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Rayleigh Layer:

So we have that
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We also have that u; =wug at y=0 (for ¢ > 0) and u; — 0 as y — co. For ¢t <0 there is no flow.

Self Similar Solution:

Let u; =wuof(n) where n=1y/4(t) and §(t) is some length scale. Then,
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Hence, since we have —— = we get the equality
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Letting n=y/d the above equation becomes
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To separate out an ODE in 7 we require that
uo 1do
If we can do this, then
Cf'+nf" = 0.
Our condition simplifies to
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So
2t = C(6%2—dy),

where dg is our initial scale. For our case, we will let g =0. Since we have no flow at all at t=10
then we set C'=1 and get 0% = 2ut.

How so we solve the ODE? Let g(n)= f'(n) so that we get g'4+ ng=0. Then,
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Then,
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At y=0 we have that =0 so that A=1. As y— oo we also have — oo so that
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Hence,
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Note that er f(z)= \/g fow e "dx where er f(0)=0 and er f(1)=1.
What is the viscous shear stress at the plate (n=0)? The force ON the fluid is given by
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This is because the normal is (0, — 1, 0) then o;;n; = — 0;2 and then the tangential component is

— 0491; = — 012 where . = (1,0, 0). So the shear stress is t~1/2 because o(t) = v2ut. What
Ou1

about the vorticity? w= (0,0, — 8_12)' Then,

ws = —%f’(n)
= —%g(n)
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If we graphed the vorticity versus y we have that the vorticity in a layer of thickenss 0(t) at a
wall. Thus, there is a vortex diffusion by viscosity. We have

Ou _ - Our
o oy
and
Qws _ | Ows
o oy’
due to the vorticity equation
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E—i—u-Vw = w-Vu+rvVaw.

Recall that u= (u1(x2,t),0,0) so that w-Vu =0 since w= (0,0, ws3) and u-Vws=0.

So we have vorticity diffusion AND generation of vorticity at a wall, which is determined by the
no-slip condition.
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In summary, we have shown that vorticity < viscous shear stress at a wall.

Stokes Flow:

This is a viscous dominated flow with Re~ 0 or Re < 1. The equations of motion are usually
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but in viscous diminated flows we have

_ _op 2
0 = 8m+w U;
80’1'3‘

ij

where the stress tensor takes on the pressure and viscous terms. This equation tells us that at
all instants, flow is a force equilibrium. That is,
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where pg; is usually neglible. Thus, we can say that
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0 = b,

Let us consider a stokes flow past a body (e.g. fixed sphere in a flow). The streamlines are sym-
metric front and back. The fluid force ON the sphere is

% 0441 ds.
So



We could consider the sphere S; of radius R (bigger than the body). Consider the closed fluid

volume V bounded by S; and Sy. Here we know that % = 0 because this is a Stokes Flow.
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The combined surface is S = 51 — Sy where the minus sign is indicating the outward normal to

the fluid (5' bounds V). Now, we can use the divergence theorem for a closed volume, which

gives us
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since the divergence is zero. Hence,

E = / aijnde
S1

where F; = [ Sy oimidS , the force on the sphere. Thus, in Stokes flow, the forces are trasn-
mitted through the fluid.

There are a number of results we have for Stokes flow:

1. This is a linear problem (e.g. in the above example, if we double the fluid velocity, we will
double the force on the sphere). Suppose
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are Stokes flows. Then, the sum
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is also a Stokes flow. For this to be true, we need to show that

V-u=0

This is easily verified since all operators, V -, %, are linear.
2. A Stokes flow is determined by the instantenous boundary conditions (i.e. no memory effect).

Conside the the vorticity V x u =w. Consider the equations for a Stokes flow:
0 = —Vp+puVau
Taking the curl of both sides, we get
Viw = 0,
since the curl of the gradient is zero. So the vorticity satisfies Laplace’s equation. We can com-
pare this to steady state heat conduction. The time scale for viscous diffusion of vorticity <

time scale of the flow development. For example, for a flow past a sphere, if r = a and diffusion
length



which is the time scale for the fluid to move past the sphere (i.e. fluid advection). This diffusion
length scale > a. Hence,

So we are saying that the timescale on which this is changing, there is so much viscous diffusion,
that the vorticity satisfies Laplace equtaion. So when we think of Stokes flow, we think of fully
diffused voritcity.

3. Reversability. Suppose we have Stokes flow past a sphere and we are trying to find a force F.
We need to solve V-4 =0 and 0 = — Vp+ uV>u, with u=0 on || =a (i.e. the sphere) and u ~
Uas x — o0o. The flow u is linear in U. Then, p and o;; is linear in U. Hence,

Fo= AyU;
where A;; is determined only by the geoemetry. We see that o;; = pd;; +245;;. We find that

Then,
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So o0;j0c i, U and
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so that A is only determined by the geometry of the problem. Reversing U reverses F' symmetri-
cally. Conside the flow past a sphear again, Since A;; depends on the geometry of the sphere,

we have that A;; is isotropic. Hence, A;; = ad;;. Finally, we need to make sure our dimensions
are correct.

Dimensions:

We have a force, F' on the LHS and on the RHS we have ,u%. Thus,

ug = Force / Area
2
=>uUTa = Force.



Hence,
F or upUa.
Hence,
Fy = aapUd ;.
So the drag on the wphere is given by
F, = aaul;.

« =67 which is the Stokes drag law for a fixed sphere.

Stokes Flow:

Consider the governing equation for Stokes flow:
0 = —Vp+puVau

Taking the curl of both sides, we get that VZw =0.

2D problem: Use the stream function % so that
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so that

u = Vx(0,0,9).
For the w we have that w=V x (V x ¢e®) and we get

w = (0,0,—V?),

since 1 is only a function of x and y. So we solve V2(V?2¢)) =0 (this is for a 2D stokes flow).

Example: Paint Scraper problem: On the x; axis, we have that u; =—V and uy=0. Hence, us =
0=— g—z by the definition of the streamfunction. So 1 = constant w.r.t. x; for x9=0. Then, let
us take 1 =0 on the z axis. Take ¥ =0 and we have that 5—;/; = — V. On the § = a boundary,

we have u=0.
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In plane polar coordinates (r,6) we have (u,, ug, 0) :% 22 o | (e u=Vx e in polar
0 0 ¥
coordinates) so that u, = % % and ug = — Z—f. Then, uglp=a=0=— % (the no normal flow bc

at the angle «) for all . Thus, 1) = consant on the boundary. Since we have a fixed wall, then
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we have no slip and u, =0= 56 So we need to solve

V2(VZ) = 0.

The way to do the problem is to solve two Laplace’s equations.



Flow past a sphere in spherical polar coordinates. We have axissymmetric flow u,, us nd ug =0,
where ¢ is the azimuthal angle (i.e. no ¢ dependence). We have that
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so we have V x (A4e(?)). We let 1p=rsinf A, so that

A = <L)e<¢).
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Furthermore,
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Hence, 1 = constant along the streamlines.



