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1 Presentation of the Problem

We begin by presenting some notations and definitions that will be used in the remainder of
this write-up. We assume our geometry is some subset 2 C R? where d = 1,2, or 3. Living on
the space Ry x Q are the electromagnetic R3-valued field quantities E(t, x) and H (¢, x) (the
electric and magnetic fields). For this work, we shall assume that E and H satisfy the free-
space nondimesionalized Maxwell’s Equations in R4 x € of the form

%EzvXH (1)
%gz—VXE (2)
V-E=0 (3)
V-H=0 (4)

We shall also make use of the temporally-Fourier-transformed version of equations (1) and
(2), which we present below as:

V x H=iwE (5)

VxE=—iwH, (6)

where E(w, ) denotes the Fourier transform of E(t, ). We may take the curl of equation (6)
and substitute using (5) to eliminate H. The result is a second order wave equation for E:

VxVxE=uwE (7)

Note that if we assume that equation (3) is satisfied, then we may expand the curl-curl operator
and write the Helmholtz equation:

AE +w?E =0, (8)

Note that we have opted to derive a Helmholtz equation for the electric field, but that due to
the symmetry of (1) - (4), an identical equation can be derived for the magnetic field.

For our interest in computing the radar cross section (RCS) from a target body, we assume
that the body I' € © C R lies entirely enclosed by . Typically, we shall impose some source
boundary conditions on JI' (though other boundary conditions are certainly possible) and out-
flow boundary conditions on 9. ([1],[2])
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Q

Figure 1. An example of a 2D geometry for the electromagnetics problem.

Definition 1. (PDE problem definitions)
We define the following initial /boundary value problems:

1. (Maxwell’s Equations) 9 is the collection of equations (1) - (4) along with appropriate
(e.g. PEC/source) boundary conditions on O, outflow conditions on 0f2, and initial data

[E(Ov :13), H(Oa .’B)] = [EQ((E), HO(m)]

2. (Curl-curl Equation) € is equation (7) with appropriate (e.g. PEC/source) boundary con-
ditions on OI' and outflow conditions on 0S).

3. (Helmholtz Equation) 3 is equation (8) with appropriate (e.g. PEC/source) boundary
conditions on II' and outflow conditions on Of).

For all of our problems, we consider the source terms on the boundary 92 and the angular
frequency w as external parameters. Our ultimate goal is to compute an RCS from the object I'.
Thus, we consider our output as a function of the incident direction of the (monochromatic)
field, (0", ¢'™). In all that follows, we shall refer to the pair (6, ¢) as the direction ¢. To be
more precise, we shall define source terms, e.g.,

[ Bipeitte e —a g e

B (t, ) = { : o 0
in - ﬁanei(k(wi”)‘w —wt) L edl

Hy'(t,x)= { 0 else (10)

where H{" = %15 x B, no is the free-space impedance (o = mo =1 given our nondimensional-
ized system (1)-(4)), and k = % is a unit vector in the direction of wave propagation. The

superscript in denotes ‘incident’ field (not to be confused with the imaginary unit ). We have
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explicitly shown that the wavevector k is a function of the incident direction ¢*". Equations (9)
and (10) can be applied directly to problem 90, but for 3 we must instead use the appropriate
phasor quantity for boundary sources.

In order to compute the RCS we shall, as is customary, employ the near-to-far field transfor-
mation[3]. As input for this method, we require the Fourier-transformed fields E and H on a
particular surface surrounding the scatterer I'. We shall denote this surface C' and a sample sur-
face C' is shown in figure 1. Note that it is convenient to choose C' to conform to the particular
discretized geometry.

It is apparent that E|m€c and H |zcc are easily extracted from the solution to 3. If we use
M, then during the time-stepping, we must store [E(t, ), H(t, x)]|zcc for the entire computa-
tion (or perhaps just for some time interval after transient disturbances have died out), and then
employ the Fourier Transform afterwards.

Having computed E~'|a:eC and H |zcc, we shall not elaborate on the computation of the
RCS, or the associated requisite near-to-far field transformation here, though there are many
references that can adequately describe the procedure. The result ([1], [3], [4], [5]) is that the
bistatic RCS ¢ can be computed via

U_w_Q |F((pzn, (pobs)|2

_ : 11

dm B -
where we have introduced the direction of observation ¢°% = (6°%, $°$). And we have that F is
defined by the following:

F((pi", (pobs) _ / [(ﬂ % ﬁ) _ (ﬁ % E’) % k‘((pobs) _ (ﬁ ,E')kA((pobs)}e—ilkwi")lﬁ(wobS)'w dx (12)

c

In the expression above, 71 is the outward normal vector to the surface C.

Definition 2. (RCS Computation)
We define R as the problem of obtaining o using equations (11) and (12) from the field out-
puts E and H given as solutions to either M, &, or 3.

The ultimate goal is to compute the RCS o (by any convenient, accurate means) for multiple
frequencies w and incident wave angles ¢™. In order to accurately capture the RCS variation,
we can require as many as millions of evaluations of (11). The brute-force method to accomplish
this is to solve the appropriate PDE system (9, €, or 3) millions of times for each different
required value of (¢°"%, w). In a full 3D system, any PDE system we choose to solve may have
upwards of millions of degrees of freedom in itself, which we must solve millions of times. This is
computationally infeasible.

A possible solution that has arisen is the application of the Reduced-Basis method (RBM)
([6], cite more) to this problem. The basic idea of the RBM is to choose our degrees of freedom
to adapt to the characteristic shape of the solution. If we can accomplish this, then the number
of degrees of freedom required to solve the PDE systems will be dramatically decreased (down
to as small as number as 10). Given this reduced system, we can easily solve the PDE millions
of times in a small amount of time.

The RBM, which we shall now begin to detail, is a means of dramatically decreasing the
computational cost necessary for solving a problem, while maintaining numerical accuracy.
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2 The Reduced-Basis Approximation

2.1 Motivation

We shall now discuss things which at first glance will not connect to what was discussed in
section 1. Suppose we wish to solve some system F(u)=0 for some unknown u € X, where X is
a complete inner product space (i.e. a Hilbert space). For example, if X =R we may take F to
be a problem of the form F(x) = 22 — u = 0 for u € [0, 9] unspecified. Also suppose that F
depends on some general collection of parameters p € D. (In the previous example, D = [0, 9] C
R.) Typically we shall take D C RP for some integer p; there is no theoretical reason for this
restriction, but practical considerations make this restriction desireable, and often we shall ask
that p=1 or 2. Therefore, the problem we are faced with is solving

Fluip)=0 (13)

for p € DP. From this notation, it is clear that we can view u as a solution dependent on p, that
is, u(p). Suppose further that we wish to solve (13) for a great many number of p, € D, i =1, 2,
3, ..., P. We could simply solve F P times and we have our solutions. However, solving F may
not be trivial, and may require a large amount of computing power. Assuming that we know
very little about the qualitative shape and regularity of u(u), a large number of unknowns will
be needed in order to properly resolve u(y;) for each i. In particular, if using a Galerkin method
(which is almost always the case), one will need a large number of ‘generic’ basis functions.
(By ‘generic’, we mean e.g. the first Ny grid points, cell averages, monomials, Legendre polyno-
mials, Fourier modes, etc. for some very large number A;; the reason for the notation Ny will be
explained later.)

However, the reduced basis method makes one very critical realization: assuming some regu-
larity of u with respect to p (which is almost always the case), then if we’ve solved u(p;) for i =
1,2,..., N < P, then it is not the case that we know very little about u(y;) for i > N. In fact, we
know a lot about the shape characteristics of u(p;) given the first N samples. The basic idea is

that if the N-dimensional subspace of u(D) spanned by {u(,ul)}f\[:1 is rich enough, then we can

approximate u(u) for any p by using {u(ul)}fvzl as our basis instead of the N; generic basis
functions (see Appendix A for a more rigorous statement). Since the u(y;) are more representa-
tive of the solution than some generic basis functions, they will most likely do a much better job
in approximating w(y). In this way, we can choose N < N; while still keeping the same error
bounds. Since N < N}, then computing a solution to (13) will be much less expensive.

In the following sections, we hope to make the reduced-basis method more transparent and
to nail down some of the details. However, in general there is relatively little theory present.
This is due to the relative infancy of the reduced-basis method and the complexity of the RCS
problem to be considered. For example, what is the convergence rate of the RB solution? There
does exist theory stating that one can get exponential convergence in N of the reduced-basis
method, but this relies either on the problem F having a very simple form, or on an impractical

computation to determine the optimal {u(m)}f\;l

It should also be noted that the reduced basis method in no way means to supplant any tra-
ditional discrete solver. Upon closer examination, one can see that the reduced basis method has
no means of computing the {u(uz)}jvzl without a traditional e.g. FEM solver. The reduced basis
method is merely a method for more efficiently computing solutions to repetitively-solved prob-
lems using an existing discrete solver.
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One should now realize that if we use some traditional solver to compute {u(u;)};, then
we cannot expect the RB solver to do better than the traditional solver. Indeed, as the theory is
presented in the following sections, the reader will see that we only have the means of com-
paring the RB solution to the traditional-solver solution, not to the exact solution.

2.2 General Framework and Methodology

We shall now introduce the language that is accepted in most of the reduced-basis (RB)
community. We shall assume that we are attempting to compute an output

$°(ue, 1) = 1°(u; ), (14)

where the ‘e’ superscript stands for exact. We insist that the output [¢ be linear in the function
u®. The function u® € X*° (we adopt the notation of section 2.1: X ¢ is a Hilbert space) which sat-
isfies some Galerkin-formulated bilinear equation

a®(u(p), v p) = f(vs p) VveX® (15)

This is the (infinite-dimensional) mathematical problem to be solved. Under certain regu-
larity assumptions on a® and f€ one can show existence, uniqueness, and well-behavedness
(with respect to f€) of u®. We shall assume in the rest of this chapter that a® is symmetric and
coercive in the natural norm of X. The reason for assuming symmetry is because such an
assumption simplifies some book-keeping, though the symmetry assumption is not essential; in
later chapters we shall lift this restriction. The assumption that a® is coercive in the natural
norm of X is again a bit more restrictive than necssary. Strictly speaking, we need only ask for
positivity of the affine componenets of a® (see section 2.2.2). Again, in later chapters we shall
not require a® to be coercive. Recall that we are actually interested in s° while u® is simply a
transtionary variable.

We have outlined the continuous, infinite-dimensional problem, but the main thrust of this
method is with the discrete form associated with (15). To this end, shall consider some N;-
dimensional subspace of X¢, and call it XV*. (The ‘t’ subscript refers to ‘truth’.) All the quanti-
ties we have described above indeed have discrete counterparts. It should be noted that the dis-
crete counterparts are directly dependent on the numerical solver of choice. With this in mind,
in order to refer to the discrete operators associated with the N;-dimensional problem, we sim-
pliy remove the ‘e’ superscript. This is a common convention in this write-up: if the reader sees
a quantity and expects that it should have a superscript, but it has none, a superscript of N;
should be assumed. Thus, we can state our discrete problem as

a(u(p), v p) = f(v; ) VoeX (16)

We refer to the u which satisfies (16) as the ‘truth solution’ (as opposed to the exact solution,
u®) and all quantities/operators/algorithms associated with (16) are referred to as ‘truth’ quan-
tities.

The goal, of course, is to produce some N-dimensional space X~ which is a subset of X*©
with N <« AN} with which to define a Galerkin problem similar to (15) so that numerically
solving it is easier than the N -dimensional problem. All quantities with superscripts ‘N’ here-
after refer to these N-dimensional quantities/operators/algorithms, and are labelled as ‘RB’
quantities.

Definition 3. (Topology on X')
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Given the inner product space X™, for m =e, N, or N, and some predetermined value of the
parameter [, we define an inner product (and thus an associated norm) on X™ as (u, v)gm =
a™(u,v; 1) for all u,v € X™. X™ is still endowed with its ‘natural’ inner product (-,-), but (-,
am induces an equivalent norm.

Definition 3 may not make sense in the general sense: if a is not bounded and coercive, then
a(u, v, ) may not qualify to be an inner product. However, the definition of this inner product
and associated norm is used in this chapter only, and in this chapter, we do assume that a™ is
indeed bounded and coercive. We also note that, assuming affine parameter dependence (see
section 2.2.2 for notation), we require ag'(u,u) >0 for all w € X™ and ©7'(p) >0 for all p €D in
order for definition 3 to make sense, which is a condition independent of any definition of a
norm on X"™. We have not yet said anything about the value of . We shall comment on this
later.

As mentioned before, we assume that a® and all its incarnations are symmetric bilinear
forms. In addition we also expect certain regularity conditions on a® and its incarnations in
order for problem (15) to be well-posed. We list definitions for these below.

Definition 4. (Continuity, coercivity, inf -sup parameters)
We shall define the following parameters:

la®(u, v )]

TalceTolxe” Furthermore, we

e The continuity constant of a®, v¢(u) = supyexe SUPyexe
assume v¢(p) <G uniformly for all p€D.
la®(u, u; )|

T We also assume a(p) > of

e The coercivity constant of a®, a®(u) = inf, e xe
uniformly for all p€D.

la®(u, v; p)|

m We also assume

e The inf -sup parameter of a®, [(u) = infyecxe Supyexe
B¢(p) > B§ uniformly for all w€D.

We briefly pause to note that the elliptic coercivity constant is a special case of the inf -sup
paramter and, in particular, the coercivity constant is always less than or equal to the inf -sup
parameter. Furthermore, we shall extend these definitions to apply to our truth space XV*, and
to the RB space X ¥ in the natural way. Therefore, for e.g. the continuity constant +¢, there are
two corresponding constants y(u) (= ~Vt(u)) and 4V (u). Because of these definitions, we have
in general:

V() > y(p) >N () YV peD

a’(p) <ap) <aN(p) YV peD

B(p) < B(p) < BN(p) YV peD

We remind the reader that in this chapter a™ is always symmetric, bounded, and coercive.
Thus the inner product (-,-), is well-defined, and the norms || - ||, and || - || x are equivalent.

Again, the reduced basis idea is that the manifold M = span{u(y;):i=1,2,...N; u € D} can
be very well approximated by a (much) lower-dimensional space M = span{u(u;):i=1,2,..., N;
p; € D} for N < N;. Thus, we shall expect to define appropriate spaces X (it is for this reason
that we shall henceforth drop superscripts on XVt and simply call it X, to avoid confusion with
XN,

Finally, we endow the (finite-dimensional) space X (= X*"*) with \; basis functions {v; }ﬁl
These are our ‘generic’ basis functions which are e.g. the first M monomials on K nonoverlap-
ping elements (in which case Ny = M K). Of course, they need not be orthonormal, and the
underlying assumption is that these are basis functions hard-coded into the pre-existing numer-
ical solver. With these basis functions, it is not hard to show that if one defines the global mass
matrix

Amn: <7/)m;1/}n>a (17)
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then for functions f and g in X with modal coefficients (in the ;) given by the vectors f and
g, the inner product on the space X is given by

(f.9)a=f"AG (18)
In addition, we shall define an energy norm || - ||, on X which is dependent on the parameter p
as follows:

[fle=a(f, f;p) (19)
This is an energy norm with value dependent on p, and note that, by definition, |- ||z =] - |l

2.2.1 Assumptions on the Spaces XV

We list here some basic assumptions that we make on the functions spaces X . First of all,
we assume a heirarchical nature of these spaces, so that XV~ 1c XN c XN+l..c X c..-C X
The condition X~ C X C X°© must certainly be satisfied, but we acknowledge that there have
been some developments on the spaces such that XN =1 C X% is not satisfied [6]. While this is
certainly an option, we choose instead to opt for the easier-implemented heirarchical choice. The
main reason for this is algorithmic simplicity and clarity.

We shall generate the space X~ by making it the span of N ‘snapshots’ u(u;),i=1,2,..., N.
We define & = u(p;). Of course one should assume that the w(u;) are linearly independent with
respect to the inner product on X, and this is almost always the case, except in particularly
simple and uninteresting problems. This RB space of snapshots is a Lagrange space; we may
also take X as Taylor or Hermite spaces 7], but these require derivatives of u with respect to
1 (the ‘sensitivity derivatives’).

By construction, it is clear that dim(X")= N. Of course, we must have some way of numeri-
cally implementing a statement like ‘a™ (u”, w; p) = fN(w; u) V w € XN and solving for u? €
XN, The most simple method to do this is to find a basis for XV, {&}Y,, and use these as the
test functions. However, in order to ensure a well-conditioned system, it is more prudent to
orthogonalize the &; to form an orthonormal basis {¢;}7L; and use the (; as the test functions
instead. This may be accomplished using a modified Gram-Schmidt orthogonalization process or
whatever orthogonalization algorithm the programmer wishes.

We henceforth assume a heirarchical nesting of the spaces XV, and that they have associated
orthonormal bases {¢;}L,. In particular, this nesting allows for a large memory savings: if one
wishes to implement p-adaptivity in the online portion of the computation, then one need only
store {Q}fvzl" and extract the appropriate basis vectors as necessary.

Finally, we present a proposition relating the truth and RB solutions, which is a standard
finite-element Galerkin result.

Proposition 5. (Error between u and u®, [6])
For any v satisfying

aN (N w; p) = fN(ws ), Vwe XN (20)

then the the error between v and u® satisfies

w(p) —uy () in u(p) —w
o)~ (e < T st ) -l 1)

Proposition 5 essentially gives us a bound on the error of the RB solution with respect to the
truth approximation.
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We have not yet discussed how we shall form the XV (i.e. how we choose the pu; to form
u(pi) = &;). Indeed this is the core component of the RB method, but we defer this discussion to
a later section.

2.2.2 The Affine, ‘Compliant’ Hypotheses

In this section we elaborate on one of the cornerstone assumptions of the current RB
method. Although we have not yet described all of the necessary computations for the RB
method, the reader may surmise that determining the appropriate &; of section 2.2.1 can be a
rather costly procedure, including expensive solves of (16). These computations are referred to
as offtine computations. In order to make up for this, we expect that we can solve a much
smaller system, equation (20), with orders-of-magnitude less computational cost than a single
solve of (16).

However, in order to achieve such computational savings, we must cut as many corners as
possible: suppose we have successfuly formed our space X~ with our basis functions {Q}fvzl.
We now move on to choosing some value of the parameter p which interests us and solve (16).
However, in order to form a matrix-vector relation to discretize (16), we must evaluate terms of
the form a™((;, ¢;; p) in order to form the matrix A" commensurate with (17). Because we
have no readily-available, efficient means of forming N-point quadrature formulas to compute
this, we must instead compute each of these matrix entries using our N;-dimensional truth for-
mulation, which will take O(N2N;) operations. We must do this every time we choose a dif-
ferent . The ultimate goal is to solve (20) with an order of operations independent of A;. In
this way, we truly reduce our problem (16) to an N-dimensional problem. One way to ensure an
Ni-independent computation of (20) is by the following assumption.

We assume that the operators a® and f¢ are affine in the parameter p. That is, we assume
that there exist a collection of functions ©g: D — R and © IJ; :D— R such that

Qa
ae(uvw; :u) = Z GZ(M)G’Z(UHU}) (22)
Qy
Fe(wip) =" ©f(p) f(w) (23)
Qs
s%(w; p) =Y O3(p) s5(v)

We assume that the above forms extend to the truth and RB functionals as well. I.e. that
the ©; are the same regardless of the superscript on the functional. If the functionals take this
form, then constructing the appropriate operators to solve (20) becomes much more efficient:
one can simply compute and store aflv(g, ¢j)s fév(g), and sf]V(Q-) as an offline computation, and
then the formation of the operators to solve (20) becomes an O(N?) process.

We now briefly return to discuss definition 3 and some properties of the a4. One could con-
sider the case when e.g. a® is coercive but the individual ag are not all coercive, or when there
are some ©g < 0. This allows the possibility that some of the individual components of our oper-
ator noncoercive. However, if this is the case, then our analysis become much more complicated.
To simplify our lives, we shall assume for the remainder of this report that ©3 > 0 for every ¢
and that each of the ag is coercive. Note that coercivity of the ag either with respect to the
native X ¢ norm or to the one defined in definition 3 is the same: they are equivalent norms as
long as a® is uniformly on D coercive and continuous with respect to the native norm of X¢.
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We shall now make some remarks on the ‘compliance’ of the problem (15). If f(v; u) = s(v;
1) (recall that s is our output of interest), and the bilinear form a is symmetric, then the system
(14) and (15) is said to be ‘compliant’. This term stems from problems of solid mechanics, one
of the first areas of application of the RB method. Noncompliant problems suffer from more
complex algorithm formulations in order to retain convergence properties. However, noncom-
pliant problems are still very amenable to the RB method; one simply must work a little harder.

2.3 The Reduced-Basis Approach

We now have a good deal of the language down and are ready to speak in a more detailed
manner about exactly how the reduced-basis method will work. Below is a very high-level idea
of exactly what we plan to do.

Suppose we are given a symmetric, coercive, bilinear form a° X¢ x X¢ x D — R, and some
bounded linear functional f¢ X¢ x D — R. We wish to solve the Galerkin problem (20), which
uses the discrete versions of these operators, for y = {ui}fll. These solutions must be found
with an absolute error of e, measured in the norm according to definition 3. We compute the
solutions {u ()}, as follows:

Algorithm (The Reduced-Basis Method)

1. In an ‘offline’; Ni-dependent overhead stage, do the following:
a. Compute the N necessary to ensure error less than ep;,. (section 2.3.2)
b. Compute ‘best fit’ {1;}7 5% | and associated {&}IV;. (sections 2.3.1, 2.3.2)
c. Construct the appropriate operators and basis functions. (section 2.3.3)

2. Compute P solutions to (20) using {u;}{~; and the reduced-basis {¢;}/L,

3. Determine maximal error estimators for the solutions (section 2.3.1)

‘We thus have our solution
N

W)= 3 Ul (24)

i=1

and the associated error bounds. The details of implementing the above algorithm are presented
in the following sections.

2.3.1 A Posteriori Error Bounds

In this section we discuss the very important task of quantifying how good of a job we’re
doing with our reduced-basis approximation. These error bounds serve two purposes: first they
provide an inexpensive method to select the p; and N, as detailed in section 2.3.2. Secondly,
they provide us with a reliable measure of how close the RB approximations u” are to the truth
approximation, u. Again, we do not develop any framework for comparing the RB solution to
the exact solution.
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We ask the reader to recall our definitions of the coercivity and continuity constants, as well
as the affine parameter assumption notation, as we shall utilize them all now. For any p* € D,
we define a new parameter, (:)Z;mm :D—RT as

Aamin o . Og(p)
4™ = min d > 0. 25
R e H (TR (25)

This parameter will be very useful in our derivation on error bounds for «”. There will also be
need of a similar parameter, @Z;max, where the definition should be clear. In adidtion, we define
the ratio of these quantities

_ éa,*max
0. =21 (26)
® (_)a,mm
o

We are now in a position to derive an expression for g, the lower bound for the coercivity
constant.

Lemma 6. (Coercivity lower bound, [6]
For a parametrically coercive affine operator a, we may define the coercivity lower bound «q
as ap= é%,mm )

Proof. We recall that the topology underlying the space X depends on the choice of a param-
eter i for the inner product and norm (see definition 3). The result of this lemma follows
straight from various definitions:

Qa
a(wuip) = 3 ©%u)at(u,u)
qg=1
Qa
93(#)) _
= — 1©¢ al(u,u
> (i )it aru.n)
> 3 ( min O4(r) )@ () a%(u,u)
= 2 (2, By )
Qa
_ @d,mln Z @Z(ﬂ)aq(u,u)
qg=1
0% a(u,u; i)

_ Aa,min 2
= 07" |ullz,
which follows from our definition of the norm of X. Thus we have

O[(M) — inf M Z é;lz,min >0
O

In the proof above, we derived an expression for the coercivity lower bound in terms of the
a-norm and not the natural norm of X. This is acceptable because since a is symmetric, coer-
cive, and bounded, the a-norm is equivalent to the X-norm, and thus any error estimates we
derive using this expression for the coercivity lower bound are all valid as long as we measure
the error in the a-norm.

We can also derive an upper bound for the continuity constant v(u). We shall state this
bound without proof because of its similarity to lemma 6.

Lemma 7. (Continuity upper bound, [6])

For a parametrically coercive affine symmetric operator a, we may define the continuity

~a,max
upper bound as o= 0 .
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The symmetry of the operator is needed in lemma 7 because the Cauchy-Schwartz inequality
applied to a is needed in the proof. This upper bound on the continuity constant y(u) is not
necessary from an algorithmic point of view. However, it is useful for theoretical considerations
of the ‘efficiency’ of our error estimators (to be discussed in a later in this section).

With a lower bound for our coercivity constant derived, we have effectively solved half our
problem of finding an inexpensive a posteriori error estimate for the RB method (although this
may not be yet apparent to the reader). The other half comes from deriving an expression for
the residual, which we now discuss.

We define the error between the RB and truth approximations as e(u) = u(u) — u™ (). We
also define the residual r(-, u) € X’ (the topological dual space to X) as the quantity satisfying

r(w; p) = f(w; p) —a(u™, wyp)  YweX (27)
Due to Galerkin orthogonality and the bilinearity of a, the error satisfies

ale(p), w; p)=r(w, p) YweX (28)

We now invoke the Riesz Representation Theorem to produce an element of X, é(u), which
is isometrically isomorphic to r(w; u) € X'. Le.

r(wau):<é(ﬂ)aw>a VweX (29)
Coupling this with (28) we obtain
ale(p), w;p)=(€(p),w)a VweX (30)

and with our choice for the topology of X, this implies that e(z)=¢é(). At the end of the day,
what we need is a measure of the error, and either from (29) or the Riesz Theorem, we have

15 )l = sup L s, (31)
S el

All this theory may be illuminating (or obfuscating, depending on one’s point of view....) but
we still do not have a feasible means of molding the computation of |[é(u)]|, into an online-
offline method. We present a possible solution below [6], again dependent on the affine assump-
tion on the bilinear form a.

Using (27) and (24), we expand our residual out into the following form

N Qa

Qr
i) = Y Of fulw) = 30 3w (mOg(ayGrw) ¥ weX (32)

We wish to find the norm of this element of X', but doing so directly using the definition (the
middle term in (31)) is prohibitively expensive. Thus, we shall mold this into a more computa-
tionally attractive form. It is clear from (32) that we can divide the computation of r(v; u) into
pu-dependent and p-independent computations (read ‘online’ and ‘offline’, respectively). To make
this more transparent, we introduce some notation:

&/ ()= (O] (n), (). ... 0%, (n)" (33)
6" (n) = () (WO1(w), ul(WOs(p), ... (1O, (w),
ud' ()01 (1), w2 (1O, (1), (34)
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Fw)=(fi(w), folw), ., fgs(w))" (35)
a(w) = —(a1(G,w),  axGw), ... ag,(C,w),

al(_g% w), aQa(QhQ_a ’LU), (36)

al(gNaw)v aQa(gNaw))T
This enables us to write (32) as r(w; p) = éf(u)T_‘(w) + 0"(1)7d@ (w) and by concatenating the
vectors as O(p) = (éf(u)T, éa(u)T)T and  (w) = (]?(w)T, Ei(w)T) we can more compactly

write

(w; 1) = ()" (w) Y we X, (37)

and we denote the length of the vectors O(p) and i (w) as Qu. By our Riesz Representation in
(29), we can thus write

(e(n), w)x =O(u)"h (w) YweX (38)

Finally, by lineary and @y applications of the Riesz Representation Theorem, there exist Qn
elements of X which we collect in the vector g satisfying

(gi,w)x = hi(w) VweX,1<i<Qy, (39)
such that
é(w) =6(w’g (40)

Still, how does one calculate the elements of g7 Because v € X, we can expand v =

j.\f v; ¥;. (Notice we have referenced our truth approximation basis );.) Thus, if we define
=1

H;;=h;(v;) then we can write
h(w)=Hw, (41)

where @ is the vector of modal coefficients. One can now determine from (39) that (g, ¥;)s =
hn(1;) = Hj, and thus the vector of modal coefficients for g, is given by g,,; = (X"'H);,. Now
we have solved for g, but it turns out we can go one step further to calculate the quantities we
really care about. We shall use Einstein’s summation convention (wherein repeated indices are
summed over) and define

Grn=(gn> gm)x = (Gn> Ims0j) x
= 9gmj (Gn, ¥j)x
= (X7'H)jmHjn (42)
= (H'X™ Y, Hjn
= (HTX'H)mn,

where we have used our definition of H and our derivation for g,,;. Also, we’'ve used the fact
that A is symmetric.

Now from (40) we can finally compute the error residual as

(e = (Om(1)(gm, gn)x On(p))"/?

—

= (6w @ &)
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We have not yet motivated why we wished to find a lower bound for the coercivity constant
(lemma 6) or the expression (43) for the a posteriori residual error. That discussion now begins.

Given the quantities that we have previously computed, we define our error estimator as

An(p)= % (44)

I.e. it is the residual error normalized by the lower bound of the coercivity constant. These
quantities are readily computed as detailed earlier in this section. We also define the effectivity
of this estimator as

_ An(p)
IO = el )

which is the error estimator normalized by the norm of the actual error measured in it’s own
energy norm. In order to prescribe accuracy, we should have ny > 1, and in order to be efficient,
we should make 7y as small as possible. The following result tells us exactly how good our effi-
ciency estimators are.

Proposition 8. (Effectivity Bounds, [6])
For N=1,2,.... N, and all 1 € D, the effectivity nn(u) satisfies

1<nn(p) <\/Ok(1) (46)

A very desirable property of the above proposition is that the effectivity is bounded independent
of N.

=8

In this section, we have described an effective online-offline decomposition to compute an
error estimator. This estimator will be used in an algorithm to choose our RB basis functions ¢;.

2.3.2 Computing the p; and N

In this section we shall discuss the important task of choosing our reduced basis (;. There
are many details and things to consider in this procedure, and we shall only outline the main
u(p1)
lu(p)llx
that some divine being has imparted unto us the value of the first parameter to form our basis

1. In practice, one can use a random choice from D, or pick some parameter which clearly is
representative of the set D given the physical nature of the problem.

method. We shall assume that we are given the first basis function (; = . L.e. we assume

Following an inductive approach, we now consider the problem of having a collection of basis
functions {Q}i\i 1 for some M >1. There are now two things we should consider:

e Should we set N = M and terminate our search, effectively completing our formation of
XN?

e If not, what should the parameter pp;41 be?
In order to answer these questions, we describe an algorithm which is termed ‘greedy’ in the lit-
erature. The idea is that {Q}fvil form a subspace of X, and we wish to design an X" which
best approximates M = {u(u): p € D} C X. Therefore, given the X* we have already con-

structed, we shall search out the function that we approximate worst in M and add that to our
basis. The determination of ‘worst’ is measured by our error estimator (44).

Algorithm (Selection of the Basis Parameters)
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Given {Q}fvil and an error tolerance ey in,
e Compute ey =max,ep Ap(p) and p* =argmax,epAnr( 1)

e If epr <émin, then set N =M and terminate

u*(pun+1)

where u* is the portion of u orthogonal to
llw*(prrs1)lla

o Else, set pupr+1 = p* and (pr41 =
XM

e M+ M+1, and repeat

There are still some details to flesh out: the computation of £y; requires one to solve a™ (u,
v) = fM(u,v) Vv e XM over D. There are many strategies on how to sample D to accomplish
this: one can simply use a fine mesh that is searched over every iteration. (Here the reader
should now notice the utility of the affine assumption: if computing a™(¢;, ¢;) was N-depen-
dent, we need K MN;-computations, where K is the size of our fine mesh of D, which is quite
undesirable.) Or one could have a heirarchical sequence of coarse meshes DM such that DM C
DM+1 ... ¢ D and simply search over the appropriate DM each iteration. The computation of
u(par+1) ( =u(p*)) requires a full O(N3) truth approximation solve of (16).

It should be realized that one may be tempted to take ey, very small. This has two nega-
tive impacts, in terms of the efficiency of the RB method: first, N grows inversly to epi,. It
should be no surprise that if one wishes a very high accuracy, one must specify a solution with a
large number of unknowns. Second, the process of orthogonalizing u(jpr41) with respect to XM
becomes an increasingly ill-conditioned problem as ep,;, becomes smaller.

We note that our estimator (44) is an estimator for the solution u, and not for our output of
interest s. One can define an estimator for s in a manner analogous to (44). However, the for-
mulation is much more tedious. We defer our treatment of this case to a later section.

2.3.3 Online-Offline Details

In this section we provide a few more details on the computational savings and how to struc-
ture the online-offline procedure. In the offline step, obviously the basis choices {Q}fvzl should

be chosen. Once this has been done, the online procedure is to solve for u(u) = vazl ulN¢ via
the Galerkin formulation
a(u, G )= fN(Cim) 1<G<N, (47)
or equivalently
Qa N Qy
D> ulNOs(mag(Gi, ) => 0N (w fo(¢) 1<j<N (48)
q=1 i=1 q=1

Obviously in the offline stage we can compute and store the a4((;, ¢;) and the f4(¢;). This
prevents us from needing to do expensive N;-point quadratures to compute a’¥((;, ¢j; p) during
the online stage. Once we have precomputed these quantities, we are ready to do the online
computations, but we do not yet have an efficient way to certify the error bounds. This is where
(43) can save us a lot of trouble. The computation of ©(y) requires an N-independent Qx com-
putations, which can (must) be done ounline, but G given by (42) is p-independent and can
(should) be computed offline and stored. Then the residual norm (43) can be computed in an
Ni-independent way online.

With all of the online-offline decomposition specified, we are now in a position to present an
algorithm for the RB method. We recall that our parameter space D has a fine mesh Dg with
K values, and that we orthogonalize the RB snapshots u(y;) in order to form a basis for X7; if
this step is unstable, we do not wish to continue choosing basis functions.
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Offline Procedure
Determine the values of the coercivity and continuity constants for
the problem at hand. Determine Ny ax, €tol-

17

Operation Count
o)

2.) Construct global inner-product (i.e. mass) matrix for the truth ONP)
approximation, invert it.

3.) Pick py via some method, compute u; =u(py), set (1= m O(N? +
X'=span((1), and compute the 1 x 1 matrices (ay) =aq(¢1, 1) (14+ Q1)NY)
and 1 x 1 vectors (f,}) = fq(&1).

4.) Construct the Q1 X Q1 residual norm matrix Gy ON;: Q1+ NP)

5.) for m = 1 to (Npax—1)

for k =1 to K
Pick [t as the k’th gridpoint in Dg
Form matrix (am):j Z ©(a) (ay')ij and vector O(Qam?*+ Qym)
(fm); ZQf 0%(a )(fq) for i,j=1,....,m
Solve am(u;v; i) = fm(v; ) YV veX™ O(m3)
Compute (truth) residual norm for the solution u (G) O(Q,,+ Q32)
Compute and store the error estimator AF, 0(1)
end
Determine the k which maximizes AF,, call the O(K)
associated p as p(mth.
If max(Ak)<5t01 set N=m, break
Solve a(tmyr,v; p™ D) = f(v; pmH) ¥ v e X, set (N2 +mNy)
Cm+1= ||Z:i—§j Ezmigi o XmH_Span({Q}MH)
If previous step was unstable: pick different ,u(erl)
Compute the (m+1) X (m+1) matrices (aZH'l)ij =aq4(G, ¢j) O((m? +m)Ny)
and (m+1)x1 vectors (f");= fq({;)
Construct the Qi1 X Qi1 residual norm matrix G,y O(Qms1N: +N7)

end

Online Procedure

Operation Count

1.) Given p, form matrix (aV);; = Zqual 0f(p) (a¥);; and vector O(Q.N?*+Q¢N)
(fn); =200, O (w) (f3); for i, j=1,..., N

2.) Solve aN(u,U,,u)—f(v;,u)VveX O(N?)

3.) Compute truth residual norm for u (optional) O(Qn+ Q%)

computing (41 =

is an ill-conditioned computation. E.g. if [Jumy1 —
should consider picking a different u(m), perhaps instead one which almost maximizes AF,.

‘Unstable’ in the offline orthogonalization part of the above algorithm refers to the step of

Um41— 2 1=y (Um+1, i) G
lwmyr =370 (Wmt1, G) Gl

If (;n+1 happens to be almost be in X™, then this

iy (Umer, G) Gl is small enough, one

The

degenerate case where {u(u): p €D} is almost completely contained in X™ should be covered by
the ‘if max (A,,) < &to1” step.

lytically, or computed computationally.

The first step in the above algorithm is to compute appropriate bounds for the coercivity
constants. Lemmas 6 and 7 provide very easy methods for doing this, and can be derived ana-

For the affine, coercive case, this is not so difficult.

However, for noncoercive problems, which we shall study in the next chapter, this step is very
time-consuming. We have presented the bare-bones algorithm above: the parameter search is
simply done over a very fine-grid on D, and the orthogonalization approach is not very robust.
However, this algorithm solidifies the basic idea for the reader. The following chapters will be
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devoted to applying the RB method to more complicated (read ‘real-world’) problems, which in
turn require more complicated procedures.

2.4 A Special Case: Computing Outputs

This entire chapter has dealt with the case when the bilinear form a is affine and coercive.
We now add an additional restriction: we recall that we are interested in some output s(u; p). It
is now assumed that s(u; p) = f(u; ). Le., the output of interest is the same as the right-hand-
side of our problem. With all of these restrictions, our problem is called ‘compliant’. Addition-
ally, we impose the restriction that the bilinear form is parameter-independent. This is indeed a
harsh restriction, but it is very applicable since, as discussed in chapter 5, a fixed-frequency RCS
problem has a parameter-independent bilinear form.

In this section we explore some mathematically interesting (but admittedly computationally
useless) features of compliant problems with parameter-independent bilinear forms.

We wish to evaluate some output functional s(u; p) where u=wu(p) satisfies
a(u,v) = f(vip) VoeX (49)

We assume that X is an MN;-dimensional space for N; < oo. Again we consider the simple
problem: assume s = f. In this case, s (or f) is linear in u and it is thus by the Riesz Resenta-
tion Theorem, it is possible to find some element b: D — X such that

flosp)=s(v;p)=(v,b(n))x VveX

where (-,-) denotes the inner product. We assume that b is not linear in u. We now attempt to
use the RBM framework to evaluate the output s(u(u); u) = (u(p), b(p))x. The straightforward
way to do this is to solve (49) for our given p and then compute f(u; u). However, in line with
the RB theme, we wish to avoid solving the full system (49): we seek an N-dimensional repre-
sentation (N < N3) u¥(p) = 27]:[:1 oy (), where u, := u(u,) are solutions to (49). (Note
that we have not opted to orthogonalize the RB basis functions as done previously. This is
because theoretically, we need not orthogonalize, and it simplifies exposition here if we do not.)
We define XV as the span of the u,. The choice of the s, is the crucial step here. The choice of
the «,, is defined as the solution to the linear system A « = b, where A, = a(um, uy), by =
fum; ), myn=1,..., N. This system is invertible as long as a is well-posed and the u,, are lin-
early independent. Let us look at this system a little more closely:

We are essentially fixing a ;€ D and finding the u” € X which solves
a(uV,0) = f(vip) VvexV
We recover the A a = b statement mentioned above by setting v = wu,, and writing u" =
Zgil iy, Uy, However, let us restate the problem: we write f(v; u):= (v, b(u))x and a(u,v) =

a( 2221 Al V) = 2221 QU 0y, V) :Zﬁizl am f (V5 fom) = 2221 am(v, b(m)) x and thus
derive the statement

Z am(vab(um))xz(vab(:u))x Voe XV

. =1
or, more suggestively, m

N
(Z amb(,um),v> =(b(p),v)x VveXN (50)

m=1

This is a variational statement about the (already determined) a,. The «., are the coefficients
which define the solution u”V as a linear combination of the basis functions u,. Le. the a,, define
the L2(XY) (‘least-squares’) projection of u(u) onto X~. What equation (50) says is that if one
considers the b(u,) as a basis for b(u), then the same combinatorial coefficients «, define the
L?>(WPN) (‘least-squares’) projection of b(u) onto W := span{b(u1), b(pz), ..., b(un)}. Just as

u¥ =wu(p) in the XV-sense, so also we have b™ (u) =b" := Zfi:l mb(jiy,) in the W¥-sense.
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This is no happenstance occurance. The reason for this apparent magic is that b(u) is the
solution to the adjoint problem of (49) (see chapter 4 for rigorous introduction). The dual
problem is defined by: find b € W solving

a(v,b)=s(v;u) VveX
Using the fact that s= f, it is easy to show that

a(v,b(p)) = (v, b(p)) x = alu(p),v)

Thus we have that b(u), which is the particular Riesz function corresponding to the functional
f, is exactly the adjoint solution. This only happens when s= f.

We can then propose the following algorithm: we need to determine the p,. Instead of run-
ning a greedy algorithm over (49), which involves some expensive linear solves, why not simply
run the greedy algorithm over some explicitly calculable form for b(u)? The short answer is that
there is no particular reason to not do this, but there is a caveat. Running the greedy algorithm
over b(y1) minimizes the error in bV () relative to b(u). However, it does not minimize the error

over UN.

Essentially, we are trying to minimize the quantity |s(u; u) — s(u¥; p)|%. Via our assump-

tions, we can write this as [(u(p), b(1)x — (uN(p), b(p)x|* = [(u(n) — u™ (), b()x|* <
llu(p) —u™ ()| x [|b(@)||x- Thus we have a ‘linear’ dependence on the error in uV. In fact, using
this direct estimator, we have absolutely no control over the error in the output! (The functional
f, and thus b, may behave wildly with respect to p.) The reason, of course, is that we have min-
imized over the error in the adjoint solution, but we have computed a primal solution functional.
Another striking problem with this method is that we don’t actually know what b(p) is! It is
the adjoint truth solution, and is thus as elusive (read ‘expensive to compute’) as u(u). (Note
that computing f(u; u) and b(u) are not the same operations. Computing f(u; u) is a very easy
quadrature. Computing b(p) involves a truth-sized matrix inversion, which is, in principle, just
as expensive as inverting a(u, v).) Because of this, we can inexpensively compute the output,
but we won’t have an error bound in terms of b(x) without doing an expensive calculation.

Of course, a smarter solution would be to recognize that s(u; u) = (u(p), b(u))x. Therefore,
instead we should compute s (u; ) = (u¥, b") x, which is a calculable quantity. Thus, our error
is
Nl |(u7b)_(uNabN)|
= |(u—u™,b—bY)+ (u",b) + (u, bY)|

[s—s

The second and third terms may seem important, but it turns out that one can eliminate them
via a smarter choice of output functional. The key point is that our error, using only the first
term, is less than or equal to |u — u” | x ||b — b™V||x. With our method of choosing the u, only
to minimize the error in bV, we can make the second norm small, but we have no control over
the first. The fix for this is to use the greedy algorithm to select two sets of p;: one to minimize
the error in bY, and the other to minimize the error in w?. This Petrov-Galerkin approach
yields the ‘superconvergence’ phenomenon [8].

Again, the bottom line is that one can simply choose the y; to minimize the error in 5", and
if this is done then, choosing the computed output in a smart way, one can get convergence that
scales like C' ||b — b"||, where C' depends on how accurately u” is represented, which may be
very inaccurate. However, if one chooses the j; to minimize both the u’¥ and b, one can get
accelerated convergence.
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3 Extensions to Noncoercive Problems

We remind the reader that our ultimate goal is to solve a frequency-domain version of 91
(recall from definition (1) that these are Maxwell’s Equations). The simplest version of fre-
quency-domain dynamics, the Helmholtz equation 3, is not coercive. We have developed the
ideas of the previous chapter more as a proof-of-concept that the RB ideas do indeed work, and
they work wery well in canonical cases. However, the RCS problem we wish to solve is hardly
ordinary, so we shall have to develop more sophisticated ideas. Because of this, the methods
presented in this chapter are valuable.

In this chapter we detail some recent advancement into the application of the RB method to
noncoercive problems. One of the main problems with the noncoercive case is that we can no
longer derive relatively simple a posteriori error bounds. Also, for the symmetric, ‘compliant’
case as we have described above, the convergence of the output of interest goes like the square of
the convergence of the function. This is no longer immediately the case for the noncoercive case.
In order to circumvent these setbacks, we must unfortunately subject the reader to a further
slew of mathematical definitions and notation.

The following are a list of difficulties that noncoercivity introduces, which we shall address in
this chapter:
e There is no longer an equivalent norm induced by the bilinear operator a

e The coercivity constant is nonpositive, and thus we cannot use it in our error estimator

The results from this chapter are taken extensively from results in [9], [10], and [11].

3.1 Mathematical Preliminaries

We ask the reader to now forget our previous coercivity assumption on the bilinear, sym-
metric, bounded operator a. a is no longer coercive, but it must satisfy the inf-sup conditions
of definition 4. (If it did not, then the problem may not be well-posed.) We also drop the sym-
metry assumption: we allow the operator a to be nonsymmetric. We repeat and refine our
problem statement: given u € D, we seek to find u € X satisfying

a(u,wyp)= flwyp) VweX (51)

Equation (51) is called the primal problem, and stems from the physics of the system.
We recall that we’'ve assumed X is a Hilbert space. Because of this, the Riesz Representation
theorem tells us that X is isometric to its topological dual space. L.e., let X’ be the space of

continuous linear functionals on X; that is, for f € X', f: X — R. Then X = X’; more rigor-
ously, for any x € X, there exists some element x’ € X' such that

(x,w)x=2'(w) VweX (52)

and ||z||x = ||«||x+, where

M)
17l = 228 Trllx )
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Another way of stating this is that given any xz’ € X, we can find a corresponding member of
X, call it p2, such that the operation z'(-): X — R is equivalent to (p2v,-)x. From this, we can
readily infer that

|z (w)]

Pa)c(/:argSUPwGX ||wHX (54)
As a very important example, we consider the quantity
r(vsu, p) = a(u,v; p) — f(v; p) (55)

If we assume u and g fixed, then we can view the object 7( -;u, u) as an element of X’. Le., it
linearly maps an element v € X into R (or more generally, C). r(-;u, ) is the residual of equa-
tion (51). Of course, it is zero for all v € X if u solves (51). We can identify an element in X
with the residual. We define é € X as this element, and (é(u, ), v)x = r(v; u, p) for all v € X.
The appellation is suggestive what it represents: we have defined an element of X which is the
representative of the residual. Intuition whispers that this should be the exact error e, but this
is not the case unless the bilinear form a is the inner product on X. We shall use both the
residual 7 and its simulacrum in X, €, in future sections.

For clarity, we restate the inf-sup condition of definition 4:

0<pBp<pB(pn)= inf sup Jau, w; p)] V peD 56
0= Blw) = Ik sup Twlx 0

This condition can be restated as saying that given any p € D and v € X, we can find an ele-
ment of X, T),u, such that

BllulxTuullx <lalu, Tyu; 1) (57)

In other words, we can define a supremizer T, u of the object a(u, -; 1) € X'. Given our discus-
sion of the object p™ above, and in light of equation (54), we see that T),u= Pg((u,-;#) so that

(Tyu,w)x =a(u,w; ) YV weX (58)

Because of this, we can readily show that T}, is uniformly bounded in p (with continuity con-
stant 7p). Combining (58) with (56), we can write

o 1Twullx [ Tux(p)llx
B(p) = inf T =k (59)
wex ullx  Ix(m)lx
where we’ve introduced x(u) € X as the object that infimizes % Therefore, we can write our
inf-sup parameter as
B(p) = X, Tux (1)) (60)

~ X)X T () Tx

We now take a bit of a tangent and discuss the following (unmotivated) eigensystem
problem: find (A(u), A(p)) € R x X with ||A(p)||x =1 such that

A(A (), w) =) (A(p),w)x Y weX (61)

where the symmetric bilinear operator A(v, w) := (T,,v, T,w)x. This may seem like a problem
only marginally relevant to our current discussion, but the significance becomes clear upon
inspection of the minimum of the Rayleigh Quotient:

2
Amin () := min ~——-* = min = min = 32(u) (62)
weX (W, w)x wex |wl|% wex Jw|%
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Le. the minimum eigenvalue (or the minimum of the Rayleigh quotient) associated with (61) is
the square of our inf-sup parameter. Equation (62) will prove integral in our determination of a
posteriori error estimates.

Finally, we make some assumptions about the bilinear form a: we assume affinity of the
truth-approximation bilinear form, as in equation (22), and that there exist seminorms {| -

|q}qQ: 1, constants {Fq}qQ:1 all nonzero, and a parameter-independent constant C'x such that

la(w, v)| <Tglwlq |vlq (63)
Q 2
o u
Cx = sup —Zq*l [ula (64)
wex  lullx

The first property is continuity of the a? with respect to the seminorms |- |4, and the second is a
statement about uniform continuity. We shall assume that these norms and constants are
readily available. It is very often the case that the definitions of the constants C'x, I'?, and the
seminorms | - |4 are strongly implied by the form of the particular problem. These last few prop-
erties are presently unmotivated: we shall utilize them in a future section.

3.2 Reduced-Basis Approximation

Much of the methodology of the reduced-basis method for noncoercive problems mimics the
coercive case (see section 2). However, there are a few key difference between that methodology
and this one. We shall outline here the basics of using the RB method for the noncoercive case
and briefly describe algorithmic development.

3.2.1 The inf-sup Constant

The procedure for computing a posteriori error bounds is what differs the most from the
coercive case. In particular, our definition of the error bound in equation (44) no longer makes
sense without the existence of a coercivity constant. We shall strive now to make up for this
defect. Although we shall not return to the consideration of an a posteriori error estimate until
section 3.2.5, we do wish to state that the developments in the following sections may seem like
discussions tangent to the problem at hand, but they are integral in deriving rigorous error
bounds. We ask the reader for some patience.

It turns out that we shall define an error estimator very similar to the one presented in (44),
except that we shall use a lower bound for the inf -sup parameter § instead of the coercivity
constant «. To this end, we shall begin discussion on finding a lower bound for .

Given our mathematical discussion in section 3.1, in order to compute [y, it suffices to com-
pute

2
By= inf inf JTullx

65
pepwex |w|%k (65)

It should be relatively clear that the procedure implied above is simply far too expensive, espe-
cially since the formation of the opreator T}, involves inversion of the operator a( -, -, ) from
(58). We must search for alternatives. There have been a few techniques ([10], [9], [12], [11])
proposed to determine lower bounds for 3. We shall follow the method in [10].
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M

Figure 2. Illustration of the lower-bound technique

The basic idea is the following: we shall separate the parameter space D into J (possibly)
overlapping convex sets P; (‘polytopes’), and associate some fi; € P; with each of these sets. We
shall use a piecewise-constant approximation of 3 over these sets P; as our lower bound. The
graphical illustration when the parameter space D is one-dimensional is shown in figure 2. To be
more precise, we shall use a lower bound

- g 66
#) j€{{1,2,1?%lx}:u€73j}€ﬁﬂ(ﬂj) (66)

where €3 is some efficiency parameter which we shall discuss later. Of course, we have not yet
discussed how to choose the fi; or the P;, how large J should be, or if this is even a good idea
at all. We shall elaborate on these features now, drawing extensively from the discussion in [10].

To summarize, we shall approximate [F(u) by a series of piecewise-constant lower-bounds
(shown as dotted lines in figure 2). As usual, this is a very simple idea, but requires very sophis-
ticated tools for implementation. Among the ingredients we require are the following

e Given p, a method for computing/estimating ()
e A method for determining the sets over which our lower bound will be constant
e A method for determining the values of the piecewise-constant function
We remark that it is possible to use a piecewise linear lower-bound as well; the formulation is

slightly more complex, but has the potential to pay off with a higher estimation efficiency.[10]

We begin by introducing some notation that will be useful. For each polytope P;, we asso-
ciate a collection of vertices V; which define the polytope. Recall that y € D is a P-dimensional
quantity, and we denote ji(p), p=1,2,..., P as the p’th component of . We make no assump-
tions on the symmetry of a.

We recall the definition of § and some mathematical forms for it:

ﬁ(,u/) = inf sup |a(UaU;M)| = inf |a’(u7T#u; M)|
ueX pex ullxllvlix  wex ullx|Tuulx

o au, Taus )| oo [(Tuu, Tau) x|
> inf =
weX [ullx 1Taullx  wex [lulx||Taullx
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We shall essentially want to measure how a changes with respect to u. In anticipation of

this, smoothness of the bilinear form in the parameter is assumed, and we write, for ¢=1,..., Q,
P
a ar - 00 B
Oa(n) = O5(a)+> aﬂ(q) () (1) = Agp)) +
e (68)
a af O - _
O4(1) —O5(i) = D 5 —"(i0) (i) — Figy)
o1 TH®)

which is a first-order multivariate Taylor expansion of the ©F,

%, which we assume exist and are well-defined for all ueD.
P

where we have made use of
the sensitivity derivatives

We then write
(THU7 le’U) = (THU — Tﬂu, Tﬁ’l}) + (Tﬂu, le’l})

Within each polytope centered at [, the last term is a constant. Define z(u, v, p; @) :=
(Tu — Tgu, Tzv). Using equations (22), (58), and (68), we can write

v ) = alu, Tpoi p) — alu, Tpvs 1)

Q.
= ) (@40 — 04 aglu, Tyv)

Qa L Ye] .
= qz aq(u,Tnv); Brigyy ) Hiw) = Fip) +

Il
QO+~

i " 00
aq(u, Tpv)| Og(p) —O5() — Z au(q (
p=1

) (p) — fi(p))

=

1 p

q

Equation (69) is written only for motivation: the first term is a measure of linearity of aq
with respect to p. The second term is the deviation from linear behavior. Our lower bound
algorithm shall make use of linearity to define a lower-bound value, and shall check the devia-
tion from linearity to determine when a new i (i.e. a new polytope) needs to be chosen. Now we
define

T(u,v,Ap; ) = (Thu, Tgv)x +

P Qu 5
00 00 —_—
By 3 (L )aglu Too) + o (oo T )
1;1 (p) t; D) q Iz D) q Iz

(70)

where the overbar represents complex conjugate. We associate with (70) a minimum Rayleigh
quotient:

(71)
wex  Jwlk

One can show from (70) and (71) that F is concave in Apu. Because of this, the set D := {u €
RP: F(pu—fi; i) >0} is convex.
) (72)

Finally, we define

O4(10) = O4(i) =~ 3 g () (i~ i)
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which is a bound on that term in (69) which is not included in (70). We shall now state a result
without proof:

Proposition 9. (Piecewise-constant inf -sup bound, [10])

Let {P; }‘j]:1 be a collection of polytopes satisfying the ‘covering condition’

J
Dc | P (73)
j=1
and the ‘positivity condition’
veEV; HEP;

Then () given by (66) satisfies 3(p) < B(p) ¥ peD.

The details of the proof are given in [10] and we refer the reader there for details. A pictorial
representation of the covering condition (73) is given in figure 3 for a two-dimensional parameter
space.

P s o p™
: 1

::-' M 2 : g D F’ng

P, e

Figure 3. Pictorial representation of covering

Proposition 9 gives us a method of constructing a lower bound for the inf -sup constant
Implementation details will be given in section 3.2.2.

3.2.2 Computation of the Error Bound 8(u)

We now turn to the method of constructing the function §(u) of equation (66). We note
that proper construction of the (semi)norms | - ||x and | - |, is integral to the good conditioning

of this method. We shall not discuss methods to construct these norms here because for our
application, the construction of these norms is natural and robust.



26 SECTION 3

The vast majority of the process for computing ﬂN(u) is an entirely offline procedure, and the
online computation requires very little effort. Essentially, offline we compute the P;, V;, fi;, and
B(fi;), and then online all we must do given a p is to determine which polytope(s) it resides in
(i.e. a search algorithm), and then do a very simple maximum calculation described by (66).
Once the offline parameters have bene computed, then computing &} () online is a very fast and
straightforward procedure. Therefore, we concentrate on the method of computing the P;, V;,

ﬂjv and 6(:&])

eg is an efficiency parameter with values in (0, 1) for our method. For small eg < 1, we can
very easily bound 3(p) with very few polytopes (i.e. J small), but in return we have a very inef-
ficient bound: it will probably be the case that §(u) < [(u) for a large portion of D. Con-
versely, if we choose €5>> 0, then we can get very efficient bounds for 3, but the price we pay is
that we must compute a great many polytopes, which requires considerable offline computa-
tional expense. The user may choose whatever €3 is amenable to her or her tastes.

Given a vlaue fo g, we assume at step j+ 1 that we are given the first j polytopes and their
respective vertex points. To compute i1, we merely select (in some educated fashion) a point

in the set D\( ul_, 731-). Next we compute 3(fi;41), which is the solution to the eigenproblem

(59). This is a nontrivial and costly procedure, but we only need do it J times total. Next, we
find the solution v to the nonlinear problem

VF@ = i1 A1) — max @ fij1) >epB(fij41) (75)
HEP;+1
where 75j+1 is the convex polytope formed by v, any existing members of V; 1, and ji,,,. Note
that this problem is extremely costly and complicated to solve. The reasons are

e The value of F is itself requires a minimization solve.

e Finding the max ® term is an algorithmically nontrivial task to accomplish, espescially
since the intermediate polytope P;11 changes based on the choice of v.

However, there are some saving graces for this method, especially applied to our RCS problem:

e Typically, one can use ‘surrogates’ for 8 and F. These are inexpensively computed, yet
accurate, approximations that depend on the reduced-basis framework. [11], [13].

e For u €D cC RF, one can impose a lexicographic ordering on D in order to use a binary
chop/bisection method to solve (75).

e Most importantly: for our application, x € R?, but only p1) influences a( -, -; p) (see sec-
tion 5.2.1). Therefore, our polytopes are just line-segment subsets of R. These observa-
tions save us enormous offline computational cost and algorithmic complexity.

Each vertex of V;11 must be computed using (75). How many vertices to find (i.e. |V;41]) is
open to the implementation. For p € R, convex sets are line segments so that |V;| =2 for all j.
In higher dimensions, one needs at least P 4 1 points to form a convex set, but there is no upper
limit. In practice, once ji;,; € Pjy1, then there is no need to continue.

We begin the process by choosing fi; € D at random. This defines the ‘centroid’ (in the sense
of f3) of polytope PF1. However, we need to compute the defining vertices V; which satisfy the
positivity condition (74). To do this, we first solve the eigenvalue problem associated with (62)
and compute B(fi;). This is expensive to do. Next, we choose a value of g€ (0, 1), which deter-
mines the efficiency of our lower bound. Next we determine the order of the polytope. That is,
we fix an integer |V,|; e.g. for P =1, |V;| =2 for all j, and for P =2 we could (arbitrarily) set
|V;|=3 for all j.
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Now we construct the vertices V; such that the positivity condition (74) is satisfied. Le., for
every {pj:k=1,2,..[V1|} we write [V1| equations for the juj;:

f(ullc_ﬂl;ﬂl)_P{réafj(lq)(ufc;ﬂl):‘gﬁﬁ(ﬂl)a k:1’2,_“|]}ﬂ1| (76)
The solution of this system gives us the uj. Note that the dominant computational expense is in
computing F(uj — fi1; fI;) because this requires an expensive eigenvalue solve (as is shown in
appendix B). The computation of ® (and even the maximization over the polytope) is quite
inexpensive due to the readily-computable form of (72). In particular, many problems have
linear parameter dependence, so that ® =0 (recall that ® is a second-order term measuring the
deviation from linear parameter dependence). Note that we can efficiently solve this algebraic
problem with e.g. binary chop/segmentation algorithms due to the concavity of F. With this
step, we have computed the constant value e5 5(;) and the polytope P1 (defined by the ver-
tices V;).

We now proceed by induction: given {VJ}‘]]:_l1 , {ﬂj}j;ll , and the associated polytopes

{P; }‘J];ll which all satisfy the positivity condition (74), we choose via some method a fi; ¢
Uj;ll PFi. We compute
2
o I Tewllx

B(fry) = %%W (77)

by casting it as an eigenvalue problem. We can then solve the system of algebraic equations

Flpk— fig; fiy) — ﬁ%} D(prs rg) =epB(iy), k=1,2,..|V; (78)
J

for the puf, which will define our vertex set |V ;| and hence our polytope P, which by construc-
tion will satisfy the positivity condition. We can then test to see if the covering condition (73) is
satisfied. If not, we move on to J + 1.

Once this step is done, we are essentially finished: we now have a collection of polytopes P;
and constants ((/i;) which define our inf-sup lower bound (66). The online computation is now
merely a task of finding which polytope(s) u is a member of and then maximizing over the pre-
computed ((/i;) associated with those polytopes.

3.2.3 Presenting an Algorithm

We can now write down a full algorithm for computing a lower bound for the the inf -sup
parameter (3. In order to compute the matrix representations of the operators, we refer the
reader to appendix B, whose equations will be referenced in this section. We denote our lower

bound as £, as defined by (66). The determination of this function requires us to construct the
fi; and the P"7, which we do via the following algorithm:

Algorithm Computing the inf-sup parameter B

1. Assume eg€ (0,1), and integers |V;| are given
2. Compute Py and B(fi;)
a. Choose fi; randomly
b. Compute 3(fi;) via equation (116)
c. Compute the vertices uj, via equations (74) and (118)
d. Set P; as the polytope defined by the vertices pj, set j =2
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3. while 1
a. Choose fi; ¢ Ug;ll P; via some method
b. Compute 3(fi;) via equation (116)
c. Compute the vertices uj, via equations (74) and (118)
d. Set P, as the polytope defined by the vertices uf, set j« j+1

e. If the covering condition (73) is satified, break

Now we have computed the appropriate polytopes and values and can define our lower
bound (3. Once this is done, the online computation is very simple: given p, determine which
polytope(s) cover p, and then take the maximum value of the appropriate 3(/i;) as stated in
equation (66).

3.2.4 Numerical Example: 1D Helmholtz

To illustrate the lower-bound technique, we apply it to the 1D Helmholtz problem with
Dirichlet boundary conditions on the left-hand side and Robin-type outflow boundary conditions
on the right-hand side. In this case, the bilinear form a(u,v; p) = a(u, v;w) takes the form

a(u, v;w) = ajap (U, v) +w aout (v, v) + w? (u,v) x (79)

To see the derivation of this bilinear form for the 1D Helmholtz problem, see section 5.2.1. aiap
is the bilinear form associated with the Laplacian, and aoys represents the outgoing (Robin-type)
boundary conditions. In this case we have Qq =3, a1 = Gap, G2 = Gout, a3 = (-, )x, and Of =1,

% = w, and ©% = w2 We can easily compute the requisite sensitivity derivatives to implement
the lower-bound algorithm. Since the parameter is one-dimensional, polytopes are just line seg-
ments, and this simplifies the implementation greatly.

With this form for a(u, v; w), we implement the lower-bound procedure described in the pre-
vious two sections with €3=0.9, and this is plotted in figure 4 against the exactly-computed inf-
sup parameter.
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Figure 4. Lower bound for the inf-sup parameter, 3.
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We see that the lower bound follows the exactly-computed inf -sup parameter quite well,
even where 3(p) vanishes near w = 29.5, a resonance-like phenomenon. 3(u) will be part of our
a posteriori error bound, as shown in the next section, but where it vanishes, the efficiency of
our bound will be very bad. That is, where § vanishes, our estimated error will be much higher
than the actual error.

3.2.5 A Posteriori Error Bound

In sections 3.2.1 and 3.2.2 we detailed methods to efficiently compute the inf -sup constant
for the bilinear form a( -, -; u). The utility of B (p) will be completely analogous to that of the
lower bound of the coercivity constant ag in equation (44). We define our a posteriori error esti-
mator ([11], [9], [10], [14]) as

An(p) = I mlxe |é<éa> |x 50

B Bw)

which is the a posteriori estimator for the error in the RB approximation .

Proposition 10. Accuracy of RB error estimator

Assuming well-posedness of the truth-approximation problem (16), then given the form of the
error estimator in equation (80), we have

An(p) = Jlu—u | x (81)

Proof. The proof requires the definition of the inf-sup parameter, its lower bound, and the defi-
nition of the residual (55) of the truth-approximation problem:

. | a(u,v; 1)
B(p) < B(p) = inf sup|—
(#) () ueX yex llullx [lvllx

up Jalu=u, v )
ven Tlu =¥ Tlollx

IN

_ L gup s —alu?, v )]
[l —uMllx yex l[ollx
[r(v;u, )|
= sup
lu=uMlxvex  llvllx
1
= Ju—aye i mllxe

As detailed in section 2.3.1, we have an existing online-offline decomposition method for
computing ||é || x, and we have just finished explaining the method to calculate 3(1), so we have
all the ingredients necessary to calculate Ay, which we have just proved is a rigorous upper-
bound on the reduced-basis error.
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4 Evaluating the Output

In previous chapters, we have been almost exclusively concerned with minimizing the error in
our RB solution u~. However, what we should really be concerned with is how we compute the
output s°. In this chapter we elaborate on methods to compute our actual desired output s%(u®
1). The reader will note that the greedy algorithm introduced in section 2.3.2 was designed with
the goal of minimizing the error in u”" with respect to u. However, it is s(u; y) we are actually
interested in, not u. While we may be minimizing the error |[u — u”||, this does not say any-
thing about how small ||s — s™V|| is. This is an unfortunate reality, and we must mitigate this sit-
uation.

4.1 The Adjoint Problem

In order to nail down how we can control the error in s(u, u), we introduce a new problem:
find v € X such that

a(w,v; p) =s(w;p) VweX (82)
where we recall that s(u; p) is our output of interest (e.g. the RCS). Equation (82), the dual

problem, is a mathematical problem we have introduced; the role of the dual problem is to
recover superconvergence of the output functional [8]. We may also write (82) as

a*(v,w;p) =s(w;p)  YweX

where a* is the formal adjoint operator to a. Le., a* is the operator which satisfies a(v, u; p) =
a*(u,v; p) for all u,veX.

4.2 Computing the Output

We recall that we’ve defined primal and dual problems in (51) and (82), respectively. We
shall seek to use the dual formulation in order to provide better convergence rates for our
output of interest s(u; u). Let u” and v" be the solutions to the RB primal and dual formula-
tions (51) and (82), respectively. Then the quantities u’¥ and v¥ satisfy

a(,wip) = flwjp) ¥V weXV

a(w,oN;p) = s(w;p) ¥V we XN (83)
Furthermore, we define the primal and dual residuals as
P (wsu™, p) = a(u™,wi p) = flw;p) YweX (84)
rd(w; o, p) =a(w,vV;p) —s(v;p) YweX
Note that by Galerkin orthogonality, we have
P (w;u™N, p) = alu—uN,wip) YweX
rd(w; o™V, p) = a(w,oN —v;p) YweX
Finally, note that by our definitions,
P (N uN ) = a(ul, o p) = rt (N 0N p) (85)
Now consider the following decomposition [8]:
s(uip) = s(u; p)+s(u—u; p)
= s(u™;p)+alu—uN,v;p)
= s(u™;p)+alu—uN, 0N p) +alu—uN, 0 —oN; p) (86)
= s(ul; p) +rPr (N u, p) +alu — w0 — ol p)
s
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The terms in the set of square brackets is computable via our RB primal and dual solutions
u™ and vV, and we define it to be our new estimator of the output:

5 () = s p) +a(™, oV p) — f(oN5 ) (87)

Then assuming well-posedness of the problem, we can state (see section 4.3 for rigorous state-
ment and proof)

lI5(u; 1) = 5 (W)l x < C(p)llu —ux v — oV x (88)

Le. if both the primal and dual RB approximations are O(hP)-accurate, then the desired output
is order O(h?P)-accurate. We have computed (87) via the primar residual, but due to (85) we
could also compute it using the dual residual.

Note that the result (88) as stated applies to the RB solution’s error with respect to the
truth solution. It can certainly be applied to compare the RB solution to the exact solution, but
in order to get bounds on ||u® — uV||, we must have a verifiable way of computing quantities
related to the exact bilinear formulation.

4.3 Application to the RBM

We have defined a new output estimator in equation (87), and in this section we shall fit this
new piece of the puzzle into our reduced-basis methodology. We will use our newly defined dual
problem and the new output estimator.

We wish to use the RB method to solve the following problem: find u,v € X satisfying
a(u, w; p) = f(wyp) YweX (89)
a(w,vip)=s(wyp) YweX (90)

We note that we have assumed the Galerkin spaces in equations (89) and (90) to be both X.
For problems with resonances resulting in spatial singularities, it may be necessary to introduce
a primal space XP" and a dual space X" which are refined in different places. For this case, it
is possible to present very similar results to what is presented below, but the presentation is
much more complex. We shall not deal with this case, and instead refer the interested reader to
[14].

Because we have introduced these problems, we must expand our definition of the inf-sup
parameter to take these problems into account.

Definition 11. (The inf -sup parameters for the primal and dual problems)
We define the primal inf -sup parameter as

. lau, v; p)
v (1) = inf,_sup 1ALV )]
wex oy Tl Tl

and the dual inf -sup parameter as

() = inf sup 1L g g Jewvim]
B e ) o R A v

As before, it is assumed that the primal and bilinear forms have nonzero inf-sup parameters
in order to guarantee well-posedness of the problem. Strictly speaking, we should also define the
continuity constant (u) for our primal and dual problems as well, but due to the symmetry of
the definition of continuity (see definition 4), we have that ' = yd%:=~.
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We shall assume that we shall seek reduced-basis solutions u” € XV and v™ € X™. The cor-
responding reduced-basis spaces X~ and X™ have dimensions N and M; problems (89) and
(90) are completely different problems; there is no reason to have X~ = X indeed there is no
apparent reason for them to be similar in any way.

As introduced in section 4.2, we shall use the output estimator

5 (p) = s(u™; p) +a(u™, oM p) — foM; p) (91)

and recalling the definitions of the residuals from equation (84), we introduce the error estima-
tors

T . N. ,

gLl .
du/, ,)N. ,

AdMu: [ (5;;‘;(;;),“)”)( (93)

Lemma 12. Accuracy of error estimators ([9], [14])
Assume that both the primal and dual bilinear forms a( -, -) and a*( -, - ) induce well-posed
truth-approximation problems. Then the primal and dual error estimators satisfy

pr
AN

——>1
To—uT
Al
—>1
o=~

Proof. The result is an application of the definition of the inf-sup parameters.

| a(u,v; 1)
() = inf sup L2l
wex pex JullTo]
o el )|

sup ———————
vex [u—uN[ o]

o N
L1, ) e
=¥ Toex ol

25 )]0
llu —uN | x

Dividing by gP*(u) and applying definition (92) yields the result for the primal estimator. The
proof for the dual estimator is almost identical.
O

We can now state our main result regarding bounding the convergence of the output in
equation (88):

Theorem 13. Output error bound ([ 9/, [14])
Assume that the primal and dual bilinear forms are bounded and have monzero inf -sup
parameters. Then

|s(u; 1) — 5 (uN, oM )| < () AR (1) AGH 1)

where 5 (uN,vM; 1) is defined as in equation (87).

Proof. From equation (86) and application of the definition of continuity we have

(s 1) — 5 (™, 05 1) = fa(u — w0 — oM )| < y(p)lfu— | o — oM |
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The result then follows directly from lemma 12.
O

We now have the final ingredient necessary for our reduced-basis procedure. We are inter-
ested in bounding the error in the output, and theorem 13 provides us a method to do so in
terms of the RB error estimators AP* and A4,

4.4 Algorithm Design

We have defined the adjoint, or dual, problem as in equation (90). We seek to apply the
RBM to this adjoint problem, and it should be noted that solving either a(u, w) = f(w) or a*(v,
w) = s(w) is the same abstract problem with a change of notation. Therefore, all the method-
ology we have developed in chapters 2 and 3 is applicable to the dual problem just as if it were a
primal problem.

In particular, computation of the lower bound for the inf-sup parameter is exactly the same,
except that the bilinear form for the dual problem is a* instead of a. Also, the residual-norm
matrix G from equation (42) has a similar definition as the primal problem; one must simply
rederive the expression by replacing a — a* and f — s. (Note that the finite-dimensional equiva-
lent of the adjoint operator * is the Hermitian transpose.)

Using the results of the previous section, we can design a bare-bones algorithm for com-
puting an approximation to the output s(u; p) using the RBM. Note that we have presented
some details of the RBM in the algorithm in section 2.3.3 and we shall omit those details here.
For example, we shall simply say ‘compute AP", which entails computing ||7P*( -, u™; p)| x-, the
details of which were presented earlier. We assume the reader is familiar with the basics of the
RBM algorithm as presented in section 2.3.3. Also, the following algorithm is not written for
optimization; rather it is presented as a rough modus operandi.

Algorithm Output-oriented RBM

Given Etoly Nmaxa and Mmax:

1.) Compute B°*(p), S (), and (), and set, e.g., eP* = = /5101
2.) Select p¥* and pd", and construct the appropriate one-dimensional operators, etc.
3.) For n = 2:Nyax

Search over D for pP" which maximizes /() ||u(p) — u™~(p)| x using A" |
If /y(pb') APT_ | <eP' break

Add u(pP") to XPrm~1 update operators and estimators
End
For m=2: M, ax
Search over D for u" which maximizes /y(p) [|v(u) —v™ (1) x using AL _,

If \/y(pdd) Ade ) <edv) break

Add v(pd?) to X4 ™=1 update operators and estimators
End

In this way, one find spaces XP"N and XM to find approximations u” and v™ providing

an output estimate 5 (u”, v™; ) which is guaranteed to be within e, of the truth output s(u;
1)-
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5 Application to the RCS Problem

In the previous chapters we have discussed the basic ideas of the reduced-basis methods, and
in chapter 1 we presented the RCS problem we wish to solve. We shall now describe how we
propose to apply the reduced-basis framework to our problem of interest. We shall discuss diffi-
culties and propose some solutions.

We remind the reader that 9t denotes the full homogeneous Maxwell problem given by equa-
tions (1)-(4), € is the frequency domain curl-curl problem given by (7), and 3 is the Helmholtz
equation (8). All these systems have appropriate boundary conditions described by equations
(9) and (10). The goal is to compute the RCS o for many different values of the incident angle
©'" the observed angle ¢°%* and the frequency w. However, it is worth noticing that the com-
putation of the RCS from (12) and (11) involves ¢°% only in the output computation: that is,
the difficulty in this system is recovering E and H, and these quantities have no dependence on
the observation angle. Therefore, we shall henceforth restrict our discussion to the computation
of the monostatic RCS where ¢ = ¢° = . Computing the bistatic RCS is certainly still a
problem to be considered, but almost all of the RB complexity is present in the monostatic case.

The reader will find that we shall make use of most of what has been previously developed.
In chapter 2 we discussed the basics of the RBM for the easiest problems in order to familiarize
the reader with the method. In chapter 3 we discussed dealing with noncoercive problems, as
the Helmholtz problem is if the angular frequency w is large enough. Finally, in chapter 4 we
outlined methods for ensuring accuracy of the desired output (the RCS) versus the numerical
solution of the PDE. All of these are crucial components to the solving of the RCS problem.

We also remark that here we are computing the RCS for a fixed object over many angles/fre-
quencies, but using the framework presented in [5], it is also possible to compute the RCS for a
family of similarly-structured shapes over many angles and frequencies (as long as the truth
approximation retains the same dimension N; over the variation in u). The only difference is
the enlargening of the parameter space D (which, admittedly, does present complications in e.g.
computation of the inf -sup lower bound). We shall now state our problems in the language of
the reduced-basis methods.

5.1 The Framework

In chapter 1 we presented a number of different formulations of the governing equations of
electromagnetic phenomena (namely, 9%, €, and 3). There are two questions which immediately
arise:

1. Which system is most amenable to deal with in order to compute the RCS?
2. Which systems can we readily apply the RB method to?

The answer to the first question is relatively clear: because there are already high-order, parallel,
unstructured codes in place to compute M, (see e.g. [1]) we shall use this solver to make our
truth approximations. As regards to the second question, there is very little RB theory at pre-
sent which applies to time-evolving equations. Therefore, we must restrict our attention to time-
independent problems. Thus, either of the Fourier-transformed systems € and 3 are applicable;
the only question is what the difference between them is and how the RB method can be
applied to either of them. The first consideration in this line of thinking is what the easiest
thing to do would be. Unfortunately, this is not an easy situation to present a solution: strictly
speaking, for given boundary conditions, one can show that when cast into their respective
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Galerkin weak forms, systems € and 3 exhibit noncoercivity ([15] and [16], respectively). We are
thus forced to consider employing the RB method in the noncoercive case. As to the choice
between € and 3, the Helmholtz equation assumes a divergence-free electric field, which is true
in theory for electrically neutral homogeneous media, as is the case for the RCS. Thus, one may
use either the curl-curl formulation, or the Helmholtz formulation as the elliptic problem of
interest.

It should be noted that there have been attempts to use the RBM for time-dependent prob-
lems ([17], [18], [19]) but they rely on a relatively complicated method of considering the time
variable as a parameter, and implementing such a system would require a significant overhaul of
existing codes.

The basic strategy then is to use an existing time-domain code as the workhorse for com-
puting frequency-domain ‘truth’ approximations for input into the reduced-basis algorithm. Our
methology for proceeding will be as follows:

1. Use an already-implemented time-domain solver to solve for truth approximations to 91
for the parameter snapshots {u; }7 ;.

2. Transform the snapshots of 9 into snapshots of € or 3.

3. Use these transformed snapshots as basis functions (; for our reduced-basis space to solve
the time-independent € or 3 for the desired range of parameter values.

In order to perform these steps, there are a few ingredients we shall need:

1. A method for determining an error estimate between the solution of 9t transformed to
the unknown in € or 3.

2. An RB framework for computing consistently accurate solutions to € or 3

The ultimate goal here is to never be required to discretize or directly solve € or 3, but we
shall consider solving these problems in the RBM framework anyway because in one- and two-
dimensional test problems, we can verify our algorithm.

The basic, high-level mathematical procedure is the following: we seek a solution ', a solu-

tion to either € or 3 (equations (7) or (8)) using basis functions from the RBM method, and
that solution satisfies

[V (p) ()] < () —u(@)]  +  |lu(p) —u ()] (94)
—_——
RBerror Discretization (DG) error

The last norm is, in the sense of this analysis, beyond our control: it is the error introduced by
the underlying discretization. However, it is for the first quantity that we shall need to compute
bounds. The first norm is the error we make with the reduced-basis methods, and as shown in
chapters 2 and 3, we can develop sharp a posteriori error estimates to certify the accuracy.

In the following sections we shall present more of the details of the RB method applied to
this problem. We shall consider the error in our use of the RBM as applied to either € or 3, and
the problem of computing outputs. Finally, we shall consider the problem-specific considera-
tions.

5.2 Formulation: The Helmholtz Equation
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As discussed in chapter 1, we shall consider our parameters as the angle of incidence (=
angle of observation) ¢ and the angular frequency w. We thus now define our RB parameter
= (w, p) € RT x [0,27) x [0, 7] C R3 (recall that ¢ = (6, ¢)). We consider the unknown E € C3
and explicitly write it as a function of u, while we suppress notation showing dependence on .
We write down the Helmholtz system 3 as

AE(p)+W2E(p)=0 xeQ (95)
Exn=Ex) xecdl (96)
gg—mfzzo x €00 (97)

where 71 is the outward-pointing normal vector to I' or 9} (see figure 1), ug is the incident
phasor field (see equation (9)), and we assume that w? is not an eigenvalue of the negative
Laplacian (i.e. we assume that D does not contain any eigenvalues of the negative Laplacian).
The form of the outflow boundary conditions (97) are discussed in appendix D.

In order to sidestep the necessary (but minimal) augment in notation and definitions for
complex-valued functions, we shall opt to solve two versions of (95)-(97): one for ug = Re[E%”],

and another for vg= Im[l%”]. Because the system is linear, then we can apply superposition at

the end to obtain the full solution. This requires solving two R3-valued systems, which are cou-
pled through the outflow boundary conditions. We shall really only consider solving system

(95)-(97) in one and two dimensions. Setting u = Re[ﬁ} and v = Im[ﬁ}7 we write the real-
valued form of (95)-(97):
Au(p) +wu(p) = 0 in Q

uxn = ug ondl' (98)

aufwv =0 on 0N

Av(p)+w?v(p) = 0 inQ

vXn = vg ondl (99)

on 0f)

I
o

= twu

on

It is clear that (98) and (99) are coupled through the outflow boundary conditions.

We then discretize equations (98) and (99) with the local discontinuous Galerkin (LDG)
method (see appendix C, [20],[21]) and then the entire system takes the form:

a((w,v),w;p)=flw;pn) V weX3x X3 (100)

where the term f(w; p) comes from the Dirichlet boundary conditions (96) and the outflow
boundary conditions (97) implemented in the LDG form. The truth space X is the space of
piecewise, R-valued polynomials over the triangulation of the grid. Note that the bilinear oper-
ator a in (100) has no dependence on ¢, only on w, as we show in the following section.

The RB method is now implemented almost exactly as outlined in chapter 2. Because the
Helmholtz equation is noncoercive (unless w is small), one must have a way of computing a
lower bound for the inf-sup constant (e.g. as done in section 3.2.2) in order to determine a pos-
teriori error bounds (section 3.2.5), which are crucial in the offline procedure for choosing the
basis functions (see section 2.3.2), as well as the online procedure for accuracy verification. In
addition, if we wish to consider computing an output s((u, v); ), we must also define problems
adjoint to (98) and (99) and consider the dual problem as we did in chapter 4.
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5.2.1 Implementation: The Operators

As mentioned above, we shall discretize system (98)-(99) using the local discontinuous
Galerkin scheme for the Laplacian term. We use this because of the robust stability and accu-
racy of this method. For the Helmholtz equation, it suffices to just use the appropriate bilinear
form for the Laplacian term [21]. We now write u = (uy, u2, us) and the test function w =
(w1, ..., we) € X3 x X3. With this, our bilinear form becomes, e.g. for w = (w1,0, ..., 0):

a((w,v), w; 1) = arap (U1, w1) +w aout((w, v), w1) + w?(ur, w1) x (101)

where we have explicitly shown dependence on the parameter w on the right-hand side (recall a
does not depend on ¢). The operator aj,p: X x X — R is the symmetric part of the Laplacian
LDG discretization. agy:: (X3 X X?’) x X — R is an antisymmetric operator which implements
the Neumann/Robin-type boundary conditions specified by outflow. The curious reader wishing
for details is encouraged to read appendices C and D.

With the LDG discretization, again with w = (wq, 0, ..., 0) we also have a form for the right-
hand-side operator f:

f(w; p) = (e(uo,1()), w1)x (102)

where « is some function taking into account both the form of the Dirichlet initial conditions ug
and the LDG discretization. It should be noted that wg is a function of the parameter ¢, as is
explicitly shown, and that « is only nonzero on the scatterer boundary 9T

It is evident from equations (101) and (102) that our paramter p = (w, @) influences the
bilinear and right-hand-side operators differently. To be blunt, a((u, v), w; p) = a((u, v), w; w)
and f(w; p) = f(w; ¢). This is very beneficial for us: the calculation of the inf -sup parameter
lower-bound is prohibitively complex if the u-dependence in a is more than one-dimensional.
Here, w is one-dimensional, so this computation is simplified.

We can now put this system into the RB framework. The affine decomposition is clear from
a generalization of equation (101). We have Q, = 3 with a1 = aiap, a2 = aout, and a3 = (-, - )x.
The parameter dependence is Of(u) = 1, ©3(u) = w, and O%(u) = w?. It is not clear that the
right-hand-side operator f has any affine decomposition. However, it is important to notice that
since « in equation (102) is a boundary term, it is zero everywhere outside OT", and this makes
the evaluation of f very cheap overall.

5.2.2 Results: 1D Problem

Using the formulation in section 5.2.1, we implement the one-dimensional Helmholtz equa-
tion with using the RBM. As parameter we take the angular frequency w. Considering ¢ a
parameter in the 1D case is quite trivial and we postpone this until the next section. We solve
the one-dimensional version of the Helmholtz formulation presented in section 5.2. The
boundary conditions are particularly simple in one dimension:

u'+wn =0 inQ=[0,1]
u =1 onz=0 (103)

w+wv = 0 onz=1
v'+wr = 0 inQ=[0,1]

v =1 onx=0 (104)

v —wu = 0 onz=1
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We take w € D = [20, 40], with u(x =0) =v(z=0)=1 and = € [0, 1]. For a truth approxima-
tion, we use the local discontinuous Galerkin method (see appendix C) with 40 equisized cells
and a 4th-order polynomial basis on each element. The lower-bound for the inf -sup parameter
[ is computed as shown in figure 4. There is an exact solution to this problem with the form

u \ _ [ cos(wz)—sin(wzx)
v )\ cos(wzx) +sin(wz)
which are the real and imaginary parts of the wave y/2¢/“*+7/4) We take only the primal

system (103) and (104); there is no dual system since in this problem we are not computing any
output s(u), only the solution itself.

In the RB algorithm, we ask for a maximum error of 10~2 before we stop searching for basis
functions. The algorithm required 18 basis functions before certifying the error to be less than
the desired value.

L2 error: RBM and truth vs exact L2 error: RBM vs. truth
-2

10

===Truth error

—RBM error

_6 X ‘ ‘
10 20 30 40 20 30 40
w w

Figure 5. RBM error. Left plot: truth and RBM approximation errors against the exact solution. Right
plot: error between truth and RBM solutions; the dotted line represents 10~%, and the maximum error
tolerance specified is 5 x 1073,

Figure 5 shows the error using the RBM method. The left plot shows the error in the truth
solution against the exact solution versus the error in the RB solution against the exact solu-
tion, ||u® — u|| and ||u® — u”||. The right plot shows the error between the truth and RB solu-
tions, ||lu — uV||. We can see that ||u — vV is indeed less than 5 x 10~2 as specified. The time
necessary to do all the overhead RB processing (computing the lower bound for 3, choosing the
basis functions) was 98.95 seconds. The plots in figure 5 were generated with 10* samples of the
parameter space D. The truth approximation curve (red, dashed line) took 1130 seconds to
compute, while the RB method required only 5.48 seconds to produce the blue, solid curve.
Thus, taking into account the RB overhead, the total savings was about an order of magnitude.
We expect this advantage to grow even more if we move to two or three dimensional problems.

In figure 6 we plot some sample basis functions (; for this problem. Recall that they are
orthogonalized against each other (i.e. (; # u(u;)), so basis functions corresponding to p; for
7 >1 do not necessarily satisfy the PDE system or the boundary conditions. In figure 1 we show
the basis parameters that the algorithm chose.
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Figure 6. A selection of basis functions chosen by the RB method.

pro 29.9990  pio 34.4494
p2  29.3429 i 20.0000
p3 29.6930 pip 22.2262
pa  40.0000  py3 23.1423
ps  34.7275 p1a 34.6655
e 37.8758  uis 20.7281
w7 36.9757  pi1e 36.6997
ps  39.0419  pi7 25.2845
to  29.3889  uig 38.1258

Table 1. Basis parameter choices

In an effort to really test the limits of the RB method, we run the algorithm again on system
(103) and (104), but this time we take D = [10, 100] and again require a maximum error toler-
ance of 1074, In this case, the solution varies wildly with the wide range of w. The sensitivity
derivative for w? can be as high as 200. Thus we expect that many basis functions will be neces-
sary to accomplish the same error tolerance. In addition, the inf -sup parameter exhibits three
points where it dips down to zero. This will hamper our ability to keep sharp error estimates in
those regions.

On this run, the method chose 45 basis functions. The RB overhead ‘offline’ time is 477 sec-
onds with about 80% of that taken up by the computation of the inf -sup lower bound. The
online expense is 8.56 seconds for 10* solves. The corresponding time required for the truth
solver 2419 seconds. We achieve a total computational savings of only about half an order in
this case. However, the computational implementation for computing the lower bound is actu-
ally relatively inefficient, and since this constitutes the bulk of the required RB time, then opti-
mizing this will yield much more desireable results.

The errors ||u — u®||x and |[u™ — u®||x are plotted in figure 7. For small w, our error toler-
ance is so high relative to the truth error, that the RB solution loses many orders of magnitude,
but this is completely expected: the RB framework does not seek to bound error relative to the
exact solution, only to the truth solution. For large w, the truth solution error becomes greater
than our specified maximum |[u™ —u||x, so the error curves line up quite well.
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Figure 7. Error between approximations and exact solution for D =[10,100].

In figure 8 we show the RB versus truth error, ||u — u¥||x. The dotted black line represents
the specified tolerance. Note how we do not meet the error criterion this time, despite the proof
that it should work. The reason for this can be understood in the bottom plot where we plot
the calculated lower-bound for (3. There are places where § vanishes, but our calculated lower-
bound fails to pick this up, and thus our error estimator will not be sharp in these regions.
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Figure 8. 1D Helmholtz example with D = [10, 100]. Top plot: Error between RB and truth solutions;
dotted black line is the 10~% mark, the specified error tolerance. Bottom plot: the calculated lower bound
for the inf-sup constant (.
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5.3 Fusion with time-domain solvers

In all that we have previously mentioned, we have only dealt with solving a time-indepen-
dent version of Maxwell’s equations in order to calculate the RCS. However, the main goal here
is to utilize an already-existing time-domain DG solver to solve this problem. Thus, we shall not
actually solve the Helmholtz or curl-curl systems. As mentioned before, the RBM development
for time-evolving systems is nascent at best. Therefore, we cannot blindly apply the RBM to
this problem if we wish to use a time-domain solver; we have to be a little more clever.

The broad idea is the following: if we wish to use the RBM, must mold our problem into a
stationary (elliptic) problem. At this point the RB field is too young to allow much else. Thus,
we require a method to calculate frequency-domain solutions. We can transform time-domain
solutions to frequency-domain solutions using the (fast) Fourier Transform. Of course, this pro-
cess will not produce results as accurate as if we were actually solving the frequency-domain
problem, and we shall have to address this.

5.3.1 Time-to-Frequency Transformation Considerations

We shall generate a time-domain solution to Maxwell’s equations (problem 97t with boundary
data dependent on (), which we store for a certain subset R C € and store at discrete time
values, {t.}Z_,, where ¢, — t, = At independent of z for all z. Of course, the subset R could
be ) itself, or a proper subset. The selection of R shall be considered later. The value of Z
depends on a few considerations: we need enough points Z to resolve the particular frequency w
we are interested in. If one waits until a steady-state solution is present, and is relatively confi-
dent about the lack of aliasing, then Z can be the minimum number of points necessary to
resolve w (cf. the Nyquist sampling rate).

This provides us with a solution (the electric and magnetic fields), which we shall denote ugy.
We now seek to transform this solution to the frequency domain and evaluate the result at a
particular frequency w. This should be implemented with an FFT, which is possible under our
assumption that At be constant. We thus obtain w(u)|eer, which is the Fourier transform of
the solution to 9 with boundary data dependent on ¢ evaluated at frequency w. This solution
is what we shall take as our truth approximation to u(u), the solution of €, or 3 over 2. These
are the solutions we shall use in our global RB approximation (83).

We consider one further step to ensure that the elliptic solution u(p) computed via 90 is
accurate. An inexpensive way to give additional accuracy to our problem is to use the time-
domain fourier-transformed solution as an initial guess to solve the truth-approximation elliptic
problem a(u,v; u) = f(v; u). Because u(u) obtained from the time-domain solver is very close to
the solution to the elliptic problem, we should get rapid convergence using just a few iterations
of an iterative method of choice. This step is not necessary, but it does provide an excellent way
to verify that the time-domain solutions solve the problem we want.

5.3.2 The selection of R

In section 5.3.1 we proposed solving the time-dependent Maxwell’s equations system 2 and
storing the resulting data for some interval of time over a subset of 2 which we called R. If we
choose R = (, then we must store all the degrees of freedom over all space for a (potentially)
long time. This is a major computational burden. In this section we shall consider the possi-
bility of storing the time-dependent solution ujy in a subset R which is a proper subset of  in
order to alleviate this burden.
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We must determine is what kind of information we actually need about the solution w(u) (or
equivalently the RB functions (;) in order to proceed with the RBM. We shall only consider the
primal RB problem. The following is a rough list of the uses of the solution w(x) in the RB
algorithm:

e Computing a,(¢;, (), f4(¢) to construct a™ and fV
e Computing a4(¢;, ) to form residual-norm matrix G.
e Computing (u(u;), (;)x to orthogonalize the basis functions

The first two are absolutely necessary for the RBM. We cannot construct a RB equation, nor
can we devise an inexpensive residual estimator without these. The third condition is, theoreti-
cally speaking, optional; however, experiments have shown that unless the basis functions are
orthogonalized, the resultant bilinear form is very poorly conditioned, or even singular to
machine precision when N is even moderately large, e.g. N > 10. Therefore we shall take this as
a necessary requirement. Can we actually calculate these without knowing the explicit solution

u(pi)?

Recall that the RB functions are the orthogonalized version of the solutions w(u;). Thus, if
we collect the solutions into a matrix U and the RB functions into another matrix Z. Then
there exists an upper triangular matrix R such that Z R is the QR factorization of U. In fact,
assuming for a moment that we have been orthogonalizing the u(u;) in the RB process, then we
can store appropriate values along the RB process to construct R. Finally, the vector represen-
tation of (; is Q_“; = U (R™1!).;, where D.; represents the ith column of D. Therefore we can say

that ¢;= Z;\[:l ojiu(p;) where oj; are the matrix components of R~1.

It is presently inconceivable to be able to explictly compute a((;, ) without knowledge of the
entire solution ;. Therefore, we shall attempt instead to take advantage of the fact that a(u(u),
v; ) = f(v; p) Vv € X. The saving grace here is that f(v; p) for the RCS is simply a surface
integral over OI' (see figure 1). Thus, we need only store the values of the solution over OT.
However, let’s take a closer look:

N
a(Gi,v; p) = a(Z Ujiu(Uj)vU§H>
=1

N
= Z ojia(U(uj),v; H) (105)
j=1
= Z oji flv; p) + Z ojialu(py),v; )
{j:pj=n} {5 mi#n}

The first term can indeed be computed using only the surface integral over 0I'. However, the
second term is more difficult: it is not true that a(u(p;), v; ) = f(v; p) if p;# p. And even if we
try to compute a? directly, we have no simplifying expression for a4((;, v) or aq(u(p;),v).

It seems that we must concede that knowledge of the solution everywhere in 2 (i.e. R = Q)
is necessary as there is at present no forseeable means to compute some quantities requisite for
the RBM without this information.

5.3.3 Bilinear form required
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Because we are relying on an already-constructed time-domain solver, it would be quite
curious if we were to actually construct the bilinear forms ag4( -, -; u) since in that case we would
have effectively constructed an elliptic solver for which we would have no need of the time-
domain solver. In addition, constructing the matrices takes some extra effort which we are
trying to circumvent by using the time-domain solver. In this section we explore methods to
avoid explicit construction of the bilinear forms.

It is certainly true that we can construct functions which simply evaluate quantities like
a%(u, - ) for an input u which is globally defined over Q. For a DG-type method, we simply
require evaluations of the numerical fluxes, and the rest is quadrature. Can we get by with
simply evaluations of the a, instead of explicit constructions? In contrast to the disheartening
conclusion of the last section, the answer here is ‘yes’.

We require a4 for the following operations:
e Computation of the lower bound for the inf-sup parameter (3
e Computation of aflv

Both of these operations are achievable without explicit construction of a,. We can create func-
tions to evaluate a4(u, - ), and then use vector inner-products to compute aq(u, v) for any u, v.

The matrices aév are simply evaluations of the form ay((;, ¢;), so this is possible.

Regarding computation of the inf -sup parameter, we refer back to sections 3.2.2 and 3.2.3
and to appendix B to conclude that computing such a lower bound requires some eigenvalue
solves of matrices which are defined in terms of a. In the notation of appendix B, we need eigen-
values of things like ATX 1A, where A is the matrix representation of a and X represents the
mass (inner-product) matrix. But doing this only requires us to compute ATX~!Awu for some
vector u. Of course, if a routine can be written to evaluate Au, then one can be written to eval-
uate ATu, so we should be able to find the appropriate eigenvalues with matrix-vector evalua-
tions.

Thus, we can safely conclude that in order to proceed with the RBM algorithm, it’s sufficient
to have routines that evaluate a(u,-) without explicitly constructing that bilinear form.

5.3.4 Adjoint problem

We have one final piece of the puzzle to discuss regarding our solution of the time-evolving
problem. In order to achieve the superconvergence phenomenon discussed in chapter 4, we need
to define an adjoint or dual problem which is dependent on our output. In section 5.3.5 we
described how to achieve this for the RCS in the context of a time-independent elliptic problem.
However, we must fit this into our time-evolving algorithm.

Given the monostatic form of the RCS from (11), we seek an output

2, (106)

w2

47 ug|?

/c B(" X HO )~ (0 xu) x K(p) - (ﬂ-u)ﬁ(so)}e“W*”)'m da

SRCS(U; W)=

where H® =V x u from (6) and u is the full C3-valued solution to (95) (i.e. the electric field).
Note that the |ug|? term in the denominator of (106) doesn’t depend on u due to the form of
(9). Any explicit p-dependence in (106) has been shown (as w or ¢). The problem now becomes
approximating sgpcs with some reduced-basis solution sRcs. The standard way to do this is to
introduce the adjoint problem, described in chapter 4. Unfortunately, all of our RB framework
hinges on the linearity of the output s. If s is not linear, as is the case with sgcg, then the
decomposition provided in (86) is no longer valid and we cannot rigorously bound the error in
the output.
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For the dual-problem framework, we require a linear output s. Because srcgs is not linear in
u (or affine in p), we must develop another means of estimating the error. We define a linear
output s: X x D— C3 as

s(u; p) ::/C [%(ﬁ, XV xu)—(nxu)xk(p)—(1- u)l%(gp)}e_ik(@’wdm (107)

Le. it is the integral in (106). Also, we define a parameter to measure the maximal strength of
the RCS between two solutions:

1W%vu0=HmX{¢ﬁWﬁwu%V@ME@JU}

Consider two solutions « and uV with identical parameters and initial conditions. Then we
can calculate:

w? 2
lsres (u; 1) — sros(ulY; p) W’ |s(u; p)[* = |s(u™; )| ‘

m (IsCus ) |+ [s(u™; ) |)
(Is(u; )] = [s(u™s ) \)‘ (108)
w F (u,u™; u) N

;u)\’

IN

W“S(U; M)|*’5(u

UJF(’U,,UN;M) s(u: —s ’LLN'
S Al |s(us; p) — s(u?; ) |

The first inequality utilizes the definition of s in (81) and the second is the ‘reverse’ triangle
inequality. We have now expressed the error in sgcsg with respect to the error in s. We can now
consider our RB problem as one whose desired output is s( - ; u), and we can make sharp error
bounds for s with theorem 13 and the estimator § from equation (91), which via (108) we can
now extend to sgcs. The superconvergence of the linear output as discussed in chapter 4 is a
boon for bounding the error in our desired nonlinear output.

This formulation is quite feasible for the elliptic problems € or 3. Unfortunately, for our
time-dependent equations 9, this is much more challenging. Consider what we are doing: we
start out with time-dependent Maxwell’s equations and Fourier Transform them. Upon dis-
cretization, we are left with the discrete statement: find v € X satisfying a(u, w; p) = f(w;
1) VYw € X. However, to guarantee convergence of the output RCS, we must consider the linear
functional s(w; u) as defined in section 5.3.5 and consider the dual problem: find v € X satis-
fying a*(v, w; p) = s(w; p) Vw € X. However, we do not actually solve the elliptic problem, but
instead Maxwell’s equations 9. Now we are left with the puzzle of determining what the corre-
sponding set of time-dependent adjoint equations are.

The adjoint system would be similar to solving an equation of the form
~VXVXE+WE = s(-;p)

= / [%(ﬁxVx~)(ﬁx~)xl€(<p)('riu)k;(gp) e~ k@ @)@ g
C

where s( - ; u) in the finite-dimensional formulation can be written as some function g(u),
and can be computed by solving the system

s(v;pw)=(g,v)x VYveX (109)
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Then going one step further, one must inverse Fourier-Transform g(y) in order to get the contri-
bution to the time-domain system, which perhaps manifests as extra, unphysical right-hand-side
inhomogeneities in Maxwell’s equations. This is not trivial since g(u) depends on w. This must
be explored further in order to determine a proper formulation, or whether this is even possible.

5.3.5 An Alternative For Computing Outputs

In the last section and in chapter 4 we introduced a nonphysical dual problem in order to
guarantee convergence of the output, the RCS. This may be undesireable for a large-scale
problem and in this section we discuss an alternative method to bound the error in our desired
output.

The basic idea is a very simple one: we have a bound on the error in u”. Can we use this to
derive a bound for the output:

[sres (u(p); p) — sres(u™ (w); )| x < C(p) [Ju(p) —u ()] x

We have already done half of this in section 5.3.4: we’ve derived a bound of the form
Isres(u) = sres ()] < C(p) [s(u) — s(u)]|

which is simply a rewrite of equation (108). Now we must bound the error in the output given
by equation (107) in terms of the error in ", which is a much more managable task since s(u;
) is linear in w.

5.3.6 A Proposed Algorithm

Given the considerations of the previous sections, we can now propose an algorithm which
one may be able to use in order to obtain an implementable RB algorithm for the RCS problem
utilizing an existing time-domain solver. We shall not dwell on the exact computations as those
have been explored in previous sections, and the RBM algorithm is presented in much more
detail in appendix E.

We do not consider bounding error in the RCS output in this algorithm since this is still an
open problem given the considerations of the previous sections.

Algorithm : RBM Computation of RCS using existing solver — Angle Variation Only

Given €401, Nmax:

1. Define the functions to evaluate a(u, v; ) and f(v; ) which form the primal elliptic
problem. Explicitly construct fq(v).

2. Compute the inf-sup parameter once directly since a(u, v; @) = a(u, v) does not depend
on the incident angle ¢. This will be used to define the error estimator.

3. Determine an appropriate parameter space ¢ € D and discretize it appropriately. Set j =
1. Choose an appropriate ¢1.

4. While j < Nyax

a. Use the time-domain solver to find and store ufn(¢,) on all space over a time
interval which exhibits a steady-state solution.

b. Fourier Transform u$n(¢,) to obtain the elliptic solution u(¢p,) over all space.



46

SECTION 5

Explicitly construct f(v; ;) using f,(v), and use an iterative method to solve a(u,
v;wj) = f(v; ;) with uw=wu(p,) as an initial guess. Redefine u(u;) to be this solu-
tion.

Orthogonalize it against the previous basis functions {Q}{;ll. Define the result as
G-
Form the galerkin matrix (a’),s by computing a((,, ¢s). Form the right-hand side

vectors ( fg)r by evaluating f4(¢r; ¢). Use these to form the residual-norm com-
puting matrix.

Using the residual-norm computing matrix and the inf -sup lower bound, solve
al(u,v) = fI(v; ) Vv € X7 for each discrete value of ¢ and find the ¢ which maxi-
mizes the error. If the error is less than ey, quit. Otherwise, set ¢;11 to be this
maximizing value. j <« j+ 1.

The algorithm for frequency and angle variation is almost identical, with the exception of
needing to use the results in chapter 3 to compute a lower bound fo the inf-sup parameter.

Algorithm
Variation

: RBM Computation of RCS using existing solver — Frequency and Angle

Given €401, Nmax:

1.

Define the functions to evaluate a(u, v; w) and f(v; ¢) which form the primal elliptic
problem. Explicitly construct fy(v).

Determine an appropriate parameter space u= (w, ¢) € D and discretize it appropriately.

Compute a lower bound for the inf-sup parameter. This should only be done over the w
portion of D since the bilinear form does not depend on .

Set j=1. Choose p1 = (w1, ¢1) in some fashion.

While j < Npjax

a.

Use the time-domain solver to find and store ufn(x;) on all space over a time
interval which exhibits a steady-state solution.

. Fourier Transform ugy(u;) to obtain the elliptic solution u(g;) over all space.

Explicitly construct f(v; ;) using f,(v), and use an iterative method to solve a(u,
v;wj) = f(v; ;) with uw=wu(p;) as an initial guess. Redefine u(u;) to be this solu-
tion.

Orthogonalize it against the previous basis functions { g}g’;}. Define the result as
G-
Form the galerkin matrices (aé)m by computing aq(¢r, s, w). Form the right-hand

side vector (fg)r by evaluating f,((; ¢). Use these to form the residual-norm com-
puting matrix.

Using the residual-norm computing matrix and the inf -sup lower bound, solve
al(u,v,w) = fi(v; p) Vv e X7 for each discrete value of (w, ¢) and find the (w, ¢)
which maximizes the error. If the error is less than &), quit. Otherwise, set
Hi+1=(w, ®)j+1 to be this maximizing value. j«— j+ 1.
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Appendix A The Kolmogorov N-width

We describe in this section a more rigorous way of explaining exactly why we expect the
reduced-basis method to work.

[22], [14], [23],[24], [10], [25], [26], [27], [28], [6],

Appendix B Finite-Dimensional Representations

In this appendix we shall translate some of the notation introduced in sections 3.2.2 and 3.1
into matrix notation so that the implementation becomes more clear. First of all, we assume
that X is a finite-dimensional space of dimension N;. Suppose that a basis for X is the collec-
tion of functions {@}f\iﬁl We define the NV; x Ny matrix X as

Xij=(¢i, ) x (110)
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Then X represents the inner product of X. Le., given, u,v € X,
(u,v)x =u"Xv (111)
where u and v are the Ny x 1-sized vectors of modal coefficients for u and v, respectively. Le.
wi=(X"Y(u,d)x i=1,2,..., Ny (112)

where we use Einstein’s summation notation and sum over repeated indices. Next we introduce
the finite-dimensional representation of a(-,-, u). Let the Ny x Ny matrix A, be defined by

(A#)ij:a(¢i7¢j;u) (113)

Then for all u,v € X we have
a(u,v; p) =vT Au (114)
We also denote the matrices A? as the discrete representations of the operators a?( -, - ). The

forms for these can be derived exactly as in (113). Given these definitions, and the form of equa-
tion (58), we define

T,=X"'A, (115)

as the matrix form of the supremizing operator 7). Now the eigenvalue problem (62) can be
written as

TTIXT TATX 1A T
B2(1) = Amin = min L LpiTpw L W AR TR, S (116)
wex  wTXw weX wTXw wex wTXw
where we have used the fact that X is symmetric (or hermitian), and have defined a new matrix
$,.. The form of equation (116) tells us that searching for Anin (or, equivalently, 3(x)) amounts
to a generalized eigenvalue problem for the matrix $,,.

We have thus introduced the discrete, implementable form for computing 3(a;) in equation
(77). In order to solve (78), we need to compute the value of F. This can also be cast as an
eigenvalue problem. We recall the form of 7 (w, w, t; i) in equation (70) and seek to write it in
a discrete form. Using our previous matrix definitions, we can write

Q _
_ 001  _ 007 |~ 71z
Q) =S+ Y 03 (S5 Thar S8 () THAY ) (117)

as the discrete form of 7(-,-,¢; fi). We can then recall the definition of F in equation (71) and
conclude that

T _
]:(t’ ﬂ) = Pmin = min M

wex wIXw (118)

Le., that F is the result of a minimum generalized eigenvalue problem for the matrix Q(¢, @ ).
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Appendix C The Local Discontinuous Galerkin Method

C.1 Problem Statement

Given a domain Q € R? bounded by the set 90 =T" UTI'N UI'", we wish to solve the Poisson
boundary-value problem for the function u: Q2 —R

Au = f x €
u=gy9 relP

119
= h zelN (119)

=k zelm

We assume that ', TV, and I'" are mutually nonoverlapping sets which cover 9Q. The
quantities g, h, k, a, and b are real-valued functions defined on their appropriate domains. f is
real-valued and defined on all 2. % is the directional derivative in the outward-pointing direc-
tion from the domain 2. We denote n as the outward-pointing normal vector. Thus we can
write %: Vu-n.

We note that the Neumann boundary condition is just a special case of the Robin boundary
condition when a =0 and b= 1. We thus define I'*:=T"UT'" and extend the definitions of a,b,
and k over I'" such that a|py =0, blp~y =1, and k|p~ = h. Tt is also the case that the Dirichlet
boundary condition is a special case of the Robin condition, but our treatment of the Dirichlet-
type and Robin-type conditions is markedly different, so we opt to leave these two separated.

C.2 Discontinuous Finite Element Geometry

We assume that the domain €2 is subdivided into K nonoverlapping subdomains Q¥ covering
Q. We assume that a function u defined on 2 has a discrete representation of the form

K K N
up=Yy_ up(e) =" Y ulah) () (120)
k=1 k=1 n=1

where the lf{(m) are the local Lagrange polynomials associated with the node z%. Because the
functions uf are entirely local, the function wuj can be possibly discontinuous at element inter-
faces. We denote the set of all possible realizations of the function uy as the space V3, which has
dimension K N.

We shall consider the set of all element interfaces as I' (which includes the boundary edges).
The set of interior edges I'? is the collection of points in I not on dS2. To be precise, I'°:=T"\09.
With this defintion and noting that 9Q =TP UT'F, we have T =TPuT'?uUT?.

Inside the element QF at an element interface, we denote the local value of the function uy, as
u~, and the exterior (neighboring) value of the function as u™. We then define 71~ as the out-
ward-pointing normal vector, and T as the inward-pointing normal vector. Inside an element,
we take ut =u~ and n*t =0. We then define the average and jump operators:

[ul] =v" R~ +utn* {u}:%(ueru*) (121)
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It will also be necessary to consider the jump and average operators acting on a function o :Q —
R?. Thus we also define

[o]=0~ i~ +ot-nt {o}=5(0+o*)

On the boundary OS2, we define [u] =u™n ", [o]=0" -1, {u}=u", and {o}=0".

C.3 DG Strategy

In this report, we closely follow the analysis presented in [21] and we shall adopt much of the
notation presented there. The general DG formulation for elliptic equations is to define an R%-
valued auxilliary variable o := Vu, and use it to aid in solving for the primal variable u. We
assume that o also has a discrete representation, o, where each component can be expanded as
in equation (120). We define the space of all possible realizations of o, as ¥j. We define the
operator V; as the operator whose action on each individual element exactly mimics the gra-
dient operator. ILe. Vuf =V,uf on QF for every uf € V,.

As shown in [21], it is possible to write a primal-form local Discontinuous Galerkin bilinear
form. For every v € V},, we define

By (up,v) = thh~th+/F([[ﬁfuh]]~{vhv}f{é}~[[v]])+

Q
({t —un}[Viv] = [o]{v})

10

(122)

Of course, the main challenge and strength of the DG method is the choice of the numerical
fluxes 4 and &.

Before continuing on to select these fluxes, we first remark that we shall also require use of
the somewhat esoteric ‘lifting’ operators r: ¥, — Xp and [: V; — X, which are defined in the fol-

lowing way:
[rerr==[ o) (123)

/QZ(U).T:_AU v[7] (124)

In addition we define a lifting operator 72, which is derived from r:

[y e==[ o) (125)

If we consider the characteristic function y4(z) =1 for x € A and xa(xz) =0 for z € A, then it is
clear that r(¢”) =7(¢ xrourn) =rP(¢) where we have defined ¢ as the restriction of ¢ to '’ U
'Y Also, we have that I(vxaq)=0.

When specifying the fluxes to insert into (122), we shall need is an expression which relates
the auxilliary discrete variable o, to the primal discrete variable wy. [21] provides the following
relation:

ah:thhfr([[ﬁfuh]])fl({ﬁfuh}) (126)
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The final ingredient is the Galerkin statement of determining the solution uy. This statement
is

Bp(up,v)= | fv VYveW, (127)
Q

Following this section, we shall use (122)—(127) to derive an appropriate form to solve for uy,
without explicitly requiring an auxilliary variable.

C.4 The LDG Formulation

We now consider the core of the local DG method: the choice of the fluxes and the subse-
quent derivation of the auxilliary-free primal form. We define 3 : I'° — R¢ as vector function
defined on edges which is constant on each edge. Usually one can take 3 = n*. Although we
shall only require B on interior edges, it will simplify future derivations to define 8 = 0 on 9f).
Additionally, we introduce the penalty term p =« h. ' where he is the length of the edge, and o
is some positive number, which must be large enough to penalize the discontinuities at inter-
faces. For our Dirichlet/Robin type problem specified in equation (119), we choose the following
fluxes:

a={un}—B-un]

onT? (128)
o ={on}+ Blon] — ulus]
u=g

on I'P (129)
o =o0n— plun] +pgn
ﬁ:uh

on I'E (130)
.1
o ZE(k:—auh)n

With these fluxes, we shall seek to write an implementable form for our galerkin statement
(127). To this end, we first consider writing a form for o) now that the fluxes have been
defined. Some very useful properties to note are that both the fluxes @ and & are continuous
across interior interfaces, and that the jump and average operators, as well as all the lifting
operators, are linear.

Since 3 [un] and {un} are continuous across interfaces, we can write

[d —up] = — [un] Xrpuro+ g xron

and we also have that

{@—un} == B [unl + 59+ un) xrv

It turns out that we shall never need {4 — up} on 0, so in the above equation we shall omit
the second term on the right-hand-side in all future computations.

Using these expressions in equation (126), we have

on=Vuun+ 7P ([un]) +1(8- [un]) —r(g xron) (131)
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Using this expression, we shall now derive an expression for one of the terms in the bilinear
form:

/FOUFD o} = /FOUFD {Vhun} - [v] + /FUUFD {rP([w])} - [v] +
/roum {1(B-[un])} - [v] - /FOUFD (r(g xrom)} - [v] +
/roUrD [Viur]B- el + /FUUFD [r?([ua])] B [0] +

AOUrD (B [u])]B- [v] — / . [r(g xron)]B- [v] —

rour

/FOUFD pun] - [v] +/FD g

= [, Tl = [ (D) (D) -
[ 18 1) @) + [ o xwon) - r(lo) +
Q Q
/ [V B[] - / PP ([un]) 1B [o]) —
To Q
/l(ﬂ~[[uhﬂ)~l(ﬁ~[[v]])+/ r(g xro) - 1B [v]) -
Q Q

Lo etun-bl+ [ ugo

= [ (Fhud bl [ [Vl -
royrp re

/FOUFD plun] - [o] + /FD Hgv —

A [P ([un]) +1(8- [un]) ] - [rP([e]) +1(8- [e])] +

A r(g xeoi) - [rP([e]) + 1B [v])]

In the second equality we have used the definitions (124) and (125), along with 3 = 0 on I'?,
and in the third equality we have simply rearranged terms. It will be worthwhile to consider the
very last term and rewrite it as

/T(ngDﬁ)'[TD([[UH)H(B'[[UH)] = */ngDﬁ~{7’D([[vl])+l(ﬂ'[[vﬂ)}
Q I

= = [, slrPeD+ 1B [u)] 5
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Of course, we have computed only the integral over I'” U T'°. The remainder of the integral

over I'® can be written as
/ {0} [v]= / (k—auw,)
IR IR

We also write expressions for some of the other terms in the bilinear form:

/F[[zz—uh]]-{vhv}:—/wm [[uh]]-{vth/FDthU.ﬁ

and,

[, =9l == [ 1918 [uw]
And we have that [¢] =0 on I'°.

Putting this all together, we can write out an expression for the bilinear form defined in
equation (122):

Buun) = [ awn G [ Tl 190} + o] (V] -

[“o [[[Vhwz]]ﬂ~ [v] +[Vrv]B- [[uhﬂ] + /FOUFD ufun] - o] +
(132)

[ Q) + 18- [ ] [Pl + 18- 1)+ [ funo+
Q TR

[, o@D+ 180 + o) i~ [ Fo- [ go

We now collect all the terms that depend on wj and define a new operator Aj,(up, v):

An(un,v) = [z Yaun - Vv f/FOUFD [[[uh]] AV} + [v] - {thh}:| _
[ [vuuds b+ s i + [ a0+ (133)

[z [r2([ual) + 1B [wn])] - [rP([]) + 1B [v])] + / Fun
and we define a up-independent operator fp,(v):

/fv—/ P([v]) +1(B- [v]) + Viv] n—i—/FR—v—i—/FDugv (134)

And now the solution of our problem from (127) takes the form

.A (uh, ) fh( ) A4 ’UGVh (135)

This form inherits one of the classical properties of the LDG method: the operator A is
symmetric, which allows for an easier linear-system solve.
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Appendix D Elliptic Outflow Boundary Conditions

Given a domain Q € R bounded by the set 99 = I'” U I'®, we wish to solve the Helmholtz
boundary-value problem for the function u: Q — C3

A+w?u = f x€Q
w =g xeclP (136)

+iwy/pe(r) u+ =0 zel®

SIS

We assume that I'” and I' are mutually nonoverlapping sets which cover Q. The quanti-

ties g(x) and e(x) are real-valued functions defined on their appropriate domains, and w and @

are positive constants. f is real-valued and defined on all ). g—z is the directional derivative in

the outward-pointing direction from the domain ). We denote 7 as the outward-pointing

. ou N
normal vector. Thus we can write = Vu-n.

This is a reduction of Maxwell’s equations while ignoring Gauss’s Law. I.e. the function f
should actually comprise of a V(V - u) term, but we ignore it here. In simplifications of this
problem, that term is 0 anyway.

There is a sign variation in the Robin-type boundary condition. And we explain it here: We
wish to simulate an outgoing wave at the boundary I'". The eponymous boundary condition for
this, the Sommerfeld radiation condition, is

(%iik)uzo

where k = % is the wavenumber, and n is chosen to represent a direction which is ‘outgoing’;
for our problem, this is the outward-pointing normal vector. This condition stems from
assuming u has the form of a plane wave exp(i w ¢ &+ k - ) which is Fourier-transformed, where
k =k k for some unit vector k. Indeed, if we consider a real-valued plane wave u(t) = cos(wt —
k - x), then the frequency-domain version of w has contributions at =+ w with the amplitudes
%exp( Fik-x). We wish this to be a solution at a boundary. Thus, we shall impose a condition
that admits this solution while banning incoming solutions in other directions or with different

wavenumbers. A mathematical way of doing this is to impose that Vu - kE+iku= (6% +4 k)u =

0. The reason for the unspecified sign in the boundary conditon now becomes clear: we have two
sets of wavenumbers corresponding to each real-valued wave.

Let us now assume that we wish to use the LDG method for the real- and complex-valued
parts of u separately. We denote real- and complex-parts of a variable by superscripts ‘R’ and
\I’, respectively. Let us now suppose that my function u(t) = cos(wt — k - @). Then u(w) =
% d(w)exp(—i k- x)+ %5(w) exp(i k - ). Thus, in order to specify outflow at any particular
interface with normal vector n, we’ve got to specify two boundary conditions for each of my
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wavenumbers: (% +1 k:)ﬂ =0 for wavevectors F k. In other words, we have
9 ik )(akyial)=o
on

<%z‘k>(ﬂ3+izﬂ)0

Now it turns out that since we’re assuming that u is real-valued, the properties of the Fourier
transform ensure that if one condition is satisfied, they both will be. (These properties are
i (w) =uf( — w) and ul(w) = — u!( — w).) Therefore we shall only concern ourselves with the
first equations. Separating real and complex parts yields

%ﬂRf kul=0
%a1+kaR=0
For the LDG formulation, the two unknowns are (v, w) := (a%, af) and k = w \/pe(z), and

problem (136) can be restated as

()() = () -
(Z;) = <‘ZI;> zel? (137)

7]

2y kw=0

aanv N = (0) zelR
%w‘f'k/"l}:o

For the LDG Robin-formulation, the flux used to implement the Robin boundary conditions
is used on the auxilliary variable. After doing a lot of algebra (see appendix C), one can write
primal-variable Galerkin-statement for the LDG-discretized version of equation (137) as

Ah((vh’ wh)Ta (T, S)T) = fh((T, S)T) v (Ta S)T € (Vh)2

for some suitable discrete space Vj,. We denote A7 as the portion of Aj, which is independent of
the form of the Robin boundary conditions; this portion of Ay is symmetric (or Hermitian). We
can then rewrite the Galerkin statement above as

A5 (on, wn) ()T — /

kthJr/ kvps= fu((r,s)T)  V(r,s)T € (Vi)?

IR IR

And one can see that upon interchange of (vp, wp)? and (r, s)T that the last two terms on the
left-hand side are anti-symmetric, and not symmetric, as the operator Aj is.

These boundary conditions are untested in 2D and 3D cases and should be verified to ensure
that they perform the tasks for which they were designed. In particular, it’s unclear that these
conditions will actually work if the outgoing wave vector is not exactly normal to the boundary.
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Appendix E The RBM Algorithm

In this appendix we shall give in relativey gory detail the algorithm for implementation of
the RBM algorithm for a noncoercive primal-dual system. We assume a system of the form

a(uvw; :u) = f(w;ﬂ) VweX (138)
a(w,v;p) = s(wyp) YweX

where we also suppose the usual assumptions of affinity of the bilinear form a as well as both
the right-hand sides f and s. It is assumed that s is our output of interest and we define the
output estimator § as in equation (91). Throughout, superscripts ‘pr’ refer to primal-system
quantities, and ‘du’ denotes the respective dual quantities. The error estimators are as defined
in theorem 13. To make the exposition clearer, the RB space for the primal solution will be X,
and that for the dual solution will be Y. Recall that N = dim(X?) and M = dim(Y™) and
that the residual-norm matrix GP* defined in section 2.3.1 is of dimension Q% = Q5 + N Qu,
with @ and @, being the affinity dimensions of the operators a and f. Similarly, W=Q, +
MQ@Q,. a* is the formal adjoint of a.

We assume the following quantities are given:
e &), the desired level of accuracy for the output s(u; i) in the X-norm

®  Npyax and My, .y, the maximum number of reduced-basis functions for the primal and dual
problems

e ¢c3€(0,1), the efficiency parameter for the inf-sup lower-bound calculation
e Integers |V;|, the number of vertices for polytopes in the inf-sup lower-bound calculation

e Dy, an appropriate discretization of the parameter space D, with cardinality |Dg|=K
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6.)

Offline Procedure
Compute truth approximation matrices and structure affine
dependency. Set eP* =it = /g1

Calculate the inf-sup lower bound for both problems. Set j=1
while 1,

Choose ﬂ;’r/du ¢ Ug;ll P; via some method
Compute 8°*/%(1;) via equation (116)
Compute the vertices 4”"/4" via equations (74) and (118)
pr/du . /d

Set P} as the polytope defined by the vertices p'}"/“",
set j«—j+1.
If the covering condition (73) is satified, break

end

Compute 5" (1) and () for all y € Dy using equation (66)

Construct global inner-product (i.e. mass) matrix for the truth
approximation, invert it.

Pick 8", uf" via some method, compute u; =u(ph"), vy =v(ui"),

pr du
pr__ Uy du__ V1 1 __ pr _ du
set ¢} = e O . X! =span(¢}"), Y =span(¢Th)

EEES

and compute the 1 x 1 matrices (ag) = a, (¢}, (") and

(aph)y=ay(¢im, ¢, and 1 x 1 vectors (fg) = fo(¢F")

and (s§) =s4(¢M).

Construct the Q)" x @} residual norm matrix G}" and the
fu % Q" residual norm matrix G".

form =1to (Npax—1)
fork=1to K
Pick g as the k’th gridpoint in Dg

Form matrix (a™);; = Zqual ©5(/1) (ay")i; and vector

(Fm)y =30 Of(a) (f7); for i,j=1,...,m
Solve am(u;w; i) = fm(w;g) vV we X™
Compute (truth) residual norm for the solution v (G))
Compute and store the error estimator AP (k)

end

Determine the k which maximizes AP (k), call the

associated p as (1.

If \/7(phy41) max (AY)) <eP': set N =m, break

Solve a(tm1,v; thyy1) = f(v5 thny1) V vE X, set

pr - um+1_Z;n:1 (“erlaQ'”)Xq” Xm“‘l:span({g’r}erl)

AL Jumr = 27 (ums1, X TN i=1
If previous step was unstable: pick different M; 11
Compute the (m+1) x (m+ 1) matrices (a) *1);;=aq(¢", &%)
and (m+1) x 1 vectors (fg");= fq((}')
Construct the QY | x Q) | residual norm matrix G},
end

form = 1to (Mpax—1)
fork =1to K
Pick (i as the k’th gridpoint in Dg

Form matrix (a*™);; = Z?;l 05(f1) (ag™)i; and vector

(s™); =200 ©3(1) (i) for i,j=1,....,m
Solve a®™(v;w; 1) =sm(w; ) V wey™
Compute (truth) residual norm for the solution v (G4%)

Compute and store the error estimator A3 (k)
end

Operation Count

o(?)

O(N7?)

ON?)

ONE+
+(14 QY )M
+(1+ Q™M)

ON, QY + N, Q"
+N?)

O(Q.m*+ Q gm)
O(m3)

O(Qn, +(@0)%)
o)

O((m?*+m)Ny)

O(Q%+1N’t +N?>

O(Qam® + Q sm)

O(m?)
O(Qm' +(Qm)?)
o)
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