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Abstract

To exploit large deviation approximations for allocation and occupancy
problems one must solve a deterministic optimal control problem (or equiv-
alently, a calculus of variations problem). As this paper demonstrates, and in
sharp contrast to the great majority of large deviation problems for processes
with state dependence, for allocation problems one can construct more-or-less
explicit solutions. Two classes of allocation problems are studied. The first
class considers objects of a single type with a parameterized family of placement
probabilities. The second class considers only equally likely placement proba-
bilities, but allows for more than one type of object. In both cases, we identify
the Hamilton-Jacobi-Bellman equation whose solution characterizes the mini-
mal cost, explicitly construct solutions, and identify the minimizing trajectories.
The explicit construction is possible because of the very tractable properties of
the relative entropy function with respect to optimization.

1 Introduction

Allocation and occupancy problems are concerned with the random placement of
objects into containers. The objects (usually referred to as balls or tokens) can be
of a single type or many, in which case they are often distinguished by “color.” The
containers are variously called urns or cells, and have many interpretations, such as
physical partitions (photo-electric receptors in a grid) and temporal partitions (the
days of the year).

There are also many rules for how a given ball may be assigned to a given
cell. The simplest such rule, in the context of a single color, uses what are called
Maxwell-Boltzmann (MB) statistics. Here, each cell is equally likely to receive each
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ball. Other rules consider the balls as being placed sequentially, and the likelihood
that a given ball is placed in a given cell depends on the current contents of that
cell (relative to the contents of all other cells). Examples in this category are Bose-
Einstein statistics (BE), for which a cell that already contains balls is more likely to
receive the next ball, and Fermi-Dirac statistics (FD), where the reverse holds. The
precise definitions of BE and FD will be given below.

A key random variable associated with an allocation is the empirical measure.
After all (or some) of the balls have been placed, one can form the (random) proba-
bility measure (19, 71, ...) on {0, 1,...}, with 1y equal to the fraction of cells that are
empty, n1 the fraction that contain 1, etc. For example, one could be particularly
concerned that at least 90% of the cells are nonempty after the random allocation. In
this case one is interested in the distribution of the first component of the empirical
measure, and in particular P{ny < 0.1}.

While methods from combinatorial probability provide exact formulas for certain
classes of allocation problems, they do not apply universally, nor are they always
of great practical utility—see the discussion in [2] on this point. Hence one turns
to approximations. The simplest approximation is a law of large numbers (LLN)
limit, under which the number of cells and number of balls placed into the cells both
tend to oo with some fixed ratio. If n is indexed by the number of cells n, then the
LLN limit identifies the (deterministic) probability distribution that 1™ tends to as
n — oo. This identifies the “typical” behavior of the allocation scheme for large n.
The limit can often be identified as the solution to a system of ordinary differential
equations (ODEs) at time ¢ (and for an appropriate initial condition), where ¢ is
limiting ratio of the number of balls to the number of cells, i.e., the mean number
of balls per cell.

If in contrast one is concerned with probabilities of atypical behavior, then one
considers large deviation asymptotics. For example, if it is usual that 50% of the cells
are empty when n is large, then under some technical assumptions large deviation
asymptotics assert that —%log P{ny < 0.1} tends to some constant ¢ > 0, thus
identifying the exponential rate of decay of the probability. The parameter c is
usually identified as the solution of a calculus of variations problem, and using the
well known relation between problems in calculus of variations and Hamilton-Jacobi
equations, ¢ can also be characterized as the value (at a particular point) of the
solution to a nonlinear partial differential equation (PDE).

The explicit identification of ¢ is in general a daunting task. Whilst there are
a small number of cases for which analytic expressions are available, in most cases
one must attempt numerical approximation, and so one is limited to only low di-
mensional problems (i.e., in our setting to the first few components of the empirical
distribution). Even putting aside the restriction of numerical methods to low di-
mensions, one would prefer analytic expressions for ¢ since they have many other
uses. Beyond simply identifying the rate of decay, analytic expressions for ¢ can be
used

e to characterize the most likely way that a rare event will occur,

e to construct efficient Monte Carlo schemes (known as importance sampling



schemes) for non-asymptotic approximations, and
e in statistical estimation and model inference for occupancy models.

The purpose of the present paper is to show that explicit solutions can be ob-
tained for the PDEs that are associated with a wide variety of allocation problems,
and introduce techniques that can be applied to even broader classes of problems.
As remarked previously, explicit solutions are not common. Among the classes of
nonlinear, first order PDE with explicit solutions (in general dimension) are those
associated with the linear quadratic regulator and those linked to the Hopf-Lax for-
mula. Both these examples exploit some significant underlying simplification. In
the first example it is the fact that the value function for the control problem is
expected to be quadratic in the spatial variable, and in the second example it is the
independence of the running cost from the state variable. The optimization prob-
lems related to allocation problems are qualitatively quite different from either of
these, as can be seen from both the form of the value functions and the structure of
the minimizing trajectories. There is significant state dependence, and no a priori
obvious form for the value function. In the setting of allocation problems, it seems
that the attractive properties of the relative entropy function are largely responsible
for the existence of explicit solutions. It is these properties which allow for conve-
nient calculation and representation of the various derivatives in terms of Lagrange
multipliers, the key ingedient in the proof.

In the next section we analyze the single color model. After introducing the
general model and formally reviewing the large deviation context, we discuss a formal
and heuristic derivation of the explicit solution. The associated Hamilton-Jacobi-
Bellman (HJB) equation is then introduced, and a solution is proposed in the form of
a finite dimensional minimization problem that can be easily and efficiently solved
using Lagrange multiplier techniques. The value of the minimization problem is
shown to be smooth for an appropriate class of terminal costs, its derivatives are
characterized via multipliers, and the HJB equation is shown to hold. The section
concludes with the identification of the minimizing trajectories. The third and final
section repeats these steps for a model with different colors.

2 Allocation Models with Differing Assignment Proba-
bilities
2.1 Probabilistic Background and the Variational Problem

In this section, we formulate a general single color occupancy problem. After de-
scribing the model, we outline the relevant large deviation properties on path space
and the related variational problems.

In the occupancy problem considered here cells are distinguished according to
the number of balls contained therein. The full collection of models will be indexed
by a parameter a. This parameter takes values in the set (0,00]U{—1,-2,...}, and
its interpretation is as follows. Suppose that a ball is about to be thrown, and that
any two cells (labeled say A and B) are selected. An cell is said to be of category i



if it contains ¢ balls. Suppose that cell A is of category i, while B is of category j.
Then the probability that the ball is thrown into cell A, conditioned on the state of
all the cells and that the ball is thrown into either cell A or B, is

a+1
(a+1i)+ (a+7)

When a = co we interpret this to mean that the two cells are equally likely. Also,
when a < 0 we use this ratio to define the probabilities only when 0 < ¢V j <
—a and i < —a or j < —a, so the formula gives a well defined probability. The
probability that a ball is placed in an cell of category —a is 0. Thus under this model,
cells can only be of category 0,1,...,—a, and we only throw balls into categories
0,1,...,—a— 1.

When a € (0,00) cells that already contain balls are more likely to receive the
next ball. When a < 0 the opposite is true. The cases a = 1, a = o0, a €
—N correspond to what were called Bose-Einstein statistics, Maxwell-Boltzmann
statistics, and Fermi-Dirac statistics, respectively, in the Introduction.

Suppose that before we throw a ball there are already tn balls in all the cells,
and that the occupancy state is (zg, z1,...x74). Here z;,i = 0,1,...,I denotes the
fraction of cells that contain ¢ balls, and x4 denotes the fraction containing more
than I balls. Throughout this paper we use this convention so that the state space
of the occupancy process is finite dimensional. (Explicit formulas analogous to the
ones derived here also hold in the infinite dimensional case, though one must be
more careful in defining the PDE.) When the occupancy state is (zg,z1,...214+),
the “un-normalized” or “relative” probability of throwing into a category ¢ cell with
i < I is simply (a + i)z;. Let us temporarily abuse notation, and let x741, z149,. ..
denote the exact fraction in each category ¢ with ¢ > I. Since there are tn balls in
the cells before we throw, Y -2 ix; = t. Thus the (normalized and true) probability

ati

that the ball is placed in an cell that contains exactly ¢ balls, ¢ =0,1,...1, is F55;,

and the probability that the ball is placed in an cell that has more than I balls is
1— ST oty
3=0 a+t"7"

In order to define both the LLN and large deviation approximations, it is conve-
nient to introduce an occupancy process. We introduce a time variable ¢ that ranges
from 0 to 7. At a time ¢ that is of the form I/n, with 0 <1 < |nT'| an integer, [ balls
have been thrown. Let X™(t) = {X{'(t), X?(t),... X}(t), X7, (t)} be the occupancy
state at that time. As noted previously, X7(t) denotes the fraction of cells that
contain ¢ balls at time ¢, i = 0,1,...1, and X7, (t) the fraction of cells that contain
more than I balls. The definition of X" is extended to all ¢ € [0, 7] not of the form
[/n by piecewise linear interpolation. Note that X™(¢) is indeed a probability vector
in RI+2.If

I+1
Sfi{:pERHQ:xiZO,OSiSI—i—land in:1},
1=0

then for any ¢ € [0,7], X" (t) € S;. Thus X" takes values in U = C ([0,T],Sr). We
equip U with the usual supremum norm and on Sy we take the usual L norm.



It is often the case that one is interested in the large deviation properties at
the terminal time 7" (i.e., those of X" (7)), and for a general initial condition of the
form X™(t) = (zo,...,xr4). Here there is often a detour—one first identifies the large
deviation properties of the process, and then solves for the large deviation properties
of X™(T) via the so-called Contraction Mapping Theorem. This theorem represents
the sought after exponential rate of decay as the solution to a calculus of variations
problem, and therein lies the link to a PDE.

For our purposes an informal description of the process level large deviation
properties will suffice. We first define the rate function on path space. Given (z,t)
and a continuous trajectory ¢ with ¢(t) = x, the rate Z(p;z,t) identifies the decay
rate for the probability that X™ is in a small neighborhood of ¢:

1
laiﬁ}limsup——logP{ sup | X"(s) —(s)| <6

n—00 n t<s<T

X"(t) = x”}

1
= limliminf —— logP{ sup | X"(s) —e(s)| <6
610 n—oo n t<s<T

X“ﬁ):x"}
= Z(p;x,t).

Here ™ is any sequence of initial conditions that can occur with positive probability
and which satisfy 2" — x as n — o0o. The proof of such a result and the identification
of the rate function are given in [7]. Z(p;x,t) can be represented as the integral, over
[t,T], of a non-negative “cost” which measures the likelihood that the increments of
X" follow the increments of ¢, with higher cost corresponding to lower likelihood
(the LLN trajectory has zero cost). The integral form of Z(y;z,t) is a consequence
of the Markov property.

The specific form of Z(y; z,t) is as follows. Define the linear map M : Sy +— R*+2

—by 1=20
Mi[e]z Oi—1—0; 1<i<I .
0r i=1+1

Let ¢ € U be given with ¢(t) = x. Suppose there is a Borel measurable function
0 : [t,T] — Sy such that for any s € [¢,T]

w@—¢@+[7mwmm. (2.1)

We interpret 60;(s) as the rate at which balls are thrown into cells that contain ¢
balls at time s. This rate will be viewed as a perturbation of the LLN limit rate
at which balls would be thrown, and the cost for this perturbation will measure the
likelihood that sure a perturbation occurs (with large cost corresponding to unlikely
perturbations).

The mapping M [0] accounts for the fact that when a ball is placed in a category
i cell Xj* decreases by 1/n and X7, | increases by 1/n. The rates 6(s) are unique in
the sense that if another 6 : [t, T] — Sy satisfies (2.1) then § = 0 a.e. on [t,T]. We
call ¢ a valid occupancy state process if there exists 6 : [t,T] — Sy satisfying (2.1).



In this case 6 is called the occupancy rate process associated with ¢. For z € RI*2
and ¢ € [0, —al{z<qy + 00l{es0y), define the vector p(t,z) € R by

a+k
a+t

pr(t,z) = Tk, for k=0,1,...1, (2.2)

and

I
a+k
pr+(t, ) 21—§ PRl

For each a, pg(t,z) gives the LLN limiting probability that at time ¢ the next ball
will be placed in a category-k cell, given that the statistics of model a are used and
that X™(¢) = z. A direct calculation shows that if

I+1
xeSr and Z kxp <t, (2.3)
k=0

then p(t,z) is indeed a probability vector in RI*2 ie., p(t,x) € S;. It is easy to
observe that if o is valid then ¢(s) satisfies (2.3) for all s € [0, T]. This shows that
p(s,(s)) € S;. For future use we define

I
T(x,t) = (t— kx ) x (2.4)

if xr+ > 0 and 7(x,t) = I+ 11if ;4 = 0. Thus 7(z,t) can be interpreted as the
mean number of balls per cell among those of category I+. With this notation

pr+(z,t) = (a+ 7(x,t)zr41/(a + t), (2.5)

and so pry(x,t) in some sense takes a form very similar to that of pg(x,t) for
k=0,1,...,1.

Let 6 > 0 be small. Observe that the occupancy state will not change very much
over [t,t+ 6] while nd balls are placed into cells. Let 6 denote the empirical measure
on the categories where these balls are placed. Then the new occupancy state is
the sum of the old state plus 6M[f]. Since the change in state is determined by
an empirical distribution for (at least approximately) iid random variables, Sanov’s
Theorem [1, Theorem 2.2.1] suggests that the cost appearing in the integral rep-
resentation for Z(¢;x,t) should be defined in terms of the famous relative entropy
function. For two probability measures a and (8 on a Polish space A, the relative
entropy of o with respect to 3 is defined by

R(a||ﬁ)i[4(logfl—g> do

whenever « is absolutely continuous with respect to 3 (and with the convention that
0log0 = 0). In all other cases we set R («||3) = co. When two probability vectors p



and v € Sy appear in the relative entropy function, we interpret them as probability
measures on the simplex {0,1,...,I,I + 1}, and thus

I+1 ”
R(pllv) = pilog .
i=0 ¢

Important properties of relative entropy are that it is nonnegative, jointly convex
and lower semicontinuous in («, ), and R («||3) = 0 if and only if « = 3 [1, Lemma
1.4.3].

As observed before, when ¢(s) is valid, p (s, ¢(s)) € Sr, which makes R(0(s)||p (s, ¢(s)))
well defined. If in addition ¢(t) = z, define

T
T(pa,t) = / R(0(s)| (5. 9(5)))ds. (2.6)

If ¢ is not valid or ¢(t) # x then define Z(p;x,t) = oo.

This defines the rate function for the models introduced at the beginning of
this section. Now suppose that one wishes to approximate probabilities involving
X™(T). Since the probability that X™ (as a process) is close to a given trajectory ¢
decays exponentially, decay rates of quantities such as P { X™(T) € A| X"(t) = =™}
can (under appropriate regularity conditions on A) be found as follows. Among all
trajectories ¢ with ¢(t) = x and ¢(T) € A, identify the one with the smallest decay
rate ¢. Then c is also the exponential decay rate of P{X"(T) € A| X"(t) = z"}.
Hence the variational problem to be solved is

V(z,t) = inf Z(p;x,t). (2.7)
oo(t)=z and o(T)eA
If one is interested in expected values other than probabilities then variational prob-
lems of the more general form
Viz,t)= inf [I(g;z,t)+ F(e(T))] (2.8)
pip(t)=w
arise, and one is often particularly interested in the initial condition that corresponds
to starting with all cells empty: t = 0,29 = 1 and x; = 0,k > 0. We will refer to
this as the empty initial condition.

Not all initial conditions are feasible, in the sense that they can be reached with
finite cost from the empty initial condition. Feasibility in this context depends on
the underlying parameter a.

Definition 2.1 (Feasible Domain). Define D,, the feasible domain for the occu-
pancy model with parameter a, as follows:

o when a > 0,

I+1
D, = {(ZL‘,t) €Sy x[0,T): 2741 >0 and t > Zm}
i=0

I
U{(:U,t) €S x[0,T): 2741 =0andt= z:m:z}7

=0



e and when a <0 and I = —a — 1,
I+1
D, = {(x,t) €S x[0,T):t= szl}
i=0

In the first case the second set in the union reflects the fact that when ;.1 =0
the number of balls thrown is exactly ZiI:o ix;, and similarly for the second case.

When a € —N it is only possible to throw balls into the categories 0,1,...,—a — 1,
and the only possible categories are 0,1, ..., —a. Thus if there are n cells there can
at most be —an balls thrown, and therefore T' < —a. When T = —a all the cells

have exactly —a balls, which is not an interesting case to study. As a consequence,
throughout this paper we assume 7" < —a. Also, because of the restriction on the
possible categories we can (without loss) assume that I = —a — 1. Hence for a < 0
we assume without loss that

T<-a, I=-a—1. (2.9)

2.2 LLN Limits and Formal Derivation of the Explicit Solution

When constructing explicit solutions one needs some insight into the form of the
solution. In this section we present a formal derivation of an explicit solution to
(2.8) for the case F'(x) = 1y(x) - co. Before doing so we calculate the LLN limits of
the occupancy processes, a necessary ingredient in the solution.

Equations for the LLN limits can easily be derived directly, or alternatively by
noting that they are the zero cost trajectories in the variational problem (2.8) with
F = 0. It will suffice to consider initial conditions of the form x = e,k =0,1,...,1,
where (eg); is 1 if j = k and zero otherwise. Since the relative entropy vanishes only
if 0(s) = p(s,p(s)), the LLN limits can be characterized by the system of ODEs

¢(s) = Mp(s,(s))], »(t) = ex. (2.10)

Since the LLN limit is desired for all components of the occupancy process, we use
the infinite system rather than the system truncated at I+. These are easy to solve
because the equation for the jth component depends only on the j — 1st component,
and so one can solve first for the kth component and then bootstrap. To write the
solution in explicit form, we need some notation. For all a € R, a # 0 and i € N, let

a\ . H;;B(a—j)
i) il ‘

Note that if @ € N and ¢ > a then (¢) = 0, and that if a ¢ NU {0} and i € N, then
(‘f) #0. Fori e NU{0} and a > 0,s >0 or a € —=N,0 < s < —a, define

o= () (7)1

One can easily check that the solution to (2.10) is ¢;(s) = 0 if i < k, and

k
orsi(s) = Q7 (%(5 - t))

8



if £ > 4. In the limit @ — oo (MB statistics) one obtains the Poisson distribution

Qutk <%(s - t)> — Pi(s —t) = e D (s — )7 /il
For the remainder of this section we assume a # oo, with the understanding that
analogous statements for a = co can be obtained by passing to the limit.

We next present a formal and heuristic solution to the variational problem based
on probabilistic intuition. Recall that the variational problem is intended to approx-
imate the normalized logarithm of a probability. If one decomposes a probability
into products or conditional products, this will correspond to a decomposition of
the quantity being minimized as a sum.

We wish to solve (2.7) when A = {y}. Suppose that z; is interpreted as the
size of the “pool” of cells that start at time ¢ in category ¢. Through the random
placements, this pool will evolve into sub-pools of differing categories. Let Wf denote
the probability that a cell of category k at time ¢ ends up a cell of category k + i at
time T'. Then satisfaction of the terminal constraint requires

i I
yi=Y apmi g, 0<i<I,  yrp=1-)
k=0 k=0

We use y = x x 7 as shorthand for the last display. We require that the 7% be
probabilities, and also a constraint that corresponds to the fact that n(7 — t) balls
will be placed in the prelimit problem:

I+1 00

(o ¢]
vR Y mh=ap, 0SEST+1, > ap» jrf=T-—t, (2.11)
j=0 k=0  j=0

Let F(x,t;y,T) denote the set of m = (7%, 7!,... 7l, 7/*1) which satisfy the last
two displays. A terminal point y is feasible (for the given initial time and condition)
if F(x,t;y,T) is not empty.

To guess the form of the solution to the variational problem, we consider the
allocation from a different perspective. Owing to the fact that the un-normalized
relative probabilities are affine in the number of balls currently in each cell, we
can first study the random evolution of the number of balls that are in each pool.
This can be done without knowing the details of how the balls are placed within
the pool. Indeed, the structural properties of the placement probabilities imply that
this process is also Markovian, and its large deviation properties are easy to identify.

Once we know the total number of balls that will end up in each pool, we then
consider the question of how they are distributed among cells within the pool. Here
we make an approximation that is formal but reasonable, which is that the rate
function for the empirical distribution within the pool can be found as follows. We
first generate iid random variables according to the LLN distribution appropriate
to the particular pool, and form the empirical distribution for this sample. The
rate function for this empirical distribution is a certain relative entropy identified by
Sanov’s Theorem. However, we must also impose the constraint on the (previously



determined) number of balls that were placed into this particular pool, which adds
a constraint to the rate function. Finally, the overall rate function is found by
combining these two rates. The function found by this manner will be proved to be
the solution to the calculus of variations problem.

An argument based on Sanov’s Theorem shows that the variational problem for
the allocation between the pools is

T
inf /t R (u(s) |lw(s)) ds,

where
(a + k)xk + fts Uk (T)dT

a+s
is the probability that a ball is placed into pool k at time s. This is, in un-normalized
form, equal to axg+[number of balls per cell in pool k|zy, and the normalization is
just a + s. The initial and terminal conditions are

w(s) =

wi(t) = % wi(T) =

(a+k)xg + 2x(T — t)
a+T ’

where zy, is the mean number of additional balls per unit time put into pool k. The
Euler-Lagrange equations for this problem are easily constructed and solved, and
one obtains as the optimal trajectory

wi(s) = ((a+k)xg + (s — t)zk)

sS+a

(of course satisfaction of the Euler-Lagrange equations is not in general a sufficient
condition for optimality, but since our discussion is simply to motivate the form of
the solution this point is of no consequence). The cost is

[ R+ o) uts)) s
and for the optimal trajectory
[(s + a)wy(s)]" = 2.
The integral can be explicitly evaluated, and equals

I+
a+t 2z
sz'(T £)-log <a+k.xk>

k=0

hs (a—i—k—i—%(T—t))

- [zr-(a+k)+2z- (T —1t)]-log -
kZ:O a+k+ SE(T 1)

This identifies the first part of the overall rate function.
The second part is found by considering placement within each pool. The mean
additional number of balls per cell in pool k is (zx/x)(T — t). According to the

10



LLN, the number of additional balls in a typical cell from pool k has distribution
Qatk (;—:(T - t)) if £ < I and Q*t7(@1) <;§—1(T - t)> if k = I+. Approximating
the true empirical measure within a given pool by that of the empirical measure for
iid random variables with the corresponding distribution, one formally obtains from
Sanov’s theorem the rate function R <7rk HQ“M <;—’;(T — t)) ), together with the

constraint Y 50 ink = =& (T —1) on the number of balls placed in pool k. Combining
the different contributions from the various pools with the contribution due to the
allocation between the pools and then applying the terminal constraint, one (again

formally) obtains the rate function

inf {gka (Wk Quth (;—Z(T - t)> )

I+
I+ || gatr(at) (2l p (T 1. att z
+z+ R <7r Q ( (T t)) ) + kZ:OZk (T'—t)-log (a T o

Try

s a Zke _
—Z[wk-<a+k>+zk-<T—t>]-1og( AT t>>}7

+k
=0 a—l—k—%—‘;?(T—t)

where the infimum is over all 7 and z such that Y50, irF = E(T—t)andzxT=y.
k

However, a straightforward calculation using the specific form of Q% and "7 inf =

Z£(T — 1) gives
R (Wk Qotk <ZL+];(T _ t))) _ R <,/Tk Qothk (z_Z(T _ t)))

= Z_k(T—t)‘log<a+t ﬁ)_(CLJrk)-log(aﬂ“%ﬁ”ﬂ@)

P a+k a+k+ LT —¢)

a+k+ (T —1t)
— (2 /z)(T = 1) - 10g< - ) :

a+k+ ST — 1)

with an analogous result for k = I+. If follows that the rate function can be written

in the simpler form
atk a + k T
— (T -t
< < a+t ( )

I
: k
Tr::c1>I<l7f1::y {kZO ka (7‘(‘

I+ atr(z,t) [ & + T({L‘, t) T ¢
v (w1 orren (Sl -y )},
with the infimum over z no longer necessary.
Let
J (x,t; = inf I(x,t; ). 2.12
(z,t;y) eciids s,y T@6%) (2.12)

p()=z.p(T)=y

The formal derivation just given suggests the following result, in which we also
simplify further where the special cases of FD and MB statistics allow.

11



Theorem 2.2 (Explicit Formula for the Rate Function). Consider an initial
condition (x,t) € Dg, and a feasible terminal condition y. If a € (0,00), define
T(x,t) by (2.4). Then the quantity J (x,t;y) defined in (2.12) has the representation

J (x,t;y) = min {gka(”k Qm(%@_w))

Te€F (z,t;y,T)
a+7(zt) [ @ + T(,I, t) o
< < a+t (T-9) '

If a € =N with I = —a — 1 then 7(x,t) = [+ 1, and

o= ($un (e (2 0)

weF (z,t;y,T

+ xR <7TI+1

In the final case of a = oo, we have

I+1
J@ty) = mn {Z:rkR< Mip (T ))}

Remark 2.3. Although the minimization problems in Theorem 2.2 appear to be
infinite dimensional, they can in fact be reduced to finite dimensional problems.
This is because if 7% is the minimizer, then W;? takes a prescribed form for j > I. In
fact, all W;? can be represented in terms of no more than I + 3 Lagrange multipliers
as in (2.20) below.

2.2.1 The Hamilton-Jacobi-Bellman equation

Given Theorem 2.2 one can solve the problem with a general terminal condition F'.
Conversely, if the problem with terminal cost can be solved for a sufficiently broad
class of I, one can derive Theorem 2.2. This is how we will prove the theorem, and
moreover the proof will be based on the fact that finite dimensional representations
analogous to those in Theorem 2.2 but with these terminal costs are classical sense
solutions to the associated PDE. The proof also has a number of side benefits, such
as convenient representations for the various derivatives of the solution in terms of
Lagrange multipliers.

The calculus of variations problem (2.8) has a natural control interpretation,
where 0(s), t < s < T'is the control, ¢(s) = M|0](s) are the dynamics, R (6(s)||p (s, ¢(s)))
is the running cost and F'(z) is the terminal cost. It is expected that if we define

T
V= ar [ ROGIeG ) d - Fem)} @

0eC([t,T1,51).¢(t
then V(z,t) is a weak-sense solution to the Hamilton-Jacobi-Bellman (HJB) equa-

tion

W, + H(W,,z,t) =0,
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and terminal condition
W(x,T) = F(x).

Here the Hamiltonian H (p, x,t) is defined by

H(p,x,t) [(p, M[0]) + R (0p (t,2))]

= inf

0eST
and W; and W, denote the partial derivative with respect to ¢t and gradient in =z,
respectively. Note that by the representation formula [1, Proposition 1.4.2], the
infimum in the definition of H(p, z,t) can be evaluated, yielding

{ Wy = log (Zé:o Tk (%) exp (W:ck - Wzk+1) + 141 (H;—J(r?t)>> . (2.14)
W(z,T) = F(x)

Note the use of the convenient expression (2.5) for pry(x,t).

For a general smooth F' (2.14) need not have a smooth (C?) solution. However,
for affine terminal costs F(x) = (¢,z) 4+ b there is a C' solution (it is in fact the
unique solution), and as remarked above, these solutions can be used to carry out
a fairly complete analysis of the problem with more general terminal conditions.
Indeed, for a general (proper) convex terminal cost F'(x), the Legendre transform
gives a representation of the form

F(x) = sup [(§,z)—h(B)]

BeERI+2

for some proper convex function h. Let V¥ (z,t) denote the solution (explicit or
otherwise) to the calculus of variations problem (2.13) with terminal cost F'(-). Then
one can show

VP2, t) = sup VIBIRB}(x 1),
BERT+2
and an analogous formula for U (z,t) = inf[J(x,t;9) + F(y)]. Given Proposition
2.4 below, VI = UF then follows. Since oo - lgyye is a proper convex function, the
formula can be extended even further to very general F'.

Observe that W is a solution of just the PDE alone (i.e., without the terminal
condition) if and only if W + ¢ is a solution for any real number c¢. Since x is
a probability vector, it suffices to prove the representation under the conditions
€[+1 =0and b=0.

2.3 Explicit solution for affine terminal costs

Proposition 2.4. Consider (z,t) € D, and F(y) = {{,y), where { € RI*2 and
lr+1 = 0. Define

T
V= ot { / R<e<s>||p<s,so<s>>>ds+F<¢<T>>},

»eC([t,T],S1),p(t)=2
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a—+t
Qutr(@d) (HT—M(T - t)> ) + F(x x w)}

a+t

I
Viat) = W@%T{Zw (

0

Qtk (M(T - t)> ) (2.15)

+ xR <7TI+1

where m € F (x,t;T) means that w satisfies the constraints in (2.11). Then V(x,t) =
Ul(zx,t).

The proof of this result is given in the next subsection. We close this subsection
with remarks on the LLN limit distributions.
We will use the fact that if @ € R and |z| < 1 then the binomial expansion

(1+2)%= i (2"’) A, <‘Z> = w

is valid, and if —a € N then the sum contains only a finite number of nonzero
terms and is valid for all z € R. Recall that for i € NU {0} and @ > 0,s > 0 or
a € —N,0<s< —a, then

o= () (7) 00

If a>0,s>0and |[s§/(a+ s)| <1, then the binomial expansion gives

Seron = 2 (-3) (1) (+2)

-0 () ()

=0

We thus have the following expressions, where the second one may be justified by a
very similar calculation (when |s6/(a + s)| < 1):

i@?(s)ei:(ugu—m)_“, iiQ?(s)Hi:sé(l+§(l—0)> L (2.16)
=0

1=0

Note also that when —a € N and 0 < s < —a the number of nonzero summands is
finite and the formulas again hold. If —a e Nand 0 < s < —aora>0and s >0
then Qf(s) > 0 for ¢ € NU{0}. Letting # T 1 in the first expression shows that
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under these conditions Q%(s) defines a probability measure on NU{0}. When a =0
we use the limiting values

Q(s) =1, Q(s) =0

for all # € N and s > 0. For later use note that similar calculations show that if
—a€Nand 0<s<—-aora>0,s>0,and s/(a+s) <1, then

oo o0 2 52
> i20¢(s) — [Zz‘Q?(s)] =s+— (2.17)
=0 =0

2.3.1 Analysis of the finite dimensional minimization problem

We now focus on proving Proposition 2.4. We will do so by proving that U(z,t)
is a classical sense solution to the HJB equation (2.14). A modification of the
standard verification argument [4] can then be used to show that V(x,t) = U(z,1).
The classical verification argument consists of two parts. One first considers any
valid occupancy process and control (p,6) for the initial condition (x,t). If U is a
smooth solution to the PDE (2.14) in neighborhood of {(¢(s),s) : t < s < T} and if
U(e(T),T) = (¢(T), L), then the chain rule implies that the cost along this trajectory
is at least U(x,t). The reverse inequality is proved by defining an optimal feedback
control through the HJB equation, using this control to construct a trajectory, and
then verifying (once again via the chain rule) that the cost for this control is U(z, t).
The characterization of V(x,t) as an infimum over all valid occupancy processes and
controls that start at (x,t) then gives V(z,t) = U(x,t). However, we have to clarify
here what is meant by a “classical sense” solution to (2.14). The difficulty is that
U(x,t) is only well defined on the set D,, which does not have interior.

Given any point (z,t) € D,, we will prove that one can extend U(z,t) smoothly
to a neighborhood of (z,t) in R/*2 x R. To be more precise, for any such (z,t)
we will show there exists a neighborhood & C RI*2 x R of (z,t) and a function
U € C®(U,R), such that U(y,s) = U(y, s) for (y,s) € U N D,, and that U satisfies
(2.14) in U N D,. One can then use U in place of U in the verification argument,
since any feasible trajectory will never leave D,.

To analyze U(xz,t) we formulate an appropriate Lagrangian. Let

fz,t;m) = ki:_og;kR (Wk Qatk <ﬂ(T—t)>) (2.18)

a+t
+ xR (w”l Qotr(@i) (HT—M(T — t)) ) + {0,z X )

a+t

and for a set of Lagrange multipliers A = (X, p) = (Ao, A1, ..., A, Ar41, 1), let

L(z,t; A;m) (2.19)
I+1 [e's) I+1 %)
= f(a:,t;ﬂ)+2)\kxk 1—2%? +u T—t—Zkajwf
k=0 3=0 k=0  j=0

It follows from the definition of U(x,t) that U(x,t) = inf; sup, L(x,t; A; 7).
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Note that by the joint convexity of relative entropy, L(x,t; A;7) is convex in
m. Thus (2.15) is a standard convex programming problem with linear constraints,
except that the minimization is over a variable m which is infinite dimensional. Hence
the standard Lagrange multiplier method does not apply directly. If we temporarily
ignore this issue, then to guess the form of the minimizer one would of course set
DqL(z,t; A;7) =0 to get m = w(z,t; A), where D, stands for the gradient in 7 and

k . _ ik f(atk Mo—14ju—lp s
(o) = Q° <a—+t<T—t>> Mt
k=0,1,...,] and j >0, (2.20)
I+1 . et (et T(2,t) Ary1—1+j
7Tj (ZL‘,t, A) = Q] <a——|—t(T_t) e M+l JH

Here, for notational simplicity, we extend ¢ in Proposition 2.4 by letting ¢; = 0
when ¢ > I. Note in particular that {ﬂk } will depend on x only when k = I 4+ 1.
Observe also that setting Dy L(x,t; A;m) = 0 gives the constraints (2.11). For any
(z,t) € RI*2 x R and A € RI*3 ] let m(x,t; A) be determined by (2.20) and define
G :RIT2 x R x RT3 RIF3 by

Gr(z,t; A) = 1—Z7r§-“(:t,t;A) , k=0,1,....,1+1
3=0
I+1 o0
G[+2<$,t;A) - T—t—Zkajwf(m,t,A)
k=0  j=0

In the next theorem we show that the 7(x,¢; \) defined in (2.20) indeed give the
minimizer of (2.15).

Theorem 2.5. For any (z,t) € D, define U(x,t) by (2.15). Then there exists
A € RT3 50 that G(x,t;A) = 0, and w(x,t;A) is a minimizer of (2.15). Thus
Uz, t) = L(az,t;A;w(x,t;A)). In addition, the A that satisfies G(x,t; A) = 0 is
unique. Hence if G(z,t; A) = 0 for some A € RT3, then w(x,t; A) is a minimizer

of (2.15).

The proof is divided into three lemmas. For a point (z,t) € D,, quantities of
the following sort will appear frequently in the proofs of the lemmas:

k. ootk (0K

ke g (a+t(T t)> (2.21)
141 . atr(at) [(a+T(,) T _

=Y ( are 70

for k=0,1,...,1;7=0,1,....

In particular, it will often be the case that (2.16) must be invoked, with a there
replaced by a+k [or a+7(x,t)] and s there replaced by the corresponding argument
in the expression above. We note that the conditions required for (2.16) will always
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hold so long as t € [0,7]. This is straightforward to check in the case of a > 0. For
the case —a € N, it uses that —a =1 + 1, T' < —a, and that always 7(z,t) = I + 1.
Thus for example for any k € {0,...,—a} and t € [0,T], (a + k)(T —1t)/(a+1t) >0
and (T'—t)/(—a —t) < 1 shows that (a + k)(T' —t)/(a +t) < —a — k, as required
for (2.16).

Lemma 2.6 (General properties). For any (z,t) € D, define U(z,t) by (2.15).
Then F(z,t;T) is nonempty, minimizing measures 7 exist, and if k is such that
x>0 and j € {0,1,...}, then

—k : : *k
;>0 umplies m;" > 0. (2.22)

Proof. According to (2.16) the quantities in (2.21) are probabilities that satisfy
(2.11). This shows that F(x,¢;T") is nonempty. Next note that with this notation,
we can rewrite (2.18) as

flz,t;m) =Rz @n|lz@7)+ ({,x X ), (2.23)

where (z ® m);; = a:ﬂr; Since the relative entropy has compact level sets in the
first argument [1, Lemma 1.4.3(c)|, the existence of a minimizer of (2.15) follows.
In addition, because of the strict convexity in that argument we know that the
minimizer is unique up to those {7rk} with zp > 0.

For a general initial condition (x,t) let = {k: xx > 0}. Then the choice of
{m*:k ¢ K} will not affect either the constraint (2.11) or the objective function
(2.23). Hence we can consider the equivalent minimization problem over M, ;) =
{ﬂf kek,j=0,1,.. } As discussed in the previous paragraph, a minimizer in
M z1) exists and is unique. Let this minimizer be denoted 7.

Lastly we must show (2.22). Let 7€ = (1 —€)7* + €7, where 7 is defined in (2.21)
and let f(e) = f(x,t;7). By computing the derivative of f(e€) explicitly, it is readily
observed that if (2.22) does not hold then f/(¢) — —oco as € — 0. Thus (2.22) must
be true since otherwise 7* is not the minimizer. O

Lemma 2.7 (Characterization of the minimizer). For any (z,t) € D, define
Uz, t) by (2.15). Then there exists A € RIT3 so0 that G(x,t;A) = 0, and 7(x,t; A)
is a minimizer of (2.15).

Proof. We want to argue that the minimizers must take the form of (2.20). However,
there is a difficulty since M, ;) can be infinite dimensional. To deal with this we
use a truncation argument adapted from one in [2]. For any N € N let

N

N
T =N, N gk, oV =N "ak kek

kek j=0 7=0

and also let
F (@, t;7m) = fla,t;7),
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where

i =nF forkeK,j<N
Afzﬂ*k for ke KC,j > N.

Since 7* is the minimizer of (2.15) automatically
U(z,t) = min ) (z,t;7m), (2.24)
™
where the minimum is subject to the constraints
N N
S Y =10, Yo, kek
kex 7=0 j=0

We can now apply the standard Lagrange multiplier method to (2.24). The first
step is to formulate the Lagrangian for this finite dimensional problem:

LN (z,t; A; )
N v & I+1 N
= fN(3:,7§;7r)+2:)\,(C i oz,(C )—wa + p) T(N)—Z:Uijwf
kex j=0 k=0  j=0

We have that {W;‘k ke, j< N} satisfies the constraints in (2.24), and by (2.22)
we know that W;-‘k > 0 if ﬁf > 0. Hence by [6, Corollary 28.2.2] and [6, Theorem

28.3] applied to (2.24), there must exist a set of Lagrange multipliers )\,(CN), ) so
that the minimizer of (2.24) 7r;»‘k has the form
(N) .

ik = wheM — 1N~y (2.25)

fork€e Kand 0 < j < N. If K+ j > I, then since {4; =0

xk
Tr .
j+1 (N)
= =C-e"
T

where C' does not depend on N. Thus M(N ) is independent of N, and hence A(V) is

also independent of N. Since the choice of N is arbitrary, we then know that for
all k € L and j =0,1,..., w;fk indeed has the form in (2.20) for a suitable choice
*k

of A\ and p. For k ¢ KC, we can simply define ;

A from the normalization constraint Z]O'io 7r;»‘k = 1. When defined in this way,
A* = (No, ..., A1+1, 1) automatically satisfies G(z,t; A*) = 0.

For k € K the corresponding Ay are a Kuhn-Tucker vector as in [6, Corollary
28.2.2], and hence each A\ < oco. However, for k ¢ K the finiteness of A is not
automatic.

as in (2.25) and then solve for
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To show the finiteness, we first insert the explicit form of 71]”1 (z,t; A) from
(2.20) into Gr41(z,t,A) = 0 to obtain

oo
Sttt (LETE D) ) At
= J a+t

Using (2.16) to evaluate the sum gives

ST T —t
Ar+1 = (a+7(x,t)) log <a a—T—t( )> + 1.

For notational simplicity define

. a+T —e*T —t .
ot =tog (ST ) L Mt = (ke 1. (220
Then Ary1 = A(z,t; p). Choose C' < oo such that (] < C for 0 < k < I. Then
Z —;'fe)\kflJrjM*C < Zﬂf(%ﬁ A) < —;geAk—lJrjquC'
=0 =0 =0

A calculation of the same sort that gave the display above (2.26) gives
(a4 k)t ) +1—-C <X < (a+k)nt,)+1+C k=0,...,1.

Hence A\ < oo so long as \; < oo for some ¢ = 0,1,...,I,1 + 1, which is true by
[6, Corollary 28.2.2]. This completes the proof that for any (z,t) € D, there exists
A € RIF3 50 that G(x,t;A) = 0 and 7(x,¢; A) is a minimizer of (2.15). O

The next lemma will focus on the claim that for (x,t) € D,, there is only one A
that satisfies G(x,t, A) = 0, which together with the previous lemma completes the
proof of Theorem 2.5.

Lemma 2.8 (Uniqueness of characterization). For (z,t) € D,, there is only
one A € RM™3such that G(x,t,A) = 0.

Proof. Recalling the definition of 7 in (2.21), notice that (2.20) is simply
mh(x, t; A) = mreM I for b =0,1,...,14+1,j=0,1,....

As noted previously, for any (z,t) € D, we can assume that each {7‘7’“} is a valid prob-
ability vector. Thus wf (x,t; A) > 0 and for each k at least one of {ﬂf(x, t;A),j=0,1,...
is strictly positive. If

0 oo
=0 =0

19



then ag > 0 for each k = 0,1,...,I,1 +1 and any A € R/™3. Using the particular
dependency of W;-“(x, t; A) on A, one can compute

Atk (z,t;M)

—ia(Ak ) = w;?(:c,t; A)
on’? (x,t; A .

—ka% = juj(a,t;A)
o (x,t;A)

It is straightforward to construct a dominating function of the form 7r] -C - DI for
suitable constants C' and D, and hence by the Lebesgue Dominated Convergence
Theorem one can compute DyG(z,t; A) explicitly as

_ao .« .. 0 —TO
0 —arq1 T4
I+1 0 2 k(. 4.
—xoTo - —wraTie =D plo Tk 2o T (2, 6 A)

Using elementary row operations to make the matrix upper triangular, we see
I+1 I 1
that {—ak tk=0,1,...,]+1} and > ;55 i—’;T,? -3t 0Tk D ge 0J? T} B(z,t; ) are
the eigenvalues of DyG(x,t;A). We have already observed that ak > 0 for all
k=0,1,...,1 4+ 1. Also, for every k =0,1,...,I + 1 the Cauchy-Schwartz inequal-
ity implies
2

DI RACKTVE NN ARV = ARV
j=0 §=0 §=0

It is easy to verify that the necessary condition for equality [7r =7 ’7Tk for all j]
does not hold. Hence the inequality is strict, and therefore

E] S(x,t; A) >T—k2.

Thus DAG(x,t; A) is negative definite for all A € RI+3.
Now we can prove the uniqueness of A. Suppose there are two different A1, Ay €
RI*3 such that G(z,t;A;) =0, i = 1,2. Define A(e) = A1 + (1 — €)Ay and

h(e) = (G(x,t; A(e)), A1 — A2).

Then A (e) = (Ay — A2)T - DAG - (A1 — Ag). Since DyG(z,t; A) is always negative
definite, h/(e) < 0 for all 0 < € < 1. However h(0) = h(1) = 0. This contradiction
shows that G(z,t; A) = 0 has a unique solution in A. O

The next theorem considers differentiability properties of U(x,t). As mentioned
previously, we first extend the definition of U(z,t) to a neighborhood of (x,t) in
R+2 x R, label this extension U(x,t), and then show U(x,t) is differentiable in the
normal Euclidean sense. For our needs (a verification argument) the function U(z, t)
can be used in lieu of U(z,t).
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Theorem 2.9. Fiz (z,t) € D, and define U(x,t) by (2.15). Then there is an
open neighborhood U of (x,t) and an extension U of U from Dy NU to U which is
differentiable on U.

Proof. By Theorem 2.5, for any (z,t) € D, there exists A so that G(z,¢; A) = 0 and
U(z,t) = L(x,t;A,w(:t,t; A)) A natural approach to proving smoothness would
be to apply the Implicit Function Theorem. There is however a difficulty with
this approach, owing to the fact that the non-smooth function 7(z,t) appears in
the constraints involving Gry; and Grie. To avoid this difficulty we consider an
equivalent but less obvious formulation of the constraint.

As discussed above (2.26), if the Lagrange multiplier Ary; is set to A(z,t; p),
then the constraint Gryi(x,t; A) = 0 will hold automatically. We will work with the
reduced set of multipliers A = {Xo,-..,Ar,u} and the definition

A (85 8) = Do My A A 0), 1 (2.27)

H(z,t;A) = L(x,t; A (x,t; /~\> s <:13,t; A <:13,t; A)) ) (2.28)

gives Uz, t) = H(z,t; A).

To apply the Implicit Function Theorem we must show that there are smooth
constraints that characterize A. For i = 0,...,] we use éi(:t,t; A) = 0, where
Gi(z,t; A) = Gy(x,t; A). These constraints are equivalent since wf does not depend
on A\ryq for k < I. Since Gry1(z,t; A) = 0 holds automatically, we need only define
GI+1 so that G1+1(x t; A) = 0 is equivalent to Gria(z,t; A) = 0. We have

Setting

I o)
GI+2($,75;A):T—t—zkajﬂf(iU?t;A — 141 Z]W (z,t; A),
k=0 =0
and thus set 5 3 3
G]+1(.Z' t' A) = G[_:,_Q((L' t' A((L’ t' A)) (2 29)

Since 7} %(-) does not depend on A;y1; when k < I we abuse notation and write the
terms of the form ; Bz, t; Az, t; M) as U k(z,t; A). Thus

I
GIH(x,t,A —t—Zkaﬁr xtA —J:[+1ZJ7T xtAa:tA))
j=

Since for (z,t) € D, the value A such that G(z,t; A) = 0 exists and is unique, the
value A such that G(z,t;A) = 0 exists and is also unique.
We have that D;G(x,t; A) equals

_ao .« e O —TO
0 - —ar -1 ’
—xoTy -+ —xrlt D,Grya(x,t;A)
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where it is only the last entry that must be identified.

We pause to introduce a convention which will be used in the remainder of the pa-
per. Whenever a differential operator of the form D, precedes a composed function,
the derivative is computed via the chain rule for precisely those arguments where
a composed dependence on x is made explicit in the notation. Thus in computing
D,Gri1(x,t; A) we use (2.29) and calculations in the last section to get

D,Gri(z,t; A)
= D“G[+2(l',t;)\0,--.,)\[,)\(l‘,t;ﬂ),ﬂ)
= DuGrya(z,t; Moy, A1, g1, i) + Doy Groa (2,6 Moy - o, Ay Argn, i) - DA, t; 1)

I+1 o)
= = wey Pt A, 6 8) — 2 Tig - Dudr (e, 6 ).
k=0  j=0

It will be useful to express 7! in the Q%(s) notation. We have

I+1 _ ~atr(z,t) a+7(x,t) Arp1—1_jp
T =@ <a7—|—t(T_t) et
Recall that A;41 is chosen to make this a probability measure. By (2.16),
T ¢ a+7(z,t)
el — (1 +—(1- e“)) )
a-+t
Hence using a little algebra we can write

I+1
T

— J —_q — _ —a—7(zt)—j _ a+7(z,t)
_ <_T t> < a 7"(w,t) ) (1+T t) ik (1+T t<1_€u)>
a+t J a+t a+t

- (arisg=) (7)) )

a+7(z,t) 6“(T—t)(d+7’($,t>)
QjJr < a+T—er(T —t) >

Again using (2.16)

Tryn =Y _jml T (a,t; A, t;A)) = eflat7(@,))(T —t)

2.
, a+T —et(T —1t) (2:30)
7=0
Recalling the definition
a+T — et (T —t)
A, t; p) = t))1
(5:t10) = (0 o) o (=),
a direct calculation shows D, A(x,t; u) = —T741, and hence
~ ~ I+1 oo ~
D,Gri(z, t;A) = — Z Tp Zj%rf(:c, t; Az, t; A)) + 211 T2, . (2.31)
k=0  j=0
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Since ayy1 = 1, it follows that the eigenvalues of D]\é(m, t; /~\) are —ag, —Qi, -+, —QJ
and Ziié 2’; ZIH Zj 1J 7r (bt Az, t; ]X)) By th~e same~argument as was
used for DAG(x,t; A) these are all negative, and hence D;G(x,t; A) is invertible.

We next claim that D3G is smooth in (x,t). One can check that the only
potentially difficult component is D,Gr11(x,t;A), and of this the only non-trivial
part is

Tr4+1 Z]Z (2, Az, 5 A)) ~T7,

Using (2.17) and some algebra shows this term equals

(t — T)e'(a +T)
[eh(t—T) +a+ T2

—zry1(a+ 7(x,t)) -

Although 7(x,t) is not smooth 2741 (a + 7(x,t)) is always smooth, and thus D,G is
smooth in (z,t). Note that the denominator does not vanish since 7(¢, ) > —o0.

Therefore G(-;-) is smooth in a neighborhood of (z,t; A). By the Implicit Func-
tion Theorem, for any (x,t) € D, there exists a neighborhood U C RIT! xR of (z, 1),
a neighborhood V € R*2 of A, and a C™ function g : U — V, so that A = g(z, 1)
and for every (y,s) € U, G(y, s; 9(y,s)) = 0. Define

Uly,s) = H(y, s;9(y, s))

Since g(y, s) is smooth in U, U € C*®°(U,R), and by Theorem 2.5 U(y, s) = U(y, s)
for (y,s) e U N D, O

The next theorem expresses the derivatives in terms of the Lagrange multipliers.

Theorem 2.10. Fiz (z,t) € D,, and let A* be the associated Lagrange multiplier.
We have

D, U(x,t) — Dy, ,, U, ) — X T k=0,1,...,1 -1
Dg,Ulz, 1) - (xt)fk*—l—(aH)

Tr+1
and DU (z,t) = n* — p*.

Proof. Consider any point (z,t) € D, and let A* be the associated Lagrange

multiplier. By Theorem 2.9 there exists &/ C R/t x R a neighborhood of (z,1t),

V C RI*2 a neighborhood of A*, and a C* function A : & — V such that and

Uly,s) = H(y,s; Ay, s)) satisfies U(y, s) = U(y, s) for any (y,s) € U N D,.
Keeping in mind the convention regarding differential operators

Dﬂ?kU(m?t) = D’IkH(l‘ataA(l‘at))
= kaH(:U,t;/N\*)+D1~\H(m,t;1~\*)ka/~\(x,t).

Thus in the first line H(x, ¢; A(z,t)) is considered as the composed function of (z,t)
(which by definition is U(z,t)), and we take derivatives with respect to two argu-
ments and evaluate at (x,t). In the second line, Dy, H(x,t; A*) means H(z,t; A¥)
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is now a function of the independent variables (¢, A*) and we take derivatives
with respect to xp and then evaluate it at (x,t; ]\*) In all calculations, vectors are
interpreted as row vectors.

With the notation established, we can proceed. Note that by definition (2.28)

DiH(z,t; M)
= DpL(x,t; A7) DA <:13,t;1~&) + DL (x,t; Aym) Dym (x,t; A (x,t; /~\>> .

Since A* = A(z,t; A*) and 7* are chosen so that D L (z,t; A*;7*) = DAL (z,t; A™;
0, we have D H(x,t; A*) = 0. This gives
D, U(x,t) = Dy, H(x,t;A*),  k=0,1,...,]+1. (2.32)

By the same argument, we have DU (x,t) = DyH(x,t; A*).
Next, we insert the explicit form of 7(x,¢; A) from (2.20) into (2.19) to get
Lz, t; A, m(w,t; A))
I+1 00 I+1

= Zl‘kZ)\k—l—i-jﬂ (x,t; A) —i—Z)\kwk I—ZW (x,t; A)
Jj=

I+1
+u T—t—ZwkZ]ﬂ (x,t; A)
I+1

1 oo
= —Zkaw (x,t; \) :L’IHZWIHQ:?SA +Z)\kl’k+ﬂ(T t).

k=0 7=0 7=0 k=0

In the definition of H(x,t;A), A\r41 is replaced by A(z,t; ) so that automatically
S22 om T @, t; A) = 1. Using xpp1 (w0, 6 1) — 2141 = wri1(a + 7(x,8))n(t, 1) from
(2.26) and the definition of 7(x,t),

M~

H(z,t;A) = Zxk)\k—i-,u

k=0 7=0
+$I+1(a+7'(95 )n(t, w)
I [e'S)
= Zxk)\k—Fu Zxkz /~\)
k=0 j

+a (1 - Zm) n(t, 1) + (t - Zkfck> n(t, 1)
k=0 k=0

Recall from the explicit expression (2.20) that for k& = 0,1,...,1, Wf(m,t; A) does

not depend on x or on A;41. Hence the x dependence can be omitted in 779? (z,t; INX)
in the last display, and we do so from now on.
By (2.32),
Uz, = A\f — 1 — (a+ k)n*, k=0,1,...,1,
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and U,,,, = 0, where n* = n(t,1*). This implies the first claim of the theorem.

Similarly

DU (z,t)
= D,H(zx,t;A¥)
I 0o I
= 0 —p*— Dy Zkawf(t;fX*) + {a (1 — Zxk> + (t— kak>}Dm (t, ")
k=0  j—=0 k=0
I [e's)
= 0 = =D e Y w6 AT) ¢+ aria(a+ 7(w, ) Din(t, pr).
k=0  j=0

We now will verify that

S oSG AY) b o (at r(@m ) D) =0, (2.33)
which implies DU (z,t) = n* — u*. By the explicit formula for Wf (t; A) in (2.20) and
the definition of Q;?(s), forall k=0,1,...,I;7=0,1,...

Dk ) = b ) _‘i&i 5 (“: i —;j)wf(t;f&).

A suitable dominating function can be found, and thus by the Lebesgue Dominated
Convergence Theorem

=0
! 1. < a+T a+k+j <
- Z””’“Z[“ﬂt;A)(t—TlaH)*( ZJ])W;?(t;A) .

0
Using that m(z,t; A*) satisfies the constraint (2.11) and some elementary algebra,

I o]
{Zx Z?T (t; A*
k=0

_TI4 P JWJI-H(A'L’J; AY) ~zrpi(a+7(z,t))
t—T a-+t
Equation (2.30) and the definition of 1 in (2.26) give

Try = " (a+7(z,t))e ™, (2.34)
and hence
I 00
< a—+T1(x,t *
Z.’EkZTF;C(t,A ) = —#[E[_Fl <1 —et N ) . (235)
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The definition of n(t, ) in (2.26) and (a +t)e” = a+ T — e*(T — t) gives

Dun(t, ) = et 1 et -1
I S a+T—(T—tet a+t  a+t
Finally, combining this with (2.35) gives (2.33). O

Our final theorem shows that U satisfies the HJB equation (2.14) in the classical
sense on Y. When combined with a standard verification argument as in [4], this

will imply V(z,t) = U(x,t) = U(z,t) on D,.
Theorem 2.11. U satisfies (2.14) on D,.

Proof. Having derived various expressions for the derivatives of U in terms of the
Lagrange multipliers in Theorem 2.10, to show that U(x,t) satisfies the PDE (2.14)
it remains to show

-1
—nt a+k A=Ay 0 a+1T e 1 (arny a+7(z,1) 236
¢ Z$ka+t6 e Frrn o (2:36)

Recall from (2.20) that for k =0,1,...,7 and j >0

sk otk (OTK N1t by

Using the definition of Q;Hk, fork=0,1,..., 1 -1

skt _ UAD@+) o e on -

i T lat k(T —t)
Now sum both sides from j = 0 to oo and use the fact that Z;io w;k =1 to get
* * * a + t Oi ﬂ—*k
MM = (@+ 02 o J; . fork=0,1,...,1—1. (2.37)
(T —t)(a+k)

Inserting (2.37) into (2.36), a little algebra shows that satisfaction of the PDE is
equivalent to

U a+1
o _ .k - A—1—(a+I+1)n*+p*
(T t) = Z{L‘kZ]T{'j +$1a+t(T t)el
k=0 7=0
a+T1(x,t N
+$I+1%(T— t)@ ntp . (238)
Since 3! = QI+ (g—ig(T - t)) A1 for > 1, by (2.16)
) 0o
- k] . ~a+T G/+I A —14ju*
Yol = Yieg ()i
J=1 Jj=1
T —t * * *
_ — (CL + I)eAI—l—n (a+I1+1)+p (239)
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where the last equality uses the definition of 7 in (2.26).
Inserting (2.34) and (2.39) into 3718z > 720 jwf =T —t, we then have

I-1 [e's)

I * * *
(T —t) = kazjﬂ;sk +$1a+ t(T_ £)eM i1 (@t I+ D)+p
k=0  j=0 @t
a+7(z,t) et
T e TR
+Tr1 P ( Je

We have thus verified (2.38), which completes the proof that U satisfies (2.14). O

2.4 Minimizing Trajectories

The minimizing trajectories associated with the calculus of variations problem have
important qualitative and computational uses. Perhaps the most important is that
they identify the most likely way a rare event will occur [5].

Identification of the minimizing trajectories in the MB case was done in [2] using
the Euler-Lagrange equations, a system of nonlinear ordinary differential equations.
The solutions to these equation are called extremals, and in general being an ex-
tremal is neither a necessary or sufficient condition for minimality. In [2], a direct
but detailed argument using Lagrange multiplier techniques was used to show the
extremals were indeed minimizers. Here we take a different tack. We start in [2]
with a two-parameter family of solutions to the Euler-Lagrange equations that iden-
tify the extremals. The two parameters are themselves characterized as the solution
to a pair of nonlinear algebraic equations. These parameters and the form of the
extremals suggest values for the Lagrange multipliers in the explicit representation
(2.15), and indeed it is shown that characterizing equations G(x,t; A) = 0 for the
unique Lagrange multipliers are satisfied. Having identified the minimal cost, all
that remains is the show that the cost along the extremal is the same as this mini-
mal value. This is done by explicitly evaluating an integral.

The main goal of this section is to argue that the extremals are minimizers and
exhibit the relation between the two parameters used to identify the extremals and
the Lagrange multipliers used in the formula for the minimal cost. Not all details will
be given, and to simplify the presentation only the initial condition with ¢ = 0 and
all cells empty is considered. The statement of the case of general initial conditions
is exactly analogous to Theorem 2.8 in [2], and any details that are omitted are
similar to ones appearing in [2]. In addition, we present only the case a € (0,00). In
this case it is simpler to work with an infinite dimensional version of the extremals.
This is analogous to what is called exponential case in [2]. The arguments for the
cases a = o0 and a < 0 are analogous to that of a € (0,00). As noted above, the
case a = oo has already been considered in [2]. In the case a < 0, the extremals
satisfy o5 = 0. Because of this the arguments are somewhat simpler than in the
case of a > 0, and it is analogous to the polynomial case of [2].

In the case of the empty initial condition the extremal can be identified as follows.
Let y € St be given. Then a family of solutions to the Euler-Lagrange equations for
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the problem of minimizing the cost subject to this terminal condition are

I k
t
oolt) = CQ8(pt)+ 3 (v — COL(T)) (1——)
k=0

T
i) = (-0, 1<i<I,
I
pre(t) = 1- Zg@i(t).
=0

This is exactly analogous to the form found in [2] for the special case of a = oo,
with the Poisson distribution P(t) in that case replaced by the family of probability
distributions Q%(t). It is useful to extend the definition of ¢;(t) to ¢;(t) = CQ¢(pt)
for ¢ > I, while maintaining the distinction between ¢y (t) and ¢r(t).

The parameters p > 0 and C > 0 are chosen so that the measure corresponding
to ¢;(T') is a probability measure, and moreover one for which the number of balls
per cell at time T equals T'. Specifically, p is chosen so that

pT — Zi[:[) ZQ?(PT) _ T — Zz’lzo 1y;
T - T
1- Zi:o Q?(PT) - Zi:[) Yi

holds, and then

L - Y0¥ __ T~ >iq iy
1= Y0, Qe(pT)  pT — Y1 ,iQ(oT)

Solutions to these equations exist for p € (0,00) and C € [0, 00), and are unique.

To show that this is indeed a minimizing trajectory we relate the constants p
and C' to the Lagrange multipliers appearing in the finite dimensional representation
(2.15). Recall that the minimizer to this problem takes the form

m(1,0;A) = QY(T)et 5,
with ¢; = 0 if j > I. Using the form of the minimizing trajectory, at time ¢t = T’

@;i(T) = CQ(pT), I <.

Thus for all j > I we will want
a Ao—1+j5u a
Qj(T)e o™ = CQ5(pT).

Since
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this suggests

a+T
p = logp+log

a—+
M—1 = a10g<a+

and
l, = —logyy + log Qi (pT) + log C

when k < I. Hence the minimizing trajectory for a problem with a finite terminal
cost £ will terminate at a point y with each y; > 0, an assumption we make for the
rest of this section. The argument when one or more 4 = 0 can be handled by a
limiting argument. We remark in passing that similar considerations allow one to
explicitly identify the Lagrange multipliers for all initial conditions (x,t) that lie on
the extremal in terms of C', p, and the values yy.

To show that 7°(1,0;A) is the minimizing probability measure in (2.15) the
constraints (2.11) must be demonstrated. One constraint is that w;-)(l,O; A) be
a probability measure. Since the definitions of the Lagrange multipliers enforce
79(1,0; A) = ;(T), this follows from S yi=1-C+CYL,0%(pT) and

oo I oo
oM => yi+ Y, CQ(pT)=1-C+C =1,
j=0 7=0

j=I+1

The only other constraint to check is the conservation condition:

D GmdL,0A) = > FOUT )t
j=0 j=0
o) I I
= D JCQ(pT) + > jy;— Y iCQ}(pT)
j=0 =0 j=0

I I
= CpT = jCQHpT) + > jy;

j=0 J=0
I I
SR WD
i=0 j=0
= T,
where the equations characterizing C' and p are used for the fourth equality.

We have identified the optimal measure for the terminal cost £. To complete the
argument that ¢ is a minimizer we need only show that the cost along this trajectory
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equals

R (x°(1,0;A) | Q*(T))

> 79(1,0; A)
= jz_%w?(l,();A)log (W)
j=0
_ y o~ a “(pT)
— jz%yglog<Q?ZT))+j;ICQJ(PT)log< Q;‘i(T) )
N p;(T)
= jZ:;@a(T)log(Q%(T))
= Y (1) log (95(T)) = > @;(T) log (Q4(T))
j=0 j=0
= P (T) log (SOJ (1)
7=0
SN w(ZY 110 [Ti—ola +k) a+T\ 7
jz:(:)%(T)lg( >+1g< i >+1 < ) ]

=0
o0 -1 a
—Jz_%%(T) log (H“;! +k)>

The notion of a completely monotone function is useful here. Although it is
clear from the construction of the Lagrange multipliers that ¢;(T) is a probability
measure, the same cannot be said yet for ¢;(¢). A monotone function + is completely
monotone on [0, 7] if it is infinitely differentiable on [0,7] and if for all ¢ € [0, 7]
and 7 >0

(-1 D) > 0.
The same argument as [2, p. 2794] shows that (g(t) is completely monotone on
[0,T], and hence for all t € [0,T] and i > 0, ;(t) > 0. From the explicit formula for
©o(t) we actually have (—l)igog) (t) > 0fort e (0,7). It is also easy to show that for
all t € [0,7] and i > 0, ¢;(t) can be interpreted as the ith term in the Taylor series
expansion of ¢y(0) about ¢, and so for each t {p;(t),i =0,1,...} is a probability
measure on {0,1,...}.
To evaluate the cost

T
/0 R0 |lo(t, o(t))) dt.
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it is convenient to work, as in [2], with the cumulative occupancy functions
J
bi(t) =D wilt).

1=0

The dynamics then take the form wj(-l)(t) = —0,(t), and so with the convention
1_1(t) = 0 the cost can be expressed

T[ 1 (1)
AN —; (1)
/0 LZ_; v (0log (Z—ﬂ (ti(t) — wi—l(t)))

Do s 1+ () + -+ e )
{10+ ) s (T 0= 0r0) + 5 S 00— @) )|

We have
—p(t) = - Zcpz(l)(t)
k=0
! —t k i —t k—1
- Z : k‘!) w[()k+1)(t) + Ek _) 1)! (()k)(t)
k=0 k=1
—$)? ;
- -Elun,
and so
NP ) ¥ T RV
A0 TESO W0
Since for 7 > 1
: 0 _ a+t —pi (@)
Z—Ii (i(t) — i1 (t)) a+1 @éi) (1)

a+tQf (pt)(i+1)
a+i Q¥ pt)t
a+t(—pt)(—a—1i)
a+i (a+pt)t
(a+1)p

a+pt

and
L+ @)+ + o)
27 (L =) + 77 et B (Vk(t) — Y1 (1))
R e M)
2t (S0 S 0) + 2k S 15500
T e )
(O S )
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we can write the integral as

' 0 o ~4V ()
/0 ; vl g(g—ﬂ(%(t)—wil(ﬂ) o

At several places below we will need the existence of a dominating function to justify
the interchange of summation and integration. A suitable function can be found
using the same calculations as those used to establish (2.16). Also, this dominating
function will work only on closed subintervals of (0,7, and so a careful argument
will first evaluate the integral on [¢,T — ¢] and then use monotone convergence to
take the limit € | 0.

We evaluate the integral by the following calculation, each line of which is ex-
plained below:

00 (i+1)
/T E —¢§1)(t)10g (a—i_?_ 0 (t))dt
0 “

ati )

= /OTi‘(—w(” og v ()] + wi (1) log |l ()| — " (8)log (a +1) ) dt

_ i<[%(t)log‘¢[()i)(t)‘]:+/T (i—%( )dt+z Pi(t)]3 log a+z)>
— 0 \i=0

+a+T)logla+T)—(a+T)—aloga+a

_ i‘; [%(T)log‘% )_% log‘cpo H +log(a +19) (Z% Z 1(0)))

(a+T)log(a+T)—(a+T)—aloga+a

+
= Z( i(T) log (¢i(T)i!/T") — log(a + i) ( Z @k(T)>>
+

i=0 k=i+1
+(a+T)log(la+T) —aloga
0 i-1

— E ( (1) 1og i (T') + Z @i (T) log (i) — pi(T) log ( (a+ k:)))
i=0 k=0

—TlogT + (a +T)log(a+T) —aloga

- 7!
— ZZ:;@Z-(T)logtpz +Z‘P’ )log (ﬂ)

—TlogT + (a+T)log(a+T) —aloga.
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The first line separates the a 4+t term in the logarithm. The second equality uses
the convention _;i(t) = 0 and that > 7, —wgl)(t) = 1 (all balls go into some
cell). The third line uses integration by parts and the fourth uses the definition
of the cumulative occupancies. The fifth line uses the definition of ¢; in terms of
derivatives of g, and the sixth equality uses summation by parts. Since

T T
—Tlog <—> + (a+T)log <&> =—-TlogT+ (a+T)log(a+T)—aloga,
a a

the cost along this trajectory equals the minimum, and the argument is complete.
O

3 Allocation Models with Balls of Different Color

In this section we extend the techniques to the case of allocation models where the
balls are of more than one type. To keep the notation simple, we actually consider
just two colors, the extension to the more general case being straightforward. An-
other simplification is that we consider only MB statistics. The interested reader can
combine the methods from this section and the last to treat more general statistical
models.

3.1 Coloration Process

We construct an allocation model with colored balls as follows. Balls are thrown
into one of n cells sequentially. The throwing process is modeled by a collection
of independent and identically distributed (iid) random variables, each uniformly
distributed on the set {1,...,n}, with each value of the set corresponding to an
cell. There is also a coloration process. At each discrete time a ball is assigned
color ¥;™ € {1,2}, and then placed into the cell determined by the throwing process.
These two processes are independent.
The occupancy process in this case is defined as follows. The natural state space
is
T+1 J+1
Sry=qazeRM xR, >0,0<i<T+1,0< < T+, Y aiy=1
i=0 j=0

Ifie€{0,...,I} and j € {0,...,J}, then X]';(I/n) is the fraction of cells containing
exactly ¢ color-1 and j color-2 balls when [ balls have been thrown. In an analogous
fashion XI+](l/n) 17+ (U/n) and X7, ;. (I/n) are defined. By definition X¢(0) =
1, and X7;(0) = 0 for all other values of (¢, j).

To describe the large deviation asymptotics of these allocation processes we
must specify those of the coloration processes. Cumulative coloration processes

{r",n € N} are defined for ¢t = [/n by

7“1 l/n Zl{yn 1} l/?’L Zl{
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We will assume that these processes satisfy a large deviations principle with a rate
function of the form J(¢) = fOT c(q'b('s))ds. Thus ¢(¢(s)) is a measure of the local (in
time) log likelihood that a fraction ¢;(s) of the balls are color i. A mild technical as-
sumption that is needed to prove a large deviations result for the occupancy process
is that c¢(a) = 0 for some point a with a; > 0,7 = 1,2. Since c is a rate function,
there is at least one probability vector a at which c¢(a) = 0. The assumption that
this occurs at a point where both components are positive is very mild, and means
simply that the LLN limit cannot concentrate exclusively on one color.

Examples of coloration processes which satisfy these properties are deterministic,
1id and Markovian. In the iid case colors are selected by an iid sequence of random
variables. In the Markov case the color is chosen by a finite state ergodic Markov
chain. The so-called deterministic case seeks to achieve a deterministic fraction a
of color k, with a € (0,1). This can be done as follows. If NF  balls of color
k have been thrown in the first [ — 1 throws (with N} | + N7, = [ — 1), and if
N /n < ail/n, then we color the Ith ball 1, and otherwise color it 2.

The specific form for ¢ in all these cases is spelled out in [3]. For reasons to be
explained below, the focus in this paper will be on the iid and deterministic cases,
where c(p) equals R(p|la) and 0o-143c(p), repsectively. Under a suitable restriction
needed to ensure convexity that is also described below, the same methods can be
applied to the Markovian case as well.

3.2 Variational Problem and PDE

For this problem the feasible domain is

I J
D = ($,t) S SLJ X [O,T) : inﬂ]+1 + Z$]+17j +.Z'_[+]_’J+1 > 0 and
i=0 =0
I+1 J+1 I J
t> ZZQ:” or Z.’L‘»LJJ,_l +Z$[+1,] + 2741541 =0and t = ZZQ:”
=0 57=0 =0 j=0

We next describe the large deviations variational problem. Recall that Sy ; are
the set of all probability measures on {0,1+ 1} x {0,J + 1}, which can also be
interpreted as real (I +2) x (J 4 2) matrices. For o € St 7 define the linear maps

Mjla) = aic1j1z1y — @iglu<ny, Mol = ijoils1y — aigly<y-

The rate function for the coloration over an interval [¢t,T] is assumed to be of the
form ft p)ds, where p(s) = (p1(s), p2(s)) are the colored fractions at time s. The

local (in tlme) and total coloration fractions satisfy g = ftT pr(s)ds/[T — t], and
for a trajectory of the form (p1(s), p2(s)) = (q1, ¢2), the cost is of course [T — t]c(q).
The rate function for the occupancy process on path space is then

T
Tiatio) = ipf [ (RO ) + paR(0 [0) + c(p)] s,

)
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where the infimum is over all 6, p such that

o) = pl0) = [ (o007 + paa?10%) ds.
t
For a terminal cost F' we consider

V.T,t = inf I.’L‘,t; +F T ‘
(@) soeC([t,T],s,J),w(t):x{( p) + F(e(T))}

Then V should be a weak-sense solution to
Wi+ HWg,x,t) =0
and the terminal condition, where

H(p,x,t) = plnf [(p: o1 MY + p2MP[67]) + pr RO [[) + p2R(6% || 2) + c(p)] -

If b(7y) is the Legendre transform b(7y) = sup,, [(7, p) — c(p)], then we can also write

) = s |~ 3 oo (Il 2707 + RO™ )] - )
p m=1,2

_ <_ inf [(p, M'[0"]) + R(0" )], —inf [(p. M%) + R(e? ||x)]> .

The variational formula for exponential integrals in terms of relative entropy [1,
Proposition 1.4.2] asserts that

i;llf [(p, M' [0']) + R(0" ||2)] inf Z pm@il,l’j Z pwﬁl + R(0 ||z)

91
i,j,i>1 i,j,i<I

—inf | S (g - peg)0l; + RO )

o1
4,41
= —log E e_(pi-‘rl,j_]?i,j)l-i’j_{_ E: i j
iga<I iji=I+1

Using the analogous formula for m = 2, one obtains

H(p,xz,t) = —b |log Z e~ PirLgPid) g, o 4 Z zij |,
iga<l iji=I+1
log Z e~ Pigr1=Pii) g, 5 4 Z zij || (3.1)
1,5,J<J i,5,j=J+1
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3.3 Explicit Solution

Let m; j(r1,72) denote the probability of throwing ry, additional balls of color m,
m = 1,2, into cells of category (i,7), and let ¢ = (q1, g2) be the fraction of balls of
colors (1,2). For x € St 7, we say that (7,q) € F(x,t;y,T) if for all 4, j

') I+1 J4+1 00
T E mij(T1,72) = Ti j, § E ;) E i g(r1,72) = qm(T — 1)
r1,r2=0 =0 7=0 r1,72=0

for m = 1,2 and

k l
ks = 3> wigmi(k—il—j)

i=0 j=0
oo I+1 1

Yri1 = Zzzwi,ﬂi,j(er L—i+nrl—j)
r=0 i=0 j=0
oo k J+1

yk,J+1 = Zzz$i’jﬂi’j(k — i, J+ 1 —j +T‘)
r=0 i=0 j=0
oo oo I+1J+1

Yi+1,J41 = Zzziﬁi,jﬂi,j(IﬂLl—i+87=]+1—j+7”)~

s=0 =0 i=0 j=0

We also denote y by = x w. If the coloration turns out to be (q1,¢g2), then there
are gm (T — t)n balls of color m thrown, and the law of large numbers limit for the
empirical fraction of cells of category (i, j) is Pi(qi(T — t))Pj(q2(T —t)).

The same sort of argument as in Section 2.2 then suggests that the explicit form
for the solution to the variational problem should be

I+1 J+1

min > wigR (i [P(au(T =) x Pa2(T — 1)) + (T~ t)e(q)

(ma)eF(ztyT) | =5 =

However, an interesting feature of the case with color is that the quantity being
minimized in this formula is not always convex. In a previous paper [3], a useful
assumption that guaranteed the convexity of the large deviation rate on path space
was that ¢(p)+h(p) be convex, where h(p) is the entropy function h(p) = —p; log p1 —
p2log pa. We will show that this same condition, not surprisingly, gives convexity
here as well. Let a be the point with a; > 0,7 = 1,2, for which c¢(a) = 0. Then we

36



can write, under the constraint that relates m; ; and g,

I+1 J+1
> iR (mig 1P (T = 1) x Plga(T = 1)) + (T = t)e(g)
i=0 j=0

I+1 J+1

I+1J+1

B T3, (ka l)
= > > wi ZZ% (k,1)log (mal( ) Pr(aa(T = t)))
+ZZ:1:M ZZM,;‘(’C, 1)
i=0 j=0 k=0 1=0

=0 j=0 k=0 1=0
q1 g q2 :
—¢ -1 L I -2
)e(q) og<[al} [@] )]
I+1 J+1

= 3N @i R (mi [Plar(T — 1)) x Plas(T — 1)) + (T — 1) [elg) — R(q la)].

i=0 j=0

The mapping ¢ — [c(q) — R(q||a)] is convex if and only if ¢(q) + h(q) is convex, and
so convexity of ¢(q) + h(q) is sufficient for the minimization problem to be convex
in (m;j,qm). Note that in the deterministic case this condition holds with strict
convexity, and that in the iid case c(q) + h(q) is convex but never strictly convex
(it is in fact always linear in ¢). Hence this is in a certain sense a borderline case,
and one for which there may be nonuniqueness of minimizers. In the case of Markov
coloring the condition may or may not hold-see [3] for further details.

This alternative rewriting of the objective function also has a practical benefit,
in that the quantity to be minimized is now the sum of a convex function of = and
a convex function of ¢, with no “cross terms.” As a consequence, the formulas for
m;,; and g, also separate, and hence can be solved for explicitly in terms of the
multipliers.

Having restricted already to the case where ¢(q) 4+ h(q) is convex, we now make a
final restriction. To parallel the very explicit computations of the single color model,
we need a specific form for ¢, and in particular a form that allows us to solve for the
minimizers in terms of multipliers. This can be done when the rate function for the
coloration has a representation in terms of relative entropy, which is the case for all
the models introduced previously. The particular form we choose is ¢(¢) = bR(q ||a),
where b € (1,00). The limit b T co gives the deterministic coloration with parameters
a1 and a9, and the limit b | 1 gives the iid coloration with parameters a; and as.

Define

J(z,ty) = inf — Z(z,t; ).
SDGC([t,T},S[”])
o(t)=z,0(T)=y
Theorem 3.1. Consider the allocation problem with either the deterministic or
iid coloration process with parameters a; > 0 and as > 0, an initial condition
(z,t) € D, and a feasible terminal condition y. Then the quantity J (z,t;y) has the
representation

I+1 J+1
Lo &S R [P(a(T - ) % Plaa(T — ) + (T = 00~ 1)R(a o)
iy T) | =0 j=o
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Proof. We will prove the representation for b € (1,00). Taking limits and using
monotonicity in b will then establish the corresponding result for b =1 and b = oo
The same line of argument as in the single color case is followed. Hence we consider
linear terminal conditions F'(y) = (y,{) with¢ =¢; ;,1 =0,...,1+1,7=0,...,J+1,
and define

I+1J+1

Ulz,t) = inf{Zwa (755 | P(ar(T — 1)) x P(ag(T — 1))

=0 7=0
+ (T —-t)(b—-1)R(q|la) + ({,x x ) }

The infimum is over F(z,t,T), which is defined to be the set of all collections
(73,5, @m) such that

I+1J+1

szzd Z Zrmﬂ-zj 1,72 —qm(T—t),m: 1,2

=0 7=0 r1=07r2=0

and
dm > O7m = 1727(]1 +q2 = 1.
To study this problem define

flz,t;m,q)
I+1 J+1

= 3N @i R (mi [Play(T — 1) x Plaa(T — 1)) + (T — t)(b— D) R(q|la) + (,x x ),

=0 5=0

introduce Lagrange multipliers A = (X;j,i=0,...,14+1,j=0,...,J + 1; ttyy, m =
1,2;0), and define

I+1 J+1 oo 00
Lz, Amq) = fla,tma)+> Y NijTij (1 =N ik, z))

=0 j—0 k=0 1=0
I+1 J+1 oo 00
+ § Hm Qm(T - t) - Z E T 5 E § rmﬂ'z](ThTQ)
m=1,2 =0 7=0 r1=07r2=0

+ 9(1 —q1 — QQ).
Analogously to the single color case,
mii(k, Lz, t; A) = Prlar (T —t))Pi(ax(T — t))eAi’j_Hk“lH“Z_é”’“j*l.

The equation for g is

(T —t)(b—1) [log (Zm> + 1} + (T — ) — 0 =0,
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so that . )
_#m ____ 0
Gm(T,t; ) = ape” t-1eTDED !

Fori=0,....1,I+1,7=0,....,J,J+1and m=1,2 let

Gij(x,t;A) = (1 - iim’j(k,l;x,tﬂ\)) ,

k=0 1=0

Gm(z,t;A) = | gm(z, t; A)(T ZZQ:M Zirmmd(k,l;x,t;A) ,

=0 j=0 =0 [=0
Gs(z,t; ) = (1 —qi(z,t;A) — g2z, t; A)).

When discussing uniqueness of the multipliers we must work with a matrix indexed
by the subscripts of these functions, and the particular ordering of the i,j as sub-
scripts is unimportant.

We next present three lemmas that are analogues of ones proved in the case of
a single color. Since the proofs of the first two are also direct analogues they are
omitted.

Lemma 3.2 (General properties). For any (x,t) € D, F(x,t;T) is nonempty,
minimizing measures ™ exist, and if x; ; > 0 then (o (k,1) >0 for all k and l.

Lemma 3.3 (Characterization of the minimizer). For any (z,t) € D there
exists A € RUFDXUHD43 5o that G(z,t; A) = 0, and m; ;(k, l;x,t; A), gm(x,t; A) is
a minimizer in the definition of U(x,t).

Lemma 3.4 (Uniqueness of characterization). For (x,t) € D, there is only one
A € RUFDXUHDHS gych that G(x,t, A) = 0.

Proof. We have

Oy (ki i) L2t
oy = mglkba A
Omiy(blintid) o A

oy (il

Opm = _ﬁqm(l‘at; A)
Ogm (z,t;A) o 1 )
\ . 00 - (T-tH-1) qm(x,t,A),

oo
Agm (z,1;A)

and all other partial derivatives are zero. As in the single color case it is enough
to show the negative definiteness of DyG. Using a suitable dominating function to
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justify the interchange of differentiation and summation and the definitions

;= Z ik, L x, t; A)

T = E TmTij(r1,72; T, 85 A)
r1,72=0
I+1 J+1 o)

Cii = Zzﬂﬁzg Z rimij(r1,me; 2, t; A)

=0 7=0 r1,r2=0
I4+1 J+1 0o
Cop = ZZ%; Z ramij(r1,mos 3,15 A)
=0 7=0 r1,r2=0
I4+1 J+1

Cio = g gxw g r1rom; (11, ros @, t A),

=0 7=0 r1,r2=0

DG equals [with g, = gm(x,t; A)]

0,0 0,0
I+1,j+1 I41,5+1
0 s —OQr41,J4+1 _Tl J —T2 J 0
0,0 I+1,J41 T—¢ 1
—x001y" 0 —xrp,041715 —31q1 — C11 —C1p2 30
0,0 I41,J+1 T—t 1
—x001y" -0 —xry1,04175 —C1,2 3572 —Co2  —3®
e 1 1 __@1tg2
0 0 —1q1 192 T—0)(b—1)

Since diagonalizing all save the lower right 3 x 3-submatrix produces strictly negative
values on the diagonal, we need only check the negative definiteness of

Zij (rhi\2 _ T—t @i j iy i 1
Yo et — e —Cia X et T Ty - O g
i, 7] 7] Xq, 7] 2 T 1
Z 1,5 O(Z‘;T T Cl72 Zl,j ai,j’ (T2 ) =1 q2 — 0272 _b—_lq2
L 1 ___q1tge
1% p—1%2 T=D0-T)
Since
It 0 1
141 e
T—t 1
10 - b1 42 —H%
L 1 __qte
1 12 T—D-1)

is obviously negative definite, we need only check the 2 x 2 matrix

S BT~ Gy X, BT~ Cry
Z &LT%]T'L’] 0172 Z &L(TZJ) 0272

J Qg5 7.7 Qg5

However, letting m; j(r1,72) = m j(r1,r2;2,t; A) and pre- and post-multiplying by
the nonzero vector (z1, z2) produces

i
Z L Z(Zlﬁ + 29m2) i j(r1,72) — 2(217“1 + 29m9) i (r1,72) - Z 73,3 (11, 72)
1,j g T1,T2 71,72 71,72
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Thus the entire matrix is negative definite. ]

Since we have restricted to the case of MB there is no analogue of the non-
smooth function 7(x,t), and hence the existence of a smooth extension of U to a
neighborhood of D follows directly from the implicit function theorem. The next
result expresses the derivatives in terms of the multipliers.

Theorem 3.5. Fix (z,t) € D, and let A* be the associated Lagrange multiplier.
Then

Da, Uz, t) = (Af; — 1)

Ti,j
and

0*
T

DU (z,8) = (b—1) —
Proof. With
H(l‘at; A) = L(xat; Avﬂi,j('axat; A)an(xat; A))

we can write

U(zx,t) = H(x,t; A(x,t)),

where A(z,t) is the unique solution to the constraint equations. Then

Dy, ;U(x,t) = Dy, ;H(x,t; A*) + DyH (2,1, A*) Dy, A2, t).

T, Ti,j

As in the single color case Dy H (x,t; A*) = 0, and so Dy, ,U(x,t) = Dy,  H(z,t; A¥),
and an analogous argument also gives DyU(z,t) = Dy H(x,t; A*). Note that both
mi i (k,l;x,t; A) and g, (z,t; A) are actually independent of x, and hence can be writ-
ten m; j(k,l;t; A) and gm(t; A). Keeping in mind the ¢ dependence but temporarily
suppressing both ¢t and A* in the notation, we will use

(T —t)(b—=1)R(qlla) = (T = t) [qup7 + q2p3) + [0* = (T — t)(b — D](q1 + g2)-
The quantity to be differentiated is thus

Z Z Tig Y Y [N = Lkt Lps) (k1) — (T — 1) (g + qopss]

+O" = (T =)0 — V(g1 + ¢2)

I+1 J+1 oo 00
+ A (1 =30 milk, l))

=0 j=0 k=0 1=0
I+1J+1 oo 00

+ > @ T =) =Y wig Y Y rmmi(r,re)
m=1,2 =0 57=0 r1=07r2=0

+0* (1 — q1 — q2)
I4+1 J+1 0o 00 I+1 J+1

= =33 w > > mk ) = (T =00 = 1)@ +a2) + Y X + 67

i=0 j=0 k=0 1=0 i=0 j=0
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Since
Omij(k, Lt A) i — Lk s — L g OPr(a1 (T — t))Pi(ax(T — 1))
Ot ot
e~ 1tkp e =i g 4 86—(T—t)a’f (T — t)k'aé (T — t)l

kN ot

k l
= |1- 57— — —|m (kLA
[ T3 T_de(k:lt )

and

Ogm(t; A) [ 0

ot = (T— t)z(b— 1)] Qm(t; A):

it follows that
D-'Ei,jU(w7t) = (/\;'k,j - 1)

and

I+1 J+1 oo 00 k l
DtU(x,t) = _szi’jZZ[l_m_ﬁ] Wi,j(k,l)
i=0 j=0 k=0 1=0
+(0—1) (a1 +q2) — 7= (@1 + q2)
= —1+Q1+Q2+(b—1)—%
0*
= 0-D- oy

For the particular rate function of interest here,

b(v) = sup[(v,q) —bR(¢la)]
— —binf |3 () + Rlao)

= blog (e%al + e%a2> .

Hence by (3.1), the PDE to be satisfied by U takes the form

o=

Wy —blog E e_(WmiHaJ‘_me)xi,j + E Tig | @
i,ji<I i,ji=I+1

o=

~(Way i1y ~Wa, -
+ g e~ Weij ””%J):L‘i,j + g x5 | az | =0.
65,3 <J i,J,j=J+1

Theorem 3.6. U satisfies (3.2) on D.
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Proof. By Theorem 3.5, this will be true if

9* _(\* ok
(b=1)- g s Yoo e Mz Y ai | @
i<l igi=I+1
1
b
+ Z e*()\f,j+1*/\f,j)wi7j + Z T j as | =0. (3.3)
4,3,J<J ,3,j=J+1

Fori <1
Tiv1,i(k, 1) e)‘i+lvjﬂz‘,j€fu1(k+1)

mij(k +1,1) ar(T —t)

Summing on k and ! gives

eftu'l

Aig—Nigly — _ — .

€ al(T_ t) 7;7‘27‘17(—7'7](7‘177,2)7
and the analogous formula

D VP Y €_M2
eI T NI = — rom; i(T1, 72
QQ(T_t)E Z,]( ) )
applies for j < J. We also have
e_lu'2 e_:u'2
l=—s— ) romri1(r,re) = ———= > 12mi j41(r1,72)
CQ(T—t)% J ’ (12(T—t)7;r2 ! ’

if j<J+1ori<I+1. Hence

— (N =N e q1
g € N A”J)ﬂfi,j+ E Tij = ¢€ =

a
i,4,i<I i,j,i=I+1 1
Z(\F LA —ur g2
g e (Al j+1 )\"J)xi,j + E Tij=¢€ B2 ==,
a
ig<d ir=d+1 2

Now ¢q1 4+ g2 = 1 implies

0

log (q1(t; A) + q2(t; A))
= log <a16_%eﬁaﬂ’—l)_l + QQe_%eWa(b—l)A)
0

= log (ale_bfl + age bfl) + m -1

1221 12
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The left hand side of (3.3) becomes

*

(b—1)— ﬁ —blog ((e‘qm/al) a2>

= (b—1)— =1 —blog e M o1 T-t)(-1) a) + [ e7H2ze -1 T—00-T)

S
o=

ay + (67“3 qg/ag)

o=

)

b—1 i b (1 - : 5% ’ il L
e — — — b—1 b—1 - -
( )+(T—t) og (e > a1+<e ) as +b(T—t)(b—1) 2
bo* bo*
= —b — b
TTooe-n T-no-1D

= O,

and the theorem is proved. [l

3.4 Minimizing Trajectories

We end this section by stating without proof the form of the minimizing trajectories.
As in the case of a single color we consider only the empty initial condition. In
contrast with that case, here the minimizing ¢ must be determined first via Lagrange
multipliers. Once q is given, we define

©o,0(t1,t2)
I J , t
= CPolpqit1)Po(pgat2) + kZ_OlZ(; Yk — CPr(pgi T)Pi(pg2T)) <1 _ %) (1 _ %)
and A ‘
C(—t)i ()
pij(ti,t2) = (=t (=h) 90((370])@1&2)‘

7! 4! ’
In terms of these functions we set
@i j(t) = @ij(t,1).

and fori <l and j<J

00 00
(Pl—f—,] Z @z,j (PZJ—i- Z 902,] @I-&-J-ﬁ- ): Z Z (,Oi,j(t)

i=I+1 j=J+1 i=I+1j=J+1

With ¢ determined via Lagrange multipliers, the parameters p > 0 and C' > 0 are
chosen so that

PT = Fino 2o (i + DPilpn T)P;(pa2T) T = 3o 35-o(i + )i
1=, Zj:o Pi(pa1 T)Pj(pg2T) 11—, Z}]:o Yij

and
- 1-Yi Z}']:O Yij _ T-Y1, Z}]:O(i + 7)Y
L= 0 X0 Piloas T)P(paeT)  pT — Yoig >)—o(i + /) Pi(pr T)P;(pgaT)

44



The proof that these trajectories achieve the minimal cost parallels that of the single
color case, with an appropriate modification of the notion of completely monotone
that is suitable for functions of two independent variables.
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