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1 Intro to Absorbing Boundary Conditions: 1D wave equa-
tion

Consider the one dimensional wave equation on the half line:

utt = uxx x, t> 0. (1)

First, let us write this PDE into a system on first order equations. Let v = ut, w= ux so that our
PDE becomes

(

v
w

)

t
=
(

0 1
1 0

)(

v
w

)

x
,

and when we diagonalize the system, we get

(

uI

uII

)

t

=
(

− 1 0
0 1

)

(

uI

uII

)

x

,

where uI = v −w
2 , uII = v + w

2 and uII corresponds to the left moving wave and uI the right

moving wave. Now, we only need the left boundary condition

u(0, t) = 0
ut(0, t) = 0

so that

uI(0, t) = − ut(0, t) +ux(0, t)
2

+ut(0, t)

= − uII(0, t).

Suppose we have initial conditions u(x, 0) = φ(x) and ut(x, 0) = ψ(x). Then,

uI(x, 0) = 1
2(ψ(x) − φ′(x))

uII(x, 0) = 1
2(ψ(x) + φ′(x)).
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So if we start at some point (x0, 0) and we follow the left moving wave, we follow the character-
istic for uI(x0, 0). When we hit the boundary at x = 0 for some time t0, we can determine the

value of uII(0, t0) and then follow this characteristic. Essentially we have reflected the wave over
the boundary at x= 0. Now suppose we want to kill this wave before it is reflected. That is, we
do not want to deal with reflected waves. Why? Often, we want to model an infinite domain,
but obviously in computations we cannot do this. For practical pruproses, we have to impose
boundaries and doing so introduces reflections, which are not natural for infinite domains.
Hence, to better model the physics, we want to get rid of these reflecting waves in order to treat
our domain as an infinite one.

Let us look back at eqn 4 for the form of the left moving wave. When it hits the boundary
at x = 0, we want this wave to keep moving to the left. Can we think of an equation for a left
moving wave w.r.t.? Consider the transport equation given by ut − ux = 0. The solution to this
PDE represents a left moving wave. Thus, let us impose the following boundary condition for
left moving waves w of the form in eqn 4:

wt −wx|x=0 = 0. (2)

Note that a wave of the form e−iω(x−t) cannot satisfy the above PDE at x = 0 or at any point.

So if we were to have a reflecting wave, i.e. a wave that has a mode of the form e−iω(x−t) we
would violate the boundary condition at x= 0.

How do we solve the PDE if we impose ut − ux|x=0 = 0. Again, we have

(

uI

uII

)

t

=
(

− 1 0
0 1

)

(

uI

uII

)

x

,

where uI = v −w
2 , uII = v + w

2 and uI and uII correspond to the right and left moving wave,

respectively. Then,

uI(0, t) = ut −ux|x=0

2
= 0

So if we want to find the solution at (x, t) we follow the characteristics corresponding to the
left and right waves. For t > x, uI(0, t) corresponds to the reflection of a left moving wave. This

term vanishes so that u(x, t) is only dependent on uII.

x = 0

u(x, t)

uI

x = 0

u(x, t)

uI = 0

Figure 1. The left picture shows reflection, while the right annhilates the reflection.

From the above example, this boundary condition annihilates any wave from reflecting. This

is clear when we see that uI(0, t) = 0 where uI is the right moving wave from the boundary.
However, in the multidimensional case, we could have waves hitting the boundary plane at x= 0
are differenct angles.
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We will show that the boundary condition ut − ux|x=0 = 0 annihilates any left moving wave
for the 1D problem, but for multidimensions does not kill all left moving waves. We will quan-
tify the amount of reflection by introducing the term known as the reflection coefficient and
show how to reduce this amount to get optimal annhiliation of left moving waves.

2 ABC’s for the 2D Scalar Wave equation

2.1 2D Wave Solutions

Now, consider the two dimensional wave equation

utt = uxx + uyy, (3)

where t> 0, y ∈ R, x> 0. Again, we are solving on the half space. In one dimension, there is only
one angle through which a wave can hit the x = 0. In this case, the general form of a wave can
be given by

u = û(ω, t)
[

e−iωx + eiωx],

where e−iωx corresponds the right moving wave (since it corresponds to a solution of the form
e−iω(x−t)) and eiωx corresponds to a left moving wave.

Now, in two dimensions, the wave can hit the x= 0 plane at infinitely many angles α ∈ [0, π].
Consider the following graph.

x = 0

α = π/8

α = π/4

α = π/2

Figure 2. Waves hitting the x = 0 plane at different angles αi.

The question becomes, how do we write the equation of wave hitting the x = 0 plane at dif-
ferent angles. Consider a change of coordinates on teh x− y plane.

α

x

y

x̂

ŷ

Figure 3. Change of coordinates.
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This corresponds to a clockwise shift in a point (x, y) in the old coordinates to the new coor-
dinates (x̂ , ŷ). That is, (x, y) in the old coordinates will be shifted clockwise in the new coordi-
nates, (x̂ , ŷ). The rotation matrix is given by

(

cosα sinα
− sinα cosα

)

.

So, for example, sin(x̂) in the new coordinate system would be sin(cosα · x + sinα · y) in the old
coordinate system, (x, y). Hence, we can think of a rotated wave as a linear combination of

eiω( 1−β2
√

x+β), ∀ω ∈ Z,

where β= sinα. Hence, we can express the solution for the two dimensional wave equation as

u(x, y, t) = û(ω, t)
{

eiω( 1−β2
√

x+βy) + e−iω( 1−β2
√

x−βy)
}

.

Since we get that û(ω, t) solves the ODE
d2û
dt2 + ω2û = 0, we get that the general solution is of

the form

u(x, y, t) = eiωt
{

eiω( 1−β2
√

x+β) + e−iω( 1−β2
√

x−β)
}

.

2.2 Reflection Coefficient

As started earlier, we want the waves reflected by the left boundary at x = 0 to vanish so as
to more accurately simulate the physics. In 1D, imposing Lu = 0, for L = ∂t − ∂x, does the job
perfectly. We showed that uI at the boundary vanishes and this is exactly the reflected wave.
More generally, let us define the reflection coefficient as the ratio between the magnitude of the
right moving wave and the left moving wave (of the same frequency - i.e. ω). Explicitly, if we
call L and R the left and right moving waves, respectively, and the solution is given by

u = AL(β) +BR(β),

where β is the angle of the wave (e.g. in 1D there is only one constant), then

Lu = AL[L(β)] +BL[R(β)],

(one can think of L(L) as the effect of applying the boundary operator on the left moving wave,
and similarly for the right moving wave) and

Rreflection = |B |
|A|

= |F1|
|F2|

,

where F1 = L(L) and F2 = L(R). So we want this reflection coefficient to be as small as possible.

Example 1. One particular solution for the 1D wave equation is

u(x, t) = Aeiω(t+x) +Be−iω(x−t).

Then, L = ∂t − ∂x so that at x= 0 we get

Lu|x=0 = A(iω − iω)eiωt +B(iω+ iω)eiωt = 0

and so

|B |
|A|

= 0.
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Hence, there is no reflection (of course, we already knew that!).

What about the 2D scalar wave equation? The boundary operator defined above does not
annhilate all waves, so how can we create boundary conditions that will produce a small reflec-

tion coefficient. We will show that the pth order Enquist-Majda boundary conditions ar x = 0
produce a reflection coefficient

R =
(

1 − cosα
1 + cosα

)p

.

2.3 Derivation of 1st and 2nd order EM Condition

First, let us derive the bondary condition given by ut − ux|x=0 = 0. We will show that this
gives us a reflection coefficient of

R =
(

1 − cosα
1 + cosα

)p

,

where p= 1.

The general first order boundary condition can be written as

Lu = a0
∂u
∂t

+ a1
∂u
∂x

+ a2
∂u
∂y
,

for x = 0. Substituting the solution u(x, y, t) = eiωt
{

Aeiω( 1−β2
√

x+β) + Be−iω( 1−β2
√

x−β)
}

into

this boundary condition gives us

Lu = A
[

a0(iω) + a1

(

iω 1 − β2
√

)

+ a2(iωβ)
]

u(x, y, t)

+B
[

a0(iω) + a1

(

iω 1 − β2
√

)

+ a2(iωβ)
]

u(x, y, t).

Setting this equal to zero gives us

Lu = A
[

a0 + a1 1 − β2
√

+ a2β
]

+B
[

a0 − a1 1 − β2
√

+ a2β
]

= AF1(β) +BF2(β).

Recall that 1 − β2
√

= cosα and β= sinα. Then,

1 − β2
√

≈ 1 + O(α2).

So, if let a2 = 0, we get that
∣

∣

∣

∣

F1

F2

∣

∣

∣

∣

=
∣

∣

∣

∣

a0 + a1[1 + O(α2)]
a0 − a1[1 + O(α2)]

∣

∣

∣

∣

.

Furthermore, if we let a1 = − a0, we get

∣

∣

∣

∣

F1

F2

∣

∣

∣

∣

= |O(α2)|
|2a0 + a0O(α2)|

= O(α2),

where we use the fact that |α| 6 M and
∣

∣

∣

f(x)
1 + α2

∣

∣

∣
6 Cf(x). Hence, the reflection coefficient is of

order α2, where recall that α is the angle of incidencec between the wave and the x = 0 plane.
We can write the reflection coefficient exactly as

R =
∣

∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

∣

,

ABC’s for the 2D Scalar Wave equation 5



and

Lu =
(

∂
∂t

− ∂
∂x

)

u|x=0 = 0,

is the corresponding boundary condition. This means, for example, that for angles approxi-
mately α 6 10−3, the reflection coefficient is roughly 10−6, excusing the constant for now. If we
can get an approximation s.t. the reflection coefficient is of order O(α3), then roughly angles
with α6 10−2 will give us a reflection coefficient of 10−6. So a higher order reflection coefficient
will annhilate more waves for a fixed tolerance.

For the second order boundary conditions, we look at the most general form involving the
second derivatives:

a0utt + a1utx + a2uty + a3uxx + a4uxy + a5uyy = 0.

(Why don’t we involve the first order terms? Notice that if we do involve these terms, the only
way that the coefficients of these terms lead to a form that is order p = 2 is if all the coefficents
for the first order terms were zero.)

Plugging in the left and right waves gives us

F1 = a0 + a1 1 − β2
√

+ a2β+ a3(1 − β2) + a4β 1 − β2
√

+ a5β2

F2 = a0 − a1 1 − β2
√

+ a2β+ a3(1 − β2) − a4β 1 − β2
√

+ a5β2

or

F1 = a0 + a1cosα+ a2sinα+ a3cos2α+ a4cosαsinα+ a5sin2α
F2 = a0 − a1cosα+ a2sinα+ a3cos2α− a4cosαsinα+ a5sin2α.

Taylor expansions of sin and cos are

sinα = α− α3

3!
+ O(α5),

cosα = 1 − α2

2!
+ O(α4).

Before we attempt to plug this into the above boundary condition, it is clear that this will

become messy. Instead, we can Taylor expand 1 − β2
√

about zero. If we obtain a reflection

coefficient of the order O(β3) this will correspond to O(α3) since β = O(α). The Taylor expan-
sion is

1 − β2
√

= 1 − β2

2
− β4

8
+ O(β6).

We want our reflection coefficient to be of the order β4. Thus, we need F1 to be free of any
terms up to β2. We have

F1 = a0 + a1 1 − β2
√

+ a2β+ a3(1 − β2) + a4β 1 − β2
√

+ a5β2

∼ a0 + a1

(

1 − β2

2

)

+ a2β+ a3(1 − β2) + a4β
(

1 − β2

2

)

+ a5β2

so that

F1 ∼ a0 + a1 − a1
β2

2
+ a2β+ a3 − a3β2 + a4β − a4

β3

2
+ a5β2.

To get rid of the terms up to β2, we need − a1
β2

2 − a3β2 − a4
β3

2 + a5β2

a0 + a1 + a3 = 0, (O(1) terms)
a2 + a4 = 0, (O(β) terms)

− 1
2
a1 − a3 + a5 = 0 (O(β2) terms)
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Right away, we can let a2 = a4 = 0. Then, our system is composed of four equation and four
unknowns, a0, a1, a3, a5. We get








1 1 1 0
0 − .5 − 1 1
0 0 0 0
0 0 0 0

















a0
a1
a3
a5









= 0I
so that

a0 = − a1 − a3

a1 = − 2(a3 − a5),

where a3 and a5 are our free variables. Let a5 = b so that a1 = − 2(a3 − b) and then

a0 = 2(a3 − b) − a3 = a3 − 2b.

If we let a3 = a+ 2b we get a0 = a. So our solutions can be written in terms of the free parame-
ters a and b

a0 = a
a1 = − 2(a+ b)

a2, a4 = 0
a3 = a+ 2b
a5 = b.

Then,

Lu = autt − 2(a+ b)utx + (a+ 2b)uxx + buyy = 0.

This choice values for a0, � , a5 leads us to obtain a reflection coefficient of O(α4) or O(β4). In
fact, for our choices of a0,� , a5 we get

F1 = a0 + a1 1 − β2
√

+ a2β+ a3(1 − β2) + a4β 1 − β2
√

+ a5β2

= a0 + a1cosα+ a3cos2α+ a5sin2α
= a− 2(a+ b)cosα+ (a+ 2b)cos2α+ bsin2α
= a− 2(a+ b)cosα+ (a+ b)cos2α+ b(cos2α+ sin2α)
= (a+ b)

[

1 − 2cosα+ cos2α
]

= (a+ b)(1 − cosα)2

and so
∣

∣

∣

∣

F1

F2

∣

∣

∣

∣

=
∣

∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

∣

2
.

Note that we can rewrite Lu as

Lu = (a+ b)
(

∂
∂x

− ∂
∂t

)2

u− b(uxx − uxx − uyy) = 0.

This leads us to the general pth order boundary condition:

2.4 General pth order B.C.

Theorem 2. The most general absorbing boundary condition p at x= 0 is of the form
{

(

∂
∂x

− ∂
∂t

)p

−
(

∂2

∂t2
− ∂2

∂x2 − ∂2

∂y2

)

∑

i+j+k= p−2

aijk

(

∂i

∂t
∂j

∂x
∂k

∂y

)

}

u(x, y, t) = 0.
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Example 3. For the above case for p= 2, i= j= k= 0 and a000 = b
(a + b) .

First, let us show that this type of boundary condition gives us a reflection coefficient of the
order O(α2p). We showed that this works for p= 1, 2. Let us use induction. Assume this is true
for p− 1. Recall that left moving wave is of the form

u = eiω(t+cosαx+sinαy).

Then,
(

∂
∂x

− ∂
∂t

)p
Au = A

(

∂
∂x

− ∂
∂t

)p−1( ∂u
∂x

− ∂u
∂t

)p

= A
(

∂
∂x

− ∂
∂t

)p−1

[iω(cosα− 1)]u

= A[iω(cosα− 1)]
(

∂
∂x

− ∂
∂t

)p−1

u.

The reflection coefficient becomes
∣

∣

∣

∣

B
A

∣

∣

∣

∣

=
∣

∣

∣

∣

iω(cosα− 1)
iω(cosα+ 1)

∣

∣

∣

∣

·
∣

∣

∣

∣

cosα− 1
cosα+ 1

∣

∣

∣

∣

p−1

=
∣

∣

∣

∣

cosα− 1
cosα+ 1

∣

∣

∣

∣

p

.

Also, since u satisfies the wave equation
(

∂2

∂t2 − ∂2

∂x2 − ∂2

∂y2

)

u= 0. Hence,

R =
∣

∣

∣

∣

cosα− 1
cosα+ 1

∣

∣

∣

∣

p
.

Also note that since cosα− 1 = O(α2), then R= O(α2p).
Is this the only pth order boundary condition that produces the same order reflection coeffi-

cient? In other words, is there some nicer way to write the boundary conditions so that we get a

reflection coefficient of order α2p? Let us start with the most general pth order boundary condi-
tion:

(

∑

i+j+k=p

bijk
∂i

∂t
∂j

∂x
∂k

∂y

)

u(x, y, t) = 0. (4)

We will show that this b.c., assuming it is of order O(α2p), gives us the above reflection coeffi-

cient, R =
∣

∣

∣

cosα − 1
cosα + 1

∣

∣

∣

p
. Hence, the general pth order boundary condition is equivalent to the

affecto of imposing the boundary condition
(

∂
∂x

− ∂
∂t

)p

u|x=0 = 0.

Note that for p= 2, the most general pth order b.c. is exactly

a0utt + a1utx + a2uty + a3uxx + a4uxy + a5uyy = 0.

Plugging in the left wave, Aeiω(t+cosαx+sinαy), into 4, gives us

F1(α) =
∑

i+j+k=p

bijk cosjα sinkα.

(e.g. for p = 2 this corresponds to F1(α) = a0 + a1cosα + a2sinα + a3cos2α + a4cosαsinα +
a5sin2α.) Note that once we have chosen the values for j and k, i is determined. Hence, we can
remove the dependence of i for the above sum and we obtain

F1(α) =
∑

j+k6p

cjkcosjα sinkα.

8 Section 2



Consider

g(α) = F1(α) − c(1 − cosα)p.

We are assuming that F1(α) is O(α2p) for some set of coefficients {cjk}. If we can show that
g(α) ≡ 0, then the reflection coefficient for our general pth order b.c. would be

R =
∣

∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

∣

p

.

So far all we know is that g(α) = O(α2p) since each component is O(α2p). First, let us divide
g(α) into even and odd components, noting that polynomials of cos are always even.

g(α) =
(

∑

j+k6p

cjkcosjα sinkα
)

− c(1 − cosα)p

=

(

∑

j=0

p−1
∑

kodd=1

p−j

cjkcosjα sinkα+
∑

j=0

p
∑

keven=0

p−j

cjkcosjα sinkα+

)

− c(1 − cosα)p

=







∑

j=0

p−1
∑

n=0

⌊
p−(j+1)

2 ⌋

c̃jncosjα sin2n+1α+
∑

j=0

p
∑

n=0

⌊
p−j

2 ⌋

ĉjncosjα sin2nα+






− c(1 − cosα)p

=
∑

j=0

p−1
∑

n=0

⌊
p−(j+1)

2 ⌋

c̃jncosjα sin2n+1α+





∑

j=0

p
∑

n=0

⌊
p−j

2 ⌋

ĉjncosjα sin2nα− c(1 − cosα)p





=
∑

j=0

p−1
∑

n=0

⌊
p−(j+1)

2 ⌋

c̃jncosjα sin2n+1α�
Iodd

+











∑

j=0

p
∑

n=0

⌊
p−j

2 ⌋

ĉjncosjα sin2nα�
IIeven

− c(1 − cosα)p











where the first term on the RHS is the odd component and the second term is the even compo-
nent. For the even term, we have

IIeven − c(1 − cosα)p =
∑

j=0

p

ĉj0cosjα+
∑

j=0

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n − c(1 − cosα)p.

This formula is exact for p= 2. For p= 3, we can go one step further, and say that for j = p and
j= p− 2 we have terms of the order cospα. Thus, we get

IIeven − c(1 − cosα)p = − c(1 − cosα)p +

(

∑

j=0

p−1

ĉj0cosjα+ ĉp0cospα

)

+





∑

j=0

p−3
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n + ĉ(p−2)1cosp−2α(1 − cos2α)





=
[

ĉp0cospα+ ĉ(p−2)1cosp−2α(1 − cos2α) − c(1 − cosα)p]

+









∑

j=0

p−1

ĉj0cosjα�
III









+









∑

j=0

p−3
∑

n=1

⌊
p−j

2
⌋

ĉjncosjα(1 − cos2α)n�
IV









This formula is exact for p= 3 and here we have collected all of the terms of order cospα.
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For p > 3, we still have some more cospα terms to collect. In order to collect all the cospα
terms, we need 2n+ j= p. Since j= 0,� , p− 2 we have that

j= 0 ⇒ n= p
2

j= 1 ⇒ n= p− 1
2
 


j ⇒ n= p− j
2
 


j= p− 2 ⇒ n= 1

.

Thus, as j = 0, � , p− 2 we have that n= 1, � , p/2. If n is a fraction, then we cannot have that
cosjαcos2nα= cosp, since we always take ⌊ · ⌋ of the value (i.e. least integer value). We can only
obtain pth order terms if for certain values of j we get whole number values for n. For even p,
this corresponds to all the even values of j and for odd p, this corresponds to all odd values of
j. Hence, we obtain a different number of cospα terms for p= even or odd (actually, for p= odd
or even, we can collect ⌊p/2⌋ + 1 more terms of order cospα). Let

III =
∑

j=0

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n.

For p= odd and p> 3, we get

III =
∑

jeven=0

p−2
∑

n=1

⌊
p−j

2
⌋

ĉjncosjα(1 − cos2α)n +
∑

jodd=0

p−2
∑

n=1

⌊
p−j

2
⌋

ĉjncosjα(1 − cos2α)n

=
∑

jeven=0

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n

+





∑

jodd=0

p−2
∑

n=1

⌊
p−j

2
⌋−1

ĉjncosjα(1 − cos2α)n +
∑

jodd=0

p−2

ĉj, ⌊p−j
2 ⌋cosjα(1 − cos2α) ⌊

p−j
2 ⌋





=





∑

jeven=0

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n +
∑

jodd=0

p−2
∑

n=1

⌊
p−j

2 ⌋−1

ĉjncosjα(1 − cos2α)n





+
∑

jodd=0

p−2

ĉj, ⌊p−j
2 ⌋cosjα(1 − cos2α) ⌊

p−j
2 ⌋

Similarly, for p= even and p> 3, we get

III =
∑

jodd=1

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n +
∑

jeven=0

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n

=
∑

jodd=1

p−3
∑

n=1

⌊
p−j

2
⌋

ĉjncosjα(1 − cos2α)n

+





∑

jeven=0

p−2
∑

n=1

⌊
p−j

2 ⌋−1

ĉjncosjα(1 − cos2α)n +
∑

jeven=0

p−2

ĉj, ⌊p−j
2 ⌋cosjα(1 − cos2α) ⌊

p−j
2

⌋





=





∑

jodd=0

p−2
∑

n=1

⌊
p−j

2 ⌋

ĉjncosjα(1 − cos2α)n +
∑

jeven=0

p−2
∑

n=1

⌊
p−j

2 ⌋−1

ĉjncosjα(1 − cos2α)n





+
∑

jeven=0

p−2

ĉj, ⌊p−j
2 ⌋cosjα(1 − cos2α) ⌊

p−j
2

⌋.
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In summary, we have the following:

g(α) = Iodd + IIeven
(p−1) + (IIeven

(p) − c(1 − cosα)p),

where IIeven
(p)

contain all coefficients of order cospα terms and IIeven
1 contain only terms of order

cosp−1α and below,

Iodd =
∑

j=0

p−1
∑

n=0

⌊
p−(j+1)

2 ⌋

c̃jncosjα sin2n+1α,

c̃jn = cjk for k= 2n+ 1 and ĉjn = cjk for k= 2n, and for all p> 2

Order IIeven
(p−1)

IIeven
(p)

p= 2
∑

j=0

p−1

ĉjncosjα ĉ20cos2α + ĉ01 sin2α

p= 3
∑

j=0

p−1

ĉj0cosjα + ĉ0n (sin2α) ĉp0cos3α + ĉ11cosα sin2α

p odd
p> 3

∑

jeven=0

p−2
∑

n=1

⌊p−j
2 ⌋

ĉjncosjα(sin2α)n

+
∑

jodd=0

p−2
∑

n=1

⌊p−j
2 ⌋−1

ĉjncosjα(sin2α)n

ĉp0cospα +
∑

jodd=0

p−2

ĉj, ⌊p−j
2 ⌋cosjα(sin2α) ⌊p−j

2 ⌋

p even
p> 3

∑

jodd=0

p−2
∑

n=1

⌊p−j
2 ⌋

ĉjncosjα(sin2α)n

+
∑

jeven=0

p−2
∑

n=1

⌊p−j
2 ⌋−1

ĉjncosjα(sin2α)n

ĉp0cospα +
∑

jeven=0

p−2

ĉj, ⌊p−j
2

⌋cosjα(sin2α) ⌊p−j
2 ⌋

Finally, let c be equal the sum of the coefficients of all the cospα terms, which are the terms

in IIeven
2 . If we choose this particular value of c, then we get that (IIeven

(p) − c(1 − cosα)p) becomes

an even polynomial of cosα of degress less than p. We can recombine these terms into IIeven
1 to

get

g(α) = Îodd + IÎeven
(p−1),

so that we have decomposed g(α) into odd and even components. Let us go one step further and
write g(α) as

g(α) = g1(α) + sin(α)g2(α),

where g1(α) = IÎeven
(p−1)

, which recall is a polynomial of cosα of degree at most p− 1 and

Iodd = sin(α)







∑

j=0

p−1
∑

n=0

⌊
p−(j+1)

2
⌋

c̃jncosjα(1 − cos2α)n







= sin(α)g2(α).

Example 4. For p= 2 we have

g(α) = a00 + a10cosα+ a01sinα+ a20cos2α+ a11cosαsinα+ a02sin2α− c(1 − cosα)2

= a01sinα+ a11cosαsinα+ {a00 + a10cosα+ a20cos2α+ a02(1 − cos2α
)

− c(1 − cosα)2}
= a01sinα+ a11cosαsinα+ {ã00 + a10cosα+ a20cos2α− a02cos2α− c(1 − cosα)2}
= a01sinα+ a11cosαsinα+ {ã00 + a10cosα+ (a20 − a02)cos2α− c(1 − cosα)2}
= a01sinα+ a11cosαsinα+ {ã00 + a10cosα+ c̃cos2α− c(1 − 2cosα+ cos2α)}1c=c̃

{ã̃00 + ã10cosα} + sinα(a01 + a11cosα)
= g1(α) + sin(α)g2(α)
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For p= 3, we get

g(α) = a00 + a10cosα+ a01sinα+ a20cos2α+ a11cosαsinα+ a02sin2α
+ a12cosαsin2α+ a21cos2αsinα+ a30cos3α+ a03sin3α− c(1 − cosα)3

=
{

a00 + a10cosα+ a20cos2α+ a02sin2α+ a12cosαsin2α+ a30cos3α
}

+
{

a01sinα+ a11cosαsinα+ a21cos2αsinα+ a03sin3α
}

− c(1 − cosα)3

=
{

a00 + ã10cosα+ a20cos2α+ a02sin2α+ (a30 − a12)cos3α
}

+
{

a01sinα+ a11cosαsinα+ a21cos2αsinα+ a03sin3α
}

− c(1 − cosα)31c=a30−a12 {

a00 + ã10cosα+ ã20cos2α+ ã02sin2α
}

+ sinα
{

a01 + a11cosα+ a21cos2α+ a03(1 − cos2α)
}

= g1(α) + sin(α)g2(α)

Since g(α) is O(α2p) it must be true that g1(α) and sinαg2(α) are both of order α2p. This is
because the functions are even and odd and there cannot be any cancellation between the two.
Moreover, since g1(α) is a polynomial of cosα of degree at most p− 1, it must be identically zero
in order for this function to be of order α2p. Why is this true? Let us use induction.

First, let us substitute cosθ with C for ease of notation. So a polynomial in cosθ becomes a
polynomial in C, just in notation. For p= 2 we know that a polynomial of degree 1 in C cannot
be θ4 unless all the coefficients (there are only two coefficients) of the polynomial are zero. This
is easy to check. Assume that for a polynomial in C of degree p − 2, if we assume it has order

θ2(p−1) then all the coefficients must vanish. Now, consider a polynomial of C of degree at most
p− 1, which we assume is of order θ2p. Since (1 −C)p is O(θ2p), we can write

c0 + c1C + c2C2 +� + cp−2Cp−2 + cp−1Cp−1 = O((1 −C)p).

In particular, this means that about θ= 0, ∃M <∞ s.t. |c0 + � + cp−1Cp−1|<M |1 −C |p, ∀C ∈
Nδ(0), a δ > 0 neighborhood about zero. For C = 1, which corresponds to θ = π/2, we have
c0 +� + cp−1 = 0. Plugging this into the above gives us

−
(

c1(1 −C) + c2(1 −C2) +� + cp−2(1 −Cp−2) + cp−1(1 −Cp−1)
)

= O((1 −C)p).

Dividing both sides by 1 −C leads to the following.

−
(

c1 + c2
1 −C2

1 −C
+� + cp−2

1 −Cp−2

1 −C
+ cp−1

1 −Cp−1

1 −C

)

= O((1 −C)p−1).

Note that
1 −Cj

1−C = 1 + C + � + C j−1 so that the LHS above is a polynomial of degree at most

p − 2. This equation says we have a polynomial of degree at most p − 2 that is O((1 − C)p−1)
or, equivalently, O(θ2(p−1)). By our assumption through the induction process, all the coeffi-
cients, c1,� , cp−1, must vanish. Hence c0,� , cp−1 = 0 and we have shown that g1(α) ≡ 0!

For sin(α)g2(α), recall that this is an odd function so that the taylor series expansion only
has odd powers of θ. In order for sin(α)g2(α) to be O(α2p), we claim that g2(α) must still be

order α2p. If it is not, then at best g2(α) is O(α2(p−1)). But sin(α) only adds one more order to

this so that sin(α)g2(α) is O(α2p−1). Hence, g2(α) must be O(α2p) and by the same reasoning
as above, it must also be identically zero. Thus,

F1(α) = c(1 − cosθ)p.

For the right moving wave, we have cosjα replaced by − cosjα. Then, we perform the same
algebra and get that

F2 = c(1 + cosθ)p.

To illustrate that we obtain the same constants c for the right moving wave, see the examples
below.
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Example 5. For p= 2 and for the right moving wave, we have

g(α) = a00 + a10( − cosα) + a01sinα+ a20( − cosα)2 + a11( − cosα)sinα+ a02sin2α
− c(1 − ( − cosα))2

= a01sinα+ a11( − cosα)sinα
+ {a00 + a10( − cosα) + a20( − cosα)2 + a02(1 − cos2α

)

− c(1 − ( − cosα))2}
= a01sinα+ a11( − cosα)sinα

+ {ã00 + a10( − cosα) + a20( − cosα)2 − a02cos2α− c(1 − ( − cosα))2}
= a01sinα+ a11( − cosα)sinα

+ {ã00 + a10( − cosα) + (a20 − a02)( − cosα)2 − c(1 − ( − cosα))2}1c=a20−a02 a01sinα+ a11( − cosα)sinα+ {â00 + â10( − cosα)}
= g1(α) + sin(α)g2(α)

For p= 3, we get

g(α) = a00 + a10( − cosα) + a01sinα+ a20( − cosα)2 + a11( − cosα)sinα+ a02sin2α
+ a12( − cosα)sin2α+ a21( − cosα)2sinα+ a30( − cosα)3 + a03sin3α
− c(1 − ( − cosα))3

=
{

a00 + a10( − cosα) + a20( − cosα)2 + a02sin2α
+ a12( − cosα)sin2α+ a30( − cosα)3}

even − c(1 − ( − cosα))3

+
{

a01sinα+ a11( − cosα)sinα+ a21( − cosα)2sinα+ a03sin3α
}

odd1c=a30−a12 g1(α) + sin(α)g2(α),

where the even terms become

even = a00 + a10( − cosα) + a20( − cosα)2 + a02sin2α
+ a12( − cosα)sin2α+ a30( − cosα)3 − c(1 − ( − cosα))3

= a00 + a10( − cosα) + a20( − cosα)2 + a02sin2α
+ a12( − cosα)(1 − cos2α) + a30( − cosα)3 − c(1 − ( − cosα))3

= ã00 + ã10( − cosα) + ã20( − cosα)2 + a02sin2α
+ a12( − cos2α)( − cosα) + a30( − cosα)3 − c( − cosα)3

= ã00 + ã10( − cosα) + ã20( − cosα)2 + a02sin2α
+ (a30 − a12)( − cosα)3 − c( − cosα)31c=a30−a12 g1(α).

In summary, we have proven that the most general pth order boundary condition can be
written as

{

(

∂
∂x

− ∂
∂t

)p

−
(

∂2

∂t2
− ∂2

∂x2 − ∂2

∂y2

)

∑

i+j+k=p−2

aijk

(

∂i

∂t
∂j

∂x
∂k

∂y

)

}

u(x, y, t) = 0

and has a reflection coefficient of

R =
∣

∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

∣

p
,

which is of the correct order, O(α2p). Furthermore, we just showed that for any pth order
boundary condition, which can be written as

(

∑

i+j+k=p

bijk
∂i

∂t
∂j

∂x
∂k

∂y

)

u(x, y, t) = 0,
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the reflection coefficient MUST be R. Hence, any pth order boundary condition can only pro-
ducde the reflection coefficient R. Finally, we need to answer the following question: Is the
boundary condition in the theorem above the only way we obtain a reflection coefficient of R?
Recall we have a right and left moving wave

eiω(t+sinαy−cosαx), eiω(t+sinαy+sinαx)

and a boundary condition L1 on these waves s.t. Lu |x=0 = 0 so that

AL1(L) +BL1(R) = 0,

where L is the left moving wave and R the right moving wave. Suppose we have another
boundary condition L2u|x=0 = 0 s.t.

AL2(L) +BL2(R) = 0.

We showed that Li produces a reflection coefficient of R=
∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

p
. The most general form for

L2 is
(

∑

i+j+k=p bijk
∂i

∂t
∂j

∂x
∂k

∂y

)

u(0, y, t) = 0 so that

L2(L) =
∑

i+j+k=p

bijk(iω)i+j+k(cosα)j(sinα)jeiω(t+sinαy−cosαx)

L2(R) =
∑

i+j+k=p

bijk(iω)i+j+k( − cosα)j(sinα)jeiω(t+sinαy+sinαx).

The reflection coefficient is defined as
∣

∣

∣

∣

B
A

∣

∣

∣

∣

=
∣

∣

∣

∣

L2(L)
L2(R)

∣

∣

∣

∣

so that
∣

∣

∣

∣

L2(L)
L2(R)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

i+j+k=p bijk(cosα)j(sinα)j

∑

i+j+k=p bijk( − cosα)j(sinα)j

∣

∣

∣

∣

∣

=
∣

∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

∣

p

.

This means that
∑

i+j+k=p bijk(cosα)j(sinα)j = (1 − cosα)p. But we also have that

∣

∣

∣

∣

L1(L)
L1(R)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

i+j+k=p aijk(cosα)j(sinα)j

∑

i+j+k=p aijk( − cosα)j(sinα)j

∣

∣

∣

∣

∣

=
∣

∣

∣

∣

1 − cosα
1 + cosα

∣

∣

∣

∣

p
.

Hence,
∑

i+j+k=p

bijk(cosα)j(sinα)j =
∑

i+j+k=p

aijk(cosα)j(sinα)j

so that

aijk = bijk

and so L1 = L2 up to some additional derivatives of the wave equation.
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