
1 Boundary Conditions for Finite Difference Schemes

Let us start with a simple example. Consider the transport equation

ut = ux

with x > 0 and initial conditions u(x, 0) = f(x), where f is defined on the half line x > 0. We
already know that the characteristics flow in the direction (x, t) = ( − 1, 1), so from right to left,
and the solution is u(x, t) = f(x + t). Let ∆x > 0, ∆t > 0 and tn = n∆t for n = 0, 1, 2,� and xj =
j∆x for j = 0, 1, 2,� The Lax-Friedrichs scheme, which uses a centered difference for the spacial
variabel x and an average for the time variable Vj

n, is given by

Vj
n+1 = 1

2
(Vj+1

n + Vj−1
n ) + ∆t

∆x
· 1
2

(Vj+1
n − Vj−1

n )

= 1
2

(Vj+1
n + Vj−1

n ) + λ

2
(Vj+1

n − Vj −1
n )

= 1 + λ

2
Vj+1

n + 1 − λ

2
Vj−1

n ,

(1.1)

where λ = ∆t/∆x. For periodic boundary conditions, we know how to solve this scheme. For
example, in the first time step, we can evaluate V0

1 because we know the value of V−1
0 (if the

period is p, then this point would be Vp−1
0 , assuming p is a multiple of n). Moreover, we already

know that this scheme is stable and accurate under periodic boundary conditions. What hap-
pens is we do not specify periodic boundary conditions? What do we do when we want to solve
V0

1? Now, we do not know V−1
0 because we do not have periodicity.

At the boundary, what if we extrapolated information from the points to the right. That is,
for V0

1 we use a linear combination of the points V1
1 and V2

1? Then,

V0
n+1 = αV1

n+1 + βV2
n+1.

How do we choose α and β. Consider the exact solution u at the two points to the right of the
boundary and let us Taylor expans about (0, t + ∆t) in terms of x only:

u(0, t + ∆t) = αu(∆x, t + ∆t) + βu(2∆x, t + ∆t)
= α

[
u(0, t + ∆t) + ∆xu(t + ∆t) + O(∆x)2

+ β
[
u(0, t + ∆t) + 2∆xu(0, t + ∆t) + O(∆x)2

]
.

Let us take α + β = 1 so that α = 1 − β. Then, we get that

(1 − β)u(∆x, t + ∆t) + βu(2∆x, t + ∆t) = u(0, t + ∆t) + O(∆x).

Hence, we consider the class of boundary conditionds defined by

V0
n+1 = (1 − β)V1

n+1 + βV2
n+1.

Let us show some stability properties of the above form.
The Lax-Friedrichs sheme, combined with the boundary conditions, is a difference equation

of order two (i.e. we need two points to determine the next time step). In order to solve the
finite difference scheme, it is typical to assume a solution of the form

Vj
n = znκj.

If a solution exists, then uniqueness follows (since this is a matrix system, uniqueness and exis-
tence are equivalent by the invertible matrix theorem). Let us take Equation 1.1 and β = 2 in
our boundary conditions. Plugging in the proposed form of the solution, we get

Vj
n+1 = 1 + λ

2
Vj+1

n + 1 − λ

2
Vj−1

n

⇒ zn+1κj = 1 + λ

2
znκj+1 + 1 − λ

2
znκj−1.
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Dividing through by zn and κj, we get

z = 1 + λ

2
κ + 1 − λ

2
1
κ

= 1
2

(
κ + 1

κ

)
+ λ

2

(
κ − 1

κ

)
.

As for the boundary condition, β = 2, we have

V0
n+1 = − V1

n+1 + 2V2
n+1

⇒ zn+1 = − zn+1κ1 + 2zn+1κ2,

and upon division, we get

1 = − κ + 2κ2,

which can be rewritten as

2κ2 − κ − 1 = 0,

which is called the resolvent equation . The solutions to this quadratice are κ1 = − 1/2, κ2 = 1.
Let us see what we get for z from the finite difference scheme for the first root.

z(κ1) = 1
2

(
κ1 + 1

κ1

)
+ λ

2

(
κ1 − 1

κ1

)

= 1
2

(
− 1

2
− 2

)
+ λ

2

(
− 1

2
+ 2

)

= − 5
4

+ 3
4
λ.

Thus, for the first root, κ1, we get the solution of the form

Vj
n =

(
− 5

4
+ 3

4
λ

)n(
− 1

2

)j

.

Also, this solution corresponds to the initial values

Vj
0 =

(
− 1

2

)j

= f(xj).

We come across a problem when |z | > 1. We have

− 5
4

+ 3
4
λ > 1

⇒ λ > 3.

This is okay because this just means we have to make sure ∆t/∆x < 1. Not too harsh a restric-
tion. However, we have that

− 5
4

+ 3
4
λ < − 1

⇒ λ < 1/3,

which for periodic boundary conditions, guarantees stability. This shows that Vj
n gorws as a

power of n and hence gives rise to instabilities. (note that for κ = 1, we get that z = 1, and the
solution stays the same. This corresponds to the trivial solution of u ≡ constant).

Remark: We know that the solution u(x, t) is completely determined and hence bounded by
the initial condition (i.e. u(x, t) = f(x + t)). However, in the case of our numerical solution Vj

n,
we have that

∑

j=0

∞

|Vj
0|2 =

∑

j=0

∞ (
1
2

)2j

< ∞.

So the initial data is bounded, yet the solution blows up!
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So the conclusion is that the boundar condition with β = 2 is unstable for the Friedrich’s
scheme.

1.1 General Formulation

Consider again

ut = ux, x > 0
u(x, 0) = f(x),

where f(x) is defined only for nonegative x. Recall that the characteristics for u flows from right
to the left. Let us consider schemes of the form

Vj
n+1 =

∑

m=−l

r

amVj+m
n .

For the Lax-Friedrichs scheme, we had that l = − 1, r = 1 and a−1 = 1 − λ
2

, a0 = 0, a1 = 1+ λ
2

. This
scheme works and is completely defined for periodic boundary conditions, but for non periodic
boundary conditions, this scheme is defined for j > l. Any points below this, we will need to
define Vj<l

n .
We will consider boundary conditions of the form

Vj
n+1 =

∑

m=l

∞

bjm
(0)

Vm
n+1 +

∑

m=0

∞

bjm
(1)

Vm
n.

for j = 0,� , l − 1. Often times, bjm
(0) = 0. In the example using the one step method, we have that

bjm
(1) = 0. Also in this example, we showed that for a particular solution to the PDE with |z | > 1,

even though the initial condition was bounded, the scheme became unstable. Here we will give a
more general result on unstable solutions.

Lemma 1.1. If the scheme has a solution

vj
n = znφj

with |z | > 1 and

∑

j=0

∞

|φj |2 < ∞,

then the scheme is unstable.

Proof. Suppose the solution is stable. Stability is defined as

‖Qn‖2 6 Keαn∆t,

where t = n∆t. This implies that

‖vn‖2 6 Keαn∆t‖v0‖2.

Since ‖vn‖2 =
∑

j=0
∞ |vj

n|2, we have that

∑

j=0

∞

|vj
n|2 6 Keαn∆t

(
∑

j=0

∞

|vj
0|2

)

.

Plugging in vj
n = znφj, we get

|z |n
∑

j=0

∞

|φj
n|2 6 Keαn∆t

(
∑

j=0

∞

|φj
0|2

)

⇒ |z |n 6 Keαn∆t

⇒ |z | 6 (K1/n)eα∆t.
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Now, as n → ∞, since t is fixed, ∆t→ 0 as well and we have that K1/n → 11.1asdf and eα∆t = 1 +
O(∆t) → 1. Hence, we get that

|z | 6 1.

This is a contradiction and hence, we are done.
�

Recall again, our two equations for the scheme and the boundary conditions:

Vj
n+1 =

∑

m=−l

r

amVj+m
n . (1.2)

Vj
n+1 =

∑

m=l

∞

bjm
(0)

Vm
n+1 +

∑

m=0

∞

bjm
(1)

Vm
n. (1.3)

Plugging in vj
n = znφj into 1.2 gives us

zφj −
∑

m=−l

r

amφj+m = 0, (1.4)

and plugging this into 1.3 gives us

z

{

φj −
∑

m=l

∞

bjm
(0)

φm

}

+
∑

m=0

∞

bjm
(1)

φm = 0. (1.5)

This is exactly an eigenvalue problem. To write this formally as an matrix eigenvalue problem,
we need to introduce some matrices for the boundary conditions. I will add these details later.
But for now, we can summaries equations 1.2 and 1.3 by

V n+1 = C(∆t)V n,

where V n is an vector with infinite entries. Then, if we look for a solution of the form znφj,
then we get that

zn+1φ = znC(∆t)φ,

where z is still a scalar quantity, but φ is again an vector of infinite length. Then,

C(∆t)φ = zφ,

which is our eigenvalue problem. Note that this is equivalent to equations 1.4 and 1.5.

Example 1.2. Consider again the Lax-Friedrich’s scheme

Vj
n+1 = 1 + λ

2
Vj+1

n + 1 − λ

2
Vj−1

n

for j > 1 and with the boundary conditions,

V0
n+1 = (1 − β)V1

n+1 + βV2
n+1.

If we plug in Vj
n = znφj (before we plugged in znκj) we get that the sheme gives us

zφj = 1 + λ

2
φj+1 + 1 − λ

2
φj−1,

1.1. It can be shown that pn√ * 1 for p > 0 as n →∞. Proof: Suppose p > 1. Define xn = pn√ − 1 so that p =

(1+ xn)n > 1. Certainly, xn > 0 and it is true that 1+ nxn 6(1+ xn)n = p. Hence, xn 6 p− 1
n . Then,

0 6 xn 6 p − 1
n

.

Since p is fixed, as n→∞ we get that xn→ 0 and hence, pn√ → 1. For 0 < p < 1 consider p−1 > 1. Then, what
we have just shown implies that p−1n√

→ 1, which must mean that pn√ → 1.
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while the boundary condition gives us

φj = (1 − β)φ1 + βφ2.

So the Lemma above tells us that if we find a solution {φj}j=0
∞ for some |z | > 1 and with

bounded initial data
∑

j=0

∞

|φj |2 < ∞, d

then the sheme is unstable. Recall that when we let φj = κj, this is exactly what we showed
with one of the solutions κ1 = 1/2 which imposed that |z | > 1.

1.1.1 Characterstic Equation

Consider again the scheme in equation 1.2. Substitution of φj = κj gives us

zκj −
∑

m=−l

r

amκj+m = 0

⇒ zκj − a−lκ
j−l −� − arκ

j+r = 0.

Dividing both sides by κj−l gives us

zκl − a−l − a−l+1κ −� − arκ
r+l = 0

or

z − a−l

κl − a−l+1

κl−1
−� − arκ

r = 0.

This is a polynomial of degree r + l and by the fundamental theorem of algebra, this polynomial
has exactly r + l roots, κν for ν = 1,� , r + l.

In general, we can write that the differencce equation contructed from our scheme (eq 1.2)
has solutions of the form

φj =
∑

ν=1

r+l

ρνκν
j
,

where ρν are coefficients determined by the initial conditions.

Example 1.3. Consider again the Friedrichs scheme:

Vj
n+1 = 1 + λ

2
Vj+1

n + 1 − λ

2
Vj −1

n .

For Vj
n = znφj, thsi difference equation becomes

zφj = 1 + λ

2
φj+1 + 1 − λ

2
φj−1.

Upong substitution of φj = κj we get that

z = 1 + λ

2
κ + 1 − λ

2
· 1
κ

or

(1 + λ)κ2 − 2z + (1 + λ) = 0.

This corresponds to a second order polynomial so there are 2 roots (i.e. r + l = 2). Note that for
this quadratic, we know that

κ1κ2 = 1 − λ

1 + λ
< 1.

Hence, we know both κ’s cannot be greater than one. Let us show that for |z | > 1 that |κ1| < 1
and |κ2| > 1.
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First, let us show that |κ1| = |κ2| � 1. So, suppose |z | > 1 and |κ1| = |κ2| = 1. Then, let |κ| =
eihj. Plugging this into the scheme, we get

zeihj = 1 + λ

2
eih(j+1) + 1 − λ

2
eih(j−1)

⇒ z = eih + e−ih

2
+ λi

eih − e−ih

2i
= cos(ih) + iλsin(ih).

But, z corresponds to the applification factor for this one step method under periodic boundary
condition assumptions. We are assuming stability of this case so that |z | < 1. Hence, |κ1| = |κ2|�
1 because it would violate our assumption.

Another important implication from the quadratic equation, (1 + λ)κ2 − 2z + (1 + λ) = 0, is
that κ is a continuous function of its coefficients. In particular, κ(z), is a continuous function of
z. Hence, if |z | > 1 and |κ| > 1, then κ cannot never cross the unit circle (i.e. we know it cannot
be on the unit circle since κ = eijh violates |z | > 1, and since κ is continuous as a function of z, it
cannot “jump” across the unit circle.) So, for a particular z, if κ1(z) is outside the unit circle, it
will always remain outside the unit circle. Similarly, if a particular κ(z) is inside the unit circle.

Now we are ready to show that |κ1| and |κ2| are strictly inside and outside the unti circle
respectively. (note that it will be very important to distinguish between the roots within and
outside the unit circle for boundedness properties). Consider

z = 1 + λ

2
κ + 1 − λ

2
· 1
κ

.

Suppose that |z | > 1, let us take |z | → ∞. Then there are two ways for which κ can behave. It
can either ↑∞ or ↓0. If |κ|↑∞ then 1 + λ

2
κ is the dominating term in the above equation and we

have that for large enough κ,

z = 1 + λ

2
κ + ε,

where ε↓0. As ε↓0 this equation only has one solution (i.e. it converges to the solution of z =
1 + λ

2
κ). If we suppose that there exists two solution of the form for κ↑∞, then we could show

by this argument that these solutions must be the same (i.e. |κ − κ′| = O(ε) → 0). Hence, there
is only one solution for κ↑∞. Similarly, for |κ|↓0, 1 − λ

2
· 1

κ is the dominating term, and again
this has only one solution. Hence, we can say that one solution must be less than one and the
other greater: |κ1| < 1 and |κ2| > 1. (for the quadratic argument we could also use the fact that
κ1 + κ2 = 2z and obtain the same results).

This example leads to two important Theorems:

Theorem 1.4. If |z | > 1, then there is no solution κ of the characteristic equation s.t. |κ| = 1.

Proof. If |κ| = 1 then κ = eiξ, for which we assume stability for the periodic case. Then, the von
neumann condition stipulates that for one step methods, stability is equivalent to amplification
factor being bounded by one (otherwise it would blow up). This violates the assumption that
|z | > 1.

�

Theorem 1.5. If |z | > 1, then the characteristic equation

z − a−l

κl − a−l+1

κl−1
−� − arκ

r = 0,

has l roots inside the unit circle and r roots outside the unit circle: |κν | < 1, ν = 1, � , l and
|κν | > 1, ν = l + 1,� , r+l.

Proof. Note that by Theorem 1.4, the solutions, κν, for |z | > 1 cannot cross the unit circle.
Now, take |z | → ∞. Then, either |κ|↓0 or |κ|↑∞. Let |κ|↓0. Then, for large enough |z |, charac-
terstic equation is given by

z − a−l

κl − a−l+1

κl−1
−� − a−1

κ
= 0,
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which has exactly l roots (to be more rigorous, we could consider z − a−l

κl − � − a−1

κ + ε and
compare the solutions using continuity of κ w.r.t. z (I think, at least!)). Similarly, when |κ|↑∞
we get that the dominating equation becomes

z − a1κ −� − arκ
r = 0,

which has exactly r roots. Hence,

|κ1|,� , |κl| → 0, |κl+1|,� , |κr | → ∞ as |z | → ∞
and so

|κ1|,� , |κl| < 1 and |κl+1|,� , |κr | > 1.

�

1.2 Resolvent Condition and Stability Theorems

Consider the system
ut = Aux.

Before, we were looking at the solution on a finite interval (e.g. x ∈ [ − 1, 1]). We showed that
the determination of the boundary conditions depended on the eigenvalues of A. That is, the
eigenvalues of A determined the direction of the characteristics, which, inturn, determined which
boundary conditions we need to specify. For example, for positive eigenvalues, the characteris-
tics moved from right to left so we needed a b.c. on the right.

Recall equations 1.2 and 1.3, which summarize the scheme and boundary conditions:

Vj
n+1 =

∑

m=−l

r

amVj+m
n ,

Vj
n+1 =

∑

m=l

∞

bjm
(0)

Vm
n+1 +

∑

m=0

∞

bjm
(1)

Vm
n.

Let us assume stability for the periodic solutions. Thus, if we replace vj+m
n with eimξ, the von

neumann condition implies that |g | 6 1, where

g =
∑

m=−l

r

ameimξ.

Recall Lemma 1.1, which tells us that the scheme is unstable if it has a solution

vj
n = znφj

with |z | > 1 and
∑

j=0
∞ |φj |2 < ∞.

Now, plugging in vj
n = znφj into 1.2 gives us

zφj −
∑

m=−l

r

amφj+m = 0,

and plugging this into 1.3 gives us

z

{

φj −
∑

m=l

∞

bjm
(0)

φm

}

+
∑

m=0

∞

bjm
(1)

φm = 0.

Notice that this is an eigenvalue problem. The question now becomes whether or not we have a
bad eigenvalue of |z | > 1. For each z, note that 1.2 is a constant coefficient difference equation.
Thus, a general solution to 1.2 is

φj =
∑

ν=1

r+l

ρνκν
j
.
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Then, plugging in φj = κj, the eigenvalue problem (equation 1.4), corresponding to the scheme,
becomes

zκj −
∑

m=−l

r

amκj+m = 0,

or
zκl − a−l −� − arκ

l+r = 0.

This is a polynomial of degree l + r. By the Fundamental Theorem of Algebra, this has l + r

roots, κν for ν = 1, � , l + r. However, for φj =
∑

ν=1
r+l

ρνκν
j to be in L2 we must have that |κν | 6

1. If |κν | > 1 then as φj blows up as h→ 0.
We now repeat the theorems, and short proofs, discussed in the previous section.

Theorem 1.6. For |z | > 1 there are no solutions of the characteristic equation with |κ| = 1. So
we do not have to worry about the unit circle.

Proof. If |κ| = 1 then κ = eiξ from the von neumann condition and so |z | 6 1. (we are assuming
the von neumann condition holds.) �

Theorem 1.7. The characteristic equation

zκl − a−l −� − arκ
l+r = 0

has for |z | > 1 l roots |κν | < 1 and r roots |κν | > 1.

Proof. Let z → ∞. Note that the roots of the polynomial are continuous functions of the coeffi-
cients. Hence, κν(z) are continuous functions of z. But κ cannot cross the unit circle. So the κ’s
that are outside the unit circle will stay outside the unit circle and similarly for κ’s inside the
unit circle. If z → ∞ then z ∼ arκ

r or z ∼ a−lκ
−l. So if |κ| > 1 then arκ

r ∼ z so that there are r

κ’s that are |z | > 1. Similarly, for z ∼ a−lκ
−l we have l κ’s s.t. |z | < 1.

So we have a solution vj
n = znφj where we know the form of φj. Thus,

vj
n = zn

[
∑

ν=1

r

ρrκν
j(z)

]

�

1.2.1 Resolvent Equation

Example 1.8. Consider the Lax - Friedrichs scheme

vj
n+1 = 1

2
(vj+1

n + vj−1
n ) + λ

2 (vj+1
n − vj−1

n ),

v0
n+1 = (1 − β)v1

n+1 + βv2
n+1,

where λ = ∆t/∆x. The charactersitic equation is

z = 1 + λ

2
φj+1 + 1 − λ

2
φj−1.

We try a solution of the form φj =
∑

ν=1
l+r=2

ρνκν
j = ρ1κ1(z) + ρ2κ2(z). Then,

z = 1 + λ

2
κ + 1 − λ

2
· 1
κ

.

For |z | > 1 we know that |κ1| < 1 and |κ2| > 1. So we choose the root that is inside the unit circle
(i.e. we choose the bounded solution). Hence,

vj
n = znρ1κ1.

Let us plug this into the boundary condition. Hence,

zn+1ρ1 = (1 − β)zn+1ρ1κ1 + βzn+1ρ1κ1
2

⇒ 0 = ρ1

[
1 − (1 − β)κ1 − βκ1

2
]
.
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Then, Q(z)ρ1 = ρ1

[
1 − (1 − β)κ1 − βκ1

2
]

where the RHS is a function of z by the ch. equation.
The RHS is called the resolvent equation (keep in mind that the resolvent equation is deter-
mined by the boundary condition). If there is a solution for the resolvent equation for |z | > 1
then we are in trouble.

In general, we have the bounded solution of the form

φj =
∑

ν=1

l

ρνκν
j
,

where we only take the first l roots for which |κ| < 1 (i.e. this means that κ is l2 in
j:

∑
j=0
∞ |κ|j < ∞). Recall the boundary condition, vj

n+1 =
∑

m=l
∞

bjm
(0)

vm
n+1 +

∑
m=0
∞

bjm
(1)

vm
n , j =

0,� , l − 1. Then

vj
n = zn

∑

ν=1

l

ρνκν
j(z),

and using the boundary condition we have

⇒ znφj =
∑

m=l

∞

bjm
(0)

zn+1φm +
∑

m=0

∞

bjm
(1)

znφm.

Moving terms to the LHS and dividing both sides by zn, we get

z

[

φj −
∑

m=l

∞

bjm
(0)

φm

]

−
∑

m=0

∞

bjm
(1)

φm = 0.

Now, plugging in φj, we get

z

{
∑

ν=1

l

ρνκν
j −

∑

m=l

∞

bjm
(0)

(
∑

ν=1

l

ρνκν
m

)}

−
∑

m=0

∞

bjm
(1)

(
∑

ν=1

l

ρνκν
m

)

= 0.

Let us exchange summation to get

z

{
∑

ν=1

l

ρνκν
j −

∑

ν=1

l

ρν

(
∑

m=l

∞

bjm
(0)

κν
m

)}

−
∑

ν=1

l

ρν

(
∑

m=0

∞

bjm
(1)

κν
m

)

= 0

⇒
∑

ν=1

l ({

zκν
j − z

∑

m=l

∞

bjm
(0)

κν
m −

∑

m=0

∞

bjm
(1)

κν
m

}

ρν

)

= 0

⇒
∑

ν=1

l

Qjνρν = 0, for j = 0,� , l − 1.

Thus, we can look at this as a matrix system where the rows correspond to different j’s. Thus,
we can rewrite this equation as

(
Q(z)

)



ρ1

ρl



 = 0,

where Q(z) is an l × l matrix. This has a nontrivial solution when det Q(z) = 0. If this has a
solution, i.e. det Q(z) = 0 AND |z | > 1 then the scheme is unstable. If l = 1 then Q(z) is a scalar
function of z. This, leads us to the following theorem.

Theorem 1.9. (Rybenkii - Goudonov) If det Q(z) = 0 for |z | > 1 the scheme is unstable.

Theorem 1.10. (Kreiss-Gustafsson-Sunstrom:GKS) The approximation is stable if det Q(z) �
0 for ALL |z | > 1.

Remark:

If we find |z | > 1 and det Q(z) = 0, which means that non trivial solution to ρ exists, then we
say that |z | is a bad eigenvalue.

If we find a solution |z | = 1 and det Q(z) = 0 then this is called a generalized eignevalue. The
importance of Theorem 1.10 is embodied in the case when |z | = 1.

Boundary Conditions for Finite Difference Schemes 9



Now, we can rephrase the GKS theory:

Theorem 1.11. The scheme is stable if there exists no bad eigenvalue and no generalized eigen-
value.

Example 1.12. (Lax - Friedrichs) Consider, yet again, the equations

vj
n+1 = 1 + λ

2
vj+1

n + 1 − λ

2
vj −1

n ,

v0
n+1 = 2v1

n+1 − v2
n+1,

where β = − 1. The characteristic equation is

z = 1 + λ

2
κ + 1 − λ

2
· 1
κ

,

and so

(1 + λ)κ2 − 2zκ + (1 − λ) = 0.

Note that l = 1. So now we take the solution ρ1κ1z
n and plug this into the boundary condition.

This gives us

ρ1z
n+1 = 2ρ1κ1z

n+1 − ρ1κ1
2zn+1

⇒ 0 =
[

− 1 + 2κ1 − κ1
2

]
ρ1

⇒ 0 = Q(z)ρ1,

where the resolvent equation is Q(z) =
[

− 1 + 2κ1 − κ1
2

]
or, for general β,

Q(z)ρ1 = ρ1

[
1 − (1 − β)κ1 − βκ1

2
]
.

Then, Q(z) = 0 if and only if κ1(z) = 1. When can this happen? For |z | > 1, we know that |κ1| <
1 so that Q(z)� 0 and this is not a bad eigenvalue.

What about generalized eigenvalues? If |z | = 1 does this mean that κ1 = 1? If z = − 1, then
κ = − 1, which implies that κ1 � 1. Thus, Q(z) � 0 and we do not have a generalized eigenvalue.
If z = 1, then we have that

(1 + λ)κ2 − 2κ + (1 − λ) = 0,

and κ = 1 certainly solves the equation. But we want to know whether this corresponds to κ1 or
κ2.1.2 For |z | > 1 we have κ1 is the bounded solution: |κ1| < 1. We want to know what happens
as z ↓1. Since |κ2| > 1 for |z | > 1 and it is a continuous function of z, we get that

lim
z ↓1

|κ2(z)| > 1.

Since |κ1κ2| < 1, this must mean that

lim
z↓1

|κ1(z)| < 1.

Therefore, for |z | > 1, Q(z)� 0 and so the scheme is stable.
Later on we will see an example in which we have the condition |κ1κ2| = 1. Hence, in this

example, showing that limz ↓1 |κ2(z)| > 1 will not necessarily imply that limz↓1 |κ1(z)| < 1.
Because of this, let us introduce a more general method of determining whether |κ1| < 1 as |z | →
1.

We know that for |z | > 1 |κ1| < 1 and |κ2| > 1. Since κi is a continuous function of z, let us
see how these κi’s behave as we take the limit to z = 1 from above. Choose δ > 0 and let z = 1+δ

and κ = 1+ε, where ε can be positive or negative (corresponding to κ2 and κ1 respectively).
Then, plugging in these values into the ch. equation gives us

(1 + λ)κ2 − 2zκ + (1 − λ) = 0
⇒ (1 + λ)(1 + 2ε + ε2) − 2(1 + δ)(1 + ε) + (1 − λ) = 0
⇒ (1 + λ) + (1 + λ)2ε − 2(1 + δ + ε) + (1 − λ) + O(ε2 + δε) = 0

1.2. Recall that κ1κ2 < 1−λ
1 + λ < 1 so that both solutions cannot be equal to 1.
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So we have that

(1 + λ)2ε − 2(δ + ε) + O(ε2 + δε) = 0
⇒ λε − δ ≈ 0

and we get that λε = δ. This means that ε > 0 so that as z↓1, then κ↓1 which means that κ2 = 1
and κ1 < 1.

Example 1.13. Now, consider the Lax - Wendroff scheme

Vj
n+1 = Vj

n + λ

2 (Vj+1
n − Vj−1

n ) + λ2

2 (Vj+1
n − 2Vj

n + Vj −1
n ),

where λ = ∆t/∆x. This comes from ut = ux ⇒ utt = uxt = uxx and Taylor expansion:

u(x, t + ∆t) = u(x) + ∆tut + ∆t2

2
utt + O (∆t)3

= u(x) + ∆tux + ∆t2

2
uxx.

For the periodic boundary case, we need λ 6 1. Let Vj
n = znκj and characteristic equation

becomes

zκ = κ + λ

2
(κ2 − 1) + λ2

2
(κ − 1)2,

or
λ

2
(1 + λ)κ2 + κ(1 − z − λ2) + λ

2
(λ − 1) = 0.

This is a quadratic so that there are only two roots (note, again, that κ1κ2 = 1 − λ
1+ λ < 1). Here, l =

1, r = 1. Thus, for |z | > 1, there is only solution κ1, of the ch. equation s.t. |κ1| < 1 (i.e. only one
bounded solution). We call the bounded solution is ρ1z

nκ1
j. Now let us impose an extrapolating

boundary condition:

V0
n+1 = 2V1

n+1 − V2
n+1.

Plugging in the bounded solution, ρ1z
nκ1

j into this boundary condition, we get the resolvent
equation:

(κ1 − 1)2ρ1 = 0.

Hence, Q(z) = (κ1 − 1)2 we see that Q(z) = 0 if and only if κ1(z) = 1. For |z | > 1, we know that
|κ1| < 1 so we do not have a bad eigenvalue. Let us discuss what happens when |z | = 1 (this
means that z is a generalized eigenvalue).

For z = − 1, we have that κ � 1. If κ = 1, plugging into the ch. equation, we get that z = 1.
Thus, for z = 1, κ = 1 is a root. The question now becomes whether or not this root corresponds
to κ1 or κ2. If we can show that κ2 = 1, then by κ1κ2 = 1 − λ

1+ λ < 1 we have that κ1 < 1 and by the
GKS Theorem, the scheme would be stable.

To show this, let z = 1 + δ and κ = 1 + ε, for δ > 0. Then, the ch. equation becomes

(1 + ε)δ = λ

2
(1 + 2ε + ε2 − 1) + λ2

2
ε2

⇒ δ = λε

so that δ is the same sign as ε. This means that as z↓1, κ2↓1 and |κ1| < 1 is not a generalized
eigenvalue.

Example 1.14. Now consider the Leap Frog scheme for ut = ux:

Vj
n+1 = Vj

n−1 + λ(Vj+1
n − Vj−1

n ), j > 1.
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This is a second order scheme in space and in time, since we are using a centered difference for
both variables. For λ < 1, this scheme is stable for the periodic boundary conditions case. We
plug in Vj

n = znκjρ1 since we already know there is only one bounded solution, κ1. Then, the ch.
equation becomes

ρ1z
n+1κj = ρ1(zn−1κj + λ(znκj+1 − znκj−1)),

which becomes

κ2 + 1 − z2

λz
− 1 = 0.

Note that κ1κ2 = − 1. Consider the bondary condition,

V0
n+1 = 2V1

n+1 − V2
n+1,

and plug in the solution znκjρ1. We get that

(κ1 − 1)2ρ1 = 0,

which is the resolvent equation. Again, we need to know what happens when |z | = 1. First,
Q(z) = 0 ⇔ κ1 (z) = 1. We want to know if z = ± 1 is a generalized eigenvalue. Let us consider
two separate cases. (1) What happens when z = 1? Let us rewrite the ch. equation as

κ(z2 − 1) = λz(κ2 − 1).

Let z = 1 + δ for δ > 0 and κ = 1 + ε. Thus, we start with |z | > 1 for which we know |κ2| > 1. We
get

(1 + ε)(2δ + δ2) = λ(1 + δ)(2ε + ε2)
2δ ≈ λ2ε,

so ε is the same sign as δ. Thus, as z↓1, κ2(z) = 1. Hence, z = 1 is not a generalized eigenvalue.
Now, we look at z = − 1. Again for δ > 0, we have

(1 + ε)(2δ) = − (1+δ)λ(2ε)
2δ ≈ − λ2ε,

and so κ is moving inside the unit circle! Hence, as z↓1, κ1(z) = 1. This is a generalized eigen-
value since κ1 = 1 ⇒ Q(z) = 0.

1.2.2 Choosing the Right Boundary Conditions

Instead of the above boundary condition, what if we used a forward euler in space, and a cen-
tered difference in time, for the Leap-Frog scheme:

V0
n+1 = V0

n−1 + λ(V1
n − V0

n).

The ch. equation is the same with bounded solution ρ1z
nκ1

j. Plugging this into the boundary
condition gives us

z2ρ1 = ρ1 + 2ρ1λz(κ1 − 1).

So the resolvent equation is

{(z2 − 1) − 2λz(κ1 − 1)}ρ1 = 0.

Again, if κ = 1, then z = ± 1. As before, since we have the same ch. equation, if z = − 1 then
κ1 = 1 and z is a generalized eigenvalue. So extrapolation is no good! Let us try to extrapolate
along the ch. lines of ut = ux. So let us try

V0
n+1 = 2V1

n − V2
n−1.

Again, the ch. equation is the same, so let us plug in the solution, ρ1z
nκ1

j, into the boundary
condition:

ρ1z
2 = ρ1(2zκ − κ2)
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so that the resolvent equation is

(z − κ)2ρ1 = 0.

So, the question becomes when does κ = z? The ch. equation is

κ(z2 − 1) = λz(κ2 − 1),

and for κ = z we get

z(z2 − 1) = λz(z2 − 1).

Hence, z = 1, − 1 and z = 0. z = 0 does not affect the stability according to the GKS Theorem.
We are concerned with z = 1, κ = 1 and z = − 1, κ = − 1.

(1) (z = κ = 1) For z = 1, κ = 1 we already showed that for the same ch. equation, z is not a
generalized eigenvalue.

(2) (z = κ = − 1) If z = − 1, we know that κ = ± 1 (since this it the Leap-Frog scheme). We
want to show that κ1 � − 1. We showed before that when z = − 1, then κ1 = 1 so that κ2 = − 1.
Hence, κ1 is not a generalized eigenvalue.

Hence, the scheme is stable!

We could also a boundary condition of the form

V0
n+1 = V0

n + λ(V1
n − V0

n).

Then, the resolvent equation implies that

z = 1 + λ(κ − 1).

For z = 1 we get that κ = 1. We already showed that for this particular z, this is not a general-
ized eigenvalue. What about for z = − 1 and κ = 1 − 2

λ . Recall that z and κ have to satisfy the
ch. equation

κ(z2 − 1) = λz(κ2 − 1).

If we plug in z = − 1, into the above equation, we get

0 = − λ(κ2 − 1),

which implies that κ = ± 1. Hence, z = − 1 and κ = 1 − 2

λ is not possible.

Example 1.15. The MacCormick Scheme is given by two parts. Backwards-Forwards (BF):

Vj
∗ = Vj

n + λ(Vj
n − Vj−1

n )

Vj
n+1 = 1

2{Vj
n + Vj

∗ + λ(Vj+1
∗ − Vj

∗)},

and Forwards-Backwards (FB):

Vj
∗ = Vj

n + λ(Vj+1
n − Vj

n)

Vj
n+1 = 1

2{Vj
n + Vj

∗ + λ(Vj
∗ − Vj−1

∗ )}.

Both yield,

Vj
n+1 = Vj

n + λ

2
(Vj+1

n − Vj−1
n ) + λ2

2 (Vj+1
n − 2Vj

n + Vj −1
n ),

for which the ch. equation is

zκ = κ + λ

2
(κ2 − 1) + λ2

2
(κ − 1)2

or
λ

2 (1 + λ)κ2 + (1 − z − λ2)κ + λ

2 (λ − 1) = 0.
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Note that κ1κ2 = − 1 − λ
1+ λ . Consider the boundary condition

V0
n+1 = V1

n+1 + V0
n − V1

n.

The resolvent equation is

z(1−κ) = (1 − κ).

For z = 1, we have that κ2 = 1 (since 1 is a root to the ch. equation) and so κ1 = − 1−λ
1+λ is a gen-

eralized eigenvalue. We can also have, for FB,

V0
n+1 = V0

∗,

V0
n+1 = V0

n + λ(V1
n − V0

n).

Then, the resolvent equation is...
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