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Abstract

W e consider a class of optimal stopping problems where the abilit y to stop dep ends an

exogenous P oisson signal pro cess { one can only stop at the P oisson jump times. Ev en though

the time v ariable in these problems has a discrete asp ect, a v ariational inequalit y can b e obtained

b y considering an underlying con tin uous time structure. Dep ending on whether stopping is

allo w ed at t = 0, the v alue function exhibits di�eren t prop erties across the optimal exercise

b oundary . Indeed, the v alue function is only C

0

across the optimal b oundary when stopping

is allo w ed at t = 0 and C

2

otherwise, b oth con tradicting the usual C

1

smo othness that is

necessary and su�cien t for the application of the principle of smo oth �t. Also discussed is an

equiv alen t sto c hastic con trol form ulation for these stopping problems. Finally , w e deriv e the

asymptotic b eha vior of the v alue functions and optimal exercise b oundaries as the in tensit y

of the P oisson pro cess go es to in�nit y , or roughly sp eaking, as the problems con v erge to the

classical con tin uous-time optimal stopping problems.

Key w ords: Optimal stopping, v ariational inequalit y , sto c hastic con trol, P oisson pro cess.

AMS 1991 sub ject classi�cations: Primary 60G40, 93E20; secondary 60J65, 60J75.

1 In tro duction

Optimal stopping problems ha v e man y applications in engineering, economics and �nance; see e.g.

[1 ]-[4 ], [6 ], [8 ]-[11 ]. The usual setting is either in con tin uous time where stopping times can tak e an y

v alue in a certain time in terv al, or in discrete time where stopping times can only tak e v alues in a

pre-sp eci�ed grid. Explicit solutions to these problems, whic h are v aluable for subsequen t analysis,

are rarely a v ailable except in some simple con tin uous time problems with in�nite time horizon. T o

�x ideas, let us consider a classical irrev ersible in v estmen t problem, whic h is also equiv alen t to an

p erp etual American option pricing problem; see e.g. [6 , 9 ].

�

Researc h supp orted in part b y the National Science F oundation (NSF-DMS-0072004) and the Arm y Researc h

O�ce (AR O-D AAD19-99-1-0223).
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Supp ose a �rm is considering a certain in v estmen t opp ortunit y . A t an y time t , the �rm has an

option to pa y a �xed cost K to install an in v estmen t pro ject, whose mark et v alue S

t

is sto c hastic

and assumed to b e a geometric Bro wnian motion:

dS

t

S

t

= b dt + � dW

t

; S

0

= x ; t � 0 :

Here W = ( W

t

; F

t

) is a standard Bro wnian motion, and � > 0 and b are constan ts that stand for

v olatilit y and drift, resp ectiv ely . The pa y o� from this option at time t is therefore ( S

t

� K )

+

�

=

max f S

t

� K ; 0 g , and the �rm w an ts to maximize its exp ected presen t v alue b y judiciously c ho osing

an in v estmen t time. This is equiv alen t to an optimal stopping problem

v ( x )

:

= sup

� 2S

E

x

�

e

� r �

( S

�

� K )

+

�

;

where r is the discoun t rate ( r > b ), S is the set of all admissible stopping times (in v estmen t times),

and E

x

denotes exp ected v alue giv en S

0

= x .

Usually S is the set of all stopping times taking v alues in [0 ; 1 ], whic h means that the �rm

can pa y the cost K and install the pro ject at any time. A closed-form solution has b een obtained

under these assumptions. A discrete time v ersion of this optimal stopping problem w ould restrict,

for example, S to b e the set of all stopping times taking v alues in the time grid f nh : n � 0 g , where

h > 0 is a constan t. Ho w ev er, to the b est kno wledge of the authors a closed form solution has not

b een obtained for this problem.

Ev en though the con tin uous-time mo del is more lik ely to yield an explicit solution, the lac k of

an y restriction on the p ossible stopping times is sometimes unrealistic. In this pap er w e in v esti-

gate an optimal stopping problem that is in termediate b et w een the con tin uous and discrete time

problems just discussed. Supp ose that there exists an exogenous, unc ontr ol le d P oisson pro cess (sa y

N ) serving as a signal pro cess, and that the con troller can stop only at the times when the P oisson

pro cess N mak es a jump. In other w ords, the in v estmen t can b e only b e made at the r andom

times T

1

< T

2

< � � � < T

n

< � � � , where f T

1

; T

2

� T

1

; T

3

� T

2

; � � � g are indep enden t and iden tically

distributed (iid) exp onen tial random v ariables. In this framew ork, the in v estor do es not ha v e total

freedom o v er the p ossible in v estmen t times { he has to rely on the P oisson pro cess to giv e him a

certain signal (in this case, the jumps), in order to trigger the in v estmen t. F or example, it ma y b e

that an in v estmen t is p ossible only at those times when certain assets are made a v ailable, and not

otherwise.

This form ulation can b e easily extended to problems with more complicated pa y o�. Although

the set of times when one can stop is discrete, explicit solutions are p ossible for some simple mo dels

with an in�nite-time horizon. T o the b est of our kno wledge, this t yp e of constrain t on the stopping

times has not b een studied b efore. Its coun terpart in sto c hastic con trol w as �rst studied b y [12 ],

where an exogenous P oisson pro cess is used to mo del liquidit y e�ects; see also [13 ] for an application

to problems in singular con trol.

The pap er is organized as follo ws. In Section 2 w e in tro duce t w o optimal stopping problems and

their asso ciated discrete-time v ersions. In Section 3 w e deriv e the asso ciated v ariational inequalit y

b y exploiting an underlying con tin uous time structure. The rest of Section 3 is dev oted to solving

the v ariational inequalit y and pro ving a v eri�cation theorem. An equiv alen t sto c hastic con trol

form ulation is discussed in Section 4. An asymptotic analysis is carried out in Section 5 as � (the

in tensit y of the exogenous P oisson pro cess) go es to in�nit y , in order to relate this form ulation to the
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usual con tin uous-time mo del. F or the sak e of completeness, a v ery brief accoun t of the analogous

con tin uous-time optimal stopping problem is also included.

Remark 1. In the standard con tin uous time form ulation the so-called principle of smo oth �t is

used to iden tify the b oundary of the con tin uation region. The application of this principle usually

pro duces a solution that is con tin uously di�eren tiable but not t wice con tin uously di�eren tiable

across this b oundary . An in teresting feature of problem w e study is that this qualitativ e prop ert y

is nev er observ ed. In fact, the v alue function of the optimal stopping problem turns out to b e either

C

0

or C

2

, dep ending on whether stopping is allo w ed at t = 0 or not.

2 The optimal stopping problem

Consider a probabilit y space (
 ; F ; P ; F ) with �ltration F = ( F

t

) satisfying the usual conditions:

righ t-con tin uit y and completion b y P -negligible sets. The state pr o c ess S = ( S

t

; F

t

) is assumed to

b e a geometric Bro wnian motion with

(2.1)

dS

t

S

t

= b dt + � dW

t

; S

0

= x:

Here W = ( W

t

; F

t

) is a standard F -Bro wnian motion and b and � > 0 are constan ts. W e also assume

the probabilit y space is ric h enough to carry a P oisson pro cess (the signal pro cess) N = ( N

t

; F

t

)

with in tensit y � . Thr oughout this p ap er we assume that the Br ownian motion W and the Poisson

pr o c ess N ar e indep endent. The n -th jump time of the P oisson pro cess is denoted b y T

n

, with the

con v en tions T

0

� 0, T

1

� 1 .

W e study the follo wing optimal stopping problem. Let S b e the set of admissible stopping

times. The ob jectiv e is to maximize the discoun ted pa y o�

(2.2) v ( x )

�

= sup

� 2S

E

x

�

e

� r �

( S

�

� K )

+

�

:

Here r and K are b oth p ositiv e constan ts, and w e will assume that r > b . Note that the case where

r � b is trivial | the pro cess

�

e

� r t

( S

t

� K )

+

; t � 0

	

b ecomes a submartingale, the v alue function

is in�nit y , and an optimal strategy do es not exist.

Supp ose that the decision mak er can only stop the pro cess at the jump times of the P oisson

pro cesses. In other w ords,

(2.3) S = f F -stopping time � : for ev ery ! 2 
, � ( ! ) = T

n

( ! ) for some n = 1 ; 2 ; � � � ; 1g

W e ha v e the follo wing preliminary result, whose pro of is elemen tary and th us omitted.

Lemma 1. F or any r andom variable N : 
 ! f 0 ; 1 ; 2 ; � � � ; 1g , the fol lowing two statements ar e

e quivalent.

1. The r andom variable N is a G -stopping time, wher e G = ( G

n

) = ( F

T

n

) .

2. The r andom variable �

�

= T

N

2 S .
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This lemma ensures the one-to-one corresp ondence b et w een the admissible stopping time set S and

the set

(2.4) N

�

= f N � 1 : N is a G -stopping time g :

De�ne the G -adapted pro cess

(2.5) Z

n

�

= ( T

n

; S

T

n

) ; n � 0 :

It follo ws that

(2.6) v ( x ) = sup

N 2N

E

x

[ � ( Z

N

) j Z

0

= (0 ; x )] ; where � ( Z

n

)

�

= e

� r T

n

( S

T

n

� K )

+

:

Note that in the preceding setup, the decision mak er is not allo w ed to stop at t = 0 (or, n = 0).

If w e remo v e this restriction, w e ha v e the follo wing optimal stopping problem. The set of admissible

stopping times b ecomes

(2.7) S

0

= f F -stopping time � : for ev ery ! 2 
, � ( ! ) = T

n

( ! ) for some n = 0 ; 1 ; 2 ; � � � ; 1 g

and the v alue function is de�ned as

(2.8) v

0

( x )

�

= sup

� 2S

0

E

x

�

e

� r �

( S

�

� K )

+

�

:

It follo ws similarly that

(2.9) v

0

( x ) = sup

N 2N

0

E [ � ( Z

N

) j Z

0

= (0 ; x )] ; where N

0

�

= f N � 0; N is a G -stopping time g :

There are sev eral reasons for the sim ultaneous in tro duction of problems (2.2) , (2.6) , (2.8) and

(2.9) . One is that the v ariational inequalit y is v ery easy to deriv e for the con tin uous-time problem

(2.2) , from whic h the v alue function for problem (2.8) can b e obtained. Ho w ev er, the v eri�cation

theorem for (2.2) is ac hiev ed through problem (2.8) , and it dep ends hea vily on the discrete-time

form ulations (2.6) , (2.9) .

Remark 2. The optimal stopping problem (2.2) is time-homogeneous, in the sense that at an y

time t , the next opp ortunit y of stopping will app ear after an exp onen tial time of rate � (due to

the memoryless prop ert y). Ho w ev er, it is in teresting to note that the discrete-time v ersion (2.6)

is not time-homogeneous since one can stop at an y n except n = 0. An analogous observ ation

applies to the stopping problem (2.8) . The discrete-time v ersion (2.9) is time-homogeneous, while

the con tin uous-time v ersion (2.8) is not, since at an y t exc ept t = 0 one has to w ait an exp onen tial

time for the stopping opp ortunit y to come.

Remark 3. One w ould naturally exp ect that the follo wing t w o equalities hold.

v

0

( x ) = max

�

( x � K )

+

; v ( x )

	

(2.10)

v ( x ) = E

x

Z

1

0

e

� r t

v

0

( S

t

) � �e

� �t

dt:(2.11)

The in tuition b ehind the t w o equalities is clear. The �rst equalit y sa ys that at t = 0, one can either

stop to get pa y o� ( x � K )

+

or con tin ue to get pa y o� v ( x ). Hence the v alue v

0

is the maxim um of

the t w o. As for the second equalit y , in the problem de�ning V one has to w ait an exp onen tial time,

and is then allo w ed to stop at an y of the follo wing P oisson jump times (including the �rst one).

Since the P oisson pro cess is indep enden t of the driving Bro wnian motion, this giv es the in tegral

represen tation for v in terms of v

0

. A detailed pro of is giv en in Theorem 2.
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3 V ariational Inequalit y and V eri�cation Theorem

Here w e consider the optimization problem (2.2) , that is,

v ( x )

�

= sup

� 2S

E

�

e

� r �

( S

�

� K )

+

�

�

S

0

= x

�

:

Let us pro ceed heuristically for a while. F rom no w on, w e will use L to denote the in�nitesimal

generator of the geometric Bro wnian motion S = ( S

t

; F

t

). Th us

(3.1)

�

L u

�

( x ) =

1

2

x

2

�

2

u

00

( x ) + bxu

0

( x ) ; 8 x � 0 :

It is natural to guess that the optimal strategy should tak e the follo wing form: try stopping whenev er

the state pro cess S exceeds some threshold x

�

> K , and con tin ue otherwise. In other w ords, the

optimal strategy should b e

�

�

�

= inf f T

n

: n � 1 ; S

T

n

� x

�

g :

If it is optimal to con tin ue when the state pro cess is b elo w x

�

, then w e w ould exp ect

(3.2) � r v + L v = 0 ; 8 x 2 (0 ; x

�

) :

When x > x

�

, ho w ev er, one cannot stop unless the P oisson pro cess N mak es a jump. Note that

in a small time in terv al of length dt , the P oisson pro cess has probabilit y � dt to mak e a jump, i.e.,

with probabilit y � dt the pro cess will b e stopp ed with a pa y o� x � K , and the pro cess will con tin ue

with probabilit y 1 � � dt . This formally suggests that for x > x

�

,

v ( x ) = � dt � ( x � K ) + (1 � � dt ) � E

h

e

� r � dt

v ( S

dt

) j S

0

= x

i

= � ( x � K ) dt + (1 � � dt ) [ v ( x ) + ( � r v + L v ) dt ]

= v ( x ) + ( � r v + L v ) dt + � � [( x � K ) � v ] dt;

whic h yields

(3.3) � r v + L v + � � [ ( x � K ) � v ] = 0 ; 8 x > x

�

:

Man y optimal stopping problems in con tin uous time yield a v alue function whic h is C

1

across the

optimal exercise b oundary (cf. Section 5). An in teresting observ ation here is that v is lik ely to

b e C

2

across x

�

. Indeed, w e exp ect that v ( x ) > ( x � K )

+

for all x < x

�

(otherwise, one should

try to stop instead of con tin uing), and similarly v ( x ) < ( x � K )

+

for all x > x

�

(here the strict

inequalit y follo ws from the fact that the decision mak er do es not ha v e total freedom and cannot

stop arbitrarily). If one b eliev es that the smo oth-�t principle still holds in this case (i.e. the v alue

function v is C

1

across the b oundary x = x

�

), then v ( x

�

) = x

�

� K , whic h in turn implies that v is

C

2

across the optimal exercise b oundary x

�

from equations (3.2) and (3.3) for v .

W e obtain the follo wing v ariational inequalit y from the preceding heuristic argumen t.
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V ariational Ine quality. Find a non-negativ e, t wice con tin uously di�eren tiable function V : R

+

!

R

+

, and a constan t x

�

> K , suc h that

V (0) = 0;(3.4)

V ( x

�

) � ( x

�

� K )

+

= 0;(3.5)

� r V + L V = 0; 0 � x < x

�

(3.6)

� r V + L V + � [( x � K ) � V ] = 0; x � x

�

(3.7)

V ( x ) � ( x � K )

+

> 0; 0 � x < x

�

(3.8)

V ( x ) � ( x � K )

+

< 0; x > x

�

:(3.9)

This v ariational inequalit y admits a unique solution that can b e calculated explicitly . It turns out

that the solution is indeed the v alue function and x

�

is indeed the optimal exercise b oundary .

W e ha v e the follo wing theorem.

Theorem 1. L et

�

V ( x ) ; x

�

�

b e the unique solution to the variation ine quality (3.4) { (3.9) , and let

v ( x )

:

= sup

� 2S

E

�

e

� r �

( S

�

� K )

+

�

�

S

0

= x

�

:

Then V ( x ) = v ( x ) for al l x 2 (0 ; 1 ) . F urthermor e, the fol lowing stopping time is optimal:

�

�

�

= inf f T

n

: n � 1 ; S

T

n

� x

�

g :

The rest of the section is dev oted to solving the v ariational inequalit y (3.4) {(3.9) and to pro ving

Theorem 1. W e ha v e to sho w that the solution

�

V ( x ) ; x

�

�

is unique, and that the conjectured

strategy is indeed optimal. The pro of also implies the follo wing result.

Theorem 2. The value function v

0

of the optimal stopping pr oblem (2.8) e quals

V

0

( x )

�

= max

�

( x � K )

+

; V ( x )

	

=

�

( x � K )

+

; x � x

�

V ( x ) ; 0 � x < x

�

;

and the optimal stopping p olicy is

�

�

0

�

= inf f T

n

: n � 0 ; S

T

n

� x

�

g :

F urthermor e,

v ( x ) = E

x

Z

1

0

e

� r t

v

0

( S

t

) � �e

� �t

dt:

3.1 Solution to the v ariational inequalit y

T o solv e the v ariational inequalit y (3.4) {(3.9) , w e �rst observ e that equation (3.6) implies

V ( x ) = A

+

x

�

+

+ A

�

x

�

�

; 0 � x < x

�

:

Here �

+

and �

�

are the t w o ro ots of the quadratic equation

f ( � )

:

=

1

2

�

2

+

�

b

�

2

�

1

2

�

� �

r

�

2

= 0 or �

�

=

�

1

2

�

b

�

2

�

�

s

�

1

2

�

b

�

2

�

2

+

2 r

�

2

:
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Since �

�

< 0, it follo ws from equation (3.4) that A

�

= 0. Hence, with A

�

= A

+

, �

�

= �

+

, w e ha v e

(3.10) V ( x ) = Ax

�

where � =

�

1

2

�

b

�

2

�

+

s

�

1

2

�

b

�

2

�

2

+

2 r

�

2

; 8 0 � x < x

�

:

F or x > x

�

, it is not di�cult to v erify that equation (3.7) implies that

V ( x ) = B

+

x

�

+

+ B

�

x

�

�

+

�

� + r � b

x �

�K

� + r

; 8 x > x

�

:

Here �

+

and �

�

are the t w o ro ots of quadratic equation

g ( � )

:

=

1

2

�

2

+

�

b

�

2

�

1

2

�

� �

� + r

�

2

= 0 or �

�

=

�

1

2

�

b

�

2

�

�

s

�

1

2

�

b

�

2

�

2

+

2( � + r )

�

2

:

Moreo v er, it is v ery easy to sho w that �

+

> 1 since r > b . Therefore, w e m ust ha v e B

+

= 0 from

equation (3.9) and the non-negativit y of V , whic h in turn implies that, with B

�

= B

�

and �

�

= �

�

,

(3.11)

V ( x ) = B x

�

+

�

� + r � b

x �

�K

� + r

with � =

�

1

2

�

b

�

2

�

�

s

�

1

2

�

b

�

2

�

2

+

2( � + r )

�

2

; 8 x > x

�

:

There are three unkno wns ( A; B ; x

�

). Ho w ev er, the con tin uit y of V ( x ) and V

0

( x ) across the optimal

exercise b oundary x

�

, as w ell as equation (3.5) , giv es that

V ( x

�

+) = V ( x

�

� ) = ( x

�

� K )

+

= x

�

� K ; V

0

( x

�

+) = V

0

( x

�

� ) :

Here w e ha v e used the assumption x

�

> K . Therefore

A ( x

�

)

�

= x

�

� K ;

B ( x

�

)

�

+

�

� + r � b

x

�

�

�K

� + r

= x

�

� K ;

� B ( x

�

)

� � 1

+

�

� + r � b

= �A ( x

�

)

� � 1

:

One can directly calculate the unique solution

(3.12) x

�

=

� �

r

� + r

�

� �

r � b

� + r � b

� �

�

� + r � b

� K ;

and that the pair of co e�cien ts ( A; B ) are determined b y

(3.13) A =

x

�

� K

( x

�

)

�

; B =

r � b

� + r � b

x

�

�

r

� + r

K

( x

�

)

�

:

W e ha v e the follo wing prop osition.

Prop osition 1. The p air

�

V ( x ) ; x

�

�

determine d by e quations (3.10) , (3.11) , (3.12) and (3.13) is

the unique solution to the variational ine quality (3.4) - (3.9) .
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Pr o of: W e �rst sho w that the optimal exercise b oundary satis�es x

�

> K , and A > 0 ; B > 0. It is

v ery easy to see that � > 1 and � < 0. Hence, the n umerator and denominator in equation (3.12)

are b oth p ositiv e since r > b . In particular, x

�

is p ositiv e. W e study the follo wing t w o cases.

1. Case b < 0 : It su�ces to sho w that

x

�

> K

�

hence, x

�

>

r

� + r

� + r � b

r � b

K

�

:

A bit of algebra sho ws that this is equiv alen t to the inequalit y � >

� + r

b

. Ho w ev er, since �

solv es the quadratic equation g ( � ) = 0, with

g

�

� + r

b

�

=

( � + r )( � + r � b )

2 b

2

> 0 ; g (0) = �

� + r

�

2

< 0 ;

the claim follo ws.

2. Case b � 0 : It su�ces to sho w that

x

�

>

r

� + r

� + r � b

r � b

K (hence, x

�

> K ) :

Elemen tary manipulations sho w that this is equiv alen t to the inequalit y � <

r

b

. Ho w ev er, �

solv es quadratic equation f ( � ) = 0, with

f

�

r

�

�

=

r ( r � b )

2 b

2

> 0 ; f (0) = �

r

�

2

< 0 ;

and the claim follo ws readily .

It remains to sho w that V is non-negativ e and the inequalities (3.8) , (3.9) hold. Ho w ev er, since

A > 0 ; � > 1 and B > 0 ; � < 0, it is easy to see that V is con v ex on in terv als [0 ; x

�

) and [ x

�

; 1 ),

resp ectiv ely . Since V is t wice con tin uously di�eren tiable, it m ust b e con v ex on the whole in terv al

[0 ; 1 ), and th us non-negativ e. It is easy to c hec k that

lim

x !1

V

0

( x ) = lim

x !1

�

� B x

� � 1

+

�

� + r � b

�

=

�

� + r � b

< 1 :

It follo ws that V

0

( x ) < 1 for all x 2 [0 ; 1 ), whic h in turn implies inequalities (3.8) and (3.9) with

the aid of equalit y (3.5) . 2

Remark 4. W e ha v e sho wn that V satis�es the follo wing dynamic programming equation

� r V + L V + � � max

�

( x � K )

+

� V ; 0

	

= 0 ; x 2 (0 ; 1 ) :

3.2 V eri�cation theorem

In this subsection, w e will sim ultaneously pro v e Theorems 1 and 2. Let

�

V ( x ) ; x

�

�

b e the unique

solution to the v ariational inequalit y (3.4) - (3.9) , and de�ne

V

0

( x ) = max

�

( x � K )

+

; V ( x )

	

=

�

( x � K )

+

; x � x

�

V ( x ) ; 0 � x < x

�

;

8



W e divide the pro of in to sev eral steps.

Step 1: W e �rst sho w the equalit y

(3.14) V ( x ) = E

x

Z

1

0

e

� r t

V

0

( S

t

) � �e

� �t

dt

holds. Indeed, it follo ws from Remark 4 that

� r V + L V + � � ( V

0

� V ) = � ( r + � ) V + L V + �V

0

� 0 :

Consider the pro cess M = ( M

t

; F

t

) where

M

T

�

= e

� ( r + � ) T

V ( S

T

) +

Z

T

0

�e

� ( r + � ) t

V

0

( S

t

) dt; T � 0 :

It follo ws from It^ o's rule that

M

T

= V ( x ) +

Z

T

0

e

� ( r + � ) t

[ � ( r + � ) V + L V + �V

0

] ( S

t

) dt +

Z

T

0

e

� ( r + � ) t

V

0

( S

t

) � bS

t

dW

t

= V ( x ) +

Z

T

0

e

� ( r + � ) t

V

0

( S

t

) � bS

t

dW

t

:

Since V

0

< 1 (see the pro of of Prop osition 1), it is not di�cult to v erify that the sto c hastic in tegral

de�nes a martingale, and therefore

V ( x ) = E

x

M

0

= E

x

M

T

= E

x

e

� ( r + � ) T

V ( S

T

) + E

x

Z

T

0

�e

� ( r + � ) t

V

0

( S

t

) dt; 8 T � 0 :

Ho w ev er, since there exists a constan t c suc h that V ( x ) � x + c for all x 2 [0 ; 1 ) and r > b ,

lim sup

T !1

E

x

e

� ( r + � ) T

V ( S

T

) � lim sup

T !1

E

x

h

e

� ( r + � ) T

( S

T

+ c )

i

= lim sup

T !1

e

� ( r + � ) T

( e

bT

+ c ) = 0 :

Letting T ! 1 , (3.14) follo ws from the monotone con v ergence theorem.

Step 2: Here w e sho w that v

0

( x ) = V

0

( x ) is the v alue function and �

�

0

de�nes an optimal stopping

strategy for the optimization problem (2.8) . First, it follo ws from Step 1 that

V

0

( x ) � V ( x ) =

Z

1

0

e

� r t

V

0

( S

t

) � �e

� �t

dt = E

x

e

� r U

V

0

( S

U

)

where U is an indep enden t exp onen tial random v ariable with rate � . This implies that the pro cess

�

e

� r T

n

V

0

( S

T

n

) ; G

n

�

is indeed a non-negativ e sup ermartingale. It follo ws from the optional sampling

theorem that

V

0

( x ) � E

x

�

e

� r T

N

V

0

( S

T

N

)

�

� E

x

�

e

� r T

N

( S

T

N

� K )

+

�

for all G -stopping times N . Hence, w e ha v e V

0

( x ) � v

0

( x ) after taking suprem um o v er N on the

righ t-hand side. It remains to sho w that

V

0

( x ) = E

x

h

e

� r �

�

0

( S

�

�

0

� K )

+

i

;
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where b y de�nition

�

�

0

= T

N

�

0

; with N

�

0

�

= inf f n � 0 : S

T

n

� x

�

g :

T o this end, it su�ces to sho w that the pro cess

Q

�

=

�

e

� r T

N

�

0

^ n

V

0

( S

T

N

�

0

^ n

); G

n

�

is a uniformly in tegrable martingale. Indeed, if this is true, then the optional sampling theorem

yields

V

0

( x ) = E

x

Q

N

�

0

= E

x

h

e

� r �

�

0

V

0

( S

�

�

0

)

i

= E

x

h

e

� r �

�

0

( S

�

�

0

� K )

+

i

:

The martingale prop et y is fairly easy to pro v e. F or n � 1, w e ha v e

E

�

Q

n

�

�

G

n � 1

�

= E

h

e

� r T

n

V

0

( S

T

n

) � 1

f N

�

0

� n g

�

�

G

n � 1

i

+

n � 1

X

i =0

E

h

e

� r T

i

V

0

( S

T

i

) � 1

f N

�

0

= i g

�

�

G

n � 1

i

= 1

f N

�

0

� n g

E

�

e

� r T

n

V

0

( S

T

n

)

�

�

G

n � 1

�

+

n � 1

X

i =0

e

� r T

i

V

0

( S

T

i

) � 1

f N

�

0

= i g

= 1

f N

�

0

� n g

e

� r T

n � 1

E

S

T

n � 1

e

� r U

V

0

( S

U

) +

n � 1

X

i =0

e

� r T

i

V

0

( S

T

i

) � 1

f N

�

0

= i g

= 1

f N

�

0

� n g

e

� r T

n � 1

V ( S

T

n � 1

) +

n � 1

X

i =0

e

� r T

i

V

0

( S

T

i

) � 1

f N

�

0

= i g

= 1

f N

�

0

� n g

e

� r T

n � 1

V

0

( S

T

n � 1

) +

n � 1

X

i =0

e

� r T

i

V

0

( S

T

i

) � 1

f N

�

0

= i g

= Q

n � 1

:

Here the third equalit y follo ws from the strong Mark o v prop ert y with U b eing an indep enden t

exp onen tial random v ariable of rate � . The fourth equalit y follo ws from Step 1 and the �fth

equalit y follo ws from the fact that on set f N

�

0

� n g w e ha v e S

T

n � 1

< x

�

, whic h implies that

V

0

( S

T

n � 1

) = V ( S

T

n � 1

) on this set b y the de�nition of V

0

.

In order to sho w that Q is uniformly in tegrable, it su�ces to sho w that sup

t � 0

e

� r t

V

0

( S

t

) is

in tegrable. Ho w ev er, since V

0

( x ) � x + c for some constan t c , w e only need to sho w that sup

t � 0

e

� r t

S

t

is in tegrable. Note that

sup

t � 0

e

� r t

S

t

= e

Y

; where Y

�

= sup

t � 0

�

� W

t

�

1

2

�

2

t + ( b � r ) t

�

:

The distribution of Y can b e found in standard textb o oks; e.g. [7 ]. W e ha v e

E

�

sup

t � 0

e

� r t

S

t

�

= 1 +

Z

1

0

e

y

P ( Y � y ) dy = 1 +

Z

y

0

e

y

e

2 y

�

(

b � r

�

�

�

2

)

dy = 1 +

�

2

2( r � b )

:

Step 3: Finally , w e sho w that v ( x ) = V ( x ) is the v alue function and �

�

de�nes an optimal stopping

strategy for the optimization problem (2.2) . Indeed, since

�

e

� r T

n

V

0

( S

T

n

) ; G

n

�

is a non-negativ e
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sup ermartingale (see Step 2), w e ha v e that, for all G -stopping times N � 1,

E

x

�

e

� r T

N

( S

T

N

� K )

+

�

� E

x

�

e

� r T

N

V

0

( S

T

N

)

�

� E

x

�

e

� r T

1

V

0

( S

T

1

)

�

= E

x

Z

1

0

e

� r t

V

0

( S

t

) � �e

� �t

dt

= V ( x ) :

T aking the suprem um o v er suc h N on the left-hand side, w e ha v e v ( x ) � V ( x ) for all x . It remains

to sho w that

V ( x ) = E

x

h

e

� r �

�

( S

�

�

� K )

+

i

:

Ho w ev er, b y conditioning on the �rst jump time T

1

, it follo ws from the strong Mark o v prop ert y

that

E

x

h

e

� r �

�

( S

�

�

� K )

+

i

=

Z

1

0

E

x

h

e

� r �

�

( S

�

�

� K )

+

�

�

T

1

= t

i

� �e

� �t

dt

= E

x

Z

1

0

e

� r t

E

S

t

h

e

� r �

�

0

( S

�

�

0

� K )

+

i

� �e

� �t

dt

= E

x

Z

1

0

e

� r t

V

0

( S

t

) � �e

� �t

dt

= V ( x ) :

This completes the pro of. 2

4 An Equiv alen t Sto c hastic Con trol F orm ulation

The optimal stopping problem (2.2) exhibits sev eral in teresting prop erties: (i) it is easy to obtain

the dynamic programming equation formally from the con tin uous-time v ersion ev en though the

underlying problems are essen tially discrete; (ii) the v alue function is C

2

; (iii) the v eri�cation

theorem is pro v ed b y in tro ducing the auxiliary optimal stopping problem (2.8) .

No w let us consider the problem (2.2) from the p oin t of view of sto c hastic con trol. A t an y time

t , the decision mak er has indeed t w o con trol strategies: either con tin ue or try stopping. Suc h an

strategy can b e represen ted b y a (con trol) pro cess with binary v alues. Hence w e can heuristically

translate the optimal stopping problem in to a sto c hastic con trol problem: supp ose that u = ( u

t

; F

t

)

is a con trol pro cess, with u

t

= 1 for trying to stop and u

t

= 0 for con tin uing. The ob jectiv e is to

maximize the asso ciated exp ected pa y o� b y judiciously c ho osing a con trol pro cess. The prop osed

con trol problem should p ossess the follo wing prop ert y: the v alue function should equal v , and the

optimal con trol pro cess should tak e form u

�

t

= 1

f S

t

� x

�

g

. (Note that for nondegenerate sto c hastic

optimal con trol problems it is often true that the v alue function is C

2

.)

Suc h a con trol problem exists and has a v ery clear in terpretation. De�ne the set of admissible

c ontr ols

A

�

= f u = ( u

t

; F

t

) : u is adapted, with u

t

= 0 or 1 g ;

and the asso ciate pa y o�

(4.1) J ( x ; u )

�

= E

x

Z

1

0

�u

t

e

� r t � �

R

t

0

u

s

ds

( S

t

� K )

+

dt:
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The ob jectiv e is to maximize the exp ected pa y o�

(4.2) �v ( x )

�

= sup

u 2A

J ( x ; u ) :

Remark 5. The sto c hastic con trol form ulation (4.1) , (4.2) is equiv alen t to the optimal stopping

problem (2.2) . Here is a heuristic argumen t. The con trol pro cess u = ( u

t

; F

t

) 2 A stands for a

stopping strategy , and the stopping will tak e place the �rst time that b oth u = 1 and the P oisson

pro cess mak es a jump. Let P

t

stands for the conditional probabilit y conditioning on F

t

, and let m

denote Leb esgue measure. Under the prop osed stopping strategy , w e ha v e formally

P

t

�

the stopping tak es place at time in terv al [ t; t + dt )

�

= P

t

�

u

t

= 1, a P oisson jump o ccurs at time in terv al [ t; t + dt )

�

� P

t

�

no P oisson jumps at time s , for all s 2 [0 ; t ) suc h that u

s

= 1

�

= u

t

� dt � e

� � � m ( f s 2 [0 ;t ): u

s

=1 g )

= u

t

� dt � e

� �

R

t

0

u

s

ds

:

Therefore the total exp ected pa y o� asso ciated with con trol p olicy u should b e

E

x

Z

1

0

e

� r t

( S

t

� K )

+

� P

t

�

the stopping tak es place at time in terv al [ t; t + dt )

�

;

whic h is exactly J ( x ; u ).

W e ha v e the follo wing result. Let v and x

�

denote the v alue function and optimal exercise

b oundary for problem (2.2) .

Theorem 3. �v ( x ) = v ( x ) for x 2 (0 ; 1 ) , and the optimal c ontr ol pr o c ess is given by u

�

= ( u

�

t

; F

t

) ,

with

u

�

t

�

= 1

f S

t

� x

�

g

:

Pr o of: W e �rst sho w that v ( x ) � �v ( x ). Consider an y admissible con trol p olicy u 2 A , and the

pro cess

X

t

�

= e

� r t � �

R

t

0

u

s

ds

v ( S

t

) ; t � 0 :

It follo ws from It^ o's form ula that for ev ery T � 0

X

T

= v ( x ) +

Z

T

0

e

� r t � �

R

t

0

u

s

ds

�

� �u

t

v � r v + L v

�

( S

t

) dt + M

T

;

where

M

T

�

=

Z

T

0

e

� r t � �

R

t

0

u

s

ds

v

0

( S

t

) � bS

t

dW

t

; T � 0 :

Since j v

0

( x ) j � 1 for x 2 (0 ; 1 ), M = ( M

t

; F

t

) is a martingale, and hence E

x

M

T

= 0. Also, since

� r v + L v � 0 (see Remark 4) and u

t

2 f 0 ; 1 g , w e ha v e

X

T

� v ( x ) +

Z

T

0

e

� r t � �

R

t

0

u

s

ds

u

t

�

� �v � r v + L v

�

( S

t

) dt + M

T

; 8 T � 0 :

Again it follo ws from Remark 4 that

� �v � r v + L v = � � max f ( x � K )

+

; V g � � � ( x � K )

+

;
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whic h implies that

X

T

� v ( x ) �

Z

T

0

e

� r t � �

R

t

0

u

s

ds

�u

t

( S

t

� K )

+

dt + M

T

; 8 T � 0 :

T aking exp ectation on b oth sides giv es

v ( x ) � E

x

Z

T

0

e

� r t � �

R

t

0

u

s

ds

�u

t

( S

t

� K )

+

dt + E

x

X

T

� E

x

Z

T

0

e

� r t � �

R

t

0

u

s

ds

�u

t

( S

t

� K )

+

dt; 8 T � 0 :

Letting T ! 1 , the monotone con v ergence theorem implies v ( x ) � J ( x ; u ). Since u is arbitrary ,

v ( x ) � �v ( x ).

It remains to sho w that v ( x ) � J ( x ; u

�

), whic h implies that v � �v . If this is true then v = �v ,

and u

�

is the optimal con trol. Observ e that (3.6) and (3.7) imply

�

� �u

�

t

v � r v + L v

�

( S

t

) = u

�

t

�

� �v � r v + L v

�

( S

t

) = � �u

�

t

( S

t

� K )

+

:

W e ha v e similarly

X

�

T

= v ( x ) �

Z

T

0

e

� r t � �

R

t

0

u

�

s

ds

�u

�

t

( S

t

� K )

+

dt + M

�

T

; 8 T � 0 ;

where X

�

and the martingale M

�

are de�ned as b efore with u

�

replacing u . W e ha v e sho wn

E

x

X

�

T

+

Z

T

0

e

� r t � �

R

t

0

u

�

s

ds

�u

�

t

( S

t

� K )

+

dt � v ( x ) :

No w let T ! 1 and observ e that for some constan t c ,

lim sup

T !1

E

x

X

�

T

� lim sup

T !1

E

x

e

� r T

v ( S

T

) � lim sup

T !1

E

x

e

� r T

( S

T

+ c ) = 0 :

The last equalit y follo ws since r > b . An application of the monotone con v ergence theorem giv es

v ( x ) � J ( x ; u

�

). 2

Remark 6. It is easy to see that Theorem 3 still holds if the set of admissible con trols is de�ned

as

A

�

= f u = ( u

t

; F

t

) : u is adapted, with u

t

2 [0 ; 1] g :

Remark 7. An in teresting question is whether suc h equiv alence results hold for general state

pro cesses and general pa y o� functions that do not dep end explicitely on the con trol. Although our

conjecture is a�rmativ e, w e lea v e this as an op en problem. A di�eren t generalization is to c harge

a cost during the times when assets are made a v ailable, i..e., there is a c harge at all times when the

con troller is activ ely \trying" to stop. Although this problem cannot b e form ulated as an optimal

stopping problem, it can b e form ulated as an extension of the sto c hastic con trol problem considered

in this section.

5 Asymptotics as � ! 1

A relev an t question for this form ulation is the follo wing: what is the cost of ha ving suc h constrain ts

on the stopping times? In other w ords, ho w do es this problem di�er from the classical con tin uous-

time optimal stopping, whic h can b e regarded as the limiting mo del when � ! 1 . F or the

con v enience of the reader, w e include a brief accoun t of the corresp onding con tin uous-time optimal

stopping problem, whose applications include the irrev ersible in v estmen t and p erp etual American

option pricing; see, e.g., [6, 9] for more details.
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5.1 Review of the irrev ersible in v estmen t problem

Let

�

S denote all F -stopping times taking v alues in [0 ; 1 ]. The optimal stopping problem under

consideration is

(5.1) W ( x )

�

= sup

� 2

�

S

E

�

e

� r �

( S

�

� K )

+

�

�

S

0

= x

�

:

It can b e sho wn that the optimal stopping time is

�

�

�

= inf f t � 0 : S

t

� x

�

0

g ;

for some x

�

0

> K . It can further b e sho wn that on the \con tin uation" region (0 ; x

�

0

), W satis�es

the equation

� r W + L W = 0 :

This implies W ( x ) = A

0

x

�

for some constan t A

0

, with � de�ned as in (3.10) . On the \stopping"

region [ x

�

0

; 1 ), w e ha v e

W ( x ) = ( x � K )

+

= x � K :

The unkno wn pair of constan ts ( A

0

; x

�

0

) can b e determined through the so-called smo oth-�t prin-

ciple , whic h asserts that the v alue function is C

1

across the optimal exercise b oundary x = x

�

0

. It

follo ws that

(5.2) W ( x ) =

�

A

0

x

�

; 0 < x < x

�

0

x � K ; x

�

0

� x

; where x

�

0

=

�

� � 1

K ; A

0

=

x

�

0

� K

( x

�

0

)

�

:

It is easy to see that W is only C

1

across the optimal exercise b oundary x = x

�

0

.

5.2 Asymptotics

Here w e study the asymptotics as � , the in tensit y of the signaling P oisson pro cess, go es to in�nit y

(or the mean in terjump time h = �

� 1

go es to zero). It is natural to exp ect that the v alue functions

and the optimal exercise b oundary for problem (2.2) approac h those of the corresp onding optimal

stopping problem (5.1) . In this section, w e will denote b y v

( h )

0

(resp., v

( h )

) the v alue function of

problem (2.8) (resp., (2.2) ), and the optimal exercise b oundaryb y x

�

h

.

The follo wing result sa ys that the v alue functions v

( h )

and v

( h )

0

con v erges to W with rate �

� 1

. In

other w ords, the cost of the constrain t on the stopping times is appro ximately �

� 1

times a constan t

when � is large enough. The optimal exercise b oundaries x

�

h

, ho w ev er, con v erge with rate

p

�

� 1

.

Theorem 4. L et h = �

� 1

b e the me an interjump time. The optimal exer cise b oundaries x

�

h

satisfy

x

�

h

= x

�

0

�

p

2

2

� x

�

0

�

p

h + o (

p

h ) :

The value functions v

( h )

0

and v

( h )

satisfy

v

( h )

0

( x ) = v

( h )

( x ) = W ( x ) �

1

4

� ( � � 1) �

2

W ( x ) � h + o ( h ) ; 8 0 < x < x

�

0
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and

v

( h )

0

( x ) = W ( x )

v

( h )

( x ) = W ( x ) +

�

K r � ( r � b ) x

�

h + o ( h ) ;

8 x > x

�

0

,

as wel l as

v

( h )

0

( x

�

0

) = W ( x

�

0

)

v

( h )

( x

�

0

) = W ( x

�

0

) + (1 � e

� 1

)

�

K r � ( r � b ) x

�

0

�

h + o ( h ) :

Remark 8. The expansion ab o v e is not uniform in x 2 (0 ; 1 ). An analogous uniform asymptotic

expansion can also b e obtained, and in fact follo ws from the same detailed calculations as those

giv en b elo w.

Pr o of of The or em 4: The pro of is straigh tforw ard computation. T o ease the notation, let �

�

=

p

h .

W e �rst establish the asymptotics of the optimal exercise b oundaries x

�

h

. Let �

h

denote the constan t

� in equation (3.11) , and let ( A

h

; B

h

) denote the constan ts in (3.13) (note that � do es not dep end

on h ). It follo ws from (3.12) that

x

�

h

=

� �

r �

1+ r �

2

( ��

h

)

� �

( r � b ) �

1+( r � b ) �

2

( ��

h

) �

1

1+( r � b ) �

2

� K :

Although �

h

! �1 as h ! 0, w e ha v e

��

h

=

p

h�

h

! �

p

2

�

as h ! 0 (or � ! 0) :

It follo ws that the denominator and n umerator in the expression for x

�

h

con v erge to � � 1 and �

resp ectiv ely , as h ! 0; in particular, x

�

h

! x

�

0

. Keeping in mind h = �

2

, it is easy to c hec k that

dx

�

h

d�

�

�

�

�

� =0

=

 

r

p

2

� ( � � 1)

�

�

p

2 ( r � b )

� ( � � 1)

2

!

� K =

p

2 ( �b � r ) K

� ( � � 1)

2

= �

p

2

2

�

2

� ( � � 1)

� ( � � 1)

2

K = �

p

2

2

� x

�

0

:

The third equalit y follo ws from f ( � ) = 0, with f de�ned as in Subsection 3.1, and the last equalit y

follo ws from (5.2) .

It remains to calculate the asymptotics of v

( h )

0

and v

( h )

. First observ e that x

�

h

� x

�

0

for all h > 0

since W ( x ) � v

( h )

0

( x ) > ( x � K )

+

for all x < x

�

h

. W e consider the follo wing three cases separately .

The case 0 < x < x

�

0

. Since x

�

h

! x

�

0

, w e can consider h small enough suc h that x < x

�

h

. It follo ws

that

v

( h )

0

( x ) = v

( h )

( x ) = A

h

x

�

; where A

h

=

x

�

h

� K

( x

�

h

)

�

from (3.13) :

It then follo ws from (5.2) that

dA

h

d�

�

�

�

�

� =0

= (1 � � )( x

�

h

)

� � � 1

�

x

�

h

�

�

� � 1

K

�

�

dx

�

h

d�

�

�

�

�

� =0

= 0
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and

d

2

A

h

d�

2

�

�

�

�

� =0

= (1 � � )( x

�

h

)

� � � 1

�

x

�

h

�

�

� � 1

K

�

�

d

2

x

�

h

d�

2

�

�

�

�

� =0

+ � ( � � 1)( x

�

h

)

� � � 2

�

x

�

h

�

� + 1

� � 1

K

�

�

�

dx

�

h

d�

�

2

�

�

�

�

�

� =0

= 0 + � ( � � 1)( x

�

0

)

� � � 2

�

x

�

0

�

� + 1

� � 1

K

�

�

 

�

p

2

2

� x

�

0

!

2

= �

1

2

�

2

( x

�

0

)

� �

�K = �

1

2

�

2

A

0

x

�

0

� K

�K = �

1

2

� ( � � 1) �

2

� A

0

:

The case x > x

�

0

. In this case, w e ha v e v

( h )

0

( x ) = W ( x ) = ( x � K )

+

= x � K , and

v

( h )

( x ) = B

h

x

�

h

+

1

1 + ( r � b ) h

x �

K

1 + r h

thanks to (3.11) . It su�ces to observ e that the term

0 � B

h

x

�

h

=

�

x

x

�

h

�

�

h

�

r � b

� + r � b

x

�

h

�

r

� + r

K

�

�

�

x

x

�

0

�

�

h

x

�

0

con v erges to zero exp onen tially fast since

p

h �

h

! �

p

2

�

.

The case x = x

�

0

. In this case, w e ha v e v

( h )

0

( x

�

0

) = W ( x

�

0

) = ( x

�

0

� K )

+

= x

�

0

� K , and

v

( h )

( x

�

0

) = B

h

( x

�

0

)

�

h

+

1

1 + ( r � b ) h

x

�

0

�

K

1 + r h

:

It remains to sho w that

B

h

( x

�

0

)

�

h

= e

� 1

[( r � b ) x

�

0

� K r ] h + o ( h ) :

Ho w ev er, it follo ws from the asymptotics of x

�

h

that

B

h

( x

�

0

)

�

h

=

�

x

�

h

x

�

0

�

� �

h

�

( r � b ) h

1 + ( r � b ) h

�

r h

1 + r h

K

�

=

"

1 �

p

2

2

�

p

h + o (

p

h )

#

� �

h

�

��

( r � b ) x

�

0

� K r

�

h + o ( h )

�

= e

� 1

�

( r � b ) x

�

0

� K r

�

h + o ( h );

here the last equalit y follo ws from

lim

h ! 0

p

2

2

�

p

h � �

h

=

p

2

2

� �

 

�

p

2

�

!

= � 1 :

This completes the pro of. 2
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6 Summary

In this pap er, w e ha v e considered a class of optimal stopping problems in whic h the decision mak er

do es not ha v e total freedom in c ho osing the stopping times. Instead, an uncon trolled exogenous

P oisson pro cess is in tro duced so that the stopping o ccurs only if the P oisson pro cess giv es a jump.

Di�eren t v alue functions are obtained, dep ending on whether stopping is allo w ed at time t = 0.

These t w o problems are v ery closely related. One problem (where no stopping is allo w ed at t = 0)

mak es it p ossible to obtain explicit solutions for b oth problems, while the other problem (where

one can stop at t = 0) helps in the pro of of the v eri�cation theorem. It is also in teresting to notice

that the t w o v alue functions are C

2

and C

0

across the optimal exercise b oundary , con tradicting the

usual C

1

�t for optimal stopping problems (smo oth-�t-principle). An equiv alen t sto c hastic con trol

form ulation for the �rst problem is discussed.

Also studied are the asymptotics of the constrained optimal stopping problem as the in tensit y

of the P oisson pro cess go es to in�nit y . W e �nd that the optimal exercise b oundary con v erges with

rate

p

�

� 1

, and the cost of the constrain t is of magnitude �

� 1

for large � .

References

[1] BA THER, J.A. & CHERNOFF, H. (1966) Sequen tial decisions in the con trol of a spaceship.

Pr o c. Fifth Berkeley Syp osium on Mathematic al Statistics and Pr ob ability 3 , 181-207.

[2] BENSOUSSAN, A. (1984) On the theory of option pricing. A cta Appl. Math. 2 , 139-158.

[3] BRENNAN, M.J. & SCHW AR TZ, E.S. (1985) Ev aluating natural rescource in v estmen ts.

Journal of Business 58 , 135-157.

[4] BR O ADIE, M. & GLASSERMAN, P . (1997) Pricing American-st yle securities using sim ula-

tion. J. Ec on. Dynam. Contr ol 21 , 1323-1352.

[5] BR

�

EMA UD, P . (1981) Point Pr o c esses and Queues: Martingale Dynamics. Springer-V erlag,

New Y ork.

[6] DIXIT, A.K. & PIND YCK, R.S. (1994) Investment under unc ertainty. Princeton Univ ersit y

Press.

[7] KARA TZAS, I. & SHREVE, S.E. (1991) Br ownian Motion and Sto chastic Calculus. Springer-

V erlag, New Y ork.

[8] JA CKA, S.D. (1991) Optimal stopping and the American put. Math. Financ e 1 , 1-14.

[9] McDONALD, R. & SIEGEL, D. (1986) The v alue of w aiting to in v est. Quarterly J. Ec on.

101 , 707-728.

[10] MER TON, R.C. (1990) Continuous-Time Financ e . Cam bridge-Oxford: Blac kw ell.

[11] MYNENI, R. (1992) The pricing of the American option. A nn. Appl. Pr ob ab. 2 , 1-23.

[12] R OGERS, L.C.G. (2000) A simple mo del of liquidit y e�ects. Submitte d for public ation .

17



[13] W ANG, H. (2001) Some con trol problems with random in terv en tion times. T o app ear in A dv.

Appl. Pr ob ab. 6 .

18


