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Abstract. We consider the classical Turing instability in a reaction-
di¤usion system as the secend part of our study on pattern forma-
tion. We prove that nonlinear dynamics of a general perturbation
of the Turing instability is determined by the �nite number of lin-
ear growing modes over a time scale of ln 1� ; where � is the strength
of the initial perturbation.

1. Growing modes in a reaction-diffusion system

In this section we summarize the classical linear Turing instability
criterion for a reaction-di¤usion system. Consider a reaction-di¤usion
system of 2-species as

@U

@t
= r � (D1 (U;V )rU) + f (U;V ) ;(1.1)

@V

@t
= r � (D2 (U;V )rV ) + g (U;V ) ;

where U (x;t) ;V (x;t) are concentration for species, D1; D2 di¤usion
coe¢ cients, f; g reaction terms.
In this paper we consider a d-dimensional box Td = (0; �)d ; d =

1; 2; 3; with Neumann boundary conditions for U and V , i.e.,

(1.2)
@U

@xi
=
@V

@xi
= 0 at xi = 0; �; for 1 � i � d:

Homogeneous steady state U = �U;V=�V forms a steady state provided

(1.3) 0 = f
�
�U; �V

�
= g

�
�U; �V

�
:

In this article, we study the nonlinear evolution of a perturbation

u(x; t) = U(x; t)� �U; v(x; t) = V (x; t)� �V
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around [ �U; �V ], which satis�es the equivalent reaction-di¤usion system:

@u

@t
= r �

�
D1

�
u+ �U;v + �V

�
ru
�
+ f

�
u+ �U;v + �V

�
;(1.4)

@v

@t
= r �

�
D2

�
u+ �U;v + �V

�
rv
�
+ g

�
u+ �U;v + �V

�
:(1.5)

The corresponding linearized system then takes the form

ut = �D1r2u+ �fuu+ �fvv;(1.6)

vt = �D2r2v + �guu+ �gvv;(1.7)

where �D1 = D1

�
�U; �V

�
; �D2 = D2

�
�U; �V

�
; �fu =

@f
@u

�
�U; �V

�
; �fv =

@f
@v

�
�U; �V

�
; �gu =

@g
@u

�
�U; �V

�
; �gv =

@g
@v

�
�U; �V

�
.

We use [�; �] to denote a column vector, and let
w(x; t) � [u(x; t); v(x; t)]; �W = [ �U; �V ]:

Then the original nonlinear system (1.4) and (1.5) can be written in a
matrix form:

@w

@t
=r � (Drw)+F(1.8)

=( �Dr2w+Aw)+(fr � (Drw)� �Dr2wg+ F�Aw)
�L (w) +N (w) :

where

D =

�
D1

�
w + �W

�
0

0 D2

�
w + �W

� � ; �D = � �D1 0
0 �D2

�
;

F=

�
f
�
w + �W

�
g
�
w + �W

� � ; A = � �fu �fv
�gu �gv

�
:

Let q =(q1; ::; qd) 2 
 = (N [ f0g)d and let

eq(x) �
dY
i=1

cos (qixi) ;

where q 2
. Then feq(x)gq2
 forms a basis of the space of functions
in Td that satisfy Neumann boundary condition (1.2).
We look for a normal mode to the linear reaction-di¤usion system

(1.6) and (1.7) of the following form:

(1.9) w (x; t) = rq exp (�qt) eq(x);

where rq is a vector depending on q:We substitute (1.9) into (1.6)-(1.7)
to get

�qrq =

�
�fu � �D1q

2 �fv
�gu �gv � �D2q

2

�
rq;
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where q2 =
Pd

i=1 q
2
i . A nontrivial normal mode can be obtained by

setting

det

�
�q � �fu + �D1q

2 � �fv
��gu �q � �gv + �D2q

2

�
= 0:

This leads to the following dispersion formula for �q:
(1.10)
�2q+f� �fu+ �D1q

2��gv+ �D2q
2g�q+f

�
�fu � �D1q

2
� �
�gv � �D2q

2
�
� �fv�gug = 0:

We assume �rst that without di¤usion, the �q has negative real part
(stable):

(1.11) tr A = �fu + �gv < 0; detA = �fu�gv � �fv�gu > 0;

On the other hand, in the presence of di¤usion, we assume the following
di¤usion-driven (linear) instability criterion by requiring there exists a
q such that

(1.12)
�
�fu � �D1q

2
� �
�gv � �D2q

2
�
� �fv�gu < 0;

which ensures that (1.10) has at least one positive root �q:

Remark 1. To satisfy (1.11) and (1.12), the discriminant for the qua-
dratic equation for q2 in (1.12) must be positive:

(1.13)
�
�fu �D2 + �gv �D1

�
> 2

p
�D1
�D2 detA > 0;

which means the range of inhibition
p
�D2= j�gvj is larger than the range

of activation
q
�D1=

�� �fu��: From (1.11) and (1.13), it follows that

(1.14) �fu�gv < 0; and �fv�gu < 0;

and we have only two cases for A :

A =

�
+ �
+ �

�
or A =

�
+ +
� �

�
;

where formal case is called activator-inhibitor (or predator-prey) and
the latter positive feedback. It also follows from (1.11) that

�D1 6= �D2:

For given q 2 
, we denote the corresponding eigenvalues by ��(q)
and eigenvectors by r�(q). We split into the three cases for the linear
analysis:
(1) Generic case where we have two independent real eigenvectors

and we denote


generic � fq 2 
 such that r+(q) 6= r�(q)g:
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By an elementary computation of the discriminant of (1.10), we have,
except for only �nitely many q,�
�D1 � �D2

�
q4�tr A

�
�D1 + �D2

�
q2+4

�
�fu �D2 + �gv �D1

�
q2+(tr A)2�4 detA > 0;

since �D1 � �D2 6= 0: Therefore, there are two distinct real roots such
that

��(q) < �+(q)

for large q: Since �fv 6= 0 in (1.14), the corresponding (linearly indepen-
dent) eigenvectors r�(q) and r+(q) are given by

(1.15) r�(q) =

�
1;
��(q)� �fu + �D1q

2

�fv

�
:

It is easy to see from (1.12) that there exist only �nitely many q such
that �+(q) > 0: We therefore can denote the largest eigenvalue by
�max > 0 and de�ne


max � fq 2 
 such that �+(q) = �max g:

We also denote � > 0 to be the gap between the �max and the rest.
Moreover, there is one q2 (possibly two) having �+q (q

2) = �max when
we regard �+q as a function of q

2.
(2) Defective case where we have the repeated real eigenvalues and

eigenvectors:
Note that there may be possibly one q2 (so �nitely many q) such

that from (1.11)

(1.16) �+(q) = ��(q) � �(q) = f �fu + �gv �
�
�D1 + �D2

�
q2g=2 < 0

and r+(q) = r�(q) � r(q) and we denote


defective � fq 2 
 such that r+(q) = r�(q)g:

In this case we �nd another independent vector

r0(q) = [0;
1
�fv
]

satisfying (A� �(q)I) r0(q) = r(q):
(3) Complex case where we have complex eigenvalues for q and we

denote it by 
complex � 
 � (
generic [ 
defective). For q 2 
complex; we
denote �+(q) � Re�(q) + i Im�(q) and r+(q) � Re r(q) + i Im r(q).
Then we have ��(q) � Re�(q) � i Im�(q) and r�(q) � Re r(q) �
i Im r(q). Notice that Re�(q) < 0 as in (1.16), and Re r(q) and Im r(q)
are linearly independent vectors.
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Given any initial perturbation w (x; 0), we can expand it as

w (x; 0) =
X
q2


wqeq(x) =
X

q2
generic

fw�q r�(q) + w+q r+(q)geq(x)

+
X

q2
defective

fwqr(q) + w0qr0(q)geq(x)

+
X

q2
complex

fwReq Re r(q) + wImq Im r(q)geq(x);

so that

wq = w
�
q r�(q) + w

+
q r+(q) for q 2 
generic;(1.17)

wq = wqr(q) + w
0
qr
0(q) for q 2 
defective;

wq = w
Re
q Re r(q) + wImq Im r(q) for q 2 
complex:

The unique solution w (x; t) = [u (x; t) ; v (x; t)] to (1.6)-(1.7) is given
by

w (x; t) =
X

q2
generic

fw�q r�(q) exp
�
��q t

�
+ w+q r+(q) exp

�
�+q t

�
geq(x)

(1.18)

+
X

q2
defective

f
�
wqr(q) + w

0
qr
0(q)

�
+ w0qr(q)tg exp (�qt) eq(x)

+
X

q2
complex

fwReq (Re r(q) cos [(Im�q) t]� Im r(q) sin [(Im�q) t])

+ wImq (Re r(q) sin [(Im�q) t] + Im r(q) cos [(Im�q) t])g exp[(Re�q) t]eq(x)
� eLtw (x; 0) :

For any u (�;t) 2
�
L2
�
Td
��2
, we denote ku (�;t)k � ku (�;t)kL2 . Our

main result of this section is

Lemma 1. Assume that (1.11) and the instability criterion (1.12) are
valid. Suppose

w (x; t) = [u (x;t) ; v (x;t)] � eLtw (x; 0)

as in (1.18) is a solution to the linearized reaction-di¤usion system
(1.6)-(1.7) with initial condition w (x; 0). Then there exists a constant
C1 � 1 depending on �U; �V ; �D1; �D2; A such that

kw (�; t)k � C1 exp (�maxt) kw (�; 0)k ;

for all t � 0.
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Proof. We �rst notice that from the quadratic formula for (1.10), for q
large,

jdet[r�(q); r+(q)]j =
�+q � ��q�� �fv�� � c

�� �D1 � �D2

���� �fv�� q2:

Thus solving (1.17) yields, due to �D1 6= �D2;

jw�q j �
1

det[r�(q); r+(q)]
jr�(q)j � jwqj

� Cjwqj;

Since �q < 0; for q 2 
defective; we have

t exp (�qt) � C:

Moreover, recall Re�(q) < 0 for q 2 
complex: Thus we deduce the
Lemma on the linear growth rate by the formula (1.18). �

2. Main Result

Let � be a small �xed constant, and �max be the dominant eigenvalue
which is the maximal growth rate. We also denote the gap between the
largest growth rate �max and the rest by � > 0: Then for � > 0 arbitrary
small, we de�ne the escape time T � by

(2.1) � = � exp
�
�maxT

�
�
;

or equivalently

T � =
1

�max
ln
�

�
:

Our main theorem is

Theorem 1. Assume (1.11) and that there exists q2 =
Pd

i=1 q
2
i satis-

fying instability criterion (1.12). Let

w0(x) =
X
q2

fw�q r�(q) + w+q r+(q)geq(x)

+
X

q2
defective

fwqr(q) + w0qr0(q)geq(x)

+
X

q2
complex

fwReq Re r(q) + wImq Im r(q)geq(x):
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2 H2 such that jjw0jj = 1: Assume D1; D2 f; g 2 C2 near �W; so that
there exists � > 0
(2.2)

C� � max
jjwjj1��

f
2X
i=1

jjDi( �W+w)jjC2+jjf( �W+w)jjC2+jjg( �W+w)jjC2 <1:

Then there exist constants �0 > 0; C > 0; and � > 0; depending on
�U; �V ; �D1; �D2; f; g; such that for all 0 < � � �0, if the initial perturbation
of the steady state [ �U; �V ] in (1.3) is

w� (x; 0) = �w0;

then its nonlinear evolution w�(t; x) satis�es

jjw�(t; x)� �e�maxt
X

q2
max

w+q r+(q)eq(x)jj(2.3)

� Cfe��t + �jjw0jj2H2 + �e�maxtg�e�maxt

for 0 � t � T �; and � > 0 is the gap between �max and the rest of Re�q
in (1.10).

We notice that for 0 � t � T �; �e�maxt � �; is su¢ ciently small. The
initial pro�le w0 is any H2 function. In particular, as long as w+q0 6= 0
for at least one q02
max (generic for a general H2 perturbation), the
part of its fastest growing modes satis�es

jj�e�maxt
X

q2
max

w+q r+(q)eqjj � �e�maxtjw+q0jjr+(q0)j;

which has the dominant leading order of �e�maxt: Our estimate (2.3)
implies that the dynamics of a general perturbation can be character-
ized by such linear dynamics over a long time period of "T � � t � T �;
for any �xed constant " > 0. In particular, choose a �xed q0 2 
max
and let

w0(x) =
r+(q0)

jr+(q0)j
eq0(x)

then if t = T �;



w�(t; �)� �e�maxT � r+(q0)jr+(q0)j
eq0(�)





 � Cf��=�max + �2g;
hence 

w�(t; �)



 � � � Cf��=�max + �2g � �=2 > 0;
which implies nonlinear instability as � ! 0. The instability occurs
before the possible blow-up time.
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Reaction-di¤usion systems are often employed to study chemical and
biological pattern formation and have received much attention from sci-
entists [3], [4], [14], [13], [16], since the pioneering work of Turing [17]
in 1951. This symmetry breaking instability is called di¤usion-driven
instability, since the presence of di¤usion and the di¤erence of di¤usion
coe¢ cients are essential for the instability mechanism and nonuniform
patterns formation. After some experimental results such as in [2], [12],
[15], more extensive and serious works began towards this Turing-like
pattern formation across many �elds of study. Our result can be inter-
preted as a mathematical description of early pattern formation. Each
initial perturbation can be drastically di¤erent from another, which
gives rise to the richness of the pattern; on the other hand, the �nite
number maximal growing modes determine the common characteris-
tics of the pattern, over the time scale of ln 1

�
: In comparision with

an earlier di¤erent result along this direction [18]: First of all, the
reaction-di¤usion system considered here is not scaled. Secondly, our
initial perturbation is more general, need not to be close to the space of
�nite number of maximal growing modes. Thirdly, a precise estimate
of the time scale (ln 1

�
) for pattern formation is given here, without

an a-priori assumption for the smallness of the perturbation later in
time as in [18]. Lastly, based on Guo-Strauss�bootstrap argument, our
proof is much simpler and direct

3. Bootstrap Lemma

We state existence of local-in-time solutions for (1.4)-(1.5).

Lemma 2. (Local existence) For s � 1 (d = 1) and s � 2 (d = 2; 3),
there exist a T > 0 and a constant C depending on �U; �V ;D1; D2; f; g
such that kw(t)kHs is continuous in [0; T ); and

kw(t)kHs � C kw (0)kHs :

We now derive the following energy estimates for d-dimensional reaction-
di¤usion system with d = 1; 2; 3.

Lemma 3. Suppose that [u (x;t) ; v (x; t)] is a solution to the full system
(1.4)-(1.5). Then for jjw(t)jjH2 � �;

1

2

d

dt

X
j@j=2

Z
Td
fj@uj2 + j@vj2gdx

+
X
j@j=2

Z
Td

� �D1

2
jr@uj2 + �D2 jr@vj2

�
dx+

j�gvj
2

X
j�j=2

Z
Td
j@vj2

� C0C1jjwjjH2jjr3wjj2 + C2jjujj2:
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where C0 is the universal constant while C1 = C0C�(1 + �) and

C2 =

�
( �fv+�gu)

2

2j�gv j + �fu

�3
�D2
1

:

Proof. We �rst notice that the reaction-di¤usion system (1.4)-(1.5) pre-
serves the evenness of the solution w(x; t); i.e., if w(x; t) is a solution,
then w(�xi; t) is also a solution. We can regard the Neumann problem
as a special case with evenness of the periodic problem by standard
way of even extension w(x; t) with respect to one of the xi. For this
reason we may assume periodicity at the boundary of the extended
periodic box 2T3 � (��; �)d. Since now there is no contributions from
the boundaries, we can take second order @-derivative of (1.8) to get

(3.1)
1

2

d

dt

Z
2Td
j@wj2 =

Z
2Td
@wT@L (w)+

Z
2Td
@wT@N (w) :

We �rst treat the last nonlinear term:

�
Z
2Td
fr@wgT [@fD

�
w + �W

�
rwg+ �Dr@w] + fr@wgT@ (F�Aw)

�C


D �w + �W

�
� �D




1 kr@wk

2 + C


(rD) �w + �W

�


1 krwk1 k@wk kr@wk

+ C


(@D) �w + �W

�


1 krwk

2
L4 krwk1 kr@wk

+ C


(@F) �w + �W

�


1 krwk1 krwk kr@wk+ C



rF �w + �W
�
�A




1 k@wk kr@wk :

We apply the following the Sobolev imbedding to control jjwjj1
(3.2) kgkL1(2Td) � C0 kgkH2(2Td) ;

for d � 3: Moreover, from the periodic boundary conditions,Z
2Td
ru =

Z
2Td
rv = 0;

we also use the Poincare inequality

(3.3) jjgjj � kgkL4(2Td) � C0 krgk if d � 3:

to further get

jjrwjj1 � C0 krwkH2 � C0
X
j@j=2

jj@rwjj:

where C0 is a universal constant. From (2.2) and the assumption
jjwjjH2 � �, the last nonlinear term in (3.1) is bounded by

C0C�(1 + �) kwkH2 kr@wk2 :
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We now estimate the second quadratic term in (3.1)

�
Z
2Td
f �D1 jr@uj2 + �D2 jr@vj2g+ �gv

Z
2Td
j@vj2

+
�
�fv + �gu

� Z
2Td
@u@v + �fu

Z
2Td
j@uj2 :

The last two terms are bounded by�
�fv + �gu

� Z
2Td
@u@v + �fu

Z
2Td
j@uj2

� j�gvj
2

Z
2Td
j@vj2 + f

�
�fv + �gu

�2
2 j�gvj

+ �fug
Z
2Td
j@uj2 :

Thus we can bound the linear term in (3.1) by (�gv < 0)

�
Z
2Td
f �D1 jr@uj2 + �D2 jr@vj2g �

j�gvj
2

Z
2Td
j@vj2

+ f
�
�fv + �gu

�2
2 j�gvj

+ �fug
Z
2Td
j@uj2 :

By the interpolation between kr@uk and jjujj , the last term
above is bounded by

f
�
�fv + �gu

�2
2 j�gvj

+ �fugfa
Z
2Td
kr@uk2 + 1

4a2

Z
2Td
jjujj2g

for any a > 0: We can choose a such that

f
�
�fv + �gu

�2
2 j�gvj

+ �fuga =
1

2
�D1:

Collecting terms, we conclude the proof. �
We are now ready to establish the bootstrap lemma, which controls

the H2 growth of w(x; t) in term of its L2 growth nonlinearly.

Lemma 4. Suppose that w(x; t) is a solution to the full system (1.4)-
(1.5) such that for 0 � t � T

jjw(�; t)jjH2 � min
�
�;

�D1

2C0C1
;
�D2

C0C1

�
and

(3.4) jjw(�; t)jj � 2C1e�maxtjjw(�; 0)jj;
then we have for 0 � t � T

jjw(t)jj2H2 � C3fjjw(0)jj2H2 + e2�maxtjjw(�; 0)jj2g
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where C3 = C21 maxf 4C2�max
; 1g � 1:

Proof. It su¢ ces to only consider the second-order derivatives ofw(x; t):
From the previous lemma and our assumption for jjwjjH2 ; we deduce
that

1

2

d

dt

X
j�j=2

Z
Td

�
j@uj2 + j@vj2

	
dx � C2jjujj2:

So that by (3.4) and an integration from 0 to t � T; we haveX
j@j=2

Z
Td

�
j@u(t)j2 + j@v(t)j2

	
�
X
j@j=2

Z
Td

�
j@u(0)j2 + j@v(0)j2

	
+
4C2C

2
1

�max
e2�maxtjjw(�; 0)jj2:

Thus our lemma follows. �

4. Nonlinear instability and pattern formation

We now prove our main Theorem 1:

Proof. Let w� (x; t) be the family of solutions to the reaction-di¤usion
system (1.4)-(1.5) with initial data w� (x; 0) = �w0. De�ne T � by

T � = sup

�
t j


w�(t)� �eLtw0



 � C1
2
� exp (�maxt)

�
:

Note that T � is well de�ned. We also de�ne

T �� = sup

�
t j jjw(t)jjH2 � min

�
�;

�D1

2C0C1
;
�D2

C0C1

��
:

We now derive estimates for H2 norm of w�(x; t) for 0 � t �
minfT �; T ��g: First of all, by the de�nition of T �; for t � T � and
Lemma 1 

w�(t)



 � 3C1
2
� exp (�maxt) :

Moreover, using Lemma 4 and applying a bootstrap argument yields

(4.1)


w�(t)




H2 �

p
C3f�jjw0jjH2 + �e�maxtg:

We now estimate the L2 norm of w�(x; t) for 0 � t � minfT �; T ��g:
We apply Duhamel�s principle to obtain

w� (t) = �eLtw0 �
Z t

0

eL(t��)N
�
w� (�)

�
d�;
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Using Lemma 1, (3.2), (3.3), and Lemma 4 yields, for 0 � t � minfT �; T �; T ��g

w� (t)� �eLtw0




�C1
Z t

0

e�max(t��)


fr � �Drw�

�
� �Dr2w�g+ F�Aw�



 d�
�C1

Z t

0

e�max(t��)jjDjjC1


w� (�)




1



w� (�)



H2 d�

+ C1

Z t

0

e�max(t��)jjDjjC1


rw� (�)




L4



rw� (�)



L4
d�

+ C1

Z t

0

e�max(t��)jjF jjC2


w� (�)




1



w� (�)


 d�

�C1C20C�
Z t

0

e�max(t��)


w� (�)



2
H2 d�:

from assumption (2.2) with jjwjjH2 � �: We plug (4.1) with t = � to
further obtain

w� (t)� �eLtw0



(4.2)

� C1C20C�C3
Z t

0

e�max(t��)f�2jjw0jj2H2 + �2e2�max�gd�

� C1C20C�C3f
jjw0jj2H2�

�max
+

1

�max
�e�maxtg�e�maxt:

We now choose � in T � in (2.1) to satisfy

C20C3C�� <
�max
4
;(4.3)

2
p
C3� < min

�
�;

�D1

2C0C1
;
�D2

C0C1

�
:(4.4)

We now prove by contradiction that for � su¢ ciently small,

T � � minfT �; T ��g;

and therefore our theorem follows from (??), by further separating
q 2 
max and move q =2 
max in (1.18) to the right hand side .

If T �� is the smallest among T �; T � and T ��, we can let t = T �� < T �

in (4.1) 

w�(T ��)



H2 <

p
C3f�jjw0jjH2 + �e�maxT

�g

=
p
C3f�jjw0jjH2 + �g � 2

p
C3�;
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for small � such that �jjw0jjH2 � �. By the choice of � in (4.4), we have

jjw(T ��)jjH2 < min

�
�;

�D1

2C0C1
;
�D2

C0C1

�
:

This is a contradiction to the de�nition of T ��:
On the other hand, if T � is the smallest among among T �; T � and

T ��, we can let t = T � in (4.2) to get

w� (T �)� �eLtw0




� C1C20C3C�f

jjw0jj2H2�

�max
+

1

�max
�e�maxT

�g�e�maxT �

� C1C20C3C�f
jjw0jj2H2�

�max
+

�

�max
g�e�maxT �

<
C1
2
�e�maxT

�
;

for C20C3C�
jjw0jj2

H2
�

�max
< 1=4 for � small, by our choice of � in (4.3). This

again contradicts the de�nition of T and our theorem follows. �
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