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Abstract

Let G � I R

k

b e a con v ex p olyhedral cone with v ertex at the origin giv en as

the in tersection of half spaces f G

i

; i = 1 ; � � � ; N g , where n

i

and d

i

denote the

in w ard normal and direction of constrain t asso ciated with G

i

, resp ectiv ely .

Stabilit y prop erties of a class of di�usion pro cesses, constrained to tak e

v alues in G , are studied under the assumption that the Sk oroho d problem

de�ned b y the data f ( n

i

; d

i

) ; i = 1 ; � � � ; N g is w ell p osed and the Sk oroho d

map is Lipsc hitz con tin uous. Explicit conditions on the drift co e�cien t,

b ( � ), of the di�usion pro cess are giv en under whic h the constrained pro cess

is p ositiv e recurren t and has a unique in v arian t measure. De�ne

C

:

=

(

�

N

X

i =1

�

i

d

i

; �

i

� 0 ; i 2 f 1 ; � � � ; N g

)

:

Then the k ey condition for stabilit y is that there exists � 2 (0 ; 1 ) and a

b ounded subset A of G suc h that for all x 2 G n A , b ( x ) 2 C and dist ( b ( x ) ; @ C ) �

� , where @ C denotes the b oundary of C .

Key w ords. Stabilit y , p ositiv e recurrence, in v arian t measures, Sk orokho d

problem, constrained pro cesses, constrained ordinary di�eren tial equation,

queueing systems, la w of large n um b ers.



1 In tro duction

The stabilit y prop erties of constrained sto c hastic pro cesses are of cen tral

imp ortance in the study of queuing systems that arise in computer net w orks,

comm unications and man ufacturing problems. In recen t y ears there has

b een a signi�can t progress in the study of stabilit y of suc h systems [11 ,

12 , 10 , 4 , 5, 6, 3 , 15 , 16 , 2]. All the pap ers in the list ab o v e whic h treat

the hea vy tra�c di�usion mo del consider the case where b oth the drift and

the di�usion co e�cien ts are constan t. Ho w ev er, in man y applications a

homogeneous mo del of this kind is not w ell suited, and it is enough if w e

men tion systems where there is a con trol that dep ends on the system's state.

Although a similar motiv ation leads one to also study v ariable constrain t

directions on the b oundary , w e con�ne ourselv es here to �xed directions.

In fact, some basic stabilit y prop erties of the corresp onding Sk oroho d map,

that w e tak e adv an tage of here, are not y et w ell understo o d in the setting

of v ariable directions of constrain t.

In this pap er w e consider the stabilit y prop erties of constrained di�u-

sion pro cesses when b oth the drift and the di�usion co e�cien ts ma y b e

state dep enden t. Let G � I R

k

b e a con v ex p olyhedral cone with v ertex

at the origin giv en as the in tersection of half spaces f G

i

; i = 1 ; � � � ; N g ,

where n

i

and d

i

denote the in w ard normal and direction of constrain t as-

so ciated with G

i

resp ectiv ely . The sto c hastic pro cesses considered in this

pap er will b e constrained to tak e v alues in G . One of our cen tral assumptions

is that the Sk oroho d problem de�ned b y the data f ( d

i

; n

i

); i = 1 ; � � � ; N g is

w ell p osed on all of D

G

([0 ; 1 ) : I R

k

) (the space of functions � whic h are

righ t con tin uous, ha v e left limits and � (0) 2 G ) and the Sk oroho d map

� : D

G

([0 ; 1 ) : I R

k

) ! D

G

([0 ; 1 ) : I R

k

) is Lipsc hitz con tin uous. W e refer

the reader to [13 , 7 , 8 ] for su�cien t conditions under whic h the Sk oroho d

map is Lipsc hitz con tin uous. The pap er [19 ] studies net w orks of single class

queues for whic h the Sk oroho d problem asso ciated to a di�usion appro xi-

mation is regular. Some examples of feedforw ard net w orks whic h lead to

a regular Sk oroho d problem ha v e b een studied in [17 , 18 ]. An example

of a m ulticlass net w orks with feedbac k whic h leads to a regular Sk oroho d

problem has recen tly b een studied in [9 ].

In this pap er w e consider the constrained di�usion pro cess f X

x

( t ) g

t � 0

giv en as the unique solution of the equation:

X

x

( t ) = �

�

x +

Z

�

0

� ( X

x

( s )) dW ( s ) +

Z

�

0

b ( X

x

( s )) ds

�

( t ); t � 0 (1.1)
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W e assume global Lipsc hitz conditions on � and b (cf. (2.3)), linear gro wth

on b (cf. (2.4)), the b oundedness (2.5) and uniform non degeneracy (2.7)

of the di�usion co e�cien t � . The main result w e presen t is that under the

ab o v e conditions the Mark o v pro cess f X

x

( t ) g

t � 0

is p ositiv e recurren t and

has a unique in v arian t measure if there exists a � 2 (0 ; 1 ) and a b ounded

subset A of G suc h that for all x 2 G n A , b ( x ) 2 C ( � ), where

C ( � )

:

= f v 2 C : dist ( v ; @ C ) � � g ;

and

C

:

=

(

�

N

X

i =1

�

i

d

i

; �

i

� 0 ; i 2 f 1 ; � � � ; N g

)

and @ C denotes the b oundary of C . The Lipsc hitz conditions on � and

b and linear gro wth condition on b are assumed to assure that there is a

unique solution to the constrained di�usion pro cess (1.1). As w e p oin t out

in Remark 4.6, our main result con tin ues to hold if these Lipsc hitz and

gro wth assumptions are replaced b y the assumption that (1.1) has a unique

w eak solution for ev ery x 2 G and the solution is a F eller Mark o v pro cess.

It should also b e observ ed that the non-degeneracy assumption on � and

the F eller prop ert y are used only in Section 4 in pro ving the ergo dicit y of

the constrained di�usion pro cess, and are not needed to pro v e stabilit y .

As in [10 , 15 , 5 ] the k ey idea in the pro of of this result is to study stabilt y

prop erties of a related deterministic dynamical system. In Theorem 3.2 w e

sho w that the unique solution of the equation

z ( t ) = �

�

x +

Z

�

0

v ( s ) ds

�

( t ) ; (1.2)

where v is an appropriate v elo cit y , enjo ys strong uniform stabilit y prop erties

if for some � 2 (0 ; 1 ), v ( t ) 2 C ( � ) for all t 2 [0 ; 1 ). These stabilit y

prop erties enable us to use T ( x ), the hitting time to the origin (cf. (3.9),

as a Ly apuno v function for the stabilit y analysis of the sto c hastic problem.

W e study some basic prop erties of T ( � ) in Lemma 3.3. The k ey consequence

of the stabilit y of the solution of (1.2) is Lemma 3.3 (iii). This result along

with the Lipsc hitz prop ert y of the Sk oroho d map leads to Lemma 4.1 whic h

is the crucial step in relating the stabilit y of the deterministic dynamical

system (1.2) with that of the sto c hastic system (1.1).

Our main result is Theorem 4.4 where it is sho wn that there is a compact

set B 2 G for whic h the hitting time:

�

B

( x )

:

= inf f t : X

x

( t ) 2 B g
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has �nite exp ectation whic h as a function of x is b ounded on compact subsets

of G . Pro ofs of suc h results generally use a Ly apuno v function that is in the

domain of the generator of the pro cess (e.g., t wice con tin uously di�eren tiable

in our case). An in teresting feature of the approac h w e use is that far less

regularit y is required of the Ly apuno v function. The pap er concludes with

the pro of of the p ositiv e recurrence and the uniqueness of the in v arian t

measure for f X

x

( t ) g , whic h is standard due to the uniform non-degeneracy

of the di�usion co e�cien t.

2 De�nitions and F orm ulation

Let G � I R

k

b e the con v ex p olyhedral cone in I R

k

with the v ertex at origin

giv en as the in tersection of half spaces G

i

, i = 1 ; � � � ; N . Let n

i

b e the unit

v ector asso ciated with G

i

via the relation

G

i

= f x 2 I R

k

: h x; n

i

i � 0 g :

Denote the b oundary of a set S � I R

k

b y @ S . W e will denote the set

f x 2 @ G : h x; n

i

i = 0 g b y F

i

. F or x 2 @ G , de�ne the set, n ( x ), of in w ard

normals to G at x b y

n ( x )

:

= f r : j r j = 1 ; h r ; x � y i � 0 ; 8 y 2 G g :

With eac h face F

i

w e asso ciate a unit v ector d

i

suc h that h d

i

; n

i

i > 0. This

v ector de�nes the dir e ction of c onstr aint asso ciated with the face F

i

. F or

x 2 @ G de�ne

d ( x )

:

=

8

>

<

>

:

d 2 I R

k

: d =

X

i 2 In ( x )

�

i

d

i

; �

i

� 0; jj d jj = 1

9

>

=

>

;

;

where

In( x )

:

= f i 2 f 1 ; 2 ; � � � N g : h x; n

i

i = 0 g :

Let D ([0 ; 1 ) : I R

k

) denote the set of functions mapping [0 ; 1 ) to I R

k

that

are righ t con tin uous and ha v e limits from the left. W e endo w D ([0 ; 1 ) : I R

k

)

with the usual Sk oroho d top ology . Let

D

G

([0 ; 1 ) : I R

k

)

:

= f  2 D ([0 ; 1 ) : I R

k

) :  (0) 2 G g :

F or � 2 D ([0 ; 1 ) : I R

k

) let j � j ( T ) denote the total v ariation of � on [0 ; T ]

with resp ect to the Euclidean norm on I R

k

.

3



De�nition 2.1 L et  2 D

G

([0 ; 1 ) : I R

k

) b e given. Then ( �; � ) 2 D ([0 ; 1 ) :

I R

k

) � D ([0 ; 1 ) : I R

k

) solves the Skor oho d pr oblem (SP) for  with r esp e ct

to G and d if and only if � (0) =  (0) , and for al l t 2 [0 ; 1 )

1. � ( t ) =  ( t ) + � ( t ) ;

2. � ( t ) 2 G ;

3. j � j ( t ) < 1 ;

4. j � j ( t ) =

Z

[0 ;t ]

I

f � ( s ) 2 @ G g

d j � j ( s ) ;

5. Ther e exists (Bor el) me asur able 
 : [0 ; 1 ) ! I R

k

such that 
 ( t ) 2

d ( � ( t )) ( d j � j -almost everywher e) and

� ( t ) =

Z

[0 ;t ]


 ( s ) d j � j ( s ) :

On the domain D � D

G

([0 ; 1 ) : I R

k

) on whic h there is a unique solution to

the Sk oroho d problem w e de�ne the Sk oroho d map (SM) � as �(  )

:

= � , if

( �;  � � ) is the unique solution of the Sk oroho d problem p osed b y  . W e

will mak e the follo wing assumption on the regularit y of the Sk oroho d map

de�ned b y the data f ( d

i

; n

i

); i = 1 ; 2 ; � � � N g .

Condition 2.2 The Skor oho d map is wel l de�ne d on al l of D

G

([0 ; 1 ) :

I R

k

) , i.e., D = D

G

([0 ; 1 ) : I R

k

) and the SM is Lipschitz c ontinuous in the

fol lowing sense. Ther e exists a K < 1 such that for al l �

1

; �

2

2 D

G

([0 ; 1 ) :

I R

k

) :

sup

0 � t< 1

j �( �

1

)( t ) � �( �

2

)( t ) j < K sup

0 � t< 1

j �

1

( t ) � �

2

( t ) j : (2.1)

W e will assume without loss of generalit y that K � 1. W e refer the reader

to [7 ] for su�cien t conditions under whic h this regularit y prop ert y holds.

W e no w in tro duce the constrained di�usion pro cess that will b e studied

in this pap er. Let (
 ; F ; P ) b e a complete probabilit y space on whic h is

giv en a �ltration fF

t

g

t � 0

satisfying the usual h yp otheses. Let ( W ( t ) ; F

t

) b e

a n -dimensional standard Wiener pro cess on the ab o v e probabilit y space.

W e will study the constrained di�usion pro cess giv en as a solution to the

follo wing equation:

X

x

( t ) = �

�

x +

Z

�

0

� ( X

x

( s )) dW ( s ) +

Z

�

0

b ( X

x

( s )) ds

�

( t ) ; (2.2)

4



where � : G ! I R

k � k

and b : G ! I R

k

are maps satisfying the follo wing

condition:

Condition 2.3 Ther e exists 
 2 (0 ; 1 ) for which

j � ( x ) � � ( y ) j + j b ( x ) � b ( y ) j � 
 j x � y j ; 8 x; y 2 G; (2.3)

j b ( x ) j � 
 (1 + j x j ); 8 x 2 G (2.4)

and

j � ( x ) j � 
 ; 8 x 2 G: (2.5)

Using the regularit y assumption on the Sk oroho d map it can b e sho wn (cf.

[1 , 7]) that there is a w ell de�ned pro cess satisfying (2.2). In fact, the

classical metho d of Picard iteration giv es the follo wing:

Theorem 2.4 F or al l x 2 G ther e exists a unique p air of c ontinuous fF

t

g

adapte d pr o c esses ( X

x

( t ) ; k ( t ))

t � 0

and a pr o gr essively me asur able pr o c ess

( 
 ( t ))

t � 0

such that the fol lowing hold:

1. X

x

( t ) 2 G , for al l t � 0 , a.s.

2. F or al l t � 0 ,

X

x

( t ) = x +

Z

t

0

� ( X

x

( s )) dW ( s ) +

Z

t

0

b ( X

x

( s )) ds + k ( t ) ;

a.s.

3. F or al l T 2 [0 ; 1 )

j k j ( T ) < 1 ; a:s:

4.

j k j ( t ) =

Z

t

0

I

f X

x

( s ) 2 @ G g

d j k j ( s ) ;

and k ( t ) =

R

t

0


 ( s ) d j k j ( s ) with 
 ( s ) 2 d ( X

x

( s )) a.e. [ d j k j ] .

Remark 2.5 The pr o c ess X

x

( � ) is the unique c ontinuous fF

t

g adapte d pr o-

c ess which satis�es the e quation

X

x

( t ) = �

�

x +

Z

�

0

� ( X

x

( s )) dW ( s ) +

Z

�

0

b ( X

x

( s )) ds

�

( t ) ;

for al l t a.s. A lso, X

x

( � ) is a F el ler Markov pr o c ess.

5



W e no w pro ceed to form ulate our cen tral result. De�ne

C

:

=

(

�

N

X

i =1

�

i

d

i

: �

i

� 0; i 2 f 1 ; � � � ; N g

)

The cone C w as used to c haracterize stabilit y of certain semimartingale re-


ecting Bro wnian motions in [2 ].

Let � 2 (0 ; 1 ) b e �xed. De�ne the set

C ( � )

:

= f v 2 C : dist ( v ; @ C ) � � g :

Our next assumption on the di�usion mo del stipulates the p ermissible v e-

lo cit y directions.

Condition 2.6 Ther e exist a � 2 (0 ; 1 ) and a b ounde d set A � G such

that for al l x 2 G n A , b ( x ) 2 C ( � ) .

Finally w e will mak e the follo wing uniform nondegeneracy assumption on

the di�usion co e�cien t.

Condition 2.7 Ther e exists c 2 (0 ; 1 ) such that for al l x 2 G and � 2 I R

k

�

0

( � ( x ) �

0

( x )) � � c�

0

�:

Here is the main theorem of this pap er.

Theorem 2.8 Assume that Conditions 2.2, 2.3, 2.6, 2.7 hold. Then the

str ong Markov pr o c ess f X

x

( � ); x 2 G g is p ositive r e curr ent and has a unique

invariant pr ob ability me asur e.

In the rest of the pap er w e will assume that Conditions 2.2, 2.3, 2.6 and 2.7

hold.

3 Stabilit y of Constrained ODEs

Let v : [0 ; 1 ) ! I R

k

b e a measurable map suc h that

Z

t

0

j v ( s ) j ds < 1 ; for all t 2 [0 ; 1 ) : (3.1)

Let x 2 G . In this section w e will study the stabilit y prop erties of the

tra jectory z : [0 ; 1 ) ! I R

k

de�ned as

z ( t )

:

= �

�

x +

Z

�

0

v ( s ) ds

�

( t ); t 2 [0 ; 1 ) : (3.2)

6



It is useful to rewrite the ab o v e tra jectory as a solution of an ordinary

di�eren tial equation. In order to do so w e in tro duce the follo wing notion of

discrete pro jections (cf. [7, 8]). De�ne � : I R

k

! G as follo ws:

� ( y )

:

= �(  

y

)(1) ; y 2 I R

k

;

where  

y

2 D ([0 ; 1 ); I R

k

) is giv en as

 

y

( t ) =

(

0 ; t 2 [0 ; 1)

y ; t 2 [1 ; 1 ) :

In other w ords, � is a pro jection that is consisten t with the giv en Sk orokho d

problem, in that the constrained v ersion of an y piecewise constan t tra jectory

 can b e found b y recursiv ely applying � . W e also de�ne the pr oje ction of

the velo city v 2 I R

k

at x 2 G b y

� ( x; v )

:

= lim

� ! 0

� ( x + � v ) � x

�

:

F or a pro of of the fact that the ab o v e limit exists w e refer the reader to [2 ]

where v arious prop erties of the pro jection map are also studied. In particular

w e will use the follo wing facts (for pro ofs see [2 ]).

(1) F or x 2 G , �; � ; 
 � 0 and v 2 I R

k

:

� ( � x; �v + 
 x ) = �� ( x; v ) + 
 x: (3.3)

(2) F or v 2 I R

k

, w e ha v e that

� ( v ) = 0 if and only if v 2 C (3.4)

The follo wing theorem represen ts the tra jectory in (3.2) as a solution of

an ordinary di�eren tial equation (cf. [7 ]).

Theorem 3.1 L et v : [0 ; 1 ) ! I R

k

satisfy (3.1). Then for al l x 2 G , z ( � )

de�ne d via (3.2) is the unique absolutely c ontinuous function such that

_z ( t ) = � ( z ( t ) ; v ( t )) ; a:e: t; z (0) = x:

In Theorem 3.2 b elo w w e presen t a basic stabilit y prop ert y of the ab o v e

dynamical system.

7



Theorem 3.2 L et v b e as in The or em 3.1. Assume that ther e exists a

� 2 (0 ; 1 ) such that

v ( t ) 2 C ( � ) for al l t 2 [0 ; 1 ) :

L et x 2 G and z ( � ) b e de�ne d via (3.2). Then:

j z ( t ) j �

K

2

j x j

2

K j x j + � t

; 8 t 2 [0 ; 1 ) ;

wher e K is the �nite c onstant in (2.1).

Pro of: In order to sp ecify the initial p oin t of the tra jectory w e will write

the tra jectory de�ned b y (3.2) as z ( x; � ). De�ne the tra jectory ~z ( � ) as

~z ( t )

:

= �

�

Z

�

0

v ( s ) ds

�

( t ) :

Theorem 3.1 implies that ~z ( � ) is the unique solution of

_

~z ( t ) = � ( ~ z ( t ) ; v ( t )) ; a:e: t ; ~z (0) = 0 : (3.5)

Ho w ev er since v ( t ) 2 C ( � ) � C , w e ha v e from (3.4) that � (0 ; v ( t )) = 0 for all

t � 0 and so the zero tra jectory solv es (3.5). By Theorem 3.1 this implies

that ~z ( t ) � 0. Th us

sup

0 � t< 1

j z ( x; t ) j = sup

0 � t< 1

j z ( x; t ) � ~z ( t ) j

= sup

0 � t< 1

�

�

�

�

�

�

x +

Z

�

0

v ( s ) ds

�

( t ) � �

�

Z

�

0

v ( s ) ds

�

( t )

�

�

�

�

� K j x j : (3.6)

The ab o v e inequalities in particular sho w that the theorem is true when

x = 0. Henceforth w e assume that x 6= 0. De�ne




:

=

�

K j x j

and

 ( t )

:

= (1 + 
 t ) z ( x; t ) : (3.7)

Note that from (3.3) it follo ws that

_

 ( t ) = 
 z ( x; t ) + (1 + 
 t ) � ( z ( x; t ) ; v ( t ))

= � ( z ( x; t ) ; (1 + 
 t ) v ( t ) + 
 z ( x; t ))

= �

�

 ( t ) ; (1 + 
 t )

�

v ( t ) +




1 + 
 t

z ( x; t )

� �

:

8



By Theorem 3.1 w e no w ha v e that  ( t ) = �( x + f ( � ))( t ) for all t 2 [0 ; 1 )

where

f ( t )

:

=

Z

t

0

�

(1 + 
 s )

�

v ( s ) +




1 + 
 s

z ( x; s )

� �

ds:

Note that from (3.6) it follo ws that

�

�

�

�




1 + 
 t

z ( x; t )

�

�

�

�

� K j x j

�

K j x j

= � :

Th us if v 2 C ( � ) then v +




(1+ 
 t )

z ( x; t ) 2 C . F rom this observ ation it follo ws

that for all t 2 [0 ; 1 )

u ( t )

:

= (1 + 
 t )

�

v ( t ) +




1 + 
 t

z ( x; t )

�

2 C :

De�ne the tra jectory

~

 ( t )

:

= �( f ( � ))( t ); t 2 [0 ; 1 ) :

Then

~

 ( � ) solv es the equation

_

~

 ( t ) = � (

~

 ( t ) ; u ( t ));

~

 (0) = 0 : (3.8)

Since for all t 2 (0 ; 1 ), u ( t ) 2 C w e ha v e that � (0 ; u ( t )) = 0. Th us the

function x ( t ) = 0 for all t 2 (0 ; 1 ) is a solution of (3.8). No w b y the

uniqueness of the solution of (3.8) (Theorem 3.1) w e ha v e that

~

 ( t ) = 0 for

all t 2 (0 ; 1 ). Th us

j  ( t ) j = j  ( t ) �

~

 ( t ) j

� j �( x + f ( � ))( t ) � �( f ( � ))( t ) j

� K j x j ;

for all t 2 (0 ; 1 ). Finally from (3.7)

j z ( x; t ) j �

K j x j

1 + 
 t

=

K

2

j x j

2

K j x j + � t

:

F or x 2 G and � 2 (0 ; 1 ) let A ( x; � ) b e the collection of all absolutely

con tin uous functions z : [0 ; 1 ) ! I R

k

de�ned via (3.2) for some v : [0 ; 1 ) !

C ( � ) whic h satis�es (3.1). Henceforth w e will �x suc h a � and abbreviate

A ( x; � ) b y A ( x ).

9



F or a �xed x 2 G , w e no w de�ne the \hitting time to the origin" function

as follo ws:

T ( x )

:

= sup

z 2A ( x )

inf f t 2 [0 ; 1 ) : z ( t ) = 0 g : (3.9)

W e next study some of the prop erties of T ( x ).

Lemma 3.3 Ther e exist c onstants c; C 2 (0 ; 1 ) dep ending only on K and

� such that the fol lowing holds.

(i) F or al l x; y 2 G

j T ( x ) � T ( y ) j � C j x � y j :

(ii)

T ( x ) � c j x j :

Thus, in p articular, for al l M 2 (0 ; 1 ) the set f x 2 G : T ( x ) � M g is

c omp act.

(iii) Fix x 2 G and let z 2 A ( x ) . Then for al l t > 0

T ( z ( t )) � ( T ( x ) � t )

+

:

Pro of: W e �rst sho w that for all x 2 G

T ( x ) �

4 K

2

�

j x j : (3.10)

Fix x 2 G and let z 2 A ( x ) b e arbitrary . F rom Theorem 3.2 w e ha v e that

for all t 2 (0 ; 1 )

j z ( t ) j �

K

2

j x j

2

K j x j + � t

:

Hence for all t � T

1

:

= 2 K

2

�

� 1

j x j one has j z ( t ) j � j x j = 2. In general, if

T

n

:

= T

1

n � 1

X

k =0

2

� k

then for t � T

n

one has that

j z ( t ) j �

j x j

2

n

:

Th us z ( t ) = 0 for all t � 4 K

2

�

� 1

j x j . Since z 2 A ( x ) is arbitrary , (3.10)

follo ws.

10



No w let x; y 2 G b e arbitrary . Let f z

n

g � A ( x ) b e a sequence suc h that

if

�

n

:

= inf f t : z

n

( t ) = 0 g ;

then

�

n

! T ( x ) as n ! 1 : (3.11)

Note that z

n

is giv en as

z

n

( t ) = �

�

x +

Z

�

0

v

n

( s ) ds

�

( t ); t 2 [0 ; 1 )

for some v

n

satisfying (3.2). De�ne for t 2 [0 ; 1 )

w

n

( t )

:

= �

�

y +

Z

�

0

v

n

( s ) ds

�

( t ) :

F rom the Lipsc hitz prop ert y of � (Condition 2.2) w e ha v e that

sup

0 � t< 1

j z

n

( t ) � w

n

( t ) j � K j x � y j :

Also clearly w

n

2 A ( y ). No w let

�

0

n

:

= inf f t 2 (0 ; 1 ) : w

n

( t ) = 0 g :

Fix n and supp ose that �

n

� �

0

n

. Then

j w

n

( �

n

) j = j w

n

( �

n

) � z

n

( �

n

) j � K j x � y j :

Hence from (3.10), letting C

:

= 4 K

3

�

� 1

,

�

0

n

� �

n

+ C j x � y j :

Similarly it can b e seen that if �

0

n

� �

n

then

�

n

� �

0

n

+ C j x � y j

and th us

j �

n

� �

0

n

j � C j x � y j :

W e therefore ha v e that

�

n

� �

0

n

+ C j x � y j � T ( y ) + C j x � y j :

11



Sending n ! 1 , it follo ws from (3.11) that

T ( x ) � T ( y ) + C j x � y j :

Since the role of x and y can b e rev ersed, w e ha v e that

j T ( x ) � T ( y ) j � C j x � y j ;

and since x and y are arbitrary w e ha v e (i).

Next w e sho w (ii). Fix some v 2 C ( � ), and let x 2 G nf 0 g b e giv en.

With � : [0 ; 1 ) ! [0 ; 1 ) denoting the iden tit y map, clearly the tra jectory

f �( x + v � )( t ) g

t � 0

b elongs to A ( x ). Note that

sup

0 � t � M

j �( x + v � )( t ) � x j = sup

0 � t � M

j �( x + v � )( t ) � �( x + 0 � )( t ) j

� K M j v j :

Therefore for an y M < j x j =K j v j

inf

0 � t � M

j �( x + v � )( t ) j � j x j � K M j v j > 0 ;

whic h implies that T ( x ) > M . T aking the suprem um o v er M < j x j =K j v j

giv es

T ( x ) �

j x j

K j v j

:

This pro v es (ii) with c = 1 =K j v j .

Finally w e pro v e (iii). Let t > 0 b e �xed. If T ( z ( s )) = 0 for some

s 2 [0 ; t ] then the result is ob viously true. No w supp ose that T ( z ( s )) > 0

for all s 2 [0 ; t ]. Let � > 0 b e arbitrary and u 2 A ( z ( t )) b e suc h that �

:

=

inf f s 2 [0 ; 1 ) : u ( s ) = 0 g satis�es � > T ( z ( t )) � � . De�ne ~z : [0 ; 1 ) ! I R

k

b y

~z ( s ) =

(

z ( s ) s � t

u ( s � t ) s > t:

Then ~z 2 A ( x ) and

T ( x ) � inf f s 2 [0 ; 1 ) : ~z ( s ) = 0 g

= t + �

� T ( z ( t )) + t � � :

Since � > 0 is arbitrary w e ha v e that T ( z ( t )) � T ( x ) � t . This pro v es the

lemma.
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4 Stabilit y of Constrained Di�usion Pro cesses

W e b egin with the follo wing lemma. F or x 2 G , let 


0

( x ) b e a P � n ull set

suc h that for all ! 62 


0

( x ) and 0 � u < t < 1 , X

x

( � ) = X

x

( � ; ! ) satis�es

X

x

( t ) = �

�

X

x

( u ) +

Z

�

0

b ( X

x

( u + s )) ds +

Z

�

0

� ( X

x

( u + s )) dW

u

( s )

�

( t � u ) ;

where W

u

( s )

:

= W ( s + u ).

Lemma 4.1 L et T b e the function de�ne d in (3.9). Fix x 2 G n A and let

f X

x

( t ) g

t � 0

b e as in The or em 2.8. L et � > 0 and u > 0 b e arbitr ary. Fix

! 62 


0

( x ) . Supp ose that X

x

( t; ! ) 2 G n A for al l t 2 ( u; u + �] . Then

T ( X

x

( u + � ; ! )) � ( T ( X

x

( u; ! )) � �)

+

+ K C �

n

( ! ) ;

wher e C is as in L emma 3.3 (i) and

�

n

:

= sup

u � s � u +�

�

�

�

�

Z

s

u

� ( X

x

( s )) dW ( s )

�

�

�

�

: (4.1)

Pro of: In the pro of w e will suppress ! from the notation. W e b egin b y

noticing that for t 2 [ u; u + �), X

x

( t ) =

~

X ( t � u ), where

~

X ( t )

:

= �

�

X

x

( u ) +

Z

�

0

b ( X

x

( s + u )) ds

+

Z

�

0

� ( X

x

( s + u )) dW

u

( s )

�

( t ); 0 � t � � :

No w de�ne a sequence of I R

k

v alued sto c hastic pro cesses f

~

Y ( t ) g

0 � t � �

as

follo ws.

~

Y ( t )

:

= �

�

X

x

( u ) +

Z

�

0

b ( X

x

( s + u )) ds

�

( t ) : (4.2)

Note that

~

Y ( t ) has absolutely con tin uous paths P -a.s., and that b ( X

x

( s +

u )) 2 C ( � ) for all s 2 [0 ; �]. Also, note that b y Condition 2.2 w e ha v e

sup

0 � t � �

j

~

X ( t ) �

~

Y ( t ) j � K sup

0 � t � �

�

�

�

�

Z

t

0

� ( X

x

( s + u )) dW

u

( s )

�

�

�

�

= K �

n

: (4.3)

Using the Lipsc hitz prop ert y of T (Lemma 3.3 (i)) w e ha v e that

T ( X

x

( u + �)) = T (

~

X (�))

� T (

~

Y (�)) + K C �

n

� ( T ( X

x

( u ) � �)

+

+ K C �

n

;

where the last inequalit y follo ws from Lemma 3.3(iii).
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Lemma 4.2 Supp ose that f �

i

( t ) g ; i = 1 ; 2 ; � � � ; l ar e I R

k

value d � f W ( s ) :

0 � s � t g -pr o gr essively me asur able pr o c esses such that ther e exists � 2

(0 ; 1 ) for which

j �

i

( t ) j � �;

for al l t 2 (0 ; 1 ) , i 2 f 1 ; � � � ; l g , P -a.s. Then for � 2 (0 ; 1 )

I E

 

e

�

�

�

�

P

l

i =1

R

t

0

h �

i

( s ) ;dW ( s ) i

�

�

�

!

� 2 e

l

2

�

2

�

2

t

2

;

wher e h� ; �i is the usual inner pr o duct in I R

k

.

Pro of: W e �rst consider the case when l = 1. Let

~

B ( � ) b e a one dimensional

standard Bro wnian motion indep enden t of W ( � ) and let c 2 (0 ; 1 ). Note

that M ( t )

:

=

R

t

0

h �

1

( s ) ; dW ( s ) i + c

~

B ( t ) is a con tin uous L

2

martingale and

< M >

t

! 1 , a.s. as t ! 1 . De�ne �

:

=

R

t

0

j �

1

( s ) j

2

ds + c

2

t . Then M ( t ) has

the same probabilit y la w as B ( � ), where B ( � ) is a standard one dimensional

Bro wnian motion (cf. Theorem 3.4.6 [14 ]). Therefore

I E

 

e

�

�

�

�

R

t

0

h �

1

( s ) ;dW ( s ) i + c

~

B ( t )

�

�

�

!

= I E e

� j B ( � ) j

� I E e

� j B ( �

2

t + c

2

t ) j

;

where the last step follo ws from optional sampling theorem for submartin-

gales (cf. Theorem 1.3.22 [14 ]) on noticing that � � �

2

t + c

2

t . Letting c ! 0

w e ha v e that

I E

 

e

�

�

�

�

R

t

0

h �

1

( s ) ;dW ( s ) i

�

�

�

!

� I E e

� j B ( �

2

t ) j

:

Finally the result follo ws on observing that

I E e

� j B ( �

2

t ) j

� 2 e

�

2

�

2

t

2

:

No w w e consider the case l > 1. Note that

I E

�

e

� j

P

l

i =1

R

t

0

h �

i

( s ) ;dW ( s ) ij

�

� I E

 

l

Y

i =1

e

� j

R

t

0

h �

i

( s ) ;dW ( s ) ij

!

�

 

l

Y

i =1

I E

�

e

l � j

R

t

0

h �

i

( s ) ;dW ( s ) ij

�

!

1

l
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� 2

�

e

l

3

�

2

�

2

t

2

�

1

l

= 2 e

l

2

�

2

�

2

t

2

:

Lemma 4.3 L et x 2 G and � > 0 b e �xe d. F or n 2 I N

0

let �

n

b e de�ne d

as fol lows:

�

n

:

= sup

( n � 1)� � s � n �

�

�

�

�

�

Z

s

( n � 1)�

� ( X

x

( s )) dW ( s )

�

�

�

�

�

: (4.4)

Then for any � 2 (0 ; 1 ) and m; n 2 I N

0

; m � n ,

I E

�

e

�

P

n

i = m

�

i

�

�

h

2

p

2 e

k

2

�

2




2

�

i

( n � m +1)

;

wher e 
 is as in Condition 2.3.

Pro of: F or t > 0, let

G

t

:

= � f W ( s ) : 0 � s � t g :

Then

I E e

�

P

n

i = m

�

i

= I E

�

e

�

P

n � 1

i = m

�

i

�

I E

�

e

��

n

j G

( n � 1)�

� �

�

: (4.5)

No w

I E

�

e

��

n

j G

( n � 1)�

�

= I E

 

sup

( n � 1)� � s � n �

e

�

�

�

�

R

s

( n � 1)�

� ( X

x

( u )) dW ( u )

�

�

�

�

�

�

�

�

G

( n � 1)�

!

= I E

 

sup

( n � 1)� � s � n �

e

�

�

�

�

R

s

( n � 1)�

� ( X

x

( u )) dW ( u )

�

�

�

�

�

�

�

�

X

x

(( n � 1)�)

!

;

where the last step follo ws from the Mark o v prop ert y of X

x

.

An application of Do ob's maximal inequalit y for submartingales yields

that the last expression is b ounded ab o v e b y

2

 

I E

 

e

2 �

�

�

�

R

n �

( n � 1)�

� ( X ( u )) dW ( u )

�

�

�

�

�

�

�

�

X

x

(( n � 1)�)

!!

1

2

:

An application of Lemma 4.2 sho ws that the last expression is b ounded

ab o v e b y

2

p

2 e

k

2

�

2




2

�

:
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Using this observ ation in (4.5) w e ha v e the result b y iterating.

F or � > 0 let

B

�

:

= f y 2 G : T ( y ) � � g :

Let f X

x

( t ) g

t � 0

b e as in Theorem 2.4. Giv en a compact set B � G , let

�

B

( x )

:

= inf f t : X

x

( t ) 2 B g : (4.6)

Theorem 4.4 L et f X

x

( t ) g

t � 0

b e as in The or em 2.8. Then ther e exists

� 2 (0 ; 1 ) such that for al l M 2 (0 ; 1 )

sup

x : j x j� M

I E ( �

B

�

( x )) < 1 :

Pro of: Without loss of generalit y w e can assume that � is c hosen large

enough so that B

�

� A .

Let � 2 (0 ; 1 ) and let

A

n

:

= f ! : inf

s 2 [0 ;n �]

T ( X

x

( s )) > � g :

Then

P ( A

n

) � P

0

@

� < T ( X

x

( n �)) � T ( x ) � n � + C K

n

X

j =1

�

j

1

A

;

(4.7)

where f �

j

g

n

j =1

are as in (4.4) and the inequalit y follo ws from Lemma 4.1.

Next observ e that the probabilit y on the righ t side of (4.7) is b ounded ab o v e

b y:

P

 

C K

n

X

i =1

�

i

� ( n + 1)� � T ( x )

!

�

I E ( e

�C K

P

n

i =1

�

i

)

e

� (( n +1)� � T ( x ))

�

�

2

p

2 e

k

2

�

2

C

2

K

2




2

�

�

n

e

� (( n +1)� � T ( x ))

=

e

�T ( x )

e

� �

e

(

k

2

�

2

C

2

K

2




2

� � +

log 8

2�

)

n �

;

where � > 0 is arbitrary and the next to last inequalit y follo ws from Lemma

4.3. Cho ose � > 0 (su�cien tly large) and � > 0 (su�cien tly small) suc h

that

k

2

�

2

C

2

K

2




2

� � +

log 8

2�

:

= � � < 0 :
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Then

P ( X

x

( s ) 62 B

�

; 0 � s � n �) = P ( A

n

)

�

e

�T ( x )

e

( � � � )�

e

� � ( n +1)�

;

for all n 2 I N

0

. No w let t 2 (0 ; 1 ) b e arbitrary and n

0

b e suc h that

t 2 [ n

0

� ; ( n

0

+ 1)�]. Then

P ( �

B

�

( x ) > t ) = P ( X

x

( s ) 62 B

�

; 0 � s � t )

� P ( X

x

( s ) 62 B

�

; 0 � s � n

0

�)

�

e

�T ( x )

e

( � � � )�

e

� � ( n

0

+1)�

�

e

�T ( x )

e

( � � � )�

e

� � t

:

Hence

I E ( �

B

�

( x )) =

Z

1

0

P ( �

B

�

( x ) > t ) dt

�

e

�T ( x )

e

( � � � )�

Z

1

0

e

� � t

dt

=

e

�T ( x )

� e

( � � � )�

:

Recalling that T ( � ) is a con tin uous function w e ha v e from the ab o v e inequal-

it y that for all M 2 (0 ; 1 )

sup

x : j x j� M

I E ( �

B

�

( x )) < 1 :

Lemma 4.5 F or x 2 G let f X

x

( t ) g

t � 0

b e as in The or em 2.8. Then for al l

M 2 (0 ; 1 ) the family f X

x

( t ); t � 0 ; j x j � M g is tight.

Pro of: Let � > 0 b e large enough so that B

�

� A . Fix ! 2 


0

( x ), where




0

( x ) is as de�ned at the b eginning of this section. In the rest of the pro of

w e will suppress the dep endence of all random v ariables on ! in the notation.

Let

S (�)

:

= f j 2 f 1 ; 2 ; � � � ; n � 1 g : T ( X

x

( t )) � � for some t 2 [( j � 1)� ; j �) g :
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De�ne

m =

(

max f j : j 2 S (�) g if S (�) is non empt y

0 otherwise :

F rom Lemma 4.1 w e ha v e that

T ( X

x

( n �)) � T ( X

x

( m �)) +

n

X

j = m +1

( K C �

j

� �) : (4.8)

Let

t

:

= sup f s 2 [( m � 1)� ; m �) : T ( X

x

( s )) � � g :

If m > 0, w e ha v e from Lemma 4.1 that

T ( X

x

( m �)) � ( T ( X

x

( t ) � ( m � � t ))

+

+ K C sup

t<s<m �

�

�

�

�

Z

s

t

� ( X

x

( u )) dW ( u )

�

�

�

�

� � + K C sup

t<s<m �

�

�

�

�

Z

s

t

� ( X

x

( u )) dW ( u )

�

�

�

�

� � + 2 K C sup

( m � 1)� <s<m �

�

�

�

�

�

Z

s

( m � 1)�

� ( X

x

( u )) dW ( u )

�

�

�

�

�

= � + 2 K C �

m

;

where in obtaining the second inequalit y w e ha v e used the fact that for

( m � 1)� � t � s � m �

�

�

�

�

Z

s

t

� ( X

x

( u )) dW ( u )

�

�

�

�

�

�

�

�

�

�

Z

s

( m � 1)�

� ( X

x

( u )) dW ( u )

�

�

�

�

�

+

�

�

�

�

�

Z

t

( m � 1)�

� ( X

x

( u )) dW ( u )

�

�

�

�

�

:

Using this observ ation in (4.8) w e ha v e that

T ( X

x

( n �)) � T ( x ) + 2� +

n

X

j = m

(2 K C �

j

( x ) � �)

� T ( x ) + 2� + max

1 � l � n

n

X

j = l

(2 K C �

j

( x ) � �) ;

where w e ha v e written �

j

� �

j

( x ) in order to explicitly bring out its dep en-

dence on x . Hence for M

0

2 (0 ; 1 )

P ( T ( X

x

( n �)) � M

0

) � P

0

@

max

1 � l � n

n

X

j = l

(2 K C �

j

( x ) � �) � M

0

� T ( x ) � 2�

1

A
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�

n

X

l =1

P

0

@

2 K C

n

X

j = l

�

j

( x ) � M

0

+ ( n � l � 1)� � T ( x )

1

A

�

e

� ( T ( x )+�)

e

�M

0

n

X

l =1

I E ( e

� 2 K C

P

n

j = l

�

j

( x )

)

e

� ( n � l )�

;

where � > 0 is arbitrary . F rom Lemma 4.3 w e no w ha v e that

P ( T ( X

x

( n �)) � M

0

) �

e

� ( T ( x )+�)

e

�M

0

n

X

l =1

�

2

p

2 e

8 k �

2

C

2

K

2




2

�

�

n � l +1

e

� ( n � l )�

;

�

e

� (2�+ T ( x ))

e

�M

0

n

X

l =1

e

(8 k �

2

C

2

K

2




2

� � � �+

log 8

2

)( n � l +1)

:

No w c ho ose � and � so that

8 k �

2

C

2

K

2




2

� � � � +

log 8

2

= � � < 0 :

Then

P ( T ( X

x

( n �)) � M

0

) �

e

� (2�+ T ( x ))

e

�M

0

n

X

l =1

e

� � ( n � l )

�

e

� (2�+ T ( x ))

e

�M

0

(1 � e

� �

)

:

Hence for all M ; M

0

2 (0 ; 1 )

sup

n 2 I N

0

; j x j� M

P ( T ( X

x

( n �)) � M

0

) �

e

� (2�+

4 K

2

�

M )

e

�M

0

(1 � e

� �

)

:

F rom Lemma 3.3 (ii) it no w follo ws that

sup

n 2 I N

0

; j x j� M

P ( X

x

( n �) � M

0

) �

e

� (�+

4 K

2

�

M )

e

�cM

0

(1 � e

� �

)

: (4.9)

No w let t 2 [ n � ; ( n + 1)�] and recall the pro cess f

~

Y ( t ) g

0 � t � �

de�ned in

(4.2). F or eac h n it follo ws from (4.3) that

j X

x

( t ) �

~

Y ( t � n �) j � K �

n

( x ) :
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De�ne a function

~

b : G ! I R

k

whic h agrees with b o� A and satis�es Con-

dition 2.6 with A = ; as w ell as equations (2.3) and (2.4). Also de�ne:

Y

�

( t )

:

= �

�

X

x

(( n � 1)�) +

Z

�

0

~

b ( X

x

( s + ( n � 1)�)) ds

�

( t ) :

Clearly

L

:

= sup

x 2 G

j b ( x ) �

~

b ( x ) j < 1 :

F urthermore

j

~

Y ( t � n �) j � j

~

Y ( t � n �) � Y

�

( t � n �) j + j Y

�

( t � n �) j

� K L � + K j X

x

( n �) j ;

where in obtaining the last inequalit y w e ha v e used the Lipsc hitz prop ert y

of � and Theorem 3.2. Com bining the ab o v e observ ations w e ha v e that

j X

x

( t ) j � K ( �

n

( x ) + j X

x

( n �) j ) + K L � :

Therefore for M

0

2 (0 ; 1 ), an y n , and t 2 [ n � ; n � + �]

P ( j X

x

( t ) j � M

0

) � P

�

�

n

( x ) �

M

0

� K L �

2 K

�

+ P

�

j X

x

( n �) j �

M

0

� K L �

2 K

�

:

(4.10)

Clearly , the family fj �

n

( x ) j ; n � 1 ; j x j � M g is tigh t. No w let � > 0 b e

arbitrary . Cho ose M

0

2 (0 ; 1 ) suc h that

sup

n 2 I N

0

; j x j� M

P

�

j �

n

( x ) j �

M

0

� K L �

2 K

�

�

�

2

and

e

� (2�+

4 K

2

�

M )

e

�c ( M

0

� K L �)

2 K

(1 � e

� �

)

�

�

2

:

Then from (4.9) and (4.10) w e ha v e that

sup

t � 0 ; j x j� M

P ( j X

x

( t ) j � M

0

) � � :

Since � > 0 is arbitrary , w e ha v e the result.

F rom Theorem 4.4, Lemma 4.5 and Condition 2.7 the pro of of p ositiv e

recurrence and the existence and uniqueness of an in v arian t measure for
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f X

x

( t ) g

t � 0

is standard (cf. [10 ]). Ho w ev er for the sak e of completeness w e

presen t the pro of b elo w.

Pro of of Theorem 2.8: In order to sho w that f X

x

( t ) g is p ositiv e recurren t,

w e need to sho w that if S is an arbitrary compact set in G with p ositiv e

Leb esgue measure and �

S

( x ) is as in (4.6) (with B replaced b y S ) then for

all x 2 G , I E �

S

( x ) < 1 . Let B

�

b e as in Theorem 4.4. Let r 2 (0 ; 1 ) b e

suc h that B

�

� f x : j x j � r g . Then from Theorem 4.4 w e ha v e that for all

M 2 (0 ; 1 )

sup

x : j x j� M

I E ( �

B

r

( x )) < 1 ; (4.11)

where B

r

:

= f x 2 G : j x j � r g . F rom the uniform non degeneracy assump-

tion: Condition 2.7, w e ha v e that (cf. [11 ]),

inf

x : j x j� r

P ( X

x

(1) 2 S ) � p ( S ) > 0 :

F urthermore, from the F eller prop ert y of X

x

( � ) w e ha v e that the family

ff X

x

( � ) g

0 � t � 1

; j x j � r g is tigh t and so there exists M 2 (0 ; 1 ) suc h that

inf

x : j x j� r

P ( X

x

(1) 2 S and j X

x

( t ) j � M for all t 2 [0 ; 1]) �

p ( S )

2

:

No w as in [10 ] the strong Mark o v prop ert y of f X

x

( t ) g yields that

I E ( �

S

( x )) �

1

p ( S )

 

2 + sup

y : j y j� M

I E ( �

B

r

( y ))

!

+ I E ( �

B

r

( x ))

< 1 ;

where the last inequalit y follo ws from (4.11).

Finally w e consider the existence and uniqueness of in v arian t measures.

F rom Lemma 4.5 w e ha v e that the family of measures f �

t

; t � 0 g de�ned

as,

�

t

( B )

:

=

1

t

Z

t

0

P ( X

x

( s ) 2 B ) ds

is tigh t. Since the Mark o v pro cess f X

x

( t ) g is F eller w e ha v e that an y w eak

limit of f �

t

g is an in v arian t measure. (See, for example, the pro of of Theo-

rem 4.1.21, Chapter I, [20 ]). Finally uniqueness follo ws as in [11 , 10 ] in view

of Condition 2.7.
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Remark 4.6 The Lipschitz and gr owth c ondition (Condition 2.3) on b and

� ar e essential ly assume d to guar ante e a unique solution to the c onstr aine d

di�usion pr o c ess (1.1) which is F el ler Markov. The c onclusion of The or em

2.8 c ontinues to hold with the same pr o of if Condition 2.3 is r eplac e d by the

assumption that (2.5) holds for some 
 2 (0 ; 1 ) , b is lo c al ly b ounde d and

(1.1) has a unique we ak solution with c ontinuous p aths for every x 2 G and

the solution is F el ler-Markov.
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