
1 Introduction to Boundary Conditions

Consider the problem

ut = aux

for |x|< 1, a > 0, and with initial condition u(x, 0) = f(x). Let ∇= (∂t, ∂x) then the above equa-
tion means that

∇u · (1,− a) = 0.

Hence, the solution does not change in the direction of the line with slope − a. That is, if we
look along the lines x = − at + b, the solution is constant and is determined by the initial condi-
tion at t = 0. In other words, the solution is constant when x + at = constant (these are the
characteristics). Letting x =− a t + b, for a fixed b, we get that u(b − at, t) is constant (note that

if we differentiate this w.r.t. t, using the chain rule,
d

dt
u(b − at, t) = 0). Taking t = 0, we know

the solution is f(b)= f(x+ at). Hence,

u(x, t) = f(x + at),

is the solution to the above PDE.
Since we are solving on a finite domain, |x|< 1, how do we determine the points on the right

boundary when |x| = 1? If we construct the characteristics that go through these points, the
originating point lies to the right of the given initial condition, which we do not know. The
same applies for when a < 0. We therefore must specify the right boundary conditions in the
form

u(1, t) = g+(t), if a > 0,

u(− 1, t) = g−(t), if a < 0.

Note that we can over specify our equation by imposing a condition on both sides. Note that for
a < 0, since the characteristics flow from the right to the left, some of the points on the left
boundary are already determined by the initial condition. In general, we need to be able to
determine which boundary conditions are needed to avoid overspecification. We will use energy
estimates in order to determine the required criteria.

1.1 Energy Estimates and Boundary Conditions

Define the energy of the system as

E(t) =

∫

−1

1

u2(x, t)dx.

Then,

d

dt
E(t) =

∫

−1

1 d

dt
u2(x, t)dx

= 2

∫

−1

1

uut dx

= 2a

∫

−1

1

uux dx

= a

∫

−1

1 d

dx
u2 dx

= a
[

u1(1, t)−u2(− 1, t)
]

.

Note that we assume that the function u2 has bounded derivative w.r.t. t so that we can appro-
priately interchange the derivative and the integral in our first step. Hence,

d

dt
E(t) = a

[

u2(1, t)−u2(− 1, t)
]

.
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We can see here that for periodic boundary conditions, we have that there is no loss in energy,
where E defines our so-called energy.

Notice that for a > 0 we have that

d

dt
E(t) 6 au2(1, t)

and for a < 0 we get that

d

dt
E(t) 6 |a|u2(− 1, t).

Hence, if we define

g(t) =

{

g+(t) if a > 0
g−(t) if a < 0

,

then

d

dt
E(t) 6 |a|g2(t).

Integrating this inequality, we get

E(t) 6 E(0) + |a|

∫

−1

1

g2(t).

Since E(0)=
∫

−1

1
u2(x, 0)dx=

∫

−1

1
f2 dx, we finally get

E(t) 6

∫

−1

1

f2 dx+ |a|

∫

−1

1

g2(t).

So we have controled the energy or L2 norm of the solution by the boundary condition function
g and the initial data. This shows well posedness of the solution. The following are three impor-
tant conclusions from the preceeding analysis:

i. There is a definite direction of inflow and outlfow related to the characteristic equations.
For a > 0, the characteristics flow from right to left, and the boundary condition on the
right must be specified only. We call the left boundary the outflow boundary and the
right boundary the inflow.

ii. So, for a > 0, we can say that we need to specify an inflow boundary condition and vice
versa for a < 0.

iii. The energy of the system must decay and be bounded by the initial data.

1.2 Examples using the Wave Equation

Example 1. Consider the wave equation

utt = uxx, for |x|< 1.

We can decouple this equation into a system of first order PDEs. Let

v = ut,

w = ux.

Then, we get that vt = wx and vx = wt, where the latter equation follows since utx = uxt,
assuming that the partial derivatives of u are continuous (Clairut’s - Schwartz Theorem). Then,
we can write this system as

(

v

w

)

t

=

(

0 1
1 0

)(

v

w

)

x

.
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The matrix A =
(

0 1

1 0

)

can be diagonalized by an orthogonal transformation (i.e. the eigenvec-

tors), where the eigenvalues at λi = ± 1. The eigenvectors are φ1 =
1

2
√

(

1

1

)

, φ2 =
1

2
√

(

1

− 1

)

,

where φ1 is the eigenvector of λ1 = 1, so that if we define S =
(

φ1 φ2

)

, then

S−1AS = Λ,

where S−1 =
1

2

(

1 1

1 − 1

)

and Λ =
(

λ1 0

0 λ2

)

. Then, A= SΛS−1 so that our system becomes

[

S−1

(

v

w

)]

t

= Λ

[

S−1

(

v

w

)]

x

,

where S−1
(

v

w

)

tranforms v� v + w

2
, w� v −w

2
. Letting

uII =
v + w

2
,

uI =
v −w

2
,

we get that our system becomes

ux
II = ut

II

ux
I = − ut

I.

There are two characteristics to this sytem. The characteristics with slope − 1, going from right

to left, correspond to the equation involving uII, and the characteristics with slop 1, from left to

right, correspond to the equation involving uI. So we are going to need both boundary condi-
tions for both PDEs. But how exactly does this work? As we have seen, let us define

u(1, t) = g+(t),

u(− 1, t) = g−(t).

For uI, since the characteristics flow from left to right, we need to specify the left boundary con-
dition. Thus,

uI(− 1, t) =
v(− 1, t)−w(− 1, t)

2

⊜
ut(− 1, t)− ux(− 1, t)

21 −

(

ut(− 1, t) +ux(− 1, t)

2

)

+ut(− 1, t)

= − uII(− 1, t)+ g−
′ (t),

where g−
′ (t)=

d

dt
g−(t). Similarly,

uII(1, t) =
v(1, t)+ w(1, t)

2

⊜
ut(1, t)+ ux(1, t)

2

= −

(

ut(1, t)− ux(1, t)

2

)

+ ut(1, t)

= − uI(1, t)+ g+
′ (t).

So, in summary, we have that

uI(− 1, t) = −uII(− 1, t) + g−
′ (t),

uII(1, t) = −uI(1, t)+ g+
′ (t).

Now, remember that we have to give initial conditions. For this example, let the initial condi-
tions be

u(x, 0) = F (x),

ut(x, 0) = f2(x).
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Then, if we let
d

dx
F (x)= f1(x), we get

ux(x, 0) = f1(x),

ut(x, 0) = f2(x).

Since uI =
ut − ux

2
and uII =

ut + ux

2
, plugging in f1 and f2 gives us initial conditions in terms of

uI and uII:

uI(x, 0) =
1

2
{f2(x)− f1(x)},

uII(x, 0) =
1

2
{f2(x)+ f1(x)}.

How do we determine the solution? Suppose we want to find the value of the solution at D,
illustrated in the image below.
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Figure 1.

Example 2. This example will illustrate the case in the above problem when we choose
boundary conditions that will lead to an unsolvable system. Consider the wave equation on the
same domain with the following boundary conditions:

ut(− 1, t) +ux(− 1, t) = 0

ut(1, t)+ ux(1, t) = 0.

Using the same exact procedure as in the above example, we decouple the system as

ux
II = ut

II

ux
I = − ut

I ,

where

uI(x, t) =
ut(x, t)− ux(x, t)

2
,

uII(x, t) =
ut(x, t)+ ux(x, t)

2
.

Writing the boundary conditions in terms of uII and uI we get

uII(− 1, t) = 0,

uII(1, t) = 0.
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But now, if we look at the above figure, it we follow the characteristics of uII, we see immedi-
ately, that given the initial condition at t = 0, we may achieve a discontinuity in the value of uII

at the boundary, going frmo A→B in the above picture. Thus, we must be very careful in spec-
ifying hte boundary conditions.

2 Boundary Conditions for 1D Hyperbolic Systems

Now we will generalize our results for the one dimensional hyperbolic system:

ωt = Aωx,

where A is a p × p matrix and |x|6 1. We will assume that A is strongly hyperbolic. This means
that ∃T s.t. T−1AT = Λ, where

Λ =

















−λ1 0�
−λr

λr+1 �
0 λp

















,

is a diagonal matrix with λi > 0, ∀i and λ1 6 λ2 6 � 6 λp. Writing this in block form, we have
that

T−1AT =

(

−ΛI 0

0 ΛII

)

,

where ΛI and ΛII are diagonal matrices with positive entries. Under the transformation by T ,
we get that

(T−1ω)t = Λ(T−1ω)x,

or
(

uI

uII

)

t

=

(

−ΛI 0

0 ΛII

)(

uI

uII

)

x

.

Look back at the first example for the wave equation for an example when p = 2. So uI contains
the first r components of T −1ω and uII contains the last (p − r) components. Consider the fol-
lowing boundary conditions.

uI(− 1, t) = LuII(− 1, t)

uII(1, t) = RuI(1, t).

For now we are taking g(t) ≡ 0. We will show that this hyperbolic problem with the above

boundary conditions is well posed. Note that ‖L‖L2 = ρ(L∗L)
√

and similarly for R.

Theorem 3. Let ‖L‖= l, ‖R‖= r. If lr 6 1 then the solutions, uI and uII, of
(

uI

uII

)

t

=

(

−ΛI 0

0 ΛII

)(

uI

uII

)

x

do not grow in time.

Proof. Let us rescale our matrices so that

SI = r(ΛI)−1,

SII = l(ΛII)−1.
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Note that this scaling is used to obtain a speed of propogation of one. Then, SI is an (r × r)

matrix and SII is (p− r)× (p− r) matrix. We want to show that the energy defined as

E(t) =

∫

−1

1

|uI |2 + |uII |2 dx

decays w.r.t. time. Instead, we will show that an equivalent norm decays. Which equivalent
norm? Define

Ẽ (t) =

∫

−1

1
(〈

uI , SIuI
〉

+
〈

uII , SIIuII
〉)

dx.

Note that SI and SII are diagonal matrices. Since,
〈

uI , SIuI
〉

=
∑

i ,j=1

r
ui

ISij
I uj

I and Sij = 0 for
i� j we get that

〈

uI , SIuI
〉

=
∑

i=1

r

ui
ISii

I ui
I ,

〈

uII , SIIuII
〉

=
∑

i=1

p−r

ui
IISii

IIui
II.

Note that Sii
I =

1

l
·

1

λi

by definition, so that

〈

uI , SIuI
〉

= r
∑

i=1

r
|ui

I |2

λi

,

〈

uII , SIIuII
〉

= l
∑

i=1

p−r
|ui

II |2

λi

.

Furthermore,
〈

uI , SIuI
〉

= r
∑

i=1

r
|ui

I |2

λi

6 r ·
1

min16i6r {λi}

∑

i=1

r

|ui
I |2

and similarly,

〈

uII , SIIuII
〉

= r
∑

i=1

p−r
|ui

II |2

λi

6 l ·
1

minr+16i6p−r {λi}

∑

i=1

p−r

|ui
II |2 .

Hence,

Ẽ (t) 6 max {l, r} ·
1

min {λi}

∫

−1

−1

(|uI |2 + |uII |2)dx .

For a lower bound, we have that

〈

uI , SIuI
〉

= r
∑

i=1

r
|ui

I |2

λi

> r ·
1

max16i6r {λi}

∑

i=1

r

|ui
I |2

and similarly,

〈

uII , SIIuII
〉

= l
∑

i=1

p−r
|ui

II |2

λi

> l ·
1

maxr+16i6p−r {λi}

∑

i=1

p−r

|ui
II |2

so that

Ẽ (t) > min {l, r} ·
1

max {λi}

∫

−1

−1

(|uI |2 + |uII |2)dx .

Thus,

C1

∫

−1

−1

(|uI |2 + |uII |2)dx 6 Ẽ (t) 6 C2

∫

−1

−1

(|uI |2 + |uII |2)dx,

where C1 = min {l, r} ·
1

max {λi}
and C2 = max {l, r} ·

1

min {λi}
. So the two norms are equivalent.

Abusing some notation, let

E(t) =

∫

−1

1
(〈

uI , SIuI
〉

+
〈

uII , SIIuII
〉)

dx.
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Evaluating the derivative gives us

d

dt
E(t) =

∫

−1

1 d

dt

(〈

uI , SIuI
〉

+
〈

uII , SIIuII
〉)

dx

=

∫

−1

1

(
〈

ut
I , SIuI

〉

+
〈

uI , SIut
I
〉

+
〈

ut
II , SIIuII

〉

+
〈

uII , SIIut
II
〉

)dx

=

∫

−1

1

2(
〈

uI , SIut
I
〉

+
〈

uII , SIIut
II
〉

)dx,

since SI , SII are diagonal and real. Using
(

uI

uII

)

t

=

(

−ΛI 0

0 ΛII

)(

uI

uII

)

x

,

we get

d

dt
E(t) =

∫

−1

1

2(−
〈

uI , SIΛIux
I
〉

+
〈

uII , SIIΛIIux
II
〉

)dx

=

∫

−1

1 d

dx

(

−
〈

uI , SIΛIuI
〉

+
〈

uII , SIIΛIIuII
〉)

dx

=

∫

−1

1 d

dx

(

− r
〈

uI , uI
〉

+ l
〈

uII , uII
〉)

dx.

Then,

d

dt
E(t) = − r

〈

uI , uI
〉∣

∣

x=1
+ r
〈

uI , uI
〉

∣

∣

∣

x=−1

l
〈

uII , uII
〉∣

∣

x=1
− l
〈

uII , uII
〉

∣

∣

∣

x=−1
.

From the boundary conditions,

uI(− 1, t) = LuII(− 1, t)

uII(1, t) = RuI(1, t),

we get that

d

dt
E(t) =

(

r
〈

LuII , LuII
〉

− l
〈

uII , uII
〉)∣

∣

x=−1
+
(

l
〈

RuI, RuI
〉

− r
〈

uI , uI
〉)

∣

∣

∣

x=1

=
(

r‖LuII‖2− l‖uII‖2
)∣

∣

x=−1
+
(

l‖RuI‖2− r‖uI‖2
)

∣

∣

∣

x=1
.

At x =− 1 we have

r‖LuII‖2− l‖uII‖2 6
[

rl2− l
]

‖uII‖2 = [(rl)l− l]‖uII‖2 6 0 ,

since rl 6 1 so that (rl)l 6 l. Similarly, at x= 1 we have

l‖RuI‖2− r‖uI‖2 6 (lr2− r)‖uI‖2 6 0.

Hence,

d

dt
E(t) 6 0, ∀t > 0.

�

What is the geometric interpretation of the factor rl? Consider the one dimensional analogue
with p = 2. We start at the initial condition at some point on t = 0, x0. We following the charac-
teristic until we hit the boundary.

Theorem 4. Let ‖L‖= l, ‖R‖= r. Consider the system
(

uI

uII

)

t

=

(

−ΛI 0

0 ΛII

)(

uI

uII

)

x
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with boundary conditions

uI(− 1, t) = LuII(− 1, t)

uII(1, t) = RuI(1, t).

If lr > 1 then ∃ an energy E(t) s.t.

E(t) 6 keαt,

for some constants α and k > 0. This gives us well posedness of the system.

Proof. As before, with slight differences, let us define the renormalization matrices,

SI = (lΛI)−1,

SII = (rΛII)−1

and define the energy, E(t), as

E(t) =

∫

−1

1
{

(1 + εx)
〈

uI , SIuI
〉

+(1− εx)
〈

uII , SIIuII
〉}

dx,

where ε is to be determined later and 0 6 ε 6 1. Again, we start by differentiating the above
w.r.t. time to get

d

dt
E(t) =

∫

−1

1 d

dt

{

(1 + εx)
〈

uI , SIuI
〉

+(1− εx)
〈

uII , SIIuII
〉}

dx

=

∫

−1

1

2
{

(1+ εx)
〈

uI , SIut
I
〉

+ (1− εx)
〈

uII , SIIut
II
〉}

dx

=

∫

−1

1 {

− (1+ εx)
〈

uI , SIΛIuI
〉

x
+(1− εx)

〈

uII , SIIΛIIuII
〉

x

}

dx

=

∫

−1

1
{

−
1

l
(1+ εx)

〈

uI , uI
〉

x
+

1

r
(1− εx)

〈

uII , uII
〉

x

}

dx.

Integration by parts gives us

d

dt
E(t) = −

1

l
(1 + εx)

〈

uI , uI
〉

∣

∣

∣

∣

x=1

+
1

l
(1 + εx)

〈

uI , uI
〉

∣

∣

∣

∣

x=−1

+
ε

l

∫

−1

1

|uI |2 dx

1

r
(1− εx)

〈

uII , uII
〉

∣

∣

∣

x=1
−

1

r
(1− εx)

〈

uII , uII
〉

∣

∣

∣

∣

x=−1

+
ε

r

∫

−1

1

|uII |2dx

= −
1 + ε

r
|uI(1, t)|2 +

1− ε

r
|uI(− 1, t)|2 +

ε

r

∫

−1

1

|uI |2 dx

+
1− ε

r
|uII(1, t)|2−

1+ ε

r
|uII(− 1, t)|2 +

ε

r

∫

−1

1

|uII |2dx

= −
1+ ε

l
|uI(1, t)|2 +

1− ε

l
|uI(− 1, t)|2�

I

+
1− ε

r
|uII(1, t)|2−

1 + ε

r
|uII(− 1, t)|2�

II

+
ε

l

∫

−1

1

|uI |2 dx�
III

+
ε

r

∫

−1

1

|uII |2dx�
IV

.

So we can rewrite the above as

d

dt
E(t) = I + II+ III+ IV,

where I, II are the boundary terms. Using the boundary conditions, we get

I+ II = −
1 + ε

l
|uI(1, t)|2 +

1− ε

l
|uI(− 1, t)|2 +

1− ε

r
|uII(1, t)|2−

1 + ε

r
|uII(− 1, t)|2

6 −
1 + ε

l
|uI(1, t)|2 +

1− ε

l
l2|uII(− 1, t)|2 +

1− ε

r
r2|uI(1, t)|2−

1+ ε

r
|uII(− 1, t)|2

= |uI(1, t)|2
{

−
1+ ε

l
+ (1− ε)r

}

+ |uII(− 1, t)|2
{

−
1 + ε

r
+(1− ε)l

}

.
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Now, for the terms in brackets, we have

−
1+ ε

l
+ (1− ε)r =

(

−
1

l
+ r

)

− ε

(

1

l
+ r

)

.

If we set the RHS to zero, we get that

ε =
rl− 1

rl + 1
,

For this particular choice of epsilon, we get that both boundary terms vanish. That is,

I + II = 0.

Hence, we are left with

d

dt
E(t) = III+ IV.

For III, first note that for |x|6 1, 1 + εx > 1− ε so that 1 + ε(1+ x) > 1. Then,

III =
ε

l

∫

−1

1

|uI |2 dx

6
ε

l

∫

−1

1
(

1+ εx

1− ε

)

|uI |2 dx

=
1

l
·

ε

1− ε

∫

−1

1

(1 + εx)|uI |2 dx

=
1

l
·

ε

1− ε

∫

−1

1

(1 + εx)
〈

uI , SIΛIuI
〉

· ldx

=
ε

1− ε

∫

−1

1

(1 + εx)
〈

uI , SIΛIuI
〉

dx

6
ε

1− ε
ρ(ΛI)

∫

−1

1

(1 + εx)
〈

uI , SIuI
〉

dx.

Similarly, for IV we get

IV =
ε

r

∫

−1

1

|uII |2dx

6
ε

1− ε
ρ(ΛII)

∫

−1

1

(1− εx)
〈

uII , SIIuII
〉

dx.

Letting A=
(

ΛI o

0 ΛII

)

, then

d

dt
E(t) 6

ε

1− ε
ρ(A)E(t).

Since ε =
rl − 1

rl +1
we have that 1 − ε =

2

rl + 1
so that

ε

1− ε
=

1

2
(rl − 1). Combining this with Gron-

wall’s inequality1, we get that

E(t) 6 E(0)eαt,

where α =
1

2
(rl− 1)ρ(A)> 0.

�

1. Here is a proof of Gronwall’s inequality. Suppose that φ̇ 6αφ. Then

d

dt
(φ(t)e−αt) = −αφ(t)e−αt + φ̇(t)e−αt = (φ̇(t)−αφ)e−αt 6 0.

Hence, d

dt
(φ(t)e−αt) 60 and so φ(t)e−αt 6φ(0) which gives us

φ(t) 6 φ(0)eαt.
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