PATTERN FORMATION (I): THE KELLER-SEGEL
MODEL
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ABSTRACT. We investigate nonlinear dynamics near an unstable
constant equilibrium in the classical Keller-Segel model. Given any
general perturbation of magnitude §, we prove that its nonlinear
evolution is dominated by the corresponding linear dynamics along
a fixed finite number of fastest growing modes, over a time period
of In % Our result can be interpreted as a rigourous mathemati-
cal characterization for early pattern formation in the Keller-Segel
model.

1. GROWING MODES IN THE KELLER-SEGEL MODEL

The goal of this section is to review the well-known instability crite-
rion for the classical Keller-Segel model, which describes directed move-
ment of microorganisms and cells stimulated by the chemical which
they produce themselves. The Keller-Segel system takes the form

(1.1) Ug=-V (—pVU +xUVV),
Vi =V (DVV) + fU - kV,

where U(xz,t) is the cell density, V(x,t) the chemo-attractant, u >
0 the amoeboid motility, y > 0 the chemotactic sensitivity, D > 0
the diffusion rate of cAMP, f > 0 the rate of cAMP secretion per
unit density of amoebae, k£ > 0 the rate of degradation of cAMP in
environment.

We assume Neumann boundary conditions for U(z,t) and V (z,1),
in a d-dimensional box z € T? = (0,7)%, d = 1,2,3, i.e.,
o _ov

A uniform constant solution

U, t)=U, V(z, t) =V
forms a homogeneous steady state provided
(1.3) fU=kV.

(1.2)

=0, at x; =0,m, for 1 <i <d.
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In this article, we study the nonlinear evolution of a perturbation
u(z,t) =U(z,t) = U, v(z,t) =V(x,t) =V
around [U, V], which satisfies the equivalent Keller-Segel system:

(1.4) uy = pV2*u — xUV?0 — xV(uVv),

(1.5) vy = DV?v + fu — kv.

The corresponding linearized Keller-Segel system then takes the form
(1.6) uy = puV:u — xUV?0,

(1.7) vy = DV*v + fu — kv.

We use [+, -] to denote a column vector, and let

w(z,t) = [u(z,t),v(z,t)].
Let q = (q1,..,q0) € Q = (NU{0})? and let

eq(r) = H cos (¢;x;) ,

Then {eq()} e forms a basis of the space of functions in T? that
satisfy Neumann boundary conditions (1.2). We look for a normal
mode to the linear Keller-Segel system (1.6) and (1.7) of the following
form:

(1.8) w (x,t) = rqexp (Aqt) eq(2),
where rq is a vector depending on q. Plugging (1.8) into (1.6)-(1.7)

yields
—pg® xU¢
)‘qrq:( f —DqQ—k)rq’
where ¢% = Z’f:l ¢?. A nontrivial normal mode can be obtained by
setting
Mot pgt —XUG _
det( A+ Dk )T
This leads to the following dispersion formula for Aq:
(1.9) A2 +{*(p+ D)+ k}rxg+ P {u (Dg” + k) —xUf} = 0.

Thus we deduce the following well-known aggregation (i.e., linear in-
stability) criterion by requiring there exists a ¢ such that

(1.10) 1 (Dg* + k) —xUf <0,
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to ensure that (1.9) has at least one positive root Aq. This clearly
implies that uk — xUf < 0, and an elementary computation of the
discriminant yields:

{¢* (w+ D) + k}* — 4¢*{ (Dg* + k) — xU f}
= ¢" (1= D)* + k* +2¢" (u + D) k + 4¢°{—pk + xU f}
>0

for q. Therefore, there exist two distinct real roots for all q to the
quadratic equation (1.9), which we denote

A-(q) < Ay(q).

We denote the corresponding (linearly independent) eigenvectors by
r_(q) and r;(q), such that

At(q) + Dg? + k
— 7 1.

(1.11) r.(q)

Clearly, for ¢ large,
,u(Dq2—i—k) —xUf>0.
Hence there are only finitely many q such that A (q) > 0. We therefore
denote the largest eigenvalue by AL > 0 and define
Qmax = {q € Q2 such that Ay (q) = Amax }-

It is easy to see that there is one ¢? (possibly two) having A (¢%) = Amax
when we regard )Q; as a function of ¢2. We also denote v > 0 to be the
gap between the A\j.x and the rest.

Given any initial perturbation w (x,0), we can expand it as

W (x,0) =Y Waeq(z) = Y _{wgr-(q) + wgrs(a)}eq(),
a€92 a€Q
so that
(1.12) Wq = wqT-(q) + wqr+(q).
The unique solution w (z,t) = [u(z,t),v (x,t)] to (1.6)-(1.7) is given
by

(1.13) w(z,t) = Z{w;r_(q) exp (Agt) + wiry(q)exp (A1) }eq(2)
a€Q
= e“'w (z,0).
For any u(-t) € [L? (Td)f, we denote ||u(-t)|| = [[u(-t)]|;2. Our
main result of this section is
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Lemma 1. Assume the instability criterion (1.10) is valid. Suppose
w(w,1) = [u(w,t) v (2.0)] = e“w (,0)

as in (1.13) is a solution to the linearized KS system (1.6)-(1.7) with
initial condition w (x,0). Then there exists a constant Cy; > 1 depend-
g on kU, D, u, f,x, such that

[w (-, 1) || < Crexp (Amaat) [[W (-, 0)],
for allt > 0.

Proof. We first consider the case for ¢ > 1. By analyzing (1.9), for ¢

large, we have
+

lim — = —pu, —D

q—o0 g2
respectively. Notice that from the quadratic formula for (1.9),

Aq — A _ 2V —pk+XUS

D) = .

q q
From solving (1.12)
1
+
wy | < re(q)| X |w
4l = et e ) O
SOQ|WQ|>

we deduce that for ¢ > 1 and ¢ large,
lwgr(q) exp (Agt) | < Cqlwg| exp(—min{yu, D}¢*t) < Clwg|.

Thus we deduce the Lemma on the linear growth rate for t > 1 by the
formula (1.13).

On the other hand, for finite time ¢ < 1, it suffices to derive the stan-
dard energy estimate in L?. From the Neumann boundary conditions,
we can take ux (1.6) and add Avx of (1.7) to get

1d 9 9
37 L, (= AP}

+/ {,u|Vu|2+AD|VU|2—XUVUVU}+Ak/ v
Td Td

:/TdAfuv.

The integrand of the second integral can be chosen non-negative

L
(Ux)" |Vl -

(1.14) p|Vu)*+ AD|Vo|f —xUVoVu > g \Vul” + o )
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if the constant A is

(1.15) A=

It thus follows that

lLd 2 2 Af/ 2 2
_ A < —

s | A+ APy < 58 [ flap + 1oy,

and the Gronwall inequality implies
[w (- 1)l < Cexp (Ct) |[w(-, 0)][],

for some C' > 0. This immediately implies our lemma when ¢t < 1. [J

2. MAIN REsuULT

Let 0 be a small fixed constant, and \.x be the dominant eigenvalue
which is the maximal growth rate. We also denote the gap between the
largest growth rate A\« and the rest by v > 0. Then for > 0 arbitrary
small, we define the escape time T° by

(2.1) 0 = 5exp (AmaxT?)

or equivalently
1 0

T9 = In —.

)\max
Our main theorem is

Theorem 1. Assume that the set of ¢*> = S°*, q? satisfying instability
criterion (1.10) is not empty for given parameters p, D, k,x, f and U.

Let
wo(x) = S {wgr(q) + wirs (@) eq().

4€Q
€ H? such that ||wol| = 1. Then there exist constants do > 0, C' > 0,
and 0 > 0, depending on k,U, D, u, f,x, such that for all 0 < § < o,
if the initial perturbation of the steady state [U, V] in (1.3) is
w’ (x,0) = dwo,
then its nonlinear evolution w°(t, ) satisfies

[Wo(t, ) = 6er=t S " wirs(a)eq(w)]]

< C{e ™t 4 6| wo| 32 4 detmaxt }getmaxt

for 0 <t <T9% and v > 0 is the gap between Amax and the rest of Aq
in (1.9).
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We notice that for 0 < ¢t < T9, germaxt < g, is sufficiently small.
As long as wglLO # 0 for at least one qop€{lnax, which is generic for
perturbations, the corresponding fastest growing modes

||5@>‘ma"t Z w;r+(q)€q|| > 56>\maXt|w(—]’—0||r+(q0)|>

qumax

have the dominant leading order of de*»=!. Our theorem implies that
the dynamics of a general perturbation is characterized by such linear
dynamics over a long time period of €77 < t < T?, for any € > 0. In
particular, choose a fixed qg € Qax and let

ry(do)

wo(r) = a7

~ [ri(ao)
then if t = T,

[t = g L | < o 02,
T+ (qo)|
hence
W' (t, )| > 6 — C{6"/ > +6°} > 0/2> 0,
which implies nonlinear instability as 6 — 0. The instability occurs
before the possible blow-up time.

In the early work of Keller and Segel [15] in 1970, they formulated
the advection-diffusion system (1.1) which consists of two parabolic
equations and viewed the initiation of Slime mold aggregation as in-
stability. Linearized system was used to analyze early stage of pat-
tern formation and its instability around homogeneous steady states.
This Keller-Segel model has since received much attention and there
have been many contributions on this subject such as aggregations,
dynamics of blow-ups, travelling waves. See [1],2],[3],[9],[10],[11],[8],
[13],[16],[17],[19],[20],[21] for related results. Linear stability and insta-
bility of stationary solutions with more general nonlinearity was studied
in [22] using bifurcation analysis. However, nonlinear evolution of the
pattern formation has yet been fully understood for the Keller-Segel
model, to the authors’ knowledge.

We rigorously prove that linear fastest growing modes determine un-
stable patterns for the full Keller-Segel system (1.4) and (1.5), over a
time period of the order In %. Each initial perturbation certainly can
behaves drastically differently from another, which gives rise to the rich-
ness of patterns. On the other hand, the dominating linear dynamics
over a fixed finite dimensional space of maximal growing modes en-
sures that there is a common characteristic pattern for a general class
initial data. Therefore, we believe that our result indeed provide a
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mathematical description for the pattern formation in the Keller-Segel
model.

Our paper stems from a program to study various nonlinear instabil-
ities for non-dissipative systems arising in mathematical physics [5],[6],
7],[12], where severe higher order perturbations (unbounded in the L?
norms, for instance) occur. Indeed, for many such systems without dis-
sipation, the passage from linear instability to nonlinear instability is
very delicate. If there is a dominant eigenvalue, then a bootstrap argu-
ment was developed by Strauss and the first author to prove nonlinear
instability, for the perturbation initially along the dominant eigenfunc-
tion. The key is to try to control the nonlinear growth of higher-order
energy norm for the perturbation by the linear growth rate, up to
the time T°. Very recently in [4], based upon a precise linear analysis,
dynamics of general perturbation can be characterized by the linear dy-
namics of fastest growing modes for unstable Kirchhoff ellipses. This
marks a beginning of a quantitative description of instability.

Our research is inspired by the work [4]. In the presence of dissipa-
tion, continuum spectra are absent in bounded domain, which leads to
finite number of dominant growing modes. Moreover, natural higher-
order energy estimate now can be easily combined with the bootstrap
idea to control the nonlinear term —xV(uVwv) in the L? space. Since
our method is general, we believe that such kind of pattern formation
should exist for a wide class of systems with dissipation.

3. BooTsTRAP LEMMA

We state existence of local-in-time solutions for (1.4)-(1.5).

Lemma 2. (Local existence) For s > 1 (d=1) and s > 2 (d = 2,3),
there exist a T > 0 and a constant C' depending on k, U,V , D, u, f,x
such that

W@l e < Cllw (O)] -

We now derive the following energy estimates for d-dimensional chemo-
taxis model with d =1, 2, 3.
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Lemma 3. Suppose that [u (z,t) v (x,t)] is a solution to the full system
(1.4)-(1.5). Then

MZ/ {|au|2 (9% |av|2} dx

=
(U ) Ak )
+Z/{ Voul? + X |V6|}dx+7z [ 1o
|0]=2 |or|=2
S00||W||H2||V3W||2+02||U||2-

. . . 76,6 £6
where Cy 1s the universal constant while Cy = %

Proof. We first notice that the Keller-Segel equation preserves the even-
ness of the solution w(z,t), i.e., if w(z,t) is a solution, then w(—x;, 1)
is also a solution. We can regard the Neumann problem as a special
case with evenness of the periodic problem by standard way of even
extension w(z,t) with respect to one of the x;. For this reason we may
assume periodicity at the boundary of the extended 2T? = (—m, ).
Since now there is no contributions from the boundaries, we can take
second order J-derivative of (1.4) and add A x 0 of (1.5) to get

2dt/ {|8u|2+A|021| }

+/ {p|Voul? +AD|V6@|2—XUVGUVGU}+AI<;/ |Ov?
oTd oTd

=X HuVu}Vou + Af Judv
2Td 2Td
= Il + I27
where the constant A is given in (1.15). As in (1.14), the second inte-
grand is bounded below by

(7

|V6 | + — ( ) |V0@|
The nonlinear term /; is bounded by
L = / |0 (uVv) - VOu| dx

<|lull e VOO IV Oull + [[Vull o |00 |V Ou]
+ [ 0ul[ [ V]| oo [[VOull.

We apply the following the Sobolev imbedding to control ||u|;
(3.) ol (2m0) < Co gl agome)
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for d < 3. Moreover, from the periodic boundary conditions,

Vu = Vo =0,
2Td 2Td
we also use the Poincare inequality
(3.2) gl < llgllseray < CollVgll i d <3,
to further get
IVullze + [[Vo|le < Cof[[Vull e + V0]l g2} < Co Y [0V W],
|0]=2

where Cj is a universal constant. Hence I} < Cyl|w||g2||V3w||? as
desired.
Finally, I5 is simply bounded by

Af? A
Ingf/auavﬁ %||0u||2+7k||021||2

By the interpolation between ||VOu|| and ||ul|| , the first term above is
bounded by

Af? 2 1 2

S llVoulP + 4 lul’}
for any a > 0. We can choose a such that Az—];a = i,u. Collecting terms,
we conclude the proof. Il

We are now ready to establish the bootstrap lemma, which controls
the H? growth of w(z,t) in term of its L? growth.

Lemma 4. Suppose that w(z,t) is a solution to the full system (1.4)-
(1.5) such that for 0 <t <T,

— .2
1 Ux
W (e 8)] |12 < a)mm{%7 ( 2M) }
and
(3.3) lw(-,t)]| < 2Cie*=||w(-,0)]|,

then we have for 0 <t <T,

W)l < Cs{lIw(0)|[72 + e[ |w(-, 0)[|*}

_ (2
where Cy = C? max{ ((g;) , (UD“)Q} x max{3+<*,1} > 1.
X max
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Proof. 1t suffices to only consider the second-order derivatives of w(z, t).
From the previous lemma and our assumption for ||w||g2, we deduce
that for 0 <t <T

2dtz/ {'“'2 Lk laUIQ}dx<0||u||

|0]=2

So that by (3.3) and an integration from 0 to ¢, we have

> {mu -+ O° |av<>|}

|0]=2
2 (7 ) 402012 2Amaxt 2
<20 [ A 10uOF + 251000 b + S lw (-, 0)l %,
|8| 9 max

for 0 <t <T. Now our lemma follows directly by separating the cases

of( )>1and( )2<1 O

4. NONLINEAR INSTABILITY AND PATTERN FORMATION
We now prove our main Theorem 1:

Proof. Let w° (z,t) be the family of solutions to the Keller-Segel system
(1.4)-(1.5) with initial data w° (x,0) = dwy. Define T* by

o
T* = sup {t | Hw 66“on < —5exp ()\maxt)}.
Note that T is well defined. We also define

T**=sup{t| [w/(0)] f&““{% o }}

We recall 7° in (2.1) where 6 is chosen such that

A D 1 (O)°
(41) 00039<m1n{ 1 ,g, 4M R

We now derive estimates for H2 norm of w°(z,t) for 0 < ¢t <
min{T*, T° T**}. First of all, by the definition of 7%, for t < T* and
Lemma 1

e (0)]] < Zﬁaexp Ovmd) -

Moreover, using Lemma 4 and applying a bootstrap argument yields

(4.2) W2 0)]] o < v/ Cofd]Iwol L + e 1},
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We now establish a sharper L? estimate for Wé(x,t), for 0 <t <
min{ 7", T°, T*}. We first apply Duhamel’s principle to obtain
¢
wO (t) = deFtwy — / el AV (v’ (1) Vo° (7)), 0]dr,
0
Using Lemma 1, (3.1), (3.2), and Lemma 4 yields, for 0 < ¢ < min{7°, T**, T*}
HW5 () — (56£tW0H

Pt [ (1) 9 (1)

i) a8 (7] [ 9208 ()

<Ch

<Ch

J
J

o) /0 PAott=) |7 (7|, ||V ()] dr

t
et / A=) |l ()|,
0

By our choice of ¢t < min{T™, T**,T°}, it is further bounded by
(4.3) Hw5 (t) — (56£tW0H

t
< 010003/ 6>\max(t—7){62||wo||%{2 + 5262>\max’7'}d7_
0

[[Wol 720 1

< 010003{ 56’\‘”&”}56““5

)\ max )\ max

We now prove by contradiction that for ¢ sufficiently small,
T° = min{T°, T*, T*},

and therefore our theorem follows by further separating q € Q. and
move q ¢ Qmax in (1.13) to the right hand side .
If T** is the smallest, we can let t = T** < T° in (4.2)

WO (T)|| 2 < V/C5{0]|Wol[ 2 + de==T"}
= /T {68 |wo|| > + 6}

1 (Ux)
< mmingts, 05,

Co

for /C30||wol|gz < ﬁ min{ %, (U;;) }, by our choice of 6 in (4.1) with

(5 > 1. This is a contradiction to the definition of T™*.
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On the other hand, if 7" is the smallest, we let ¢ = 7™ in (4.3) to
get
HW5 (T™) — 56£T*W0H

Iwoll38 , 1

< C1CCs{ 5@/\maxT5}56/\maxT*

)\ max )\ max

[Iwoll320 0

< C1CCs{ + )

}56>\maxT*

)\ max max

Ol
A T*
< 56 max
2 ’

lIwoll2,,

for CoC3— = < 1/4 for ¢ small, by our choice of ¢ in (4.1). This
again contradicts the definition of 7™ and our theorem follows. O
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