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Recall the flow past a sphere. In spherical polar coordinates we have (r, θ, φ) and we have axis-

symmetric flow so that
∂

∂φ
= 0 and we have ur, uθ only, where the flow is moving along the z

axis. We expect that

ui = Φij(xI )uj
(0)

and

p =
1

a
µΨ(xI )uj

(0)

where the force on the sphere is given by

Fi = αµaui
(0)

for some α. We will use a stream function ψ(r, θ) where

u =
1

r2 sinθ
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since u = ∇ × (
ψ

r sinθ
e(φ)), where the

1

r sinθ
is to make sure that ψ is constant along the stream-

lines. Then, we get that

ur =
1

r2sinθ

∂ψ

∂θ

uθ = −
1

r sinθ

∂ψ

∂r
.

What are the boundary conditions? We have no normal flow at r = a so that ur |r=a = 0 and no
slip so that uθ |r=a= 0. Hence,

∂ψ

∂r
,
∂ψ

∂θ

∣

∣

∣

∣

r=a

= 0

(for all θ on r= a). This means that ψ is not varying on the boundary of the sphere so that ψ =
constant on r = a for all θ. We also need the far field condition as r→ ∞. In the far field, we
have that

u = u0e
(z).

Then, if we project u in the far field onto e(r) and e(θ) we get

ur ∼ u0cosθ

uθ ∼ − u0sinθ.

Now, using our equations for u in terms of ψ we get that for uθ

−
1

r sinθ

∂ψ

∂r
∼ −u0sinθ

⇒
∂ψ

∂r
∼ u0r sin

2θ

ψ ∼
1

2
u0r

2sin2θ.
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This is also the stream function for uniform form in spherical polars.

This suggests looking for a solution of ψ of the form f(r) sin2θ. But before we try this solutoin,
we check to see if this form satisfies the far field condition for ur.

∂ψ

∂θ
= u0r

2sinθ

1

r2sinθ

∂ψ

∂θ
= u0cosθ.

So we expect that ψ∼
1

2
u0r

2sin2θ in the far field. Remember that for Stokes flows we have

∇2ω = 0

since we have that 0 =−∇p+ µ∇2u and taking the curl gives us the above relationship. How do
we write Laplace’s equation in spherical polar coordinates? We have that

u = ∇×

(

ψ

r sinθ
e(φ)

)

ω = ∇×u

which gives us

ω =
1

r2 sinθ
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∣
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∣
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The only nonzero vorticity is in the e(φ) direction (i.e. ω =ωφe
(φ)). Hence,

ωφ =
1

r

[

∂

∂r
(ruθ)−

∂ur
∂θ

]

=
1

r

[

∂

∂r

(

−
1

sinθ

∂ψ

∂r

)

−
∂

∂θ

(

1

r2sinθ

∂ψ

∂θ

)]

= −
1

r sinθ

[

∂2ψ

∂r2
+

sinθ

r2
∂

∂θ

(

1

sinθ

∂ψ

∂θ

)]

.

That is,

ωφ = −
1

r sinθ

[

∂2ψ

∂r2
+

sinθ

r2
∂

∂θ

(

1

sinθ

∂ψ

∂θ

)]

.

Now we have similarity between ωφ and u. Define D2ψ=
∂2ψ

∂r2
+

sinθ

r2
∂

∂θ

(

1

sinθ

∂ψ

∂θ

)

. Then,

ω = −
1

r sinθ
D2ψe(φ).

So we have that

ω = ∇×

(

∇×

{

ψ

r sinθ
e(φ)

})

= −
1

r sinθ
D2ψe(φ).

We still need to find ∇2ω. Let us take

∇× (∇×ω) = ∇(∇ ·ω)−∇2ω
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and note that ∇·ω=∇· (∇×u)≡ 0 so that

∇× (∇×ω) = −∇2ω.

So we want to show that ∇× (∇× ω) = 0. ω is only in the e(φ) direction. If we replace ψ by the
term (−D2ψ) we get

∇× (∇×ω) = −∇×

(

∇×
D2ψ

r sinθ
e(φ)

)

=
1

r sinθ
D2(D2ψ)e(φ).

Hence, we solve

D2(D2ψ) = 0.

This is now a scalar PDE. First, how do we solve D2g = 0? Let us consider g(r, θ) = G(r) ×
f(θ). We know that the sphere is isotropic so it not angularly dependent. However, in the far
field ψ is angularly dependent. So let us try ψ = f(r)sin2θ since this is the form of ψ in the far
field. Then,

D2ψ =
d2f

dr2
sin2θ+

sinθ

r2
f(r)

d

dθ

(

1

sinθ
2 sinθ cosθ

)

=
d2f

dr2
sin2θ−

2sin2θ

r2
f(r)

=

{

d2

dr2
−

2

r2

}

f(r)sin2θ.

So we set F (r)=
(

d2

dr2
−

2

r2

)

f(r) so that

D2(D2ψ) =

(

d2

dr2
−

2

r2

)

F (r)sinθ

= 0.

This is a second order ODE for F (r). That is, we need to solve

F ′′(r)−
2

r2
F (r) = 0.

Note that this is a homogeneous equation with the same dimensionality for F ′′ and F/r2.
Hence, F ∝ rα. Then, F ′′∝α2rα−2 and

α(α− 1)rα−2− 2rα−2 = 0

α2−α− 2 = 0

(α− 2)(α+1) = 0.

We get that α= 2,− 1. Then,

F (r) ∝ r2, r−1.

Next, we find
(

d2

dr2
−

2

r2

)

f =Pr2 +Qr−1. We can try f ∝ rα. Again, we get that

(α2−α− 2)rα−2 ∝ r2, r−1.
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If we set RHS = 0 then we get α= 2,− 1. If we want an r2 term, then α= 4 and if we want r−1

we need α = 1. This is the method of undetermined coefficients (we guess at the solution from
the RHS). We look for the solution of the form

f(r) = Ar4 +Br2 +Cr+Dr−1.

We get that for Ar4 we have A(12r2 − 2r2) = Pr2 so that 10A = P . Also we have that Cr
becomes C(− 2r−1) =Qr−1 so that − 2C =Q. So we have that

f(r) = Ar4 +Br2 +Cr+Dr−1,

and ψ = f(r) sin2θ and ψ ∼
1

2
r2sin2θu0 as r → ∞. As r → ∞ A must be identically zero.

Matching the r2 term, we also get that B=
1

2
u0. Then,

f(r) =
1

2
u0r

2 +Cr+
D

r
.

For r = a, remember that ψ = constant for all θ and
∂ψ

∂r

∣

∣

∣

r=a
= 0. Hence, f(a) = 0 and

df

dr
= 0 on

r= a otherwise we have a sin2 variation for ψ if we dont let f(a)= 0. Then

0 =
1

2
u0a

2 +Ca+
D

a

⇒ 0 =
1

2
u0a+C +

D

a2
.

After some algebra, we get that C =−
3

4
au0 and D=

1

4
u0a

3. Then,

ψ(r, θ) =
1

2
u0r

2sin2θ

{

1−
3

2

a

r
+

1

2

a3

r3

}

.

Note that Pr2 + Qr−1 come from the vorticity so that A, C are linked with the vorticity.
Whereas B and D have no vorticity (irrotational or potential flows) (but C has vorticity).

What is the vorticity? We showed that

ωφ = −
1

r sinθ
D2ψ,

ψ = f(r)sin2θ

⇒ ωφ = −
1

r sinθ

{

d2

dr2
−

2

r2

}

f(r)sin2θ

= −
1

r

{

d2

dr2
−

2

r2

}

f(r)sinθ

=
2C sinθ

r2
.

This peaks at θ=
π

2
so that ωφ=

2C

r2
=−

3

2
u0

a

r2
. Hence, the maximum vorticity is at θ= π/2, r =

a and we get ‖ωφ‖∞=−
3

2
u0

1

a
.

As for the pressure term, we have that

∇p = µ∇2u

= − µ(∇×ω)

since ∇ ·u= 0 because u=∇× ψ and the flow is incompressible. That is, we are using

∇× (∇× u) = ∇(∇·u)−∇2u.
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So the pressure is determined by the C term. One can find

1

r

∂p

∂θ
=

µ

r sinθ

∂

∂r
(r sinθωφ)

and so

p = p0 + 2
µC

r2
cosθ

= p0−
3

2
µu0

a

r2
cosθ,

where p0 is the ambient pressure. The r dependence on p vanishes because ω is only in the φ̂
direction. So on the θ= π axis, we have a higher pressure as compared with θ = 0. So we have a
net pressure force. Let us look at the pressure term a little more closely.

p− p0 = −
3

2
µu0

a

r2
cosθ.

Recall that u(0) = u0e
(z). If we take x · u(0) = u0r cosθ. Then, the above equation for the pressure

becomes

p− p0 = −
3

2
µa

x ·u(0)

r3
.

Now note that
x ·u(0)

r3
is a particular solution to Laplace’s equation. Note that we have ∇2p = 0

and we have a potential dipole term (recall that ∇p = − µ(∇× ω) and if take the divergence of
both sides we get ∇2p= 0).

The pressure force term is

Fz
(p) = −

∮

S

pn · e(z)dS

=
3

2
µu0

∮

S

a

r2
cos2θdS

=
3

2
µu0

1

a
2πa2

∫

0

π

cos2θsinθdθ

=
3

2
µu0

1

a
2πa2

(

−
1

3
cos3θ

)

By symmetry we know that the force must be in the streamwise direction. Thus,

Fz
(p) = 2µπau0.

We also have that

Fi =

∮

S

σijnjdS

and n= e(r) so we need σrre
(r) + σθre

(θ). Then,

σrr = − p+ 2µ
∂ur
∂r

σθr = µ

(

∂uθ
∂r

−
uθ
r

+
1

r

∂ur
∂θ

)

.
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Finally, we get that

Fz
(v)

= 4πµau0.

Hence, the total force is

F = 6πaµu0e
(z).

The B and D terms do not contribute to the force. Only the C term matters. The B term cor-
responds to uniform flow so we did not expect that to contribute a force. As for the D term,
recall that ψ∼D/r so that u∼D/r3 and the stresses will look like D/r4. So the stresses vanish
like 1/r4 while the surface area increases as r2 so these terms vanish.

11/15/2007

Multipole Methods:

Suppose we have a sphere of radius a moving with velocity v centered at the origin. Then,

ui(x) =
3

4
a

[

δij
r

+
xixj
r3

]

vj+
1

4
a3

[

δij
r3

− 3
xixj
r5

]

vj

p(x) =
3

2
aµ

v ·x

r3
.

The nice thing here is that we have the formula in terms of regular cartesian coordinates. For
the ui term we call the first term on the RHS as the Stokeslet and the second term as the
Potential flow-dipole. Recall that

ψ =
1

2
u0r

2sin2θ

{

1−
3

2

a

r
+

1

2

a3

r3

}

,

where the last term
1

2

a3

r3
has a zero vorticity. Similarly,

δij

r3
− 3

xixj

r5
has zero vorticity. We have

that

ui
(2)

=

[

δij
r3

− 3
xixj
r5

]

Bj

=
∂

∂xi

(

xjBj
r3

)

and we have that

u(2) = ∇

(

x ·B

r3

)

and we have a potential flow: ∇ × u(2) (the superscript only refers to the respective term and
does not denote a derivative). For the first term,

ui
(1) =

[

δij
r

+
xixj
r3

]

Aj.
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Then,

ωi = ǫijk
∂

∂xj
uk

(1)

= ǫijk
∂

∂xj

[

δkm
r

+
xkxm
r3

]

Am

= ǫijk

{

δkm

(

−
1

r2

)

xj
r

+
δkjxm
r3

+
δmjxk
r3

− 3
xkxmxj
r5

}

Am.

Note that the last term is symmetric is j , k and ǫijk is antisymmetric in j , k so this term van-

ishes after summation. Similarly, with
δkjxm

r3
. Hence,

ωi = ǫijk

{

δkm

(

−
1

r2

)

xj
r

+
δmjxk
r3

}

Am

= 2ǫijk

(

Ajxk
r3

)

,

by switching j , k is the latter term. Furthermore,

ω = 2
A×x

r3
.

A =
3

4
a VI

=
3

4
aV e(z)

and

e(z)×x = e(φ)r sinθ

so that

ωφ =
3

2

aV sinθ

r3
.

We also need to verify that ∇ · u(1) = 0 (r � 0). Last time we showed that the fluid force on the
sphere is given by

FI = − 6πaµVI .
On the other hand, the force of the sphere on the fluid is

FÎ = −FI
= 6πaµVI .

Comparing this to A=
3

4
a VI , we get that

AI =
FÎ

8πµ
.

As for the pressure term,

p =
1

4π

F̂ ·x

r3
.
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All of this comes from the Stokeslet term, which we can write as

u =
1

8πµ

{

δij
r

+
xixj
r3

}

Fj

p =
Fjxj
4πr3

.

One can verify that

0 = −∇p+ µ∇2u+Fδ(x)

0 = ∇·u.

So if we take any sphere, radius R, and evaluate the force on the fluid, it always equals F . Note
that Fδ(x) is merely notation.

Boundary Conditions:

As r→∞, u→ 0. At r= a, we have

ui(x) =
3

4

[

δij+
xixj
a2

]

vj+
1

4

[

δij − 3
xixj
a2

]

vj

= vi,

so that we satisfy the no slip boundary conditions.

If we are dealing with a clean gas bubble with radius a we have that

u ·n = v ·n, on r= a.

or (v−u) ·n= 0. Also, the shear stress is > 0 and so

ǫkminm(σijnj) = 0

n× (σ ·n) = 0.

Then,

ui(x) =

[

δij
r

+
xixj
r3

]

Aj+

[

δij
r3

− 3
xixj
r5

]

Bj ,

for some appropriate A,B. After some calculation, we find that

B = 0,

A =
4πaµV

8πµ

=
1

2
aV .

For other example: liquid sphere, external (r > a) flow is same format. In general, the force mul-
tipole expression can be written as

0 = −
∂p

∂xi
+ µ∇2ui+

{

Fi
(0)
δ(x) +Fij

(1) ∂

∂xj
δ(x) +Fijk

(2) ∂2

∂xj∂xk
δ(x) +�}

.
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Can we always neglect fluid intertia? In Stokes flow, u ∝
Va

r
. This is when we have a moving

sphere, where the fluid is at rest at ∞. Recall that our equation of motion is

ρ
Dui
Dt

= −
∂p

∂xi
+ µ∇2ui

and we have that Re=
Va

r
≪ 1 so we can ignore the intertia term. Does this hold away from the

sphere? The intertia term is ρu · ∇u. Some quick dimenional analysis gives us

ρu · ∇u → ρ
V 2a2

r2
1

r

µ∇2u → µ
Va

r

1

r2
.

This gives us that the ratio of Va to µ/p is
Va

ν
: 1.

A flow past a fixed sphere, we have that u = u(0) as r → ∞ and we have that u behaves like

u(0)−
u(0)a

r
. Hence, the intertial term is given by

u · ∇u ∼ u(0) ·
u(0)a

r2

for r≫ a. Then,

ν∇2u ∼ ν
u(0)a

r3
.

If we look at the ratio of terms, we get
u0r

ν
: 1. For a fixed sphere, we require that

u0r

v
∼ O(1)

everntually. So we should correct for this because we need this to be small. Hence, we introduce
the Oseen correction to drag force:

F = 6πaµ uI {

1 +
3

8
Re

}

.

In 3D, consistent stokes solutions are possible. In 2D, flow past a cylinder is a problem.

Hele−Shaw Cell:

We have a flow between glass plates, narrow gap h. For the length scales, we have h,D, L where
h≪D≪L. In a steady flow, we have

u · ∇u = −
1

ρ
∇p+ ν∇2u

∇ ·u = 0

where

µ∇2u = ν
{

u0

D2
+
u0

D2
+
u0

h2

}

where the RHS refers to x1, x2 and x3 terms. For u1, u2 we have u0
u0

D
. The nonlinear terms

versus the viscous terms are

u0
2

D
vs ν

u0

h2

↓
u0h

ν

h

D
: 1
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where
u0h

ν
is small and

h

D
is very small. Hence the effect of the nonlinear terms are neglible. So,

for u1, u2 we have that

0 = −
1

ρ
∇p+ ν∇2u.

Hence, we would get a parabolic velocity profile for u1, u2 in x3 and u1, u2∝∇p. Also,

0 =
∂p

∂x1
+ µ

∂2u1

∂x3
2

and u1 = 0 at x3 =0, h. Also,
∂

∂x3
(
∂p

∂x1
) is negligible. In summary,

(u1, u2) ∝

(

−
∂p

∂x1
,−

∂p

∂x2

)

∇ ·u = 0

∇2p = 0.

So we actually observe 2D potential flow past a circle.
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