A UNIFIED APPROACH TO STOCHASTIC EVOLUTION
EQUATIONS USING THE SKOROKHOD INTEGRAL

S. V. LOTOTSKY AND B. L. ROZOVSKII

ABSTRACT. We study stochastic evolution equations driven by Gaussian noise. The
key features of the model are that the operators in the deterministic and stochastic
parts can have the same order and the noise can be time-only, space-only, or space-
time. Even the simplest equations of this kind do not have a square-integrable
solution and must be solved in special weighted spaces. We demonstrate that the
Cameron-Martin version of the Wiener chaos decomposition leads to natural weights
and a natural replacement of the square integrability condition.
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1. INTRODUCTION

Let W be a standard Brownian motion, ug € Ly(R), a deterministic function, and o,
a real number. It is well known that the It6 equation

¢ t
u(t, z) = up(z) +/ um(s,x)ds—i—/ ou(s,z)dW (s) (1.1)
0 0
has a solution u(t,z) and
/]EuQ(t,x)dx < 00 (1.2)
R

for every t > 0 and all o € R; see, for example, [10] or simply consider the Fourier
transform of the equation. On the other hand, the solution of equation

u(t, x) :U0($)+/0 um(s,x)ds+/0 oug(s,z)dW(s) (1.3)

satisfies (1.2) for an arbitrary ug € Lo(R) if and only if |o| < V2, while equation

u(t, ) —uo(x)—i-/o um(s,x)dva/O OUg (s, 2)dW (s) (1.4)

hardly ever has a solution satisfying (1.2). Still, because of the It6 integral, all three
equations share a common feature, namely, that the mean evolution is described by
the heat equation. One of the objectives of this work is to develop a unified approach
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that would cover all three equations above without any special restrictions on the
initial condition or the amplitude of noise.

The situation becomes even more complicated when the noise has a spacial compo-
nent. As an illustration, take a standard random variable ¢ and consider the equation

u(t) =1+ /0 tu(s)ds+ /0 tu(s)gds.

The solution is clearly u(t) = e’e®’. The unperturbed solution is ef, so that Eu(t) # .

It turns out that, to preserve the mean dynamics, the usual product u& must be
replaced by the Wick product v ¢ &. In particular, the solution of

u(t) =1+ /Otu(s)ds + /Otu(s) o &ds (1.5)

is u(t) = e'ef"~("/2) and satisfies Eu(t) = e'. For partial differential equations of this
type, such as

u(t, z) = up(z) +/0 Uz (S, T)ds —I—/O uz(s, ) o &ds, (1.6)

inequality (1.2), without additional assumptions on ug, holds only for sufficiently small
t. Still, the same framework that unifies equations (1.1), (1.3), (1.4), also covers (1.5),
(1.6), and a wide class of other equations with space and space-time Gaussian noise.

There are three main components in the general construction presented in this paper:

(1) Use of the Skorokhod integral § for all types of random perturbation.

(2) Separation of the time as the variable in the equation from the possible time
evolution of the noise.

(3) Replacement of the space Ly(€2; X) of square-integrable X-valued processes
with a space (£)q,(X) of generalized (and not necessarily adapted) random
elements as the space for both the input data and the solution.

Section 2 presents the necessary definitions and constructions related to the Sko-
rokhod integral with respect to an abstract Gaussian white noise and Section 3 in-
troduces the spaces (L£)g,. Section 4 presents the unified treatment of stochastic
evolution equations. While the main results, Theorem 4.7 cannot be fully under-
stood without all the preliminaries, there is a certain analogy with the corresponding
result for the deterministic equations. Namely, let (V, H,V’) be a normal triple of
Hilbert spaces (defined precisely in Section 4) and let A(t), t € [0,7T] be a family of
bounded linear operators from V' to V'. It is known from deterministic analysis, that
if the family of operators A(t) is uniformly elliptic, then the initial value problem
for the equation u(t) = ug + fOt(A(s)u(s) + f(s))ds is well-posed in the normal triple
(V,H,V").

Now consider the initial value problem for the stochastic equation

u(t) = g +/0 (A(s)u(s) + f(s))ds +/0 d(M(s)u(s))ds. (1.7)
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The statement of Theorem 4.7 is essentially as follows: if the family of opera-
tors A(t) is uniformly elliptic and M(t) is a family of continuous operators from
V to V', then the initial value problem (1.7) is well posed in the normal triple

(L)gr(V), (L)or(H),(L)gr(V")). The reader should not miss Example 4.4 illus-
trating how many familiar equations are particular cases of (1.7).

2. SKOROKHOD INTEGRAL WITH RESPECT TO GAUSSIAN WHITE NOISE

Let F = (Q,F,P) be a complete probability space, and U, a real separable Hilbert
space with inner product (-, ). On F, consider a zero-mean Gaussian family

W= {W(h), he u}
so that
E (W(hl) W(h2)) = (hy, ho)u.
It suffices, for our purposes, to assume that F is the o-algebra generated by
W(h), h € U. Given a real separable Hilbert space X, we denote by Ly(FF; X) the

Hilbert space of square-integrable F-measurable X-valued random elements f. In
particular,

(f?g)%g(F;X) = ]E(f> g)_ZX
When X =R, we write Ly(F) instead of Ly(F;R).

Definition 2.1. A formal series
W = ZW(uk) Uz, (21)
k>1
where {u, k > 1} is a complete orthonormal basis in U, is called Gaussian white
noise on U.
Example 2.2. IfU = Ly((0,T)), then W(h) = fOT h(s)dw(s), where w(t) = W(x,) is

the standard Brownian motion; x, is the characteristic function of the interval [0,t].

Given an orthonormal basis 4 = {ug, k& > 1} in U, define a collection {&, k > 1}
of independent standard Gaussian random variables by & = W(u;). Let J be the
collection of multi-indices o with o = (a1, g, . ..) so that each «y is a non-negative
integer and |a| :=)",., oy < 00. For o, € J, we define

a+f= (a1 +f,a+ B, .. .), a!:Hak!.
k>1

By (0) we denote the multi-index with all zeroes. By ¢; we denote the multi-index «
with o; = 1 and o; = 0 for j # <. With this notation, ne; is the multi-index o with
a; =n and a; =0 for j # 1.

Define the collection of random variables = = {{,,a € J} as follows:

k
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where o
Hn — (=1)" x2/2_ —302/2 2.3
(1) = (-1 (2.
is Hermite polynomial of order n.
Theorem 2.3 (Cameron and Martin [1]). The collection = = {&,, o € J} is an

orthonormal basis in Lo(F; X): if n € Lo(F; X) and n, = E(n€,), then n = Z Naa
aceJ
and Eln* = 3= 7 mz-

Denote by D the Malliavin derivative on Lo(FF) (see e.g. [9]). In particular, if F' :
RY — R is a smooth function and h; €U, i = 1,... N, then
N

DFE(W(hy),... W(hy)) =Y oF (W (h),...,W(hy))h; € Lo(F;U). (2.4)

i=1 dz;

It is known [9] that the domain D'?(F) of the operator D is a dense linear subspace

of LQ (IF)

The adjoint of the Malliavin derivative on Lo(F) is the Skorokhod integral and is
traditionally denoted by & [9]. The operator § extends to a subspace D"?(F; X @ U)
of Ly(F; X ® U) for a Hilbert space X: given f € DM?(F; X @ U), &(f) is the unique
element of Lo(F; X') with the property

E(¢d(f)) = E(f, Do)y (2.5)
for all ¢ € DV(F).
We will now derive the expressions for the operators D and § in the basis =. To begin,
let us compute D(&,).

Proposition 2.4. For each o € 7,

D(fa) = Z \/Oé_kgafskuk- (26)

k>1

Proof. The result follows by direct computation using the property (2.4) of the
Malliavin derivative and the relation H),(x) = nH,_(x) for the Hermite polynomials
(cf. [9, Chapter 1]). O

Remark 2.5. The set J is not closed under substraction and the expression o — gy,
1s undefined if oy = 0. FEverywhere in this paper when undefined expressions of this
type appear, we use the following convention: if o, = 0, then \/ar n—c, = 0.

Proposition 2.6. For &, € =, he€ X, and u; € U,
5(§ah®uk) = h\/ o + 1€a+5k. (27)

Proof. It is enough to verify (2.5) with f = h @ u, £, and ¢ = {3, where h € X. By
(2.6).
Vo +1h, if a=0—¢,

E(f, Dp)y = \/EhE(gagﬁ—ek) - {0 it o # B — €.
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In other words,

E(fa h® U, Dgﬂ)lx[ = hE( vVag + 1€a+€k€ﬁ)
for all 6 € J. O

Remark 2.7. The operator 6D is linear and unbounded on Ly(F); it follows from
Propositions 2.4 and 2.6 that the random variables &, are eigenfunctions of this op-
erator:

d(D(&a)) = [léa- (2.8)

To give an alternative characterization of the operator d, we define a new operation
on the elements of =.

Definition 2.8. For &,, &g from Z, define the Wick product

oty im ((‘”6 )!)saw. (2.9

al Bl

In particular, taking in (2.8) a = ke; and [ = ne;, and using (2.2), we get
Hi (&) © Hy(&) = Hirn(&)- (2.10)

An immediate consequence of Proposition 2.6 and Definition 2.8 is the following
identity:
0(Eah @uy) = hé, o0&, he X. (2.11)

More generally, we define the operation ¢ on formal series:

(zfasa)o(zga@):z( 5 gf—;fﬁ%)sa

aceJ aeJ acd \BeT:f+yv=c
for f, € X, go € R.

Theorem 2.9. If f =3, fr @ wx, fr = D ey fraba € RL(F; X), and f is in
the domain of 6, then

5(f) =Y frok, (2.12)

E>1
and

(é(f))a = Z \/O‘_k’fk,a—ak- (213)

k>1

Proof. By linearity and (2.11),

5(/) =Y 6lafra®m) =1 > frabaol=Y_ fro&,
k>1 aed k>1 acd k>1
which is (2.12). On the other hand, by (2.7),
5(f) = Z Z fk,a\/ Qg + 1€a+€k = Z Z fk,afsk\/O(_kfaa
k>1 aed k>1 aeg

and (2.13) follows. O
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To proceed, we need a description of a multi-index a with |a|] = n > 0 using its
characteristic set K, that is, an ordered n-tuple K, = {ki,..., k,}, where k; < ky <
... < k, characterize the locations and the values of the non-zero elements of a. More
precisely, k; is the index of the first non-zero element of «, followed by max (0, ag, — 1)
of entries with the same value. The next entry after that is the index of the second
non-zero element of «, followed by max (0, g, — 1) of entries with the same value,
and so on. For example, if n = 7 and o = (1,0,2,0,0,1,0,3,0,...), then the non-zero
elements of v are a1 = 1, a3 = 2, ag = 1, ag = 3. As aresult, K, = {1,3,3,6,8,8,8},
that is, k1 = 1, ks = k3 = 3, ky = 6,k;s = kg = k; = 8. Note also that, for every
sequence (bg, k > 1) of positive numbers,

[Tore =bibiy-ooobi, = ] 0, (2.14)
k>1 i€Ka
which can serve as an equivalent definition of K.

Using the notion of the characteristic set, we now state the following analog of the well-
known result of It6 [3] connecting multiple Wiener integrals and Hermite polynomials.

Proposition 2.10. Let o € J be a multi-index with |a| =n > 1 and characteristic
set Ko ={ki,...,k.}. Then

5]43105]620'.'06]6”

Va!
Proof. This follows from (2.2) and (2.10), because by (2.10), for every i and k,
Hy(&) =& o0&
N—_—

k times

€0 = (2.15)

O

By induction, we define the operator 5®", n > 1 on the space Ly(F; X ®M®"), where
U®" is the symmetric tensor power of U. Then relation (2.11) leads to an alternative
form of (2.15):

1

o= ——— 6°1N(E,), 2.16
o = o O 210
where
Ea = Z uid(l) X uic(n), (217)
ocP
with summation in (2.17) taken over all permutations P of the set {1,...,n}. This

leads to the following generalization of the multiple Wiener integral expansion for the
elements of Ly(F; X).

Theorem 2.11. Ifn € Ly(F; X), then there is a unique collection of the deterministic
elements ny, k>0, withny =En € X and n, € X QU*, k > 1, with the properties

1 1
n=mn+ ] 8% (m),  Elnllx = Inollx + il el

E>1 E>1

% (2.18)
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Proof. Using (2.16) and Theorem 2.3,

1 !

=t Y g e (=)

k=1 ! |oo|=F \/E

and we get the first equality in (2.18) with
: 1
=Y | —=n.0FE,).
Nk |QZ::’§ (\/Jn
The second equality in (2.18) now follows from
Ellnl% = lnolx +)_ D Inall
E>1 |a|=k
because, by direct computation,
| Eal? s, = K. (2.19)

usn

3. THE SPACES (L),

Definition 3.1. A sequence
15 called a weight sequence if g > 1 for all k > 1.

For a € J and a real number r we write
qra — H qzak‘
k>1
Given a weight sequence ), denote by Ag the following self-adjoint operator on U:
Aquyp = qrug, k> 1.

Then, for every r € R, the operator A, is defined. The domain of every Ay, contains
finite linear combinations of u, and is therefore dense in &/. For f in the domain of
Ag define the norm

[fllor = [1AGS Nl (3.1)

The operator Ay, extends to every tensor product X & U®"; we will keep the same
notation for this extension and, in the case X = R, for the corresponding norm (3.1).
Denote by (£)@"(F) the dual space of (£)q.(F) relative to the inner product in Ly (F).
Ifn e (L£)g,(F;X) and ¢ € (£)?"(F), then the duality

X9

is defined and is an element of X.

Definition 3.2. The space (L)q.(F; X) is the closure of the set of random elements
of the form

N
]_ ~
n=m+» @5@“(%), N>1,
k=1
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where ng € X, mp € X Q@ U®F, and each M, in the domain of Ay,, with respect to the

norm
N

1
111G rx = H?70H§<+ZWH Inelloa 1% (3-2)
k=1

Theorem 3.3. A formal series n =) . ;Naa is an element of (L)q(F; X) if and
only if

Z o] ¢ [nallx < 0. (3-3)

acJ
The left-hand side of (3.3), if finite, is equal to ||n||?,.x-

Proof. By orthonormality of &,, is enough to consider n = f¢,, f € X. Then (2.18)
implies
||77||2Q,T;X (| ||) ||E ||Qr||f”X | |' Hf||X7
because the definition of E, implies
1Eallgyr = a*]ef! al.
O

Corollary 3.4. A formal series ¢ = 3 7 Cala s an element of the dual space
(L)@ (F) if and only if
DG < oo

acJ
In this case,

= Z na<a-

aceJ

For h € U define the stochastic exponential

. 1
en=exp (W (1) = S5 ) (3.4
Proposition 3.5. &, € (£)?"(F) if and only of ||hllg—r < 1.

Proof. We apply Corollary 3.4. If h = 2@1 hirug, hi € R, then by direct computation
using the generating function of the Hermite polynomials,

& = ga, he =TT he. (3.5)

Then, by the multinomial expansion,

> el RS (Z hiq,;’") =3 (Inl;)"

acJ n>0 k>1 n>0

and the result follows. O
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In applications to evolutions equations, the number r in the solution space (£)g.x
is usually negative, as we want to help the series in (3.3) to converge. As a result, the
following definition is appropriate.

Definition 3.6. We say the the element h of U is sufficiently small relative
to the sequence Q) if there exists a positive number r such that

1Al < 1.

4. THE EvVvOLUTION EQUATION AND MAIN RESULT

Definition 4.1. The triple (V, H,V") of Hilbert spaces is called normal if and only
if

(1) V. H — V' and both embeddings V' — H and H — V' are dense and
continuous;

(2) The space V' is the dual of V' relative to the inner product in H;

(3) There exists a constant C > 0 such that |(f,v)u| < Clv||v || fllv: for allv eV
and f € H.

For example, the Sobolev spaces (Hsy(R?), HS(RY), H "(R%), v > 0, £ € R, form
a normal triple.

Denote by (v',v), v' € V', v € V, the duality between V and V' relative to the inner
product in H. The properties of the normal triple imply that (v, v)| < C||v||v||v||v,
and, if v € H and v € V, then (v',v) = (v, v)n.

We will also use the following notation:

Given a normal triple (V, H, V'), let A(t) : V — V' and M(t) : V — V' @ U be
bounded linear operators for every ¢ € [0, 7.

Definition 4.2. The solution of the stochastic evolution equation
t
u(t) = u’ + / (A(s)u(s) + f(s) + 5(M(s)u(s))>ds, 0<t<T, (4.2)
0

with f € U, (L)o,(F;V(T)) and ug € U, (L) (F; H), is an object with the following

properties:

(1) There exists a weight sequence Q' and a real number v’ such that
u € (L)q ([ V(T));
(2) For every h € U that is sufficiently small relative to the sequence @', the

function
un(t) = (u(t), En))
satisfies

wn(t) = un(0) + / (A)unls) + fuls) + (M(s)un(s). B )ds (4.3
in V'(T).
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Remark 4.3. The solution described by Definition 4.2 belongs to the class of
“variational solutions”, which is quite typical for partial differential equations (see
5, 7, 8, 10|, etc.) Indeed, direct computations show that DE, = h&,, and then (4.3)
is the result of a (formal) application of the duality (u, &) to both sides of (4.2).

Fix an orthonormal basis 8 = {ug, & > 1} in Y. Then, for every v € V, there exists
a collection vy, € V', k > 1, such that

Mv:ka@)uk.

k>1

We therefore define the operators My, : V' — V' by setting Mv = v, and write
Mv = Z(M}.{U) & Uy,

k>1
Then
s(M = Mi(s)u(s) (t) 0 &, & = W(w), (4.4)

k>1

and equation (4.2) becomes

u(t) = u® + /Ot <A( Ju( )+ My(s)u <>W(uk)>d (4.5)

k>1

If the noise W itself depends on time, this dependence is encoded in the operator M.
As a result, (4.2) includes many popular evolution equations as particular cases.

Example 4.4. (1) Let us see how the elementary Ité equation u(t) = 1+f0 s)dw(s),
where w is a standard Brownian motion, is a particular case of (4.2). We take
V=H=V =R, U=Ly(0,T)), so that W =1i(t) = 3o, ws(t)& is the Gaussian
white noise in time. Next, put A = 0, My (t)u(t) = u(t)ug(t). Then §(Mg(t)u(t)) =
u(t)od s uk( Ve, = u(t)ow(t). The equivalence of u(t) = 1+f(f d(M(s)u(s))ds and
u(t) = 14 [y u(s)dw(s) now follows from the equality [, u(s)oiw(s)ds = [; u(s)dw(s);
see [2, Section 2.5].

(2) Equations with space-time white noise correspond to U = Ly((0,T)) x Lao(G),
G C R4, so that the basis in U is naturally indexzed by a pair of indices i, k: wy, =
mi(t)hi(z). Thus, equation du(t,z) = uz,dt +udW (t,x) is a particular case of (4.2)
with My ()u(t, z) = m;(t)hg(x)u(t, ).

(3) Equations with fractional noise are also covered by (4.2). For example, consider

u(t) =1+ fo (s)dWH(s), where WH is fractional Brownian motion and H > 1/2.
With the appropriate interpretation of the stochastic integral, we have

/0 u(s)dw" (s) /0 Cu(s) o i (s)ds

= Z my (t)

k>1

where
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and mil are suitable elements of Lo((0,T)) (see for example [9, Chapter 5|. Then, in
(4.2), we take U = Lo((0,T)) and My(t)u(t) = mi (t)u(t).

Let us fix an orthonormal basis $ in U so that equation (4.2) becomes (4.5). With
& = W(uk), define &,, a € J according to (2.2). Given a Hilbert space X, every
element 7 of (£)g,(F; X) can be written as a formal series ) 1.&, with 7, € X
satisfying (3.3). The following theorem provides a necessary and sufficient condition
for the formal series ) uq(t)€, to be a solution of (4.5).

Theorem 4.5. Let u =) ;uaa be an element of (L) (F; V(T')). The process
u s a solution of equation (4.5) if and only if the functions u, have the following
properties:

(1) every ug is an element of C([0,T]; H)).
(2) the system of equalities

U (t) = u +/O ( A(s)uq(s) + fa(s) + Z \/a_kMk(s)uask(s)> ds (4.6)

k>1

holds in V'(T') for all « € J.

Proof. If h = ), hyuy, then, by (3.5) and Corollary 3.4 uy = ) ., % With no
loss of generality we can assume that Y, ., (¢,)? < oo. Then, by a general result from
functional analysis [4], the mapping u; : U +— V(T) is analytic at zero. By direct
computation,

(1) if uy, satisfies (4.3), then
. 1 8|a‘uh
Val OhSTRS? =0

and each u,, satisfies (4.6).
(2) if u, satisfies (4.6) and up = ), uah®, then wy, satisfies (4.3).

Ug

O

This simple but very helpful result establishes the equivalence of the “physical” (4.5)
and the (stochastic) Fourier (4.6) forms of equation (4.2). The system of equations
(4.6) is often referred in the literature as the propagator of equation (4.5). Note that
the propagator is lower-triangular and can be solved by induction on |a].

To prove existence and uniqueness of solution of (4.2), we make the following assump-
tions about the operators A and M.

(A): For every Uy € H and F € V'(T), there exists a unique function U € V that
solves the deterministic equation

Ult)=Uy+A)U(t) + F(t), (4.7)
and there ezists a constant C = C (A, T) so that
1Ullvery < CAT) (10l + [ Fllvry)- (4.8)
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In particular, the operator A generates a semi-group ® = ®;,, ¢ > s > 0, and
t
U(t) = &:0Up +/ O, F(s)ds.
0
(M): For every v € V(T') and k > 1,

r

with numbers C} independent of v.

2

dt < CR vy (4.9)
y

/Ot Py s Mi(s)v (s) ds

Remark 4.6. There are various types of assumptions on the operator A that yield
the statement of the assumption (A). In particular, (A) holds if the operator A is
coercive in (V, H,V'):

(A(t)v, v) +7llvlli < Cllollg
for everyv € V, t € [0,T], where v > 0 and C € R are both independent of v,t.

The following theorem is the main result of this paper.

Theorem 4.7. In addition to (A) and (M), assume that, for some positive number
r and a weight sequence Q, u® € (L)q _(F; H) and f € (L)g—(W;V(T)). If

> <
2ra | ’
aeJ q o
then there exists a weight sequence QQ° and a negative real number r° such that equation
(4.2) has a unique solution u € (£)ge o (F;V(T')) and
“ul‘éo,ro;V(T) < C- (HuOH%,T;H + HfHZQ,T;V’(T)) : (410)

The number C' > 0 depends only on Q,r,T" and the operators A, M.

Proof. The proof consists of two steps: first, we prove the result for deterministic
functions u°, f and then use linearity to extend the result to the general case.

Step 1. Assume that the functions v’ € H, f € V/(T) are deterministic so that

u) =u’, f, = f. By assumptions (4.8) and (4.9) the evolution equation

up(t) = u® + / (A(s)uh(s) + f(s) + Z Mk(s)uh(s)hk> (4.11)
0 k=1

has a unique solution in V(T) as long as >, -, h} is small enough; since the equation
is linear, the solution is an analytic function of hy.

Next,

u(t) =Y ua(t)éa (4.12)

aceJ



SKOROKHOD INTEGRAL AND SPDES 13

and, by (4.6), the coefficients u,, satisfy
t
wolt) =+ [ (AG)uo () + F(5)ds, la] =0
0
t t
Ue, (t) = / A(s)ue, (s)ds —I—/ M (s)uy(s)ds, |a| =1; (4.13)
0 0

:/0 A(S)ua(s)ds+z\/a_k/o M ()t (s)ds, |a] > 1.

Denote by ® = &4, t > s > 0 the semigroup generated by the operator A(t). It
follows by induction on |a| that

t
uo)(t) = wauo(a:) +/0 O, f(s)ds, |a| = 0;

¢
Ue, (1) :/ @tvSMk(s)u(o)(s)ds, la] = 1;
0

1 t Sn S92
ua(t) = \/7/ / e / (I)t,snMincI)sn,snfl cee Min,1¢52,s1Mi1u(0) d81 . dSn,
- J0O JO 0
la =n>1,K, = {i1,..., i}

(4.14)
By assumptions (4.8) and (4.9),
(lov | )? o
e ()l < (1% + 113 emy) TT 22 (4.15)
k>1
It is known (see, for example, [2, pages 31, 35]) that
la]! < al(2N)* Z(QN)_W < o0 if and only if r > 1; (4.16)
aed
where
2N)2a _ 22|a\ H k20
k>1
Define the sequence Q° = {qy, k > 1} by
qp = 2k(1 4 Cy). (4.17)

Then (3.3) and (4.15) imply
[ullge rosiry < C - (16°ll7 + 1)) for every r° < 2.
Step 2. As in Step 1, existence and uniqueness of solution follows from unique solv-

ability of the parabolic equation (4.11), and it remains to establish (4.10).

Givenv € H, F € V'(T), and v € J, denote by u(t; v, F, ) the solution of (4.2) with
u =0, f=FE¢. Ifu = Zaej Mo, [ =D nes fafa, then, by linearity,

=D _ultul, £7) (4.18)

veJ
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It follows from (4.13) that u,(t;v, F,v) = 0 if || < || and

R
ua+7(t;v7 F7 7) _ Yo <t7 VA VAP (0))

= 4.19
() Val )
Using the results of Step 1,
C
luts wf, frs Moo vy < NG (ol + 15O b ery) - (4.20)
With Q° defined in (4.17) and r° < —2, (4.10) now follows from (4.18) by the triangle
and the Cauchy-Schwartz inequalities. 0

Corollary 4.8 (A generalization of the Krylov-Veretennikov formula from [6]). As-
sume that u° and f are deterministic and take g, from (4.17). Define the sequence
U, =Uy,(t), n > 0 by induction

Uo(t) = u(o)(t), Unya(t) = /0 O, 6(M°(s)U,(s))ds, n >0, (4.21)

where M° = (¢; My, ¢SMas, ...). Then

Proof. By (4.13),

() ua(t) = / A(q) ua(s)ds + 3 / G/ M (0°)* s, (5)ds.

k>1
Therefore,
t
Oalt)e = Yo Var [ O MEUss(9)amards
E>1 0
By (2.13),
t
Un(t) = / ®; 6(M°(s)U,—1(s))ds
0
and the result follows. O

Remark 4.9. The main goal of Theorem 4.7 is universality: to cover the largest
possible class of equations. It is therefore inevitable, and natural, that, for many
particular equations, there are much better reqularity results than (4.10).
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