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Abstract

To exploit large deviation approximations for allocation and occupancy
problems one must solve a deterministic optimal control problem (or equiv-
alently, a calculus of variations problem). As this paper demonstrates, and in
sharp contrast to the great majority of large deviation problems for processes
with state dependence, for allocation problems one can construct more-or-less
explicit solutions. Two classes of allocation problems are studied. The first
class considers objects of a single type with a parameterized family of placement
probabilities. The second class considers only equally likely placement proba-
bilities, but allows for more than one type of object. In both cases, we identify
the Hamilton-Jacobi-Bellman equation whose solution characterizes the mini-
mal cost, explicitly construct solutions, and identify the minimizing trajectories.
The explicit construction is possible because of the very tractable properties of
the relative entropy function with respect to optimization.

1 Introduction

Allocation and occupancy problems are concerned with the random placement of
objects into containers. The objects (usually referred to as balls or tokens) can be
of a single type or many, in which case they are often distinguished by “color.” The
containers are variously called urns or cells, and have many interpretations, such as
physical partitions (photo-electric receptors in a grid) and temporal partitions (the
days of the year).

There are also many rules for how a given ball may be assigned to a given
cell. The simplest such rule, in the context of a single color, uses what are called
Maxwell-Boltzmann (MB) statistics. Here, each cell is equally likely to receive each
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ball. Other rules consider the balls as being placed sequentially, and the likelihood
that a given ball is placed in a given cell depends on the current contents of that
cell (relative to the contents of all other cells). Examples in this category are Bose-
Einstein statistics (BE), for which a cell that already contains balls is more likely to
receive the next ball, and Fermi-Dirac statistics (FD), where the reverse holds. The
precise definitions of BE and FD will be given below.

A key random variable associated with an allocation is the empirical measure.
After all (or some) of the balls have been placed, one can form the (random) proba-
bility measure (19, 71, ...) on {0, 1,...}, with 1y equal to the fraction of cells that are
empty, n1 the fraction that contain 1, etc. For example, one could be particularly
concerned that at least 90% of the cells are nonempty after the random allocation. In
this case one is interested in the distribution of the first component of the empirical
measure, and in particular P{ny < 0.1}.

While methods from combinatorial probability provide exact formulas for certain
classes of allocation problems, they do not apply universally, nor are they always
of great practical utility—see the discussion in [2] on this point. Hence one turns
to approximations. The simplest approximation is a law of large numbers (LLN)
limit, under which the number of cells and number of balls placed into the cells both
tend to oo with some fixed ratio. If n is indexed by the number of cells n, then the
LLN limit identifies the (deterministic) probability distribution that 1™ tends to as
n — oo. This identifies the “typical” behavior of the allocation scheme for large n.
The limit can often be identified as the solution to a system of ordinary differential
equations (ODEs) at time ¢ (and for an appropriate initial condition), where ¢ is
limiting ratio of the number of balls to the number of cells, i.e., the mean number
of balls per cell.

If in contrast one is concerned with probabilities of atypical behavior, then one
considers large deviation asymptotics. For example, if it is usual that 50% of the cells
are empty when n is large, then under some technical assumptions large deviation
asymptotics assert that —%log P{ny < 0.1} tends to some constant ¢ > 0, thus
identifying the exponential rate of decay of the probability. The parameter c is
usually identified as the solution of a calculus of variations problem, and using the
well known relation between problems in calculus of variations and Hamilton-Jacobi
equations, ¢ can also be characterized as the value (at a particular point) of the
solution to a nonlinear partial differential equation (PDE).

The explicit identification of ¢ is in general a daunting task. Whilst there are
a small number of cases for which analytic expressions are available, in most cases
one must attempt numerical approximation, and so one is limited to only low di-
mensional problems (i.e., in our setting to the first few components of the empirical
distribution). Even putting aside the restriction of numerical methods to low di-
mensions, one would prefer analytic expressions for ¢ since they have many other
uses. Beyond simply identifying the rate of decay, analytic expressions for ¢ can be
used

e to characterize the most likely way that a rare event will occur,

e to construct efficient Monte Carlo schemes (known as importance sampling



schemes) for non-asymptotic approximations, and
e in statistical estimation and model inference for occupancy models.

The purpose of the present paper is to show that explicit solutions can be ob-
tained for the PDEs that are associated with a wide variety of allocation problems,
and introduce techniques that can be applied to even broader classes of problems.
As remarked previously, explicit solutions are not common. Among the classes of
nonlinear, first order PDE with explicit solutions (in general dimension) are those
associated with the linear quadratic regulator and those linked to the Hopf-Lax for-
mula. Both these examples exploit some significant underlying simplification. In
the first example it is the fact that the value function for the control problem is
expected to be quadratic in the spatial variable, and in the second example it is the
independence of the running cost from the state variable. The optimization prob-
lems related to allocation problems are qualitatively quite different from either of
these, as can be seen from both the form of the value functions and the structure of
the minimizing trajectories. There is significant state dependence, and no a priori
obvious form for the value function. In the setting of allocation problems, it seems
that the attractive properties of the relative entropy function are largely responsible
for the existence of explicit solutions. It is these properties which allow for conve-
nient calculation and representation of the various derivatives in terms of Lagrange
multipliers, the key ingedient in the proof.

In the next section we analyze the single color model. After introducing the
general model and formally reviewing the large deviation context, we discuss a formal
and heuristic derivation of the explicit solution. The associated Hamilton-Jacobi-
Bellman (HJB) equation is then introduced, and a solution is proposed in the form of
a finite dimensional minimization problem that can be easily and efficiently solved
using Lagrange multiplier techniques. The value of the minimization problem is
shown to be smooth for an appropriate class of terminal costs, its derivatives are
characterized via multipliers, and the HJB equation is shown to hold. The section
concludes with the identification of the minimizing trajectories. The third and final
section repeats these steps for a model with different colors.

2 Allocation Models with Differing Assignment Proba-
bilities
2.1 Probabilistic Background and the Variational Problem

In this section, we formulate a general single color occupancy problem. After de-
scribing the model, we outline the relevant large deviation properties on path space
and the related variational problems.

In the occupancy problem considered here cells are distinguished according to
the number of balls contained therein. The full collection of models will be indexed
by a parameter a. This parameter takes values in the set (0,00]U{—1,-2,...}, and
its interpretation is as follows. Suppose that a ball is about to be thrown, and that
any two cells (labeled say A and B) are selected. An cell is said to be of category i



if it contains ¢ balls. Suppose that cell A is of category i, while B is of category j.
Then the probability that the ball is thrown into cell A, conditioned on the state of
all the cells and that the ball is thrown into either cell A or B, is

a+1
(a+1i)+ (a+7)

When a = co we interpret this to mean that the two cells are equally likely. Also,
when a < 0 we use this ratio to define the probabilities only when 0 < ¢V j <
—a and i < —a or j < —a, so the formula gives a well defined probability. The
probability that a ball is placed in an cell of category —a is 0. Thus under this model,
cells can only be of category 0,1,...,—a, and we only throw balls into categories
0,1,...,—a— 1.

When a € (0,00) cells that already contain balls are more likely to receive the
next ball. When a < 0 the opposite is true. The cases a = 1, a = o0, a €
—N correspond to what were called Bose-Einstein statistics, Maxwell-Boltzmann
statistics, and Fermi-Dirac statistics, respectively, in the Introduction.

Suppose that before we throw a ball there are already tn balls in all the cells,
and that the occupancy state is (zg, z1,...x74). Here z;,i = 0,1,...,I denotes the
fraction of cells that contain ¢ balls, and x4 denotes the fraction containing more
than I balls. Throughout this paper we use this convention so that the state space
of the occupancy process is finite dimensional. (Explicit formulas analogous to the
ones derived here also hold in the infinite dimensional case, though one must be
more careful in defining the PDE.) When the occupancy state is (zg,z1,...214+),
the “un-normalized” or “relative” probability of throwing into a category ¢ cell with
i < I is simply (a + i)z;. Let us temporarily abuse notation, and let x741, z149,. ..
denote the exact fraction in each category ¢ with ¢ > I. Since there are tn balls in
the cells before we throw, Y -2 ix; = t. Thus the (normalized and true) probability

ati

that the ball is placed in an cell that contains exactly ¢ balls, ¢ =0,1,...1, is F55;,

and the probability that the ball is placed in an cell that has more than I balls is
1— ST oty
3=0 a+t"7"

In order to define both the LLN and large deviation approximations, it is conve-
nient to introduce an occupancy process. We introduce a time variable ¢ that ranges
from 0 to 7. At a time ¢ that is of the form I/n, with 0 <1 < |nT'| an integer, [ balls
have been thrown. Let X™(t) = {X{'(t), X?(t),... X}(t), X7, (t)} be the occupancy
state at that time. As noted previously, X7(t) denotes the fraction of cells that
contain ¢ balls at time ¢, i = 0,1,...1, and X7, (t) the fraction of cells that contain
more than I balls. The definition of X" is extended to all ¢ € [0, 7] not of the form
[/n by piecewise linear interpolation. Note that X™(¢) is indeed a probability vector
in RI+2.If

I+1
Sfi{:pERHQ:xiZO,OSiSI—i—land in:1},
1=0

then for any ¢ € [0,7], X" (t) € S;. Thus X" takes values in U = C ([0,T],Sr). We
equip U with the usual supremum norm and on Sy we take the usual L norm.



It is often the case that one is interested in the large deviation properties at
the terminal time 7" (i.e., those of X" (7)), and for a general initial condition of the
form X™(t) = (zo,...,xr4). Here there is often a detour—one first identifies the large
deviation properties of the process, and then solves for the large deviation properties
of X™(T) via the so-called Contraction Mapping Theorem. This theorem represents
the sought after exponential rate of decay as the solution to a calculus of variations
problem, and therein lies the link to a PDE.

For our purposes an informal description of the process level large deviation
properties will suffice. We first define the rate function on path space. Given (z,t)
and a continuous trajectory ¢ with ¢(t) = x, the rate Z(p;z,t) identifies the decay
rate for the probability that X™ is in a small neighborhood of ¢:

1
laiﬁ}limsup——logP{ sup | X"(s) —(s)| <6

n—00 n t<s<T

X"(t) = x”}

1
= limliminf —— logP{ sup | X"(s) —e(s)| <6
610 n—oo n t<s<T

X“ﬁ):x"}
= Z(p;x,t).

Here ™ is any sequence of initial conditions that can occur with positive probability
and which satisfy 2" — x as n — o0o. The proof of such a result and the identification
of the rate function are given in [7]. Z(p;x,t) can be represented as the integral, over
[t,T], of a non-negative “cost” which measures the likelihood that the increments of
X" follow the increments of ¢, with higher cost corresponding to lower likelihood
(the LLN trajectory has zero cost). The integral form of Z(y;z,t) is a consequence
of the Markov property.

The specific form of Z(y; z,t) is as follows. Define the linear map M : Sy +— R*+2

—by 1=20
Mi[e]z Oi—1—0; 1<i<I .
0r i=1+1

Let ¢ € U be given with ¢(t) = x. Suppose there is a Borel measurable function
0 : [t,T] — Sy such that for any s € [¢,T]

w@—¢@+[7mwmm. (2.1)

We interpret 60;(s) as the rate at which balls are thrown into cells that contain ¢
balls at time s. This rate will be viewed as a perturbation of the LLN limit rate
at which balls would be thrown, and the cost for this perturbation will measure the
likelihood that sure a perturbation occurs (with large cost corresponding to unlikely
perturbations).

The mapping M [0] accounts for the fact that when a ball is placed in a category
i cell Xj* decreases by 1/n and X7, | increases by 1/n. The rates 6(s) are unique in
the sense that if another 6 : [t, T] — Sy satisfies (2.1) then § = 0 a.e. on [t,T]. We
call ¢ a valid occupancy state process if there exists 6 : [t,T] — Sy satisfying (2.1).



In this case 6 is called the occupancy rate process associated with ¢. For z € RI*2
and ¢ € [0, —al{z<qy + 00l{es0y), define the vector p(t,z) € R by

a+k
a+t

pr(t,z) = Tk, for k=0,1,...1, (2.2)

and

I
a+k
pr+(t, ) 21—§ PRl

For each a, pg(t,z) gives the LLN limiting probability that at time ¢ the next ball
will be placed in a category-k cell, given that the statistics of model a are used and
that X™(¢) = z. A direct calculation shows that if

I+1
xeSr and Z kxp <t, (2.3)
k=0

then p(t,z) is indeed a probability vector in RI*2 ie., p(t,x) € S;. It is easy to
observe that if o is valid then ¢(s) satisfies (2.3) for all s € [0, T]. This shows that
p(s,(s)) € S;. For future use we define

I
T(x,t) = (t— kx ) x (2.4)

if xr+ > 0 and 7(x,t) = I+ 11if ;4 = 0. Thus 7(z,t) can be interpreted as the
mean number of balls per cell among those of category I+. With this notation

pr+(z,t) = (a+ 7(x,t)zr41/(a + t), (2.5)

and so pry(x,t) in some sense takes a form very similar to that of pg(x,t) for
k=0,1,...,1.

Let 6 > 0 be small. Observe that the occupancy state will not change very much
over [t,t+ 6] while nd balls are placed into cells. Let 6 denote the empirical measure
on the categories where these balls are placed. Then the new occupancy state is
the sum of the old state plus 6M[f]. Since the change in state is determined by
an empirical distribution for (at least approximately) iid random variables, Sanov’s
Theorem [1, Theorem 2.2.1] suggests that the cost appearing in the integral rep-
resentation for Z(¢;x,t) should be defined in terms of the famous relative entropy
function. For two probability measures a and (8 on a Polish space A, the relative
entropy of o with respect to 3 is defined by

R(a||ﬁ)i[4(logfl—g> do

whenever « is absolutely continuous with respect to 3 (and with the convention that
0log0 = 0). In all other cases we set R («||3) = co. When two probability vectors p



and v € Sy appear in the relative entropy function, we interpret them as probability
measures on the simplex {0,1,...,I,I + 1}, and thus

I+1 ”
R(pllv) = pilog .
i=0 ¢

Important properties of relative entropy are that it is nonnegative, jointly convex
and lower semicontinuous in («, ), and R («||3) = 0 if and only if « = 3 [1, Lemma
1.4.3].

As observed before, when ¢(s) is valid, p (s, ¢(s)) € Sr, which makes R(0(s)||p (s, ¢(s)))
well defined. If in addition ¢(t) = z, define

T
T(pa,t) = / R(0(s)| (5. 9(5)))ds. (2.6)

If ¢ is not valid or ¢(t) # x then define Z(p;x,t) = oo.

This defines the rate function for the models introduced at the beginning of
this section. Now suppose that one wishes to approximate probabilities involving
X™(T). Since the probability that X™ (as a process) is close to a given trajectory ¢
decays exponentially, decay rates of quantities such as P { X™(T) € A| X"(t) = =™}
can (under appropriate regularity conditions on A) be found as follows. Among all
trajectories ¢ with ¢(t) = x and ¢(T) € A, identify the one with the smallest decay
rate ¢. Then c is also the exponential decay rate of P{X"(T) € A| X"(t) = z"}.
Hence the variational problem to be solved is

V(z,t) = inf Z(p;x,t). (2.7)
oo(t)=z and o(T)eA
If one is interested in expected values other than probabilities then variational prob-
lems of the more general form
Viz,t)= inf [I(g;z,t)+ F(e(T))] (2.8)
pip(t)=w
arise, and one is often particularly interested in the initial condition that corresponds
to starting with all cells empty: t = 0,29 = 1 and x; = 0,k > 0. We will refer to
this as the empty initial condition.

Not all initial conditions are feasible, in the sense that they can be reached with
finite cost from the empty initial condition. Feasibility in this context depends on
the underlying parameter a.

Definition 2.1 (Feasible Domain). Define D,, the feasible domain for the occu-
pancy model with parameter a, as follows:

o when a > 0,

I+1
D, = {(ZL‘,t) €Sy x[0,T): 2741 >0 and t > Zm}
i=0

I
U{(:U,t) €S x[0,T): 2741 =0andt= z:m:z}7

=0



e and when a <0 and I = —a — 1,
I+1
D, = {(x,t) €S x[0,T):t= szl}
i=0

In the first case the second set in the union reflects the fact that when ;.1 =0
the number of balls thrown is exactly ZiI:o ix;, and similarly for the second case.

When a € —N it is only possible to throw balls into the categories 0,1,...,—a — 1,
and the only possible categories are 0,1, ..., —a. Thus if there are n cells there can
at most be —an balls thrown, and therefore T' < —a. When T = —a all the cells

have exactly —a balls, which is not an interesting case to study. As a consequence,
throughout this paper we assume 7" < —a. Also, because of the restriction on the
possible categories we can (without loss) assume that I = —a — 1. Hence for a < 0
we assume without loss that

T<-a, I=-a—1. (2.9)

2.2 LLN Limits and Formal Derivation of the Explicit Solution

When constructing explicit solutions one needs some insight into the form of the
solution. In this section we present a formal derivation of an explicit solution to
(2.8) for the case F'(x) = 1y(x) - co. Before doing so we calculate the LLN limits of
the occupancy processes, a necessary ingredient in the solution.

Equations for the LLN limits can easily be derived directly, or alternatively by
noting that they are the zero cost trajectories in the variational problem (2.8) with
F = 0. It will suffice to consider initial conditions of the form x = e,k =0,1,...,1,
where (eg); is 1 if j = k and zero otherwise. Since the relative entropy vanishes only
if 0(s) = p(s,p(s)), the LLN limits can be characterized by the system of ODEs

¢(s) = Mp(s,(s))], »(t) = ex. (2.10)

Since the LLN limit is desired for all components of the occupancy process, we use
the infinite system rather than the system truncated at I+. These are easy to solve
because the equation for the jth component depends only on the j — 1st component,
and so one can solve first for the kth component and then bootstrap. To write the
solution in explicit form, we need some notation. For all a € R, a # 0 and i € N, let

a\ . H;;B(a—j)
i) il ‘

Note that if @ € N and ¢ > a then (¢) = 0, and that if a ¢ NU {0} and i € N, then
(‘f) #0. Fori e NU{0} and a > 0,s >0 or a € —=N,0 < s < —a, define

o= () (7)1

One can easily check that the solution to (2.10) is ¢;(s) = 0 if i < k, and

k
orsi(s) = Q7 (%(5 - t))

8



if £ > 4. In the limit @ — oo (MB statistics) one obtains the Poisson distribution

Qutk <%(s - t)> — Pi(s —t) = e D (s — )7 /il
For the remainder of this section we assume a # oo, with the understanding that
analogous statements for a = co can be obtained by passing to the limit.

We next present a formal and heuristic solution to the variational problem based
on probabilistic intuition. Recall that the variational problem is intended to approx-
imate the normalized logarithm of a probability. If one decomposes a probability
into products or conditional products, this will correspond to a decomposition of
the quantity being minimized as a sum.

We wish to solve (2.7) when A = {y}. Suppose that z; is interpreted as the
size of the “pool” of cells that start at time ¢ in category ¢. Through the random
placements, this pool will evolve into sub-pools of differing categories. Let Wf denote
the probability that a cell of category k at time ¢ ends up a cell of category k + i at
time T'. Then satisfaction of the terminal constraint requires

i I
yi=Y apmi g, 0<i<I,  yrp=1-)
k=0 k=0

We use y = x x 7 as shorthand for the last display. We require that the 7% be
probabilities, and also a constraint that corresponds to the fact that n(7 — t) balls
will be placed in the prelimit problem:

I+1 00

(o ¢]
vR Y mh=ap, 0SEST+1, > ap» jrf=T-—t, (2.11)
j=0 k=0  j=0

Let F(x,t;y,T) denote the set of m = (7%, 7!,... 7l, 7/*1) which satisfy the last
two displays. A terminal point y is feasible (for the given initial time and condition)
if F(x,t;y,T) is not empty.

To guess the form of the solution to the variational problem, we consider the
allocation from a different perspective. Owing to the fact that the un-normalized
relative probabilities are affine in the number of balls currently in each cell, we
can first study the random evolution of the number of balls that are in each pool.
This can be done without knowing the details of how the balls are placed within
the pool. Indeed, the structural properties of the placement probabilities imply that
this process is also Markovian, and its large deviation properties are easy to identify.

Once we know the total number of balls that will end up in each pool, we then
consider the question of how they are distributed among cells within the pool. Here
we make an approximation that is formal but reasonable, which is that the rate
function for the empirical distribution within the pool can be found as follows. We
first generate iid random variables according to the LLN distribution appropriate
to the particular pool, and form the empirical distribution for this sample. The
rate function for this empirical distribution is a certain relative entropy identified by
Sanov’s Theorem. However, we must also impose the constraint on the (previously



determined) number of balls that were placed into this particular pool, which adds
a constraint to the rate function. Finally, the overall rate function is found by
combining these two rates. The function found by this manner will be proved to be
the solution to the calculus of variations problem.

An argument based on Sanov’s Theorem shows that the variational problem for
the allocation between the pools is

T
inf /t R (u(s) |lw(s)) ds,

where
(a + k)xk + fts Uk (T)dT

a+s
is the probability that a ball is placed into pool k at time s. This is, in un-normalized
form, equal to axg+[number of balls per cell in pool k|zy, and the normalization is
just a + s. The initial and terminal conditions are

w(s) =

wi(t) = % wi(T) =

(a+k)xg + 2x(T — t)
a+T ’

where zy, is the mean number of additional balls per unit time put into pool k. The
Euler-Lagrange equations for this problem are easily constructed and solved, and
one obtains as the optimal trajectory

wi(s) = ((a+k)xg + (s — t)zk)

sS+a

(of course satisfaction of the Euler-Lagrange equations is not in general a sufficient
condition for optimality, but since our discussion is simply to motivate the form of
the solution this point is of no consequence). The cost is

[ R+ o) uts)) s
and for the optimal trajectory
[(s + a)wy(s)]" = 2.
The integral can be explicitly evaluated, and equals

I+
a+t 2z
sz'(T £)-log <a+k.xk>

k=0

hs (a—i—k—i—%(T—t))

- [zr-(a+k)+2z- (T —1t)]-log -
kZ:O a+k+ SE(T 1)

This identifies the first part of the overall rate function.
The second part is found by considering placement within each pool. The mean
additional number of balls per cell in pool k is (zx/x)(T — t). According to the

10



LLN, the number of additional balls in a typical cell from pool k has distribution
Qatk (;—:(T - t)) if £ < I and Q*t7(@1) <;§—1(T - t)> if k = I+. Approximating
the true empirical measure within a given pool by that of the empirical measure for
iid random variables with the corresponding distribution, one formally obtains from
Sanov’s theorem the rate function R <7rk HQ“M <;—’;(T — t)) ), together with the

constraint Y 50 ink = =& (T —1) on the number of balls placed in pool k. Combining
the different contributions from the various pools with the contribution due to the
allocation between the pools and then applying the terminal constraint, one (again

formally) obtains the rate function

inf {gka (Wk Quth (;—Z(T - t)> )

I+
I+ || gatr(at) (2l p (T 1. att z
+z+ R <7r Q ( (T t)) ) + kZ:OZk (T'—t)-log (a T o

Try

s a Zke _
—Z[wk-<a+k>+zk-<T—t>]-1og( AT t>>}7

+k
=0 a—l—k—%—‘;?(T—t)

where the infimum is over all 7 and z such that Y50, irF = E(T—t)andzxT=y.
k

However, a straightforward calculation using the specific form of Q% and "7 inf =

Z£(T — 1) gives
R (Wk Qotk <ZL+];(T _ t))) _ R <,/Tk Qothk (z_Z(T _ t)))

= Z_k(T—t)‘log<a+t ﬁ)_(CLJrk)-log(aﬂ“%ﬁ”ﬂ@)

P a+k a+k+ LT —¢)

a+k+ (T —1t)
— (2 /z)(T = 1) - 10g< - ) :

a+k+ ST — 1)

with an analogous result for k = I+. If follows that the rate function can be written

in the simpler form
atk a + k T
— (T -t
< < a+t ( )

I
: k
Tr::c1>I<l7f1::y {kZO ka (7‘(‘

I+ atr(z,t) [ & + T({L‘, t) T ¢
v (w1 orren (Sl -y )},
with the infimum over z no longer necessary.
Let
J (x,t; = inf I(x,t; ). 2.12
(z,t;y) eciids s,y T@6%) (2.12)

p()=z.p(T)=y

The formal derivation just given suggests the following result, in which we also
simplify further where the special cases of FD and MB statistics allow.

11



Theorem 2.2 (Explicit Formula for the Rate Function). Consider an initial
condition (x,t) € Dg, and a feasible terminal condition y. If a € (0,00), define
T(x,t) by (2.4). Then the quantity J (x,t;y) defined in (2.12) has the representation

J (x,t;y) = min {gka(”k Qm(%@_w))

Te€F (z,t;y,T)
a+7(zt) [ @ + T(,I, t) o
< < a+t (T-9) '

If a € =N with I = —a — 1 then 7(x,t) = [+ 1, and

o= ($un (e (2 0)

weF (z,t;y,T

+ xR <7TI+1

In the final case of a = oo, we have

I+1
J@ty) = mn {Z:rkR< Mip (T ))}

Remark 2.3. Although the minimization problems in Theorem 2.2 appear to be
infinite dimensional, they can in fact be reduced to finite dimensional problems.
This is because if 7% is the minimizer, then W;? takes a prescribed form for j > I. In
fact, all W;? can be represented in terms of no more than I + 3 Lagrange multipliers
as in (2.20) below.

2.2.1 The Hamilton-Jacobi-Bellman equation

Given Theorem 2.2 one can solve the problem with a general terminal condition F'.
Conversely, if the problem with terminal cost can be solved for a sufficiently broad
class of I, one can derive Theorem 2.2. This is how we will prove the theorem, and
moreover the proof will be based on the fact that finite dimensional representations
analogous to those in Theorem 2.2 but with these terminal costs are classical sense
solutions to the associated PDE. The proof also has a number of side benefits, such
as convenient representations for the various derivatives of the solution in terms of
Lagrange multipliers.

The calculus of variations problem (2.8) has a natural control interpretation,
where 0(s), t < s < T'is the control, ¢(s) = M|0](s) are the dynamics, R (6(s)||p (s, ¢(s)))
is the running cost and F'(z) is the terminal cost. It is expected that if we define

T
V= ar [ ROGIeG ) d - Fem)} @

0eC([t,T1,51).¢(t
then V(z,t) is a weak-sense solution to the Hamilton-Jacobi-Bellman (HJB) equa-

tion

W, + H(W,,z,t) =0,
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and terminal condition
W(x,T) = F(x).

Here the Hamiltonian H (p, x,t) is defined by

H(p,x,t) [(p, M[0]) + R (0p (t,2))]

= inf

0eST
and W; and W, denote the partial derivative with respect to ¢t and gradient in =z,
respectively. Note that by the representation formula [1, Proposition 1.4.2], the
infimum in the definition of H(p, z,t) can be evaluated, yielding

{ Wy = log (Zé:o Tk (%) exp (W:ck - Wzk+1) + 141 (H;—J(r?t)>> . (2.14)
W(z,T) = F(x)

Note the use of the convenient expression (2.5) for pry(x,t).

For a general smooth F' (2.14) need not have a smooth (C?) solution. However,
for affine terminal costs F(x) = (¢,z) 4+ b there is a C' solution (it is in fact the
unique solution), and as remarked above, these solutions can be used to carry out
a fairly complete analysis of the problem with more general terminal conditions.
Indeed, for a general (proper) convex terminal cost F'(x), the Legendre transform
gives a representation of the form

F(x) = sup [(§,z)—h(B)]

BeERI+2

for some proper convex function h. Let V¥ (z,t) denote the solution (explicit or
otherwise) to the calculus of variations problem (2.13) with terminal cost F'(-). Then
one can show

VP2, t) = sup VIBIRB}(x 1),
BERT+2
and an analogous formula for U (z,t) = inf[J(x,t;9) + F(y)]. Given Proposition
2.4 below, VI = UF then follows. Since oo - lgyye is a proper convex function, the
formula can be extended even further to very general F'.

Observe that W is a solution of just the PDE alone (i.e., without the terminal
condition) if and only if W + ¢ is a solution for any real number c¢. Since x is
a probability vector, it suffices to prove the representation under the conditions
€[+1 =0and b=0.

2.3 Explicit solution for affine terminal costs

Proposition 2.4. Consider (z,t) € D, and F(y) = {{,y), where { € RI*2 and
lr+1 = 0. Define

T
V= ot { / R<e<s>||p<s,so<s>>>ds+F<¢<T>>},

»eC([t,T],S1),p(t)=2
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a—+t
Qutr(@d) (HT—M(T - t)> ) + F(x x w)}

a+t

I
Viat) = W@%T{Zw (

0

Qtk (M(T - t)> ) (2.15)

+ xR <7TI+1

where m € F (x,t;T) means that w satisfies the constraints in (2.11). Then V(x,t) =
Ul(zx,t).

The proof of this result is given in the next subsection. We close this subsection
with remarks on the LLN limit distributions.
We will use the fact that if @ € R and |z| < 1 then the binomial expansion

(1+2)%= i (2"’) A, <‘Z> = w

is valid, and if —a € N then the sum contains only a finite number of nonzero
terms and is valid for all z € R. Recall that for i € NU {0} and @ > 0,s > 0 or
a € —N,0<s< —a, then

o= () (7) 00

If a>0,s>0and |[s§/(a+ s)| <1, then the binomial expansion gives

Seron = 2 (-3) (1) (+2)

-0 () ()

=0

We thus have the following expressions, where the second one may be justified by a
very similar calculation (when |s6/(a + s)| < 1):

i@?(s)ei:(ugu—m)_“, iiQ?(s)Hi:sé(l+§(l—0)> L (2.16)
=0

1=0

Note also that when —a € N and 0 < s < —a the number of nonzero summands is
finite and the formulas again hold. If —a e Nand 0 < s < —aora>0and s >0
then Qf(s) > 0 for ¢ € NU{0}. Letting # T 1 in the first expression shows that
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under these conditions Q%(s) defines a probability measure on NU{0}. When a =0
we use the limiting values

Q(s) =1, Q(s) =0

for all # € N and s > 0. For later use note that similar calculations show that if
—a€Nand 0<s<—-aora>0,s>0,and s/(a+s) <1, then

oo o0 2 52
> i20¢(s) — [Zz‘Q?(s)] =s+— (2.17)
=0 =0

2.3.1 Analysis of the finite dimensional minimization problem

We now focus on proving Proposition 2.4. We will do so by proving that U(z,t)
is a classical sense solution to the HJB equation (2.14). A modification of the
standard verification argument [4] can then be used to show that V(x,t) = U(z,1).
The classical verification argument consists of two parts. One first considers any
valid occupancy process and control (p,6) for the initial condition (x,t). If U is a
smooth solution to the PDE (2.14) in neighborhood of {(¢(s),s) : t < s < T} and if
U(e(T),T) = (¢(T), L), then the chain rule implies that the cost along this trajectory
is at least U(x,t). The reverse inequality is proved by defining an optimal feedback
control through the HJB equation, using this control to construct a trajectory, and
then verifying (once again via the chain rule) that the cost for this control is U(z, t).
The characterization of V(x,t) as an infimum over all valid occupancy processes and
controls that start at (x,t) then gives V(z,t) = U(x,t). However, we have to clarify
here what is meant by a “classical sense” solution to (2.14). The difficulty is that
U(x,t) is only well defined on the set D,, which does not have interior.

Given any point (z,t) € D,, we will prove that one can extend U(z,t) smoothly
to a neighborhood of (z,t) in R/*2 x R. To be more precise, for any such (z,t)
we will show there exists a neighborhood & C RI*2 x R of (z,t) and a function
U € C®(U,R), such that U(y,s) = U(y, s) for (y,s) € U N D,, and that U satisfies
(2.14) in U N D,. One can then use U in place of U in the verification argument,
since any feasible trajectory will never leave D,.

To analyze U(xz,t) we formulate an appropriate Lagrangian. Let

fz,t;m) = ki:_og;kR (Wk Qatk <ﬂ(T—t)>) (2.18)

a+t
+ xR (w”l Qotr(@i) (HT—M(T — t)) ) + {0,z X )

a+t

and for a set of Lagrange multipliers A = (X, p) = (Ao, A1, ..., A, Ar41, 1), let

L(z,t; A;m) (2.19)
I+1 [e's) I+1 %)
= f(a:,t;ﬂ)+2)\kxk 1—2%? +u T—t—Zkajwf
k=0 3=0 k=0  j=0

It follows from the definition of U(x,t) that U(x,t) = inf; sup, L(x,t; A; 7).

15



Note that by the joint convexity of relative entropy, L(x,t; A;7) is convex in
m. Thus (2.15) is a standard convex programming problem with linear constraints,
except that the minimization is over a variable m which is infinite dimensional. Hence
the standard Lagrange multiplier method does not apply directly. If we temporarily
ignore this issue, then to guess the form of the minimizer one would of course set
DqL(z,t; A;7) =0 to get m = w(z,t; A), where D, stands for the gradient in 7 and

k . _ ik f(atk Mo—14ju—lp s
(o) = Q° <a—+t<T—t>> Mt
k=0,1,...,] and j >0, (2.20)
I+1 . et (et T(2,t) Ary1—1+j
7Tj (ZL‘,t, A) = Q] <a——|—t(T_t) e M+l JH

Here, for notational simplicity, we extend ¢ in Proposition 2.4 by letting ¢; = 0
when ¢ > I. Note in particular that {ﬂk } will depend on x only when k = I 4+ 1.
Observe also that setting Dy L(x,t; A;m) = 0 gives the constraints (2.11). For any
(z,t) € RI*2 x R and A € RI*3 ] let m(x,t; A) be determined by (2.20) and define
G :RIT2 x R x RT3 RIF3 by

Gr(z,t; A) = 1—Z7r§-“(:t,t;A) , k=0,1,....,1+1
3=0
I+1 o0
G[+2<$,t;A) - T—t—Zkajwf(m,t,A)
k=0  j=0

In the next theorem we show that the 7(x,¢; \) defined in (2.20) indeed give the
minimizer of (2.15).

Theorem 2.5. For any (z,t) € D, define U(x,t) by (2.15). Then there exists
A € RT3 50 that G(x,t;A) = 0, and w(x,t;A) is a minimizer of (2.15). Thus
Uz, t) = L(az,t;A;w(x,t;A)). In addition, the A that satisfies G(x,t; A) = 0 is
unique. Hence if G(z,t; A) = 0 for some A € RT3, then w(x,t; A) is a minimizer

of (2.15).

The proof is divided into three lemmas. For a point (z,t) € D,, quantities of
the following sort will appear frequently in the proofs of the lemmas:

k. ootk (0K

ke g (a+t(T t)> (2.21)
141 . atr(at) [(a+T(,) T _

=Y ( are 70

for k=0,1,...,1;7=0,1,....

In particular, it will often be the case that (2.16) must be invoked, with a there
replaced by a+k [or a+7(x,t)] and s there replaced by the corresponding argument
in the expression above. We note that the conditions required for (2.16) will always
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hold so long as t € [0,7]. This is straightforward to check in the case of a > 0. For
the case —a € N, it uses that —a =1 + 1, T' < —a, and that always 7(z,t) = I + 1.
Thus for example for any k € {0,...,—a} and t € [0,T], (a + k)(T —1t)/(a+1t) >0
and (T'—t)/(—a —t) < 1 shows that (a + k)(T' —t)/(a +t) < —a — k, as required
for (2.16).

Lemma 2.6 (General properties). For any (z,t) € D, define U(z,t) by (2.15).
Then F(z,t;T) is nonempty, minimizing measures 7 exist, and if k is such that
x>0 and j € {0,1,...}, then

—k : : *k
;>0 umplies m;" > 0. (2.22)

Proof. According to (2.16) the quantities in (2.21) are probabilities that satisfy
(2.11). This shows that F(x,¢;T") is nonempty. Next note that with this notation,
we can rewrite (2.18) as

flz,t;m) =Rz @n|lz@7)+ ({,x X ), (2.23)

where (z ® m);; = a:ﬂr; Since the relative entropy has compact level sets in the
first argument [1, Lemma 1.4.3(c)|, the existence of a minimizer of (2.15) follows.
In addition, because of the strict convexity in that argument we know that the
minimizer is unique up to those {7rk} with zp > 0.

For a general initial condition (x,t) let = {k: xx > 0}. Then the choice of
{m*:k ¢ K} will not affect either the constraint (2.11) or the objective function
(2.23). Hence we can consider the equivalent minimization problem over M, ;) =
{ﬂf kek,j=0,1,.. } As discussed in the previous paragraph, a minimizer in
M z1) exists and is unique. Let this minimizer be denoted 7.

Lastly we must show (2.22). Let 7€ = (1 —€)7* + €7, where 7 is defined in (2.21)
and let f(e) = f(x,t;7). By computing the derivative of f(e€) explicitly, it is readily
observed that if (2.22) does not hold then f/(¢) — —oco as € — 0. Thus (2.22) must
be true since otherwise 7* is not the minimizer. O

Lemma 2.7 (Characterization of the minimizer). For any (z,t) € D, define
Uz, t) by (2.15). Then there exists A € RIT3 so0 that G(x,t;A) = 0, and 7(x,t; A)
is a minimizer of (2.15).

Proof. We want to argue that the minimizers must take the form of (2.20). However,
there is a difficulty since M, ;) can be infinite dimensional. To deal with this we
use a truncation argument adapted from one in [2]. For any N € N let

N

N
T =N, N gk, oV =N "ak kek

kek j=0 7=0

and also let
F (@, t;7m) = fla,t;7),
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where

i =nF forkeK,j<N
Afzﬂ*k for ke KC,j > N.

Since 7* is the minimizer of (2.15) automatically
U(z,t) = min ) (z,t;7m), (2.24)
™
where the minimum is subject to the constraints
N N
S Y =10, Yo, kek
kex 7=0 j=0

We can now apply the standard Lagrange multiplier method to (2.24). The first
step is to formulate the Lagrangian for this finite dimensional problem:

LN (z,t; A; )
N v & I+1 N
= fN(3:,7§;7r)+2:)\,(C i oz,(C )—wa + p) T(N)—Z:Uijwf
kex j=0 k=0  j=0

We have that {W;‘k ke, j< N} satisfies the constraints in (2.24), and by (2.22)
we know that W;-‘k > 0 if ﬁf > 0. Hence by [6, Cor