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Midterm will be on Thursday, Oct. 25th in class. It will cover material to the end of chapter 9.
Last time we talked about the dG(0) method for { Z(Jg)“;‘uzof. We also said that if |a(t)| < A
then
lu(ty) = Un| < 34|k, 1)

so it is first order w.r.t. the step size k. This is known as the a priori error estimate. if a(t) >0
then

lu(tn) = Un| < 3lktilo,eq]
We want to estimate u —U. We can rewrite this as

u—U = u—mu+mu—U
where mpu is the L? projection of u into W () and note that & = mu — U € W(®). We have that

kn, .
lu—mu| < Srlidlry
where again |p|;, = max, ey, |¢(z)| and we are just using Taylor expansion. We define the dis-
crete dual problem as finding ® € W s.t.
ft "_1 (— b+ a®)vdt — [P,]v, =0, Yve w©
n=N,N—-1,...,1-

@E:(I)N_i_l:(ﬂ'ku—U)N

Take v=e € W, Now we get

N . N-1
0 = / (—d+ad)edt— > [@n)e, — dhen + Pyen
n— tn—1 n—=
N tn . N1
0 = Z/ (—®+a®)edt— > [®u)e, — 5 + Pren
n=1“tn-1 n=1
which gives us
N . N-1
e = > [ (—érad)edt— 3 [B)e,+ Biex.
n=1 “Jtn—-1 n=1

Let us determine the Galerkin orthogonality for dG(0). The scheme is given by

tn . tn
/ (U +aU)vdt +[U, _1Jvf_, = / fodt,Yve W©)

tn—1 tn—1

and of course the exact solution gives us

tn tn
/ (i +au)vdt = / fodt,
tn 1 tn—1

where [u,_1] = 0 since u € C! and there are no discontinuities. Moreover, the second equation
works for a larger class of v’s (that is why we can have two solutions to the scheme - because we
are solving on two different spaces!). Now we take the difference and get

tn
/ (¢ +ae)vdt+ e, 1Jvi_1 = 0,Yoe W®
tnfl

which is known as the error equation. Using integration by parts, we get

tn
/ (—ev+aev)dt+e,v, —el_uf el vt —er vl =0
tnfl

tn
/ (—ev +aev)dt+e,v, —e,_vf_; = 0.
tn—1
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Now if we sum these integrals, we get
N

N tn
— v +av)edt — vple, +eyvy = 0.
Z[H( Jedt =3 [oder +envn

n=1 n=1

where e; = 0 because of the initial condition. Recall that we can choose v € W(®. So let us
choose v=® € W, the solution of the dual problem. Then,

N

N tn .
Z/ (—<I>+a¢’)edt—z [®,)e, +exy®n = 0. (1.1)
n=1 /in-1

n=1
If we take @ —e=mpu — U — u + U = myu — u. Now because of this orthogonality, we can take
the equation

N . N-1
len|? = Z/ (—d+ad)edt— > (@) +Pyen
n=1 Ytn-1 n=1

and add this to (2.1) which gives us

=2

-1

N .
e = Z/ (—b+ad)(E —e)di— S [Bo)(F — e)n+Pu(E —e)n
n=1 tn—1 1

n
-1

N . N
= Z/ (—P+a®)(mpu —u)dt — Z [Dy)(Tru — u)p + Py (TRu — w) N
n=1 Jtn-1 n=1

We certainly can estimate mpu — u by Taylor expansion. Furthermore,

N N-1
RHS = Z/ a®(mpu —u)dt — Z [P (Tru — u)p + Py (mru — u) N
n=1 Yin-1 n=1

since ® is piecewise constant so that b =0.

Lemma 1.1. (stability of the dual problem) If |a(t)| < A, Vt € [0, tn] and kjla|r, < % for j =
1,...,N then
[l < PAGY—tDjgy)

N-—-1 e
S @l < 5 eAtend,

n=1

and

N tn e
Z/ la®,|dt < §e2AtN|e-N|.
n=1

tnfl
Proof. Recall the scheme for ® which incorporates finding ® € W(©® s.t.

ftn_l (=@ +ad)vdt —[®,)v,=0, YoeWO®
n=N,N-1,..,1-
P =Cni1=(meu—U)n

where ® =0, since it is piecewise constant, and v=1. This gives us

tn
_(I)n+1+q>n+q>n/ a(t)dt =0

tn—1
(I)N+1 = €N.
Then,
. 1

¢, = Pn
L+ [ a(ar
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and so we can get ¥, since we are working backwards. Thus,

H <1+/ (t)dt>_ Dy

If [a(t)] < A then

1 < 1
1+ftj L a(t)dt S 1 Ak
because 1—<62“” if 0 <z <1/2. Hence,
N

H 2Akj|

_ A(tN tn— 1)|6N|~

tn
o, / a()dt
tn—1

< Al —tDay | Ak,

As for the jumps,

[@n]] =

Now if we sum these errors, we get
N—

N-1
Z |[@ < 2AtN|e Z 72Atn_1kn
n=1 n=1
N-—1
< 2AtN|€N|€ Z e—QAtnkn(**)
v
< A|e‘N|e2AtNe/ e~ 2Atqt
0
— % |6—N|62At1\]+1 (1 _ 672AtN)'
(** e24kn L e since Ak, < %)
Now if a(t) is positive, then
1 <1
1+ ftj Ca(t)dt
and
1
= P
n Tn n+1
L+ [, a(t)dt
< (I)n—i-l
and so we get that
|®n] < len|
and
N-1

N-1
|[q)n]| = Z |q)n+l_q)n|
N1
Y o

n=1
Py — Py

NN
A
2

|€N|.
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O

So now combining the above Lemma with our error ey, we get

N N-—-1

tn
len|? = Z/ a®(mpu —u)dt — Z (@] (mru — w)p + Py (Tru —u) N

n= tn—1 n
! 1 . 1 1

< Zﬁknmm/n 1|a<1>|dt+z Akl |1, (]| + 1@ Shali] 1,
1, . Se2AIN 4 Ze2AIN L 2A L if [a(t)| <A ),

< glkntiljo,en Een .
2 ' 1+1—|—1+1 if a(t)>0)

Simplifying further, we get

B 1 (e+2)e? 4, if [a(t)| < A
< 1 )
len| < 2|kn“|[0,tw]({ 4, if a(t) >0)

Also, remember |mpu —u| < %|knu l{0,¢5]- Hence,

+3
eTeMtN, la(t)| < A

ku .
a(t) >0 | |[0,tN]

len]

N o

In summary, we are trying to estimate our solution U within W(®. To do this, we use the
triagnle inequality between U and 7mpu and 7ipu and w, the true solution. We know |mpu — u| by
a simple Taylor expansion since miu is piecewise constant. To calculate |U — miu| we evaluated
. Also, we use the fact that U — mue WO,

Note that the dual problem is a convenient tool for time dependent problems. It is not neces-
sary, however.

Chapter 10: System of equations:

{ W)+ ADu(t) = f(t) 0<t<T
u(0) =ug

where A is a matrix and u, f are vectors. Then WD, V(@) are defined as before as piecewise
polynomials of degree ¢ where W can be discontinuous and V' is continuous.

dG(q): find U e W@ s t.

N N N4
Z/ (U + AU, 0)dt+ 3 ([Un1], Z/ v)dt, Yo €W,
n=1 7tn-1 n=1 —

n=1

In particular, dG(0) is just
Un+/t" AUt = Un_1+[n fdt,Un=U:, Up=uo.
n-1
The error estimates are the same as before.
Theorem 1.2. If ||A(t)|| <A, k.||A|r, S% then dG(0):

€
tn) —Un| < =(e24v -1 kn
lult) =Unl < 5(e4 =1) max kalidlr,

and the dual problem
{ —p+ATp=
p(tn) =en

Chapter 13:
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Recall the Divergence theorem:

/QV-vdx = /BQ (v-n)ds

/Vu-dex = / v@nwds—/vAwdx.
Q o0 Q

Another variant of Green’s formula is

/ (vAw —wAv)dr = / (V0w — WORY)ds.
Q o9

Green’s formulas:

Chapter 14:

Consider our traingulation 7; where K € 73 is one element in the traingulation. Call hy the
size of K which is the longest side of K. Also, 73 is the smallest angle of K and py is the diam-
eter of the largest inscribed circle in K. We require the following:

mint, > 7 > 0
or

where a sequence of meshes must satisfy the above properties. If a sequence of meshes do satisfy
these two properties, then it is called a reqular mesh.
Let us definie our finite element space:

Vi = {w:vcontinuous in Q,v|x € PY(K),VK €Ty, }.
How do we choose the basis functions?

1. Given the values of v at three nodes, a', a?, and a® then there is a unique linear function
provided that these three points are not on the same line.

2. If v and w agree on a' and a? then they agree on the edge a'a?. Hence, they are contin-
uous on this edge.

HW #4:
p.209 - 9.9
p.212 - 9.11, 9.12
p.214 - 9.17
p.231 - 9.36, 9.37, 9.39
p.234 - 9.43
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Chapter 14: 2D FEM

Recall that
Vi = {v:vcontinuous in Q,v|x € PY(K),VK € Tp,},
with two facts:

1. Given the values of v at three nodes, a', a2, and a? then there is a unique linear function
provided that these three points are not on the same line.
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2. If v and w agree on a' and a? then they agree on the edge a'a?. Hence, they are contin-

uous on this edge.
So this allows us to use the following basis functions:
X\ EPYK) i=1,2,3
s.t.
)\i(aj) = (Sij
(i.e. zero on one vertice of the triangle and zero on the other two vertices). Consider {¢;}}L,
where Ny, ..., N,, are the nodes N € NV}, where N}, is the collection of nodes of 7;,. Thus,
M
o) = Y v(Ni)pi)
i=1
where v(N;) is the value of the function. What if we have

Vi = {w:vcontinuous in Q,v|x € P*(K),VK € Ty, }.

Then we need 6 basis functions: 1, z, y, 2y, 22, y>. We can use the vertices and the midpoints of
the edges of the triangle as our basis points. Does this give us existence and uniqueness of a
quadratic polynomial with the 6 given values. Firstly, for linear problems, existence and unique-
ness for 0 are equivalent (e.g. Az = b has unique solution iff Az = 0 for z = 0). If v(a®) = 0,
v(a’?) = 0 along a?a3: v is a one dimensional polynomials of degree < 2 and it vanishes at 3
points a?, a?3, a®. This implies that v vanishes on a?a®. Then, v(z) = Ai(z)v1(z), which is
obtained through polynomial division (e.g. if £ =2 is a root to some polynomial then divide the
polynomial by (z — 2) to get the remaining polynomial of one degree lower). Furthermore, we
can factor out another polynomial to get v(z) = A1(z)A2(z)As(x)vs(x) but then wvs(xz) must be
Z€ero.

Consider the basis given by

Di(z) = M2\ —1)
Ya(x) = A2(2X2—1)
Y3(xz) = A3(2A3—1)
Ya(x) = 4dh )
Ys(z) = 4MAs
Yo(z) = 423

since A\1(at?) = \a(al3) = %

If one want C! functions, we can use P5(K), piecewise polynomials of degree 5. If two poly-
nomials of degree <5 agree at three points between first, second and 0 derivatives, then the two
polynomials are equal. What about C''? We need

OPi(x,y) _ OPx(w,y)

or ox
OP\(x,y) _ OPa(z,y)
Oy Ay

But this boils down to solving degree < 4 where we know P;(0) = P»(0), P{(0) = P5(0) and
71 11 .
Pl(g) = Pg(g) and same with z=1.

Approximation results: If 7,0 € P1(K) where mpv(a’) =v(a®),i=1,2,3 then
Theorem 2.1.

1
o= miolloe.x = SHEID e,k
and
3
Vo = Vrpvloo,x = = [1D2]|oo, x
sin(7y)
where || ||,k s the L norm over the domain K.

(Recall that 74 is the smallest angle of K).



