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1 Intro to Absorbing Boundary Conditions: 1D wave equa-
tion
Consider the one dimensional wave equation on the half line:
Ut = Uxx X, t COJ (1)

First, let us write this PDE into a system on first order equations. Let v =ug, w =ux so that our

PDE becomes
Y _ 01 v
w/, 10 w’

and when we diagonalize the system, we get

() = ()

where u' = ,ult = HTW and u'' corresponds to the left moving wave and u' the right

moving wave. Now, we only need the left boundary condition

vV —-WwW

u@,t) = 0
ut(O,t) =0

so that

w1 = — ut(0, 1) ; ux(0, t) + (0, 1)

—u''(0,1).

Suppose we have initial conditions u(x, 0) = @(x) and u¢(x,0) = Y(x). Then,
U'(x,0) = Z(()—9'09)
u(x,0) = Z(W6)+9'6).
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So if we start at some point (Xo, 0) and we follow the left moving wave, we follow the character-
istic for u'(xo, 0). When we hit the boundary at x = 0 for some time to, we can determine the
value of u''(0, to) and then follow this characteristic. Essentially we have reflected the wave over
the boundary at x =0. Now suppose we want to kill this wave before it is reflected. That is, we
do not want to deal with reflected waves. Why? Often, we want to model an infinite domain,
but obviously in computations we cannot do this. For practical pruproses, we have to impose
boundaries and doing so introduces reflections, which are not natural for infinite domains.
Hence, to better model the physics, we want to get rid of these reflecting waves in order to treat
our domain as an infinite one.

Let us look back at eqn 4 for the form of the left moving wave. When it hits the boundary
at x = 0, we want this wave to keep moving to the left. Can we think of an equation for a left
moving wave w.r.t.? Consider the transport equation given by u; — ux = 0. The solution to this
PDE represents a left moving wave. Thus, let us impose the following boundary condition for
left moving waves w of the form in egn 4:

Wi —Wx|x=0 = O. 2)

Note that a wave of the form e~ "**~9 cannot satisfy the above PDE at x =0 or at any point.
So if we were to have a reflecting wave, i.e. a wave that has a mode of the form e 1**x~9 we
would violate the boundary condition at x=0.

How do we solve the PDE if we impose us — Ux|x=0 =0. Again, we have

() = ().

where u' = =%, u'' = *2% and u' and u'' correspond to the right and left moving wave,

respectively. Then,

u'(0,) = —“t_ulexzo =0

So if we want to find the solution at (x, t) we follow the characteristics corresponding to the
left and right waves. For t > x, u'(0, t) corresponds to the reflection of a left moving wave. This
term vanishes so that u(x, t) is only dependent on u''.

u(x, t) u(z,t)

c
c
Il
o

Figure 1. The left picture shows reflection, while the right annhilates the reflection.

From the above example, this boundary condition annihilates any wave from reflecting. This
is clear when we see that u'(0, t) = 0 where u' is the right moving wave from the boundary.
However, in the multidimensional case, we could have waves hitting the boundary plane at x=0
are di erenct angles.
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We will show that the boundary condition u; — ux|x=0 = 0 annihilates any left moving wave
for the 1D problem, but for multidimensions does not kill all left moving waves. We will quan-
tify the amount of reflection by introducing the term known as the reflection coe cient and
show how to reduce this amount to get optimal annhiliation of left moving waves.

2 ABC'’s for the 2D Scalar Wave equation

2.1 2D Wave Solutions

Now, consider the two dimensional wave equation
Utt = Uxx + Uyy, (€©))

where t [0,y [RI, x [O1Again, we are solving on the half space. In one dimension, there is only
one angle through which a wave can hit the x = 0. In this case, the general form of a wave can
be given by

u = G, t)[e"ox+elox],

where e~i®% corresponds the right moving wave (since it corresponds to a solution of the form
e~ 19(x=1) and ei®x corresponds to a left moving wave.

Now, in two dimensions, the wave can hit the x =0 plane at infinitely many angles a [0, 1].
Consider the following graph.

a=rm/4

o =T1m/8

a=r/2

Xx=0
Figure 2. Waves hitting the x =0 plane at di Lerént angles a;.

The question becomes, how do we write the equation of wave hitting the x = 0 plane at dif-
ferent angles. Consider a change of coordinates on teh x —y plane.

y

x>

.
.
.
.
.- \a

Figure 3. Change of coordinates.
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This corresponds to a clockwise shift in a point (X, y) in the old coordinates to the new coor-
dinates (X, ¥). That is, (X, y) in the old coordinates will be shifted clockwise in the new coordi-
nates, (X, y). The rotation matrix is given by

cosa  sina
—sina cosa /)’

So, for example, sin(X) in the new coordinate system would be sin(cosa - X + sina - y) in the old
coordinate system, (X, y). Hence, we can think of a rotated wave as a linear combination of

eiw(\/1*I32X+l3)’ @z
where 3 =sina. Hence, we can express the solution for the two dimensional wave equation as
ux,y,t) = G(w,t){ei‘*’(\/l‘ﬁzx““ﬁy)+e‘i‘*’(\/l“32"“3y)}.
d2a

Since we get that G(w, t) solves the ODE qe w20 = 0, we get that the general solution is of
the form

u(x,y,t) = eiwt{eiw(¢1752x+s> + efiw(\/lfBzxfB)}_

2.2 Reflection Coe [cieht

As started earlier, we want the waves reflected by the left boundary at x =0 to vanish so as
to more accurately simulate the physics. In 1D, imposing Lu = 0, for L = 0 — 0x, does the job
perfectly. We showed that u' at the boundary vanishes and this is exactly the reflected wave.
More generally, let us define the reflection coe cient as the ratio between the magnitude of the
right moving wave and the left moving wave (of the same frequency - i.e. w). Explicitly, if we
call L and R the left and right moving waves, respectively, and the solution is given by

u = AL(B)+BR(p),
where (3 is the angle of the wave (e.g. in 1D there is only one constant), then
Lu = AL[L(B)]+ BL[R(B)I.

(one can think of L(L) as the e ect of applying the boundary operator on the left moving wave,
and similarly for the right moving wave) and

reflection |A| |F2| ’

where F1 =L(L) and F, = L(R). So we want this reflection coe cient to be as small as possible.

Example 1. One particular solution for the 1D wave equation is
U(X,t) — Aeiw(t+x)+Be—iw(x—t)_
Then, L =0¢ — 0x so that at x =0 we get

Lulx=o = A(io —iw)el®t+B(in +in)ei®t = 0
and so
B

— = 0.
|Al
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Hence, there is no reflection (of course, we already knew that!).

What about the 2D scalar wave equation? The boundary operator defined above does not
annhilate all waves, so how can we create boundary conditions that will produce a small reflec-
tion coe cient. We will show that the p™" order Enquist-Majda boundary conditions ar x = 0

produce a reflection coe cient
_ p
R = (1 cosa) _
1+ cosa

2.3 Derivation of 15t and 2»d order EM Condition
First, let us derive the bondary condition given by ut — ux|x=0 = 0. We will show that this

gives us a reflection coe cient of
_ p
R = (1 cosa) ,
1+ cosa
where p=1.

The general first order boundary condition can be written as

Lu = aog—l:+alg—i+aza—u

for x = 0. Substituting the solution u(x, y, t) = eiwt{Aei‘*’(ﬂ*BZ"*B) + Be*i‘”(\/lfﬂzxfﬁ)} into
this boundary condition gives us

Lu = A{ao(iw)+a1(iw\/1—[52) +a2(iw5)}u(x,y,t)
+ B[ao(iw) +a1(ico\/1— 52) +a2(iw[3)}u(x, v, 1.
Setting this equal to zero gives us

Lu = A[ao+a1\/1——[32+a2[3] +B{ao—a1\/1— Bz+az[3}

AF1(B) + BF2(B).

Recall that /1 —B?=cosa and B =sina. Then,
1-B%? = 1+0(0?).
So, if let a, =0, we get that

ap+ay[1+ O(a?)]
ap—ay[1+O(a?)]|’

P
Fa2

Furthermore, if we let a; = —ap, we get

F1 |O(0?)] — 2
F2|  2ap+aO(a?)] ot@.
where we use the fact that |a|] [CM and ‘lffgz [CF(x). Hence, the reflection coe cient is of

order a2, where recall that a is the angle of incidencec between the wave and the x = 0 plane.
We can write the reflection coe cient exactly as

1—cosa
1+ cosa

Rz‘
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and
_(0_20 _
Lu = <ﬁ &)”lxzo =0

is the corresponding boundary condition. This means, for example, that for angles approxi-
mately o IO~ 3, the reflection coe cient is roughly 10—, excusing the constant for now. If we
can get an approximation s.t. the reflection coe cient is of order O(a®), then roughly angles
with a 102 will give us a reflection coe cient of 10~°. So a higher order reflection coe cient
will annhilate more waves for a fixed tolerance.

For the second order boundary conditions, we look at the most general form involving the
second derivatives:

AoUtt + A1 Utk + AUty + gUxx + Aalxy +aslyy = 0.

(Why don’t we involve the first order terms? Notice that if we do involve these terms, the only
way that the coe cients of these terms lead to a form that is order p =2 is if all the coe cents
for the first order terms were zero.)

Plugging in the left and right waves gives us

Fi = ag+aiy/1—p2+ayB +as(l— B2 +aspy/1— B2 +asp?
Fo = ap—a1\/1—Pp?+aB +as(l—p?) —asf/1—p*+asp?

or

F1 = agp+ aicosa + assind + ascos2a + a4cosasind + assin?a
F, = ag— a1osa + aysina + azcos2a — a,cosasina + assina.

Taylor expansions of sin and cos are

sina = a—?+0(a5),
o2
cosa = 1—?+O(a4).

Before we attempt to plug this into the above boundary condition, it is clear that this will
become messy. Instead, we can Taylor expand /1 — B2 about zero. If we obtain a reflection
coe cient of the order O(B®) this will correspond to O(a®) since B = O(a). The Taylor expan-
sion is
2 4
=5 = 1-F B ro@).

We want our reflection coe cient to be of the order B* Thus, we need F; to be free of any
terms up to B2. We have

Fi = ag+a1y/1— % +asB +as(l—B?) +aspy/1— P +asp?
Ijo+a1<1—%2) +azB+as(1—Bz)+a48<1—%2> +agP?

so that

2 3
F1 Ijo+a1—a1%+az[3 +ag—agP?+aip —a o +asp?

B3 +a5[32

2
L agp?— U5

To get rid of the terms up to B2, we need —ar5

ag+a;+az = 0, (O(1) terms)
a+aqs = 0, (O(B)terms)

- %al —az+as = 0 (O(B?) terms)
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Right away, we can let a, =a4=0. Then, our system is composed of four equation and four
unknowns, ap, a;, as, as. We get

11 1 0 ao
0—-5-11 ai

00 00|l a]| =0
0 O 0 0 as
so that
dp = —aip—ag
a; = —2(az—as),

where a3 and as are our free variables. Let as=b so that a; = —2(az—b) and then
ap = 2(a3—b)—a3 = a3—2b.

If we let az =a + 2b we get ag = a. So our solutions can be written in terms of the free parame-
tersaand b

dp — a
a; = —2(a+h)
a,ays = 0
az = a+2b
as = b.
Then,
Lu = aug—2(a+b)um+ (a+ 2b)uxx +buyy = 0.

This choice values for ao, ..., as leads us to obtain a reflection coe cient of O(a*) or O(B%. In
fact, for our choices of ay, ..., as we get

Fi = ap+aiy/1—B?+azB +ag(l— P2 +asf\/1—p?+asp?
= ap+ a,c0sa + azcos2a + assinZa
= a—2(a+b)cosa + (a+ 2b)cos?a + bsin’a
= a—2(a+b)cosa + (a+ b)cos?a + b(cos?a + sin%a)
= (a+h)[1—2cosa+ cos?a]
= (a+hb)(1—cosa)?
and so
= 2
F2

_ |1—cosa
1+ cosa

Note that we can rewrite Lu as

_ 9 _ 9\ _
Lu = (a+bh) % ot U—DB(Uxx — Uxx —Uyy) = 0.

This leads us to the general pth order boundary condition:

2.4 General p*® order B.C.

Theorem 2. The most general absorbing boundary condition p at x=0 is of the form

a a)\° 92 92 92 a9l ok _
{(& a) (W W a—y2> Z auk(a&a—y>}u()(,y,t) = 0.

i+j+k=p-2
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b

Example 3. For the above case for p=2, i=j=k=0 and 2000 = gy

First, let us show that this type of boundary condition gives us a reflection coe cient of the
order O(aP). We showed that this works for p=1, 2. Let us use induction. Assume this is true
for p—1. Recall that left moving wave is of the form

u = eim(t+coso(x+sin01y)

Then,

a o\, _ a 9\ ou_ au\P

(o)A = Al ax) (&)
o o\t

:A<6_x_ﬁ) [iw(cosa — 1)Ju

AJin(cosa — 1)]( % - %)plu.

The reflection coe cient becomes

B| _ |iw(cosa—1)| |cosa—1|P~*
‘K’ "~ |io(cosa+1)| |cosa+1
cosa —1[P
cosa+1

. . g . 2 2 2
Also, since u satisfies the wave equation ( %— % — %)u =0. Hence,

cosa — 1P

cosa +1

Also note that since cosa — 1 = 0(a?), then R =O(a?P).

Is this the only pt™" order boundary condition that produces the same order reflection coe -
cient? In other words, is there some nicer way to write the boundary conditions so that we get a
reflection coe cient of order aP? Let us start with the most general pt" order boundary condi-
tion:

a' 9 ok _

<- Z_ buka&a—y>u(x,y,t) —_ 0 (4)
i+j+k=p

We will show that this b.c., assuming it is of order O(a?P), gives us the above reflection coe -

) “1|P e .
cient, R = %&‘ . Hence, the general pt" order boundary condition is equivalent to the

a ecto of imposing the boundary condition

a a\°
(a—x_a) Ulx=0 = 0.

Note that for p=2, the most general pt" order b.c. is exactly

aoUtt + 1Uex + 82Uty + 3lxx + aglxy +aslyy = 0.
Plugging in the left wave, Aeg!®(t+cosox+sinay) “intg 4, gives us
Fi(a) = Z bijk cosla sinka.
i+j+k=p

(e.g. for p = 2 this corresponds to Fi(a) = ap + a1c0sa + aysina + aszcosa + a,cososina +
assin?a.) Note that once we have chosen the values for j and k, i is determined. Hence, we can
remove the dependence of i for the above sum and we obtain

Fi(a) = Z cjkcosia sinka.
j+kCpl
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Consider
g(a) = Fi(a)—c(1— cosa)P.

We are assuming that Fy(a) is O(a®P) for some set of coe cients {cjk}. If we can show that
g(a) =0, then the reflection coe cient for our general pt" order b.c. would be

1—cosa |P

R =
‘1+cosa

So far all we know is that g(a) = O(a®P) since each component is O(a2P). First, let us divide
g(a) into even and odd components, noting that polynomials of cos are always even.

< > CjkCOSjGSinka>_C(l_COSG)p

+kIII

g(a)

P p—i
cjkcosJasinka+Z > cjkcosJasinka+)—c(l—cosa)p

Keven=0
p

,_
ok

-
—

Cjncoslasin®a+ | —c(1 — cosa)P

v

J+1)J
= Z Z Cjncosiasin?* 1o +

j=0 n=0
p—1 LMJ p LPT*jJ
_ iy qip2n L & cocio cin2Ney — of1 —
= Z Z Tjncosiasin? 1o + Z CjncosTa sin?™a — ¢(1 — coso)P
i=0  n=o0 j=0 n=o0
p-1 1252 _ p %7
= > ) Cjncoslasin® o+ | Y- Z €jncosia sin?"a — ¢(1 — cosa)P
j:O n=0 ': n=0
lodd Heven

where the first term on the RHS is the odd component and the second term is the even compo-
nent. For the even term, we have

2 |2 1)
Heven — c(1 — cOSQ)P = Z Cjocosia + Z Z CjncosTa (1 — cos?a)" — c(1 — cosar)P.

j=0 j=0 n=1

This formula is exact for p=2. For p=3, we can go one step further, and say that for j = p and
J =p—2 we have terms of the order cosPa. Thus, we get

p—1
Heven — ¢(1 —cosa)? = —c(1—cosa)P + < Z Cjocosia + Gpocospa>
j=0
-3 Lp%jJ
+| > ) Eincosta(l —cos?0)" + E(p 2)1€05 %0 (1 — cos?a)
j=0 n=1
= [EpocosPar+ E¢p_2)10sP 20 (1 — cos?ar) — ¢(1 — cosa)P]
/p—l \ /p—3 LPT_jJ \
+ Z Cjocosla |+ LZ Z 6anOSjG(1—C032G)n}
i=o i=0 n=1
k I ) v

This formula is exact for p=3 and here we have collected all of the terms of order cosPa.
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For p > 3, we still have some more cosPa terms to collect. In order to collect all the cosPa

terms, we need 2n+ j =p. Since j =0,

Thus, as j =0, ..

. p—2we have that n=1

., p—2 we have that

j=p-2 Akl

. ..., p/2. If nis a fraction, then we cannot have that

costacos?a = cosP, since we always take [1C0f the value (i.e. least integer value). We can only
obtain pt" order terms if for certain values of j we get whole number values for n. For even p,
this corresponds to all the even values of j and for odd p, this corresponds to all odd values of
Jj. Hence, we obtain a di erent number of cosPa terms for p =even or odd (actually, for p =odd
or even, we can collect [p¥2[= 1 more terms of order cosPa). Let

For p=odd and p> 3, we get

Similarly,

LP_J_

N

o°

(]

Jeven=0 n=1
p— LP*J‘

N

Jeven=0 n=1
p—2

o5

Joaa=0

p
p—2 L=

> > Ejncosla(L—cos?a)” +

Jeven=0 n=

p—2

]
2
> Gjncosia (L —cos?a)” +

]
2
> > Gincosla(l—cos?a)”

LP JJ 1

)3

n=1
,jj

1

”M\.

€jncosta (1 — cos?a)™ +

€jncosta (1 — cosa)".

p-2 (%)

> Y Ejncosla(l—cos?o)"

joda=0 n=1

p—2

Joda=0

p-2 [PF1)-1

> 5

Joaa=0 n=1

+ 3¢ et JJcosJO((l—coszo()L "2

Joda=0

for p=even and p >3, we get

D

L
(5

Jeven =0

A
]
Q
Q
II
T,:s

°
|

w
l- [

N
)
a
a
||

p—-2 Lpng

€jncosta (1 — cos?a)"

Cincosla(L—cos?o)+ D" Ejncosia(l—cos?a)"

Cjncosla (1 — cos?a)"

I.p JJ 1

Z

p—2 L%J

(]

> Cjncosia (L —cosa)” +

joda=0 n=1

€jncosta (1 — cos?a)™ +

Jeven=0 n=1

p—2

Jeven=0

p—2 (21

ZZ

Jeven—o

P _ P
+ 5 6 oo o)

Jeven=0

€jncosla (1 — cosa)”

S i 20y L55)
E €. p—i costa(l—cos“a)" 2
1. 1=

2 i 20y L552)
§ €. p—i costa(l—cos“a) " 2
i 1=
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In summary, we have the following:
9(0) = loga+ e + (N, — (1 — cosa)P?),

where Ilg\%n contain all coe cients of order cosPa terms and 1., contain only terms of order
cosP~1a and below,
Lp_(j“’l)J
lodd = Z Z €jncostasin?+1q,
i=0 n=0
Cin=cjk for k=2n+1 and €, =cjk for k=2n, and for all p 21

(p—1) )
Order | Hgyen Hgven
p—1
p=2 Z €jncosia Eypc0s2a + Eg; sinZa
=0
p 1
P=3 | > Ejocosla+ Eon (sin’a) €pocos®a + €y cosa sina
j=0
T
Z Z ¢jncosia (sina)" b2
podd | j i =o n=1 P 2y O
; +
p>3 e - EpocosPa JZO i g—kﬁpsla(sm a)
+ Z Z ¢jncosla (sina)" o
odd
p—2
Z an(:osJO((smzor)n b2
even Zo A S i
E>3 Joaa=0 n= - €pocosPa + Z lzglﬂ)SJG(SInza)@g =
p—2 @E
R ) j =0
+ 3 > Cincosla(sin?a)” e
Jeven=0 n=1

Finally, let ¢ be equal the sum of the coe cients of all the cosPa terms, which are the terms

in 12,en. If we choose this particular value of ¢, then we get that (Ilg\p,zen —c(1 — cosa)P) becomes

an even polynomial of cosa of degress less than p. We can recombine these terms into 113, to
get

9(0) = Toqa+ %D,

so that we have decomposed g(a) into odd and even components. Let us go one step further and
write g(a) as

g(a) = gu(a) +sin(a)g(a),
where gi(0) = II§Een1) which recall is a polynomial of cosa of degree at most p—1 and

p—1 LP (J+1)J

sm(a)(z Z CanOSja(l_COSZCX)n)

lodd
j=0 n=0

sin(a) g2(a).
Example 4. For p=2 we have

g(a) = agg+ a10C0sa + ap1SiNA + a0c0s20 + a31c0sASiNA + agssina — ¢(1 — cosa)?

ag1sina + ay;cosasina + {agg + a10C0SA + a,0C0s20 + aga(1 — cosza) —c(1—cosa)?}
ag1sina + ay;cosasina + {8pp + a10C0SA + a20C0S%0l — ag»Cos?a — ¢(1 — cosa)?}
ap1Sina + ag;cosasina + {8y + a10C0SA + (a0 — Agz)cos?a — ¢(1 — cosa)?}

ag1sina + ay;cosasina + {8y + a1ocosa + £cos?a — ¢(1 — 2cosa + cos?a)}

(4

o
[l

{800 + A10c0s0} + sina(agy + a11€0sa1)
ga(a) +sin(a)gz(a)
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For p=3, we get

g(a) = apo + a10C0SA + ap1SiNA + axpC0S2a + a11C0SASINA + ageSinZa
+ a1,c0sasin?a + ay1cos2asind + azecos3a + apssin®a — ¢(1 — cosa)®
= {ago + a10c0s0 + a,0C0s%0 + agpsin“al + az,cosasin?a + azecosa }
+ {ap1sina + a11cosasina + a1 cos?asina + agssin®a } — c(1 — cosa)?
= {00 + &10C0S0l + 820C08%0l + agSinZal + (Azo — a12)cos*al }
+ {apasina + a11cosasina + az; cos?asina + agssinda } — ¢(1 — cosa)®
{ago + 810c0s0 + zc0s%0l + Agasin?al }
+sinai{ao1 + 2116080 + a210s%0t + ap3(1 — cos?a) }
= g1(a) +sin(a)gz2(a)

Since g(a) is O(a?P) it must be true that g;(a) and sinag.(ar) are both of order a?P. This is
because the functions are even and odd and there cannot be any cancellation between the two.
Moreover, since gi(a) is a polynomial of cosa of degree at most p — 1, it must be identically zero
in order for this function to be of order a?P. Why is this true? Let us use induction.

First, let us substitute cos8 with C for ease of notation. So a polynomial in cosé becomes a
polynomial in C, just in notation. For p =2 we know that a polynomial of degree 1 in C cannot
be 8% unless all the coe cients (there are only two coe cients) of the polynomial are zero. This
is easy to check. Assume that for a polynomial in C of degree p — 2, if we assume it has order
82(P—1 then all the coe cients must vanish. Now, consider a polynomial of C of degree at most
p — 1, which we assume is of order 82P. Since (1 — C)P is O(82P), we can write

co+c.C +CzC2+ +Cp_2Cp_2+Cp_1Cp_1 = O((l - C)p)

In particular, this means that about 6 =0, <oo st |co+ - +Cp_1CP Y <M|1—-C|P, [CI[]
Ns(0), a & = 0 neighborhood about zero. For C = 1, which corresponds to 8 = m/2, we have
Co+---+Cp_1=0. Plugging this into the above gives us

— (11 —C)+co(1=C?) + - +0p_2(1—CP ) +cp_1(1—-CP7Y) = O((1-C)P).

Dividing both sides by 1 —C leads to the following.

1—-C? 1—CP2 1—crp-1
- + + ...+ + = —C)P D,
<Cl TG o2t ) o(1—-C)P9)
Note that 1[_? =1+ C + .-+ Cl—1 5o that the LHS above is a polynomial of degree at most

p — 2. This equation says we have a polynomial of degree at most p — 2 that is O((1 — C)P~1)
or, equivalently, O(62(°—1). By our assumption through the induction process, all the coe -
cients, ¢y, ..., Cp—1, must vanish. Hence co, ..., Cp—1 =0 and we have shown that g;(a)=0!

For sin(a)gz(a), recall that this is an odd function so that the taylor series expansion only
has odd powers of 8. In order for sin(a)g.(a) to be O(a?P), we claim that go(a) must still be
order a?P. If it is not, then at best gy(a) is O(a?®~D). But sin(a) only adds one more order to
this so that sin(a)gz(a) is O(a?P—1). Hence, go(a) must be O(a?P) and by the same reasoning
as above, it must also be identically zero. Thus,

Fi(a) = c(1—cosb)P.

For the right moving wave, we have cosla replaced by — cosla. Then, we perform the same
algebra and get that

F, = c(1+cosb)P.

To illustrate that we obtain the same constants ¢ for the right moving wave, see the examples
below.
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Example 5. For p=2 and for the right moving wave, we have

g(a) = apo + a10( — €0sa) + agsina + azo( — cosa)? + ap1( — cosa)sina + agzsin?a
—c¢(1— (—cosa))?
= ap1sina +az;(— cosa)sina
+ {ago + a10( — €0sa) + azo( — cosa)? + agz(1 — cos?a ) — c(1 — (— cosa))?}
= ap1sSina + az;(— cosa)sina
+ {800 + a10( — cosA) + azo( — cosa)? — agpcos?a — ¢(1 — (— cosa))?}
= ap1Sina + az 1 (— cosa)sina
+ {800 + a10( — cosa) + (azo — ap2)( — cosa)? — c(1 — (— cosa))?}
= ap1sina +az1(— cosa)sina + {&go + a10( — cosa) }
= g1(a) + sin(a)gz(a)

For p=3, we get

g(a) = oo + a10( — €OSA) + ap1SiNa + aze( — cosa)? + a1 ( — cosa)sina + agzsin®a
+ ago(— cosa)sin?a + ay; (— cosa)?sina + azo( — cosa)? + apssinda
—c¢(1— (—cosa))®
= {ago + az0( — cosa) + azo( — cosa)? + agzsin®a
+ a1(— cosa)sin®a + ago( — cosa)®}_  —c(1—(—cosa))®
+ {apasina + a11( — cosa)sina + a1 (— cosa)?sinal + ao3sin30(}Odd

g2(a) + sin(a)gz(a),

C=azp—aiz

where the even terms become

even = ago + a10( — €0SA) + az0( — cOSA)? + apzSin®a
+ a3,( — cosa)sin?a + ago( — cosa)® — ¢(1 — (— cosa))3
= ago + azo( — cosa) + azo( — cosa)? + ag,sina
+ ay2(— cosa) (1 — cosa) + ago( — cosa)® — ¢(1 — (— cosa))?
= 800 + A10( — cosa) + &xo( — cosa)? + ag,sina
+ ay,( — cos?a)( — cosa) + azo( — cosa)® —c( — cosa)®
= 800 + A10( — cosa) + Azo( — cosA)? + agzsin?a
+ (azp — a12)(— cosa)® — ¢( — cosa)®
91(0).

C=agp—ai2

In summary, we have proven that the most general pt™" order boundary condition can be
written as

a 0a\° 92 92 92 a' 9l ok _
G a) (e demap) ol =

and has a reflection coe cient of
p

1—cosa

R =
‘1+cosa

which is of the correct order, O(a?P). Furthermore, we just showed that for any pt™ order
boundary condition, which can be written as

o' ol ok _
< Z bijkaa—xa—y>u(xay1t) =0,

i+j+k=p
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the reflection coe cient MUST be R. Hence, any pt" order boundary condition can only pro-
ducde the reflection coe cient R. Finally, we need to answer the following question: Is the
boundary condition in the theorem above the only way we obtain a reflection coe cient of R?
Recall we have a right and left moving wave

eim(t+sin0(yfcosotx) eim(t+sin0(y+sin0(x)
and a boundary condition L; on these waves s.t. Lu|x=0=0 so that
ALy (L) +BLy(R) = 0,

where L is the left moving wave and R the right moving wave. Suppose we have another
boundary condition Lou|x=0=0 s.t.

ALy(L) +BLx(R) = 0.

. . _ P
We showed that L; produces a reflection coe cient of R= L% . The most general form for
. ai aj ak
L, is ( Zi+j+k:p bqka&w)u(o, y,t) =0 so that
Lo(L) = Z bijk(i(}))i+j+k(COSG)j (Sina)jeiw(t+sinay—cosax)
i+j+k=p ) ) )
Lo(R) = Z bijk(iw) 1 +K( — cosa)d (sina)igle(t+sinay+sinax),
i+j+k=p

The reflection coe cient is defined as

3
A L2(R)
so that
‘ La(L)| _ ‘ Ditjrk=p bijk(cosa)d (sina)! _ ‘1_0050( p
L2(R) > i+ j+k=p Dijk(— cosa)I (sina)! 1+ cosal

This means that Zi+j+k=p bijk(cosa)d (sina)! = (1 — cosa)P. But we also have that

LuL)| _ | 2Zisj+k=p aijk(cosa)l (sina)! _ |1—cosal®
Li(R) i+ jk=p iik(— cosa) (sinar) 1+ cosa
Hence,
> bij(coso)i(sina)d = " ajje(cosa)] (sina)?
i+j+k=p i+j+k=p
so that
aijk = Dbijk

and so L; =L, up to some additional derivatives of the wave equation.



