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Abstract

Consider a system with a �xed n um b er ( K ) of remote units and a

single base transmitter with time v arying (and p erhaps correlated) con-

necting c hannels. Data to b e transmitted to the remote units arriv es

according to some random pro cess and is queued according to its desti-

nation. The uplink is treated, for sp eci�cit y . P o w er is to b e allo cated to

the K c hannels in a time v arying w a y . The mo deling and con trol problem

can b e quite di�cult. The c hannel time v ariations (fading) are fast and

the bandwidth and data arriv al rate are high. Owing to the complexit y

of the ph ysical problem and the high sp eed of b oth the fading and ar-

riv al and service rates, an asymptotic or a v eraging metho d is promising.

A hea vy tra�c analysis is done. By hea vy tra�c, w e mean that on the

a v erage there is little serv er idle time and little spare p o w er. Hea vy tra�c

analysis has b een v ery helpful in simplifying analysis of b oth con trolled

and uncon trolled problems in queueing and comm unications net w orks. It

tends to eliminate unessen tial detail and fo cus on the fundamen tal issues

of scaling and parametric dep endencies. A v ariet y of mo dels are consid-

ered. The basic mo del assumes that the c hannel state is kno wn or can

b e w ell estimated and that giv en the c hannel state there is a w ell de�ned

rate of transmission p er unit p o w er. Then con v ergence of the con trolled

scaled queue lengths is sho wn. The scaling is di�eren t from the usual

in hea vy tra�c w ork, and the limit Wiener pro cess dep ends only on the

c hannel state pro cess and not on the data arriv al pro cess. The appropriate

orders of reserv e p o w er and bu�er size is giv en as w ell as suggested p oli-

cies. The limit or appro ximating pro cess is a con trolled re
ected di�usion

�
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whic h is m uc h simpler than the original problem and facilitates under-

standing parametric dep endencies, solutions and stabilit y . There are new

issues in computing the re
ection direction. Additionally , a more general

mo del is considered, where kno wledge of the c hannel can b e sub ject to

random errors, dela ys and other p erturbations as w ell as p o w er sc hedul-

ing constrain ts. The metho ds of pro of and limit forms (hence the limit or

appro ximating con trol problems) are similar.

The analysis and results do not dep end on the details of co ding, mo d-

ulation or detection: These are represen ted b y the transmission rate

pro cesses. This pro cedure allo ws considerable generalit y as w ell as fo-

cusing on what is essen tial.

1 In tro duction: A Basic Mo del

W e consider the problem of mo deling and p o w er con trol for mobile systems with

time v arying c hannels, a sub ject with a rapidly gro wing literature: [11 , 13 , 27 ,

12 , 36 , 37 , 39 , 43 ] is only a small sampling. Man y curren t and prop osed systems

ha v e the abilit y to estimate the curren t c hannel states for the v arious users (sa y ,

b y p erio dically transmitting kno wn signals [40 ]). Man y metho ds (e.g., CDMA)

are designed to alleviate problems asso ciated with the time v arying c hannels,

but do not curren tly exploit (either partial or full) kno wledge of the c hannel.

Apart from [4], little has b een done concerning p o w er sc heduling and con trol

when the c hannel states are kno wn, either fully or partially . [The references

[12 , 36 ] do construct a con trol for the do wnlink via some information theoretic

b ounds.] The underlying con trol problem is to o complicated for a direct solu-

tion and appro ximation/asymptotic metho ds are promising. There are m ultiple

time scales: The rate of fading migh t b e man y times p er second. With wide

bandwidth, the data creation and service pro cesses are v ery fast. The scale of

the c hannel state v ariations are slo w er, but still \fast." The fast fading and wide

bandwidth suggest the use of an a v eraging or asymptotic metho d suc h as hea vy

tra�c appro ximation, whic h is the approac h to b e tak en here. In this case, b y

hea vy tra�c w e mean that the di�erence b et w een the true p o w er lev el and that

required for the mean 
o w is small; i.e, the system op erates close to capacit y .

Hea vy tra�c analysis has greatly simpli�ed the analysis and con trol of man y

t yp es of otherwise in tractable queueing and comm unications systems and it will

b e seen that it has considerable promise for the presen t class of problems as

w ell. The insigh ts and v alue of the obtained con trols often extend considerably

b ey ond the hea vy tra�c regime. See, for example, [6 , 10 , 22 , 23 , 29 , 30 ] or the

comprehensiv e exp osition [16 ]. Applications to comm unications theory are in

[2 , 3, 15 , 16 , 20 , 19 ], [21 , 32 , 33 ].

Suc h metho ds eliminate inessen tial detail, exp ose the basic parametric de-

p endencies, inform us ab out the correct bu�er scaling and reserv e p o w er lev els

for go o d p erformance, and allo w qualitativ e information to b e read o� from the

form of the limit or appro ximating con trol problem and its (con trolled) drift

and the v ariance of its noise terms. They also facilitate n umerical solution. It

will tell us ho w man y users can b e admitted, while still guaran teeing acceptable
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p erformance, with the curren t bu�er and p o w er lev els. It often tak es us to the

edge of what a system can handle.

W e will w ork with a set of canonical mo dels in whic h the details of co ding,

mo dulation, detection and deco ding are all im b edded in to the so-called c hannel

transmission rate pro cesses, on whic h the actual assumptions will b e made. I.e.,

w e do not need to sp ecify ho w the system op erates, whether TDMA, CDMA,

or otherwise. The transmission rates, whether deterministic or random, w ould

b e determined b y the c hannel capacities, etc., but it is not necessary to sp ecify

ho w the rates are determined. The c hannels c hange fast in real time but slo w in

relation to the data rates, so the co ding theorems can b e assumed to b e v alid, if

needed. It will b e seen that the approac h is v ery 
exible, can incorp orate man y

systems of curren t in terest, and facilitates analysis and insigh ts in to imp ortan t

dep endencies and scalings, without b eing directly concerned with the details of

suc h co ding, mo dulation, etc.

As usual in hea vy tra�c analysis, the system is im b edded in a parameterized

sequence indexed b y n , suc h that as n ! 1 the idle time go es to zero in an

appropriate w a y . In this case, the parameter n is determined b y the basic

transmitter sp eed and data arriv al rate of the system. The mean rates of arriv al

of data and service are O ( n ) : In applications, it is often the case that the hea vy

tra�c analysis yields excellen t predictions and con trols ev en far from the hea vy

tra�c regime. See, for example, [29 , 30 ]. This app ears to b e the �rst w ork on

hea vy tra�c analysis applied to systems with time v arying c hannels, and there

are some ma jor di�erences from other applications. The pap er concen trates

on the form ulations, justi�cation of the hea vy tra�c limits, discussion of the

issues and insigh ts, and deriv ation of ten tativ e con trol strategies. Except for

a few p oin ts whic h will b e discussed, tec hnical details of the w eak con v ergence

analysis are plausible in view of past w ork. The canonical path space is the

space of functions that are righ t con tin uous and ha v e left hand limits, with the

Sk oroho d top ology used [9], although this is not imp ortan t for an understanding

of the main p oin ts.

There is a single base station or �xed transmitter, and a �xed n um b er K of

remote units (sa y , mobiles) whose connections to the base station are via ran-

domly time v arying c hannels. Data, destined for the v arious individual remote

units and measured in cells of small size, arriv es at the base station according to

some random pro cess, and is queued according to its destination. The random

c hannel v ariations (fading) migh t b e correlated among the individual c hannels

or they migh t b e m utually indep enden t. W e are concerned with the assignmen t

of p o w er to the v arious queues on the uplink as w ell as understanding the de-

p endencies of the queue pro cess on the parameters and driving pro cesses. Let

j = 1 ; : : : ; J ; denote the p ossible states of the set of K c hannels. In this termi-

nology , eac h v alue of j sp eci�es the states of al l of the K c hannels, whic h is a

v ector with K comp onen ts. Th us, giv en the c hannel state j , the actual c hannel

to eac h source is kno wn.

V arious canonical mo dels will b e treated. W e start with a basic form in

whic h it is supp osed that the c hannel state is kno wn at eac h time, and it is v ery

close to the mo del whic h w as used in [4], in whic h the same assumption is made.

3



The basic canonical mo del also uses the assumption that giv en the c hannel state,

there is a w ell de�ned r ate p er unit of assigne d p ower at whic h data can b e

transmitted, and that assignmen t of p o w er can b e made con tin uously , as the

system ev olv es. The reference [4] impressiv ely demonstrated (via analysis and

sim ulation) the impro v emen ts in p erformance when the c hannel state is kno wn

and can b e used in the p o w er assignmen t, ev en under \practical" p erturbations.

The basic canonical mo del is describ ed in Section 2 and the scaling and ev o-

lution equations for the queues are dev elop ed in Section 3. Section 4 describ es

some of the imp ortan t issues asso ciated with the re
ection directions of the

limit or appro ximating mo del. Theorem 5.1 con tains the limit theorem for this

mo del. The theorem is follo w ed b y a discussion of some imp ortan t p oin ts. The

�rst p oin t concerns the determination of the re
ection directions for the limit

pro cess. F or the b oundary where queue i is empt y , this direction is determined

b y the p olicy of p o w er reallo cation (and its dep endence on the c hannel state)

from queue i to the other queues, as w ell as b y the relativ e amoun ts of time the

c hannel is in an y of its v arious states when queue i is empt y . This direction is

hard to determine in general but v arious observ ations are made whic h facilitate

getting useful appro ximations. F ollo wing this there is a discussion of alterna-

tiv e scalings, whic h increase the 
exibilit y of the metho d. Then the theorem is

discussed and it is seen that m uc h useful qualitativ e information can b e read o�

from the scalings and the form of the (con trolled) drift term and Wiener pro cess

co v ariance.

While the main fo cus is on the re
ected di�usion appro ximation, the 
uid

form of the limit is also in teresting and is brie
y discussed in Section 5 as w ell.

An in teresting v ariation of the 
uid mo del is where there are \impulsiv e" inputs

of data at random times. This leads to a jump pro cess driv en re
ected ODE

mo del, although the matter is not pursued here.

The a v eraging whic h is used to get the limit Wiener pro cess is that of the

p erturb ed test function metho d of [14 ]. This metho d is p o w erful enough to han-

dle all of the problem v ariations of in terest. Only a few details of the pro of are

giv en (in the app endix), since w e wish to fo cus on the mo deling and discussion.

Nev ertheless, giv en the con v ergence of the scaled e�ects of the c hannel pro cess

to a Wiener pro cess and a reasonable condition on the p o w er reallo cation on

the b oundaries, the pro of w ould b e similar to others in hea vy tra�c analysis.

W e do pro vide motiv ation for the con v ergence to the Wiener pro cess, ho w ev er.

The assumption that the c hannel state is kno wn p erfectly or can b e w ell es-

timated, is not essen tial to the metho d. There migh t b e errors in the estimation

of the c hannel state and the actual rate of transmission w ould in general b e a

random pro cess. These rate pro cesses represen t the details of the c hannel errors,

co ding, mo dulation, detection, etc. Also, due to practical considerations, one

migh t b e able to c hange the p o w er assignmen t only p erio dically . This also �ts

our sc heme, with an appropriate de�nition of the c hannel state pro cess. Suc h

p ossibilities are discussed in Section 6 and the basic limit theorem carries o v er.

Extensions suc h as these illustrate the great 
exibilit y of the approac h. The

form of the con trol problem and limit (i.e., the appro ximating) system is the

same in all cases, di�ering only in the co v ariance of the driving Wiener pro cess
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and the co e�cien ts of the con trols in the dynamics. The con trol problem is

discussed in Section 7, and the form of the heuristically obtained con trols is

discussed in Section 8.

Although the basic mo del of the pap er is concerned with the uplink (or

forwar d link) , from the base station to the remote or mobile units, and the

con trol mec hanism is the allo cation of a �xed amoun t of p o w er, the quan tit y

allo cated could b e time (as for example in TDMA) or a com bination of time

and p o w er, with a v ery similar analysis.

2 Mean Rates and Balance Equations: The Ba-

sic Mo del

Recall that the mean arriv al rate of data is O ( n ). F or the parameter n , let

L

n

( t ) 2 f 1 ; 2 ; :::; J g denote the c hannel state at time t . The c hannels c hange

at a rate O ( n

�

) for some � 2 (0 ; 1) : I.e., there is a pro cess L ( � ) suc h that

L

n

( t ) = L ( n

�

t ) : All rates are in real time. Common mo dels for the c hannel

are �nite state Mark o v c hains [4, 41 , 44 ]. F or the sak e of simplicit y , it will

b e supp osed that the c hannel pro cess is Mark o vian with constan t transition

rates and is stationary , although the general approac h allo ws c hannel pro cesses

of rather arbitrary mixing t yp e, pro vided only that the memory fades in an

\in tegrable w a y ." Let �( j ) > 0 ; j � J ; denote the stationary probabilities

for L ( � ). Note that the in terarriv al and service times rates are faster than

rate that the c hannel c hanges. Maxim um lik eliho o d, matc hed �lter tec hniques,

iden ti�cation metho ds for linear systems and the use of test sequences are all

p ossible metho ds for determining the c hannel state [1, 5 , 24 , 25 , 26 , 34 , 35 , 40 ].
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Figure 2.1. A comm unications system mo del; the uplink.

j denotes the state of all K individual c hannels.

Tw o mo dels of the data arriv al pro cess will b e used, the \random" and the

\
uid." F or the �rst, for eac h i � K , batc hes of data (comp osed of cells of

small size) arriv e at the base station queue assigned to destination (i.e., remote

or mobile unit) i according to a pro cess with mean rate n

�

�

a

i

, and will b e made
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more precise in the next section. The mean n um b er of cells in an arriving batc h

for queue i is

�

�

b

i

. Hence the mean rate of arriv al of cells to queue i is n

�

�

a

i

�

�

b

i

.

F or the 
uid arriv al mo del, the n um b er of cells arriving b y t is exactly (the

ab o v e mean) n

�

�

a

i

�

�

b

i

t , whether in tegral or fractional. The amoun t of real time

required for pro cessing of the w ork in an y batc h dep ends on the c hannel state

when those cells are transmitted. W e will use the de�nition

�

�

a

i

=

�

�

a

i

�

�

b

i

:

F or the basic mo del, there are kno wn n um b ers

�

�

d

i

( j ) suc h that when the

c hannel is in state j , the rate of transmission of cells to destination i p er unit of

assigned p o w er is assumed to b e n

�

�

d

i

( j ). These assumptions will b e w eak ened

in Section 6.

W e mak e the follo wing con v en tions concerning the a v ailable p o w er. The

a v ailable p o w er is divided in to t w o parts, a unit amoun t whic h is adequate for

the mean 
o w in the sense made precise b elo w, and a r eserve lev el whic h can b e

allo cated at will to con trol the queue 
uctuations due to the c hannel v ariations.

More precisely , it is assumed that w e ha v e �xed an a priori distribution of the

basic unit p o w er o v er the queues i � K for eac h c hannel state j � J and whic h

handles the a v erage load. In particular, there is an allo cation �p

i

( j ) to queue i

(when the c hannel state is j ) and tak en from the basic unit p o w er suc h that the

a v erage arriv al rate to eac h queue i equals the a v erage (o v er all c hannel states)

service rate in that

P

i

�p

i

( j ) = 1 for all j and

�

�

a

i

�

�

b

i

=

X

j

�

�

d

i

( j ) � p

i

( j )�( j ) =

�

�

a

i

: (2 : 1)

If the the equalit y = in (2.1) is replaced b y a strict inequalit y < for queue i , then

queue i can b e eliminated: W e need only concern ourselv es with the b ottlene ck

queues. The lev els �p

i

( j ) migh t b e c hosen sub ject to con tract, or c hosen in some

optimal w a y so as to get as man y units as p ossible in the system. See the

commen t at the end of the section.

F or a design parameter �u > 0, it is supp osed that the reserv e p o w er lev el

is �u=n

� = 2

, and this is split among the queues appropriately: I.e., there are

con trol functions u

i

( j; x ) � 0 suc h that

P

i

u

i

( j; x ) = �u , and the p o w er whic h is

allo cated to queue i when the c hannel state is j and the v ector (scaled) queue

state is x is �p

i

( j ) + u

i

( j; x ) =n

� = 2

: The v alue of �u is c hosen with the help of the

limit mo del, to assure the desired p erformance. Since the total p o w er is only

sligh tly greater (b y the reserv e p o w er lev el) than what is required for the a v erage

demand, the system is op erating in hea vy tra�c. In the giv en form ulation, a

small amoun t of the total p o w er is sub ject to con trol. But the basic p o w er lev els

�p

i

( j ) can b e reallo cated as w ell if needed (in whic h case, some of the u

i

( j; x )

will b e negativ e) and w e return to this p oin t in Section 8. The redistribution of

the p o w er assigned to a queue whic h is empt y will b e discussed b elo w. De�ne

b

i

( u; x ) = �

X

j

u

i

( j; x )

�

�

d

i

( j )�( j ) : (2 : 2)

This will b e the con trolled drift term for the limit mo del.
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Splitting the p o w er in to the t w o parts of (the unit and the reserv e) is just

a con v enience in the form ulation, to simplify the notation. It is a form of

normalization. It turns out that this system scaling and sizing and lev el of

reserv e p o w er is adequate for go o d b eha vior, as will b e seen from the hea vy

tra�c analysis, in particular from the fact that the scaled pro cesses con v erge.

This splitting of the p o w er is consisten t with the usual scaling in hea vy tra�c

analysis where the service rate equals the arriv al rate plus a small additional

capacit y . [Recall that, in the usual hea vy tra�c form ulation, the ratio of extra

capacit y to mean requiremen ts is O (1 =

p

n ).] The a v ailable lev els of p o w er and

mean arriv al and service rates could alw a ys b e scaled to conform to our form.

In particular, the system designer could allo w admissions of users un til the

total a v erage p o w er demand equaled a giv en p ercen tage of what w as a v ailable,

with the rest called reserv e p o w er, and a v ailable for distribution to help deal

with bursts, long queues or bad c hannel states. One of the b ene�ts of hea vy

tra�c analysis is the determination of the appropriate lev el of suc h \reserv e"

quan tities. Actually , the c hoice of the lev el of reserv e p o w er and scaling is

more 
exible than indicated here, and will b e discussed in the commen ts on

alternativ e scalings and the c hoice of the parameter n in Section 5. Also, the


uid scaling (Section 5) can b e used, and then the lev el of reserv e p o w er do es

not dep end on n .

On the c hoice of �p

i

( j ) and admission of additional users. Starting with

a system that is under used, one could admit new users or increase the allo w ed

arriv al rates of w ork for the curren t users un til it is no longer p ossible to meet

the mean demands with unit p o w er under an y allo cation. If there is a p o w er

allo cation �p

i

( j ) for whic h the equalit y in (2.1) is replaced b y � , and an inequalit y

is strict for some i 2 f 1 ; 2 ; :::; K g , then consider using the follo wing sc heme to

go v ern the admission of new users and optimize the allo cation. Cho ose w eigh ts

d

i

> 0. With the constrain ts

X

j

�

�

d

i

( j )�( j ) � p

i

( j ) =

�

�

a

i

+ �

i

; i � K ;

X

i

�p

i

( j ) = 1 ; j � J ;

maximize

P

i

d

i

�

i

; �

i

� 0. No w, w e can either admit additional users and reop-

timize or else increase the allo w ed mean rate of arriv al of w ork for queue i to

n [

�

�

a

i

+ �

i

].

3 The System Equations and Scaling: The Basic

Mo del

According to Theorem 5.1, the scaling is determined b y the c hannel state

pro cess, and not b y the arriv al or service pro cesses, con trary to the usual sit-

uation in hea vy tra�c analysis. De�ne 
 = 1 � � = 2. Let x

n

i

( t ) denote 1 =n
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times the n um b er of cells in queue i at time t , and let A

n

i

( t ) denote 1 =n




times

the n um b er that ha v e arriv ed b y time t . When a queue is empt y , its p o w er is

reassigned to other queues. Let D

n

i

( t ) denote 1 =n




times the n um b er of cells

that w ere sen t from queue i b y t , but not including the cells sen t with p o w er

reallo cated to queue i b ecause another queue w as empt y . Let y

n

k i

( t ) denote 1 =n




times the n um b er of cells that ha v e b een sen t from queue i b y t with the p o w er

that w as reassigned from k to i when k w as empt y . Then

x

n

i

( t ) = x

n

i

(0) + A

n

i

( t ) � D

n

i

( t ) �

X

k

y

n

k i

( t ) : (3 : 1)

W e can write

D

n

i

( t ) =

n

n




Z

t

0

�

d;n

i

( s ) p

n

i

( s ) I

f x

n

i

( s ) > 0 g

ds; (3 : 2)

where

�

d;n

i

( t ) p

n

i

( t ) =

X

j

I

f L

n

( t )= j g

�

�

d

i

( j )

�

�p

i

( j ) +

u

i

( j; x

n

( t ))

n

� = 2

�

: (3 : 3)

F actor D

n

i

( � ) in to simpler comp onen ts (whic h will b e martingale, re
ection and

con trol terms, resp.) as

D

n

i

( t ) = D

0 ;n

i

( t ) � y

n

i

( t ) +

Z

t

0

X

j

�

d

i

( j ) u

i

( j; x

n

( s )) ds; (3 : 4)

where

D

0 ;n

i

( t ) =

n

n




Z

t

0

X

j

I

f L

n

( s )= j g

�

�

d

i

( j ) � p

i

( j ) ds: (3 : 5)

De�ne the cen tered pro cess

M

d;n

i

( t ) = D

0 ;n

i

( t ) �

�

�

a

i

[ n=n




] t: (3 : 6)

De�ne the v ector M

d;n

( � ) = f M

d;n

i

( � ) ; i � K g . In Section 5, it will b e seen that

the martingale M

d;n

( � ) con v erges w eakly to a Wiener pro cess.

De�ne the idle time term when the c hannel state is j :

T

n

i

( j; t ) =

n

n




Z

t

0

I

f L

n

( s )= j g

I

f x

n

i

( s )=0 g

ds;

and de�ne T

n

i

( t ) =

P

j

T

n

i

( j; t ) : De�ne

y

n

i

( t ) =

X

j

�

�

d

i

( j ) � p

i

( j ) T

n

i

( j; t ) +

X

j

�

�

d

i

( j )

Z

t

0

u

i

( j; x

n

( s � ))

n

� = 2

dT

n

i

( j; s ) : (3 : 7)

This is the (scaled) n um b er of cells in queue i (whic h could b e fractional) that

could ha v e b een transmitted during times s 2 [0 ; t ] when x

n

i

( s ) = 0 had there

b een cells to transmit. If u

i

( j; � ) do es not dep end on x , then (3.3) simpli�es to

y

n

i

( t ) =

X

j

�

�

d

i

( j )

�

�p

i

( j ) +

u

i

( j )

n

� = 2

�

T

n

i

( j; t ) : (3 : 8)

8



No w, consider the \reallo cation" pro cesses y

n

k i

( t ) de�ned ab o v e. Let p

n

k i

( j; x )

denote the p o w er that is redistributed from the empt y queue k to queue i when

the c hannel state is j and x

n

( t ) = x . De�ne

y

n

k i

( j; t ) =

Z

t

0

�

�

d

i

( j ) p

n

k i

( j; x

n

( s )) dT

n

k

( j; s ) : (3 : 9)

This is the (scaled) n um b er of cells (whic h could b e fractional) from queue i

whic h are transmitted on [0 ; t ] due to the p o w er reallo cations from an empt y

queue k to queue i and when the c hannel state is j . W e ha v e ignored the

ev en t that queue i is empt y at the same time queue k is empt y . It turns out

that, in the limit, the probabilit y of this ev en t is zero and for simplicit y we

wil l ignor e the p ossibility of multiple empty queues. Then y

n

k i

( t ) =

P

j

y

n

k i

( j; t ).

If the reallo cations do not dep end on the state, then w e can write y

n

k i

( t ) =

P

j

�

�

d

i

( j ) p

n

k i

( j ) T

n

k

( j; t ) :

The v alue of p

n

k i

( j; x ) dep ends on the p olicy when a queue is empt y . F or

example, supp ose that the p o w er allo cated to a queue whic h is empt y is re-

distributed to the nonempt y queues in prop ortion to their allo cation when all

queues are non empt y . Then

p

n

k i

( j; x ) = p

k i

( j ) =

�p

i

( j )

P

l 6= k

�p

l

( j )

;

plus a correction due to the p ossibilit y that more than one queue is empt y at

t plus a correction due to the u � terms. The correction terms disapp ear in the

limit and for notational simplicit y they will b e ignored henceforth.

The arriv al pro cess. F or the 
uid arriv al mo del, cells arriv e con tin uously at

the mean rate and A

n

i

( t ) = [ n=n




]

�

�

a

i

t : Otherwise, use the follo wing general

and commonly used mo del. Let S

a;n

i

( t ) denote 1 =n times the n um b er of batc hes

that ha v e arriv ed to queue i b y time t .

De�ne �

a;n

i;l

suc h that �

a;n

i;l

=n; l = 1 ; : : : ; are the in terarriv al in terv als for the

batc hes in tended for queue i . Supp ose that there are constan ts

�

�

a

i

� 1 =

�

�

a

i

; and

�

�

b

i

(the ones used in (2.1)) suc h that the sequences of pro cesses de�ned b y

w

a;n

i

( t ) =

1

p

n

nt

X

l =1

"

1 �

�

a;n

i;l

�

�

a

i

#

(3 : 10)

and

w

b;n

i

( t ) =

1

p

n

nt

X

l =1

�

�

b

i;l

�

�

�

b

i

�

(3 : 11)

are tigh t in the Sk oroho d top ology . [This unrestrictiv e assumption is actually is

w eak er than the usual assumptions placed on the arriv al pro cess in hea vy tra�c

analysis.] It follo ws from the assumed tigh tness of (3.10) that S

a;n

i

( � ) is also

tigh t [17 ].

9



Expand the arriv al term in (3.1) as

A

n

i

( t ) = M

a;n

i

( t ) +

�

�

b

i

�

�

a

i

n




nS

a;n

i

( t )

X

l =1

�

a;n

i;l

; (3 : 12)

where

M

a;n

i

( t ) =

1

n




nS

a;n

i

( t )

X

l =1

�

�

b

i;l

�

�

�

b

i

�

+

�

�

b

i

n




nS

a;n

i

( t )

X

l =1

"

1 �

�

a;n

i;l

�

�

a

i

#

:

The sequence M

a;n

i

( t ) con v erges w eakly to the zero pro cess b y the tigh tness of

the pro cesses (3.10), (3.11) and S

a;n

i

( � ), and the fact that 
 > 0 : 5. The second

term on the righ t side of (3.12) can b e written as

�

�

b

i

�

�

a

i

n

n




[ t � �

n

( t )] : (3 : 13)

where �

n

( t ) is b ounded b y the in terarriv al in terv al whic h co v ers time t . Th us

�

n

( t ) is b ounded b y �

a;n

i;l

=n for l = nS

a;n

i

( t ) + 1 : Owing to the tigh tness of

the pro cesses (3.10), (3.11) and S

a;n

i

( � ), and the fact that 
 > 0 : 5 ; the term

[ n=n




] �

n

( t ) con v erges w eakly to zero and can b e ignored.

The system equations. Summarizing, w e ha v e the represen tation

x

n

i

( t ) = x

n

i

(0) + M

a;n

i

( t ) � M

d;n

i

( t ) �

Z

t

0

X

j

I

f L

n

( s )= j g

�

�

d

i

( j ) u

i

( j; x

n

( s )) ds + z

n

i

( t ) ;

(3 : 14)

where

z

n

i

( t ) = y

n

i

( t ) �

X

j ; k 6= i

y

n

k i

( j; t ) : (3 : 15)

Note that the re
ection term z

n

( � ) is not as simple as in the usual hea vy

tra�c mo dels. The direction on the b oundary face f x : x

i

= 0 g of the p ositiv e

orthan t [ I R

+

]

K

dep ends on the relativ e amoun t of time that the c hannel is in

eac h state while queue i is empt y , whic h is not easy to compute exactly in

general, and w e no w turn to this problem.

4 The Re
ection Pro cesses

The re
ection directions can sometimes b e computed exactly . In other cases,

upp er and lo w er b ounds can b e computed. The use of go o d feedbac k con trols

reduce the imp ortance of getting the directions precisely , since they tend to k eep

the pro cess a w a y from the b oundary , as seen in Section 8.

V arious p ossibilities for the re
ection (idle time) pro cess will b e discussed so

that the complexit y of the problem can b e seen. Then a reasonable assumption

10



will b e made, whic h will guaran tee that the idle time terms are asymptotically

con tin uous. On an in tersection of b oundary faces, the re
ection directions are

in the con v ex h ull of the directions on the adjoining faces.

Example 1. The simplest case is where the p o w er allo cated to a queue is

not reallo cated when the queue is empt y . While ine�cien t, suc h a pro cedure

migh t b e dictated b y practical design considerations. Then, on an y face of the

state space [ I R

+

]

K

where only one of the comp onen ts of x is zero, the re
ection

direction is normal to that face.

Example 2. Next, supp ose that the service rates do not dep end on the queue

so that

�

�

d

i

( j ) =

�

�

d

( j ) : Then, for a t w o dimensional case, the re
ection directions

are at 45

o

, as in Figure 4.1. The directions are those of the so-called pro cessor

sharing problem [8].

Example 3. F or the next t w o dimensional case, supp ose that there are only

t w o c hannel states and that

�

�

d

1

(2) >

�

�

d

2

(2) >

�

�

d

1

(1) =

�

�

d

2

(1) :

Supp ose that the arriv al rates and c hannel state pro cess are suc h that w e m ust

ha v e the allo cation �p

2

(2) = 1 and �p

1

(1) = 1 : In this example, ev en though

c hannel state 2 is \faster" for queue 1 than for queue 2, all p o w er during c hannel

state 2 m ust b e assigned to queue 2. Then the re
ection directions are de�ned

b y

(1 ; � 1) ; when x

1

= 0 ;

�

�

�

�

d

1

(2) ;

�

�

d

2

(2)

�

; when x

2

= 0 :

See Figure 4.2. This set of directions do not ha v e the imp ortan t \completely- S "

prop ert y . The so-called completely- S prop ert y is equiv alen t to there b eing a

v ector starting at the origin and p oin ting in to the in terior of [ I R

+

]

K

, and whic h

is in the con v ex h ull of all of the re
ection directions on the sides. The condition

is used in hea vy tra�c analysis to assure that the limits of the idle time terms

are w ell de�ned, con tin uous and of b ounded v ariation [7 , 16 , 18 , 31 ]. In fact,

if the angles in Figure 4.2 p oin t to o sharply to the origin, then x

n

( � ) will get

pushed there, where it will sta y , asymptotically [42 ].

These examples migh t not b e common in applications, but suc h p ossibili-

ties cannot b e ignored. F or the case of Figure 4.2, the completely-S prop ert y

failed for the reason that when queue 2 is empt y , the p o w er allo cated to it is

reallo cated to queue 1 and is used mor e e�ciently there since

�

�

d

1

(2) >

�

�

d

2

(2) :

More commonly , w e w ould exp ect that the c hannel states whic h tak e us to the

b oundary face, sa y where x

i

= 0, w ould more often b e \faster" c hannel states

for queue i than for the other queues. This w ould lead to the situation illus-

trated in Figure 4.3, where the completely-S prop ert y holds. Ho w ev er, there is

still no guaran tee that the re
ection directions are constan t on the op en faces

f x : x

i

= 0 ; x

k

> 0 ; k 6= i g .

11
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Figure 4.1. Re
ection directions in the fully symmetric case.

@

@R

H

H

H

H

H

HY

1

1

�

�

d

1

(2)

�

�

d

2

(2)

Figure 4.2. Re
ection at x

1

= 0 only if j = 1 : Re
ection at x

2

= 0 only if

j = 2.

Example 4. De�ne the e�e ctive service rate for queue i as

�

�

d

i

( j )[ � p

i

( j ) +

u

i

( j; x ) =n

� = 2

] ; the rate p er unit p o w er times the p o w er allo cated. Next, supp ose

that the individual c hannel pro cesses are m utually indep enden t and iden tically

distributed, the arriv al pro cesses are 
uid, and that there is no c hannel state in

whic h the data arriv al rate is exactly equal to the e�ectiv e service rate for an y

individual c hannel. Then a queue can b ecome empt y or remain empt y at an y

time t and c hannel state j only if the e�ectiv e service rate is higher than the

arriv al rate there. Then, the p o w er allo cated to queue i can only b e redistrib-

uted when its e�ectiv e service rate is \faster" than the a v erage, whic h equals

the mean data arriv al rate

�

�

a

i

.

But, o wing to the indep endence and the hea vy tra�c condition, the e�ectiv e

a v erage service rate of the other c hannels at those times has to b e lo w er. Equiv-

alen tly , the a v erage n um b er of cells that are transmitted from the non-empt y

queue due to the redistribution of p o w er is strictly less than the n um b er that

could ha v e b een transmitted from queue i had it not b een empt y . The asso ciated

re
ection directions are as in Figure 4.3, and ha v e the completely- S prop ert y .

Hence the idle time pro cesses ha v e w eak sense limits that are con tin uous and of

b ounded v ariation on an y �nite time in terv al.

12
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Figure 4.3. Reassigned p o w er is used less e�cien tly .

F rom the ab o v e examples, w e can see that the desired completely-S prop ert y

should hold under reasonable conditions, and it is not hard to list examples of

in terest where the re
ection directions ha v e this prop ert y and can b e iden ti�ed.

F or con v enience in the dev elopmen t, w e will use the follo wing assumption, whic h

is motiv ated b y the ab o v e discussion.

F or � > 0, a stopping time � and real s > 0, let B

�;n

i;� ;s

denote the set where

the n um b er sen t from queues k 6= i on [ � ; � + s ) with the p o w er reallo cated from

queue i , when it is empt y , is less than (1 � � ) times the additional n um b er that

could ha v e b een sen t from queue i during that time w ere queue i not empt y .

Then, for eac h i; s and t , it will b e assumed that

lim

n

sup

� � t

P

�

B

�;n

i;� ;s

	

= 1 : (4 : 1)

The condition is not unreasonable. But it m ust b e v eri�ed in individual

cases, and further commen ts app ear after Theorem 5.1.

5 The Con v ergence for the Basic Mo del

The main con v ergence results for the basic canonical mo del are in Theorem

5.1. F ollo wing the statemen t, a n um b er of p oin ts and issues are discussed.

The theorem, b y itself, do es not giv e a unique iden ti�cation of the re
ection

directions on eac h b oundary face. The determination of the directions can b e

done in some cases, and b ounds obtained in others, and this is discussed after

the theorem. When the directions cannot b e computed exactly , the b ounds

can pro vide useful estimates. If the estimate giv es re
ection directions that are

closer to the normals than the true ones, then they are said to b e conserv ativ e,

since it implies a less e�cien t reallo cation of p o w er from empt y queues, and

yields upp er b ounds to the mean queue lengths, etc. Con v ersely , if the angles

are further from the normal than the true ones, they yield optimistic estimates

of the queue lengths. These b ounds will still b e useful in applications.

F ollo wing the discussion of the re
ection terms w e discuss v arious in teresting

qualitativ e prop erties concerning the system that can b e read o� from the form

of the results. Then alternativ e scalings and lev els of reserv e p o w er are discussed.

These alternativ es broaden the scop e of the mo del.
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F ew details of pro of are giv en, since the basic ideas follo w kno wn lines and

w e do not w an t to encum b er the general discussion and prop erties with tec hnical

detail. V arious extensions are co v ered in the next section; e.g., random rates,

and constrain ts on the p o w er sc heduling times. The corresp onding results di�er

mainly in the form of the drift term b ( � ) and in the co v ariance of the limit Wiener

pro cess. Indeed, the broad conditions under whic h the v arious forms of M

d;n

( � )

can b e sho wn to con v erge to a Wiener pro cess with a computable co v ariance

are essen tial to the v alue of the approac h. In view of this, some bac kground

and motiv ation for the con v ergence to a Wiener pro cess (via the p erturb ed test

function metho ds of [14 ]) is giv en in the App endix to the pap er.

On u

i

( j; x ) and the co v ariance (5.1). If the individual c hannels for all of

the queues w ere iden tical, then the co v ariance de�ned b y (5.1) w ould not b e

p ositiv e de�nite. If set of individual c hannel pro cesses are not linearly dep en-

den t, then the co v ariance will b e p ositiv e de�nite. Th us, an assumption that

the co v ariance in (5.1) is p ositiv e de�nite is not restrictiv e. The adv an tage of

p ositiv e de�niteness is that it allo ws the con trol functions u

i

( j; x ) to b e simply

measurable functions of x that are con tin uous only almost ev erywhere with re-

sp ect to Leb esgue measure. This 
exibilit y is useful since w e do not kno w the

optimal form of the con trol a priori.

Theorem 5.1. Assume the c onditions of Se ction 2 on the p ower availability

on the channel and servic e pr o c esses, the c onditions of Se ction 3 on the arrival

pr o c esses, and (4.1). L et u

i

( j; x ) b e me asur able functions of x that ar e c ontin-

uous almost everywher e with r esp e ct to L eb esgue me asur e. L et x

n

(0) c onver ge

we akly to x (0) : Then M

a;n

i

( � ) ; i � K ; c onver ges we akly to the zer o pr o c ess,

and M

d;n

( � ) c onver ges we akly to a Wiener pr o c ess w ( � ) = f w

i

( � ) ; i � K g with

c ovarianc e

E w

i

(1) w

k

(1) =

2 E

2

4

X

j

I

f L (0)= j g

�

�

d

i

( j ) � p

i

( j ) �

�

�

a

i

3

5

Z

1

0

2

4

X

j

I

f L ( � )= j g

�

�

d

k

( j ) � p

k

( j ) �

�

�

a

k

3

5

d� ;

(5 : 1)

wher e the exp e ctation is taken for the stationary pr o c ess L ( � ) . Supp ose that the

c ovarianc e f w

i

(1) w

k

(1); i; k g is p ositive de�nite. If the channel pr o c esses for the

di�er ent states ar e mutual ly indep endent, then the c omp onents of the Wiener

pr o c ess ar e mutual ly indep endent: I.e., E w

i

(1) w

k

(1) = 0 for i 6= k . The set

�

x

n

i

( � ) ; M

d;n

i

( � ) ; T

n

i

( j; � ) ; y

n

i

( � ) ; y

n

ik

( � ) ; i; k � K ; j � J

�

c onver ges we akly to pr o c esses

( x

i

( � ) ; w

i

( � ) ; T

i

( j; � ) ; y

i

( � ) ; y

ik

( � ) ; i; k � K ; j � J )

which satisfy

x

i

( t ) = x

i

(0) + w

i

( t ) +

Z

t

0

b

i

( u; x ( s )) ds + z

i

( t ) ; (5 : 2)
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wher e b

i

( u; x ) = �

P

j

�

�

d

i

( j ) u

i

( j; x )�( j ) and

z

i

( t ) = y

i

( t ) �

X

k 6= i

y

k i

( t ) : (5 : 3)

The pr o c esses y

i

( � ) and y

ik

( � ) c an incr e ase only when x

i

( t ) = 0 and

y

i

( t ) =

X

j

�

�

d

i

( j ) � p

i

( j ) T

i

( j; t ) : (5 : 4)

The r epr esentation for y

ik

( � ) dep ends on the p ower r e al lo c ation p olicy when a

queue is empty. If the p

n

ik

( j; x ) = p

ik

( j; x ) , which ar e assume d to b e c ontinuous

functions of x , then

y

ik

( t ) =

X

j

Z

t

0

�

�

d

k

( j ) p

ik

( j; x ( s )) dT

i

( j; s ) ;

X

k 6= i

p

ik

( j; x ) = �p

i

( j ) : (5 : 5)

Commen ts on the re
ection terms and re
ection directions. In man y

cases there are simple represen tations of the re
ection terms. Consider the fol-

lo wing situations. The basic di�culties in determining the re
ection directions

stem from the man y p ossibilities for reallo cating p o w er when a queue is empt y .

Dep ending on practical details, the system manager migh t prefer to reallo cate

in a simple w a y . F or example, no reallo cation at all or reallo cate to some other

�xed giv en queue pro vided that it is not empt y . Suc h p ossibilities simplify the

problem of determining the direction. The follo wing additional examples assume

the 
uid arriv al mo del.

Example 1. There are t w o queues and t w o c hannel states with

�

�

d

1

(1) >

�

�

d

1

(2) ;

�

�

d

2

(2) >

�

�

d

2

(1) ;

�p

1

(1) > �p

1

(2) ; �p

2

(2) > �p

2

(1) :

(5 : 6)

Then

T

1

(1 ; � ) = T

1

( � ) ; T

2

(2 ; � ) = T

2

( � )

and

y

1

( t ) =

�

�

d

1

(1) � p

1

(1) T

1

( t ) ; y

12

( t ) =

�

�

d

2

(1) � p

1

(1) T

1

( t ) ;

y

2

( t ) =

�

�

d

2

(2) � p

2

(2) T

2

( t ) ; y

21

( t ) =

�

�

d

1

(2) � p

2

(2) T

2

( t ) :

(5 : 7)

from whic h the re
ection directions can b e obtained.

Example 2. No w supp ose that there are t w o queues and the c hannel pro cesses

for the individual queues are m utually indep enden t, where eac h individual c han-

nel has t w o states. Then the total c hannel pro cess has four states (11,12,21,22).

Consider the re
ections on the b oundary where x

1

= 0 ; x

2

> 0 : With an abuse of
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notation, w e can write

�

�

d

1

(11) =

�

�

d

1

(12) =

�

�

d

1

(1) and

�

�

d

2

(12) =

�

�

d

2

(22) =

�

�

d

2

(2) :

Similarly , w e de�ne

�

�

d

1

(2) and

�

�

d

2

(1) : Replace the assumption (5.6) with

�

�

d

1

(1) >

�

�

d

1

(2) ;

�

�

d

2

(2) >

�

�

d

2

(1) ;

�p

1

(11) > �p

1

(12) ; �p

2

(22) > �p

2

(12) ;

with the unlisted allo cations b eing zero. Then

y

1

( t ) =

�

�

d

1

(1) � p

1

(11) T

1

(11 ; t ) +

�

�

d

1

(1) � p

1

(12) T

1

(12 ; t ) ;

y

12

( t ) =

�

�

d

2

(1) � p

1

(11) T

1

(11 ; t ) +

�

�

d

2

(2) � p

1

(12) T

1

(12 ; t ) :

(5 : 8)

Let �

i

( j ) denote the stationary probabilit y that the c hannel state for queue i

is j and note that the ratio of the mean time in join t state state 11 to that in

join t state 12 is �

2

(1) = �

2

(2) :

The directions dep end on the ratio T

1

(11 ; t ) =T

1

(12 ; t ) whic h seems hard

to compute in general. But, sev eral helpful observ ations can b e made. If

�

�

d

1

(2) � p

1

(12) <

�

�

a

1

, then T

1

(12 ; � ) w ould not app ear in (5.8), and the direction

can b e immediately read o�. If

�

�

d

1

(2) � p

1

(12) >

�

�

a

1

, then the b oundary in ques-

tion can b e reac hed in b oth states 11 and 12. In general, it w ould app ear that

the b oundary in question is more lik ely to b e reac hed during the join t c hannel

state 1 j for whic h

�

�

d

1

(1) � p

1

(1 j )�

1

(1)�

2

( j ) (5 : 9)

is largest. By neglecting the T

1

(12 ; � ) in (5.8), w e get a conserv ativ e estimate.

Supp ose that the maximizer is j = 1 : Then replacing T

1

(11 ; t ) =T

1

(12 ; t ) b y

�

2

(1) = �

2

(2) yields an optimistic estimate (as de�ned in the b eginning of the

section); to o m uc h time on the b oundary is assumed to b e allo cated to state 12,

in whic h queue 2 uses the transferred p o w er more e�cien tly than it do es in state

11. In all cases, one m ust c hec k to see whether the directions are completely- S .

V arious in termediate estimates of the ratio T

1

(11 ; t ) =T

1

(12 ; t ) are p ossible. F or

example, one can compute the ratio of the a v erage times on the b oundary during

a particular so journ there giv en that it w as hit during the most lik ely state. One

can try to re�ne suc h estimates of the re
ection direction b y a more detailed

examination of the lo cal b eha vior near the b oundary or p erhaps b y sim ulation of

some ph ysical systems to get more detail on what to exp ect in general. Note that

the larger the v ariance of the Wiener pro cess, the more robust the n umerical

solutions will b e with resp ect to errors in the re
ection directions. Ho w ev er,

con trols of the t yp es in Sections 7 and 8 reduce the imp ortance of getting go o d

estimates of the re
ection directions, since they tend to force the path a w a y

from the b oundary .

Example 3: An alternativ e approac h. There is an alternativ e pro cedure for

p o w er reallo cation with whic h the re
ection terms can b e computed exactly and

whic h illustrates the in teraction b et w een the directions and the con trol. Retain

the assumptions used in Example 2. Supp ose that w e start to reallo cate p o w er

from queue i when is near zero (sa y at �x

i

> 0), but not necessarily exactly zero.

Let �g b e a large n um b er and let g

i

( � ) b e a con tin uous and strictly monotonic

16



(e.g., linear) function on [0 ; �x

i

], with g

i

(0) = 1 ; g

i

( � x

i

) = 0 : Let the p ercen tage

of allo cated p o w er whic h is reallo cated to the other queue b e �g g

i

( x

i

) =n

� = 2

(the

order of the reserv e p o w er), no matter what the c hannel state. Then, in the

limit, the reallo cation of p o w er from queue 1 yields an additional drift term

prop ortional to

�g g

1

( x

1

)

(

�

�

d

1

(1) � p

1

(11)�

2

(1) +

�

�

d

1

(1) � p

1

(12)�

2

(2)

� [

�

�

d

2

(1) � p

1

(11)�

2

(1) +

�

�

d

2

(2) � p

1

(12)�

2

(2)]

)

: (5 : 10)

Assume that the pair of directions whic h are determined b y this ratio and the

analogous one for queue 2 is completely- S . Equation (5.10) is an additional

con trol term. No w, let �g ! 1 and �x

i

! 0, so that this con trol term b ecomes a

b oundary re
ection (on the x

1

= 0 b oundary) whose direction is giv en b y the

v ector in (5.10).

Discussion of the theorem. As usual in hea vy tra�c w ork, the limit equa-

tions are simpler than the ph ysical mo del, and m uc h lo cal detail is a v eraged

out. The form of the drift and co v ariance in the theorem con tain m uc h useful

qualitativ e information. Supp ose that the c hannel in terv als increase (i.e., the

rates of c hange decrease) but the prop ortions of time in eac h state do not c hange

and � remains �xed. Then the drift term do es not c hange, but the v ariance of

the Wiener pro cess increases, since the correlation of the c hannel pro cesses in-

crease. Th us, longer p erio ds in v olv e more randomness ev en though they in v olv e

greater \lo cal" predictabilit y , a result that is not a priori ob vious. The random

v ariations in the arriv al pro cess do not a�ect the limit. The only randomness

in the limit is due to the c hannel pro cess, whic h dominates o wing to the scaling

that it determines. The v alue of � do es not a�ect the drift or co v ariance. It

a�ects only the scaling, the required bu�er sizes and the required reserv e p o w er

lev els.

Since the queue sizes are measured in terms of the scale 1 =n

1 � � = 2

, as �

decreases the mean queue sizes gro w and the necessary reserv e capacit y also

gro ws. This is not surprising since for an y queue i , the asso ciated c hannel will

b e in the \slo w" states for longer p erio ds b efore switc hing to a\fast" state.

Otherwise said, The unscaled queue size will build up for a longer p erio d of

time when the c hannel is \slo w" and drop for a longer p erio d of time when it is

\fast," lea ving us with greater 
uctuations in the size, hence larger bu�ers are

required. The hea vy tra�c limit is a w a y of quan tifying this fact.

The results also quan tify the gains in throughput and the reduction in dela y

that are ac hiev able when the c hannel is kno wn, in comparison with the alterna-

tiv e that do es not estimate the state, but simply co des for the random c hannel

pro cess, since then 1 =n times the a v erage rate of transmission will b e smaller

than the v alue of the sum in (2.1).

There do es not seem to b e a usable w orkload form ulation that migh t reduce

the dimension.

The form (5.1) holds for non Mark o vian c hannel state pro cesses, pro vided

that the \memory" decreases fast enough.
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The 
uid limit mo del. Supp ose that w e scale b y 1 =n in lieu of 1 =n

1 � � = 2

:

De�ne �x

n

( t ) to b e 1 =n times the n um b er of cells in queue i at t , and de�ne

the other barred quan tities

�

T

n

i

( j; � ) ; etc., similarly . Let �x

n

(0) con v erge w eakly

to �x (0) : Let the total p o w er b e 1 + �u , where w e do not scale the reserv e p o w er

with n . Then Theorem 5.1 holds, with the w ( � ) dropp ed and �x ( � ) replacing x ( � ) ;

etc. The 
uid scaling a v erages out all of the random 
uctuations. It presen ts

alternativ e con trol problems. F or example, c ho ose the u

i

( j; x ) so that the queues

are emptied as fast as p ossible.

Alternativ e scalings, reserv e lev els and the c hoice of the parameter

n . In the scaling used so far, time w as not rescaled but the queue con ten t w as

scaled b y 1 =n




. This scaling determined the lev el and n � dep endence of the

reserv e p o w er �u=n

� = 2

. In an application, the basic data rate n is giv en, as is the

c hannel state pro cess L

n

( � ) and its \rate" n

�

, whic h determines the parameter

� , once n is giv en. Then �u is c hosen as a design parameter to ac hiev e the desired

p erformance. Without the reserv e p o w er, the scaled queues will not b e stable

but will drift slo wly to in�nit y as a re
ected random w alk without drift.

There is a tradeo� b et w een the lev el of reserv e p o w er and the required bu�er

sizes. With the scaling that w as used, the reserv e p o w er lev el implied a bu�er of

the order of n

1 � � = 2

: If w e allo w time to b e scaled as w ell as the queue con ten t,

then the reserv e p o w er lev el can decrease faster with n , but the required bu�er

sizes will gro w. These v arious alternativ e scalings illustrate the v ersatilit y of

the o v erall approac h.

The pro cedure w orks as follo ws. F or some � > 0 suc h that � + � < 1, let the

lev el of the reserv e p o w er b e �u =n

( � + � ) = 2

: Let x

n

i

( t ) b e rede�ned to denote the

numb er of c el ls in queue i at r e al time n

�

t divide d by n

�

; where � = 1 + ( � � � ) = 2 :

Th us, if � = 0, w e return to the original scaling. Rede�ne A

n

i

( t ), D

n

i

( t ), y

n

i

( t ),

etc., b y rescaling analogously . No w, w e can write

D

n

i

( t ) =

n

n

�

X

j

Z

n

�

t

0

I

f L ( n

�

s )= j g

�

�

d

i

( j )

�

�p

i

( j ) +

u

i

( j; x

n

( n

� �

s ))

n

( � + � ) = 2

�

ds

On c hanging v ariables s ! n

�

v , this b ecomes

n

( � + � ) = 2

X

j

Z

t

0

I

f L ( n

� + �

s )= j g

�

�p

i

( j ) +

u

i

( j; x

n

( s ))

n

( � + � ) = 2

�

ds:

The rest of the dev elopmen t is the same as for Theorem 5.1. Neither the

v ariance of the limit Wiener pro cess nor the drift (con trol) term ha v e c hanged.

But w e ha v e traded a smaller order of the reserv e p o w er lev el for larger bu�ers

and (unscaled) queue sizes. In particular, the asso ciated unscaled queue sizes

and order of the required bu�ers) is O ( n

1+( � � � ) = 2

). The illustrated tradeo�s

b et w een the lev el of reserv e p o w er and the queue and bu�er sizes are quite

natural. If � > � , then on the a v erage, the (unscaled) bu�er w ould con tain

more than the mean n um b er of arriv als p er second. As noted ab o v e, under the


uid scaling the reserv e p o w er w ould not b e scaled with n . The problem of

selecting the appropriate scaling needs further w ork.
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An example of the alternativ e scaling. In applications of hea vy tra�c

analysis, there is alw a ys the question of ho w large the parameter n m ust b e

for the asymptotic results to b e useful. The 
exibilit y of the scaling as just

illustrated facilitates dealing with this question. Consider a particular example

where n = 10

6

; n

�

= 10 ; (all p er second) so that � = 1 = 6. Supp ose that w e

w an t a reserv e p o w er of ab out 5%. Then c ho ose �u suc h that �u=n

1 = 12

= : 05 ; or

�u � : 158 : No w consider an alternativ e scaling where time is rescaled as w ell.

Then for the particular giv en n , w e still w an t the same lev el of reserv e p o w er,

namely �u=n

( � + � ) = 2

= : 05 : Let us arbitrarily set �u = 1 : Then � � 0 : 267 :

Remarks on the pro of of Theorem 5.1. Since 
 = 1 � � = 2 > : 5 ; and

w

a;n

i

( � ) is assumed to b e tigh t (see Section 3), M

a;n

i

( � ) m ust con v erge w eakly to

the \zero" pro cess. Then the main issues are the con v ergence of M

d;n

( � ) and

R

t

0

�

d;n

i

( s ) u

n

( s ) ds and the follo wing remarks will b e con�ned to these matters.

With the de�nitions

�

i

( t ) =

X

j

I

f L ( t )= j g

�

�

d

i

( j ) � p

i

( j ) �

�

�

a

i

; �

n

i

( t ) = �

i

( n

�

t ) ;

w e can write

M

d;n

i

( t ) = n

� = 2

Z

t

0

�

i

( n

�

s ) ds: (5 : 11)

Under our conditions on the c hannel pro cess (in particular the exp onen tial rate

of con v ergence of P f L ( t ) = j j L (0) g to its stationary v alue �( j )), and the form

(5.10), [14 , Theorem 11, Chapter 5] implies that M

d;n

( � ) con v erges w eakly to a

Wiener pro cess with the asserted co v ariance. The same theorem sho ws that the

drift term con v erges w eakly to its mean. See the App endix for a motiv ational

discussion of the con v ergence to the Wiener pro cess.

6 Errors in Estimating the Channel and in T rans-

mission: Random Rate Pro cesses

Up to no w it has b een assumed that the c hannel states are kno wn, or at least

kno wn w ell enough, so that little throughput is lost due the residual uncertain t y .

It w as also assumed that, giv en the queue and c hannel state, there w as a unique

deterministic rate of transmission of cells whic h could b e determined and w as

prop ortional to the assigned p o w er. The details of the co ding, mo dulation,

detecting and deco ding w ere not needed. These could actually dep end on the

queue and c hannel state, pro vided only that the transmission rate could b e

determined. Those rates w ere then used in the balance equation (2.1) or in

the equiv alen t for the 
uid arriv al pro cess. Whether or not the co ding and

mo dulation, etc., whic h are c hosen are the b est of all p ossibilities is irrelev an t.

The extensions discussed b elo w are illustrativ e of the p ossibilities and broad

scop e of the o v erall approac h.
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W e will consider situations where the c hannel is not kno wn exactly , the

transmission rate is random due to factors concerning the c hannel noise, detec-

tion or deco ding sc hemes, or where there are constrain ts on the sc heduling of

the reserv e p o w er. A nearly iden tical analysis can still b e used, but the scaled

instan taneous transmission rates p er unit of assigned p o w er are random pro cess

and not the

�

�

d

i

( j ) ; as previously .

Constan t sc heduling in terv als: Random rates. Consider the case where

the actual c hannel state is reestimated and kno wn exactly only ev ery �

s;n

=

c=n

�

units of real time, where c is a constan t. Ob viously , the in terv als b et w een

reestimations m ust b e of the order of the c hannel in terv als themselv es. The

p o w er allo cation (b oth basic and reserv e) is assumed to b e constan t on the

in terv als [ l �

s;n

; l �

s;n

+ �

n;s

) ; l = 0 ; 1 ; : : : . The true c hannel pro cess L

n

( � ) will

not b e constan t on all of the in terv als [ l �

s;n

; l �

s;n

+ �

s;n

), whic h will lead to

a random rate. The randomness migh t b e simply due to the fact that the true

c hannel state can c hange in the midst of a sc heduling in terv al or it migh t b e due

to c hannel noise induced errors, etc. This mo del can b e incorp orated in to the

o v erall sc heme with Theorem 5.1 still holding, with an appropriate de�nition of

terms and p ossible enlargemen t of the c hannel state space, as will no w b e seen.

Let cnR

i;m

( j ) =n

�

denote the unscaled actual n um b er transmitted from queue

i on the m � th sc heduling in terv al (random rate times the duration of the in ter-

v al) and let them b e indep enden t in i; m , conditioned on the c hannel states at

all times m �

s;n

: This conditional indep endence is not unreasonable, since the

c hannel states at the b eginning of the sc heduling in terv als are kno wn. Theorem

5.1 still holds. The pro of of the con v ergence to a Wiener pro cess is a little

more complicated but the outline is similar and the a v eraging metho ds of [14 ]

can still b e used. Let

�

�

d

i

( j ) denote the exp ectation of R

i;m

( j ) giv en that the

state is j at the b eginning of the m � th in terv al. Because of the resc heduling

at discrete instan ts, it is more con v enien t to w ork in discrete time. The mean

balance equation is still (2.1). The co v ariance of the limit Wiener pro cess can

b e written as (the exp ectation is o v er the stationary pro cess)

E w

i

(1) w

k

(1) =

1

c

E

2

4

X

j

I

f L (0)= j g

cR

i; 0

( j ) � p

i

( j ) � c

�

�

a

i

3

5

�

1

X

m = �1

2

4

X

j

I

f L ( mc )= j g

cR

k ;m

( j ) � p

k

( j ) � c

�

�

a

k

3

5

(6 : 1)

Again, w e ha v e im b edded the details of the co ding and mo dulation in to the

general assumption on the rate p er unit p o w er. This rate, if it exists, m ust b e

determined in an y sp eci�c application. But, whatev er the rate pro cesses are,

random or not, they are the k ey elemen ts of the limit results and, giv en that,

the results are indep enden t of other details of the application. This enables

man y general qualitativ e results to b e read o� (from, sa y , the relativ e v alues of

the co v ariance or the drift) or computed.
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P artially kno wn c hannel state. No w, extend the analysis in the last para-

graph b y supp osing that the c hannel state is not kno wn precisely . The v ari-

ous sc hemes for iden tifying the c hannel, whether based on the transmission of

kno wn test data sequences, maxim um lik eliho o d, minim um mean square error or

matc hed �lter tec hniques [1 , 5 , 24 , 25 , 26 , 34 , 35 , 40 ], migh t or migh t not trac k

the c hannel state v ery w ell. Then the co ding and mo dulation sc heme migh t

b e based on the assumption that the curren t estimate of the c hannel state is

correct, or it migh t try to accoun t for the errors in the estimation. Either w a y ,

there are t w o t yp es of errors. First, the c hannel migh t b e assumed to b e b etter

than it is, in whic h case part of the data will ha v e to b e retransmitted. Or,

the c hannel migh t b e assumed to b e w orse than it is, in whic h case there is an

\opp ortunit y loss."

T o illustrate the p ossibilities within our framew ork, let us supp ose that the

actual unscaled n um b er of cells transmitted p er unit p o w er from queue i in the

m � th sc heduling in terv al can b e written as ncR

i;m

( j; j

0

) =n

�

, where j denotes

the true c hannel state at the start of the in terv al and j

0

its estimate. The

assigned p o w er dep ends on j

0

. Supp ose that the R

i;m

( j; j

0

) are m utually in-

dep enden t, conditioned on kno wing b oth the true and estimated states at the

b eginning of all of the sc heduling in terv als. This is not unreasonable if the

co ding dep ended on the estimate, since the errors w ould dep end on the true

c hannel. W e need a la w of ev olution of the pair (true c hannel state, estimated

c hannel state). Supp ose that this pair ev olv es as a Mark o v pro cess with a sta-

tionary transition function and a unique in v arian t measure. Let �( j; j

0

) denote

the stationary probabilities and de�ne

�

�

d

i

( j; j

0

) = E [ R

i; 1

( j; j

0

) j j; j

0

] : Then the

mean balance equation (2.1) b ecomes

�

�

a

i

=

X

j;j

0

�

�

d

i

( j; j

0

) � p

i

( j

0

)�( j; j

0

) : (6 : 2)

The metho d of estimation is buried in the rate pro cess. The drift (con trol) term

is

b ( u; x ) = �

X

j;j

0

�

�

d

i

( j; j

0

)�( j; j

0

) u

i

( j

0

; x ) : (6 : 3)

The co v ariance of the Wiener pro cess is

E w

i

(1) w

k

(1) =

1

c

E

2

4

X

j;j

0

I

f L (0)= j;L

0

(0)= j

0

g

cR

i; 0

( j; j

0

) � p

i

( j ) � c

�

�

a

i

3

5

�

1

X

m = �1

2

4

X

j;j

0

I

f L ( mc )= j;L

0

( mc )= j

0

g

cR

k ;m

( j; j

0

) � p

k

( j

0

) � c

�

�

a

k

3

5

(6 : 4)

Note that the con trol problem is the same for all limit cases, despite the great

di�erence in the ph ysical problems.

Nonlinear transmission rates. Up to this p oin t in the pap er, it w as assumed

that the transmission rate for an y queue and c hannel state is prop ortional to the
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allo cated p o w er. If the deco ding is bit b y bit and a maxim um lik eliho o d metho d

is used, then with standard Gaussian noise assumptions, [38 ] giv es b ounds on

the probabilit y of error. These b ounds dep end on the allo cated p o w er.

In general, the rate of transmission for an y (queue, c hannel state) migh t

dep end nonlinearly on the assigned p o w er. This p ossibilit y is readily incorp o-

rated in to the general mo del with either a deterministic or a random rate and

only a few commen ts will b e made. Consider the setup of the �rst extension,

where the c hannel state is kno wn at the b eginning of eac h sc heduling in ter-

v al. Let cnR

i;m

( j; p

i

( j )) =n

�

denote the actual n um b er transmitted from queue

i during the m � th sc heduling in terv al, when the assigned p o w er is p

i

( j ). De�ne

�

�

d

i

( j; p

i

( j )) = E [ R

i; 1

( j; p

i

( j )) j j ] : Under appropriate smo othness assumptions on

the rates as a function of the assigned p o w er, the balance equation (2.1) is

replaced b y the new v alue

�

�

a

i

=

X

j

�

�

d

i

( j; �p

i

( j ))�( j ) : (6 : 5)

The drift function b

i

( u; x ) b ecomes

b

i

( u; x ) = �

X

j

_

�

�

d

i

( j; �p

i

( j ))�( j ) u

i

( j; x ) ; (6 : 6)

where the dot denotes the deriv ativ e with resp ect to the p � argumen t. F or the

co v ariance of the Wiener pro cess, just use the new R

i;m

( j; �p

i

( j )) in (6.1).

7 The Con trol Problem

Return to the basic problem of Theorem 5.1. As noted, the limit equations are

the same for the extensions in the last section, so all of the remarks in this and

in the next section will hold for these cases as w ell. Recall the de�nition of the

con trolled drift term:

b

i

( u; x ) = �

X

j

�

�

d

i

( j )�( j ) u

i

( j; x ) ; (7 : 1)

with

P

i

u

i

( j; x ) = �u . Consider (formally) a discoun ted cost problem with run-

ning cost rate k ( x ), small discoun t factor � > 0 and let f a

ij

; i; j g denote the

co v ariance matrix of w (1). Supp ose that the p o w er reallo cation where some

queue is empt y is �xed and not sub ject to con trol. Then, for x not on the

b oundary , the Bellman equation is

1

2

P

i;j

a

ij

V

x

i

x

j

( x ) � � V ( x ) + k ( x )

� max

f u

i

( j;x ); i;j g

8

<

:

X

i

V

x

i

( x )

2

4

X

j

�

�

d

i

( j )�( j ) u

i

( j; x )

3

5

9

=

;

= 0 ;

(7 : 2)
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where max is used o wing to the min us sign. The maximization is sub ject to the

constrain ts on f u

i

( j; x ) g , namely that they are nonnegativ e and

P

i

u

i

( j; x ) = �u .

The maximized term can b e written as

X

j

max

f u

i

( j;x ) ;i g

�( j )

"

X

i

V

x

i

( x )

�

�

d

i

( j ) u

i

( j; x )

#

: (7 : 3)

Clearly , for eac h j and x , u

i

( j; x ) = �u for the i whic h is the maximizer (if unique,

otherwise select among the maximizers in an y w a y at all) in

max

i

V

x

i

( x )

�

�

d

i

( j ) : (7 : 4)

No w, supp ose that w e allo w reallo cation of some of the unit p o w er as w ell. In

particular, for giv en u

0

> 0, supp ose that w e allo w up to u

0

=n

� = 2

to b e remo v ed

from an y source and reassigned to another source. Then the maximization in

(7.2) and (7.3) is sub ject to the constrain ts that

P

i

u

i

( j; x ) = �u and u

i

( j; x ) �

� u

0

: In this case, w e ha v e u

i

( j; x ) = �u + u

0

for the i that maximizes V

x

i

( x )

�

�

d

i

( j )

and u

i

( j; x ) = � u

0

for the i that minimizes V

x

i

( x )

�

�

d

i

( j ) :

Aggregation. While one can obtain useful qualitativ e information from the

scalings and the form of the limit pro cess, a n umerical solution or appro xima-

tion is also desired. Numerical solutions for V ( � ) do not app ear to b e feasible

for K > 4 at this time. One alternativ e is to aggregate the c hannels. F or eac h

c hannel state j divide the queues in to t w o to four groups with similar v alues

of

�

�

d

i

( j ). One needs to adjust the mo del to accoun t for migration from one

group to another. Then estimate the re
ection directions as a function of the

p o w er reallo cation on the b oundary and solv e n umerically . After solving the

aggregated problem, the p o w er assigned to eac h aggregation group is divided

among the individual queues within it in an appropriately equitable w a y . Suc h

an approac h allo ws the p ossibilit y of admission con trol as w ell. Numerical solu-

tion of lo w dimensional problems will also shed ligh t on the form of V ( � ) : These

issues will b e pursued in a subsequen t w ork.

Estimating V

x

i

( x ) : If w e cannot solv e the problem n umerically , and since w e

are concerned with the allo cation of a small amoun t of p o w er, let us pro ceed

purely heuristically , but using the hea vy tra�c limit as a guide. The pro cedure

to b e used to estimate V

x

( x ) is far from b eing satisfactory , but it yields con trols

that are reasonable and are nearly the same as those in [4 ] and is a �rst approac h.

First, consider the problem where the reserv e capacit y is to b e allo cated,

but there is no reallo cation of the unit p o w er. Let the discoun t factor b e small,

and represen t the cost rate as

P

i

a

i

W

i

( t ) ; where a

i

> 0 are w eigh ts and W

i

( t )

is the scaled dela y realized b y an arriv al to queue i at time t .

If w e ignore the e�ects of the con trol and reallo cation of p o w er from empt y

queues, then, asymptotically , the scaled w aiting time of an arriving cell is just

the mean W

n

i

( t ) � x

n

i

( t ) =

�

�

a

i

: With this estimate, the deriv ativ e with resp ect to

x

i

of the scaled cost of w aiting for all cells curren tly in queue i (at scaled size
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x

i

) is a

i

x

i

=

�

�

a

i

, and w e use the crude estimate

V

x

i

( x ) � a

i

x

i

=

�

�

a

i

: (7 : 5)

This estimate ignores the redistribution of p o w er due to idle time and the e�ect

of the optimal con trol, as w ell as future arriv als. Ho w ev er, with this pur ely

formal appr oximation,

V

x

i

( x )

�

�

d

i

( j ) �

a

i

�

�

d

i

( j ) x

i

�

�

a

i

; (7 : 6)

whic h determines the con trol via (7.4). This con trol divides the space in to

\w edges" for eac h j , in eac h of whic h the reserv e p o w er is allo cated to the unique

queue or queues whic h maximize the righ t side of (7.6). The form of V

x

( � ) whic h

the heuristic pro cedure ga v e is essen tially equiv alen t to the assumption that the

v alue function can b e appro ximated b y a (diagonal) quadratic form. Numerical

solution of simple problems should guide us to b etter forms.

It is instructiv e to compare the ab o v e con trol rule to the p olicies studied in

[4 ], whose mo del is similar ev en though it w as not of the hea vy tra�c form, and

all (not just a small part) of the a v ailable p o w er could b e allo cated at will. The

qualit y of service goal in [4] is to assure that

P f W

i

� T

i

g � �

i

; i � K ; (7 : 7)

where W

i

is the dela y for queue i and T

i

and �

i

are giv en constan ts. In fact,

all of the suggested cost functions are somewhat arbitrary , since they merely

express one comp onen t of realistic m ultiv alued qualit y of service criteria. The

pap er [4 ] con tained sim ulations whic h supp orted the claims concerning the use-

ful prop erties of their approac h. Those same sim ulations w ould apply to the

problem and approac h of this pap er, ev en though w e are only allo cating a small

part of the total p o w er, o wing to the signi�can t e�ects of that small part in

the hea vy tra�c con text. One could also use (7.4), (7.6) with appro ximations

arising from other cost functions and it certainly is imp ortan t to �nd b etter

approac hes to appro ximating V

x

( � ).

8 An Illustration of the Con trol and Stabilit y

The con trols will b e illustrated for a simple t w o c hannel state and t w o queue

case, for the limit mo del. Supp ose that

a

1

�

�

d

1

(1) x

1

�

�

d

1

�

a

2

�

�

d

2

(1) x

2

�

d

2

; in R

1

+ R

3

;

a

2

�

�

d

2

(2) x

2

�

d

2

�

a

1

�

�

d

1

(2) x

1

�

d

1

; in R

2

+ R

3

;

with the rev erse inequalities holding otherwise. Then in R

1

assign �u to queue

1, for all c hannel states, in R

2

assign �u to queue 2, for all c hannel states, and
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in R

3

assign �u to queue 1 in c hannel state 1 and to queue 2 in c hannel state 2.

Then the drift v ector b ( u; x ), illustrated in Figure 8.1, is

b ( u; x ) = � �u

�

�

�

d

1

(1)�(1) +

�

�

d

1

(2)�(2)

0

�

in R

1

;

b ( u; x ) = � �u

�

0

�

�

d

2

(1)�(1) +

�

�

d

2

(2)�(2)

�

in R

2

;

b ( u; x ) = � �u

�

�

�

d

1

(1)�(1)

�

�

d

1

(2)�(2)

�

in R

3

:

�

�
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�
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3

R

1

b ( u; x )

b ( u; x )

b ( u; x )

x

2

x

1

Figure 8.1. A con trol strategy .

If w e are allo w ed to reallo cate part of the unit p o w er as w ell as discussed

ab o v e, then the drift terms b ecome

b ( u; x ) =

 

� [ � u + u

0

]

�

�

�

d

1

(1)�(1) +

�

�

d

1

(2)�(2)

�

u

0

�

�

�

d

2

(1)�(1) +

�

�

d

2

(2)�(2)

�

!

in R

1

;

b ( u; x ) =

 

u

0

�

�

�

d

1

(1)�(1) +

�

�

d

1

(2)�(2)

�

� [ � u + u

0

]

�

�

�

d

2

(1)�(1) +

�

�

d

2

(2)�(2)

�

!

in R

2

;

b ( u; x ) =

 

� [ � u + u

0

]

�

�

d

1

(1)�(1) + u

0

�

�

d

1

(2)�(2)

u

0

�

�

d

2

(1)�(1) � [ � u + u

0

]

�

�

d

1

(2)�(2)

!

in R

3

:

App endix: Motiv ating the Limit Wiener Pro cess

Return to the format and notation of Theorem 5.1. It is w orth motiv ating

the w eak con v ergence of M

d;n

( � ) to a Wiener pro cess, since similar pro ofs can

b e used for quite general c hannel state pro cesses and the v ariations discussed

in the next section, although w e will not pursue it here. The discussion to

follo w is motiv ational only and pro ofs for more general cases are in [14 ]. The
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most appropriate approac h to getting the correct limit pro cess is the p erturb ed

test function metho d of [14 ]. In the presen t con text, the adaptation of the

general metho d is straigh t forw ard. W e will concen trate on sho wing (alb eit

somewhat formally) that the limit pro cess m ust b e a con tin uous martingale

with the desired quadratic co v ariation pro cess.

Let E

n

t

denote the exp ectation giv en all of the system data to time t , let A

n

denote the di�eren tial op erator of the pro cess M

d;n

( � ) ; and recall the de�nition

�

�

a

i

=

X

j

�

�

d

i

( j ) � p

i

( j )�( j ) =

�

�

a

i

�

�

b

i

:

Recall the de�nition of �

n

i

( � ) from (5.11) and de�ne the cen tered quan tit y , for

i � K ,

� x

n

i

( t ) = n

� = 2

Z

1

t

E

n

t

2

4

X

j

I

f L

n

( s )= j g

�

�

d

i

( j ) � p

i

( j ) �

�

�

a

i

3

5

ds = n

� = 2

Z

1

t

E

n

t

�

n

i

( s ) ds:

( A: 1)

By a c hange of v ariable v = n

�

s ,

� x

n

i

( t ) =

1

n

� = 2

Z

1

n

�

t

E

n

t

�

i

( s ) ds: ( A: 2)

Th us, b y the exp onen tial con v ergence of P f L ( t ) = j j L (0) g to the stationary

v alue �( j ) ; � x

n

i

( t ) = O (1 =n

� = 2

) ; whic h go es to zero as n ! 1 uniformly in t

and in the conditioning data. Th us w e can w ork with

�

M

d;n

i

( t ) = M

d;n

i

( t ) + � x

n

i

( t )

in lieu of M

d;n

i

( � ). De�ne

�

M

d;n

( � ) = f

�

M

d;n

i

( � ) ; i � K g .

Let � > 0 b e small. W rite

�

M

d;n

i

( k � + � ) �

�

M

d;n

i

( k � ) =

h

�

M

d;n

i

( k � + � ) � E

n

k �

�

M

d;n

i

( k � + � )

i

+

h

E

n

k �

�

M

d;n

i

( k � + � ) �

�

M

d;n

i

( k � )

i

:

( A: 3)

The last term on the righ t equals zero. The �rst term on the righ t is a martingale

di�erence. [In fact, the p erturbations � x

n

i

( � ) w ere designed just to assure these

facts.] Th us, the represen tation (A.3) implies that

�

M

d;n

( t ) = lim

� ! 0

n

� = 2

X

k : k �<t

�

�

M

d;n

( k � + � ) � E

n

k �

�

M

d;n

( k � + � )

�

+

�

M

d;n

(0) ;

and the main problem is in c haracterizing the limit and sho wing that it is

con tin uous. An y limit m ust b e a martingale. Since the discon tin uities go to

zero as n ! 1 , an y limit is con tin uous.

No w, let us iden tify the quadratic co v ariation of the limit martingale. Let

f ( � ) b e a b ounded, con tin uous and real v alued function with compact supp ort

on I R

K

and for whic h the deriv ativ es up to second order are also con tin uous.
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The function f ( � ) is the test function and f

0

x

( � ) � x

n

( � ) is the test function p er-

turbation. W e ha v e

A

n

f ( M

d;n

( t )) = n

� = 2

X

i

f

x

i

( M

d;n

( t )) �

n

i

( t ) ; ( A: 4)

and

A

n

f

0

x

( M

d;n

( t )) � x

n

( t ) = � n

� = 2

X

i

f

x

i

( M

d;n

( t )) �

n

i

( t )

+ n

� = 2

X

i;k

�

n

i

( t ) f

x

i

x

k

( M

d;n

( t )) � x

n

k

( t ) :

( A: 5)

T o motiv ate the form (5.1), consider the follo wing computation:

A

n

�

f ( M

d;n

( t )) + f

0

x

( M

d;n

( t )) � x

n

( t )

�

= n

� = 2

X

i;k

�

n

i

( t ) f

x

i

x

k

( M

d;n

( t )) � x

n

k

( t ) :

( A: 6)

The b oundedness of the righ t side of (A.6) implies that M

d;n

( � ) is tigh t [14 ].

No w, using the de�nition of the di�eren tial op erator and the fact that � x

n

( � ) =

O

�

1 =n

� = 2

�

, to get that asymptotically , for an y � > 0,

E

n

t

f ( M

d;n

( t + � )) � f ( M

d;n

( t ))

� E

n

t

n

�

X

i;k

Z

t + �

t

�

n

i

( s ) f

x

i

x

k

( M

d;n

( s )) ds

Z

1

s

E

n

s

�

k

( n

�

u ) du:

( A: 7)

No w, for small � > 0, w e can use the asymptotic con tin uit y of M

d;n

( � ) to replace

M

d;n

( s ) b y M

d;n

( t ) in the left hand in tegral. Then, c hange v ariables and let

n ! 1 to get the limit of the righ t side of (A.7):

1

2

Z

t + �

t

X

i;k

f

x

i

x

k

( M ( s )) E w

i

(1) w

k

(1) ds;

where the exp ectation is o v er the stationary c hannel pro cess. This last result

implies that the quadratic v ariation of the limit martingale is just the co v ariance

of w ( � ) giv en b y (5.1) times t , whic h implies that the limit is the desired Wiener

pro cess.

The a v eraging of the random c hannel e�ects on the con trol comp onen t is

done in a similar w a y , with the p erturbation

� b

n

i

( t ) =

Z

1

t

E

n

t

2

4

X

j

I

f L

n

( s )= j g

�

�

d

i

( j ) u

i

( j; x

n

( s )) �

X

j

�

�

d

i

( j ) u

i

( j; x

n

( s ))�( j )

3

5

ds:

Then a similar argumen t sho ws that the random v ariations a v erage out and one

is left with the drift term b

i

( u; x ) :
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