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Abstract

We develop a high-order energy method to prove asymptotic stabil-
ity of flat steady surfaces for the Stefan problem with surface tension
- also known as the Stefan problem with Gibbs-Thomson correction.

1 Introduction

The Stefan problem is one of the best known parabolic two-phase free bound-
ary problems. It is a simple model of phase transitions in liquid-solid systems.

Let Q2 CR™ denote a domain that contains a liquid and a solid separated
by an interface I'. As the melting or cooling take place the boundary moves
and we are naturally led to a free boundary problem. The unknowns are the
temperatures of the liquid and the solid denoted respectively by v+ and v~
and the location of the interface I' separating the two different phases.

We shall assume that Q=T""1 x [-1,1] where T"~* stands for an (n— 1)-
dimensional torus. Let us assume that the moving interface I'(¢) is a graph
given by x, = p(t,2’). Here p:[0,T] x T"! - R is some smooth function such
that (Jyc,cpI(t) CQ and T'>0. Define the liquid/solid phase Q*(t) by set-

ting Q*(t) = {(x’,xn) € Q‘ Ty 2 p(x’,t)}. We note that Q=QF(t)UQ (¢). In
order to formulate the problem we first specify the initial conditions. Let
['g=graph(pg) be the initial position of the free boundary and vy: Q2 — R be



the initial temperature. The unknowns are the interface {F(t);tz 0} and

the temperature function v:Q x [0,7] — R. We denote the normal velocity of
[' by V' and normalize it to be positive if I is locally expanding 2~ (¢). The
mean curvature of I'(¢) is given by

o Vp(t)
KO=V e er)

The Stefan problem with surface tension is now given by:

0w —Av=0 inQ,t>0, (1.1)
v=r(t) onI'(t),t>0, (1.2)
v =0 onT" ' x {x, ==+1} (1.3)
V=[0,v]* onT(t),t>0, (1.4)
v(-,0) =1y in Q, (1.5)
['(0)=T,. (1.6)

Given v we write v and v~ for the restriction of v to Q7 (¢) and Q~(¢),
respectively. With this notation [9,v]" stands for the jump of the normal
derivatives across the interface I'(t), namely

[0, 0] " =00t —0,v7,

where v stands for the unit normal on the hypersurface I'(¢) with respect to
Q~(t). If we replace the boundary condition (1.2) with

v=0 on I'(¢), t>0, (1.7)

then we are referring to the classical Stefan problem.

The difficulties in dealing with the existence of solutions of the prob-
lem (1.1) - (1.6) arise from the nonlinear coupling between the temperature
v and the boundary p. This connection is expressed through the boundary
conditions (1.2) and (1.4). The equation (1.4) is a Neumann-type bound-
ary condition for v. It is hyperbolic in nature as opposed to the parabolic
diffusion process in the regions Q* and Q.

From the technical point of view the first major obstacle for the analysis
is the moving boundary. To deal with this issue we shall first transform the
problem to the fixed domain by applying the so-called Hanzawa transform.
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To this end let us fix a small positive constant Oé<% and choose a cut-off
function ¢ € C*°(R) with Im(¢) C[0,1] and

0, |z]>1—«

1, z|<a,
so={ 1 16y <.
Define now a diffeomorphism

Oz, wp,t) = (2 2+ P(x0) p(2' 1), 1)

and the function wu(2',z,,t)=v(0(2',z,,t)). Observe that wu(z’,0,t)=
v(2’,p(2’,t),t) and at the outer boundaries 90 :=T""! x {x, =+1}, we have
v|ga+ =u|oqx. This is the version of the transform first introduced by Han-
zawa (cf. [11]). In the new coordinates the heat operator 9, — A transforms
into a more complicated operator whose coefficients depend on the interface
function p and the cut-off function ¢. Following the calculations from [4], we
find that the Laplace operator A in the new coordinates takes the form

Aou=Apu+a,un, — B, Vyu, —d,u,,

where L6V 2%
+ P
= P EE——— = V y 18
P T e ! (-8)
_ PBp @)Vl ¢"p(L+[6VeI) (1.9)
14+ (1+dp)? (1+¢'p)* '
Furthermore, the operator 0, in the new coordinates reads
(at)@u = &gu + EpUn
where 5
Pt
=— . 1.10
ep 1 +¢/p ( )

Note that RHS of (1.2) remains unchanged in the new coordinates. In order
to transform the boundary condition (1.4) into the new coordinates we first
observe that

ﬁw@UZ@u—:ﬁ%L&m71§i§n—l, @%b“z1{zm@m.

L+¢/'p




We thus conclude that at the boundary T"! x {z,, =0}:

On
Voulr=Veuls,—0=(Vyu,0) — o ¢/p(¢Vp, 1)=(Vyu,0)—0,u(Vp,1).

— (—Vp(a:’,t),l)
= ior Thus the normal
velocity V takes the form V = \/%. Using the above expressions we derive

The outward unit normal is given by v(a’,t)

the formula for [9,v]*|r. Namely on T"! x {z,, =0} we have

[0,0]F|r = [(Vau,0) —0,u(Vp,1)] - EVela,h).1) = [O,u]t /14 |Vpl|2.

V1+[Vpl?

It is thus easy to see that the equation (1.4) transforms into
Oup = (1+|V pl2)[Ol5.
For the sake of notational simplicity we also set
(p) = V/1+[VpP.

The Stefan problem (1.1) - (1.6) now takes the following form:

U — Ayt — AUy + B, - Vit + ¢, =0 (1.11)
U=k on T"* x {x, =0} (1.12)
Opu=0 on T" ' x {z,=+1} (1.13)
u(z,0) =up(z x el (1.14)
p(a',0)=po(z)  2'eT"! (1.15)
o= {p s on T x {2, =0}, (1.16)

where we set ¢, :=d,+e, with d, and e, given by (1.9) and (1.10) respectively.
Recall that a, and B, are given by (1.8). In order to deal with the hyperbolic
equation (1.16) we introduce the regularization of the jump relation (1.16):

i+ e py = (p)? [un); on T" ' x {z,=0}. (1.17)

We shall refer to the problem of finding the solution to (1.11)-(1.15) and
(1.17) as to the regularized Stefan problem.
Notation. For notational simplicity we define for any multi-index pu=
(15 fin—1) and s€N

ol =0;0k ... .0k} (1.18)

tYxy1 Tp—1"
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Note that the operator 0* acts only in directions tangential to the boundary
T ! x{x,=0}. The Latin letters are always used to refer to the differen-
tiation with respect to the time variable ¢ and Greek letters to refer to the
differentiation with respect to the first n—1 spatial variables x1,...,z,_1.
If each component of u’' is not greater then that of p and s’ <s, we
write (1,8') < (j1,5). We write (,5') < (,5) if (1) < (15) and || <|p
or s'<s. We also denote C"/ = ((u’ 32)) For given functions w:T" ! —R
and U:Q—R, we denote w;=0,,w, i=1,....n—1 and U,=0,,U. With
x=(x1,...,2,) and 2’ = (z1,...,T,_1) We set

n—1
Voll = (00, U,....00, U), [VIUP =D (OnaUU)?, Al = Z&%U

ij=1

The Einstein summation convention is used throughout the paper when deal-
ing with repeated indices. The letter C' will stand for a generic constant that
may change from line to line.

We define the following high-order energy norms:

EUw) )= Y / [@U(0) 41045 U0 a0 (D4U 1) }+
|p]+2s<2k
DN {|a;‘w<>|2<w<t>>—1+I¢<t><v2asw,vza:w><t>},
|| +25<2 (1 19)
DUhwi))i= X [ {@U0F+0T U0 P+ avey 00+
|p|+2s<2k

92 U () + 204001V oo (8) + () 92U (1)) |

2 Y / 9V (1) (),

|p]|+2s<2k
(1.20)
where for given functions w,?: T" ! — R, we define
n—1
I,(Vw, VW) = |V2w|? (¥ (V- V) (1)~ (1.21)

k=1

Recall that ay is given by (1.8). It is crucial to observe that I, is a positive



definite bilinear form. Namely,

n—1

{172 @)+ (Il =Y (T 79)°) (1) }

k=1

L/,(VQW,VQW) :/

Trn—1

2, 12 -3
> [ IveRw

(1.22)
Note that we have used the Cauchy-Schwarz inequality in the last estimate.
The instant energy £ and the dissipation D are respectively given by

E=E(u,p):=E(u,p;p), (1.23)

D=D(u,p):=D(u,p;p). (1.24)

In the rest of the paper we shall always assume k>n, where n is the di-
mension of the space the domain 2 belongs to. Observe that the stationary
solutions to the Stefan problem (1.11) - (1.16) are given by (u,p)=(0,p),
where p€R is a given constant. Note that &(u,p—p)=E(u,p). The main
result of the paper is the following theorem.

Theorem 1.1 There exists a sufficiently small constant M* >0 such that if
the initial data satisfy (ug,po) satisfy

E(UO,P0)+)/ Po—/ﬂuo(l‘f’éblpo)’SM*,
Tn—l

then there exists a unique global solution to the Stefan problem (1.11) - (1.16)
satisfying the global bound

1 t
E(u,p)(t)+ 5/ D(u,p)(r)dr <&E(u,p)(s), t>s>0. (1.25)
Moreover, given the stationary solution (u,p)=(0,p), such that

/ /72/ Po—/uo(1+¢//)0),
"ﬂ‘nfl ’]I‘nfl (9]

then for such small initial datum there exist constants Ky, Ko >0 such that

E(u,p)(t) +lp(t) = pllz < Kre™™*" for all t>0.



The proof of this theorem will strongly rely on careful examination of the
regularized Stefan problem (1.11) - (1.15) and (1.17). For this purpose we in-
troduce the appropriate energy norms incorporating the additional viscosity
coefficient e.

ewy=eUwnr Y e {oravepe)”
|u|+25<2k (1.26)

T, (V2O Aw, V285Aw)}

DU t) =DUwi)) +2¢ Y / VAL (). (1.27)

|p|+2s<2k

The above norms are the weighted versions of parabolic Sobolev norms given

by

@l = > {10UI g+ 105Vl +ellO AV | (1.28)
|n]+2s<2k

and

@ wllo = > {1041y + 10U VU s gy + 10T [+ €l |04 AVear] .

|u]+2s<2k
(1.29)
Given ||1)||s small enough so that (1+¢4)*>§>0 and ||Vt||s bounded,
we conclude that there exists C' >0 so that

1 1
cllttwllle <&<CllUw)lle..  FlIUw)llp, <D< CllUw)llp..

In this sense the above norms are equivalent and this observation will be
often implicitly used throughout the paper. The major part of the analysis
will be concerned with proving the following result, which states that the
regularized Stefan problem has unique global solutions with small initial data
- independent of e.

Theorem 1.2 There exists a sufficiently small constant M >0 independent
of €, such that the following statement holds: if for given initial data (uf, p§)

the inequality
euset)+| [ o= [usrone)| <u
Tn- Q




holds, then there ezists a unique global solution (uc,p®) to the regularized
Stefan problem (1.11)- (1.15) and (1.17). Moreover,

Ee(u,p)(t)—l—%/o Do(u,p) (7)dr < E-(ugspo), 0. (1.30)

The Stefan problem has been studied in a variety of mathematical literature
over the past century (see for instance [20]). It has been known that classical
Stefan problem admits unique global classical solutions in R! ([6], [7] and
[12]). Local classical solutions are established in [11] and [16].

If the diffusion equation (1.1) is replaced by the elliptic equation Av=0,
then the resulting problem is called the Hele-Shaw problem (or the quasi-
stationary Stefan problem) with surface tension. Global solutions for the
Hele-Shaw problem in two dimensions with small initial data have been es-
tablished in [3]. In [1], stability of the solutions close to the steady state
sphere is established. Global stability for the one-phase Hele-Shaw problem
is established in [9]. Local-in-time solutions in parabolic Holder spaces in
arbitrary dimensions are established in [2].

As to the Stefan problem with surface tension, global weak existence
theory (without uniqueness) is analyzed in [14] and [18]. In [8] the authors
consider the Stefan problem with small surface tension i.e. o<1 if (1.2) is
substituted by v=0k(t). The local existence result for the Stefan problem
is studied in [17]. In [4] the authors prove a local existence and uniqueness
result in suitable Besov spaces, relying on the LP-regularity theory.

We establish a global-in-time existence, uniqueness and exponential de-
cay of classical solutions to the Stefan problem with surface tension near
a flat steady state (Theorem 1.1). The major difficulty consists of proving
Theorem 1.2 which establishes the existence and uniqueness result for the
regularized Stefan problem with the energy estimate

Eg(t)+/tD6(7')d7'§€€(0)+C/t\/€6(7')DE(T)dT, (1.31)

where C' does not depend on €. Combined with the smallness assumption on
the instant energy & the estimate (1.31) gives (1.30) and the global-in-time
existence. For a fixed € we first construct local-in-time solution for the regu-
larized Stefan problem (1.11)- (1.15) and (1.17). The crux of our method is
the use of high order energy estimates, for the differential operator 0% acts
only in tangential directions with respect to the boundary T"! x {z, =0}.
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This is very convenient when deriving the energy identities because the Neu-
mann boundary operator commutes with 0%. The diffusion equation (1.11)
is then used to control high order derivatives of u with respect to the normal
direction z,,, as it is presented in Lemmas 3.5 and 3.6. We set up an iteration
scheme, which generates a sequence of iterates {(u™,p™) }men. Such iteration
is well defined, but it breaks the natural energy setting due to lack of exact
cancellations in the presence of the cross-terms. With fixed €, we crucially
use the regularization to prove that {(u™,p™)}men is a Cauchy sequence in
the energy space. As m — oo the unpleasant cross-terms disappear and we
recover (1.31) in the limit. We conclude the proof of Theorem 1.1 by letting
e—0.

This work is the first step in our program of developing a robust energy
method to investigate and characterize morphological stabilities/instabilities
arising in numerous free boundary problems in applied PDE. In particular,
in a forth-coming paper we are going to establish stability and instability(!)
of steady spheres in the Stefan problem with surface tension.

The article is organized as follows: In Chapter 2 we derive general energy
identities for a model Stefan problem. In Chapter 3 the iteration scheme
for proving the local existence is set up and the actual energy identities
are derived, based on Chapter 2. Furthermore, some basic estimates are
established, which are then used in Chapter 4 to prove the crucial energy
estimates. Chapter 5 is entirely devoted to the proof of the local-in-time
existence nd uniqueness. The main results, Theorems 1.1 and 1.2 are proved
in Chapter 6.

2 Energy identities

Let I=10,q] for some 0<g<oo. The derivation of the energy identities
crucially depends on the following model problem:

U — AU —aylp,=f on Qx 1

U=Ax ) =i (0) > +G on T P x {2, =0} x T
OU=0 on T" ' x{x,=+1}x1I

U] = (w+eA’w) (W) > +h on T ' x{z,=0}xI

We shall denote
9= =i Xij <¢>_3 +G.



For most of the identities we shall derive, only the leading term A)d@b)*l
in (2.33) will be relevant. We can thus write the equation (2.33) in the
alternative form

U=Ax ) " +g9 on T" ' x{x,=0}x1I. (2.36)

We define the energies £ and D, (for the model problem) by setting k=0 in
the definitions (1.26) and (1.27) of & and D., respectively.

Lemma 2.1 Let each of the functions U, w, x and i) be five times continu-
ously differentiable with respect to the space variable and each of its spatial
partial derivatives of order <5 once continuously differentiable with respect
to the time variable. The following identity holds:

dige(u,w;@z))ﬂz(u,w;@b):/{P+R}— {Q+S+T}, (2.37)
t Q Tn-1

where

P=PU,y,f):= fU—(ay)UU,

(2.38)
R= R(u71/)7f) = f2 - 2f (BdJ ’ vx’un) +ur2L<aw)t - zutun(aw)t
—QVIIUR . Vx/ (aw)un + 2A$/uun (a¢)n,

(2.39)
Q=Q(x,w,,g,h) =Vw;- (Vx—Vw) () ' +eAVw, - (AVY - AVw) ()
oIV () eV P () } v T() )
+eAVw - V(1) ) Ax — (wi 4+ eA%w;) g — () hid | o1,

(2.40)
S=S(x,w,1,g,h):=2Vw;- (th — th) (@Dfl +2eAVw; - (AVXt — Ath) (zb)*l
F2Vx; - V() ws +2eAVw; - V(1) ™) Axy — 2 (wi + eA%0;) (Ax (¥); " + 1)
—20 () * Uy |1,

(2.41)
TET(X,w,z/),G,h):A(X,w,w,g,h)+B(X,w,¢,g,h)+2AG(wt+eA2wt)

+2AU -1 h (1))

(2.42)
Here, the functions A and B are given by:

A:=2Aw, (AX — Aw) (1#)71 —2Awbinh;(Xij — wij) <w>73 —|Vwl]? <¢>;1

2wy Ve - V(1) ) = 2V, - V(1) ) Aw + wjpwithjthie ()~ + (V- V) (1),

—ijk{ [ithjwe (V) 7], — ithjwine () } + kat{ [ithjwis () 7], = ithywign ()~ }
(2.43)
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and
B:=2eA%w; (A% — A’w) W) —2eA%wpinh; (Axuj — Awij) (1)
—6|V2Aw|2<1/1)_1+26Aansz V(@) ™)
—2€Ath : V((¢> )A2w + EAW]kszk¢]¢zt <¢> + E(AVWk ) V,l?b) ’ <w>;3
—QGACUjk{ [Vt Awpe (¥0) ]z — it Awigy ()
~|—2€Awkt{ (Vi) Awy; <1/1>73} L~ VithiAwigr (V) -
+26{A (Ax () —bibixis <¢>_3) — (A% (W)™ =it A <¢>_3) }A%t'

(2.44)

Proof. We start by multiplying the equation (2.32) by & and integrating
over (2. By a direct computation,

%at/Qu%/Q{\wu|2+a¢(un)2}—/Tn1 <w>2[un}+U=AP(U’¢’f>’

(2.45)
where P(U,1, f) is given by (2.38). Using the boundary conditions (2.36)
and (2.35), we obtain

() U 3U =~ {0 AX () 7+ e A (1)}
_ <¢>2h[AX<¢>*1_‘_g} - (wt+€A2Wt)g.

Integrating by parts in the first term on the RHS of (2.46) above we arrive
at

(2.46)

~Jours {thx ) a2ty () ) = (2.47)
Jrnes V(@i ()71 - Vx+eAVw, - V(Ax () 7).
By the product rule, the mtegrand on the RHS of (2.47) can be written as

Vwe ()7 Vx+eAVw - AVX () T +w, V(1) 1) - Vx+eAw, V(1) 1) - AVx.

In each of the terms Vw (@b}*l-VX and AVw,;-AVy (1#}71 we set y=w+
(x —w) to obtain

S0 IV6P? () el AV () } 4 Vi (V- Vo) () '+
FeAVw, (AVX = AV) ()7~ 2 [Vul )+ AVGl ) bt

+w VX - V()™ +eAVw, - V(1) ) Ax
(2.48)
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Thus plugging (2.48) into (2.47) yields

—/Tnl <w>2[un];u:%at/qrn1{\Vw!2<w>‘1+e!AVwP<w>‘l}+ Qx;w,¥,9:h),

Trn—1
(2.49)
where Q(x,w,¥,g,h) is given by (2.40). To complete the derivation of (2.37),

we take the square of the equation (2.32) and integrate over 2:

at{/\vx,u12+awu3}+/{u3+yvgu\?+2aw\vx,un\2+afpugn}
Q

—2 /; O 3t +2 / () [Un) 2 AUl = /Q RU ¥, ),

Tn—1

(2.50)

where R(U,v, f) is given by (2.39). The goal is to evaluate the two integrals
over T"~! on LHS of (2.50) using the boundary conditions (2.36) and (2.35).
We first treat the integral [, <¢>2[un];ut. Integrating by parts in the
leading order term, we obtain

_Q/Tnl <w>2[u"]+ut:2/qrn1 {|th|2<w>—1—|—E|Ath|2<¢>_1}

+ S(x,w,v,9,h),

Tn—1

(2.51)

where S(x,w,®,q,h) is given by (2.41). Note that the expression (2.41) is
obtained similarly to (2.48) by setting y =w+ (x —w) in the leading order
terms.

The second integral over T"~! in the identity (2.50) is more delicate.
We shall make use of the boundary conditions (2.33) and (2.35) to evaluate
it. The relation (2.33) is used is to exploit the full algebraic structure of
the curvature-type term Ay ()" —;3;x;; (¥)~°, which is important in the
energy estimates later on. We have:

<¢>2 [un];Ai’u = A(AX <¢>71 —Vi;Xij <¢)>73 ) (we+ GAQWt) (2.52)
+AG (wy+€A%w;) + () RAU. '

12



Observe that

2/qrn1 A(Ax () =ity (0) Jwr = 2/1‘ (Ax ()" =ity ()77 ) Awp =

n—1

2,12\ = 2 127\ —1 ‘ N “1y
at/wlw W[ (W) /THW w|? (1), H/TM“”WZ V()

2/ Vu)t-V(<¢>_1)Aw+2/ Awt(Ax—Aw) <¢>_1_

Trn—1

2/\ Wikt Vi)W <1/1>_3 —2/ ) Aw, (%’%’(Xij — W) <¢>_3)-
Trn—1 Tn—

(2.53)
Here, just like in (2.48) we substituted y =w+ (x —w) in the leading order
terms. Note that we have repeatedly used integration by parts. Integrating

by parts twice, we obtain

_2/Tn_lwkkt?/ii¢jwij <¢>_3:2/Tn_1wktwi¢jw”k <¢>_3+
2 [ nn{ [ (0]~ ) | =

Tn—1

—2/ wiktithjwjk W’)fs - Q/W1 ij{ [@Di@/)jwkt <¢>73] i Yithjwike <¢>73 }

n—1
—1—2] wkt{[¢i¢jwij <¢>73}k_¢i¢jwijk <¢>_3}-
Trn—1
(2.54)
We now single out the t-derivative in the first term on RHS of (2.54) to
obtain

—_

n—

— 2w ihjwse () 0 = _at{ (Vwy- V1) ? (W)~ } +wiwintti ()
1
+ (V- Vo) (),

We combine the identities (2.53), (2.54) and (2.55) to conclude

=
Il

(2.55)

> [ n_lA(Ale i ()=
at/wlww at Z/ (V- V) (1)~ 3}+/T A

zat/ Iy(V w,v%)+/ A,
Trn—1 Tn—1
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where I, and A are given by (1.21) and (2.43) respectively.
In the e-dependent part on RHS of (2.52) we set w*=Aw and x*=Ay.
We can write

A(AX () =ity ()7 ) A%y = (Ax" () ™ = vhatbx o) Awy
+{A O () =it () 77) = (Ax (@)™ =ty () ) }Aw:.

We may now apply the same computation as in (2.53) to conclude

2E/Tn1 A(AX (W)™ =hithixig (V) %) Awy = at/

Trn—1

eIw(VQAw,VQAwH—/ B,
Tn—1
where B is given by (2.44). We combine the above identities to write the
final form of the second integral over T"~! in the identity (2.50):

2 / <w>2[un];Ax/uzat{ / Iw(v%,v?w)+e[¢,(v2Aw,v2Aw)}
Trn—1 Tn—1

[ Tewwan),
Tr—1

(2.56)

where 7' is given by (2.42). By summing the identities (2.45) and (2.50),

plugging (2.49) in (2.45) and (2.51) and (2.56) into (2.50) and collecting

terms, we conclude the proof of the lemma. a
3 Iteration scheme and the basic estimates
We shall set up an iterative scheme in order to solve the regularized Stefan

problem locally-in-time. For given p™ and Cauchy data u§€ C>(Q), p§€
C>°(T™ 1), we solve the following problem:

u™ — Apu™ M — @ u T+ By - Vpul T e pmu T =0 (3.57)
"t = K" on T" ' x {z,=0} (3.58)
Opu™ =0 on T" ' x {z,=+1} (3.59)
u" I (2,0) =up(x), P a0) = phfa). (3.60)
Here v m
p
KM=V (). (3.61)

14



The solution to the problem (3.57) - (3.60) exists and is smooth (see Chapter
4 of [13]). Having obtained ™!, we solve the equation

prt e = (") T on T x{, =0} (3.62)

n

for p™*t1. We aim for proving the convergence of the sequence (u™,p™) to

the solution of the regularized Stefan problem in the energy space. Applying
the tangential differential operator 9% (recall (1.18)) to the equations (3.57),
(3.58) and (3.62), we obtain

agu;n+1 - af:AfL"’um+1 —Qpm agu;nrjl = ;:LS

O = g = A (") g,
=AJ!p™ (p™) = P p AL P (™) T+ G

[k L (p) =0t p 4+ eAZp T BT (™),

where
fit= {0 (agt ) = apmdpiust | = 02 (B Vo) = 0 (cmui ),
(3.63)
gre= Y CHOL AP O ((p™) )+ V™V (™)), (3.64)
s
Gro= Y ol Ap et () )~
I/I+s' (3.65)
Py -1 m _m m/ m\—1
—{oL (P ol (™)) = P ol ply (™) )
Bt = CLol (pr + A Ll () 72). (3.66)
e
For any [ €N let us define
=&, o0 ), D=D(u!,p'p' ), (3.67)

where & and D, are defined by (1.26) and (1.27) respectively. Setting U =
Qumt, w=0l ™, x=0Up™, b=p", f=f, g=g, G=G)' and h=

,8) 225

hit,, the identity (2.37) implies
d
aem“(t)jui)m“(t):/{Pm+Rm}—/ {Qm+S"+T™}.  (3.68)
(9] Trn—1
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Here P™ :Zlul vos<on Dris and R™, Q™ S™ and T™ are defined analogously,
whereby

P =P p™ ), QU =Q(Okp™, 9L p™ p g k) (3.69)
and

R} '—R(a“um“,p ) S}ZS::S(@gpm,8§‘pm+1,pm,gz’fs,hl’zs),

S

Tn:” ._T(au au m+1’p ’g%mh%). (3.70)

The inequality (1.22) implies that the instant energy &' is positive definite.
In order to estimate P™, R™, ™, S™ and T™ we first need to establish some

basic auxiliary estimates.

Lemma 3.1 The following identity holds

at{/ﬂum“(lm’pm)}:@{/Tn_lpm“}. (3.71)

Proof. We multiply the equation (3.57) with (14 ¢'p™) and integrate over
2. We thus obtain

1 2
/(1_|_¢/pm)(u;n+1_Ax/um+l)_/ —|—’¢Vﬂ | m+1+2/¢vp m+1
Q Q

14 ¢/pm
S A 0 A O S AT A YT
+/¢Ap o /n< L4¢/pm (1+¢'pm)? >u”

/¢pm m+1

Integrating by parts we have [,—¢piul"*!= [ ¢'pu™ . Using this
identity, we obtain

Z¥1+¢Wmﬁfwl+/£0+ﬂﬂ9)@mm+16{]£Uskﬁpmﬁﬂ”l}

Observe that the integration by parts implies
|-t = [ 69 v
and [, dAp "l =— [ oV p™ - Vyul ! Thus
/Q(ch’p’”) u™ /Q%me- Vot ™+ /chpm nH=0
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Note further that

5 <1+ IW/)’”P) _ @)V P ¢ (L+]6V ™)
n 1+¢/pm 1+¢/pm (1+¢/pm)2

Using integration by parts again we have

_/ 1+|¢pVp™ |2 m+1_/<(¢2)’|Wm!2_¢”pm(1+|¢mel2)>um+1:
Q Q

Lrgpm 1+¢/p™ (1+¢'pm) "
_/ <pm> [uzﬁ-l] — _at{/ pm—i-l}'
Tn—1 Tn—1
This finishes the proof of the lemma. O

The importance of this identity is reflected in the fact that it allows to
control terms with purely temporal derivatives of p™*!:

Lemma 3.2 There exist positive constants K and 0y <1 such that for any
0 <0y such that if
[ o= [usonm)|<o
Tn—1 Q

k
Em<0, VP w<1 and Y [|0,p" ]2 < EVE™+6,

p=0

then ||Vl <1 and 35, o[10,0™ 2 < KVE™T+0.

Proof. Observe first that the assumption on p™~! implies that (p™~!) < /2.
Using the Sobolev inequality, we obtain

IV 0™ oo < CullV ™| rnsnrje < CuV/2E™ < C.V/26.

Thus, choosing 6y < ﬁi guarantees ||Vp™ || <1. By (3.71) we have

s+1
m+1 /a um+1 /(b ( > laerl pp
Tn— 1

Also, [y p™ = [ (um T @ um ™) + [y s — Joub(1+ ¢ pf). Thus, for
0<s<k-—1, using the Cauchy—Schwarz inequality, definition (3.67) of Sm“

17



and the main assumption in the statement of the lemma, we obtain

s+1
R T TR S P e
Tr—1

p=1

k
SVETLCVETTY |[0p0™ |2
p=0

Furthermore,

m+1
‘ /11‘
n—1

< Ol o+ Ol ol +| [ i [ wo1+6'0)
Tn= Q

k
< CVEMTLCVE™TY "||0,0™||2+0.

p=0

By the Poincaré inequality we get

k k k
D 110" 2 SCZ||6pr’"“||2+CZ|I/ Opp™ 2. (3.72)
p=0 p=0 p=0 Tn-t

The first term on the right-hand side is estimated by CvE™+1, by the def-
inition (3.67) of £™*L. By the previous two inequalities and the assump-
tions of the lemma, we can estimate the second sum on RHS of (3.72)

by CvEMtL4+CvEMTL (K\/€m+9) +6. Keeping in mind that £™ <0, we

choose 1 < K large enough and 6 < 1\/5 small enough so that

k
N0yl < KVETT 0.
p=0

O
In the following we shall work under the standing assumption
k
€<, [IVP" <1 D ll0pp™"|le < KVE™ 48, (3.73)

p=0

with 0 <68, where 6, is given as in Lemma 3.2.
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Lemma 3.3 Let £€ C®(J,R) and J CR an interval such that every deriva-
tive of £ is uniformly bounded on J.

(a) Let (p,7) be a pair of indices such that |u|+2r <2k and (|u],7)# (0,0).
Then there exists a positive constant C' such that

108 [E(IV o™ )] <CVE™ (3.74)
and
02 €106 )] s < 2 VE™ (3.75)
(b) There ezists a positive constant C' such that
104V ™| g2 < CVD™H, (3.76)
where |u|+2s <2k. Furthermore,
104,61V o™ )] < CVD™ (3.77)

for all (u,s) satisfying |p|+2s <2k.

(c) For any pair of indices (p,s) such that |u|+2s <2k there exists a pos-
itive constant C and a small parameter \ such that

080113+ 2el |0 A0 |3+ 2 op A% B < S €7 4 OXD
(3.78)

Proof. Part (a): Let a=p+7 for any given multi-index of length n—1
satisfying |7|<1. Let first r=0. By assumption |a|>1. Using Moser’s
inequality (cf. [10], Lemma 5) and Leibniz’ rule (cf. [10], Lemma 4), we have

o[£V )] 1o <€ max (DT ))]lucl V" 157 ) 10170 )

1<d<|a]
<CJo*(IVe" )l < CHO*V ™| |2l Vp™ [l < CVE™.
Let r>1.

(VP =0 S Cl VIO (V). 0, (V) )

d=1 s1++sq=r
5;>0

:Z Z Z CaC,.. 7d+13311(]me]2)...835(\me|2)3w+1[g(d)(|vpm’2)]

d=1 s1++sq=r M+ +Va41
=

Sq
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For any i=1,...,d, we have 0:(|Vp™[*) =310 s<.. 0175(9pr’”3§;:,5me.
Thus if |y;|+2s; <k-+1, then by the Sobolev inequality

108V ™l < 105907 |2 <OVE,

and analogously H@ijme\ oo SCVE™, implying |10 (|Vp™[?)||oc <CE™.
If |v441| <k +1, we use the Sobolev and Moser’s inequality to conclude

|07 (€D (Vp™ )]l < CVE™.

If there exists 1<j<d such that |y;|+2s;>k+1, then |y;|+2s; <k+1 for
1<i<d, i#j and additionally, |v441| < k-+1. Thus we can estimate the term
containing 7; in superscript in L?-norm and the remaining terms in L>°-norm.
If on the other hand |vy;| +2s; <k+1 for every 1 <i<d, we estimate the term
a1 [€D(|Vp™|?)] in L*norm and the remaining terms in L*°-norm. We
conclude that

102 [£(IV ™ )] ] < CVE™,

for the specified range of a-s and r-s. The inequality (3.75)is proved similarly.
Part (b): By (3.58), Ap™=u""1(p™)+ p"p o} (p™ 2. Let y=p+7
where |7|=1. Applying 07 to the above identity, we get

8™ = S CL (W () +

s—s’
v,
Y1:,72,¥3574 QY1 M V2 T Y3 51T )V4 —2
z : C(815253848 aszpja ’Lj884<<p > )
> (vp+sp)
=y+s

Observe that [, , u™™ =0since v =™ =V (Vp™ (p >_1)on']I‘”_1 Let

us fix (v/,s") <(v,s). If |¥'| >0 note that fQW mtl—=(. We use the trace
inequality and then the Poincaré inequality on €2 to deduce

Haz/,um+1HL2(Tn—l)SCHa;’um+1HH1 <C¢Ha’}/ Vum+1H 2 <C / m+1
If |¥'| =0 by the Poincaré¢ inequality and the trace inequality:

Has/uerlHLz(Tn—l) S C’|88/Vm/um+1HL2(Tn—1)
< 0|0y Vird™ | g1y < CVDmHL,
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By part (a), ||07°0 ((p™))|]2 < C+CVE™. Furthermore, if for some 1<1<4

we have |y|+2s; >k, we estimate the term containing +; in superscript in
L2-norm and the remaining terms in L>-norm. Using part (a) we deduce

13 97032 o O PO () D)2 S CE™PE Y 7 100V " |-

z] S4
|l +2s<2k

Thus, summing over all pairs (u,s) yields

S I07AP" 2 < (C+CVEMVDHLOE™)2 3" [|04V ™| 2.

L, s

(3.79)
Since [, Vp™=0 and |y|>1 elliptic regularity implies

) ORCAZAIEL S VN (3.50)
|| +2s<2k |ul+2s<2k
y=p+7|TI=1
Combining (3.79), (3.80) and choosing £™ sufficiently small we deduce the
claim.
Part (c): We apply the differential operator 0¥ to the ’jump relation’ (3.62)
and take squares on both sides to obtain
185 715+ 2¢ |04 Apy (5 + (105 A oy 15 = 1108 (™) g 1) |13

n

Next
H(95<<P > [+ )HQ_HZCuau au u[ m+1] I8
w8
<N N0 o sl T e +
|u I-«—2g
O3 1O (™ IO B e
|u I+23

(Ow/gm_’_l)( ((/’m-‘rl +C)\Dm+1) %(c/’m-‘rl +C)\Dm+1

Here we assume £™ <1. Terms involving L*-norm are first estimated by the
Sobolev inequality. Then we use the standard trace inequality ||v|]z20) <
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C1|v]|z2(0) + Al Vol| 20 to bound the terms involving [u™]7. Observe that
the same proof is easily adapted to yield the bound

|0sp7 | |o < CVDmHL, for s<k. (3.81)

O

Remark. The estimate (3.78) will play a crucial role in the energy estimates
for the problem of local existence. For any pair (u,s), |u|+2s <2k and |u| > 1,
the elliptic regularity and the estimate (3.78) imply

C
[V =1V oL |, < \/8m+1+>\\/Dm+1. (3.82)

Lemma 3.4 There exists a positive constant C such that

(a) Forr>0, |u|+2s<2k and (|u|,s)# (0,0)
10400 (agn)| |2y < CVE™ (3.83)
(b) Forr>0 and |p]+2s <2k
1040 (Bl 2oy < CVE™ (3:84)
(c) Forr>0 and |pu|+2s<2k
11020, (cpm)|| L2() < CVE™ +CVD™, (3.85)
Furthermore, for r>0, |u|+2s<2k—1
1040 (cm )12 < CVE™. (3.86)
Proof. Part (a): We note:
OOy (apm) = 040 ((1+1[6V ™) (1+¢'p™) %)

= 0 (Y 0w P10V ™ )0 Fa(¢'™))
p=0
where Fi(z):=1+2? and Fy(x):=(1+x)72 Observe that

—-bp
8nr ng ¢ Z Z P )(p )d¢(81)__.¢(5d)’



and thus

T—p

10200 Fa @0 |20y < C Y102 [F (&'0™)(p >d}um<m
d=1
<CZZC“ 195 P08 [Galp™)] || 2@
d=1p/,s’

where G4(z):=2¢. By Moser’s inequality, for any pair of indices (v,q) such
that [v]+2¢ < 2k, (|v],q) # (0,0) we have |02 [[F”(/p™)] |2y < CVET if
lv| >0, and ||8q”[[F2(d)(¢’pm)]||L2(Q)§C’\/5_m+9 if |v|=0. We have used
Lemma 3.2. Similarly, if [v|+2g <2k, we have ||0} [Ga(p™) ]| 2200 <CVEm
when |v| >0, and [|0% [Ga(p™)] |l r2(0) <CVE™+6 when |v|=0. Thus

104 [[F5 (¢ ™) 042 [Galp™)] |2y <CVE™, (3.87)

s—s’

where we hit the terms with lower order derivatives with L°-norms, de-
pending on whether |u/|+2s" <k or || +2s' > k. Additionally, we use the
assumption that § <1 and €™ <1. This implies ||0¥0r—»Fo(¢' p™)||12(0) <
CVE™ for 0<p<r and || +2s < 2k. In the same way we prove
10400 Fy(|0V p™ )| 2(0) SCVE™ for 0<p<r, |u|+25<2k and (|u|,s)#
(0,0). Using the same idea of estimating lower order terms with L*-norms
as in the proof of (3.87), we conclude the proof of part (a). The proof of part
(b) follows in a completely analogous way.

Part (c): To prove part (c), recall that c¢,m =d,m +e,m, where d,m and e m
are given by

oAp™  (O)VPP | ¢ [eV) bt
L+¢/pm (1+¢/pm)? (I+@pm)? 7 7 1+dpm

dpm =

The analogous proof as in the part (a) implies that || (dym)||12(q) <
CVEm. Furthermore, since |[04p|| <CVD™ if |u|+2s <2k, we use the
same method as in part (a) to prove ||0¥ 8nr<€p N z2@) <CVD™. We thus
conclude (3.85). From the definition of £™ (cf. (3. 67)) and the assumption
of Lemma 3.2, we have ||0¢p"|| <CVE™ for |p|+2s<2k—1, |u|>0; also
110sp7|| < CVE™ 46 for all s<k—1. Now we use the same method as in the
proof of part (a) to deduce (3.86). O
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Lemma 3.5 For all pairs of indices (j1,s) such that |pu|+2s+r <k+%+3,
the inequality ||0FOpru™ | 12(q) < CVE™ ! holds.

Proof. We prove the claim by induction in r. In case r=1 the claim is
obvious from the definition of £€™. Let the claim be true for all r <49 for
some 1 <9 <k+n/2+3. We have to prove the claim for r=9+1, i.e.

’|858n19+1um+1 ’ ’LQ(Q) <CvEmtL, (388)
if |pu[+2s <k+5—1U+2. Let (u,s) be such a pair of indices. Then

858,“9“ um+1 = 858,11971 uz@n—i—l

1 1 1 1 -1
= 0100 { (1 = D™ By Vot )t |

9—1
=3 S o sw) {85,/8”qu+1 — O DA™
w',s" w=0
+ 30N O 5" )L O (B )0l By Vo™
w' s p=0
9—1
+ Z ZC(N",S”,p)agi’anp (cpm)8§,l:s‘f:/8nw—p+1um“}85:5/6%971% (apm).
w8 p=0
(3.89)
Observe that ||8§,0nwu§”+l||L2(Q) <CVE™H and \|8§/6nw Agtu" | p2(0) <
CvVE™FTL for any triple of indices (¢/,s,w)<(u,s,9—1) by in-
ductive hypothesis. Further, by Lemma 3.4 and the Sobolev in-
equality  |[0% 8o Bym| | () SCVE™, |84 Oppcom|| 1) <CVE™  and
||c95:;f/8n19717w (ap_%)HLoo(Q)SC\/g_m—FC, for (u",s",p) < (W, ,w)<
(,s,9—1). Applying these estimates to the above identity and using
the inductive assumption, we obtain

108 0,01u™ | 20y < CVETVE™HT 4 CEMVEMT < CVEMT,

where we recall the smallness assumption on £™, specially £™ <1. This
finishes the proof of the lemma. O

Lemma 3.6 If |u|+7r+2s<2k+1,

H@fj@nrumﬂ ’ ’LQ(Q) S C Vv Em+l, (390)
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Proof. We prove the claim by induction in r. In case r=1 the claim is
obvious from the definition of £€™. Let the claim be true for all » <49 for
some 1 <19 <2k+1. We have to prove the claim for r=v+1, i.e.

Hag‘@naﬂum“ ’ |L2(Q) <CvEMHL,
if |p|+2s+19<2k. Let (u,s) be such a pair of indices. Then

010,01 u™ T = 010, 01!

1 1 1 1 —1
= 0000 { (u* = D™ 4 By Vo 4 i )t |

91
- Z Zc(ula Slyw) {ag’lan“’u?wrl - ag’lanw A:p’um+1+
w,s" w=0
D0 DO p)0 0w (B ) - 0L Dy Vo™
w8 p=0
+3 > 8" p)dl O (cpm)ag’_-;f,”anw_pﬂumﬂ}ag_-;f’anﬂ_l_w (ah).
w8 p=0
(3.91)
We analyze separately the case when || +w+2s' <k and |p/|+w+2s" > k.
Case 1. In the case |p/|+w+2s" >k note that

p—p|+2(s—s)+0—w<2k—k=kF.
By the Sobolev inequality and Lemma 3.4, we have

||8”_”'8n19_1_w (a;r}b) ||L00(Q) <CvE™.

s—s’

It (1",s",p) < (1, s",w), || +p+2s" <k and
||8§/ 8np (Cp'm) | |Loo(Q) S ||8§, 8np (Cpm) ||Hn/2+l(Q) S O\/ 5m,

where we have used the Sobolev inequality and Lemma 3.4 respectively. Sim-

ilarly ||Qf,7@np (Bym) || 1oo() < CVE™. This implies

pm

/ 104 O (Bym ) P10l L5 Doy Vora™ ) PO Do (a0) )
Q

< C10% O (B ) [ 100 () 1108 Z i Qs Vo™ |12 ) X
|05 D01 (ap_nll) | |%oo(Q) <C(Em)2EmHT,

s—s'
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where we have used the inductive hypothesis to deduce

1042 By Vot |2y < CE™ .,

Analogously
/Q@;i, O (Com ) )2 (D50 O™ 2L Do (am) )
S C(gm)ng—l—l

If on the other hand |u”|+p+2s” >k, we use the Sobolev inequality and
Lemma 3.5 to get

10428 B Y| ooy < 110410 Bpompir ™| pysin ) < OVEMH,

where we note that
W =+ (w—p+1)+n/2+1+2(s'—s") <k+n/2+1,
so that Lemma 3.5 is applicable. In analogous fashion it follows
102 D1 Vg tt™ Y| oo 0y < CVE™H,
We also note that

/ (ag,’ Dy QU+ — O D) Ax/uerl) (O Do (a3)))?
Q

pm
<105 Ot — 08 O A ™| |%2(Q) |08 Opo—1-w (a;nll) | |%oo(g)
< Cgm-i—lgm < Cvgm—‘rl.
Observe that we have used the inductive hypothesis in the last inequality
above. This completes the first case.

Case 2. In the case |p/|+w+2s' <k, by the Sobolev inequality and
Lemmas 3.4 and 3.5,
104 Do (B ) 024 Dy Vo™ 1| e ) < CVETVEMTT,
and |05 Do (cpm ) 01 By ™| ooy S CVETT  for (", 5" p) <
(4/,s',w). By Lemma 3.4, [|0"~% 8,0-1-u (apm)||z2@) SCVE™+C. We also

s—s’
note

pm

/ (85’anwu?“—a,ét’anmx/um“)?a:_;f’anﬂlw (apm))?
Q

<10 D+ _ag,’anmx,umﬂuim(mjag:;f’ang_l_w (4,172

S C«gm-‘rlgm _|_Cr€m+1 S Cgm-i—l.
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By the Sobolev inequality and Lemma 3.5,
108 Byt = 00 Do Agrt™ [ ) < CE™ .

We combine the above estimates to conclude |[0£0,0+1u™ || 12(q) < CVEMH
and this completes the second case and finishes the proof of the lemma. O

4 Energy estimates

Lemma 4.1 Let K and 0 <6y be given as in Lemma 3.2. There exists 0 <
L<0 and T€ such that if
/ / ug(1+ ¢ p§
Tn— 1

7'6
sup E™(t)+ D" (r)dr <L,

0<t<Te 0

L
2

Ec(ug, ph) +

and for some m €N

k
V" Moo <1, Y 10,0 la SKVE™ +6,

then e
sup 5m+1(t)—|—/ D" (7)dr < L.
0

0<t<Te

Proof. With the preparation from Chapter 2, we are ready to estimate RHS
of (3.68) term by term. Note that the assumptions of Lemma 3.2 are fulfilled
and we are thus able to use Lemmas 3.3 - 3.6 in the forthcoming estimates.
Let (u,s) be an arbitrary, but fixed pair of indices satisfying |u|+2s < 2k.

Term fQPm: Recall that PJ',=P(0u™, p™, f™) is given by (3.69),
where P is given by (2.38) and fm by (3.63). Thus, combmmg (2.38)
and (3.63) we can estimate the first term on RHS of fQ

S nn

<C Z /8 amot! /umﬂﬁ”um“ =C Z +C Z

(Iw'1,8") 1| +25' <k |/ |+25" >k
(Iu'1,5")#(0,0)

‘/ 8“ apmum+1)—apm(?“um+1}8“um+1

< C\/Sm\/Dm+1\/Dm+1 < OVEMDTH,
(4.92)
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In the first sum, observe that ||af:/,apM||LOO(Q) <CVE™ for || +2s' <k, by
the Sobolev inequality and Lemma 3.3. In the second sum observe that
|0 w1 | Lo () < CV/ D™ by the Sobolev inequality and Lemma 3.6. By
glancmg at (2.38) and (3.63) the second term in the expression [, P, is given
by [0 (Bym - Vyulth)oku™ 1 It is estimated in a completely analogous
way and is bounded by Cv/EmD™ ! again By (3.69), the third term on
RHS (2.38) renders the third term in [, P;,. We have

| / 01 (epmu ) orum | <CY | / O cym Ol w1 opu |
Q ARAY
S

¢ ¥ s % | (4.93)

|/ |42 <k | |+2s" >k

< COVEMD™ ! 4 OV D/ Dmt1y/ Emtl

In the first sum we estimate H@"cpm”oo like above ( since |p/|+2s' <k). In the
second sum, for |p/|+2s' >k, ||0% “ m“||Loo(Q) <CVE™H! by the Sobolev

inequality and Lemma 3.6. By Lemma 3.3, ||8i,‘, ¢pm||L2 <OVD™. Finally, the
fourth term of [, PP, (again use (2.38) to identify the fourth term and the
equations (3.69) and (3.63) to plug in the appropriate values), is estimated
by using the Cauchy-Schwarz inequality

‘/Q(apm)nﬁé"uﬁlaé‘umﬂ‘ < [(@pm ) [Loo @) || 05U | 2o || 05w || 20

< OV DmyDmHL/Emtt

(4.94)

Term an,l @}'s: We now proceed with the estimates for the expression

Jpna Q, where Q) is given by (3.69), where () is defined by (2.40), g, is

given by (3.64) and h'", is given by (3.66). The first two terms of [.._, Q7.
are the cross-terms and they deserve special attention. For any n >0,

’/ N p TV p™ (p™My T = 9V ™ (p }‘
Trn— 1

m m m m C m m
<Al (00V -+ 0V ) <o+ S e e,
(4.95)
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. / PV AP {A@“Vp’”( )T AV ) T

Trn—1

<nell LAV B+ Coraver g+ llosavem3) (4:96)
SUDerl—F%(gm‘i‘ngrl).

Observe that the constant C' does not depend on e. The third term in
Jon s Q1 is given by (2.40) and (3.69). Note that 8;((p™) ") =L PE,

(o)
By Lemma 3.3, we conclude || {p™); '||sc <CD™. We then obtain

| / 0w (o o av )| (@9
SOD™ (|0 g 4 el|0F AV | 12) < CEm D™

To estimate the fourth term of [, Q)¢ (which is obtained as the fourth term
of (2.40) together with the definition (3.69)), we use the Cauchy-Schwarz
inequality to get

[ o o () < 1060 Bl o IV (™) e <

CVDmHI/Em/Dm < CVE™(D™ +D™ ),
(4.98)
Analogously, the fifth term in an_l Q)5 1s estimated as follows:

€

/ AV V() A0k <
"]I‘nl

IVeAVI o L[V ((0™) ™) oo [VEADL o™ [ < OV D+ D/ Em
SC\/E_m(Dm D,
(4.99)
We first note that the sixth term of (2.40) contains g. Note that in [,_, Q77
g=gys, where g’ is defined by (3.64). We shall first estimate || guSHg and
||\/€ Vgu |2 and then use the Cauchy-Schwarz inequality. For any ||+ s <
|pe| + s, we have

104 Ap™3H (o™ |2 +1104(V ™ -V ({(5™) 1)) < CVERVD™,

The inequality follows by estimating the term with smaller order space-
derivatives in L°°-norm, which can then be estimated by the Sobolev in-
equality and Lemma 3.3. Similarly, recalling (3.67):

VeV (94 Ap™ i (™) ™)) la+ VeV (Vo™ -V (™)) [l < CVE™VD™

s—s’
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Therefore ||g7 ||+ [[veVgy,llo < CVE™VD™ and we can bound the sixth
term in an,l Qs b

] / (@t et g <1102 g

VAV o] |[VeVgp || < CVDm IV EmDm < CVE™ (D™ + D).
(4.100)
The last term in [}, Q) is extracted from the last term of (2.40), which
contains h. By (3.69), h hir, where A7 is given by (3.66). For the nota-
tional simplicity, we set Iy’  =:hy +€ha, Where

hyi= Y CHOL oy ()70 hai= Y CUOL AP HOLTE (o)),

[/ |45’ [/ |+s’

<ll+s <lnl+s
(4.101)
Note that for |p/|+ " <|p|+s, we have
™98 105 (™))l L
<[[(™)* Hoolla“ PO (7))l < CVEMYDTHL

Here, if |y \—1—25 <k then H@“l | KOVE™TL and if |i/|+2s' >k then
|05~ (0™ ) [|so < CVE™. We use the Sobolev inequality and Lemma 3.3

to conclude the estimate. This implies ||h||2 <CVE™VD™*L. Note that in
similar fashion, for |p/|+s" <|u|+s,

[IV/el A% ol (o) 722 < CVEmV DL,

In other words ||v/ehs||la <CVE™VD™. From the proof of part (b) of
Lemma 3.3, we deduce [|0#£™||; < CVD™+! and also ||y/e*k™ || < CvDmH1
(recall here (3.61)). Thus the last term of [1,,_, Q7 is bounded by

[ om0t <Ol llo2s™ o+ €l sl Vetn™
Tn—1
gC\/ngmH.

(4.103)

Term [, R7.: Note that R, is given by (3.70) where f,, is defined

»S HsyS?

by (3.63). Our first task is to estimate the first term of [, R7,, namely
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Jo(fi)?. Observe that

/ )?P<C /3 am ) 2(OPH A2
#(0,0)

(u',s")

+C ) /|85,Bpm| 0"k V,,:/u?+1|2—|—02/ (0" cpm)2 (0"~ H 1)
(') 7

(4.104)
If |1/|+2¢' <k, by Lemma 3.4

1104 agm || Lo () +[10% Bom || oo () + 1|0k com || oo (o) SCVE™.

Thus for |p/|+2s'<k and (u/,s")#(0,0), RHS of (4.104) is bounded
by CE™D™H. If |i/|+2s' >k, then |u—p/|+2(s—s)<k—1 and from
Lemma 3.6

1044wt || oo o+ 10874 Vol | ooy + 110!

s—s’

K| o) < CVEMH,

S/

In addition to this, for such (y,s"), we use Lemma 3.4 to conclude
102 |20 + 1182 Byl 2@ +110% 2y < CVD™
Thus, for every A>0
O am (@t ) <10 apml 1082 s e oy <CDME™

0
Analogously,

{108 B P G @ e @ i} < €D,

Q

for all (u/,s") <(u,s) satisfying |p'|+2s' > k. Combining the estimates for
||+ 28" <k and |p/| 425" > k, we obtain

m:<ogmpmtl L o pmEmTL (4.105)
o

The second term of the expression [, R, (the second term on RHS of (2.39)
and (3.70)) is bounded by:

’/ (DL u ™) (apm )i

(apm)ellzoe o ||0L w12y < CVEMD™ L (4.106)
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and similarly the third term ‘fﬂ 8§‘u?+18§‘u§+1(apm)n‘ <CVE™D™. Note

further that for the fourth term in [, R, (use (2.39) and (3.70)), by
Lemma 3.3,

| / Vo 0t Va0
Q

< OV 0 s |Vt oy 108741 gy < OV VE /DT

(4.107)
By Lemma 3.3, the last term in [, R, (last term on RHS of (2.39) and (3.70))
is bounded by:

R S
Q
< Ap3u™ | 2@l (@pm )l oo @) 108wy | 2 () < CVE™D™ .

(4.108)

Term an,lSZZS: Note that ST is given by (3.70) where S is given
by (2.41), g7, by (3.64) and A} by (3.66). The first two terms on RHS
of (2.41) are the cross-terms and in order to estimate them we shall exploit
the part (c) of Lemma 3.3. It turns out that the constants on the right-hand

side will depend on €. Note that for any n,A >0

0“me+1(3§‘VpT<p> — UV p >_1>’

’Tnl

< IOV A VA S e D o
In the last estimate we have used the estimate (3.82). Similarly,
‘e . lamvpm“(amvpm my=l_ gAY g+ >—1)‘
< CIRAT A AV B S e+ EED g
(4.110)

The third term of [, , S, is given by the third term on RHS of (2.41)
and (3.70):

W A A AR (O R IE
’H‘nl

(0207 a9V ]|V (™) | < CVDTEVDEER (WD
O\/S_m(Dm+Dm+1).
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Similarly, the fourth term in an,lS/TS (given by the fourth term on RHS
of (2.41) and (3.70)) is bounded by:

| [ sorpravay (| <
Trn—1
[[VeAd " lol[VeAV L o ||V (™) | < CVDmVDmHLVE™
<CVE™(D™+D™H.
(4.112)
Note that the fifth term in [, , S, by (2.41) and (3.70)) involves the

yS?
function g, where gy, is given by (3.64). The crucial step in estimating

this term in [}, ,S™, is to observe that ||(g",):|l2 <CVE™YD™. This is
proved by first differentiating g;;'; with respect to ¢, and then in each product
estimating the terms with lower order space derivatives in L*>°-norm and the
other one in L?-norm. The same method applies to show |[\/€V (g7, )l[2 <

CVE™\D™. Also observe that
1285 p™ (™), o < [1ABE ™ol (™) oo < CVEVD™.
Analogous proof shows that
VeV (A8 p™ (p™), )l <CVE™D™.

Using the above inequalitites and the Cauchy-Schwarz inequality we establish

[t (20 o) (g )| <10t pr sl A0 (o), 4+ (g il
Trn—1
<CVDMHINVENY DM < CVE™ (D™ + D).

(4.113)
Integrating by parts and using the analogous argument as in (4.113) we get

/ oL (A0 (), + (g1 ) / LAV P9 (202" ()
Tn—1 n-l

< IVedr AV 55| |Vew (8025™ (o) 7+ (g s
< CVDHIVEN D < CVE™ (D™ + D)

€ =€

(4.114)
The sixth and the last term in an_l S™ ( given through the last term on RHS
of (2.41) and (3.70)) involves the function b}, where A}, is given by (3.66).
Since OFk* =V - OF (me (pm>;1), we can integrate by parts to obtain

[ e == [ (@) - (90,
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We split hj)'=hy +ehy as in (4.101). For [p/|+s" <|u|+s

V() ) 2 < 9™ el 05 902 (7))o
™) o (1102510 (™)) 104 0T (™) ) )

s—s’

SC,/é’m,/gmw/Dm—l—l_'_C\/gm,/ m+1§01/8mw/ m—f—l.
(4.115)
Here we have used L? — L* estimated by separating the cases ||+ 2s' <k

and |p/|+2s" > k. Since

VeV ((pm)? 0l A2 101 (™) 7)) ||l < CVEMVDH,

we deduce

VeV ({p™)? ha)||2 < CVEMVDmH, (4.116)
where hy is given by (4.101). Similarly, ||8§+1(me(pm>fl)||2 < CVEM\/D™
and also [|v/ed%, (V™ (5m) )l < CVER VD,

In summary,

[ im0z (T (o) 7 e+

HIVE((o™) ho)llal[Veds (Vo™ () )l (4.117)
<C€m\/_\/T+1< C’gm'Dm_*_C(c/’mem-Q—l.

Term [y, ,T}": Recall that T is defined by (3.70) where T' is given
by (2.42), G2, by (3 65) and A, by (3.66). In particular the term A- the
first term on RHS of (2.42) is given by (2.43). The first two terms of the

expression A are the cross-terms. Using integration by parts, we obtain

‘ AP (A" = D) ()

[ s o —arsr i)

</\||3“VP 2+ IIV(é‘“Ap< ™R+

(4.118)

SIv @ e (e rem,

where we note that by the definition of £, [|0#(Vp™ (0™) )| |ms < C gm
for |u|4+2s <2k. Similarly, for the second cross term:

‘/T OB (e (el — ot ) )|

. (4.119)
S )\Dm—H a(gm_}_5771—‘,-1)
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The proof of (4.119) relies on the same idea as above; we first integrate by
parts and then establish the estimate

19 (o @~ o) (7)Y B < e eme,

By A—(crossterms) we denote the sum of all the remaining terms in the
expression A (recall (2.43) and the fact that ¢»=p™ in our case). Terms of
the form (™)', (™), ", (p™); >, pi* and pfy for 1 <i,j <n—1 are bounded in
L>-norm by Cv/E™, by Lemma 3.3. Terms of the form (p™)™* are estimated
by 1in L*-norm. Note that in the last two terms in the expression A (2.43)
the leading order derivatives cancel out after the the product rule has been
applied within the parentheses. Using these observations and applying the

Cauchy-Schwarz inequality, we conclude
| A— (crossterms)| < CVE™(D™ +D™ ). (4.120)

Recall now that the term B (the second expression on RHS of (2.42)) is given
by (2.44). The first two terms in the expression B are again the cross-terms.
By part (c¢) of Lemma 3.3, we obtain
‘6/ aMAQ m+1(auA2 m 8MA2 m-‘rl ‘
2||(9“A2 FHR+CllorAp m||2+0||3“A2 "< (4.121)
C C
< Xgm—l—l 4 ()\_f_cvgm)pm-kl 4+ = (5m+gm+1) ]
€

Analogously, we establish

e /T 10‘%2 A A CAN NG D R B

C
)\5m+1 (/\+C«gm>Dm+1 ?(gm_’_gm—i—l).

(4.122)

We denote the sum of the remaining terms in the expression B by B—
(crossterms). The same idea as in the estimates for | A — (crossterms)| works.
It is important to note that we have canceling of the highest order derivatives
within the parentheses in the last three expressions on RHS of (2.44). In
addition to that, we factorize e = /€ X \/e. By the Cauchy-Schwarz inequality,

| B — (crossterms)| < CVE™ (D™ + D™ . (4.123)
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The third term of [, ,7}" is given by the third term on RHS of (2.42)
together with (3.70). Recall that G, is given by (3.65). In order to estimate
it, we first integrate by parts.

/ AGm (ap, m+1+€a/1,A2 m+1)
Tn—l
— | var-orvpptt —e / AVGT - LAV
Tn—1 Trn—1

The crucial observation is [[VG7 [la <CVE™VD™, |[|/eAVG] ]2 <

CvE™/D™. Both inequalities follow in the standard Way, by using L™ — L?
type estimates and (3.67). The third term of [i,,_, T is then bounded by:

[ ac @ eon )| < IVGELl0rv e o+
Tr—1

+||VeAVGT: |y \|\famvp 1, < CVEM DD < CVEM(D™ + D).

(4.124)
We integrate by parts in the fourth and the last term of an VT (given by
the last term on RHS of (2.42) and (3.70)). Recall AU |pn—1 A@“um“\T =
AOEK™.

[ mraon -
— V(™) hy)- 0"V K™ —€ V((p™)? hy)- 0"V ™.

Trn—1 Trn—1

By (4.101), we set h;' =hy+ehy. By the trace inequality,
’ ’V@glﬁ)m‘ ‘2 = ‘ \85Vx/um+1 ’ |L2(Tn—l) S C’ lﬁfVum“ ’ ’Hl(Q) S C Vv Dmtl,
By (4.115), we obtain

V({p") ) '35Vﬁm‘ <[IV({(p")* h)lla] |04V R[] < CVEMD™ .

(4.125)
On the other hand, by Lemma 3.3 and L*—L? type estimates,
I|\/ed"V k™|, < CV/D™. By (4.116),

Trn—1

e[ V{p")h) ‘(%Wm‘ <IVeV({(0™) ho)| |21V V k™ |2
Tn—1

< CVEMVDMHIYDm < OVE (D™ DM,

36

(4.126)



where we recall (4 101) again. From the estimates (4.125) and (4.126), the
last term in [, T}7 is bounded by

’ / VR NG| < CVER (D™ DY), (4.127)
Tr— 1

Using the identity (3.68) and summing the estimates (4.92) - (4.114)
and (4.117) - (4.127) to get a bound on the right-hand side of the iden-
tity (3.68), we arrive at

%gm-ﬁ-l(t) +Dm+1 (t) S C\/g_m(pm +Dm+1) _|_C, /DM /Derl‘ /ngrl

C C
+C(n+A)D™H + E(€m+€’”+1) +X‘9m+1 +nD"
W C Sm-i—l C/\EDm+1_{_£(€m+€m+l)+cgm+lpm‘
nAet n e
(4.128)
Now integrate in time over the interval [0,¢] to get

5m+1(t)+/t2>m+1( )dr <E™(0 +C’sup\/5?(5)</0t1?m(7)d7+/0t1?m+1(7)d7>+

s<t

t
+C'sup+/Emti(s) /\/Dm /DL ( )ds+C(77—|—)\)/Dm+1(7)dT

s<t 0

t
+Ct(= em+1(s)+ L supem EMH(s)+
(G 36+ (o) (o)

OAG/Dm“ dT—l—n/ D" (1 dT—l—(;—(supéfm(s)+sup8m+1(s))+

€\ <t s<t

+supE™T(s) / D" (1

s<t

(4.129)
Note that by Cauchy-Schwarz inequality we have
Slilt) VEMHL(s) Ot /D™ (s)\/DmFL(s)ds <
Ssglt)\/é’Tl(s)\//tDm(s)dS\/ tDm“(s)ds (4.130)
s< 0 0
< ([ D) spen o)+ [ D ey
0 s< 0
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By assumption sup,.,E™(s)+ fo D™(t)dr <L, and thus from (4.129)
and (4.130), for any ¢’ <t:

g L Ct CtL
gm+1(t’)+/ D™ (7)dr < §+L3/2+7L+nL+T+
0

t 1 1 Ct Clxe Ct
m41 Derl L1/2 I —+—+ L.
(ig)c‘? (8)+/0 (T)dT){ +C(77+’\)+Ct(n )\)+77)\e4 n Tt }

Since the above inequality holds for any ¢’ <t, we obtain

l)+ ¢t +%+@+L)}

1
5m+1 /Derl d L1/2 C A Ct(=
(sup 7) ( +C(n+ )+ (7]+ Nma T T

s<t

L tL

<—4+CL¥? 4= L+nL+O—
2 n e

We first choose n small and then A small so that C'(A+n)+ C’\e is small.

Further, we choose t (t depends on €) and L small so that

1 Ct Cxe Ct 1
L'?4+C(n+\)+Ct ——+—+L<
+C(n+A\)+ (77 /\)+n)\64+ p t—t+L<sg,
and L Ct CtL 2
Z+C(L)*P+—L+nL+—<-L, L<0.
3 FOW Ll =<
With such a choice of L and ¢t=:7¢, we obtain sup,.s.E™"!(s)+
fOTe D™(7)dr < L and this finishes the proof of Lemma 4.1. O

5 Regularized Stefan problem.

The principal goal of this section is the following local existence theorem:

Theorem 5.1 For any sufficiently small L >0 there exists t©>0 depending
on L and € such that if for given initial data (u§,p)

Ec(ug, po; Py +’/ 1 /uo 14+ ¢'pf
’]I‘n

then there exists a unique solution (uf,p®) to the regularized Stefan prob-
lem (1.11)- (1.15) and (1.17) defined on the time interval [0,t]. Moreover,

L

2

t€
sup E.(u,p ) (1) + / D, ) (7) dr < L
0

0<t<te
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and E(u,p%)(+) is continuous on [0,t].

Remark. Note that the constant L is independent of e.
Proof. Convergence. Combining Lemmas 3.2 and 4.1, we obtain a
uniform-in-m bound on the sequence {(u™,p™)} . Our goal is to show that

{(um, pm)}m is a Cauchy sequence in the energy space. For any /€N let
vIli=ott —y! and o't =p!tt — pl. By subtracting two consecutive equa-

tions in the iteration process, we obtain

UZn+1 — A:ﬂUerl — ameZ;jl - f,ron’
(5.131)
+1 _ m m\ —
_Agm<pm>— +g7;}1 m __m / m\—1 o n—1 (5132)
=Ac™ (™) = pi o (") + G on T x{a, =0},
D™t =0 on T”_lx{xn:il},
(5.133)
o] = (o + AT (M) kS, on T x (i, =0},
(5.134)
Here
o __ _ , m+1 m+1 " — —
fm_ BP vlvn CP —|—U (aﬂ aP 1) (5135)

—Vyul- (Bpm — Bym- 1) —un n(Com —cpm-1),

Go, = Ap" H((p™) = (")) i o p (™) T e e (o) T
PPl (™ T = (™),
G = =P}t (p™) "+ G,
==(IVp" P = Vo™ ) 5 (o) 2. (5.136)

After applying the differential operator 0% to the equations (5.131), (5.132)
and (5.134) and singling out the leading-order terms we arrive at:

ot — Agu™t — ot = (5.137)
O™ =A™ (™) + gl = D™ (™) T = p p O () T+ G
(5.138)
[apvm-i-l] (au m+1_|_€auA2 m-i-l) <p > 2+h/m>
(5.139)
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where

Fro= 0k fr 4 (D (agmdliopt™) — apm o), (5.140)
G =g+ > DA (™)), (5.141)
s
G =L G+ D O AT (™) )
i (5.142)
(02 (o oo o™y~ ) = it proers (0) ),
=0lho,+ > Ol (o7 eAo ) O (0™ 7). (5.143)
| |+s/
<|pl+s

As a next step, we use the identities from Chapter 2 to obtain the energy
identities for the problem (5.137) - (5.139). Respecting the notations of
Chapter 2 we set for any €N

f=f.9=q,G=G), h=h;, U=0"'""" w=0"c""" xy=0"c"and )= p.
(5.144)
Additionally, we introduce the notations

=& (0 p' ), d=De(v' o),

where & and D, are defined by (1.26) and (1.27) respectively. Using (2.37)
and (5.144), we arrive at

d
_em+1+dm“:/ {pm+rm}—/ {qm+s™+tm}, (5.145)
dt Q Tn-1
where
= PO g™ ), ™= Y R@WT ")
|| +2s<2k |ul+2s<2k
=Y QUL g g ),
| +25<2k
s™ = Z S(ago-mvagaerlapmug;n?h;n)?
|1 +25<2k
th: T(af:o-m7850-m+17p 7gm7h, )
|| +2s<2k
(5.146)
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Here P, @, R, S and T are defined by (2.38), (2.40), (2.39), (2.41) and (2.42)
respectively. Our aim is to prove that for suitably small ¢ <t(€) there exists
a A <1 such that

em+1(t)+/0 dm+1(7)dT§A(em(t)+/0 d™(r)dr).

We shall accomplish this by estimating the terms p™, r™, ¢™, s and t™ on
RHS of the identity (5.145). These estimates will be largely analogous to the
estimates from Chapter 4. However, due to the formally new terms 0¥ f,
otgr., O'G: . OFhe appearing in the definitions (5.140), (5.141), (5.142)
and (5.143) of f/, g.., G, and h! respectively, we need to make several
preparatory steps. First, for any [ €N

lapm —agm—l 1)+ [ Bom = Byms|[m(e) < Cllo™ || i+1 (), (5.147)

and
|leom = com=i|| ey S Cllo* ||+ Cllo™ || m+2 (o). (5.148)

Note that supg;<;c E™(t) +f(f€ D™ (1)dr < L. In particular, for |u|+2s <2k
||0§‘um| |H1(Q) s ||0§‘apm||Lz(Q) s ||angm||L2(Q) S C\/Z (5149)

Furthermore, |[0%c m || 2@y < CV'L for |u|+2s<2k—1. We can now use the
Sobolev inequality to bound the lower order derivatives of u™, a,m, B,m and
cym in L*°-norm by C+v/L. The major step is to provide the analogoues of
part (c) of Lemma 3.3 for the function o™*! instead of p™*! and Lemma 3.5
for the function v™*! instead of u™*!'. By the boundary condition (5.139)
and the proof of Lemma 3.3, part (c), we deduce

C
|08 a7 |5 4 2€] |04 Aoy [+ €208 A2o T [5 <A™+ Xem“ +e™(EM+D™)
(5.150)
and

|04 |34 2¢] |0 Ac™ T 3+ 2| |0F Ao T 2 < Cd™ T +e™D™.  (5.151)
As in Lemma 3.5,

|04 Opr ™ [ T2y < Ce™ T+ Ce™, (5.152)
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The proof of (5.152) is completely analogous to the proof of Lemma 3.5
whereby, due to the addition of the formally new term 0% f;, in the definition
of f! we need to exploit the relations (5.147) and (5.148), which are respon-
sible for the occurence of the term C'e™ on RHS of (5.152). We proceed fully
analogously to the energy estimates in Chapter 4 to estimate the right-hand
side of the energy identity (5.145). The terms involving 0¥ f> and 0*h, re-
quire an additional care. In the estimate for the term [,p™= [, fr O4v™ ",
where f; is given by (5.140), we single out the term [, % f; 04v™+!. Here
1o is given by (5.135). Writing

O (cpmol ) ZC“@“cpmﬁ“ Woymtt = Z + Z (5.153)

wH2s'<k p'4+2s'>k

we estimate the lower-order terms in both sums in L°°-norm and the higher-
order terms in L?-norm. By the Cauchy-Schwarz inequality and (5.152),

[ ey S CVDR T ), (5.150)
Q

Similarly, | [, 0% (Bym - Vvt okv™H | < CVE™ (et +d™ ). In analogous
fashion, we find

‘ / (95( (Cme — Clpm 1) leuzn . (Bpm — Bpm—l) — U;n(cpm — Cpm—l ))35Um+1
L VDT 4 OV e,

(5.155)
where we rely on (5.147) and (5.148). The term r™ is of the form r” =
(f/.)2+ (rest), (r'™ is defined in (5.146)). The formally new term to estimate
has the form [,(0¥ f2)?, where fy, is given by (5.135). By the same splitting
idea as in (5.153) and the estimate (5.152),

| / (92 f2)2| S CE™ (€™ 4™ - d™ ) 4 D™+ O™+ CE™d™
Q

Recall now that s™ and t™ are defined by (5.146). The last term in each
of the expressions (2.41) and (2.42) has the form (p™)*h. v/ |1 and
(p™? R, A g™ a1, respectively. By (5.143), the formally new term (with
respect to A}, defined by (3.66)) is 0i'h;,. By (5.136), we conclude

Ohe, = ZC"@“ DALV P= IV P o™ ) = D+ Y

w42s'<k p'+2s'>k
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Hitting the lower order terms with L*-norm and the higher order terms with
L*-norm and using the trace inequality to estimate ||0% [u?]7 |2, we obtain

11078 ||; < (AVD™ 4 — \/6'_m)\/e_m, 110402, ||, < CVD™/em.  (5.156)

Note that v, |pa-1 = (km — km-1);. It is easy to check that
1000 o= ||l2 < CUIV 0 [+ Vo2 + [ V2™ |2+ [ Vo™ ||2).

By the definitions of d™*!' and e™*!, [|0Fv/" ™ |pn 1]y < %\/ dm+C/em.
Combining this with (5.156) and the Cauchy-Schwarz inequality, we obtain

C C
| / PO | < (WD SVET)WVE (VT OVer).
Trn—1
Choosing A= /€ we arrive at

’/ V2ORRS v “yTnl < CVD™/em dm+Cy/eV Dme™+
Tn— 1

—\/5_m\/6_m\/d_m+ 7 Eme™

We want to estimate the time integral of the right-hand side of the inequal-
ity (5.157). For any t <t,A >0, we have

(5.157)

t t
/ \/Dm\/em\/ddeg)\/ dm(T)dT+— sup e™ / D™(t)dr. (5.158)
0 0

0<s<t

Similarly,

t t
/ vaedeﬁ/ e™+ sup ™ / D™ (1)dr <t sup e™(s)+ L sup e"(s).
0 0

0<s<t 0<s<t 0<s<t

(5.159)
Since £™ < L, for any A >0, we obtain

/tg\/g_m\/e_m\/d_deg)\/tdm( )dT+£Lt sup €"(s), (5.160)

Ae? 0<s<t
and similarly,
0<s<t

t C m
/0% Eme d7'<\/_t\/_ sup €™ (s). (5.161)
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Noting that ||Ayv™|pe-1]]z < %\/em, we can use the Cauchy-Schwarz in-
equality and the estimate (5.156) to get

‘/ 8“h° 2™ e SQ\/Dmem. (5.162)
Tn—1 \/E
We get

/ VDme™dr < —t sup e™(s)+ L sup e™(s). (5.163)
\/_ € 0<s<t 0<s<t

In analogy to the estimate (4.128) together with (5.154), (5.155), (5.157)
and (5.162), we obtain

d m+1 m+1 m 1 C m m+1 1 1 C C

_ < 4= -

i +d Ce (KJFA )+nd™+Ce (77+)‘+77)‘€4 AE)
dm+1(¢_+n+A+—)+C¢_\/W\/emT+CDm mtl

C' /Dmﬂ,/ewrl(\/e_m_|_,/emﬂ)_,_cv1 /Dm\/e_m, /€m+1+01 /8mw/dm\/em+1+

C C C
e e e R G S A Sy A

€ € €
Integrating the above inequality over [0,¢] and proceeding as in (4.129), us-
ing (5.158), (5.159), (5.160), (5.161), (5.163), we conclude

t t
em“(t)—i—/ dm“(r)dTgCt(%—l—g) sup em(s)+77/ d™(t)dr+
0 0

€ 0<s<t
1 C

Ct(1+— — g) sup €™ (s)+C(VL+ +)\~|—%)/tdm“(7)d¢
noA 77)\64 Ae O<SI<)t 1 Ui 0

-I—C’)\(/tdm(T)dTnL/tde( )dr)+

0

CL cL. OV
—t sup €™(s)+C(t+L+VL) sup ™ (s
5 Rt e ) s e (s) +C ) sup 1o
(5.164)
We choose 1, A\, L and t=:t*<7°¢ small, so that n+0)\<x<%
1 Cc.  CL CL C\/—
Ct —+ L+t +—t+ te <=
P v S v L iyl SX<F
1 1 C

C 1
Cte(= +—)+C(1F+L+\/Z)<X<5

n+X+77)\e4 A€
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and C(VL+n+ X+ %) < x <. Taking supremum over [0,t], we arrive at

te te
sup 6m+1(7')+/ de(s)dsgx{ sup em(T)—l—/ dm(s)ds}+
0 0

0<r<te 0<T<te

t€
—l—x{ sup em+1(7')—|—/ dm“(s)}ds.
0

0<r<te

Therefore,

t€ t€
sup emH(T)—i-/ dmﬂ(s)dsgi{ sup em(7)+/ dm(s)ds}.
0<r<te 0 L=x Vo<rse 0
(5.165)

We observe now that the conservation law (3.71) and the fact that ¢™*1(0) =
v™1(0) =0 imply

/ 0’m+1=/vm+1(1—{—¢/pm)—}-/gb/umam.
Tn-1 Q Q

By the Poincaré inequality, previous identity and the uniform bounds on p™
and u™ we get

o™ HE<CIVe™ B+l [ ™13
1

<C||Vo™ )2 4-C] m+1||2+5rﬁ_m||2 llo™ 1[5
= o 5 +Cllv 2 wllL2@)llo 12
<Ce™ 4+ CE™|o™|)3 < Ce™ T + CL|o™[3.

With L and x so small that CL+20& =:A <1, we obtain by (5.165),

(5.166)

X g
sup (o™ ()< O sup em(7)+/ a"(s)ds |+
0

0<r<te I—x Lo<rzte

A g
+0L sup [l (I3 { sw enr)+ [ dn)ds)a sup [l (]
0

0<r<te 2 Lo<r<ie 0<r<te
Adding {supg<, < emH(T)—i-fOte d™t(s)ds} to the both sides of the above
inequality and using (5.165) again we get

tE
sup {710+ [ (s 0 () <

0<r<te

C’L{ sup em(T)—i-/Otedm(s)ds}—i-%{ sup em(T)—l—/Otedm(s)ds}—l—

I—x Locrte 0<r<te

tE
sup AHam(T)H%gA sup {em(7)~l—/ dm(s)ds+]]0m(7)|]%}.
0<r<te 0

0<r<te
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Define the Banach spaces

X::{(U,U)‘ I(v,0)

where ||(,-)||e. and ||(-,-)||p. are defined by (1.28) and (1.29) respectively.
Let Z:=L> (X; [O,te]) ®L? (Y; [O,f]). Since A can be chosen arbitrarily small,

we have proven that the sequence ((v',0')),  satisfies |[(v™*, 0™ )]z <

N|[(v™,0™)||z, for some A’<1. This implies that ((u',p")),., is a Cauchy
sequence and converges strongly in Z. Thus the whole sequence ((ul,pl))leN
converges to a solution (u€,p®) of the regularized Stefan problem in the orig-
inal energy space. In addition to this, passing to a limit in (3.71), we obtain

the conservation law
0 /u1+’ =0 / . 5.167
{ [ o)} =0 TMP} (5.167)

Uniqueness. We want to prove uniqueness in the class of functions
(u,p) satisfying supg; s Ec(u,p) (t)—i—fge D.(1)dr <L, where L may be cho-
sen smaller if necessary. Let us assume that there exists another solution
(v,0) satisfying the same initial conditions (v(z,0),0(z’,0)) = (uo(z),po(x’))
and the bound supg; s & (v,0)(t) —I—f(fe D.(v,0)(T)dr < L. After subtracting
them and setting w:=u—wv, 7:=p— 0, we obtain

e.tllolf<oc}, vi={@o)|liw.o)]

D€<OO},

*
Wy — Apw — apWpn = [,

(5.168)
w=AT(p) '+ g =AT(p) " —pip;Tii(p) ' +G* on T 'x{z,=0},

(5.169)
(W, = (1 +eA%r) (p) 2 +h* on T 'x{z,=0}, (5.170)

where

[*=—B, - Vyw, —cywy,+(a,—ay)Vpn+ (B, — By) Vv, +(co — ) Un,
G =20 ((p) " —{0)") +oy(mip; {p) " +oimip) " +aioi({p) " = (o)),
9" ==pipiTi; ()" +G"
W =—(Vpl = [Vol*) o] (0) "
We use Chapter 2 to derive the accompanying energy identities. To this end

wesetU =w, v=p,w=x=7, f=f", g=9", G=G" and h=h". Here p takes
the role of p™*! and o the role of p™ and additionally, the cross-terms vanish
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since w=yx=7. With k>n sufficiently large, the regularity assumptions of
Lemma 2.1 are fulfilled. We are thus naturally led to the following energy
quantities:

E =& (w,T;p), D :=D(w,T;p).

In addition to this we define P* = P(w,p, f*) and analogously Q*, R*, S* and
T*. Using the identity (2.37), we obtain

%g*+D*:/gz{P*+R*}_/qrn—l{Q*+S*+T*}' (5.171)

Our goal at this stage is to prove the inequality of the form

%5*@) +D*(t) <CE*(t)+CVLD*(t), (5.172)
which would enable us to absorb the multiple of D* on the right-hand side
into the left-hand side and then use the Gronwall’s inequality to conclude
that £*(t) =0 for any ¢t >0. It is essential that the constant C' in the above
estimate does not depend on € so that the smallness bound on L remains
independent of e. That the identity (5.172) indeed holds, follows analogously
to the energy estimates from the Chapter 4 applied to the right-hand side
of (5.171). Here we strongly exploit the unfirom bounds on &.(u,p) and
E(v,0). In particular we know that

[1(@p)elloos 11V (ap)lloos 11(@p)alloos [1Bolloc lleplloos 11Bolloss lleslloe <CVL,

vnl | £oe @) 1|V arn] | 2o (@) [[Vnn] | 1oy < CVL

A major difference from the existence part of the proof is the absence of
cross-terms in the energy identities (since w=yx in the notation of Chap-
ter 2). In addition to that, we work in a lower order energy space and we can
thus use the above uniform estimates to bound the term [v,] by CV/L in
L*>-norm. This observation is crucial when estimating h*. Knowing that the
e-dependence comes only from the estimates of the cross-terms (cf. (4.109),
(4.110), (4.118), (4.119), (4.121) and (4.122)), we conclude that the con-
stants on the right-hand side of (5.172) do not depend on €. Choosing L suit-
ably small (5.172) implies £&*<CE&* implying £*(t) <C [y £*(s)ds, since
E*(0)=0. By Gronwall’s inequality, we conclude £*(t)=0. In addition to
this the conservation law (5.167) gives ||7||3 < CE*. This estimate follows in
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the same way as (5.166). Thus (u,p)=(v,0). This finishes the proof of the
uniqueness claim.

Continuity. Integrating the identity (3.68) over the time interval [s,?],
we obtain

t t
EMLt)—EM (s /Dm“ ):/ /Pm+Rm—/ Q" +S"+T™.
s JQ s JTn—1
(5.173)
However, since (u!,p') — (u,p) strongly in the energy space, we may pass to

the limit in (5.173) to conclude

t t t
s +/ 'DE<7‘)d7'=/ /P+R—/ Q+S+T. (5.174)
s s JQ s JTn—1

Here P:ZluleS%P(@é‘u,p,fu,s), where f, ; is defined by dropping the in-
dex m in the definition (3.63) of f';. The terms Q, R, S and T are defined
analogously. We claim that

t QP+R—/:/W1@+§+T’§C/j@1>e(r)dr. (5.175)

The inequality follows easily from the energy estimates in Chapter 4. We
observe that the estimates involving e on the right-hand side, are used only
when estimating the cross-terms (cf. (4.109), (4.110), (4.118), (4.119),
(4.121) and (4.122)). However, the cross-terms vanish as m goes to oo (since
X=w=0p). As aresult, we obtain the estimate (5.175) with the constant C
on the right-hand side which does not depend on €. Using (5.174) and (5.175),
we obtain

+/:D6(T)d7" gc/: VE(T)De(7)dr. (5.176)

In addition to that, for any 0 <s <t <t we have

|5( <C’/D dT 1+ sup 4/ €s>—>0 as s—t,

0<s<t¢

since supg< <y v/Ec(s) < VL. This finishes the proof of Theorem 5.1. O
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6 Global stability

Proof of Theorem 1.2: We exploit the estimate (5.176) to prove the theorem.
We shall abbreviate (£,D)(u,p;p)(t)=:(E,D)(t) and (&, D.)(us,pp°)(t) =
(€, Do) (1)

Existence. Let M < L/2 where L is given in Lemma 4.1. Let (u¢,p) be
the associated solution to the regularized Stefan problem on the time interval
[0,¢¢] given by Theorem 5.1. Set

¢
T::sup{t: sup 55(u5,p€)(8)—|—/ De(ue,pe)(T)dTSQM}.
¢ 0<s<t 0

Theorem 5.1 guarantees 7 >t >0. For any ¢t <7, the estimate (5.176) with
s=0 implies

/D Ydr < Ec(ug,py)+C sup S /D (6.177)

0<s<T

and thus

sup E(t /D Ydr <M+ CV2 /D (6.178)

0<t<T

Choose M <min{gez,L/2} =: M;. Inequality (6.178) implies

4
sup E(t / D.( dT<3M<2M

0<t<T

which would contradict the choice of 7 in case 7 were finite. Thus 7 = o0
and the estimate (1.30) follows easily from (6.177) and the above choice of
M. This proves the theorem.

Uniqueness. We Want to prove unlqueness in the class of functions

(u,p) satisfying Supg<s oo e +f0 7)dT <2M, where M may
be chosen smaller if necessary It is done in exactly the same way as the
uniqueness proof in Theorem 5.1. O

Proof of Theorem 1.1: Claim 1: Let K <M be any positive number, where
M is given by Theorem 1.2. If the initial data (ug,po) satisfy

S(“OaﬂO)""/T 100—/QU0(1+¢,P0)’§—
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then there exists a unique global solution to the Stefan problem (1.11) -
(1.16). Moreover, we obtain the global bound supy<;.. €(t) + fo T)dr < K.
Proof of Claim 1. Let {(u,p)}e be a family of Solutlons of the regular—
ized Stefan problem satisfying the given initial condition (u(z,0),p(2',0)) =
(u§, p§), where we choose (u, p§) so that

(ugsp5) = (w0, p0),  E(ug, poipy) — E(uo,pospo) as e—0

> / V20" Aps| < V.

|| +2s<2k

and

Thus for € small, we have Sg(ug,pg)jt)an,ng—fng(1+¢/pg)‘ <L The-

orem 1.2 guarantees global existence of the solution (u¢,p®) and also gives
the estimate sup0<t<OO +f0 6 dT<K Since £ <&, and D<D,, we
obtain supg<;., € (us, p°) +f0 us, p°)(7)dr < K. Passing to the limit as
e—0, we obtain the solution (u, p) to the original Stefan problem (1.11)
- (1.16). The uniqueness claim follows by setting e=0 in the proof of the
uniqueness statement of Theorem 1.2. This finishes the proof of Claim 1. In
the same way as we derived the inequality (6.177), we deduce for any T > 0:

sup E(t /D )dr < E.(u§, pf) +C\/_/ D.( (6.179)

0<t<T

If we choose K <min{ 2 0] ==, M} =: M, absorb the right-most term into the
left-hand side and drop the supremum sign, we obtain for any ¢ >0

1 t
56(t>+§/ D (s)ds < E.(ut. pf).
0

We let € — 0 and by lower semicontinuity and the assumptions on initial data,
we obtain

1 t
t +§/ D(s)ds < E(ug,po)- (6.180)
0

In addition to this, we obtain the conservation law

8t{/Tnlp}:at{/Qu(1+¢’p)}. (6.181)

Let us set M*::%7

where M; is defined in the line after (6.179),
and assume S(UO,po)—F)an_l po—fguo(l—kqﬁ’po)‘ < M*. Claim 1 guarantees
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the global existence of the solution (u,p) and also gives the global bound
SUPg<i<o0o€ —l—fo T)dT < M1 . In order to prove (1.25), we first fix any
s>0. The idea is to Solve the Stefan problem with the new initial data
(u!(z,0),p*(2',0)) = (u(z,s),p(z’,s)). The problem allows for unique solu-
tions by Claim 1, since

e(ué,p5>+\ | o= [ o)

M, M,
[ <M MM
/IF" o /Uo +¢Po =7 D 3

In addition to this we have the global bound supy<,...&(u',p")(t)+
J. D(ut, ph)(7)dr < M,y (again by Claim 1). We are thus in the unique-
ness regime and we conclude (u',p)(t) = (u,p)(t+s) for any ¢ >0. We may
now use the estimate (6.180) to obtain (1.25).

The second main ingredient in proving the decay is to control the instant
energy in terms of the dissipation, i.e. to prove that there exists a constant

C' >0 such that £(t) <CD(t). We know that for |u|+2s <2k

1104V p| |12 < CV/D. (6.182)

Thus, the only non-trivial term left to estimate is ||u||2(q).

Claim 2: There exists a constant C' >0 such that ||ul|z2(q) <CVD.
Proof of Claim 2. Let x € Q and 2/ € T""! be arbitrarily chosen. By the mean
value theorem

u(w):u(x’)—l—/o Vu(te+(1—t)a") - (x—2")dt.

Note that [p,, , u(z")dz’ =0 because u=V - (%) on T"~!. We thus integrate

with respect to 2’ over T" ! and then with respect to x over €2 to obtain

T /Q w(z)dz = /Q /T /0 Yl (1— 1)) (& — oy dtdi

Therefore
1
u(x)d:v‘ < max |Jz—2'||Q)T" Y|Vl
‘/Q To1] 28, .

< Ol Vul| (o) < Ol V| 541,y < CVD.
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By the Poincaré inequality,
Q

This finishes the proof of Claim 2. As explained above, Claim 2 and the
estimate (6.182) together, imply that there exists C'>0 such that

£<CD. (6.183)

Plugging (6.183) into (1.25) yields for any s> 0 and some constant > 0:
t
5(t)+a/ E(r)dr <E(s). (6.184)

As in [15], p. 135, define a function V(s):=[&(r)dr. From (6.184),
aV(s)<&(s),

V'(s)==E(s) < —aV(s)
and thus V(s) <V(0)e . We integrate (6.184) with respect to s over the
time interval [t/2,t] to get

£ty <V(5)

Thus £(t) < %e’%t. There exist kq, K >0 such that for any ¢ >0
E(t) < ke 52, (6.185)

Integrating the conservation law (6.181) implies [, ,(p(2',t)—p)da’'=
Jou(1+¢'p). By an argument analogous to (5.166), ||p(t) — p|[3 < C (u,p)(t).
Combining this inequality with (6.185), we conclude

E(u,p)(t) +|p(t) — pl[5 < Kre ™

for some new constant K7 >0, K5 as in (6.185) and for all ¢ >0. This finishes
the proof of the theorem. O
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