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In this paper two reliable and efficieatposteriorierror estimators for the Bubble Stabilized Discontin-
uous Galerkin (BSDG) method for diffusion-reaction prabgein two and three dimensions are derived.
The theory is followed by some numerical illustrations.
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1. Introduction
In this paper we consider the following diffusion-reactemuation: findu: Q — R such that

{—D-sDu+Tu:f in Q,

1.1
u=0 ondQ, (2.1)

with f € L2(Q), a reaction coefficiert > 0 and a diffusion coefficient that is piecewise constant @hea
element and satisfiegx) > & > 0. We assume that there exists a conspantO such that|x, < p€|,
for two elements satisfyingk; N dk, #£ 0, i.e. in other words that is of bounded variation from one
element to the other.

The Bubble Stabilized Discontinuous Galerkin (BSDG) wast fileveloped for Poissons’s problem
by Brezzi and Marini (2006) for the non-symmetric formutatiand by Burman and Stamm (2008c) for
both the symmetric and non-symmetric variants. A more rdfarelysis was then presented by Burman
and Stamm (2008b). In Burman and Stamm (2008a) the methodxtaxsded to the diffusion-reaction
problem as described by equation (1.1) and to time depempdebtems. Further, superconvergence of
some residual quantities, that play an important role inufpeominga posteriorianalysis, are pointed
out. In addition, the BSDG-method has a close relation toctassical mixed lowest order Raviart-
Thomas method.

A posterioriestimations for discontinuous Galerkin methods is a reaedtfast developing research
area. First results were published by Karakashian and P@g8); Riviere and Wheeler (2003) and
Becker et al. (2003). A posteriori estimates are mostly dese@groblems with lower regularity of the
exact solution, i.e.u € H(Q) in order to solve problems where a local refinement strateggally
needed. Therefore, the theory of a posteriori estimateduvdeer developed in (Ainsworth, 2007; Ern
et al., 2008; Houston et al., 2007, 2008; Stephansen, 2003olvide estimates that are firstly build
on the assumption ai € H(Q), instead ofu € H?(Q) as in some of the earliest works. Secondly,
attention is given to have a better and if possible an expiimintrol of the constants. A posteriori
estimates with strongly variable diffusions coefficients discussed by Ern and Stephansen (2008)
using the technique of weighted averages. Based on a pmsestimates, adaptive refinement strategies
were designed by Hoppe et al. (2008); Karakashian and P@&ga1); Bonito and Nochetto (2008) and
global convergence towards the exact solution can be proven
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For a large class of non-conforming approximations, a pmsterror estimates were developed by
Carstensen et al. (2002). A posteriori error estimatesHferltDG-method can be found in (Bustinza
et al., 2005) and for the Stokes problem in (Houston et abD520

In this paper we develop two a posteriori error estimatorgtfe Bubble Stabilized Discontinuous
Galerkin (BSDG) method for diffusion-reaction problemstwo and three dimensions. In favour of
a simple presentation of the main arguments of the a posterimr estimations, the theory is first
developed for the pure diffusion equation. The first errdingstor is given by the classical quantities
such as the residual of equation (1.1), the jump of the apmration and the jump of the flux over faces
of the mesh. The main result of its effectivity and relialils given by Theorem 5.1 and 5.2. Due to the
particular properties of the BSDG-method, some of the albmsed quantities are bounded by the local
oscillation of the data. Out of this conclusion we derive $keond error estimator which is only based
on the oscillation of the right hand side and the "oscillatiof the jump of the approximation over
faces. This error estimator is shown to be effective andlpédiin Theorem 5.3 and 5.4. Numerical test
verify the close relation between the two estimators anadvsheoery stable behaviour for smooth and
non-smooth functions. Once, the mechanisms of the estis&iothe diffusion equation are analysed,
the theory is then extended to the reaction-diffusion eqoand the upper and lower bounds of the
estimators are given by the Theorems 6.1 resp. 6.2. The angsrof the extension are mostly based
on the fact that the reaction term is a low order term. Theesfid the reaction is sufficiently resolved
by the mesh sizé, i.e. h~ \/&/1, similar results as in the pure diffusion equation are tagcally
expected and also were numerically shown.

This paper is organized as follows. In Section 2, we firsoidtrce the notation used in this paper
whereas in Section 3, the BSDG-method is presented togettiea statement of tha priori estimates
developed by Burman and Stamm (2008a). In Section 4 we estdbé splitting of the bubble enriched
discontinuous finite element space in a conforming and acomfierming part. This splitting is then
used in Section 5 to derive tlaeposterioriestimates for the diffusion equation and in Section 6 for the
diffusion-reaction equation including numerical resuiection 7 is left for the conclusions.

2. Notation

Let Q be a polygonal domain (polyhedron in three space dimenpiof, d = 2,3, with outer normal
n. Let.# be a subdivision of2 ¢ RY into non-overlapping-simplicesk. Suppose that eaghe .7 is
an affine image of the reference elemgnt.e. for each element there exists an affine transformation
T¢ i K — K.

Let % denote the set of interior face@(— 1)-manifolds) of the mesh, i.e. the set of faces that are
not included in the bounda@Q. The set%. denotes the faces that are included®i? and define
F = .7 UZ%e. Denote byl" the skeleton of the mesh, i.e. the set of points belongingded,” =
{xe Q|3F € F st.xeF}.

Assume that#” is shape-regular, does not contain any hanging node andsc@vexactly. For
an elemenk € .7, hy denotes its diameter and for a fadgec .%, hg denotes the diameter éf. Set
h = maxc_» hx and leth be the function such than;é = hg andh|'§ = hg forall k € 2# andF € .%.

For a subseRC Q orRC .Z, (-,-)r denotes thé.?(R)-scalar product] - ||r = (-, -)lR/2 the corre-
sponding norm, anfi- ||s r theH3(R)—norm. The element-wise counterparts will be distinguishsing
the discrete partition as subscript, for example) » = 3 < » (-,-)x. Fors>1, letH3(.%") be the space
of piecewise Sobolet*—functions and denote its norm By ||s .

In this papeic > 0 denotes a generic constant and can change at each oceyrsile an indexed
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constant stays fix. Any constant is independent of the mesgthse andt, but possibly dependent of
p.

Further let us define the jump and average operatord- Eix%#; and thus= = k1 N ky with K1, K> €
K. Letve H2(<%f) and denote bys, v, the restriction o to the elemenky, k2, i.e. v = V|, resp.
Vo = V|, and denote by, ny the exterior normal okq resp.k,. Then, we define the standard average
and jump operators by

{v} = J(vi+v2), [V = vang + Vo,
{Ov} = 3(Ov1 + Dvy), [OV] = Ovy - ng + Ovp - ny.
Still for inner faces € %, letng € {n1,n,} be arbitrarily chosen but fixed. Then, observe that
V] - {Ow} = [V - ne {Ow} - (2.1)
for all v,w € H?(.#"). On outer face§ € .%. we define the average and jump operators by
{v} =v, [V] = vn, {0Ov} =Dy, [Ovl=0v-n
wheren is the outer normal of the domai@. The following integration by part holds.
LEMMA 2.1 (Integration by parts) Letw € H?(.%"), then

(e0v,0w) 5 = —(0- eDv,w) 5 + ({e0v}, [W]) 7 + ([e0V], {w}) 7. (2.2)
Proof. Equality (2.2) results from element-wise integration bytpand applying the definitions of the
standard jump and average operators. O

2.1 Finite element spaces
Let us denote byhp the standard discontinuous finite element space of dggke® defined by
VP = {vh € L%(Q) | Vh|x € Pp(K), VK € X},

wherePp(k) denotes the set of polynomials of maximum degpesn k. Consider the enriched finite
element space, which will use for the discontinuous Gateskheme, defined by

Vbs = Vi & VP,

with
VP = {vh € L2 Q)| wh(x) = ax-x, a € P}

and wherex = (x1,...,Xq) € Q denotes the physical variable. Observe that[vy, € Vr? and that
Ovy - NE is constant along faces for adl € V. For details oy and proofs we refer to (Burman and
Stamm, 2008a,b). Byﬁc, we denote the piecewise linear continuous finite elemeattesdefined by

Vie = {Vh € C%(Q) | Vilx € Pa(K), YKk € ¢ }.

Let us additionally define some functional space that ctssisfunctions only defined on the skeleton
I of the mesh:
W2 = {vh € L3(I") | vi|r € Po(F), VF € F}.
Letve H(#') and define by{v}, [v] the L?-projection of{v} resp.[v] ontoW? resp.\W7]9 , i.e.
(v wh)z = ({VhWh)z,  Ywn €W,

(M, Wh).# = (V. Wh) 7, Ywh € WIJ°.
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2.2 Technical lemmas
In this section we recall some well known results. For theofgsave refer to the book of Ciarlet (2002).

LEMMA 2.2 (Inverse inequality) Let, € Vs, then there exists a constamt> 0 independent afi such
that

¢ H[*Avi|l < [IROVA||L < o |[valle-
Next, we present the standard trace inequality for disaetenon-discrete functions.

LEMMA 2.3 (Trace inequality) Let € [H(#)]™ andw, € [Vbd™ with m € {1,d}, then there exists a
constantt > 0 independent afi such that

_1 1
1wl + 1M ll> < or (I3l + 2 DviL )
_1
1vh} sz + 1l < crlin e

Finally, we define the following norms by

2 R WIL: 3y -2 0112
IVIII" = lle2Dv]l% + & 22 V][, (2.3)

1
[IVIIZ = VI + T2 vIiZ (2.4)
for allve HY(.#") and where

e max(€|x,,&lk,) If F=0K1NdkK2 € F,
P el if F=0KkNoQ € Fe.

Observe that the norm defined by equation (2.3) is indeedra dae to the Poincaré inequality proven
by Brenner (2003).

2.3 Projections
We denote byt : L2(Q) — VP the L2-projection ontdv, defined by

/ T (V)Wh dX = / whdx Y, € VP
Q Q
Thenrm, satisfies the following approximation result: he¢ H PH1(_7), then

v 1o+ [R0(V = Ttw) e < ChP V] pgp- (2.5)

Additionally let us denote bys; : HY(Q) — Vhl,C the Scott-Zhang interpolant, (Ern and Guermond,
2004; Scott and Zhang, 1990), satisfying the following appmation result: ifve H(Q), then

R4V = Ts¥) [l + ID(v = Is¥) | < ]| O]z (2.6)
In addition, the the Scott-Zhang interpolant conservesdgeneous boundary conditions, iTgv|yq =

oif V|5_Q =0.
Finally, we present the following projection that will beefigl for the a posteriori analysis.
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LEMMA 2.4 Leta, € Vr? andby, ¢, € Wr? be fixed. Then, there exists a unique functigre Vs such
that

¢ = o,
{eD(pn}h:-np = byl VFeZ, (2.7)
{milr = ol VFeZ.

Moreoverg, satisfies the following stability result
112 -11 2 11—
€27 |5 +[l& *h2[e0n][| %+ &7 h > (@]l %
2 (edn—1a 12 “30 3012 332
<5 (lletn tanlB + les Pndbull+ Iefn b3, ). @9)

Proof. We refer to Lemma 9 in (Burman and Stamm, 2008a) to get existand uniqueness of the
projection as well as the following stability estimate

1 1 11 1 -1 1o 1
le2n " n]1% + lle2 0|5 + [l&n ?[%]I%SC(IIe?h Yan||% + & *hZbn|% +[|&h ?chliq)

in the case okt = 1. The extension to general diffusion coefficieatss straightforward. Applying
additionally the trace inequality, Lemma 2.3, and usingsttaility of the facewis&2-projection yields
the estimate (2.8). For reasons of completeness the pratibished in the appendix. O

3. Bubble Stabilized Discontinuous Galerkin Method

The BSDG-method consists of the classical bilinear fornttier Symmetric Interior Penalty Galerkin
(SIPG) method without jump penalization operator and thebleienriched discontinuous finite element
spacé/s. The problems consists of: fing, € Vs such that

a(un,vn) = F(vn) YWh € Vs, (3.1
with
a(v,w) = (e0v, 0w) - — ({e0v}, (W) 7 — ([, {e0W}) 7 + (TV, W) r
F(w) = (f,vn).r
for all v,w € H?(.¥").

REMARK 3.1 The discrete solution, of (3.1) satisfies the following local mass conservatiorpprty

/Tuhdx—/ {sDuh}-ans:/ fdx Vkez.
K Jk K

The corresponding priori estimates are developed in (Burman and Stamm, 2008a) fdiusidn
coefficient equal to one. However, the results can be extetawlgeneral piecewise constant diffusion
coefficients in a straightforward manner.

ProPOSITION3.1 (Inf-sup condition, Proposition 1 in (Burman and Stan2@08a)) There exists a
constant > 0 independent dfi such that forr = 0 or, T > 0 with h? < cs¢/T on each element for some
constants > 0 independent dfi, € andt, there holds

a(Vh, Wh)

Wh €Vbs,  Clfvnllle < sup :
0wheVbs | Whllle
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COROLLARY 3.1 (Stability) Under the assumption of Proposition 3.&, discrete problem (3.1) has a
unique solution. Furthermore the following estimationdsol

1
llunllle < clle™2 f[|x-

THEOREM3.1 (Convergence in energy ahé-norm, Theorem 1 and 2 in (Burman and Stamm, 2008a))
Letu € H?(Q) be the solution of (1.1) angl, be the discrete solution of (3.1). Under the assumption of
Proposition 3.1, there holds

lu— [l + hifJu— unlle < chPlulz .

PrRoOPOSITION 3.2 (Superconvergence of residual quantities, Proposfian (Burman and Stamm,
2008a)) Letuy be the solution of (3.1). Then, under the assumption of Ritipa 3.1 the following
estimation holds

#Tun] |5+ il 2 (F + 0 0un — Tun) ||+
1
<eh(lle72(f = 1of)l|w +hile e )

_Li 1
& *h2[e0un]||.# + [[&F b

and if f € H'(.#") there holds

1 11 1
ll€r 202 [Oun][|.7 + [l&f b2 [un][|.# + i€ 2 (f + O- e0un — Tun) ||

_4 _
<ot (|l 7201 Ly + Tlle ). )

independent of the regularity of the solution.

Observe that in Proposition 3.2 all the quantities are tedithased and that the result also holds for
non-convex domains.

4. Splitting of Finite Element Space

In this section we define a continuous interpolation operateplit the discontinuous finite element
spaceVys in a conforming and a non-conforming part. We further dedveorm equivalence result
between the non-conforming part of the energy norm and th@emnergy norm for non-conforming
functions in the spirit of Houston et al. (2008).

Let us first as preliminary result introduce a continuousripblant. Fixk € " and for any vertex
vink,seti, = {k' € % |vek}. Then, forw, € V!, defineIow, locally in k by the value it takes
at all the vertices ok by setting

1 i '
Icwh(v):{ Gardzg) Sres i) LY € e @4.1)

|f Ve Nex[,

whereNi; andNex: denotes the set of interior resp. exterior nodes. Cleagly,, € Vr%c- There exists
¢ > 0, such that the following estimate holds (Karakashian aast&l, 2003, Thm. 2.2):

_1
[0(Vh — Tevh)[l# < b2 [w] || 7,
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for all v, € V1. This result can be extended in order to take into accourdifhesion coefficient which
yields

€2 0(vh — Tevi) | ¢ < CcHSFh (vl (4.2)

as long as the diffusion coefficient is of bounded variatioroas faces, which we assume here, and the
constant. gets dependent qo.

Further al2-estimate can be shown. Indeed, using the norm equivaldrdisarete spaces we get
that there exists a constamt- 0 such that

1 1 1o 4 2 P!
lekn 1<vh—1cvh>|f<c(|e2D<vh—Icvh>||x+||szh z[vh]n%f) <cledn twlls  43)

where the second inequality is deduced from (4.2) We will nee the technique of splitting the finite
element space into a continuous and discontinuous par{Hcfuston et al., 2008). In our case, only
the part of piecewise linear functions need to be split stheespace of additional bubblV# does not
contain any continuous function satisfying the homogesdmmundary conditions. Thus, we focus first
onVil. DefineV,™" =Vl NHZ(Q) and denote its orthogonal component with respect to thedsiti form

(0N, OW) ¢ + (TV,W) ¢ + (b 1V, W) 7,  Wwwe HY(%)
by th_ Indeed this splitting is a direct sum. In the particularecaét = 0 this property is conserved
by the Poincaré inequality, i.e. by the fact that
1 1
le20vhl[3 + 16252 vl 13

is a norm.
We finally splitVps in a continuous par, 1" and define the complementary part 4y, =

1L
V' @VP. Then, we are ready to stage some norm equivalence resutterongv;:.

LEmMA 4.1 (Norm equivalence fdv’#*) Fort =0 or, T > 0 with h? < cs&/T on each element for
some constants > 0 independent olf, € andt, there exists a constaot> 0 only dependent op, cs
andc such that for eacly: € Vhl'l there holds

Vi e < cllefn2 [t
Proof. Letvy € Vhl’L and observe that for any}, € Vhl'H we may write
[IVa (12 = (60viy, O(Viy = W) + (TVi, Viy — W) + (&b Vi |, [V — Wh]) 2
< IV lle Nlviy = willle
by the orthogonality relation betwe@sﬁ'l andvhl"'. Therefore

2 L vl 2 ] 2 3, -1 2
v lll2 < 1£200vh —wWi)lIZ + 172 (v —w) 15 + [l&g b~ 2 [vy ]| 5

Denote byl : Vi — V"

yields immediately

the continuous interpolant defined by (4.1). Fot 0, choosingy,, = IeVi

vl < cllefn vl »
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by (4.2). Fort > 0, the condition orr and (4.3) implies that

1 1 o1
IT2(viy = Teviy) | < Cslle2h™ (v — Ieviy) |l <cllefh™2 (] ] »
Note that only here enters the dependence on the constaat on O

LEMMA 4.2 (Norm equivalence forP) There exists a constant> 0 such that for eacif) € VP there
holds

o1
IVRllle < clleZn2 (vl 7

1
Proof. We will first prove that||&? h 3 [1ll.# is a norm oV and then conclude by norm equivalence

1
on discrete spaces. Thus assume ff&gth 2 [Vg]|| > = O for somew? € V. In consequence is a
continuous function of the fornf = ax-x with a € R and in addition

02Vﬁ|ao =ax-Xyo

and thereforer = 0. In consequeno&ﬂ = 0 and the inequality follows by norm equivalence on discrete
spaces. O

LEMMA 4.3 Lety} € Vhl’l andv? € VP. Then there exists a constant 0 such that there holds
3y —inl FTRETN I T
lef b2 [V ]l 7 + &8 D2 Vi [|.7 < cll&f b2 [viy + W[l #
Proof. This inequality follow by the fact that the decompositleﬁ'll +Vr? is direct. O
COROLLARY 4.1 Fort =0 or, T > 0 withh? < cs¢/T for some constards > 0 independent df, € and
7, there exists a constaat> 0 such that fow; € V5 = V" @ V? there holds
o1
lIvirllle < clle?n2 [vy]].7-

Proof. Combining the triangle inequality and Lemma 4.1, 4.2 andyieRis
11 11 11
[Ivi +VRlle < IV lle + IIVRllle < 167872 Vi ][l7 + |62 82 (V] .# < cll&? b2 [viy + W [|.»

wherevi = Vi +W € Vs = Vi VP O

5. A posteriori estimatesfor the BSDG method for the diffusion problem

Let us first discuss the pure diffusion equation, i.e. eguafll.1) witht = 0. The extension to the
diffusion-reaction equation is presented in Section 6.
Let us define the following local error indicators

_1 i1
’7}%,« = ||g zh(f + D"‘:Duh)Hiv n.JZ,K = %H£F2h 2 [uh]HgK’ ng

_1
1 5 2
K= ?”gF *h2 [Duh]HdK\dQ
and denote their sum by = nd, +n2, +né,.

THEOREM 5.1 (Upper bound) Leti € H(Q) be the exact solution of (1.1) and la} € Vi be its
BSDG-approximation. Then, there exists a constant0 such that there holds

lu-ull*<c S nZ
KEHX
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Proof. Observe that foe = u— uy, there holds
2
IHeIIIZ—Hs?DeerIISFh 3 lun]|1% IIS?DeHwL\fIISFh 2[]||<¢< > n?.K) : (5.1)
KeEHX

Further splitu, = u};+ uh with U, € Vs andug- € V5. Define the error bg=u— u, = u—uj, — u- and
denotee' = u—u}, € H}(Q). Thus we may write

||e2 Oe|l%, = (e0e,0€") » — (€0e,0uf ) = 11+ 1. (5.2)
Let @ € H3(Q) and develop the first term
l1 = (¢0u, ") — (e00un, (€' — ¢h)).» — (60Un, Ogh) ¢ -

Observe firstly thate[u, 0€") » = (f,€") » sinceu € H3(Q) is the exact solution and' € H}(Q),
secondly that by integration by parts

—(0un, 0(€' =) = (O - €0un, €' — ¢h) » — ([€0un], €' — ¢h) 7,
sincee' — @, € H3(Q). Thirdly sincea(un, ¢h) = F(¢) implies that
—(€0un, Oan)e = —(f, @) — ([un], {e0@n}) 7 = —(f, ) — ([un], {e0@}) 7.
Respecting all three arguments yields
l1=(f+0-e0un, €' — ¢h) » — ([€0un], €' — ¢h) 7 — ([un], {e0an}) 7.

Now, chooseg, = Is£', Is; being the Scott-Zhang interpolant defined by (2.6). Usirg@auchy-
Schwarz and trace inequality, the approximability &hidstability of I, yields

1 1 14
1 <|le"2h(f + 0-e0un) || €207 (€' — Is") | + [|& 2 5[£Duh]I\QIISFh be - 12 5

1 1 _Li
+ll&fh 2 [un]|l 7 || & *h2{e0Is£'}| >

1
2 2
1
S¢ Z rll%,K"’rlJZ,K"'rlg,K |£2Dél|=}ff<0< z nl%,K"‘ng,K"'rlg,K) lllelll (5.3)
KEX KEX
since
1
le20€'|l = [l€'lll < lllefll + lunlll < |||6H|+CH£Fh 5 lup]ll» |||eH|+CH£Fh tlell> <cllell

using the norm equivalence of Corollary 4.1.
For the term, observe that

1
2

< lle2 06l lle20ug e < Ilellllutlll < cliell &2~ 2wl » c|||e||< m) (5.4)
KEX
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applying again the Cauchy-Schwarz inequality and the nayoivalence of Corollary 4.1 combined
1
with the fact that|e2h~2 [¢']|| » = 0. Respecting (5.3) and (5.4) in (5.2) resp. (5.1) finallydse

2
|||e||<0< né,K+n§,K+né.K> -
KEX
]

The conclusion of Proposition 3.2 is that all the informatabout the error of the approximation
contained in

1 -~ _1
B [Cun)l + |28 3 un] |+ hlle 2 (F + 0 e0un) |

_1
& *h
is bounded by the terrin||s*? (f —mf)||», atleast on a global level. Secondly, in the case of resolved
data and oscillation, i.e. th‘ﬂ\\e*% (f — f)||» is scaling a$?, the leading term of the error estima-

1 _
tion is || &7 h*%([uh] — [un])||% and scales likd. This is the motivation to introduce the fluctuation or

oscillation of the datd on a given element ogg resp. of the jump of the solutiam, on the boundary
of a given element ogg by

_1 L1 —
osG. = e 2h(f—mf)li  and  os§, = 3/&?h 2 ([un] — [Un])[I5,

as possible error estimators. Further we definé @sosc%’,( + osc'ﬂz’K. Remark that osgx can alter-

natively be interpreted as the oscillation of the residirades - é0u, € V0 for un € Vs and therefore
05@, = |[h(I — m)(f + O-€0uy)||Z which justifies the notation, i.e. tfRin the index. Note that
denotes the identity operator. Then, the estimagtois locally equivalent to the oscillatory term @sc

LEMMA 5.1 There exists a constant- 0 such that there holds
0SG < Nk < COS(, VK € X . (5.5)

Proof. For the first inequality of (5.5) observe by the stability loét.2-projection and sincél - e0uy, €
V0 that

1

_1 1

0s@, = [le~2n(f — uf)|2 = [le2n(I — 1) (f + 0-£0up)|2 < ||~ 2h(f + 0 e0un) |2 = nd,
11 1y

056 = 3/l&7h ™2 ([un] — [un]) (13, < 311&7 B2 [un] (15« = ..

For the second inequality of (5.5) we use a localized varddrRroposition 3.2. Fixx € 2# and let
¢h.x € Vis be the projection defined in Lemma 2.4 with

—de n?(mf +0-e0uy) if k' =k,
ah|K’ = 0

otherwise
bl —dgeh Mup)|F -ng  if F C Ok,

nF=Y 0 otherwise
tolF = derth[e0up)|r  if F C dk,

nF=Y 0 otherwise
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for all k' € 2 andF € .# and withd > 0 an arbitrary constant. Let us denote)gythe characteristic
function such that
1 if k' =k,
XK|K’ = .

0 otherwise
Then, integration by parts yields

a(Un, Xk thx) = — (0 €0Un, Xk ToGh k) + ([E0UR], {Xx @i }) 7 — ([Un], {Xk €Dk }) 7
=1+ 12413,

sinceeluy, - Nk is constant along faces. For the first term we can write

1
l1=—(0-&0un, an)x = —(Tof +0-€0un, an)x + (Tof, @)« = 8]|€2h (Mo f +0- £0un) || + (Tof, @i )k
by the property of the projectiog, . Observe for the second term that

Xt e = (X F + 20X - [l

for all F € .%; and therefore we develop, using the property of the prajadti ., the Cauchy-Schwarz
and Young’s inequality,

l2 = ([e0un], {Xx i 1.7 = 3 ([€0un], {@hFox a0 + 3 ([E0UR], [@hi] M)k 00

_1 _1 11
> 831& 202 [e0un]||54 00 — 711& 202 [€0UN] [lak\00 182072 [@hi]llo\a0

_1 1 1 i
> 3(8 - 3)ll&r 202 [e0un]l[5000 — 311672 2 [¢hll54-

Similarly we observe that

[Un] - {Xx €0« }HF = [un] - {€0@h H X HF + 3 Un] - [Xc] [€0@hk]lFr00

= [un] - e {0k} - ne{ Xk }HF + U] - Xkl [€0@h k][R 100

for all F € . and thus we may write

(ﬁ {Xx€0@hk}) 7 = —3([un] - "e, {e0hk} - MF)axc — 5 ([Un] - Nk, [E0Gh k) o002
1 1 _l

%Heph ETun]lI3, — 2letn 2 u ]HﬁK”gF2h2[€D%K]”ﬁK\dQ

(0 _71)||€F§h7§[uh]”12?K_%H£F 2h§[“:D(PH,K]||6f<\dQ-

Further observe by the stability estimategf that

NIl=

-

1
& *h 2[5D%K]||a;<\ag+||5ph 2[%K]H0K

- 11 11—
<G (Ile 2h(of +0- e0un) % + 3/l&r >0 [e0Un] |54 00 + 3ll€2 072 [Uh]|z27K)
wherec, > 0 denotes the constant from (2.8). Thus, using thas the solution of the discrete problem
we get

_1 2
2 uh]HdK

ol

-1 2. .1
(6 )IIS Eh(rof +0-£0un)|2+5(5 - 1 - )& 02 [e0un][5400 +3(5— 7 — ¢)ll&h

< a(Un, Xk thx) — (Mo, Xk thx )k = (F = 1o F, @i )k
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& @
Now, choosingd = 2 + £ yields (6 — 2 — 2) = 3 and(6 —

into account the stability estimate ¢f « we may write

C2
2) = 2 > 1. Additionally taking again

i 2
2 [uh]HdK

_1 2 _1 2 1
le” 2n(mof+0- 0un) g + 3/l& *h2[e0un] 5,90 + 3/ & B

1
< (f—of, @i )k < 0S& ||E2h 2 ah kI«

1
-3 2, 1)o7 2ps 2 13-z )2
< Cp0SRk | [le2h(mof + O- e0un)li + 31/& *h2[€0uUn][[54 90 + 211670 [Un] |5,

and therefore

1
% [un] | gk < Cp OSGRk- (5.6)

_1 i
le”2h(mpf + 0-e0un)|x + NFx + 3/€20
Further observe that

1 1 1
Nrx = ||€ 2h(f +0-e0un) |« < [|€ 2h(f — Tof)||« + || 2h(Tof + Aup)||x < (14 Cp) 0SGR«,
(5.7)

o1 o1 o1
Nak = 3/1&2 072 [n]|lgx < 31162072 ([Un] — [Un])llox + 3162 0 2 [Un]|| 9k < OSQ K + Cp OSGR-

O

REMARK 5.1 Observe that if the constazy is sufficiently small, then the constant in (5.5) is close to
one.

THEOREM 5.2 (Lower bound) Leti € H(Q) be the exact solution of (1.1) and lat € Vi be the
BSDG-approximation. Then, there exists a constant0 such that there holds locally

L1
nZ < 316202 [u—unl[|5, +cosy, (5.8)
and globally
Y né<llu-ullP+c Y o0s&,. (5.9)
KeHX KeA

REMARK 5.2 Note that for regular right hand side, i.e< H1(.#"), the quantity 0Sgx converges to
zZero ashﬁ whereas 0sg converges to zero dx%.

Proof. This is a direct consequence of the second inequality of tlxé@qus lemma, Lemma 5.1, with a
sharper treatment of the constant. Indeed, note that

1 1
2 5. —% 2 51— 2
N5k = 3lle2h "2 [un]|15¢ = 316282 [u— ][5,

and by (5.6) and (5.7) that
Rk +Nfx < COSGy.
Finally summing over all elements leads to the global edtma O
Recall that by Lemma 5.1 the error estimatgr and the oscillation indicator og@re equivalent

as error estimations fdjju— up|||. Thus we propose the oscillatory terms pss error estimator and
derive the following upper and lower bounds.
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THEOREM 5.3 (Upper bound) Leti € H1(Q) be the exact solution of (1.1) and la} € Vps be the
BSDG-approximation. Then, there exists a constant0 such that there holds

lu-wl?<c 'y osg.

KeA
Proof. This is a direct consequence of Theorem 5.1 and Lemma 5.1. O

THEOREM 5.4 (Lower bound) Leti € H(Q) be the exact solution of (1.1) and let € Vs be the
BSDG-approximation. Then, there exists a constant0 such that there holds locally

OS(ﬁ 2”5 h™ 2 u uh]HﬂK—’_OS(%K

and globally

T 0s@ < lu—ulP+ ¥ 0s,.

KEHX KEA
Proof. The local result is a direct consequence of the definitiohefstimator osc Indeed

1 1 1
1023 —4 2 10234 2 1 e2n—5 2
05 = 3/l&#h ™2 ([un] — [n]) 13 < 3116782 [un) (54 = 31167072 [u— un]|5,
Finally summing over all elements leads to the global edgéma O

REMARK 5.3 Observe by Proposition 3.2 that fére Vr? the error estimaton, and the oscillation
indicator osg coincide and that
Nk = Nyk = 0SG = 0SQ k-

5.1 Numerical examples

Let us briefly present the test problems used for the nunieests.

i) Problem with smooth solution
We consider problem (1.1) with(x,y) = 2(2— x? — y?) ande = 1 on the squar€ = (—1,1)2.
The analytic exact solution is given lyx,y) = (x> — 1)(y> — 1) € C*(Q). A sequence of un-
structured meshes is considered.

i) Problem with irregular solution
Now choose the followind-shaped domainQ = ([—1,1] x [-1,0]U[0,1]?)°. We consider
problem (1.1) withf =0, € = 1 and non-homogeneous boundary conditions such that thicsol

is u(xy) = (< +y?)3sin (% areten (3»

where arctanis chosen in the manner that it is a continuous function attgavithy = 0. One
can prove thati ¢ H2(Q). A sequence of unstructured meshes is considered.

We analyse the effectivity of the error estimators derivethie previous section for the test problem i)
and ii). To do that we define the effectivity index by

1 1
(ZKG%’ ’73) 2 and estc: (zKe% OS(%) 2 )

eff, =
T fu—un] [l[u— unll

(5.10)
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h lu—unl]| effy effosc Cn,0sc

0.2 3.30E-01 0.72745 0.72425 1.00443
0.1 1.71E-01 0.72383 0.72237 1.00203
0.05 8.50E-02 0.72292 0.72261 1.00043
0.025 4.42E-02 0.72906 0.72898 1.00010

Table 1. Effectivity of a posteriori error estimators fost@roblem i) with smooth solution for different mesh sizes.

h lu—unl]| effy effosc Cn,o0sc

0.2 1.34E-01 0.65123 0.65123 1
0.1 8.64E-02 0.65179 0.65179 1
0.05 5.62E-02 0.67006 0.67006 1
0.025 3.51E-02 0.65788 0.65788 1

Table 2. Effectivity of a posteriori error estimators fost@roblem ii) with non-smooth solution for different mesres.

In order to compare the error estimatgrs with the oscillation estimator ogave define the following
coefficient

NI

(ZKE% rl;%) .
(XKE%/ 03(1%)2

Note that we do not apply a refinement strategy by adaptivitytaat a uniform refinement of the
mesh is considered.

Table 1 shows the energy-error, the effectivity indiceshaf two estimators and the coefficient of
the two estimators for different mesh sizes and for the tesblpm with smooth solution. Note that
the two estimators are really equivalent for this test probland that the effectivity index for both
estimators is smaller than one, which in turn means that rosstimation of the error held, but a slight
underestimation and can be explained by Theorem 5.2 and 5.4.

Table 3 illustrates the same quantities for the test probilgimnon-smooth solution, i.e. test prob-

lem ii), for different mesh sizes. Observe that accordinBémark 5.3 the two estimators are identical
and thuscy) osc = 1 sincef = 0.

Cnh.,osc=

(5.11)

6. A posteriori estimatesfor the BSDG method for the diffusion-reaction problem

Let us discuss the extension to the diffusion-reaction gguoia.e. equation (1.1) witlh > 0. The above
developed theory remains valid with some modifications amdarks. Of course the reaction term has
to be taken into account for the quantities related to thidwesand therefore we may write

1 1
Néx=lle 2n(f+0-e0up—Tun)|z  and  osg, =& 2h(I —1o)(f — Tun)|[%

whereas the estimatorg «, Nr« and osg, remain unchanged. Using now the energy-ndjm||e
defined by (2.4) and the above definitionmpf x keeps Theorem 5.1 and Lemma 5.1 valid with only
minor changes. Details are left to the reader. In principtgBsition 5.2 remains also valid, but since
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h lu—unll| effy effosc Cn.osc

0.2 11.7226 0.956837 0.956837 1
0.1 11.286 0.956655 0.956655 1
0.05 10.7981 0.956694 0.956694 1
0.025 10.2732 0.956851 0.956851 1

Table 3. Effectivity of a posteriori error estimators fost@roblem iii) with heterogenous diffusion coefficient fiifferent mesh
sizes.

0sk« depends on the solution itself and not solely on the dataldaisr bound is questionable. As
remedy we propose the following solution: splitting theidaal oscillation term into two parts yields

1 1 1
> 08G, = [le”Zh(I — 10)(f — Tun) |15 < 2[le72n(f — 1of)||% +27%e” 2h(un — Toun) ||
KEA

and bounding the second term by using the stability estiofa@orollary 3.1, i.e.

1 1
l€”2h(un — Toun)[|Z < cfle~2h%0un|% < clle™*nf||Z,

yields

2 2 -3 2 2 o—13.2£12

> N < llu=unllls+2[le"2n(f — mf)[|% +ctle nf||%
KEA

as equivalent estimate to (5.9). The local bound (5.8) cab@established since the stability estimation
of Corollary 3.1 holds only on a global level. However, olvsethat only the additional term related to

T is globally coupled and that this quantity is superconueggilTheorem 5.3 still holds with a reaction
term whereas for Theorem 5.4 suffer from the same restniettodescribed above, i.e.

1 -
Y 0s¢ < [u—unlllZ+2[le”Zn(f — 0 f)[1% +cT’le T h?f (|3,
KeHA
and without local lower bound for ogcFurther, let us denote hata; the following expression

datas =T H£71h2f ¢

Thus, for small enough mesh sizesi.e. whendata is small compared td|u — uy|||, we expect the
estimates)x and osg to be efficient as well. All together we can now state the foiimg Propositions.

THEOREM 6.1 (Upper bounds) Let € H1(Q) be the exact solution of (1.1) and lef € Vps be its
BSDG-approximation. Then, there exists a constant0 such that ifh? < cse/T on each element for
some constartds > 0 independent dfi, € andt, there holds

lu-wllZ<e Y ng,  and  [lu-ulfi<c Y osg.
KeHX KeHX
THEOREM6.2 (Lower bounds) Let € H1(Q) be the exact solution of (1.1) with> 0 and letuy, € Vis
be the BSDG-approximation. There exists a constanO such that

S ni<llu—unZ+c y osé, +cdatay,
KEX KEHX

Y 0sG <[lu-un[lZ+ Y os, +cdatas.
KeHA Kex
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6.1 Numerical examples

A variable reaction coefficient is used to study the influesicéominating reaction on the a posteriori
error estimates. The following numerical test is studiethia section.

iii) Problem with variable reaction term
We consider problem (1.1) with > 0, ¢ = 1 andf = 0 on (0,1)°. The boundary condition is
given by

[ sin(nmx) ify=1,
9(xy) = { 0 otherwise

The corresponding exact solution is then given by

sin(7x) sinh(v/ 1 + 172 —
u(xy) = SUPISINVTETTY)  con .
sinh(v/1 + 1?)
A sequence of unstructured meshes is considered. A similaerical test is used in (Romkes

etal., 2003).

In the following tables we reuse the definition of the effic@mdexes eff and effsc of (5.10) and of
the comparison coefficien} osc0f (5.11). Due to the non-homogeneous boundary conditiandefine
1

datacg = 7 (|le 022 + |nigl,)

Table 4 illustrates the efficiency of the error indicatpy and the oscillation indicator ogdor
different values off = 1,100,1000 for the test problem iii). For = 1, the quantitydatas ¢ is in this
case small when compared to the energy-error and thus doesfect the efficiency of the estimates.
The results are similar to the ones of the pure diffusion désmissed in the previous section.

For 1 = 100 andt = 1000, due to the relative large value of the reaction coefiigcicompared
to a diffusion coefficient of one, the quantiata; , affects the efficiency of the estimates for coarse
meshes. For finer meshes, as the quaatitya: , becomes of comparable size as the energy error, the
estimators converge to a efficiency of around € 0.8 which was the standard value in the previous
examples. This behaviour matches with the theoreticaltsestiTheorem 6.2.

7. Conclusion

In this work, we have proposed and analysed efficient andhiglia posteriori energy-norm error es-
timates for the Bubble Stabilized Discontinuous Galeri&$DG) method applied to the diffusion-
reaction equation in two and three spatial dimensions. Tstonators are presented. The first one
consists of the classical residual quantities as used &odsird discontinuous Galerkin methods. The
second one consists of the oscillation of the right hand amtkthe "oscillation” of the jump of the
solution across faces. For both estimators, upper and lbaends are established and for resolved
data, the lower bound turns out to hold without constanth@ligh no explicit control of the constants is
given, both estimators behave similarly and are surprigistgble with respect to variations of the mesh
size, the problem and the variation of coefficients in the exical tests. For high reaction coefficients
however, the efficiency may be perturbed by underresolved déis is illustrated on a theoretical and
numerical level.
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h ‘HU* Uhme eﬁn eﬁosc CI’],OSC dataf.’g

=1 0.1 2.41E-01 0.71335 0.71332 1.00004 2.24E;02
0.05 1.24E-01 0.72118 0.72118 1.00001 7.91E;03
0.025 6.14E-02 0.72389 0.72389 1.00000 2.80E}03
0.0125 3.09E-02 0.72599 0.72599 1.00000 9.88E-04

1=100 0.1 5.71E-01 0.99257 0.96146 1.03235 2.236
0.05 3.06E-01 0.79819 0.78346 1.01880 0.791
0.025 1.51E-01 0.73899 0.73612 1.00389 0.280
0.0125 7.69E-02 0.72691 0.72620 1.00098 0.099

1=1000 0.1 1.97E+00 2.87936 2.84151 1.01332 22.361
0.05 1.25E+00 1.51674 1.43952 1.05364 7.906
0.025 6.40E-01 0.92276 0.90437 1.02033 2.795
0.0125 3.27E-01 0.78177 0.77584 1.00764 0.988

Table 4. Effectivity of a posteriori error estimators fost@roblem iii) witht = 1,100,1000 for different mesh sizes as well as
the quantitydatas g.
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Appendix (Detailed proof of Lemma 2.4)

Proof. Let us first establish the a priori estimate. Observe that

1 1 1 1 1
le2n a3 <2)e2h trom||5 + 2] e2h Hgh— Tomh) |5 < 2l|e2htan||%, +c.le20n)|% (7.1)
and that

11 1 11 — 11— 1
llanll® = lle?n2[gn]|% + lle2 Ognll% <27 b2 ([gn] — [@]) |5 + 2/le7 b2 [@]lI5 + €2 Dl %

Using further the Bremble-Hilbert lemma, the trace and isgénequalities and the boundedness of
over faces yields

i1 11 1
&g b2 ([an] — @)l < cll&f h2 [l < cfle20Ognll»
wherel[-|; stands for the tangential jump defined[Bigh]t = O¢h|«, x N1+ O¢h|k, X N2. By the previous
two equations, integration by parts and equation (2.1)libfics that
11— 1
cliamll® < lle?n™ 2 [@]||% + €2 0nl%

— &2 3bn)1% — (O e0h, To@) - + ({e0@n} -ne. @] 1) » + (0@, (o)) 7

1
— |&2n 3by)|% —(0- e0gh, an) + (@] - N, b) = + (0], &) 7
| 1] 11
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sincel]- elg, € Vr? andellg, - ng is constant along faces. Applying the Cauchy-Schwarz, ibherse
(1) or the tracel(,111') and then Young'’s inequality for each term yields respetyiv
1 1 1 1 _
| <cille20gh|lrlle2n an] e < zlle20gn|% +cfllezntan|%

JE— 1

1o 1 11 1 11
Il <|l&2h 2[@]]| 7]l & *h2bn|| > < crlle2n ‘e[ [|€r 2hZby||
1 2 11, 2 TN
< C.0lle20g||% +26][e2h"an|% +cll&r *h2bn||%,
1 i1 1 i1
I <crlle20an]l e ll6? b 2chll 5 < Fll€2Ognl|% + e n 2|,

where the constard can be chosen sufficiently small and using again the bouredsdsfe over faces.
Thus, combining with (7.1), yields

1 1 -1 1 L1
le2h 1%||3£/+||%|||2<C(|52h Yan|% + ller *hZbn||% + [|€7h 20h||,2%)-

To conclude the proof, it now suffices to observe that (2. Apihing more than a square linear system
of sizeNy + Nz + Nz = (d+ 2)N,», whereN -, Nz, Nz denotes respectively the number of ele-
ments, faces and interior faces. Hence, existence andemégs of a solution of the linear system are
equivalent. Let us denote lAw = b the square linear system and assume that there is a wectord

Wy such thatAw = b, i = 1,2. Further let us denote the difference between thera yw; — w, and
thereforeAe= 0. The a priori estimate (2.8) implies thet 0 and thus the solution is unique and hence
the matrix is regular. O
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