PATTERN FORMATION (II): THE TURING
INSTABILITY

YAN GUO AND HYUNG JU HWANG

ABSTRACT. We consider the classical Turing instability in a reaction-
diffusion system as the secend part of our study on pattern forma-
tion. We prove that nonlinear dynamics of a general perturbation
of the Turing instability is determined by the finite number of lin-
ear growing modes over a time scale of In %, where 6 is the strength
of the initial perturbation.

1. GROWING MODES IN A REACTION-DIFFUSION SYSTEM

In this section we summarize the classical linear Turing instability
criterion for a reaction-diffusion system. Consider a reaction-diffusion
system of 2-species as

(1.1) %—g—V~(D1(U,V)VU)+f(U,V),
V(DU VV) +g(UV),

where U (x,t),V (x,t) are concentration for species, Dy, Dy diffusion
coefficients, f, g reaction terms.

In this paper we consider a d-dimensional box T¢ = (0,7T)d, d =
1,2, 3, with Neumann boundary conditions for U and V, i.e.,

oU oV

(1.2) =0 atz; =0,7m, forl<i<d.

Homogeneous steady state U = U,V =V forms a steady state provided
(1.3) 0= f(0.7)=g(0.7).

In this article, we study the nonlinear evolution of a perturbation

w(z,t) =U(x,t) = U, v(z,t)=V(x,t) =V
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around [U, V], which satisfies the equivalent reaction-diffusion system:

ou _ _ _ _

(1.4) 8——V-(D1(u+U,v—|—V)Vu)~|—f(u+U,v+V),
P _ _ _ _

(1.5) a: V-(Dy (u+Uv+V)Vo)+g(u+Up+V).

The corresponding linearized system then takes the form

(1.6) u; = D1V*u + fou+ fou,

(1.7) vy = DaV20 + Guu + Gyu,

where Dy = D, (U, V), Dy = Dy (U, V), fu = 2L(U, V), =
a (U.V) . 9. =352 (U.V) g0 =52 (U, V).
We use [+, -] to denote a column vector, and let
w(z,t) = [u(z,t),v(x,t)], W =[U,V].

Then the original nonlinear system (1.4) and (1.5) can be written in a
matrix form:

ow

(1.8) 5 =V (DVw) +F
=(DV*w+AW)+({V - (DVw) — DV*w} + F—Aw)
=L (w)+N(w).

where

D ( D, (w0+_v‘v) N <WO+_W>_)’ D ( D, S )
() ()
Let q = (q1, .., qq) € @ = (NU{0})? and let

where q €Q2. Then {eq(ac)}qEQ forms a basis of the space of functions

in T? that satisfy Neumann boundary condition (1.2).
We look for a normal mode to the linear reaction-diffusion system
(1.6) and (1.7) of the following form:

(1.9) w (2,1) = rqexp (Aql) eq(7),
where rq is a vector depending on q. We substitute (1.9) into (1.6)-(1.7)

to get ~ - ~
o fu - D1q2 f'ui
>\qrq N ( gu gv - D2q2 rq’
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where ¢* = 25:1 q?. A nontrivial normal mode can be obtained by

setting
)\q—fu+qu2 _fv B _
det < —Gu )‘q — Gy + D2q2 =0
This leads to the following dispersion formula for Aq:
(1.10)

>‘31+{_f_u+D1q2_gv+D2q2}>\q+{(f_u - quZ) (gv - D2q2)_f_vgu} =0.
We assume first that without diffusion, the \q has negative real part
(stable):

(111) trA:fu+gv <0a detA:fugv_fvgu>Oa

On the other hand, in the presence of diffusion, we assume the following
diffusion-driven (linear) instability criterion by requiring there exists a
q such that

(112> (fu - D1q2) (gv - D2q2) - fvgu < 07
which ensures that (1.10) has at least one positive root A4.

Remark 1. To satisfy (1.11) and (1.12), the discriminant for the qua-
dratic equation for ¢* in (1.12) must be positive:

(1.13) (fuD2 + D7) > 2/ Dy Dy det A > 0,

which means the range of inhibition \/Da/ |g,| is larger than the range
of activation \/ D1/ |f.|. From (1.11) and (1.13), it follows that

(1.14) fuls <0, and fug, <0,

and we have only two cases for A :

(1) ()

where formal case is called activator-inhibitor (or predator-prey) and
the latter positive feedback. It also follows from (1.11) that

Dy # Ds.
For given q € 2, we denote the corresponding eigenvalues by A.(q)
and eigenvectors by ri(q). We split into the three cases for the linear
analysis:

(1) Generic case where we have two independent real eigenvectors
and we denote

Qgeneric = {q € (2 such that ry (q) 7é r_ (q)}
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By an elementary computation of the discriminant of (1.10), we have,
except for only finitely many q,

(D1 — D) ¢*~tr A (D1 + D) ¢*+4 (fuDs + goD1) ¢*+(tr A)*~4det A > 0,
since D; — Dy # 0. Therefore, there are two distinct real roots such
that

A(q) < Ai(q)

for large ¢. Since f, # 0 in (1.14), the corresponding (linearly indepen-
dent) eigenvectors r_(q) and r,(q) are given by

Ax(q) — ,f_u + D1¢?
Jo '

It is easy to see from (1.12) that there exist only finitely many q such
that A\ (q) > 0. We therefore can denote the largest eigenvalue by
Amax > 0 and define

Qnax = {q € Q such that A, (q) = A\pax |-

(1.15) ri(q) = |1,

We also denote v > 0 to be the gap between the A, ., and the rest.
Moreover, there is one ¢* (possibly two) having A\f (¢°) = Amax when
we regard A/ as a function of q>.

(2) Defective case where we have the repeated real eigenvalues and
eigenvectors:

Note that there may be possibly one ¢ (so finitely many q) such
that from (1.11)

(116)  As(a) = A (@) = A@) = {fu+90 — (D1 + Da) ¢?}/2 < 0
and r(q) =r_(q) = r(q) and we denote
Qdefective = {q S 2 such that ry (q) =TI <q>}

In this case we find another independent vector
1
r'(q) = [0, =]

0, =—
) fv
satisfying (A — A(q)I)r'(q) = r(q).

(3) Complex case where we have complex eigenvalues for ¢ and we
denote it by Qcomplex =0 - (Qgeneric U Qdefective)- For qc Qcomplex; we
denote A\ (q) = ReA(q) +iIm A(q) and r,(q) = Rer(q) + iImr(q).
Then we have \_(q) = ReA(q) — iIm A(q) and r_(q) = Rer(q) —
iImr(q). Notice that Re A(q) < 0 asin (1.16), and Rer(q) and Imr(q)
are linearly independent vectors.
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Given any initial perturbation w (x,0), we can expand it as

w(x,0) =) waeq(z) = D {wgr-(a) +uwiri(a)leq(e)

qGQ qEQgcncric

+ Y {war(a@) + wir'(a)}eq(x)

qeﬂdefective

+ 3 {uRRer(q) + wl® Imr(a) beq ().

qucomplcx

so that
(117) Wq = U};I', (q) + 'U}(J;I‘+ (q) for qc Qg;ener'1(:7
Wq = wqr(q) + U);I'/(q) for qc Qdcfcctivm
Wq = wge Rer(q) + w(Iqm Imr(q) for qc QComplex-

The unique solution w (z,t) = [u(z,t),v (z,t)] to (1.6)-(1.7) is given
by

(1.18)
w (z,t) = Z {wgr_(q) exp (A\jt) + wiri(q) exp (At) teq(x)
+ Z {(wqr(q) + wgr’(q)) + wflr(q)t} exp (Agt) eq(2)
a€%efective
+ > {wi* (Rer(q) cos [(Im Ag) t] — Imr(q) sin [(Im Aq) £])
+wg™ (Rer(q) sin [(Im Aq) t] + Imr(q) cos [(Im Aq) £])} exp[(Re Aq) t]eq ()
= e“'w (z,0).
For any u(-t) € [L? (T%)]?, we denote |[u(-t)|| = |[u ()| Our

main result of this section is

Lemma 1. Assume that (1.11) and the instability criterion (1.12) are
valid. Suppose

w (2,1) = [u(2,t), v (2,t)] = e“'w (x,0)

as in (1.18) is a solution to the linearized reaction-diffusion system
(1.6)-(1.7) with initial condition w (x,0). Then there exists a constant
C1 > 1 depending on U,V , Dy, Dy, A such that

[w (-, )] < Crexp (Amaat) |W (-, 0)],
for all t > 0.
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Proof. We first notice that from the quadratic formula for (1.10), for ¢
large,
Ao —Aa o DDy
|| ||
Thus solving (1.17) yields, due to D; # D,

|det[r_(q),ry(q)]| =

1
jwg]

< rL(q)| X |w
detlr (), ra (@) VP Pl
S C|Wq|7

Since A\gq < 0, for ¢ € Qqetective, We have

texp (Aqt) < C.

Moreover, recall ReA(q) < 0 for ¢ € Qeomplex- Thus we deduce the
Lemma on the linear growth rate by the formula (1.18). O

2. MAIN RESULT

Let 6 be a small fixed constant, and \,,., be the dominant eigenvalue
which is the maximal growth rate. We also denote the gap between the
largest growth rate A, .« and the rest by v > 0. Then for § > 0 arbitrary
small, we define the escape time 7° by

(2.1) 0 = dexp (AmaxT?)
or equivalently
1 0
T = In —.
N0

Our main theorem is

Theorem 1. Assume (1.11) and that there exists ¢*> = Z?Zl q? satis-
fying instability criterion (1.12). Let

wo(x) = Y {wgr_(q) + wirs(q)}teq(z)

q€Q

+ ) {wer(a@) + wr'(a)}eq(x)

qude/‘cctme

+ Z {wge Rer(q) + wflm Imr(q)}eq(x).

quCOm[)ZEZ
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€ H? such that ||wo|| = 1. Assume Dy, Dy f,g € C? near W, so that
there exists n > 0
(2.2)

llwlloo <

Gy = maxn{z [1D:(Ww)l[c2+[f (W +w)l[e2+ g (W w2 < oo.
1=1

Then there exist constants 69 > 0, C' > 0, and 6 > 0, depending on
U,V, Dy, Dy, f,g, such that for all 0 < § < 0o, if the initial perturbation
of the steady state [U,V] in (1.3) is

wo (x,0) = dwy,

then its nonlinear evolution w°(t,r) satisfies

(2.3) Wt @) = gy " wiri(q)eq()]]

qEQmaz

< C{e™ + 0| |wol [z + detmaxt}setmaxt

for0 <t <T° andv > 0 is the gap between Apmax and the rest of Re \q
in (1.10).

We notice that for 0 <t < 79, fermaxt < §, is sufficiently small. The
initial profile wy is any H? function. In particular, as long as wf{o #0
for at least one qo€Qnay (generic for a general H? perturbation), the
part of its fastest growing modes satisfies

|| fetmaxt Z wary(q)eql| > 5€Am“t‘w:{0|’r+(QO)|v
qumﬂX

which has the dominant leading order of de*==x!. OQur estimate (2.3)

implies that the dynamics of a general perturbation can be character-

ized by such linear dynamics over a long time period of eT° <t < T?,

for any fixed constant £ > 0. In particular, choose a fixed qp € Qax

and let (@)
r+(do

ol = R () )

then if t = T7,
r q V/Amax
it = oem 2200 e ()] < g 6,
hence
|[wWot, )| > 0 — C{6"/ > +6°}>6/2>0

which implies nonlinear instability as 6 — 0. The instability occurs
before the possible blow-up time.
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Reaction-diffusion systems are often employed to study chemical and
biological pattern formation and have received much attention from sci-
entists [3], [4], [14], [13], [16], since the pioneering work of Turing [17]
in 1951. This symmetry breaking instability is called diffusion-driven
instability, since the presence of diffusion and the difference of diffusion
coefficients are essential for the instability mechanism and nonuniform
patterns formation. After some experimental results such as in [2], [12],
[15], more extensive and serious works began towards this Turing-like
pattern formation across many fields of study. Our result can be inter-
preted as a mathematical description of early pattern formation. Each
initial perturbation can be drastically different from another, which
gives rise to the richness of the pattern; on the other hand, the finite
number maximal growing modes determine the common characteris-
tics of the pattern, over the time scale of ln%. In comparision with
an earlier different result along this direction [18]: First of all, the
reaction-diffusion system considered here is not scaled. Secondly, our
initial perturbation is more general, need not to be close to the space of
finite number of maximal growing modes. Thirdly, a precise estimate
of the time scale (In}) for pattern formation is given here, without
an a-priort assumption for the smallness of the perturbation later in
time as in [18]. Lastly, based on Guo-Strauss’ bootstrap argument, our
proof is much simpler and direct

3. BooTsTRAP LEMMA

We state existence of local-in-time solutions for (1.4)-(1.5).
Lemma 2. (Local existence) For s > 1 (d=1) and s > 2 (d = 2,3),
there exist a T > 0 and a constant C' depending on U,V Dy, Dy, f, g

such that ||w(t)|

s 15 continuous in [0,T), and
W@l s < Cllw (0)

We now derive the following energy estimates for d-dimensional reaction-
diffusion system with d = 1, 2, 3.

Lemma 3. Suppose that [u (z,t),v (x,t)] is a solution to the full system
(1.4)-(1.5). Then for ||w(t)||gz <,

MZ/ {|0uf’ + 00/

0]=2

+Z/ { IVOul® + Dy |V }

|0]=2

jaj=2 7T
< CoCal w2 [ VPwI|* + Colful .
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where Cy is the universal constant while Cy = CoC,(1+n) and

Fotgu ) \°
((fwi) * fU)
D}

Proof. We first notice that the reaction-diffusion system (1.4)-(1.5) pre-
serves the evenness of the solution w(x,t), i.e., if w(z,t) is a solution,
then w(—ux;, 1) is also a solution. We can regard the Neumann problem
as a special case with evenness of the periodic problem by standard
way of even extension w(x,t) with respect to one of the z;. For this
reason we may assume periodicity at the boundary of the extended
periodic box 2T? = (—m, m)¢. Since now there is no contributions from
the boundaries, we can take second order d-derivative of (1.8) to get

L [ owi = [ owrorw)+ [ ow"on (w).

2 dt 2Td 2Td 2Td

Cy =

(3.1)
We first treat the last nonlinear term:
_ / (Vow)T[0{D (w + W) Vw} + DVow] + {Vow}"0 (F—Aw)
oTd

<C||D (w+W) = D|_ [Vow|* + C (VD) (w + W)| _ IVw]|. [low]| || VOow]|
+C|(0D) (w+ W) IVW][7. VW] [Vow]
+C||(0F) (w+ W)||_ VW VW] [|[Vow| + C || VF (w + W) —Al|_ [[ow]| [|Vow]|.

We apply the following the Sobolev imbedding to control ||w||s
(3:2) 191l oo (27ay = Co llgll 12 o7y -

for d < 3. Moreover, from the periodic boundary conditions,

/ Vu:/ Vv =0,
2Td 2Td

we also use the Poincare inequality
(3.3) gl < llgllzs@ray < CollVgll if d < 3.
to further get

1VW]loo < Co [VWl,2 < Co D [|0VW]|.
|0]=2

where Cj is a universal constant. From (2.2) and the assumption
||w||z2 < 7, the last nonlinear term in (3.1) is bounded by

CoCy(L+n) [Wl g2 [IVOW*.
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We now estimate the second quadratic term in (3.1)
_ / (D, [Voul> + Dy [Vou[’} + gv/ 02
2Td oTd

+ (fv+gu)/ 8u8v+fu/ |0ul®.
2Td 2Td

The last two terms are bounded by
(ﬁ, +§u)/ Oudv + fu/ ]8u|2
2Td 2Td

= 2
_fU v + _u
ol gy (ot )
2 Jora 21g.|
Thus we can bound the linear term in (3.1) by (g, < 0)

—/ {Dl\vau|2+[)2|vav|2}—@/ |Ov|?
2 2Td
fu+gu
et i) gy [ o,

By the mterpolatlon between ||VOul|| and ||u|| , the last term
above is bounded by

(fv +gu) 2
it e [ Ivoulr+ gz [ i)

for any a > 0. We can choose a such that

+ fu} \8u\2.
oTd

= 2
(fo+du)” 1-
4 f,ta==Dx.
{ 9 |g'u| + f }G ) 1
Collecting terms, we conclude the proof. [l

We are now ready to establish the bootstrap lemma, which controls
the H? growth of w(z,t) in term of its L? growth nonlinearly.

Lemma 4. Suppose that w(zx,t) is a solution to the full system (1.4)-
(1.5) such that for 0 <t <T

(e, )l < min g, 2L, D2
. 2 1 B —
Wl = T30y Cy CoCly
and

(3.4) [w(-,t)|] < 2C1eM=||w(-,0)]|,

then we have for 0 <t <T
w172 < Cs{[[w(0)[| + e*==||w(-,0)||*}
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where Cy = CF max{$% 1} > 1.

ma

Proof. Tt suffices to only consider the second-order derivatives of w(z, ).
From the previous lemma and our assumption for ||w||z2, we deduce

that
o Z/ {1uf* + 100]*} dx < Caljul

So that by (3.4) and an integration from 0 to t < T, we have

Z/{|@u OF + ou())

10]=2

4C,C2
= Z/ {10u(O)* +100(0)} + =" lw (-, 0)||".

A
|6| 2 max
Thus our lemma follows. ]
4. NONLINEAR INSTABILITY AND PATTERN FORMATION

We now prove our main Theorem 1:

Proof. Let w° (x,t) be the family of solutions to the reaction-diffusion
system (1.4)-(1.5) with initial data w° (x,0) = dwy. Define T* by

T* = sup {t | [|w’(t) = de“wol| < géexp ()\maxt)}.

Note that T™ is well defined. We also define

. D D
T =sup {t | [Iw(#)||2 < min {77: 26’0101’ C’oa }} '

We now derive estimates for H? norm of wo(z,t) for 0 < t <
min{7™*,T**}. First of all, by the definition of 7%, for ¢ < T* and
Lemma 1

[/ (0] < 2 5exp uat)

Moreover, using Lemma 4 and applying a bootstrap argument yields

(4.1) W (0) o < V/Catdliwol 1 + 66>},

We now estimate the L? norm of w’(x,t) for 0 < ¢ < min{T*, T*"}.
We apply Duhamel’s principle to obtain

t
wO (1) = de“lwy — / LN (WP (7)) dr,
0
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Using Lemma 1, (3.2), (3.3), and Lemma 4 yields, for 0 < t < min{7°, T*, T**}
Hw‘s (t) — 5€£tW0H

<Cy /0 Ea—r I{V - (DVW’) — DV*W’} + F—Aw’|| dr

<y [ Dl [ O [ ()]
-uy[@mwmewww@mﬂwwumﬁm
+01 [ D Flca o () [ ()]

t
gq%qé@m“ﬂwww;w

from assumption (2.2) with ||w||g2 < n. We plug (4.1) with ¢t = 7 to
further obtain

(4.2) HW5 () — 56“ng
t
< CGRO,Ca [ Il + 826
0

Iwol e, 1

< C,C2C,C54

56)\maxt}5e>\maxt

AI’Il‘dX AHI‘&X

We now choose 6 in T° in (2.1) to satisfy

(4.3) C2C4C,0 < ATX,

. D, D,
4.4 24/ C40 —_— 5.
(44) v 3<<mm{m2aﬁycmq}

We now prove by contradiction that for ¢ sufficiently small,

and therefore our theorem follows from (?7), by further separating
q € Qumax and move q ¢ Q. in (1.18) to the right hand side .

If 7** is the smallest among 7, T* and T**, we can let t = T** < T?°
in (4.1)

W2 () | o < V/Cidllwolli + et}
= /Cs{0[Iwol| = + 0} < 21/C30),
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for small § such that d||wy||g2z < 6. By the choice of § in (4.4), we have
D, D,
2C,C’ CyChy
This is a contradiction to the definition of 7%*.
On the other hand, if 7* is the smallest among among 7°, T* and
T**, we can let t = T* in (4.2) to get
Hw‘S (T™) — 56£tW0H

Iwoll20 1

/\max >\max
Iwoll20 , 0

[|lw(T*)|| gz < min {77,

S Cl 030307){ 56/\maxT5 }56)\maxT*

< C1C2C5C,{

C *
< 71(56)‘““”‘T ,
for C5C5C, HWOHH2 < 1/4 for 6 small, by our choice of 6 in (4.3). This

again contradlcts the definition of 7" and our theorem follows. O

}56>\maxT*

)\max )\max
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