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Consider again the conservation law,

{ Ut + f(u)w =0
u(z,0)=u’(z) "

Then, we want to find up € Vj, s.t.
/1 (un)evpdx — . f(“h)(vh)wd9€+fj+1/2(“h);+1/2— fj71/2(Uh);r_1/2 = 0, (1.1)
j i

for all v, € Vj, and for fj+1/2: f((uh)j_ﬂ/2, (uh)jﬂ/z).
We introduced the cell entropy inequality:

Theorem 1.1. The DG scheme satisfies the following cell entropy inequality:
/ U(up)dz + Fj+1/2 — Fj—l/Q <0
I

w2

for U(u) ==, and a consistent entropy flux Fj+1/2 = F((uh);+1/2, (uh);rﬂ/z) in the sense that
F(u,u) = F(u)

- [ v

= / uf'(u)du.

a (L,
E/lj Uup)dz = /Ij dt(zuh)da}

/ wun(un)eda.

I;

Proof. First,

For (3.1), let us take vy, =uy, since uy, € Vj, (note that u3, ¢ Vj,). We get
[ e [ f))edz+ Frap@)Fon s = Fiosn)f s = o (12)

Let us look a the integrand of the second integral on the LHS. Let g(u) = [ f(u)du so that
g'(u) = f(u). Then,

j;f<um<ummdx - jgsxuwxdx

Thus, the second integral becomes

9((Uh);+1/2) - 9((Uh);r—1/2)-

Hence, we get

/1- (up)rupdx — [9((Uh)j_+1/2) - 9((Uh);'11/2)} + fj+1/2(“h)j_+1/2 - fj71/2(uh)j71/2 =0

and let F41/2= = g((un)1/0) + fj41/2(un)j 1 /o Then,

/ (uh)tuthC-FFjJrl/g—Fj,1/2+Hj,1/2 = 0.
I

Is the flux consistent?

Fu,u) = —gu)+ f(u,u)u
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Now,
Fu) = /uuf’(u)du
— uftw)~ [ fwdu
= wfw)— g (w).
Thus,

= F(u),
S0 it is consistent by our definition. Also, we need
- Fj*1/2 +Hj—12 = g((un)j_1/2) — J?j+1/2(uh)j_,1/2
so that
H = g(u?) = fut+| = g(u”) + fu”]

where everything is evaluated at j — 1/2. If we prove that H is positive, then the remaining
quantity has to be negative. We have

H = g(w) = g(uw) = flu—u)
= (Ot )~ fut—u)
= FO@t—u) = flut—u)
= W —u) (O - Ftu)
= W —u)(f(6 - futu) A
= wr—u)(f (69— Fleut) + (g u) - Flutiu)
= @ —u){fEe - FEun}+ @ —u){fleuh) -t u)f,

by consistency of f and £ is between v~ and uT. Recall that f(T, 1). Then, if v~ < u™ we have
u™ < & <utsothat f(&, &) — f(&,ut) =0, If u= >ut then u™ > & > uT. Then, the product

(ut — u_){f(ﬁ, &) — f(¢, u+)} is still positive since both terms are negative. At the end of the
day

H > 0.
We are only using the monotonicity of f. O

Corollary 1.2. If the boundary condition is periodic, then

d [t
%/ (up)?dz < 0.

That is, the Lo is nonincreasing w.r.t. time.

Proof. We just sum [, U(up)dz + ﬁ'jH/g - Fj_l/g over all j. Then the sum is telescoping
and we get the desired result. 0

Theorem 1.3. Consider the PDE

u+u, = 0,
where u is smooth. Let e=u — uy. Then

e ~ O(hk+Y).

Proof. Let us use the following projection P € P¥(I;):

/I~ (Pu—u)vdz = 0,Yve P*~Y(I))
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and

(Pu—u)ji12 = 0.

We are asking for k conditions in th orthogonality statement and another 1 condition in this
boundary condition above. Thus, we can solve for our projection by knowing k+ 1 conditions.
As we did before, we estimate e by using the triangle inequality. Hence,

e = u—Pru+Pru—up.
Note that
lu—Prulgz < ChFFL

For interpolation, we can show this (see proof by brenna and scott, ¢ allay). Actually, any poly-

nomial projection which remains polynomials of degree k untouched, is of this order. So we can

control u — Pru. What about Pru —up? Let us use the stability condition to bound this term.
Let us denote

Bj(un,vp) é/j (un)rundx — /1 F(un)(un)z dx 4 (un) g1 2(0n) 71170 = un) -1 /2(0n)F -1 /2

J

where fj+1/2 = f((uh);+1/2, (uh);rH/Q). But since f(u) = w then fj+1/2 = (un)jj1/2 the
upwinding scheme (from left to right). So the scheme is Bj(un, vn) =0, Yoy € Vi, Then, certainly
Bj(u,vp) =0, Vv, € V}, since fI_ (ut +uy)vp, =0. Hence,

J

B(e,vh) = O,V’Uh e V.

Note that we can take the difference and get this orthogonality because our PDE is linear
(f(u) =u). Recall that

0

Bj(un, vn)
a
dt

U(U/h)dx+Fj+1/2—ﬁj—1/2+Hj—l/2-

Note that if we were to let v, =¢ (whlch is not correct) then
B = — / 2dx

which is too good to be true. Let us try v="Pru —up=ep € V;. Then,
Bj(e,en) = 0,
by the orthogonality relationship. Furthermore, letting e =¢j, + ey,
Bj(ep+en,en) = 0
and so
Bj(en,en) = Bj(—en,en).

We have

d 1
LHS = dt (eh) d$+Fj+1/2— j— 1/2+H—1/2a

where H;_ /2> 0. For the other 81de,
RHS = Bj(—en,en)
= [ (ceedr— [ (=enensdat (=eniiplenFins— (=i sy
J J

/Ij (_Eh)tehdx—/l. (—en)en)zdz,

J
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since (en,) ;112 =0 by construction. Also, [, (—¢n)(en)z dz =0 because (ep), € Pk=1 and this
J
vanishes also by construction. Hence,

RHS — / (= en)rendz
I

< 3, Cenorarsg [ @

which comes from the fact that (¢ —b)?>0= %(a2 +b%) >2ab. Thus,

d [ 1 - - 1 1
— | glen)?dz+Fjp—FiptHjip < 5 | (en))’dz+ [ (en)”
dt J; 2 2/, 2/,

J J

If we sum over j, then

b b
OO NCATE

b
S Ch2k+2+/ (eh)Q,

a

because f: ((en)e)?dx < ChF*+1. Now we have an inequality

d
—F < E,
I a+b

for E > 0, which is solved by letting y = a + bE so that %y =0 %E which gives us %%y < y.
Then,

dy

Y

=

N

b
< y(0)e",

<

which can be re-written as
(a+bE)t) < (a+ bE)(O)ebt.

This is Gronwall’s inequality. Then,

b b
Ch2k+2—|—/ (en(z,t))?dx < et<Ch2k+2+/ (eh(x,t))2>

and so

||eh(-,T)||%2 < Ch2k+2+éh2k+2

= ch?+2,
Then,
leC-. T2z < llen(-, D)Lz + llen(-, Tl 2
< chFtY

where c¢ is dependent on T, but since we are dealing with finite time, this is alright.

HWS6, due 11/13/2007:
Solve u¢ 4+ ugy =0 with u(x, 0) =sin z and 0 < < 27, periodic boundary conditions to T'= 6
using P! DG method with second order TVD(SSP) Runge-Kutta time discretization:
uV = u"+ At L(u") (Euler Forward)

untl = %[u"—i—u(l)—i—AtL(u(l)) :



11/8,/2007

27

For the CFL, we take % = .3. Show the L? errors and numerical order of accuracy. Take the
2r 27
sequence of meshes to be 107507 330"

It is important to note that our results do not apply to say L°°. If we have a non smooth ini-
tial condition, then the numerical solution is not necessarily smooth.

Now let us get back to nonlinear PDEs... Consider

us+ f(u), = 0.
Unfortunately, this is the weakness of DG. The method for this type of PDE is to find up € V},
s.t.

![ (ionda = [ Fun)(0n)sdo + Froa/a(on) 1o = Fioa/aon)] 1o = 0.

Discretizing (up): with an Euler forward method gives us

/u}f“vhdx—/ ujvpdx
I; I;

— Atl /I f(uh)(vh)r dx — fj+1/2(vh);+1/2 + fAj_l/Q(’Uh);r_l/Q‘| 0

This scheme will blow up if we do not modify this.

2 11/8/2007

n+1

Jopdx = / (up)vpdx
I

Recall the DG method for u;+ f(u), =0. Then, we want to find uZH €V s.t.
l/1(uh
I]

1,t
U,ZJrl _ HUZJr ,tmp

*‘At{ ; f(uw(wﬂwdw—zﬂ+1m(WJj+y2+xﬂ1m(WJj—y2}aVUhEV%
j
We showed that this scheme is not always stable. So we will try to find uZ+1’tmp € Vi. Then,

where II is called the limiter. We will pay special attention to the following
two quantities:

U; = (un)ji1y2 — (W);
i = (Wn);— (Uh);r—l/z
where

o 1

ap, = — | up(z,t)dz.
hj I;
Now consider
apet = m(az, (Th) j11— (@), (@) — (W) 1)
where m is the so called min-mod function s.t.
_J Smin (Jai],...,|a|) if sign(ai) =---=sign(a;) =95
mlas, .., a) = { 0 otherwise
Similarly, we define
ﬁ]{nod _
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Then,
mod)y — _ ~ (mod
(ng ))j+1/2 = (Uh)j+“§' )
mod _ =~ (mod
(™) ge = (@) —a,™

where the cell averages do not change. We have enough information for a P? polynomial. Simi-
alrly, if we have a polynomial of degree one we get a polynomial of degree one. But now if we
have a polynomial of degree > 3 then we only have three pieces of information. Hence, there is
not unique way to determine a limiter.

Theorem 2.1. The total variation of the means of up, does not increase (TVDM). That is,
TV(ap)" T < TV(ay),
where
TV(m@) = Z [(@h)j+1 — (W),
J
which is in fact only a semi — norm.

Proof. If we take our test function to be

1, z€ Ij
= ’ V
Uh { 0, otherwise € Vh,

then,
hy(@); ™ = hym)y+ A = Fl et Fla

This becomes

(@) = (@);+ ﬁ—j{ = PR Fa o (i) y2) + FOQR) s (W) 1j0) }-

We will try to write the second term on the RHS is
Cit1/2[(@h)j+1 = (@) 5] = Dj—1/2((Th) j = (@) j 1],

where Cj 112, Dj11/220 and Cj 12+ Djy1/2<1. To show this, let us add and subtract terms
to get

%{ - J?((Uﬁ)j_ﬂ/w (Uﬁ);‘rﬂ/z) + J?((Uﬁ)j_ﬂ/w (Uﬁ);‘luz) - f((uZ)j_Jrl/% (UZ);llm)
PR 1y (uB)f1y2)

where we added f((uﬁ);+1/27 (Umj—l/z) - f((“m;-u/za (Uﬁ)j—l/z) =0. Now we call,
Crova = e = PO W02+ F (R 1 ()12
Dji1/2 = %{f((uﬁ)j_Jrl/% (uﬁ);‘luﬁ - f((uﬁ)gluzv (Uﬁ);'ll/z)}-
For Cj41/2 let us assume that f is differentiable w.r.t. the second arguments

At fo( 1) [(Uh)jﬂ/z - (Uh);'ll/z]

C; 1/2 = —\n = \"n
s+ h; (@h)"} 1 — (@n)]
where we used the MVT of the difference and fz denotes the derivative. Now — % MTO >0
since f(7,]). What about the remaining fraction term? ’
(@) ] ae— @) 1p0] (@) — i3V — (@) + i
(@h)"} 41— (Tn) 7 (@h)"} 41— (Tn) 7
ﬁ(mod) d(mod)
- 1- J+1 J

(@n) 41— (@) (@)1 — ()]
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= (1nod)

We need this quantity to be positive. But > 0 by the properties of the minmod

£ (mod) (Uh)]+1 — (@)} ~
% is also positive AND it is at most 1 again by the properties of the
(u )]+1 (uh)j + +
[(Hh)j+1/2_(ﬂh)j—1/2}

(@h)j41— (@)}

function.

minmod function. Moreover,
and so if we call A=At/h; then

€ [0, 2]. This works similarly for the D;_;/,

1

A= fat f1) < 3"

For example, if we have f(u) = u and we choose a simple upwinding flux (i.e. Lax Friedricks
flux) then (— fo+ f1)=1 (fi=1 and f, =0 or vice versa if we did a downwind scheme) and we
just need that \ < %

So now we have that

@ = @5+ 2 = TR e () a2+ F (00 ()1

J
can be written as

(@)5 = (@)} + Cipry2l (@) j+1 — (@)1 — Dj—1/o[(@) j — (Th) 1]

where Cj 4172, Djy1/2 2 0 and Cji1/2 + D12 < 1, by using the appropriate limiter u, . We
can rewrite this as

(@) = (@)} + Cj1/2D+(Th)j — Dj 1728+ (Th) 1
and then at j+ 1 we get the same equality and take the difference to get
Ap(@)]T = A(@)]+ CjyspAy (@) 11+ Ciri2A (W)
= Dj1/284(Wn)j+ Dj 17284 () j 1
= (1=Cjy172— Dj1/2)A(@h)j+ Cji3/28+(TWn) j+1+ Dj—1/284(Tn) j—1
< (1=Cjr12— Djq1p2)|Ap(@n) |+ Cjrso| A (@) j41| + Dj—1/2| A (@) j -1l
since the coefficients are all positive. Now we sum over all j to get

TV (@) Z |A ()

= TV(@T[L).
(This latter part due to Harten’s Lemma).
O
Now, recall that we have
aod = m(dy, (@h)j+1— (@), (@h)j — (@) 1)

We need to show that d?"’d = 1, when u is smooth. That is, we want to use a limiter to gain
accuracy, but we want to use it in a limited manner. Using Taylor expansion, we get

u; = Uj+1/2—ITJ
h .

= uj+ () + O(hF) = (u;+ O(hF))

= (w0t 0.
where @; = W fI x)dx = W fl (uj + (uz)j(x — x;) + O(h3) = u; + O(h%) where u; is in the
center of the mterval Slmllarly, we get

(@n)j+1— (@h); = (uz)jhj+O(h3)

(@h)j = (@h)j-1 = (ua)jhj+O(R)

H
[

and so

aped = m(

5 ety + O(13), (o) s + O(RR), () + O12).

So this is true if u is monotone away from extrema.



