Gibbs sampling-like step: for each i, draw {x1,x2, . . . ,xt}

from the conditional distribution p(x1, . . . ,xt|θ̃(i)
t ,y1, . . . ,yt). Then

conditioned on the {x1,x2, . . . ,xt} just obtained, draw θ
(i)
t from the

conditional distribution

p(θ
(i)
t |{x1,x2, . . . ,xt})

endfor

4. output
∏K

i=1 mi as the approximation to the integral
∫

p(y|θ)p(θ) dθ

The correctness of the algorithm can be seen simply by that mt ≈ p(yt|y1, . . . ,yt−1)

In the procedure above, each step of the integral is still performed with importance

sampling. The advantage of this procedure is that after each data set comes in, we

use that to update the posterior distribution, which is then used as the proposal

distribution in the next step to compute mt. This importance sampling works because
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in the straightforward approach, we use samples from the prior p(θ) to compute the

integral
∫

p(y|θ)p(θ)dθ, here we use samples from p(θ|y1, . . . ,yt−1) to compute the

integral
∫

p(yt|θ)p(θ|y1, . . . ,yt−1)dθ. The difference between p(θ|y1, . . . ,yt−1) and

p(θ|y1, . . . ,yt), is supposedly much less than the difference between the prior p(θ) and

the posterior p(θ|y) conditioned on all data. This is what will make our algorithm

more efficient.

Actually, we do not have to compute the mt’s on the way. At the end of the

algorithm, what we obtained are samples {θ(i)
K } from the posterior distribution p(θ|y).

In the next subsection, I will show how to evaluate the integral
∫

p(y|θ)p(θ)dθ if we

can obtain samples from the posterior p(θ|y), without the requirement to be able

to evaluate p(θ|y) (which can be obtained only if the integral
∫

p(y|θ)p(θ)dθ can be

evaluated first).

Consider our hierarchical model, in step 3 of the above procedure, sampling

from p(θ
(i)
t |{x1,x2, . . . ,xt}) is generally easy since xt contains information about

the segmentation, together with the hidden parameters. The difficulty resides in

sampling from p({x1,x2, . . . ,xt}|θ), which requires us to do forward recursion again

with new θ on the data {y1, . . . ,yt}, then do backward sampling to get samples for

{x1,x2, . . . ,xt}. To avoid this, we can perform only a half step of step 3, so samples

xt is drawn only at the tth time step. Now our new algorithm will looks like the

following:

1. partition the data into K parts: ∪K
k=1yk = {y1, . . . , yn}

2. Set the initial proposal distribution to be the prior: p0(θ) := p(θ), drawing N

samples from p0(θ), {θ(i)
0 }N

i=1

3. for t from 1 to K

• Obtain samples {θ(i)
t ,x

(i)
1 , . . . ,x

(i)
t } representing the distribution

p(θ, {x1,x2, . . . ,xt}|{y1, . . . ,yt}). This can be done in 3 steps:
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– for each i from 1 to N ,draw samples x
(i)
t from p(xt|θ(i)

t−1,yt), so

p(θ,x1, . . . ,xt|y1, . . . ,yt) is represented by {θ(i)
t−1,x

(i)
1 , . . . ,x

(i)
t , w

(i)
t }where

w
(i)
t = p(yt|θ(i)

t−1)

– resample from {θ(i)
t−1,x

(i)
1 , . . . ,x

(i)
t , w

(i)
t } to obtain {(θ̃(i)

t ,x
(i)
1 , . . . ,x

(i)
t )}

– Conditioned on the {x(i)
1 ,x

(i)
2 , . . . ,x

(i)
t } obtained, draw θ

(i)
t from the

conditional distribution p(θ
(i)
t |{x(i)

1 ,x
(i)
2 , . . . ,x

(i)
t })

endfor

4. use the samples {θ(i)
K } to compute the integral

∫
p(y|θ)p(θ) dθ, using the method

to be presented in section 1.4.3.

In the above, it might not be obvious to the readers why we have the weights

w
(i)
t = p(yt|θ(i)

t−1). Actually, the above procedure is almost identical to the sequential

importance sampling procedure with resampling, the only (important) difference is

that we periodically redraw θ’s at each time step. If we skip this step, the resampling

step will make the number of non-unique θ’s smaller and smaller, which will be a

problem when we later use these θ′s to compute the integral. After realizing the

connection with SIS, the weights can be computed from the general formula in [53].

From equation (2) in section 2.1 of their paper, we get that the appropriate weight is

w
(i)
t =

p(θ
(i)
t−1,x1, . . . ,xt|y1, . . . ,yt)

p(θ
(i)
t−1,x1, . . . ,xt−1|y1, . . . ,yt−1|)p(xt|θ(i)

t−1,yt)
∝ p(yt|θ(i)

t−1)

We have not explained how we should partition the data in step 1. This can be

done in many ways. A good strategy might be to partition the data such that the

size of the tth partition is a fraction, say 1/2, of the t + 1th partition. Since we use

the posterior p(θ|y1, . . . ,yt−1) to calculate the integral
∫

p(yt|θ)p(θ|y1, . . . ,yt−1)dθ:

1

N

N∑

i=1

p(yt|θ(i)
t−1) θ

(i)
t−1 ∼ p(θ|y1, . . . ,yt−1)
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if we partition the data this way, the information about θ contained in the previous

posterior p(θ|y1, . . . ,yt−1) is roughly the same as the information contained in the

likelihood p(yt|θ) in the next step.

1.4.3 Calculating marginal probability from posterior sam-

ples

This subsection is more generally applicable than the previous one. Basically it

provides a method to calculate the marginal probability in a Bayesian framework

when we can obtain posterior samples. So the goal is to compute
∫

p(y|θ)p(θ)dθ given

samples from the posterior p(θ|y). A simple strategy using importance sampling does

not work. If we write the integral as follows:

∫
p(y|θ)p(θ)dθ =

∫
p(y|θ)p(θ)

p(θ|y)
· p(θ|y)dθ

and try to evaluate the integral using samples {θ(i)}N
i=1 from the posterior with

1

N

∑

i

p(y|θ(i))p(θ(i))

p(θ(i)|y)

this does not work because we don’t know how to evaluate p(θ|y), which requires that

we are able to compute the normalizing constant, which is exactly
∫

p(y|θ)p(θ)dθ, the

integral we want to compute in the first place. A simple strategy will solve this

problem.

Generally, if we want to compute some integral
∫

f(θ)p(θ)dθ, the (unnormalized)

importance sampling works as follows:

• draw samples {θ(i)} from a proposal distribution q(θ)

• calculate the importance weights for each sample: w(i) = p(θ)
q(θ)

• use
∑

w(i)f(θ(i))∑
w(i) as an approximation to the integral.
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The main advantage of using this formula instead of the more direct sample average

estimate 1
N

∑
w(i)f(θ(i)) is that the distribution q(θ) does not have to be normalized.

Aided by this observation, we can now write our integral as

∫
p(y|θ)p(θ)dθ =

∫
p(y|θ) p(θ)

p(θ, y)
p(θ, y)dθ

where we used the unnormalized distribution p(θ, y) instead of p(θ|y). By the formula

above, we can calculate the weights w(i) = p(θ(i))

p(θ(i),y)
= 1

p(y|θ(i))
, and the integral can then

be approximated by

∑
w(i)p(y|θ(i))∑

w(i)
=

∑
1

p(y|θ(i))
p(y|θ(i))

∑
1

p(y|θ(i))

=
N∑

1
p(y|θ(i))

So the integral is approximated by the harmonic mean of p(y|θ(i)), which does not

require evaluating the posterior probability.

1.4.4 Markov dependence

Our basic model in Section 1.2 assumes that each segment has its own mean and

variance, and each observation within one segment are generated i.i.d. given these

hidden parameters. In this subsection, we will present an extension that takes into

account higher order Markov dependency within one segment. Here we only consider

one particular Markov model that is called autoregressive model which has been stud-

ied a lot in parametric time series theory. Time series is a well-developed statistical

theory which has many applications in economics and financial modeling. A good

introductory book on the classical theory for mathematically inclined readers is [11],

while the more recent book [28] focuses more on the nonparametric aspect of the

theory. An autoregressive model of order p, AR(p), is defined as

yt = β1yt−1 + · · · + βpyt−p + εt (1.12)
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where in general εt is a white noise process WN(0, σ2), i.e.

E(εt) = 0, V ar(εt) = σ2, and Cov(εt, εs) = 0, for all t 6= s

We assume the more strict condition that εt are i.i.d. N(0, σ2). By the above defi-

nition, an i.i.d. model we studied before can be considered as the special case with

order p equal zero. Next we illustrate the model with p = 1 : yt = βyt−1 + εt.

AR(p) with p > 1 can be studied with a little bit more complicated vector algebra

using a multidimensional normal prior similar to the Bayesian linear regression in

[34]. We also assume that the time series has mean zero for simplicity. If a sta-

tionary AR(1) model has mean µ, then we have that yt − µ = β(yt−1 − µ) + εt, i.e.

yt = µ(1 − β) + βyt−1 + εt, thus a series with non-zero mean can be modeled by an

extra intercept coefficient β0 := µ(1 − β).

For technical reasons, in a AR(1) model, we usually assume that |β| < 1, which

ensures that model (1.12) admits a unique stationary and causal solution, although

this constraint is not going to be put on our model, since we will later assume a Gaus-

sian prior for β, which has infinite support. The AR(1) model exhibits dramatically

different behavior depending on the sign of β. It can be shown that β is actually the

correlation coefficient Corr(yt, yt−1). Thus with negative β, the time series has an

oscillatory behavior, while with positive β, the series looks smoother. Fig 1.9 plotted

two time series with β = 0.9 and β = −0.9 respectively. This illustrated that we can

possibly segment data into regions according to this behavior. We are currently not

aware of any application of this model, so this subsection mainly serves a pedagogic

purpose to illustrate that our model can be much more flexible than presented in

Section 1.2.

The model is same as before, except now we assume that for a segment [i, j], given
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the hidden parameters β and σ2, the observations are generated by

yi = εi

yt = βyt−1 + εt, t = i + 1, . . . , j

εt
iid∼ N(0, σ2), t = i, . . . , j

We put the following prior on the hidden parameters, the same as used in the basic

model:

βi|σ2
i , A ∼ N(β

(h)
δi

,
σ2

i

k
(h)
δi

)

σ2
i |A ∼ Invχ2(ν

(h)
δi

, σ2
δi

(h)
)

The probability p(yi:j |δ, 1) can be computed analytically as before (omitting super-

script and subscript for the hyperparameters in the following):

p(yi:j |δ, 1) =

∫ ∫
1√

2πσ2
n e−

y2
i +

∑j
t=i

(yt+1−βyt)
2

2σ2
1√
2π σ2

k

e−
k(β−βδ )2

2σ2 ·

ν
2

ν/2

Γ(ν
2
)
σν

δ σ
−2( ν

2
+1)e−

νσ2
δ

2σ2 dβdσ2

First the integration over β can be computed,

∫
e−

y2
i +

∑j
t=i

(yt+1−βyt)
2

2σ2 e−
k(β−βδ )2

2σ2 dβ

=

√
2π

σ2

kδ + j − i + 1
e−

λ′
2σ2

where λ′ depends on the observations and the hyperparameters. So instead of λ in

Section 1.2, we have a different λ′. The corresponding formula for p(yi:j|δ, 1) is exactly

as in (1.3), with λ replaced by λ′. It is obvious from the discussion of Section 1.2 that

all other recursions remain exactly the same.

From the above discussion, it is evident that our model has great flexibility in
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modeling the dependency using an embedded Bayesian time series model. The only

change we need to make is in computing the p(yi:j |δ, 1). Thus if the program is

written in separate modules, the programming burden when we change to higher

order Markov model is minimal, with only one module need to be changed. No other

parts of the code need to be modified at all.

1.4.5 Multiple arrays

In the application presented in the last section, we only used one sequence. The

extension to the case where we have multiple replica arrays of the same experiment is

straightforward. First we obtain the hyperparameters using EM as before. The dis-

tributions on transitions and segment lengths are constrained to be the same across

replicas, since they reflect the underlying biological structure that should be kept the

same across different arrays. But the other hyperparameters are fitted independently

for each replica. The variations between the replicas are reflected in the difference of

those hyperparameters. This can be regarded as a normalization method for different

arrays. If the arrays have been normalized beforehand, we can use only one set of

hyperparameters. Generally, for m replicas, we will have m sets of hyperparameters

{Θ(r)}m
r=1. Assuming independence of observations between the replicas, the proba-

bility of observation can be factored as p({y(r)
i:j }m

r=1|δ, 1) =
∏m

r=1 p(y
(r)
i:j |δ, 1,Θ(r)). The

recursions and sampling is same as before, replacing p(yi:j|δ, 1) with p({y(r)
i:j }m

1 |δ, 1).
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Figure 1.8: Top: sequence data. Bottom: probability of change.
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Figure 1.9: Times series simulated from model AR(1) with standard Gaussian noise.
Top: β = 0.9. Bottom: β = −0.9.
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Chapter 2

Variational Image Superresolution
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Super-resolution is an important but difficult problem in image/video processing.

If a video sequence or some training set other than the given low-resolution image is

available, this kind of extra information can greatly aid in the reconstruction of the

high-resolution image. The problem is substantially more difficult with only a single

low-resolution image on hand. The image reconstruction methods designed primarily

for denoising is insufficient for super-resolution problem in the sense that it tends

to oversmooth images with essentially no noise. In this chapter, we propose a new

adaptive linear interpolation method based on variational method and inspired by

local linear embedding (LLE). The experimental result shows that our method avoids

the problem of oversmoothing and preserves image structures well.

2.1 Introduction

Super-resolution is an image processing technique to obtain high-resolution image

from its low-resolution counterpart, either using information from a single image

or image sequence. Most of the literature focus on the latter [43][74]. With only

one image, it is generally difficult to interpolate the missing pixels with little prior

information about the image.

Many approaches have been proposed in recent years. For video/image sequence,

information on subpixel motion between temporally adjacent images can be uti-

lized. Due to the ill-posedness of the super-resolution problem, regularization[43]

or a Bayesian framework[94] usually needs to be set up, the two approaches being

closely related.

For only one single image, traditionally the most often used method is bilinear

or bicubic interpolation, which works under the assumption that images are smooth

for the most part. One recent advance on single image super-resolution is the work

by Freeman et al[33]. Using a large database of image patches consisting of low-

resolution and high-resolution pairs, the algorithm will search the database for the
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corresponding high-resolution patch, for each of the image patches in the given low-

resolution image. One obvious disadvantage of this approach is that it requires the

existence of a database in the first place.

We propose a novel algorithm for single image super-resolution, without the need

for a database or other training images. Our algorithm is inspired by Local Linear

Embedding (LLE) used for dimension reduction. By trying to express each pixel

value as a linear combination of neighboring pixel values, we can estimate the local

structure of the low-resolution image which we can then use to construct a filter for

interpolation in the second step.

One work similar in spirit to ours is [20]. There the authors also try to express

the center pixel as a linear combination of its neighbors. Similar to Freeman[33],

their algorithm also requires a training set of pairs of patches in order to estimate

those linear coefficients. And the coefficients are learned in the regression framework,

giving as a result a spatially adaptive filter. There algorithm can be regarded as a

complement to [33] which works well on cartoon images.

One approach to single image super-resolution without training, which is also

related to ours, is mentioned in [15] using digital TV filter[14], which is the discrete

counterpart of the variational functional method with a total variation (TV) norm.

The digital TV filter is originally designed with the goal of image denoising in mind.

Although the authors demonstrated that using a TV smoothing term can largely

preserve edges and other important features, the result still looks blurred and blocky

(using higher order smoothness term can alleviate the second problem with the cost of

exacerbating the first problem). We think that directly using denoising algorithm on

the super-resolution problem is somewhat unnatural, with no special attention to the

problem at hand. Our algorithm uses variational approach on the linear coefficients

instead, so the smoothing term has an effect on the local filter, not directly on the

image.
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2.2 local structure estimation

Denoting the given image by u, defined on Ω = [0, 1] × [0, 1]. We start by assuming

that each point x ∈ Ω can be approximately expressed as an weighted combination

of its neighbors (eight neighbors are used in our implementation):

u(x) ≈
8∑

i=1

w(i)(x)u(x + δi) (2.1)

, where x+δi are the neighbors of x, with δ1 = (−h,−h) etc. For grayscale images, for

example, the above equality is trivially satisfied for an infinite number of combinations

of w(i), i = 1..8, given the image u. So trying to estimate w separately for each point

x is futile without further constraint. Here we use the variational approach with a

TV norm proposed in [72]:

min
w

∫ (∑

i

w(i)u(·+ δi) − u

)2

dx + λ

8∑

i=1

∫
|∇w(i)|dx (2.2)

,where λ is a parameter that must be set to balance the fidelity term and the smooth-

ness term. This minimization problem can be solved iteratively using the correspond-

ing evolution PDE:

w
(i)
t = div

(
∇w(i)

|∇w(i)|

)
− λ

(∑

i

w(i)u(·+ δi) − u

)
u(· + δi) (2.3)

,which can then be discretized and solved numerically.

2.2.1 Connections to LLE

Given a set of N vectors {Xi} in high dimensions. The LLE solves the following

minimization problem:

min
W

∑

i

(Xi −
∑

j

WijXj)
2 (2.4)
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with the constraint
∑

j

Wij = 1,Wij ≥ 0 (2.5)

where the index j runs over those of Xj that is among the k nearest neighbors of

Xi. with nearest neighbors determined by some metric d(Xi,Xj). This minimization

problem has a non-trivial solution since it is usually assumed that the dimension of

Xi is much bigger than k.

To generalize LLE, we first assume that the data come in with two components

Xi = (Yi, Zi) (think of Yi as grid position, and Zi as intensity value). Now we can

minimize the following:

min
W

∑

i

(Zi −
∑

j

WijZj)
2 (2.6)

the index j still runs over k nearest neighbors of Xi. but now with nearest neighbors

determined by some metric d(Yi, Yj) depending on the other component of X.

If dimension of Xi is small compared to k (as in the case of an image), we must

add regularization term to make the problem well-posed. And we will recover the

discrete counterpart of (2.2) after ignoring the convexity constraint(2.5).

2.2.2 Comparison with Digital TV Filter

The digital TV filter also implicitly estimates some kind of local linear structure. It

repeatedly applies the following filtering step on the current image until convergence

( see equation (9) in [14]):

ut+1(x) =

8∑

i=1

h(i)(x)ut(x + δi) + h(0)(x)u0(x) (2.7)

, where ut is the reconstructed image at the t-th iteration, and the coefficients h are

based on local image gradient and must be recomputed for each iteration. Note one

difference in form between (2.1) and (2.7) is that we don’t have a corresponding w(0)

in (2.1). The reason is that if w(0) were added, (2.2) would have a trivial solution, with
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w(0) ≡ 1, w(i) ≡ 0, i = 1 . . . 8. The coefficients for digital TV filter after convergence

is quite different from the coefficients estimated from our method (Fig. 2.1). This

is due to the fact that we estimate the coefficients using a global functional, and the

TV filter computes the coefficients using local information only. Another reason for

the difference is that our approach estimates orientation-specific weight, the digital

TV only estimates local gradient magnitude.

2.3 super-resolution

Suppose now we are given an n×n low-resolution image ulow, and have also obtained

an initial reconstructed zn× zn high-resolution image û0 (by nearest neighbor inter-

polation, for example), where z is the magnification ratio. Using variational method

outlined in the last section on ulow, we get eight n×n weight matrices w(i) represent-

ing roughly the local structure in the low-resolution image. These weight matrices

cannot be directly used as filters for high-resolution image because it is smaller in

size. To obtain suitable zn× zn weight matrices w̃(i), we can use linear interpolation

on the low-resolution weight matrices to obtain the high-resolution weight matrices.

Finally, the weight matrices can act as adaptive filters for interpolation:

uhigh(x) =

8∑

i=1

w̃(i)(x)û0(x + δi) (2.8)

2.4 experimental result

We compare the proposed method with both bicubic interpolation and digital TV fil-

ter using grayscale images. We use z = 3 in the following experiments. The smoothing

parameter used is λ = 0.1 in all our experiments. It is observed that the result is

quite similar for all different smoothing parameters we tried. The reason is probably

that the smoothness parameter affect the smoothness of the weights, and only has

indirect effect on image itself through the weights. We first apply the algorithm to
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the house image (Fig. 2.2). Both bicubic interpolation and digital TV filter over-

smooth the image. To make this point clearer, the Sobel edge detector is applied on

the results using the same threshold. The edge detector returns less edges on both

bicubic interpolated and TV filtered images, which shows the oversmoothing problem

of both methods. Another advantage of our method over bicubic interpolation is that

the edges are less wiggled, as can be seen from the roof of the house image in (c) of

Fig 2.2, for example.

As a second example, the fingerprint image is used to see how well our method

works for texture images. It is well known that TV filter does not work on texture

images as can be seen from Fig 2.3. Our method also gives reasonable result in this

case.

2.5 Conclusion

In this work, we proposed a new algorithm for single-image super-resolution problem

using variational method. Instead of working on the image space as in the previous

work utilizing variational method, we use variational formulation to estimate the local

structure of an image. The resulting adaptive filter reflects both local pixel variance

and global image information. The experimental result shows some advantage of

our method over some previous approaches. A future research direction might be to

explore other applications of the variational estimation of the local image structure.
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(a) w(i) computed in our method

(b) h(i) for TV filter after convergence

Figure 2.1: The linear coefficients computed in our method and digital TV filter is
quite different for a simple image
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(a) interpolation results

(b) response to Sobel edge detector

(c) zoom-in of part in (b)

Figure 2.2: Comparison of interpolation results. Upper Left: original high-resolution
image. Upper Right: bicubic interpolation, PSNR=26.9. Lower Left: our method,
PSNR=27.6. Lower Right: digital TV filter, PSNR=26.9.
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(a) interpolation results

(b) response to Sobel edge detector

Figure 2.3: Comparison of results on fingerprint image. Upper Left: original high-
resolution image. Upper Right: bicubic interpolation, PSNR=16.3. Lower Left: our
method, PSNR=16.8. Lower Right: digital TV filter, PSNR=16.2.
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Chapter 3

Nonparametric Bayesian

Asymptotics
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Bayesian inference distinguishes itself from the frequentist school by its explicit

quantification of uncertainty of the parameter with prior specification. The classical

approach uses subjective priors elicited from field experts and domain knowledge. The

modern Bayesian school have instead shifted attention more towards the construction

of priors using formal rules in the hope of dealing with arbitrariness of the prior.

Asymptotics for infinite-dimensional Bayesian statistics has been receiving a lot

of attention recently. In these studies, the Bayesian inference is approached from a

frequentist point of view, that is, we assume there is a true underlying probability

distribution that generates the data. Naturally one desired property is that as more

and more observations are made from the underlying generating mechanism, we will

obtain accurate estimate of the true distribution. While traditional Bayesians do

not believe in such an assumption, it is shown by [9] that this property is the same

as intersubjective agreement, which means two Bayesians will eventually come to

roughly the same conclusion after seeing enough data.

The posterior distribution typically behaves well under regular parametric models.

Doob showed that consistency is achieved under almost no assumptions on the model,

except for a zero measure set under the prior, although in topological terms this set

can be large. For infinite-dimensional models, however, the matter is more subtle.

Strange behavior can be observed under some priors as documented in [22]. Given the

prior Π on the set P of probability distribution, the posterior is a random measure:

Πn(B|X1, . . . ,Xn) =

∫
B

∏n
i=1 p(Xi)dΠ(P )∫ ∏n
i=1 p(Xi)dΠ(P )

For ease of notation, we will omit the conditioning and only write Πn(B) for the

posterior distribution. We say that the posterior is consistent if

Πn(P ∈ P : d(P,P0) > ε) → 0 in P n
0 probability.
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where P0 is the true distribution and d is some suitable distance function between

probability measures.

To study rates of convergence, let εn be a sequence decreasing to zero, we say the

rate is at least εn if for sufficiently large constant M

Πn(P : d(P,P0) ≥ Mεn) → 0 in P n
0 probability.

We can also have a slightly weaker definition of rates of convergence by replacing M

with a sequence Mn and requiring that the above posterior mass converge to zero for

any sequence Mn that diverges to infinity.

On the positive side, [75] shows consistency for specific distributions by construct-

ing a sequence of tests of the true distribution against distributions some positive

distance away. The tests can trivially be constructed for weak neighborhoods. The

construction of similar tests for stronger topology (typically measured in Hellinger

distance, for example) is not so straightforward and requires extra works. [6] gives suf-

ficient conditions that guarantee consistency of infinite-dimensional models by bound-

ing the likelihood ratio under bracketing entropy constraint on sieves. [79] studied

rates of convergence. A related approach by constructing a sequence of tests appeared

in [38].

The conditions imposed in the above are sufficient but not necessary. It is im-

portant to see to what extent these conditions can be relaxed. Another line of work

parallel to the development above by Stephen Walker and his collaborators proves

consistency and rates of convergence under slightly less stringent conditions. These

results are established by constructing a certain supermartingale and consistency and

rates of convergence is shown by focusing on the distance of certain predictive dis-

tributions to the true one. This approach does not require construction of sequence

of tests or sieves. It is shown that this new approach can lead to somewhat weaker

sufficient conditions or faster rates.
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In the first section of this chapter, we extend the existing theory to the non i.i.d.

case where we consider the consistency problem of function approximation using step

functions. A concrete prior is constructed to illustrate our assumptions. In the

second section of this chapter, we provide a simple proof of the rates of convergence

of posterior distribution under model misspecification, which was previously studied

in [49].

3.1 Consistency of Bayesian Approximation with

Step Functions

3.1.1 Introduction

Step functions are frequently studied in the statistical literature, either as an ap-

proximation to other functions or as a true model in itself. For example, [42] used

a step function as underlying intensity in a Poisson process. Numerous papers on

change point analysis also bear similarity with step functions, although the emphasis

is usually on the location of the change point.

A study of some nonparametric Bayesian regression problems appears in [92],

where they use random covariates assumed to be i.i.d. We will prove a similar result

for the special simple case that the underlying function are piecewise constant with

a finite number of jumps, corrupted by i.i.d. Gaussian noise with known variance. A

main difference from the previous problems studied is that we assume that the covari-

ates are on a regular grid in the interval [0, 1], so the observations are independent

but not identically distributed. We show that if the prior is such that it sufficiently

penalizes frequent jumps, the Bayesian procedure is consistent in the sense that the

posterior probability mass will concentrate on a L2 neighborhood of the true func-

tion. We will construct a simple prior which shows that the assumptions we made

for consistency are easily satisfied in practice.

87



In an influential paper, [6] showed how to prove consistency in nonparametric

Bayesian density estimation. The main idea is to express the posterior as a ratio,

then show that the numerator is exponentially small, while the denominator cannot

decrease exponentially fast. We will follow this reasoning in the current work.

3.1.2 Main Results

We closely follow the proofs in [6]. For that reason, we only show the part of proofs

that is different from [6]. Also, we will make use of the notations in [6] as much as

possible so the readers can easily find corresponding results in that paper.

The data we observe are yi = f0(xi) + εi, xi = i
n
, εi

iid∼ N(0, σ2), i = 0, 1, . . . , n,

where σ2 is assumed to be known. The true underlying step function f0 is assumed

to come from the set

F = {f : f is a step function defined on [0, 1] with finite number of jumps,

and ||f ||∞ := sup |f(x)| < K}

The posterior distribution is given by

Πn(A) =

∫
A

∏n
i=0 e−

(yi−f(xi))
2

2σ2 Π(df)
∫ ∏n

i=0 e−
(yi−f(xi))

2

2σ2 Π(df)
=

∫
A

∏n
i=0 e−

(yi−f(xi))
2−(yi−f0(xi))

2

2σ2 Π(df)
∫ ∏n

i=0 e−
(yi−f(xi))

2−(yi−f0(xi))
2

2σ2 Π(df)
=:

mn(y
n, A)

mn(yn)

We construct a sequence of subsets of F

Fn = {f ∈ F : f has at most kn jumps}

and consider a small neighborhood of f0 defined by

Aε = {f ∈ F :

∫ 1

0

(f − f0)
2 dx ≤ ε2}

Denoting the prior on F by Π(df), the assumptions that we use in the following proofs
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are

Assumption 3.1 For every ε > 0,Π(Aε) > 0.

Assumption 3.2 There exists a sequence {Fn}∞n=1 defined as above, with limn→∞
kn

n
=

0, and positive numbers c1, c2 such that Π(Fc
n) ≤ c1e

−nc2 for all but finitely many n.

Assumption 3.2 means that the prior should put small mass on the set of functions

that has too many jumps compared to the number of observations. As in [6], we can

show that the denominator mn(y
n) is not exponentially small.

Lemma 3.3 (Adapted from Lemma 4 in [6] )

Under assumption 3.1, for every ε > 0,

P∞
0 (y∞ : mn(y

n) ≤ e−nε, i.o.) = 0

In order to prove our main theorem, the following explicit bounds are needed:

Lemma 3.4 Let f, g ∈ Fn be step functions with at most kn jumps, then

∣∣∣∣
∫ 1

0

|f(x) − g(x)| dx −
∑

i |f(xi) − g(xi)|
n

∣∣∣∣ ≤
4Kkn

n∣∣∣∣
∫ 1

0

(f(x) − g(x))2 dx −
∑

i(f(xi) − g(xi))
2

n

∣∣∣∣ ≤
8K2kn

n

Proof. If f − g has one or more jumps inside [ i
n
, i+1

n
), which happens for at most 2kn

intervals, then
∣∣∣
∫ i+1/n

i/n
|f(x) − g(x)| dx − |f(xi)−g(xi)|

n

∣∣∣ ≤ 2K
n

, by the uniform bounded-

ness of functions in Fn. If f − g has no jumps inside [ i
n
, i+1

n
), then∣∣∣

∫ i+1/n

i/n
|f(x) − g(x)| dx − |f(xi)−g(xi)|

n

∣∣∣ = 0. Sum up over i to get the first inequality,

the second inequality is proved in the same way. 2

With the above lemmas, we can derive our main theorem:

Theorem 3.5 Under Assumptions 3.1 and 3.2, for every ε > 0

lim
n→∞

Πn(Ac
ε) = 0 a.s. P∞

0
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Proof. Write

Πn(Ac
ε) = Πn(Ac

ε ∩ Fn) + Πn(Ac
ε ∩ Fc

n).

The second term on the right hand side goes to 0 by our assumption on the prior

(the exact arguments of Lemma 5 in [6] can be followed even though yi are not i.i.d.).

So we only need to prove that the first term also goes to 0 a.s. P∞
0 . Similar to [6],

let Cn = Ac
ε ∩ Fn. Now, write Πn(Cn) = mn(yn,Cn)

mn(yn)
. Let r = r(n, δ) be the covering

number of Fn in L2 norm, and let {f1, f2, . . . , fr} be the δ-net for Fn. Define

Ẽj = {f ∈ Fn : ‖f − fj‖L2 ≤ δ}.

Let E1 = Ẽ1, and for j > 1 let Ej = Ẽj \ ∪j−1
s=1Ẽs. Hence {E1, . . . , Er} are disjoint

and cover Cn. We now write

mn(y
n, Cn)

=
r∑

j=1

mn(y
n, Cn ∩ Ej)

=
r∑

j=1

n∏

i=0

exp{−(yi − fj(xi))
2 − (yi − f0(xi))

2

2σ2
}

·
∫

Cn∩Ej

n∏

i=0

exp{−(yi − f(xi))
2 − (yi − fj(xi))

2

2σ2
}Π(df)

where we pick fj from the δ-net if Cn ∩ Ej 6= ∅. The magnitude of the different

terms in the last expression is estimated in Lemma 3.6,3.7 and 3.8. Combining these

estimates with Lemma 3.3, and choosing appropriate value for δ as a function of ε,

we get

lim
n→∞

Πn(Ac
ε) = 0 a.s.P∞

0

. 2
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Lemma 3.6

n∏

i=0

exp{−(yi − fj(xi))
2 − (yi − f0(xi))

2

2σ2
} ≤ e−nβ

eventually, for β = (ε−δ)2

16σ2

Proof.

P∞(y∞ :
n∏

i=0

exp{−(yi − fj(xi))
2 − (yi − f0(xi))

2

2σ2
} ≥ e−nβ)

= P∞(y∞ :
n∏

i=0

exp{−(yi − fj(xi))
2 − (yi − f0(xi))

2

4σ2
} ≥ e−n β

2 )

≤ en β
2 E
∏

i

exp{−(yi − fj(xi))
2 − (yi − f0(xi))

2

4σ2
}

= exp{n(
β

2
−
∑

i(fj(xi) − f0(xi))
2

8nσ2
)}

≤ exp{n(
β

2
− 1

8σ2
(‖fj − f0‖2 − 8K2kn

n
))}

≤ exp{n(
β

2
− 1

8σ2
((ε − δ)2 − 8K2kn

n
))}

≤ exp{−n
(ε− δ)2

32σ2
}

where the first inequality follows from Markov inequality, second inequality follows

from Lemma 3.4, third inequality follows from the fact that if f ∈ Cn ∩Ej 6= ∅, then

‖fj − f0‖ ≥ ‖f0 − f‖ − ‖f − fj‖ ≥ ε − δ, the last inequality follows from kn/n goes

to 0, so 8K2kn

n
will be less than (ε−δ)2

2
for n large enough. 2

Lemma 3.7 If δ < 1, we have

∫

Cn∩Ej

n∏

i=0

exp{−(yi − f(xi))
2 − (yi − fj(xi))

2

2σ2
}Π(df) ≤ enγ

eventually, where γ = 2(4K+1)
σ2 δ
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Proof. We write

E(
n∏

i=0

exp{−(yi − f(xi))
2 − (yi − fj(xi))

2

2σ2
})

=
∏

i

exp{(f(xi) − fj(xi))
2 − (f(xi) − fj(xi))(2f0(xi) − f(xi) − fj(xi))

2σ2
}

≤ exp{ n

2σ2
(

∑
i(f(xi) − fj(xi))

2

n
+

4K
∑

i |f(xi) − fj(xi)|
n

)}

≤ exp{ n

2σ2
(2δ2 + 4K · 2δ)}

≤ en
(4K+1)δ

σ2

where the second inequality follows from Lemma 3.4 and that ||f − fj||L1 ≤ ||f −

fj||L2 ≤ δ. Then,

P∞(

∫

Cn∩Ej

n∏

i=0

exp{−(yi − f(xi))
2 − (yi − fj(xi))

2

2σ2
}Π(df) ≥ enγ)

≤ e−nγ

∫

Cn∩Ej

E

(
n∏

i=0

exp{−(yi − f(xi))
2 − (yi − fj(xi))

2

2σ2
}
)

Π(df)

≤ e−n(γ− 4K+1
σ2 δ)

= e−n γ
2

So we get the result after applying Borel-Cantelli lemma. 2

Lemma 3.8 For any c′ > 0, we have r(n, δ) ≤ ec′n if kn ≤ αn for some α small

enough (α = (logd 2K
δ

e e) δ2c′

8K2 suffices)

Proof. The proof is just simple calculation. Choose a grid on the domain [0, 1], and

a grid on the range [−K,K]

∆x = { δ2

8knK2
· i, i ∈ N} ∩ [0, 1]

∆y = {δ · i, i ∈ N} ∩ [−K,K]
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Let F̃n = {f ∈ Fn, f jumps only at points in ∆x, and takes value in ∆y}. Then it

can be shown that F̃n is a δ-covering of Fn, and its size is at most d2K
δ
e

8knK2

δ2 . 2

As a corollary of Theorem 3.5, we have ||E(f |y1, . . . , yn)− f0||L2 → 0, a.s.P∞
0 , the

proof is similar to Corollary 1 in [6].

Remark 3.9 There is a general approach given in [39] that gives rates of convergence

for non i.i.d. problems. The conditions involve constructing certain tests with expo-

nentially small error. It is possible to adapt that general approach in our situation to

get consistency result.

3.1.3 Misspecification of the Prior

Sometimes the step functions are used as an approximation to a smoother function,

the natural question is whether the posterior is still consistent in this case. We have

the following result

Theorem 3.10 Suppose the true function f0 is contained in the set

G = {f : f is a continuous function on [0, 1], ||f ||∞ < K, ||f ||Lip < L}

for some constant K and L, where ||f ||Lip := supx 6=y∈[0,1]|f(x)−f(y)
x−y

| is the Lipschitz

coefficient of f . We still have

lim
n→∞

Πn(Ac
ε) = 0 a.s. P∞

0

under Assumptions 3.1 and 3.2.

Proof. The proof is almost identical to that of Theorem 3.5, except that the ex-

plicit bounds proved in Lemma 3.4 (used in the proof of Lemma 3.6) cannot be

used. Instead, we must prove a similar bound when f ∈ G and g ∈ Fn, which we

will do next. If f − g has one or more jumps inside [ i
n
, i+1

n
), which happens for at
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most kn intervals,then
∣∣∣
∫ i+1/n

i/n
|f(x) − g(x)| dx − |f(xi)−g(xi)|

n

∣∣∣ ≤ 2K
n

, by the uniform

boundedness of functions in Fn or G. If f − g has no jumps inside [ i
n
, i+1

n
), then∣∣∣

∫ i+1/n

i/n
|f(x) − g(x)| dx − |f(xi)−g(xi)|

n

∣∣∣ ≤ L
2n2 . Summing up over i, we get

∣∣∣∣
∫ 1

0

|f(x) − g(x)| dx −
∑

i |f(xi) − g(xi)|
n

∣∣∣∣ ≤
L

2n
+

2Kkn

n

Similar bounds can be shown for
∣∣∣
∫ 1

0
(f(x) − g(x))2 dx −

∑
i(f(xi)−g(xi))

2

n

∣∣∣. 2

We now present a construction of the prior that satisfies Assumptions 3.1 and

3.2. The construction is similar to the one used in [42]. A step function on [0, 1] is

fully determined by a vector {k, s1, s2, . . . , sk, h0, h1, . . . , hk}, where k is the number

of jumps, si is the location of the i − th jump, and hi is the value of f on [si, si+1)

(with the understanding that s0 = 0, sk+1 = 1). In the prior, we suppose that k

is drawn from a Poisson distribution Poiss(λ). Given k, {si}k
i=1 is distributed as

order statistics of k uniform random variables on [0, 1]. Finally, {hi}k
i=0 are drawn

independently from the uniform distribution on [−K,K].

Assumption 3.2 is satisfied by the specification of the distribution on k.

Proposition 3.11 Let p(k) be the marginal distribution of Π on the number of jumps.

If p is a Poisson distribution Poiss(λ), then Assumption 3.2 is satisfied.

Proof. We want to show that for appropriately chosen kn,

∞∑

k=kn

e−λλk

k!
< c1e

−c2n

This can be satisfied by, say, kn = n/ log n. The detailed calculation is omitted here.

2

By simple calculation, if p(k) ∝ pk, i.e. p(k) is a Geometric distribution, there is

no sequence kn that can satisfies lim kn

n
= 0 and

∑∞
k=kn

p(k) < c1e
−c2n simultaneously.

However, by the inspection of the proofs, we can relax Assumption 3.2 somewhat.
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Assumption 3.12 For any α > 0, there exists a sequence kn, with kn

n
≤ α, and

positive numbers c1, c2 such that Π(Fc
n) ≤ c1e

−nc2 for all but finitely many n.

The condition lim kn

n
= 0 in Assumption 3.2 is only used in the proofs of Lemma

3.6, 3.7, 3.8. By inspection, the proof only requires that kn/n is sufficiently small

compared to ε. So Theorem 3.5 is still true when Assumption 3.2 is replaced by

Assumption 3.12. Now for a geometrically distributed prior on k, p(k) ∝ pk, it

satisfies Assumption 3.12 with kn = αn.

Proposition 3.13 For the prior described above, Assumption 3.1 is also satisfied,

whether f0 ∈ F or f0 ∈ G

Proof. First assume f0 ∈ F is a step function with k jumps, so f0 can be equivalently

specified as {k, s1, s2, . . . , sk, h0, h1, . . . , hk}. Define a L2 neighborhood M(f0, ε1, ε2)

of f0 in F as follows. Every step function f in M(f0, ε1, ε2) has the vector description

{k, t1, t2, . . . , tk, g0, g1, . . . , gk}, such that |ti−si| < ε1, |gi−hi| < ε2. For every such f ,

we have
∫ 1

0
(f(x)−f0(x))2 dx < 4K2kε1 +ε2

2. By choosing ε1, ε2 small enough, we have

M(f0, ε1, ε2) ⊂ Aε. Since p(k) > 0 and the distributions on si and hi are continuous,

Π(Aε) ≥ Π(M(f0, ε1, ε2)) > 0.

If f0 ∈ G, there is some k large enough and some step function g with k jumps

such that ||f0−g||2 < ε/2. Arguing as above for the step function g, we can construct

some L2 neighborhood of g, M(g, ε1, ε2), such that M(g, ε1, ε2) ⊂ {f ∈ F : ||g −

f ||L2 ≤ ε/2}. Then we have M(g, ε1, ε2) ⊂ Aε by the triangular inequality, and

Π(Aε) ≥ Π(M(f0, ε1, ε2)) > 0. 2

3.1.4 Changing Priors

With simple modifications of the above assumptions, we can deal with the situation

that the prior is dependent on n. From now on the prior is denoted by Πn(df) (note

that Πn with a superscript n is used to denote the posterior). In place of Assumption

3.1, we should impose the following assumption.
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Assumption 3.14 For any ε, t > 0, there exists an M such that Πn(Aε) ≥ e−tn when

n > M

Under Assumption 3.14, we can prove the following (adapted from Lemma 1 in [79])

Lemma 3.15 Under Assumption 3.14, for any t > 0

P n
0 (yn : mn(y

n) ≤ e−tn) → 0

We can then show the weak consistency (i.e. L2 consistency in probability) of the

posterior distribution under changing priors, whose proof is identical to the proof of

theorem 3.5, using Lemma 3.15 in place of Lemma 3.3.

Theorem 3.16 Under Assumptions 3.2 and 3.14, for any ε > 0

Πn(Ac
ε) → 0, in P n

0 probability

As a special case, we can show the (weak) consistency of the posterior distribution

when the number of jumps is a deterministic parameter rather than random. For

that purpose, we use the following prior. The prior Πn is supported on the set of step

functions that have exactly kn jumps. With reuse of notation, we let Fn denote this

set of functions (different from the definition of Fn in section 3.1.2). The distributions

on the jump locations si and function values hi are the same as specified in section

3.1.3. Using this prior, we have

Proposition 3.17 If limn→∞
kn

n
= 0 and kn → ∞, then the posterior is weakly

consistent, whether the true function f0 ∈ F or f0 ∈ G

Proof. Assumption 3.2 is trivially satisfied since Πn(F
c
n) = 0. We only need to verify

Assumption 3.14. First assume f0 ∈ F, i.e. f0 is a step function with k jumps. When

kn > k, f0 can also be thought of as step function with kn jumps. From the proof

of Proposition 3.17, we have M(f0, ε1, ε2) ⊂ Aε when ε1 < ε2/8K2kn and ε2 < ε/2.
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By our construction of the prior, we have Πn(M(f0, ε1, ε2)) = kn!(2ε1)
kn( ε2

K
)kn , if

ε1 = ε2/Ckn and ε2 = ε/C for some constant C large enough. By the assumption

that kn/n → 0, we can show kn!(2ε1)
kn( ε2

K
)kn = kn!( 2ε2

Ckn
)kn( ε

CK
)kn > e−tn when n is

large enough.

If f0 ∈ G, we can use the same argument as in the proof of the second half of

proposition 3.17. 2

3.1.5 Conclusions

In this section we find sufficient conditions under which the Bayes estimate for

a piecewise constant function is consistent in the L2 topology. Even when the true

function is not piecewise constant, the Bayesian procedure can produce consistent

estimate. Under either a Poisson or a Geometric distribution on the number of change

points, the posterior is consistent as soon as we put continuous prior distributions on

the jump location and function value on each segment. Consistency of the posterior

immediately implies consistency of the Bayes estimate, however, it does not guarantee

that we can have a consistent estimate of the number of jumps. It seems that some

additional conditions on the prior penalizing functions with a large number of jumps

is probably required to prevent overfitting, which might be an interesting direction

for further investigation.

3.2 Rates of Convergence of Posterior under Mis-

specification

3.2.1 Introduction

In [49], the authors consider the situation where one cannot expect to achieve con-

sistency since the prior is misspecified. In this case, it is not surprising that the

posterior will converge to the distribution in the support of the prior that is closest
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to the true distribution measured in Kullback-Leibler divergence. Instead of using

the usual entropy number or its local version, they used a new concept called cov-

ering number for testing under misspecification and studied rates by constructing a

sequence of tests between the true distribution P0 and another measure that is not

necessarily a probability distribution. The new entropy number can be reduced to

the usual entropy in the well-specified case. In this section, we study the posterior

distribution also under the misspecified situation, without constructing a sequence of

tests.

The goal of this section is two fold. First, we show that the approach in [90]

[91] can be extended to the situation of misspecified prior rather straightforwardly,

by introducing an α-entropy condition that is slightly stronger than that of [49].

Second, we show that using a more refined analysis, a result similar to Theorem 2.2

in [49] can be recovered. In particular, it shows that under the well-specified case,

this approach indeed is more general than the approach of constructing a sequence

of tests.

In 3.2.2, we introduce necessary notations and concepts and present the martingale

construction due to [90]. In 3.2.3, we prove the main result and show that this

approach is somehow more general than the one presented in [49]. We end this

section with a discussion in 3.2.4.

3.2.2 Preliminaries

Let {X1,X2, . . .} be independent samples generated from distribution P0, with corre-

sponding lower case letter p0 denoting the density with respect to some dominating

measure µ. We are given a collection of distributions P, and a prior Π on it with

Π(P) = 1. For simplicity, we assume that there exists a unique distribution P ∗ ∈ P

that achieves minimum value of Kullback-Leibler divergence to the true distribution,
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that is

E0(log
p0

p∗
) ≤ E0(log

p0

p
), for all p ∈ P

where E0 denotes the expectation under the true distribution P0.

Let Rn(p) =
∏n

i=1 p(Xi)/p
∗(Xi), then the posterior mass for a set B is

Πn(B) =

∫
B

Rn(p)Π(P )∫
Rn(p)Π(P )

(3.1)

Following [49], for ε > 0, 0 < α < 1 and some suitable semi-metric d on P, we

define the α-covering of the set A = {P ∈ P : d(P,P ∗) ≥ ε} as a collection of convex

sets {A1, A2, . . .} that covers A with the additional property that for any j,

inf
P∈Aj

− log E0(
p

p∗
)α ≥ ε2

4
(3.2)

and denote by Nt(ε, α,A) the minimum integer N such that there exists {A1, . . . , AN}

that forms such a cover, if N is finite.

This condition appears to be stronger than the concept of covering for testing

under misspecification introduced in [49], which only requires that

inf
P∈Aj

sup
0<α<1

− log E0(
p

p∗
)α ≥ ε2

4
(3.3)

In all the examples they gave in their paper, though, we can find a certain value of

α only depending on the specification of the model that satisfies our condition. As

shown in [49], when P is convex, we have d2(P,P ∗) ≤ − log E0(p/p
∗)1/2 where d is a

generalized Hellinger distance defined by d2(P1, P2) = 1
2

∫
(p

1/2
1 −p

1/2
2 )2p0/p

∗ dµ, which

reduces to the usual Hellinger distance in the well-specified case. In this situation,

the 1/2-covering for testing can be replaced by the usual covering as shown in [49].

In general, allowing α to be different than 1/2 is required, since in the misspecified

case, we cannot guarantee that − log E0(p/p
∗)1/2 > 0, and we are obliged to choose
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some smaller α in order to find the covering.

The predictive density constrained to a general set A is defined as

pnA(x) =

∫

A

p(x)Πn
A(P )

, where Πn
A(P ) = 1{P∈A}Π

n(P )/Πn(A) is the posterior measure conditioned on A.

The key identity noted by Walker (2003) is the following:

∫

A

Rn+1(p)Π(P ) =
pnA(Xn+1)

p∗(Xn+1)

∫

A

Rn(p)Π(P )

as can be verified easily. This in turn implies that

E0[(

∫

A

Rn+1(p)Π(P ))α|X1, . . . ,Xn] = (

∫

A

Rn(p)Π(P ))αE0(
pnA

p∗
)α (3.4)

which means that
∫

A
Rn(p)Π(P ) is a supermartingale when E0(pnA/p∗)α < 1.

3.2.3 Rates of Convergence

To study rates of convergence, for a sequence εn → 0, we let An = {P ∈ P :

d(P,P ∗) ≥ Mεn}, and let An,j be an α-covering of An, i.e., {An,j} are convex sets

that covers An and

inf
P∈An,j

− log E0(
p

p∗
)α ≥ M2ε2

n

4

Define

L
(n)
k,j =

∫

An,j

Rk(p)Π(P ) (3.5)

and

In =

∫

P
Rn(p)Π(P )
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To obtain a lower bound for In, which is the denominator in (3.1), we also need

a condition on the prior mass for a Kullback-Leibler neighborhood of p∗, which is

defined as

B(ε, P ∗;P0) = {P ∈ P : −E0(log
p

p∗
) ≤ ε2, E0(log

p

p∗
)2 ≤ ε2}

Theorem 3.18 Assume that P ∗ is the unique minimizer in P of the Kullback-Leibler

divergence to the true distribution with E0(log(p0/p
∗)) < ∞. For a sequence εn such

that εn → 0 and nε2
n → ∞, and An, An,j defined as above. If the following conditions

hold

1) e−nεnK
∑

j(An,j)
α for a sufficiently large constant K

2) Π(B(εn, P
∗;P0)) ≥ e−Lnε2n for a sufficiently large constant L

then Πn(P : d(P,P ∗) ≥ Mεn) → 0 in P n
0 probability.

Proof. First we observe that PnAn,j ∈ An,j by the convexity of An,j. From the

definition of α-covering, infP∈An,j − log E0(p/p
∗)α ≥ M2ε2

n/4, so the predictive density

satisfies

E0(
pnAn,j

p∗
)α ≤ e−M2ε2n/4

Taking expectations in (3.4), with A replaced by An,j, we get

E0(L
(n)
k+1,j)

α ≤ E0(L
(n)
k,j )

αe−M2ε2n/4

and hence

E0(L
(n)
n,j )

α ≤ e−nM2ε2n/4(Π(An,j))
α
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The posterior distribution can be bounded as follows:

Πn(An) ≤
∑

j

Πn(An,j)

≤
∑

j

[Πn(An,j)]
α =

∑

j

(L
(n)
n,j )

α

Iα
n

Lemma 7.1 in [49] shows that when nε2
n → ∞, for every C > 0, on a set Ωn with

probability converging to 1, we have In ≥ Π(B(εn, P
∗;P0))e

−nε2n(1+C), so we can write

E0(Π
n(An)) = E0(Π

n(An)1Ωn) + E0(Π
n(An)1Ωc

n
)

≤
E0

∑
j(L

(n)
n,j )

α

Π(B(εn, P ∗;P0))αe−αnε2n(1+C)
+ P0(Ω

c
n)

≤ e−nM2ε2n/4+αnε2n(1+C)+αnε2nL
∑

j

Π(An,j)
α + P0(Ω

c
n)

which converges to zero by condition 1) if M is sufficiently large. 2

For a compact set of models P, we can use the trivial bound

∑

j

Π(An,j)
α ≤ Nt(εn, α,An)

, which gives the following result similar to Theorem 2.1 in [49], while they used a

local version of the entropy instead.

Theorem 3.19 If instead of condition 1) in Theorem 3.18, we assume Nt(εn, α,An) ≤

enε2n , then for sufficiently large constant M ,

Πn(P : d(P,P ∗) ≥ Mεn) → 0 in probability.
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In order to get optimal rate for parametric models, [49] used a more refined as-

sumption. In place of condition 2) in Theorem 3.18 above, they assumed

Π(P : Jεn < d(P,P ∗) < 2Jε2
n)

Π(B(εn, P ∗;P0))
≤ enε2nJ2/8 (3.6)

for all natural numbers n and J . In order to recover this result, we need a more

careful analysis.

First, we define AJ
n = {P ∈ P : MnJεn ≤ d(P,P ∗) < 2MnJεn}, with α−covering

{AJ
n,j} defined similarly as before with the property: infP∈AJ

n,j
− log E0(p/p

∗)α ≥

M2
nJ2ε2

n/4. Let ÃJ
n,j = AJ

n,j∩AJ
n, note that ÃJ

n,j might not be convex even though AJ
n,j

is constrained to be so. Similarly, we can define L̃
(n),J
k,j as in (3.5) with An,j replaced

by ÃJ
n,j. It is easy to see that the following still holds:

E0(L̃
(n),J
k+1,j)

α = E0(L̃
(n),J
k,j )αE0(

pnÃJ
n,j

p∗ )α ≤ E0(L̃
(n),J
k,j )αe−M2

nJ2ε2n/4

even though ÃJ
n,j might be nonconvex, since PnÃJ

n,j
is still contained in AJ

n,j though

not necessarily in ÃJ
n,j.

With AJ
n playing the role of An before, the same strategy in the proof of Theorem

3.18 can be followed to show that

E0(Π
n(AJ

n)1Ωn) ≤
E0

∑
j(L̃

(n),J
n,j )α

Π(B(εn, P ∗;P0))αe−αnε2n(1+C)

≤ e−nM2
nJ2ε2n/4+αnε2(1+C)

∑
j Π(ÃJ

n,j)
α

Π(B(εn, P ∗;P0))α

We will use the notation NJ
t to denote the α-covering number for AJ

n. We are now

ready to prove the following:

Theorem 3.20 Assume that P ∗ is the unique minimizer of the Kullback-Leibler di-

vergence to the true distribution with E0(log(p0/p
∗)) < ∞. For a sequence εn such

that εn → 0 and nε2
n bounded away from zero, and AJ

n, {AJ
n,j}

NJ
t

j=1 defined as above. If
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the following conditions hold

1) NJ
t ≤ enε2n for all J ≥ 1

2) (3.6) is satisfied

Then we have

Πn(P : d(P,P ∗) ≥ Mnεn) → 0

in probability for any sequence Mn → ∞

Proof. We start by writing

E0(Π
n(An)) =

∞∑

J=1

E0(Π
n(AJ

n))

≤
∑

J

E0(Π
n(AJ

n)1Ωn ) + P0(Ω
c
n)

≤
∑

J

e−nM2
nJ2ε2n/4+αnε2n(1+C)

∑
j Π(ÃJ

n,j)
α

Π(B(εn, P ∗;P0))α
+ P0(Ω

c
n) (3.7)

we can bound the inner sum for each fixed J as

∑

j

Π(ÃJ
n,j)

α ≤ NJ
t Π(AJ

n)
α ≤ enε2nΠ(AJ

n)
α

since ÃJ
n,j ⊂ AJ

n and using condition 1). Plugging this into (3.7) and using condition

2), we get

E0(Π
n(An)) ≤

∑

J≥1

e−nε2nM2
nJ2/4+αnε2n(1+C)+nε2n+αnε2nM2

nJ2/8 + P0(Ω
c
n)

By Lemma 7.1 of [49], P0(Ω
c
n) can be made arbitrarily small by choosing C sufficiently

large, under the condition that nε2
n is bounded away from zero. For any C, the sum

above converges to zero since Mn → ∞. 2
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3.2.4 Discussion

We demonstrated that rates of convergence of posterior distribution under misspec-

ification can be established without construction of a sequence of tests. Theorem

3.20 we derived above is slightly weaker than Theorem 2.2 in [49] due to our use of

assumption (3.2), which is stronger than (3.3). This said, we are not aware of any

examples where the weaker condition (3.3) provides any advantage over (3.2). In

[93], the authors demonstrated that using the martingale approach can improve on

the rates slightly for some problems. Theorem 3.20 shows that the results by [49]

is implied by our result, this is precisely true for well-specified problem, while for

misspecified problem this is not conclusive due to the reason stated above. Unfortu-

nately, we have not been able to construct an example that this approach provides a

faster rate.

The extension to the case that the prior Π depends on n, and the case that there

exists a finite number of points at minimal Kullback-Leibler divergence to the true

distribution should be straightforward.
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Chapter 4

Functional Data Analysis with

Functional Repreducing Kernel

Hilbert Spaces
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An extension of reproducing kernel Hilbert space (RKHS) theory provides a new

framework for modeling functional regression models with functional responses. The

approach only presumes a general nonlinear regression structure as opposed to pre-

viously studied linear regression models. Generalized cross-validation (GCV) is pro-

posed for automatic smoothing parameter estimation. The new RKHS estimate is

applied to both simulated and real data as illustrations.

4.1 Introduction

In many experiments, functional data appear as the basic unit of observations. As a

natural extension of the multivariate data analysis, functional data analysis provides

valuable insights into these problems. Compared with the discrete multivariate anal-

ysis, functional analysis takes into account the smoothness of the high dimensional

covariates, and often suggests new approaches to the problems that have not been

discovered before. Even for nonfunctional data, the functional approach can often

offer new perspectives on the old problem.

The literature contains an impressive range of functional analysis tools for various

problems including exploratory functional principal component analysis, canonical

correlation analysis, classification and regression. Two major approaches exist. The

more traditional approach, carefully documented in the monograph [68], typically

starts by representing functional data by an expansion with respect to a certain basis,

and subsequent inferences are carried out on the coefficients. The most commonly

utilized basis include B-spline basis for nonperiodic data and Fourier basis for periodic

data. Another line of work by the French school, taking a nonparametric point of view,

extends the traditional nonparametric techniques, most notably the kernel estimate,

to the functional case. Some theoretical results are also obtained as a generalization

of the convergence properties of the classical kernel estimate.

We are concerned with the regression problem in this chapter. In general, the
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regression problem takes the form

yi = F (xi) + εi (4.1)

In traditional nonparametric inference, with xi and yi both being scalars, there exist a

large number of methods including kernel and locally linear estimation. In functional

data analysis, one or more of the components, xi, yi, and εi, are functions defined on

some interval, here assumed to be the interval [0, 1]. Inferences are focused on the

estimation of the structural component F (x), with the residual ε modeling the noise

or in general the component of observations not captured by the model.

In the case of scalar responses y, at least two nonparametric approaches have

appeared in the literature. The first method uses a simple kernel regression estimate

F̂ (x) =

∑
i k(d(xi, x))yi∑
i k(d(xi, x))

where d is a semi-metric on the space of functions. The second method is to use the

RKHS framework, assuming the real valued function F is an element of the RKHS

H, and the estimator is obtained as the minimizer of the regularized loss

∑

i

(yi − F (xi))
2 + λ||F ||2H (4.2)

The construction of the Hilbert space in this scalar response case involves no extra

technical difficulties compared with the classical multivariate case as long as we have

a metric on the space of functions x, and then the kernel can be constructed with

K(x1, x2) = k(d(x1, x2)) for any positive definite function k. The representer theorem

for RKHS implies that the solution to (4.2) has the form

F (x) =
∑

i

αiK(xi, x)
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with real coefficients αi. This representation can be plugged back into (4.2) and solve

for the coefficients. Note that in both of these two nonparametric approaches, the

same word “kernel” is used for different concepts, the exact meaning of the word

should be clear from the context.

In the case of functional responses y, the classical parametric inferences assume

that F is linear in x. More explicitly, the pointwise model assumes that

y(t) = α(t) + β(t)x(t) + ε(t)

while the integral model specifies that

y(t) = α(t) +

∫ 1

0

β(s, t)x(s) ds + ε(t) (4.3)

In contrast to traditional linear regression models, now the coefficient β is a function

on [0, 1], or a bivariate function on [0, 1] × [0, 1]. To estimate the coefficient β, again

a basis is chosen to represent the functions involved and the problem is reduced to

a multiple linear regression model. To our knowledge, nonparametric approaches to

functional analysis with functional responses has not been studied before and we will

embark on this task in the current chapter.

We consider the functional response model (4.1) in which the structural component

F is a mapping from some space of functions to another function space. We assume

that y(·) belongs to a Hilbert space H. Although it is not necessary to assume that

x(·) belong to the same space, or even that there is an inner product associated with

it, it will be convenient to require that x is in the same space as y, as we will assume

in the following.

In this chapter, we will develop an estimation procedure for functional response

models within the framework of RKHS. For nonlinear models, the parametric ap-

proach above does not give satisfactory results. Our goal is to show that within the

RKHS framework, a simple estimate can be developed which reduces to linear re-
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gression computations very much like those derived in the parametric approach. Our

work is motivated by the work of [66]. Unlike the case of scalar response models

treated in [66], the extension we need is more complicated, as we will discuss in sec-

tion 4.2. There we show how we should extend the notion and the construction of a

RKHS in this new setting and also prove the corresponding representer theorem. In

section 4.3, we present our new nonlinear model within the framework developed and

also comment on the computations involved. Simulation studies and application to

the well-known weather data are carried out in section 4.4. These results show clear

advantage of our model compared to the parametric linear regression model in non-

linear contexts. A kernel estimate similar to that of [31] and [32] are also constructed

for comparison. We conclude the chapter in section 4.5. Some technical details are

deferred to the appendix.

4.2 Functional reproducing kernel Hilbert spaces

Following [89], a (real) RKHS H is a Hilbert space of real-valued functions defined on,

say, the interval [0, 1], in which the point evaluation operator Lt : H → R,Lt(f) =

f(t) is continuous. By Riesz representation theorem, this definition implies the exis-

tence of a bivariate function K(s, t) such that

K(s, ·) ∈ H, for all s ∈ [0, 1]

and (reproducing property)

for every f ∈ H and t ∈ [0, 1], 〈K(t, ·), f〉H = f(t) (4.4)

The definition of a RKHS can actually start from a positive definite bivariate function

K(s, t) and RKHS is constructed as the completion of the linear span of {K(s, ·), s ∈

[0, 1]}with inner product defined by 〈K(s, ·),K(t, ·)〉H = K(s, t).

In the regression model (4.1) with functional response, we are dealing with the
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functional F taking values in the Hilbert space H. So the RKHS we construct should

be a subset of {F : H → H}. To define the RKHS in this case, we follow the same

procedure as in [89].

Definition 4.1 A (functional) RKHS H is a subset of {F : H → H}. It is a Hilbert

space, with inner product 〈·, ·〉H, in which the point evaluation operator is a bounded

linear operator, i.e., Lx : F → F (x) is a bounded operator from H to H for any

x ∈ H.

The definition above is not useful for constructing a RKHS. For our purpose, we

need to explicitly define the kernel associated with the space. The continuity of F →

F (x) for any x ∈ H is equivalent to the continuity of the mapping F → 〈F (x), g〉H
for any x ∈ H and g ∈ H. By Riesz representation theorem applied to the Hilbert

space H, there exists an element Kg
x in H such that

〈Kg
x , F 〉H = 〈F (x), g〉H (4.5)

From the above, the mapping g → Kg
x is linear. By the boundedness of the point

evaluation operator, we also have

〈Kg
x, F 〉H = 〈F (x), g〉H ≤ C||F ||H||g||H

which implies that the mapping g → Kg
x is also bounded. And so g → Kg

x(y) is

a bounded linear operator for any y ∈ H, which we can denote by K(x, y), i.e,

K(x, y)g := Kg
x(y), and we call K(·, ·) the reproducing kernel associated with H. Note

that in this case, the reproducing property is defined by 〈K(x, ·)g, F 〉H = 〈F (x), g〉H
for any x ∈ H, g ∈ H, this is just a rewriting of (4.5).

Two properties of the reproducing kernel are immediate. (a) K(x, y) = K(y, x)T ,

where the superscript T denotes the adjoint operator. This is a simple consequence of

the following sequence of identities making use of (4.5): 〈K(x, y)g, f〉H = 〈Kg
x(y), f〉H =

111



〈Kg
x ,Kf

y 〉H = 〈Kf
y (x), g〉H = 〈g,K(y, x)f〉H . (b)

∑n
i=1

∑n
j=1〈K(xi, xj)fi, fj〉H ≥ 0,

which follows from
∑

i,j〈K(xi, xj)fi, fj〉H =
∑

i,j〈Kfi
xi

,K
fj
xj 〉H = ||

∑
i K

fi
xi
||2H.

From the above discussions, we have the following definition of a positive definite

kernel.

Definition 4.2 A (functional) nonnegative definite kernel is a bivariate mapping on

H×H, taking values in L(H), the space of bounded linear operators from H to itself,

such that

K(x, y) = K(y, x)T

and
n∑

i=1

n∑

j=1

〈K(xi, xj)fi, fj〉H ≥ 0

where {xi} and {fi} are any two sequences in H. If the double sum above is strictly

positive whenever {xi} are distinct and {fi} are not all zero, K is a positive definite

kernel.

Given a positive definite kernel defined as above, we can construct a unique RKHS

of functions on H taking values also in H, with K as its reproducing kernel. The

proof of this statement follows exactly the same lines as for the real-valued case.

4.3 Models for functional data

We consider the inference and prediction problem for model (4.1). Given the ob-

served functional covariates and responses {(x1, y1), . . . , (xn, yn)}, a general approach

to estimate F is to solve the following minimization problem:

min
F∈H

n∑

i=1

||yi − F (xi)||22 + λ||F ||2H (4.6)

where a penalty term in H-norm with smoothing parameter λ > 0 is added to the

empirical risk as is usually done in the smoothing spline regression. We use the sim-
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plest loss function ||x||22 =
∫ 1

0
x2(t) dt here, although other types of loss can certainly

be considered.

The optimization problem above optimizes over the infinite-dimensional space H

which is not feasible in general. Fortunately, the representer theorem below reduces

this problem to finite dimensions (if you consider H as a vector space with elements

in H acting as “constants”). The proof of the following is deferred to the appendix.

Theorem 4.3 Given the observations {(xi, yi)}n
i=1, the solution to (4.6) has the fol-

lowing representation

F̂ =

n∑

i=1

K(xi, ·)αi (4.7)

with functional coefficients αi ∈ H.

Two difficulties arise at this stage. First, the construction of K in general is

difficult and a search of the literature does not seem to provide us with any clues

about how to construct a positive definite kernel in general. Second, even if the kernel

is constructed, it is not clear how to solve (4.6) after we plug in the representation

(4.7). Due to these difficulties, we are forced to choose the simplest functional kernel

K(x, y) = a(d(x, y))I, where a(·) is a real positive definite function, I ∈ L(H) is the

identity operator, and d is a metric on H. We choose the simplest metric d(x, y) =

||x − y||2 which is also used in [66]. It is unfortunate that we will not be able to

provide more complicated examples of the kernel, but this estimate works reasonably

well in all our experiments. It is clear that K defined in this way is nonnegative

definite, but to prove that it is positive definite requires a little more extra work. We

state this result formally as a theorem and its proof is to be found in the appendix.

Theorem 4.4 The functional kernel K(x, y) = a(||x − y||2)I is positive definite if

a(|| · ||2) is a (real) positive definite function.

After this dramatic simplification, we are able to solve problem (4.6). Let aij =

a(||xi − xj||2) and make use of the representer theorem 1, we arrive at the following
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optimization problem

min
αi

n∑

i=1

||yi −
∑

j

aijαj||22 + λ
∑

i,j

aij〈αi, αj〉H (4.8)

From this point on, there are definitely more than one way to preceed. For ex-

ample, one can represent each αi by expansion with respect to a chosen basis. We

choose instead to again compute (4.8) in the RKHS framework by assuming H is

itself a (real) RKHS with reproducing kernel k. The loss term is first discretized,

assuming the observations are made on a regular grid {t1, . . . , tT} on [0, 1], then an-

other application of the representer theorem in the real-value case stated in Theorem

3 below reveals the solution to be

αi =
T∑

l=1

bi
lk(tl, ·) (4.9)

and we only need to compute the coefficients {bi
l}. Formally, we have

Theorem 4.5 Consider the raw data version of (4.8)

min
αi

n∑

i=1

T∑

l=1

[yi(tl) −
∑

j

aijαj(tl)]
2 + λ

∑

i,j

aij〈αi, αj〉H (4.10)

The solution to (4.10) is of the form (4.9).

The readers are referred to the appendix for detailed formula involved in the

computation of the solution to (4.10).

The model (4.10) looks similar to the classical smoothing spline estimation with

two differences. First, in the first term of (4.10), instead of trying to smooth y by

a single function, it tries to approximate each observation yi as a combination of

a common set of functions {αj}n
j=1. The coefficients aij reflects the similarity of

the covariates xi and xj. Second, an unconventional penalty term
∑

i,j aij〈αi, αj〉H
appears, which involves cross-over terms 〈αi, αj〉H with i 6= j. The loss term in (4.10)
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seems natural and one could probably come up with this term without going through

all the trouble of using functional RKHS and the derivation above. If this is the

case, one would probably use a penalty term such as
∑

i aii||αi||2H for regularization

purposes. We call the solution to the problem (4.10) with this simpler penalty the

modified RKHS estimate, as opposed to the RKHS estimate which solves the original

problem (4.10).

In our implementation, we use the Gaussian kernel for both RKHSs, so K(x, y) =

exp{−||x − y||22/2σ2}I and k(s, t) = exp{−(s − t)2/2σ′2}. Thus there are at least

three parameters, σ, σ′, λ, that need to be specified. For the width parameters in the

kernels, we simply choose σ to be the mean of all ||xi − xj||2, i, j = 1, . . . , n, and

σ′ is similarly chosen to be the mean of ||ti − tj||2, i, j = 1, . . . , T . These choices

are of course suboptimal but produce good results in our experiences, so we do not

bother to search over these parameter spaces. The choice of the smoothing parameter

is arguably more important. Generalized cross-validation (GCV), which has been

extensively studied in [89], can be used for the selection of λ. Given a grid of values

for λ specified beforehand, GCV approximates the true error by

V (λ) =
1

n
||(I − A(λ))vec(Y )||22/[

1

n
Tr(I − A(λ))]2

where Y is the n × T matrix of raw observations {yi(tl)} and A(λ) is the “influence

matrix” defined in Appendix B, and the final λ is chosen to be the one that minimizes

V (λ).

A nonparametric kernel estimate is studied in [31], [32], and [30], which is simply

defined as

F̂ (x) =

∑
i k(||xi − x||)yi∑
i k(||xi − x||) (4.11)

In those papers, the authors only studied the kernel estimate for the model with scalar

responses, but this estimate can obviously be used when the dependent variable is a

curve. It also seems natural that we should smooth the response yi before plugging
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it into (4.11) if the observations are noisy. In the next section, this kernel estimate

will be compared with our RKHS estimates and the linear parametric estimate.

4.4 Examples

4.4.1 Simulation study

One of the main goals of using RKHS estimate is to deal with nonlinearity in the data.

In this simulation study, we compare four estimates. The RKHS estimate (4.7), its

simpler version with modified penalty, the linear regression estimate (4.3) and the

kernel estimate (4.11). The simulated data are generated by the following models:

1. y(t) =
∫ 1

0
|t− s|x(s) ds

2. y(t) =
∫ 1

0
|t− s|x2(s) ds

3. y(t) = sin(2πt)x(t), t ∈ [0, 1]

4. y(t) = cos(πt)|x(t)|, t ∈ [0, 1]

Models (a) and (c) are linear in x while (b) and (d) are nonlinear. x(·) is generated

as a standard Brownian motion with random starting position uniform in [0, 5], and

y(t) is computed using expressions (a)-(d). An equispaced grid of 50 points on [0, 1]

is used. The raw observations for the dependent variable are the values of y on the

grid points with i.i.d. standard normal noise added. The width parameters σ and

σ′ in RKHS and modified RKHS estimates are set to be the mean of the distances

of the covariates from the training data as explained in the last section. After some

experimentation, we use B-spline basis of order 4 with 10 equispaced knots in the

linear regression estimate (4.3), with a penalty term involving the second partial

derivatives of β(s, t). The fitting of this linear model is performed using the fda

package provided in R. A total of n = 30 replicates are used in model fitting. Since

this is a simulation study, we generate a separate set of 50 replicates as validation to

116



Table 4.1: Results for the simulation study

RKHS Modified RKHS Linear Oracle Kernel Kernel
Model (a) 1.000 0.944 0.327 0.910 2.773
Model (b) 1.000 1.000 11.632 1.984 2.035
Model (c) 1.000 0.992 0.471 1.643 1.954
Model (d) 1.000 1.007 2.892 1.459 1.735

choose the smoothing parameter λ in all three models, so GCV is not used here. For

the kernel estimate, we again used a Gaussian kernel, and the only parameter is the

width parameter inside the kernel. Although it can be fixed as in the RKHS estimator,

and it indeed produces good results, we instead search over this one-dimensional space

using the same validation data that was used to choose the smoothing parameter in

other models. In kernel estimates, we use the raw data as yi in (4.11). In simulation

studies, we can also use y(·) in (4.11) before the standard normal noises are added,

which we call the oracle kernel estimate for obvious reasons. In real applications,

the performance of the kernel estimate should be worse than the oracle estimate

if some kind of smoothing on the raw dependent data are use as a preprocessing

step. The search over the width parameter put the kernel estimates in a favorable

position compared to other estimates. Finally, after the parameters are estimated, we

generate another 50 observations from model (a)-(d) as test data. These simulations

are repeated 50 times for each model (a)-(d), and the mean of the mean square errors

are reported in Table 4.1.

In Table 4.1, the errors for the RKHS estimates are normalized to be 1, and the

errors of other estimates are shown as relative to the error for RKHS estimates. For

linear models (a) and (c), the linear estimate clearly wins. For nonlinear models

(b) and (d), the linear estimate performs badly compared to other estimates. The

performance of the RKHS estimate and the modified RKHS estimate are almost iden-

tical. Although the kernel estimates do not perform as well as the RKHS estimates,

it deserves further investigations due to its low computational complexity.
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Figure 4.1: Comparison of the GCV with the error computed from validation data.
The solid curves are the GCV estimates, the dashed curves are the error computed
from validation set. The curves are shifted and normalized to show the shape of the
curves rather than its absolute magnitudes.
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Next we study the performance of GCV for estimating the smoothing parameter

in the RKHS estimate and compare it to the estimate obtained from the validation

data, which act as the background truth in our simulation study. Figure 4.1 show that

for all four models (a)-(d), the GCV correctly identifies a good smoothing parameter

to use in these cases.

4.4.2 Application to the weather data

The daily weather data consists of daily temperature and precipitation measurements

recorded in 35 Canadian weather stations. These data are plotted in Figure 4.2. To

save on computations, we subsample the data and use only the weekly measurements,

so each observation consists of functional data observed on a equispaced grid of 53

points. We treat the temperature as the independent variable and the goal is to

predict the corresponding precipitation curve given the temperature measurements.

As is previously done, we set the dependent variable to be the log tranformed pre-

cipitation measurements, and a small positive number is added to the values with

0 precipitation recorded. The prediction of our RKHS estimate is shown in Figure

4.3 for four weather stations. Each plot is produced by fitting the model on the

other 34 replicates, using GCV to choose the smoothing parameter, and then finally

calculating the predicted precipitation based on the temperature curve. The figure

shows reasonable prediction accuracy and can be compared to the results presented

in Chapter 16 of [68].

4.5 Conclusions

We proposed a new approach to fitting a nonlinear functional regression model for

functional responses. The simulations we conducted demonstrated the clear advan-

tage of the RKHS estimate over the linear regression model when the true model is

nonlinear. The estimate is also better than the simplistic kernel estimates used in
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Figure 4.2: Daily weather data for 35 Canadian stations, the curves plotted here
result from using smoothing splines to fit the raw data.

traditional nonparametric regression.

The advantages of the RKHS estimates are tied with the additional computa-

tional costs. In problem (4.10), we are optimizing over the same number of curves as

there are the number of replicates which is computationally difficult when n is large.

Approximate solutions such as choosing a limited number of kernel basis centered

around selected covariates may prove to be useful.

Appendix A Proofs for Theorem 1-3

Proof of Theorem 1. Denote by H0 the subspace of H spanned by the kernel centered

at the observed covariates: H0 = {
∑n

i=1 K(xi, ·)αi, αi ∈ H}. Any F ∈ H can be

written as F = F0+G, where F0 ∈ H0 and G ⊥ H0 in H. Then for any j ∈ {1, . . . , n},

and any h ∈ H, 〈G(xj), h〉H = 〈K(xj , ·)h,G〉H = 0 by the reproducing property (4.5),

this implies G(xj) = 0 by the arbitrariness of h ∈ H. Also, by the orthogonality of
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Figure 4.3: Raw data (points) and predictions (solid) of log precipitation for four
weather stations.
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G and F0, ||F ||2H = ||F0||2H + ||G||2H > ||F0||2H if G is nonzero. This implies that

n∑

i=1

||yi − F (xi)||22 + λ||F ||2H >
n∑

i=1

||yi − F0(xi)||22 + λ||F0||2H

if G is nonzero. So the minimizer F̂ belong to H0

Proof of Theorem 2. We want to first show that
∑

i,j〈K(xi, xj)fi, fj〉H ≥ 0. Since

〈K(xi, xj)fi, fj〉H = aij〈fi, fj〉H , the nonnegativity follows immediately from Schur’s

Lemma, which asserts that the Hadamard product of two nonnegative matrices is

again a nonnegative matrix.

If
∑

i,j〈K(xi, xj)fi, fj〉H = 0, and {xi} are distinct. Let A = {aij}, B = {〈fi, fj〉H}.

A is positive definite and B is nonnegative definite. We have the factorization B =

ET E. So
∑

i,j〈K(xi, xj)fi, fj〉H =
∑

i,j AijBij =
∑

i,j Aij(E
T E)ij =

∑
i,j,k AijEkiEkj =

∑
k(
∑

i,j EkiAijEkj). By the positive definiteness of A, we get E = 0, which in turn

implies fi = 0 for all i.

Proof of Theorem 3. This is similar to the classical proof with smoothing splines.

We write αi = αi,0+gi, with αi,0 ∈ span{k(tl, ·)} and gi in its orthogonal complement.

Similar to the proof of theorem 1, we only need to show that
∑

i,j aij〈αi,0 + gi, αj,0 +

gj〉H ≥
∑

i,j aij〈αi,0, αj,0〉H with equality only if gi = 0 for all i. The proof of this

statement is contained in the proof of Theorem 2.

Appendix B Computational details

We detail the computations involved in solving the model (4.10). The calculations

are very similar to those used in linear regression model (4.3) using basis expansion,

which is not surprising due to the representer theorem. Let A = {aij} and B be the n

by T matrix containing the coefficients in the expansion (4.9): B = {bi
l}. Also, denote

the n × T matrix {yi(tl)} by Y and T × T matrix {k(ti, tj)} by K. The objective
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function (4.10) can be written in matrix form:

Tr((Y − ABK)(Y − ABK)T ) + λTr(ABKBT)

Taking the derivative with respect to B, we want to solve

(ATA)B(KKT ) + λABK = AY K

vectorizing the above equation gives us a system of linear equations

[(KKT ) ⊗ (ATA) + λK ⊗ A]vec(B) = (K ⊗A)vec(Y )

So we have the formula

vec(B) = [K ⊗ A + λI]−1vec(Y )

and the fitted values are Ŷ = ABK, the vectorized version of this is

vec(Ŷ ) = (K ⊗ A)[K ⊗ A + λI]−1vec(Y )

the matrix A(λ) := (K ⊗ A)[K ⊗ A + λI]−1 is the influence matrix used in the

calculation of GCV.
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Chapter 5

Conclusions
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In this thesis, we first developed a new model for the general sequence data that

are produced by the recent new technology in biology. Chapters 1 focus on building

a new HMM-like model to model the variation in the dye intensities for the (trans-

formed) microarray data. This new model gives us great flexibility in fitting more

complex data. We gave efficient algorithms for the inference procedure and a prin-

cipled approach to parameter estimation and model selection. The analysis on real

data showed that the new model fit the sequence much better than the traditional

model. We also presented several possible extensions, which added to the power of our

model. We expect that the model is more generally applicable than the one biological

example provided, and will continue to explore its versatility.

In future work, we hope to apply the model on multiple arrays as explain in section

1.4.5 when replicated data become available. With multiple arrays, which in effect

reduce the annealing noise, we can hope to get better prediction for the binding sites.

Of course, more experimentally validated data will be required to give us confidence

on the results reported. We have not used the fully Bayesian model selection in our

current implementation, it would be interesting to see how it works compared to the

model selection conditioned on the hyperparameters. Other possibilities like MCMC

can be explored. Although for our application in Chapter 1, this probably would not

differ much because of the large amount of data we have, it might be interesting for

other applications and as a general statistical question. Also, we have not looked into

the detail of how the penalized regression used in parameter estimation would affect

our inference. Simulations can be done to estimate the bias caused by the penalty

imposed. All those questions deserve further investigation.

In Chapter 2, we proposed a new algorithm for image superresolution. This new

approach can successfully address the problem of oversmoothing in many other ap-

proaches. It remains to explore other possible applications of this variational models.

In Chapter 3, we obtained some results on the asymptotics of the posterior distri-

bution. One possible future direction is the study of the model selection properties of
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Bayesian models. As far as we know, all current studies only focus on the estimation

consistency of the posterior distribution. For example, in parametric linear regression

problems, the estimation consistency ensures the prediction accuracy of the model,

but does not imply that it put enough mass on the corrected model. Model selection

is important especially in applications with high-dimensional covariates. We will try

to address model consistency of the posterior distribution in the future.

In Chapter 4, we extended the theory of RKHS to deal with Hilbert space-valued

functions. The framework makes it possible to study nonlinearity of a functional

model with functional response which is not previously possible. Preliminary result

shows the advantages of this new approach in the simulation studies. One problem

of this model is that when the new observed functional covariate is far away from the

training data, the prediction error will be unacceptably large. A combination of linear

and nonlinear models might prove to be useful in this situation as a generalization of

partially linear models in classical regression. Also, a test of nonlinearity should be

developed to justify its usage. Also, asymptotic theory for the model will be valuable.

The result in the real-valued case might be extensible to our case using the theory of

empirical processes in Banach space.
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